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Abstract

The multivariate one-sample location problem is well studied in the literature, and several tests are
available for it. But most of the existing tests perform poorly for high dimensional data, and many of them
are not applicable when the dimension exceeds the sample size. In this article, we develop and investigate
some nonparametric one-sample tests based on functions of interpoint distances. These proposed tests can
be conveniently used in high dimension low sample size (HDLSS) situations, and good power properties
of these tests for HDLSS data have been established using both theoretical as well as numerical results.

Keywords high dimensional consistency, HDLSS data, law of large numbers, level and power of a test,
rotation invariance, scale invariance.

1 Introduction

Let X1,Xo,...,X,, be n independent realizations of a d-dimensional random vector X having a contin-
uous distribution Fg, which is symmetric about some 6 € R? (i.e X — 6 2o- X). In the one-sample
problem, we test the null hypothesis Hy : 8 = 6 against the alternative hypothesis Hy : 8 # 6y, where
0, is a pre-specified point in R? (without loss of generality, we will assume 6y = 0 throughout this ar-
ticle). This problem is well investigated in the literature. If Fp is assumed to be normal, one uses
the Hotelling’s T2 statistic to perform the test. There are several nonparametric tests as well. For bi-
variate data, we have sign and signed-rank tests by Hodges (1955), Blumen (1958), Chatterjee (1966),
Brown and Hettmansperger (1987, 1989), Oja and Nyblom (1989), Brown et al. (1992) and Larocque et al.
(2000). Puri and Sen (1971) used co-ordinate wise signs and ranks to develop some nonparametric tests for
the multivariate one-sample location problem. Randles (1989, 2000) proposed one-sample tests based on the
idea of inter-directions. Chaudhuri and Sengupta (1993) generalized Hodges’ sign test to higher dimension.
Hallin and Paindaveine (2002) proposed a test based on interdirections and pseudo-Mahalanobis distances.

Bickel (1965), Hettmansperger et al. (1994, 1997), Méttonen et al. (1997) and Chakraborty and Chaudhuri



(1999) also proposed some nonparametric tests for the multivariate one-sample problem. A brief overview
of most of these tests can be found in Marden (1999), Oja and Randles (2004) and Oja (2010).

However, most of these multivariate tests usually yield poor performance in high dimensions. Moreover,
none of them can be used when the dimension exceeds the sample size. In the recent past, some Hotelling
T?-type one-sample tests have been proposed in the literature, which can be used in high dimension low
sample size (HDLSS) situations (see e.g., Srivastava and Du (2008); Srivastava (2009); Chen and Qin (2010);
Park and Ayyala (2013)). These tests are based on the asymptotic null distribution of the test statistic,
where the dimension also increases with the sample size. However, these tests are mainly concerned with
the mean vector of a high dimensional distribution. They are not robust against outliers and usually yield
poor performance when the underlying distribution have heavy tails. Recently, Biswas et al. (2015) took a
graph-theoretic approach and proposed some one-sample tests based on the shortest covering path. These
tests are distribution-free, but finding the shortest covering path is computationally expensive. In fact,
this is equivalent to solving the traveling salesman problem, which is NP complete (see Garey and Johnson
(1979)). Wang et al. (2015) proposed a one-sample sign test for high dimensional data, which is motivated
by the elliptic symmetry of the underlying distribution. But this test only uses directions of the observations
from 6y, and ignores important information contained in their distances.

In this article, we develop two classes of one-sample tests based on functions of interpoint distances between
the observations. These tests are fairly simple, computationally efficient and can be conveniently used for
high dimensional data even when the dimension is much larger than the sample size. In the next section,
we introduce the first class of tests based on functions of the Euclidean distance. So, the resulting tests are
invariant under location shift, rotation and homogeneous scale transformation of the data. In Section 3,
we introduce another class of tests based on functions of other distances, which are scale invariant. High
dimensional consistencies of these two classes of tests are established under appropriate regularity conditions.
Several high dimensional simulated and real data sets are analyzed in Sections 4 and 5, respectively, to
compare the performance of the proposed tests with some existing one-sample tests. Finally, a brief summary
of the work and some concluding remarks are given in Section 6. All proofs and mathematical details are

postponed to the Appendix.



2 Tests based on Euclidean distances

Let X; and X3 be two independent copies of X ~ Fp. Note that if 8 = 0, X; and —X; (i = 1,2) have the
same distribution. Therefore, under the condition E(||X]|) < oo, we have E(||X; + X2||) = E(|| X1 — X3l|),
where || - || denotes the Euclidean distance. But, if @ # 0, E(||X; + Xal|) exceeds E(|| X1 — Xs||) (follows
from Lemma 1 stated below). Similarly, we have E(|| X1 + X2||?) — E(| X1 — X2|?) = E(X|X2) = [|0]> > 0,
where the equality holds if and only if & = 0. So, one can use the empirical analog (g)_l doic [1Xs + X —
1X; —X;]|] or (g)_l >ic (11X + X2 = [|X; — X||?] as the test statistic, and reject Hy for large values of it.
In fact, Chen and Qin (2010) considered an equivalent test statistic given by Tog = (g)_1 > 1<i<j<n XiX,;.
But, the performance of this test is affected by the presence of outliers, and it yields poor performance
when the underlying distribution has heavy tails. Recently, Wang et al. (2015) used X;/||X;||, the spatial
sign of X; (i =1,...,n), to come up with the one-sample test statistic Ty pr, = (g)_l Zl§i<j§n ”X)fﬁ%
Compared to Toq, the test based on Ty py is more robust against outliers generating from heavy tailed
distributions. But in order to achieve robustness, it completely ignores the valuable information on the
magnitudes of the observations and only considers the angles between all pairs of data points. As a result, it
often fails to achieve satisfactory power. The tests we consider in this section do not ignore this information
on the magnitudes of the observations, but at the same time, they are robust against extreme values and

contaminating observations. These tests are mainly motivated by the following result stated as Lemma 1

below.

