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Abstract

Asymptotic properties of estimators are not known in any generality for records based estimators. In
this note we study asymptotic properties of BLUE in a few specific situations. In particular we consider
(i) One-parameter Uniform distribution (ii) Two-parameter Uniform distribution and (iii) Two-parameter
Extreme Value distribution. We establish the almost sure consistency (or lack of it) for these estimates
and also derive the distributional convergence of their appropriate functionals.
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1 Results

Suppose data on a parametric family is available in the form of records. Statistical estimation of parameters
in such models has attracted recent attention, see for example [1] and [4]. Nevertheless, we seem to be far
away from any reasonable general theory on statistical inference based on records. In particular, asymptotic
properties of estimators such as the maximum likelihood estimator (MLE), best linear estimator (BLUE) are
not known. For the BLUE based on record values, for some specific distributions suchtas fheram-

eter exponential distribution, one parameter Weibull distributicice expressions for these estimators and
closed form formula for their means and variances, are known. The asymptotic properties in these cases are
also known, by direct applications of results on records.

In this note we study asymptotic properties of BLUE in a few other specific situations. In particular
we consider (i) One-parameter Uniform distribution (ii) Two-parameter Uniform distribution and (iii) Two-
parameter Extreme Value distribution. We establish the almost sure consistency properties of these estimates
and also derive the distributional convergence of their appropriate functionals.

Let { Xy, X1,...} be a sequence of i.i.d. observations which has commorFcdfet Ly = 0. After
defining L,,, defineL,,, 1 inductively as follows:

Ln+1 = lnf{j > L, : Xj > XL"}.

Then{X|, } denoted by{ R,,} is the sequence aipper recordf cdf F'. We shall assume that given the
data available is the first upper record§ Ry, Ry, ... R, }.

1.1 One parameter Uniform Distribution.

Consider the one parameter uniform distributioif0, o), so that{X;} are i.i.d with densityf(z) =
o1, 0 < # < 0. Then the BLUE ofs based on the first upper record§R; 1 < i < n} is given
by (see Arnold et al [3]),
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and the variance af, is given by
202
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SinceE(o}) = o and) 2, Var(o},) < oo, itimmediately follows that?; is strongly consistent, that is,
o) — o almost surely. The following result gives the asymptotic distributioa;pf

Var(o}) = (2)

Proposition 1 % 2 N(0,1).

Proof. Itis well known that{ R,,} of U(0, o) has the following representation:

{Ra}nzo 2 {o(1 = [J U }nzo. (3)
=0
whereU;’s are i.i.d.~ U(0, 1). Now using the expression (1) fof; and representation (3) fgiR,, },>0 a
simple algebra gives:
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Takinglog of absolute values of both sides we have

3n+1 _1 > n 1 n—1 ) 1 n
log ]WH—log oy —o| = 10ga+Zlog Ui+log|—1+fU0 +-- +ﬁ H U+ 5 3n HUz|
=0 =0 =0
5)
Note that— log U; ~ Exp(1) and by strong law of large numbers (SLLN),
IogH U /(k+1) — 1 almost surely
Therefore, for any > 0,
k
€M < JJ U < ()" aus. ¥ largerk.
i=0
Chooser such thak!*</3 < 1. Then it is easy to see that
1
log| — 1+ —UO + 53 3” H U+ > 3n H Ul — X, almost surely whereX is finite.

Since by CLTZ =0 1%("“) 2. N(0,1), from (5) we have

log|os — 0| + (n+1) p
vn+1

Remark 1. Note that the convergence @f to o is extremely fast. The above result may be used to compute
asymptotically correct confidence intervaldf.

N(0,1).

1.2 Two Parameter Uniform Distribution

Suppose thaf X;} are i.i.d with densityf(z) = 0~!, u < z < u + 0. Then the BLUESs of: ando based
on upper record valuegk;, 1 < i < n} are given respectively by (see Arnold et. al. [3])

fin = 3n2_ {3 Ro+ Ry + 3Ry + 3" Ry — 2 x 3" R}
and )
o= T 1{4.3”’1Rn —23"2 ... 23Ry —2R; — (3" 4+ 1)Ry}.
Further,
Var(uy) = 25(“;_1) andVar(o}) = 025)(7;::_—’_15).

From developments given earlier note that
D n
{Ru}nzo = {o(1 = J[Us) + t}nxo
=0

whereU;’s are i.i.d.~ uniform(0,1). We now have the following proposition.
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Proposition 2 i) 28 lta=2Rotutal+ntl) B prq q),
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Proof. Observe that
2
pho= 3n 1{3"R0 + Ry +3Ry+---3"2R,_1 —2x 3" 'R,}
3n—1 2 1
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and hence
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Taking log of absolute values of both sides and arguing as in section 1.1 we get

log |y, —2Ro+p+o|+(n+1) p

== P N(0,1).

Similar argument shows that

31,
W[0n+2R0—20’—2/j]

> n 1 1 n—1 1 n
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Taking log of absolute values of both sides and centeringnby 1) and scaling by/n + 1, we get (ii) of
the proposition.

