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Abstract

Asymptotic properties of estimators are not known in any generality for records based estimators. In
this note we study asymptotic properties of BLUE in a few specific situations. In particular we consider
(i) One-parameter Uniform distribution (ii) Two-parameter Uniform distribution and (iii) Two-parameter
Extreme Value distribution. We establish the almost sure consistency (or lack of it) for these estimates
and also derive the distributional convergence of their appropriate functionals.
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1 Results

Suppose data on a parametric family is available in the form of records. Statistical estimation of parameters
in such models has attracted recent attention, see for example [1] and [4]. Nevertheless, we seem to be far
away from any reasonable general theory on statistical inference based on records. In particular, asymptotic
properties of estimators such as the maximum likelihood estimator (MLE), best linear estimator (BLUE) are
not known. For the BLUE based on record values, for some specific distributions such as thetwo param-
eter exponential distribution, one parameter Weibull distribution, nice expressions for these estimators and
closed form formula for their means and variances, are known. The asymptotic properties in these cases are
also known, by direct applications of results on records.

In this note we study asymptotic properties of BLUE in a few other specific situations. In particular
we consider (i) One-parameter Uniform distribution (ii) Two-parameter Uniform distribution and (iii) Two-
parameter Extreme Value distribution. We establish the almost sure consistency properties of these estimates
and also derive the distributional convergence of their appropriate functionals.

Let {X0, X1, . . .} be a sequence of i.i.d. observations which has common cdfF . Let L0 ≡ 0. After
definingLn, defineLn+1 inductively as follows:

Ln+1 = inf{j > Ln : Xj > XLn}.

Then{XLn} denoted by{Rn} is the sequence ofupper recordsof cdf F . We shall assume that givenn, the
data available is the firstn upper records{R0, R1, . . . Rn}.

1.1 One parameter Uniform Distribution.

Consider the one parameter uniform distributionU(0, σ), so that{Xi} are i.i.d with densityf(x) =
σ−1, 0 < x < σ. Then the BLUE ofσ based on the firstn upper records{Ri 1 ≤ i ≤ n} is given
by (see Arnold et al [3]),

σ∗n =
2

3n+1 − 1
{2× 3nRn − 3n−1Rn−1 − 3n−2 − · · ·R0} (1)

and the variance ofσ∗n is given by

V ar(σ∗n) =
2σ2

3(3n+1 − 1)
. (2)

SinceE(σ∗n) = σ and
∑∞

n=0 V ar(σ∗n) < ∞, it immediately follows thatσ∗n is strongly consistent, that is,
σ∗n → σ almost surely. The following result gives the asymptotic distribution ofσ∗n.

Proposition 1 log |σ∗n−σ|+(n+1)√
n+1

D→ N(0, 1).

Proof. It is well known that{Rn} of U(0, σ) has the following representation:

{Rn}n≥0
D= {σ(1−

n∏
i=0

Ui)}n≥0. (3)

whereUi’s are i.i.d.∼ U(0, 1). Now using the expression (1) forσ∗n and representation (3) for{Rn}n≥0 a
simple algebra gives:

3n+1 − 1
4.3n

(σ∗n − σ) D= σ

n∏
i=0

Ui[−1 +
1

2.3
U−1

n + · · ·+ 1
2.3n

n∏
i=1

U−1
i +

1
2.3n

n∏
i=0

U−1
i ]. (4)
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Takinglog of absolute values of both sides we have

log |3
n+1 − 1
4.3n

|+log |σ∗n−σ| D= log σ+
n∑

i=0

log Ui+log |−1+
1

2.3
U−1

0 +· · ·+ 1
2.3n

n−1∏
i=0

U−1
i +

1
2.3n

n∏
i=0

Ui|

(5)
Note that− log Ui ∼ Exp(1) and by strong law of large numbers (SLLN),

(log
k∏

i=0

U−1
i )/(k + 1) → 1 almost surely.

Therefore, for anyε > 0,

(e1−ε)k+1 <
k∏

i=0

U−1
i < (eε+1)k+1 a.s. ∀ largek.

Chooseε such thate1+ε/3 < 1. Then it is easy to see that

log | − 1 +
1

2.3
U−1

0 + · · ·+ 1
2.3n

n−1∏
i=0

U−1
i +

1
2.3n

n∏
i=0

U−1
i | → X, almost surely where,X is finite.

Since by CLT
∑n

i=0 log Ui+(n+1)√
n+1

D→ N(0, 1), from (5) we have

log |σ∗n − σ|+ (n + 1)√
n + 1

D→ N(0, 1).

Remark 1: Note that the convergence ofσ∗n to σ is extremely fast. The above result may be used to compute
asymptotically correct confidence interval ofσ∗n.