Lemma 1. Let Xy and Xz be two independent random vectors having a common distribution Fg, which is
symmetric about @ € R%. Consider a function ¢ : Ry — Ry such that 1[)/(t)/t 18 a non-constant monotone
Junction in (0,00). If E[(|| X1 +Xal|)] and E[(|| X1 —Xal|)] are finite, we have E[)(|| X1 +Xal|) — (]| X1 —

Xs|)] > 0, where the equality holds if and only if @ = 0.
Here R} = [0,00). This lemma shows that for an appropriate choice of 1, one can consider the test statistic

1
Ty = 0] [(I1Xi + X)) — (1% — X)) (1)
2/ 1<i<j<n
and reject Hy for large values of T}, In fact, such tests were briefly considered in Székely and Rizzo (2013),
where the authors also discussed about their large sample consistency. Clearly, the test based on T}, can

be conveniently used for high dimensional data even when the dimension is much larger than the sample

size. Note that using 1 (t) = 2, we get the test statistic proposed by Chen and Qin (2010), as a special



case. Though v(t) = t> does not satisfy the condition stated in Lemma 1, but the same result holds for
such 1 as we have seen before. However, the use of 1)(t) = t> makes the test sensitive against outliers and
extreme values. We can take care of this problem by using other appropriate functions. Note that if v is
bounded (e.g., ¥(t) = t2/(1+?) or ¢(t) = 1 —e~*), the moment condition in Lemma 1 holds trivially. Tests
based on bounded 1 functions or tests based on the functions that diverge slowly (e.g., ¥(t) = log(1 + t))
are expected to be more robust than the test based on () = t or ¥(t) = t2. These bounded or slowly
increasing functions utilize the information on the magnitudes of the observations in a controlled manner to
make the tests based on T}, robust.

Under the moment condition stated in Lemma 1, T}, A E(Ty) = E (|| X1 + Xa]) — ¢ (| X1 — Xal|)] as
n — oo (follows from the result on probability convergence of U-statistics). Now, if ¢ satisfies the condition
of Lemma 1, we have E(Ty) = 0 when & = 0 and E(Ty) > 0 when 8 # 0. Therefore, the power of
the test based on Ty, converges to 1 as n — co. However, as mentioned in Wei et al. (2016), this type of
consistency (in classical asymptotic regime) is a rather trivial property of a test. The power of any reasonable
test usually converges to unity as the sample size increases. But in HDLSS asymptotic regime, where the
sample size remains fixed and the dimension increases, consistency of a test is not a trivial property. Many
well known tests fail to have consistency in HDLSS set up (see discussions in Biswas and Ghosh (2014);
Wei et al. (2016)). Here, we investigate the power property of the test based on Ty in HDLSS asymptotic
regime. However, first note that both || X; — Xs|| and [|X; + Xg|| usually diverge with the dimension d.
Therefore, to make T applicable to HDLSS data, we use an appropriate scaling and consider 1 of the
form (t) = ¢(t/+/d) for some ¢ : R, — R,. There are several functions of this type that satisfy the
conditions given in Lemma 1. For instance, one can use ¢y (t) = t, ¢o(t) = log(1 +t), ¢3(t) = t2/(1 +t2) or

¢4(t) =1 — e, So, we consider the test statistic of the form

o B

J

and reject Hy for larger values of T’ g. The critical value is computed using a resampling method. Each time,

we generate a new sample of the form {X] = a;X;,X5 = a2Xo,..., X} = a,X,} for aj,aq,...,a, being
ii.d. variables taking values 1 and —1 each with probability 1/2. The test statistic Tg is computed based
on this new sample. This procedure is repeated several times to simulate the null distribution of T g and
hence to determine the cut-off.

In order to investigate the high dimensional behavior of this test, we assume that Xq,...,X,, are n inde-



pendent realizations of a d-dimensional random vector X = (X W X (d))/ following the distribution Fg,

which satisfy the conditions given below.

2)

(A1) Fourth moments of the component variables of X M, X@ ... are uniformly bounded.

(A2) For U=X; and V = +Xy, > corr{(U@) —v(1))2 (y(a2) — 1/(@2))2} is of the order o(d?).

Q1792

Under (A1) and (A2), high dimensional consistency of the test based on Tg is given by the following theorem,

where the sample size n is assumed to be fixed and the dimension d diverges to infinity.

Theorem 1. Suppose that Fg satisfies (A1) and (A2), and ¢ : Ry — Ry is a strictly increasing function.

If liminfy_,o [|0]?/d > 0 and 21 > 1/a, the power of the test based on Tg converges to 1 as d — oo.

The assumption (A2) indicates a form of weak dependence among the measurement variables. In the case
of time series data, (A2) holds if the series has the p-mixing property, stationarity of the time series is not
required here. Recently, Biswas et al. (2014, 2015) assumed similar conditions for investigating high dimen-
sional consistency of their one-sample and two-sample tests. Similar assumptions were also considered by
Hall et al. (2005) for studying high dimensional behavior of some popular classifiers and by Jung and Marron
(2009) to study high dimensional consistency of their estimated principal component directions. We need
the moment assumption (A1) and the weak dependence assumption (A2) to have the weak law of large
numbers (WLLN) for dependent and non-identically distributed random variables {(X {q) + Xéq))2; qg>1}
(the proof is straight forward and hence it is omitted). If the component variables X W, x@ . areiid.,
(A2) holds automatically and instead of (Al), one needs the existence of second order moments only. In
classical asymptotic regime, we consider the dimension to be fixed and expect to get more information as
the sample size increases. But in HDLSS asymptotic regime, the sample size is considered to be fixed,
and under (Al) — (A2), we expect to get more information as the dimension increases. The condition

lim infy_,o ||@]|?/d > 0 ensures that the evidence against Hy remains significant as the dimension diverges.