Remark 2: For large samples, this information can be used to form confidence intervals- of. But
from asymptotic distributions agt; andc;; we do not gain much knowledge about the behavioyt ahd
o separately.

Remark 3. Since
log |y, = 2Ry +p+o|l+(n+1) p

=W4+Y
vn+1
and | 2R, 2 2
— 1
oglor + 2Ry —2u— 20|+ (n+1) p 2wz

VATl

wherew 2 N(0,1) and bothY” andZ converge to zero in probability, we immediately conclude that

(log|,u;kl—2Ro+,u+a|+(n+1) log |07 +2R0—2,u—20\—|—(n+1)) 2 (N, N)

vn+1 ’ vn+1
whereN ~ N(0,1).



Remark 4: Note thatVar(n)) andVar(c}) do not converge to zero, ang, ando;, are not consistent.
However, for suitable constant andCs,

2
n
Elpt — 2Ry + (n+0)|> < CL[E HU 32HU UgUl——UO\Q Cor

which is summable. As a consequence, almost surely,

|y, + p+ 0| — 2Rg and |0}, — 2u — 20| — 2Ry.

1.3 Two Parameter Extreme Value Distribution

Here we assume that population distributiod® (., o) with cdf

T—p

F(z)=1—exp(—e = ).

Let { R, }»>0 be the records aE'V (i, o). Then

n

{Ra}nzo 2 {p+ o log(Y " X)}nzo

1=0

where X are i.i.d. with common distributio®zp(1). The BLUE of ando based on{R;,1 < i < n}
are given respectively by:

n—1 n—1
«_ o Z « 1
/,Ln:?n Rz—i—(l—()&n)Rn andO’n:Rn—g E Rz
=0 i=0

wherea,, = —y + ., =, v being the Euler’s constant.

1= li
Proposition 3 i) 7\/’72‘;&*“) 2 N(0,1)
i) Ynlea=o) B (o, 1)

i) uy — o a.s.ando), — o a.s.

Proof. For the standard Extreme-Value distribution, that is, whes 0 ando = 1, denote the corre-
spondingnth records by{ R:'}. Clearly, R; = u + oR:'. To prove the proposition we require following
decomposition of """ | R5* introduced by Arnold et al ([2]):

T3t = ZR“D ZX* +(n+1)RY

where)f;k are i.i.d. Ezp(1) r.v.s and independent dt:!. For the sake of completeness, we give the argu-
ments to establish this:

n n Zk_l ka n
Ty =Y R'Z Zlog ZX =log[[[(SF- 0D X1 (6)
1=0

*
k=1 Zizo Xz =0

whereX are i.i.d. Ezp(1). Now, (XK X#/ 5% X#),k=1,2,...nand(3", X;) are independent.
Also, for eachk,

k—1 k
O X7/> XY ~ Uniform(0,1).
1=0 =0



Using the fact that fot/ ~ Uniform(0,1), —logU ~ Ezp(1), we get the necessary decomposition.
Using this decompsition,

n—1
. o}
Uy = FnZRl—}-(l —O[n)Rn
=0
o
= LoT' 4 p+o(l —ay — ?n)Rff
n
D on

Therefore,

o[- (XF = 1)+ o[Ry — on). 7)
Dividing both sides by <= /n, we get

M:L — M 2 %O’[_ Z?:l (‘X:z* _ 1)] + U(szt — an) (8)
N Sagy/n Sogyn
Recall tha:[f(i*’s andR:! are independent angn (RS — «,) A N(0,1) (see Arnold et al [2]). Using CLT
for -7, X;" we have
Vs, = 1)

ooy,

which proves (i). Similar calculations fer’ give

2 N(0,1)

D 1
o 22 X; 9
= UZ (9)
and hence .
\/ﬁ(an B U) g N(O, 1)
g

proving (ii). To prove (iii), recall that the moment generating functiorif) is given by (see Arnold et al
[3], p.32),
F(n+1+t)

I'(n+1)

Using this and series representation of polygamma functions we can compute the fourth moments of

Eexp(tR) =

* D On - 7k s
My — = ?U[_ Z(Xz - 1)] + G[Rnt - an]
=1

and

0 —U—f,u—{— O'Z

which are of the orde%é and # respectively. We omit the details. Recall that is of the orderdog n.
Hence bothE(u — p)* andE(c} — o)* are summable. Thereforg ando? converge almost surely o
ando respectively.



Remark 5: E(R$!) = «,, and variance of?8! is %2 -3 %2 see Arnold et al [3]. Easy calculation

gives,
7.‘_2 2

"1 . o
+ (F — ; 2—2)] and Var(o}) = -

3|8

Var(uy) = o[

These variances are of ordeo Iessthan% and hence are not summable. This is why we require fourth
order moment arguments in the above proof.
Remark 6: It is interesting to note that

3 *

M2W+y andMngrZ’
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wherew” 2 N(0,1) and bothY” andZ converge to zero in probability. Hence

oau, o

whereN ~ N(0,1).
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