1.2 Two Parameter Uniform Distribution

Suppose that{Xi} are i.i.d with densityf(x) = σ−1, µ < x < µ + σ. Then the BLUEs ofµ andσ based
on upper record values{Ri, 1 ≤ i ≤ n} are given respectively by (see Arnold et. al. [3])

µ∗n =
2

3n − 1
{3nR0 + R1 + 3R2 + · · · 3n−2Rn−1 − 2× 3n−1Rn}

and

σ∗n =
2

3n − 1
{4.3n−1Rn − 2.3n−2 − · · · − 2.3R2 − 2R1 − (3n + 1)R0}.

Further,

V ar(µ∗n) = σ2 3n+1 − 1
9(3n − 1)

andV ar(σ∗n) = σ2 3n+1 + 5
9(3n − 1)

.

From developments given earlier note that

{Rn}n≥0
D= {σ(1−

n∏
i=0

Ui) + µ}n≥0

whereUi’s are i.i.d.∼ uniform(0, 1). We now have the following proposition.
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Proposition 2 i) log |µ∗n−2R0+µ+σ|+(n+1)√
n+1

D→ N(0, 1),

ii) log |σ∗n+2R0−2µ−2σ|+(n+1)√
n+1

D→ N(0, 1)

Proof. Observe that

µ∗n =
2

3n − 1
{3nR0 + R1 + 3R2 + · · · 3n−2Rn−1 − 2× 3n−1Rn}

3n − 1
2.3n

(µ∗n − 2R0) =
1
3n

R1 +
1

3n−1
R2 + · · ·+ 1

32
Rn−1 −

2
3
Rn +

1
3n

R0

and hence

3n − 1
2.3n

(µ∗n − 2R0 + (σ + µ))

D=
2
3
σ

n∏
i=0

Ui −
1
32

σ

n−1∏
i=0

Ui − · · · −
1
3n

σU0U1 −
1
3n

σU0

=
2
3
σ

n∏
i=0

Ui[1−
1

2.3
U−1

n − 1
2.32

U−1
n U−1

n−1 − · · · −
1

2.3n−1

n∏
i=2

U−1
i − 1

2.3n−1

n∏
i=1

U−1
i ].

Taking log of absolute values of both sides and arguing as in section 1.1 we get

log |µ∗n − 2R0 + µ + σ|+ (n + 1)√
n + 1

D→ N(0, 1).

Similar argument shows that

3n − 1
2.4.3n−1

[σ∗n + 2R0 − 2σ − 2µ]

D= −σ

n∏
i=0

Ui[1−
1

2.3
U−1

n − 1
2.32

U−1
n U−1

n−1 − · · · −
1

2.3n−1

n−1∏
i=2

− 1
2.3n−1

n∏
i=1

U−1
i ].

Taking log of absolute values of both sides and centering by(n + 1) and scaling by
√

n + 1, we get (ii) of
the proposition.

Remark 2: For large samples, this information can be used to form confidence intervals ofµ + σ. But
from asymptotic distributions ofµ∗n andσ∗n we do not gain much knowledge about the behaviour ofµ and
σ separately.

Remark 3. Since
log |µ∗n − 2R0 + µ + σ|+ (n + 1)√

n + 1
D= W + Y

and
log |σ∗n + 2R0 − 2µ− 2σ|+ (n + 1)√

n + 1
D= W + Z

whereW
D→ N(0, 1) and bothY andZ converge to zero in probability, we immediately conclude that

( log |µ∗n − 2R0 + µ + σ|+ (n + 1)√
n + 1

,
log |σ∗n + 2R0 − 2µ− 2σ|+ (n + 1)√

n + 1

) D→ (N,N)

whereN ∼ N(0, 1).

4



Remark 4: Note thatV ar(µ∗n) andV ar(σ∗n) do not converge to zero, andµ∗n andσ∗n are not consistent.
However, for suitable constantsC1 andC2,

E|µ∗n − 2R0 + (µ + σ)|2 ≤ C1[E|
2
3

n∏
i=0

Ui −
1
32

n−1∏
i=0

Ui − · · · −
1
3n

U0U1 −
1
3n

U0|2 ≤ C2
n2

3n

which is summable. As a consequence, almost surely,

|µ∗n + µ + σ| → 2R0 and |σ∗n − 2µ− 2σ| → 2R0.

1.3 Two Parameter Extreme Value Distribution

Here we assume that population distribution isEV (µ, σ) with cdf

F (x) = 1− exp(−e
x−µ

σ ).

Let {Rn}n≥0 be the records ofEV (µ, σ). Then

{Rn}n≥0
D= {µ + σ log(

n∑
i=0

X∗
i )}n≥0

whereX∗
i are i.i.d. with common distributionExp(1). The BLUE ofµ andσ based on{Ri, 1 ≤ i ≤ n}

are given respectively by:

µ∗n =
αn

n

n−1∑
i=0

Ri + (1− αn)Rn and σ∗n = Rn −
1
n

n−1∑
i=0

Ri

whereαn = −γ +
∑n

i=1
1
i , γ being the Euler’s constant.