3 Scale invariant tests based on other distance functions

In Section 2, we considered some tests based on functions of Euclidean distances and also discussed about
some suitable functions ¢ to make the tests robust. The resulting tests turn out to be consistent in clas-
sical asymptotic regime under appropriate moment conditions. But, in order to prove their consistency in

HDLSS asymptotic regime, we had to assume a fourth moment condition. Though this moment condition is



only sufficient, and such an assumption is pretty common in HDLSS literature (see e.g., Hall et al. (2005);
Jung and Marron (2009), in the case of a nonparametric method, one would ideally like to relax this as-
sumption. We can do that if we construct tests based on other distance functions. For instance, the distance
between two observations X; = (Xfl),sz), .. ,X{d)) and Xy = (X2(1),X§2), .. ,Xéd)) can be computed as
h{zgzl gp(|X§q> - Xéq)|)}, where h : Ry — Ry and ¢ : Ry — Ry are suitable monotonically increasing
functions with h(0) = ¢(0) = 0. Clearly, this class of distance functions includes all £, distances with p > 1.
However, Zgzl o(|X {q) - Xéq) |) diverges with the dimension. Therefore, to use it meaningfully for HDLSS

data, we scale it by a factor of 1/d and use the test statistic

&I'—‘

Tff,@:%lz h gqéw(wﬁ)m() i (1 = x{1) ¢ |- (3)

<i<j<n

If second moments of the go(X}q) + Xéq))’s are uniformly bounded and ., . corr{cp(\qul) + Xéql)\),
(| X, (a2) 4 X5 (g2) )} is of the order o(d?), the test based on T;li(p has the high dimensional consistency when
liminfg oo £ [é Zgzl {90 (|XZ-(q) + X](-q)|) — ¢ <|XZ.(q) + X](-q)|) H > 0 (the proof is similar to the proof of
Theorem 1). Therefore, if ¢ is bounded, we can completely remove the moment condition. Note that if ()
satisfies the condition in Lemma 1, we have F [é 23:1 {gp (|XZ.(q) + X](-q)|) —p <|Xi(q) + XJ(.q)|) H > 0 for
any fixed d, where the equality holds if and only if @ = 0. So, it is reasonable to assume its limit inferior
to be positive under the alternative. The distance function h{zgzl go(\qu) - X2(Q) |)} is location invariant.
We can also make it scale invariant if we divide |X§q) — X2(q)| by 5@, an equivariant estimate of the scale
corresponding to the ¢-th component variable (¢ = 1,...,d) and use h{é Zgzl ¢(|X§q) — Xéq)|/s(q))} as

the distance between X; and Xs. The test statistic based on this distance function is given by

d @ _ x@
Z <—J|> ) (4)

Note that while we have E(f;i@) = 0 under Hy, for suitable choices of h and ¢, E(fh,@) turns out to be

&IH

_ 1 1cl )—I—X()|
g 5 M ()

27 1<i<j<n

positive under the alternative. This result is stated as Lemma 2 below.

Lemma 2. Let Xy and X3 be two independent random wvectors having a common distribution Fg with
marginal densities f9 (q = 1,2,...,d), where f9(x) is decreasing in |z — 0D|. Also assume that h :
[0,00) — [0,00) and ¢ : [0,00) — [0,00) are monotonically increasing functions. If h is differentiable and

Elhq3 Zq:l o\ S < 00, we have E(Thm) > 0, where the equality holds if and only if @ = 0.



Note that Lemma 2 holds irrespective of the choice of the data based estimates s@ for ¢ = 1,2,...,d,
and it suggests us to reject Hy for large values of f;i@. The cutoff is computed using the resampling
technique discussed before. Since X and —X have the same distribution under Hy, along with the observa-
tions X1, Xa,...,X,,, we take their negatives —X;, —Xo,...,—X,, to have a collection of 2n observations.
Marginal semi inter-quartile ranges computed based on these 2n observations are used as the s(@s. Because
of this choice of the s@s, we do not need to recompute them during resampling, and this makes our method
computationally efficient. This type of scale invariant tests are particularly useful when the measurement
variables are not of comparable units and scales. One should also notice that in order to construct a mean-
ingful test, it is not necessary for h {é 23:1 %) <|X£q:(_7q)Xéq)|>} to be a distance between X; and Xs. For
instance, if ¢ satisfies the properties mentioned in Lemma 2, and we take h(t) = t, it may not always lead
to a distance function, but it will ensure E(f}‘icp) > 0, where the equality will hold if and only if 8 = 0.

5(Q)

(a) _ y(a)
However, if ¢(|t; — t2]) gives a distance between ¢; and t5 in R, h(t) = t makes h {é Zgzl ® <M> }

a distance in RZ. For o(|t; — ta]) = |t — ta|P and h(t) =t, h{ 1 3¢ X0 -x30 b functi
. 1— 12 1 —to|P and h(t) =t, i g=19 @ ecomes a function

of the /,-distance.
For investigating the high dimensional behavior of the test based on T, ’?790’ here we consider assump-
tions similar to (Al) and (A2). For n independent observations Xi,Xs,..., X, bl Fg, we define Z; =

(Xi(l)/s(l),Xi(Q)/s@), ...)fori=1,2,... ,n, and assume

(B1) Second moments of the g0(|Z£q) + Zéq)|)’s are uniformly bounded.

(B2) 34, 20 corr{o(1 2\ = Z3™)), (1 2{%) + Z{)|)} is of the order o(d?).

Under (B1) and (B2), WLLN holds for the sequence {cp(\ZfCI) + Zéq)D; q>1}, ie,
d

d

1 1 p

> w2 £ 20 - =Y B 212" £ Z57))|| 5 0 as d - oc. (5)
q=1 q=1

Now, let us define 74,(0) = 2 23:1 E {go (\qu) + Zéq)|) — <|Z£q) = Z2(Q)\) } If ¢ satisfies the condition
of Lemma 2, for any fixed d, we have 74,(8) > 0 where the equality holds if and only if @ = 0 (follows from

the proof of Lemma 2). So, it is reasonable to assume that liminf; .. 74,(6) > 0. The following theorem

shows the high dimensional consistency of the scale invariant test under that condition.

Theorem 2. Suppose that Fg satisfies (B1) and (B2), and h : Ry — R is monotonically increasing. If

Ty = liminfy 00 74,(0) > 0 and 2"~' > 1/a, the power of the test based on f}‘icp converges to 1 as d — oo.



4 Analysis of simulated data sets

We analyzed several simulated data sets to compare the performance of our proposed methods with some
popular one-sample tests available in the literature. In particular, we used the Hotelling’s T2 test, coordinate-
wise sign and rank tests (see e.g., Puri and Sen (1971)), spatial sign and rank tests (see e.g. Mottonen and Oja
(1995)), one-sample tests proposed by Srivastava (2009), Chen and Qin (2010), Park and Ayyala (2013),
Wang et al. (2015) (referred to as SR, CQ, PA and WPL tests, respectively) and tests based on run and
longest run statistics proposed in Biswas et al. (2015) (referred to as run and long run tests, respectively)
for comparison. For nonparametric sign and rank tests, we used both, the test based on the large sample
distribution of the test statistic and the conditional test based on the permutation principle. In each case,
the best one (which happened to be the permutation test in almost all cases) has been reported. Recall that
the first five tests cannot be used in HDLSS situations. Therefore, to make comparison with them, we first
consider some data sets with dimension smaller than the sample size.

We began with examples involving d-dimensional normal, t3 (t with 3 degrees of freedom) and Cauchy
distributions. These distributions were chosen for varying degrees of heaviness of their tails. Note that
normal distributions have finite moments of all order, t3 distributions have finite first and second order
moments only, and Cauchy distributions do not have finite moments of any order. In each case, we generated
50 observations from a distribution having diagonal scatter matrix and location parameter with the first d/2
elements equal to 0 and the rest equal to . We considered two sets of experiments. In the first (respectively,
second) set, the first d/2 diagonal elements of the scatter matrix were 3 (respectively, 1/3) and the rest were
1. We used d = 40 and four different values of 6 (0, 0.1, 0.2 and 0.3) to test Hp : 6 = 0 against H; : 6 # 0.
Each experiment was repeated 500 times to estimate the powers (sizes in the case of 6 = 0) of different tests
by the proportion of times they rejected Hy. These results are reported in Table 1 and Table 2, respectively.
For our tests based on the Euclidean distance, here we report the results for ¢(t) = ¢, log(1+t), t?/(1+t?) and
1 —e~!. The corresponding test statistics are denoted by T}y, Tiogs Trac and Ty, respectively. Analogous
versions of scale invariant tests were constructed using ¢(t) = ¢, log(1 +t), t2/(1 +¢?) and 1 — e, when
h(t) = t was used in all these cases. The corresponding statistics are denoted by le’m flog,ffmc,ixp,
respectively. Note that ¢(t) = t and p(t) = 1 — e~ lead to proper distance functions in R?. We also
considered another test statistic with og(t) = t> and ho(t) = V/t), which basically leads to a test based
on the Euclidean distance computed based on the standardized versions of the component variables. The

corresponding test statistic is denoted by Ti 0-



Tables 1 and 2 show that in the examples involving normal distributions, all tests had sizes close to 0.05,
but in cases of t3 (with 3 df) and Cauchy distributions, the Hotelling’s 72 test and the SR test had sizes
below the nominal level. SR test had size 0 in the case of Cauchy distributions, where the PA test also had
size below 0.05. Observed levels of CQ and PA tests were slightly higher for t3 distributions. In all other
occasions, the true null hypothesis was rejected in nearly 5% of the cases.

As it is expected, all affine invariant (Hotelling’s 72, sign and rank tests) and scale invariant (PA, SR and
all tests proposed in Section 3) tests had similar powers in these two sets of examples, but the rotation
invariant tests (CQ, WPL, run, long run and all tests proposed in Section 2) had significantly different
powers in these two sets. Note that in all these examples, only the last d/2 variables contain evidence
against Hy, while the first d/2 variables can be viewed as noise. In the first (respectively, second) set of
examples, the first d/2 variables had higher (respectively, lower) variance than the last d/2 variables. So,
these unimportant variables had higher (respectively, lower) contribution to the Euclidean norm compared
to other d/2 important variables. Thus, the test statistics based on Euclidean norm contained more noise
(respectively, information). However, the scale invariant tests treated all the variables equally in both the
cases. So, the overall performance of the Euclidean norm-based tests were much inferior (respectively,
superior) compared to the scale invariant tests in the first (respectively, second) set of examples.

In almost all examples, the Hotelling’s 72 test and nonparametric sign and rank tests had lower powers
compared to most of the tests considered here, especially for higher values of §. Among the rotation
invariant tests, performances of run and long run tests were somewhat inferior. The CQ test had the
highest power when the underlying distribution was normal, while the proposed tests and the WPL test also
had comparable performance. But in cases of ¢3 and Cauchy distributions, tests based on T, and Tty
outperformed all other rotation invariant tests considered here. Performances of the WPL test and that
based on 1j,, were almost similar. The test based on Tj;, had relatively low power, but its performance was
much better than the CQ test. Among the scale invariant tests, in the case of normal distribution, SR, PA
and tests based on CFO and ﬁm yielded higher powers, while other proposed tests also performed reasonably
well. In the case of t3 distribution, all proposed tests outperformed SR and PA tests. As expected, in the
case of Cauchy distribution, while non-robust tests like SR and PA tests had powers close to the nominal
level, the proposed tests, especially those based on flog, ffmc and fexp had excellent performance.