Proposition 3 i)
√

n(µ∗n−µ)
σαn

D→ N(0, 1)

ii)
√

n(σ∗n−σ)
σ

D→ N(0, 1)
iii) µ∗n → σ a.s. andσ∗n → σ a.s.

Proof. For the standard Extreme-Value distribution, that is, whenµ = 0 andσ = 1, denote the corre-
spondingnth records by{Rst

i }. Clearly,Ri = µ + σRst
i . To prove the proposition we require following

decomposition of
∑n

i=0 Rst
i introduced by Arnold et al ([2]):

T st
n =

n∑
i=0

Rst
i

D= −
n∑

i=1

X̃∗
i + (n + 1)Rst

n

whereX̃∗
i are i.i.d. Exp(1) r.v.s and independent ofRst

n . For the sake of completeness, we give the argu-
ments to establish this:

T st
n =

n∑
i=0

Rst
i

D=
n∑

i=0

log(
i∑

j=0

X∗
j ) = log [

n∏
k=1

(
∑k−1

i=0 X∗
i∑k

i=0 X∗
i

)k][
n∑

i=0

X∗
i ]n+1 (6)

whereX∗
i are i.i.d.Exp(1). Now, (

∑k−1
i=0 X∗

i /
∑k

i=0 X∗
i ), k = 1, 2, . . . n and(

∑n
i=0 X∗

i ) are independent.
Also, for eachk,

(
k−1∑
i=0

X∗
i /

k∑
i=0

X∗
i )k ∼ Uniform(0, 1).
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Using the fact that forU ∼ Uniform(0, 1),− log U ∼ Exp(1), we get the necessary decomposition.
Using this decompsition,

µ∗n =
αn

n

n−1∑
i=0

Ri + (1− αn)Rn

=
αn

n
σT st

n + µ + σ(1− αn −
αn

n
)Rst

n

D=
αn

n
σ[−

n∑
i=1

X̃∗
i + (n + 1)Rst

n ] + µ + σ(1− αn −
αn

n
)Rst

n

Therefore,

µ∗n − µ
D=

αn

n
σ[−

n∑
i=1

(X̃∗
i − 1)] + σ[Rst

n − αn]. (7)

Dividing both sides byσ αn
n

√
n, we get

µ∗n − µ√
nαn

n σ

D=
αn
n σ[−

∑n
i=1(X̃

∗
i − 1)]

αn
n σ

√
n

+
σ(Rst

n − αn)
αn
n σ

√
n

. (8)

Recall thatX̃i
∗
’s andRst

n are independent and
√

n(Rst
n −αn) D→ N(0, 1) (see Arnold et al [2]). Using CLT

for
∑n

i=0 X̃i
∗

we have √
n(µ∗n − µ)

σαn

D→ N(0, 1)

which proves (i). Similar calculations forσ∗n give

σ∗n
D=

1
n

µ +
1
n

σ

n∑
i=1

X̃∗
i (9)

and hence √
n(σ∗n − σ)

σ

D→ N(0, 1)

proving (ii). To prove (iii), recall that the moment generating function ofRst
n ) is given by (see Arnold et al

[3], p.32),

E exp(tRst
n ) =

Γ(n + 1 + t)
Γ(n + 1)

.

Using this and series representation of polygamma functions we can compute the fourth moments of

µ∗n − µ
D=

αn

n
σ[−

n∑
i=1

(X̃∗
i − 1)] + σ[Rst

n − αn]

and

σ∗n − σ
D=

1
n

µ +
1
n

σ
n∑

i=1

(X̃∗
i − 1)

which are of the orderα
4
n

n2 and 1
n2 respectively. We omit the details. Recall thatαn is of the orderlog n.

Hence bothE(µ∗n − µ)4 andE(σ∗n − σ)4 are summable. Thereforeµ∗n andσ∗n converge almost surely toµ
andσ respectively.
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Remark 5: E(Rst
n ) = αn and variance ofRst

n is π2

6 −
∑n

i=0
1
i2

, see Arnold et al [3]. Easy calculation
gives,

V ar(µ∗n) = σ2[
α2

n

n
+ (

π2

6
−

n∑
i=1

1
i2

)] and V ar(σ∗n) =
σ2

n
.

These variances are of orderno lessthan 1
n and hence are not summable. This is why we require fourth

order moment arguments in the above proof.
Remark 6: It is interesting to note that

√
n(µ∗n − µ)

σαn

D= W + Y and

√
n(σ∗n − σ)

σ

D= W + Z,

whereW
D→ N(0, 1) and bothY andZ converge to zero in probability. Hence

(
√

n(µ∗n − µ)
σαn

,

√
n(σ∗n − σ)

σ
) D→ (N,N)

whereN ∼ N(0, 1).
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