Next, we considered some examples where the dimension was larger than the sample size. For these examples,
we used n = 20 and d = 30, 60, 120, 250 and 500. Note that the Hotelling’s T2 test and nonparametric sign

and rank tests could not be used in this setup. We again considered two sets of experiments with normal, ¢3



Table 1: Powers (in %) of different tests on simulated data sets with 0 = 3 and 05 = 1 (n = 50, d = 40).

Normal ts Cauchy

0=0.0 | 0=0.1]6=0.2 | 0=0.3 [[ 6=0.0 | 6=0.1 [ 6=0.2 | =0.3 || 6=0.0 [ =0.1 | §=0.2 [ 6=0.3

Hot. T? 5.0 11.6 | 322 | 71.2 3.0 9.8 30.4 | 62.0 3.4 6.6 21.4 | 494
Sp-sign 5.0 11.8 | 324 | 70.0 5.8 9.8 27.8 | 50.6 4.2 8.6 174 | 27.8
Sp-rank 5.2 11.8 | 31.8 | 714 5.4 10.6 | 31.6 | 62.0 4.6 8.8 24.6 | 47.8
coord-sign 5.6 8.4 20.4 | 474 6.0 6.6 18.0 | 35.0 6.2 7.8 13.8 | 22.6
coord-rank || 6.0 12.2 | 33.8 | 71.2 4.8 9.6 28.8 | 62.2 5.2 10.2 | 24.2 | 50.0
PA 5.0 23.2 | 94.0 | 100.0 7.6 13.6 | 42.2 | 81.2 2.4 2.4 3.6 6.2
SR 4.0 21.8 | 93.6 | 100.0 1.8 5.4 30.2 | 764 0.0 0.0 0.0 0.0
CcQ 5.2 11.8 | 52.8 | 984 6.6 9.2 19.6 | 51.0 5.4 5.6 6.6 7.4
WPL 3.8 8.4 45.6 | 96.8 5.0 8.0 35.8 | 90.8 4.8 7.4 25.2 | 70.0
Run 4.8 8.6 24.8 | 73.0 4.4 7.8 22.0 | 54.2 5.2 7.8 18.8 | 44.2
Long Run 4.2 7.8 14.8 | 41.2 4.6 7.6 14.2 | 39.6 4.6 6.4 14.0 | 38.6
Tiin 4.2 9.2 50.2 | 98.0 4.8 9.2 30.0 | 80.8 4.6 6.0 114 | 24.2
Tiog 3.8 9.6 52.6 | 984 5.4 9.0 38.8 | 91.6 6.0 8.8 29.6 | 75.2
Ttrac 4.4 9.4 53.4 | 98.2 5.0 11.2 | 51.6 | 96.6 4.2 9.8 46.6 | 934
Teap 4.2 9.4 53.4 | 984 4.4 11.2 | 51.2 | 96.6 3.8 10.2 | 47.0 | 93.2
T 4.6 22.8 | 93.0 | 100.0 5.0 15.6 | 70.8 | 98.2 3.8 6.0 194 | 49.4
Tiin 4.8 24.6 | 91.2 | 100.0 5.2 16.0 | 69.6 | 984 3.6 6.6 21.0 | 48.6
Tlog 5.0 22.0 | 86.0 | 100.0 5.4 15.2 | 70.2 | 99.0 4.6 10.8 | 48.6 | 87.0
ffmc 4.6 19.6 | 77.0 | 100.0 4.8 144 | 65.6 | 98.2 5.2 124 | 524 | 90.8
Twp 4.4 18.8 | 73.2 | 99.8 4.8 13.6 | 63.2 | 97.2 5.6 13.2 | 51.8 | 89.8

Table 2: Powers (in %) of different tests on simulated data sets with o2 = 1/3, 02 = 1 (n = 50, d = 40).

Normal t3 Cauchy

0=0.0 | 0=0.1]6=0.15 [ 6=0.2 || 6=0.0 | 6=0.1 | =0.15 ] 6=0.2 || §=0.0 [ 6=0.1 | §=0.15 | §=0.2

Hot. T? 5.0 11.6 18.2 32.2 3.0 9.8 17.0 30.4 3.4 6.6 11.8 21.4
Sp-sign 5.0 11.8 20.0 32.4 5.8 9.8 16.8 27.8 4.2 8.6 114 174
Sp-rank 5.2 11.8 18.8 31.8 5.4 10.6 19.4 31.6 4.6 8.8 16.8 24.6
coord-sign 5.6 8.4 13.8 20.4 6.0 6.6 114 18.0 6.2 7.8 9.2 13.8
coord-rank || 6.0 12.2 21.6 33.8 4.8 9.6 17.0 28.8 5.2 10.2 16.8 24.2
PA 5.0 23.2 64.2 94.0 7.6 13.6 25.0 42.2 24 24 2.8 3.6
SR 4.0 21.8 61.6 93.6 1.8 5.4 12.8 30.2 0.0 0.0 0.0 0.0
CQ 5.0 39.0 81.8 99.2 7.2 20.0 40.6 63.6 3.6 4.6 5.4 7.4
WPL 4.4 30.6 75.2 97.8 4.0 25.8 64.4 94.0 4.0 16.8 46.0 79.0
Run 5.4 114 27.8 52.0 4.8 11.6 19.0 35.6 5.4 9.0 16.8 29.2
Long Run 4.6 10.4 18.6 32.2 4.4 10.2 14.0 23.8 4.6 8.2 17.0 28.0
Tiin 3.8 34.8 78.6 98.6 4.2 23.8 56.0 88.4 3.4 7.6 18.8 34.4
Tiog 3.8 34.0 78.6 98.4 3.6 27.8 66.8 93.0 4.4 17.8 44.8 78.6
Ttrac 3.8 33.8 77.8 98.4 4.0 30.6 75.6 96.2 4.8 25.2 66.0 91.8
Tewp 4.0 33.8 77.6 98.6 4.0 29.8 75.4 96.2 4.8 24.8 65.6 92.0
T 4.6 22.8 61.2 93.0 5.0 15.6 37.2 70.8 3.8 6.0 11.2 19.4
Tiin 4.8 24.6 59.4 91.2 5.2 16.0 37.8 69.6 3.6 6.6 12.0 21.0
YN’log 5.0 22.0 53.2 86.0 5.4 15.2 38.6 70.2 4.6 10.8 26.2 48.6
vamc 4.6 19.6 45.4 77.0 4.8 14.4 34.8 65.6 5.2 12.4 27.0 52.4
ferp 4.4 18.8 42.6 73.2 4.8 13.6 31.8 63.2 5.6 13.2 26.4 51.8

and Cauchy distributions having diagonal scatter matrices. In both cases, the location of the distribution was

of the form (4,0, ... ,5),. In the fist set of examples, all component variables had the same scale parameter

10



Table 3: Powers (in %) of different tests in different dimensions (n = 20).

Normal 5=01; o?=1foralli=1,...,d 5=04; 0?2=4 mod 30 fori=1,...,d
d 30 | 60 | 120 | 250 | 500 30 | 60 | 120 | 250 | 500
PA 15.0 24.2 33.2 58.2 77.2 35.6 52.6 78.2 96.6 99.6
SR 16.6 16.2 14.4 10.2 6.6 38.4 45.8 56.0 70.2 77.2
CcQ 21.8 29.8 43.4 65.6 88.6 22.4 28.0 39.4 59.8 83.2
WPL 15.0 23.0 33.0 54.2 79.4 16.0 22.2 30.4 50.6 74.4
Run 11.6 14.0 14.6 20.0 37.0 9.8 14.6 21.6 32.0 52.0
Long run 11.2 10.2 11.8 16.2 24.2 10.2 12.0 17.6 24.2 37.2
Tiin 17.2 26.4 41.4 63.6 87.2 18.8 24.8 36.2 56.8 82.4
Tiog 17.4 26.2 40.6 63.8 87.2 174 24.8 36.8 57.4 82.4
Trrac 17.6 27.4 40.4 63.8 86.8 16.8 25.8 36.2 57.8 81.6
Terp 17.6 26.8 40.6 63.4 86.8 14.4 25.0 35.8 57.4 81.8
To 16.6 21.0 34.0 53.0 77.6 33.8 50.2 75.8 95.8 100.0
Tlm 17.4 24.4 36.0 56.0 79.2 35.0 55.4 79.2 96.8 100.0
ﬁog 154 21.0 33.0 50.2 73.6 31.2 52.2 73.4 95.2 100.0
vamc 12.4 18.6 27.0 44.0 65.4 26.8 43.4 65.6 87.8 99.2
ferp 12.2 17.6 25.0 40.2 61.4 24.8 39.2 61.4 86.2 98.8
t (3 df) §=012;0Z=1foralli=1,...,d §=0.45;02 =4 mod 30 fori =1,...,d
d 30 | 60 | 120 | 250 | 500 30 | 60 | 120 | 250 | 500
PA 10.6 12.0 20.2 30.8 42.0 19.4 26.6 38.4 57.8 72.0
SR 4.6 3.0 1.6 0.8 0.2 13.0 9.4 9.2 7.4 4.6
CcQ 13.6 21.4 29.4 44.8 62.2 13.0 14.8 22.2 32.8 51.4
WPL 17.0 29.2 44.8 67.0 89.0 13.8 20.4 29.8 52.6 76.6
Run 12.6 13.4 15.8 22.8 30.4 11.0 12.6 18.8 29.6 39.6
Long run 11.0 12.2 14.4 24.2 32.6 114 13.8 17.2 27.8 38.0
Tiin 16.8 27.8 42.0 61.4 82.6 12.4 19.0 30.2 47.4 72.0
Tiog 18.8 32.6 47.8 70.6 90.4 15.6 23.4 36.4 59.8 83.4
Ttrac 25.0 36.6 53.4 77.0 95.4 16.6 26.2 40.4 66.8 87.8
Terp 23.8 35.6 52.4 76.0 94.6 16.2 25.6 36.4 61.6 83.2
To 14.6 23.0 33.6 51.6 73.2 26.0 42.8 62.4 85.2 96.0
Tiin 13.6 22.8 34.6 53.0 75.4 29.0 46.8 65.8 87.6 97.2
ﬁog 14.2 23.6 33.2 54.8 78.8 31.8 47.2 68.2 89.4 97.8
vamc 11.6 19.6 28.8 49.0 72.2 28.4 43.4 62.0 83.8 96.8
ferp 10.8 18.2 26.4 46.0 69.2 27.4 41.4 60.0 80.8 95.0
Cauchy §=015;02=1foralli=1,...,d §=05;07=i mod30fori=1,...,d
d 30 | 60 | 120 | 250 | 500 30 | 60 | 120 | 250 | 500
PA 4.0 4.6 4.8 5.8 6.2 4.6 6.0 6.4 8.4 9.2
SR 0.6 0.2 0.0 0.0 0.0 0.6 0.4 0.0 0.0 0.0
CcQ 8.2 9.2 10.0 13.0 16.2 7.2 8.2 9.0 8.8 9.6
WPL 22.8 33.2 48.6 71.2 88.6 13.6 20.6 29.0 43.0 69.0
Run 0.122 18.6 21.6 28.6 37.4 14.2 154 194 24.4 35.8
Long run 12.8 19.6 25.6 35.4 52.2 13.2 15.8 21.6 34.0 48.8
Tiin 13.0 17.8 25.6 35.4 53.2 8.4 13.4 16.8 22.8 34.0
Tiog 25.6 38.0 51.6 74.2 88.6 16.8 24.8 36.0 53.0 77.0
Ttrac 35.8 52.6 71.2 90.0 97.8 22.4 32.8 50.0 72.0 90.2
Terp 35.6 51.8 71.0 89.4 97.6 21.2 30.8 45.2 68.4 87.8
To 10.8 16.4 20.4 27.0 43.6 13.6 20.2 27.0 38.0 56.8
Tlm 11.4 16.6 20.4 28.8 45.2 14.6 21.0 30.6 42.2 59.2
ﬁog 17.2 25.0 35.8 55.0 75.0 25.6 37.6 52.0 73.8 89.2
ffmc 17.2 26.8 374 57.0 78.4 25.2 38.2 55.8 75.0 90.6
Twp 18.0 26.8 36.6 56.6 78.2 25.4 37.6 55.6 75.2 91.2




1, but in the other set, the i-th variable (i = 1,2,...,d) had the scale parameter ¢ mod 30. As expected,
our proposed rotation invariant tests had better overall performance in the first set of examples, while in
the second set of examples, they were outperformed by their scale invariant analogs. For examples involving
normal distributions, CQ and our proposed rotation invariant tests had comparable powers though CQ had
a slight edge. But in cases of t3 and Cauchy distributions, our tests based on T4, and T,,, outperformed
all other rotation invariant tests considered here. The performance of WPL test was somewhat similar to
that of the test based on Tj,,. Just like the CQ test, scale invariant PA test also performed well for normal
distributions, but it failed in the case of Cauchy distributions. Except for the second set of examples with
normal distributions, the SR test had poor performance throughout. Our scale invariant tests, particularly
those based on on Tt 0, Tlm and Tlog could compete with the PA test in the case of normal distributions, but
they had much better performance than the PA test in cases of t3 and Cauchy distributions. However, in
these examples with heavy tailed distributions, the tests based on Tfmc and 7, exp Performed even better.
Next, we considered two examples involving normal distributions with mean (0.2,0.2,... ,0.2)/, where the
component variables were correlated. In the first example (referred to as Correlated-1 in Table 4), the
(i,7)-th element of the dispersion matrix was (—0.99)"=7|. In the other example (referred to as Correlated-2
in Table 4), all diagonal elements of the dispersion matrix were 1 and all off-diagonal elements were 0.25.
In the first example, our rotation invariant tests, particularly those based on T'.q. and T¢y;, had excellent
performance. Performances of SR, CQ, WPL and run test were also comparable. Among the scale invariant
tests, the test based on T() had competitive performance for n = 40. But, all other tests yielded somewhat
lower powers in this example. In the second example, SR, CQ, PA tests had best overall performance.
Barring the tests based on run and longest run statistics, all tests yielded competitive powers.

We also considered two examples with non-elliptic distributions. In both of these cases, the component
variables were independent. In one case, we generated them from U(—3,3) distribution and in the other
case, they were generated from the standard Laplace distribution. After that, we shifted their locations from
the origin by adding (0.1,0.1, ... ,O.l)l to the measurement vector. In the example with Laplace distribution,
our scale invariant tests based on flm, flog, ffmc and fexp outperformed all other tests considered here. Our
rotation invariant tests and the C(Q test also had satisfactory performance. CQ, PA and our rotation
invariant tests performed better than others in the case of uniform distribution. The SR test, run and long
run tests did not have good powers in these two examples.

Next, we carried out our experiment with a mixture of three normal distributions all having the same scatter

matrix 0.251. The locations of these normal distributions were —2150q, 1500 and 41509, where 150 is a 500-
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Table 4: Powers (in %) of different tests on simulated data sets (d = 500).

Correlated-1 Correlated-2 Laplace Uniform Mixture normal || Perturbed normal
n=20|n=40 n=20|n:40 n:20|n=40 n=20|n=40 n=20|n:40 n:20| n =40
PA 24.2 | 83.6 442 | 734 29.6 83.4 226 | 61.8 38.0 69.6 0.0 0.0
SR 36.2 | 92.0 472 | 74.6 0.0 19.8 0.0 2.4 39.8 70.8 0.0 0.0
CcQ 33.4 | 90.2 484 | 75.0 43.2 90.2 27.2 | 66.0 39.6 70.2 0.0 0.0

WPL 40.0 | 99.0 43.6 | 704 34.8 | 844 19.8 | 54.2 16.2 24.8 68.4 100.0
Run 45.8 | 924 13.8 | 224 26.2 | 478 11.4 | 20.0 || 100.0 | 100.0 | 100.0 100.0
Long Run| 31.8 | 60.0 16.6 | 26.8 19.0 | 23.2 9.8 11.6 92.8 | 100.0 | 100.0 100.0
Tiin 32.6 | 94.8 37.2 | 69.0 42.0 | 89.2 25.6 | 64.8 32.2 73.2 0.0 1.6
Tiog 37.6 | 98.6 37.2 | 684 41.6 | 89.0 25.8 | 65.0 51.0 99.6 99.4 100.0
Ttrac 44.6 | 99.8 36.4 | 67.8 41.8 | 89.4 26.0 | 64.4 || 100.0 | 100.0 | 100.0 100.0
Terp 43.4 | 99.8 36.6 | 68.0 41.6 | 89.2 26.0 | 64.6 || 100.0 | 100.0 | 100.0 100.0

T 28.6 | 95.8 38.4 | 68.8 34.4 | 85.0 20.8 | 56.4 33.6 74.0 0.0 0.0
Tiin 21.8 | 73.0 38.8 | 69.6 64.2 | 984 19.6 | 45.2 32.2 71.4 0.0 0.6
Tog 22.0 | 67.2 37.2 | 694 71.2 ] 99.0 16.8 | 41.8 38.0 93.2 8.8 99.8

Trac 21.8 | 62.0 36.8 | 69.4 69.2 | 99.6 16.6 | 42.0 39.2 96.4 100.0 100.0
Terp 21.6 | 60.2 36.4 | 69.0 68.8 | 99.6 15.8 | 39.0 61.0 | 100.0 | 100.0 100.0

dimensional vector with all elements equal to 1. The mixing proportions for these three distributions were
0.4, 0.2 and 0.4, respectively. So, the distribution was symmetric about 1599. For n = 20, the run test and
our tests based on T'f.q. and T¢yy, rejected Hp in all occasions, while the long run test also performed well.
For n = 40, the test based on T¢,), also had unit power. Tests based Tj,g, ﬁog and ﬁog had powers close to
1 as well. The WPL test had poor performance in this example.

Finally, we considered an experiment to study the robustness of different tests. In this experiment, we
generated observations from a multivariate normal distribution with location 0.151509 and dispersion matrix
0.25I, but 10% of them were contaminated by subtracting 2 from each of the coordinates. In this example,
run and long run tests had power 1 even for n = 20. But on the other hand, CQ, PA and SR tests had zero
power even for n = 40. Our tests based on ¢; and ¢ norms also performed poorly, but the ones based on

bounded ¢ and ¢ functions yielded excellent performance.

5 Analysis of average temperature data

The Average Daily Temperature Archive (http://academic.udayton.edu/kissock/http/Weather/) of the
University of Dayton contains daily average temperature for several cities from January 1, 1995 till date.
For our analysis, we considered the average temperatures from 1996 to 2015 and divided it into two parts
of 10 consecutive years each. We considered the difference between the daily temperatures in these two
parts as the random vector X and test whether the average daily temperature has changed over the period

of 10 years. From the list of cities we considered African and Asian cities separately. Many of these cities
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had missing observations. We did not consider any city that had more than thousand missing observations,
and after this filtration we were left with 18 African cities and 31 Asian cities. Missing observations for
these cities were imputed by linear interpolation. When we used the tests considered in Section 4 on these
African and Asian datasets, all tests rejected the null hypothesis giving a strong indication of a change in
the temperature patterns over the 10 years. However, based on that single experiment, it was not possible to
compare among different test procedures. Therefore, to facilitate comparison, we used subsamples of different
sizes (reported in Table 5) from the data and used different tests on those subsamples. For each subsample
size, the experiment was repeated 200 times, and empirical powers of different tests were calculated as the

proportions of times they rejected Hy.

Table 5: Powers of different tests for daily temperature data

African Temperature Asian Temperature
n=7 | n=10 | n=12 [ n=15 || n=7 [ n=10 [ n=12 | n=15
PA 6.0 | 28.0 | 70.0 100 8.0 | 54.0 | 80.0 100
SR 0.0 8.0 20.0 | 64.0 | 18.0 | 48.0 | 72.0 | 94.0
CcQ 58.0 | 84.0 | 92.0 100 || 60.0 | 82.0 100 100

WPL 60.0 | 90.0 100 100 || 70.0 | 94.0 100 100
Run 245 | 415 | 50.5 | 66.0 || 41.5 | 67.0 | 83.5 | 96.0
Long Run || 34.5 | 59.5 | 77.5 | 955 | 47.5 | 64.0 | 76.5 | 88.0
Tlin 44.5 | 86.0 | 96.0 100 || 62.0 | 93.5 | 99.5 100
Tiog 47.5 | 88.0 | 99.0 100 || 67.0 | 97.5 | 99.5 100
Ttrac 95.0 | 95.0 100 100 || 69.5 | 99.0 100 100
Terp 67.5 | 96.0 100 100 || 64.5 | 92.5 100 100
Th 33.0 | 81.0 | 93.0 100 || 51.5 | 90.5 | 97.5 100
Tiin 7.0 | 925 | 99.5 100 || 9.5 | 93.0 | 99.0 100
flog 66.5 | 96.5 100 100 || 66.5 | 95.5 | 99.5 100
ffmc 71.0 | 96.5 100 100 || 72.0 | 97.0 100 100
Tvemp 70.0 | 97.5 100 100 || 72.5 | 98.0 100 100

Table 5 clearly shows that our proposed tests had excellent performance in both data sets. Among the
existing tests, CQ and WPL tests, particularly the latter one performed well. But, our tests based on

bounded ¢ and ¢ functions outperformed them.

6 Concluding remarks

In this article, we have proposed and investigated two classes of tests for the multivariate one-sample
problem. While many popular one-sample methods are not applicable when dimension exceeds the sample

size, these proposed tests based on pairwise distances can be conveniently used for HDLSS data or even for
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functional data taking values in an infinite dimensional Banach space. Our methods are conceptually and
computationally simple. Unlike Biswas et al. (2015), here we do not need to solve any NP-complete problem
to construct the test statistics. Unlike CQ, PA and SR tests, our tests have better robustness properties for
suitable choices of ¢ or . While the WPL test only considers the direction of the observations and ignores
the information on their magnitudes, our tests do not need to sacrifice that valuable information for being
robust. That information is used in a controlled manner by using appropriate transformations. As a result,
these tests can outperform the WPL test in a wide variety of examples. Using several simulated and real
data sets, we have amply demonstrated these important features of our tests in this article.

The one-sample tests we proposed in Section 2 can be viewed as one-sample versions of so called two-
sample energy statistics considered by Székely and Rizzo (2013). In this article, we have studied the high
dimensional behavior of such tests. We have also developed the scale invariant analogs of these tests and
investigated their behavior in HDLSS set up. These scale invariant tests are particularly useful when the
measurement variables are not of comparable units and scales. In this article, we used several functions of
Euclidean and other distances to construct different tests and showed that different functions are preferred
in different situations. So, it will be great if one can come up with a data driven method for selecting the

function to be used for the particular problem in hand.

Appendix

Proof of Lemma 1: The result directly follows from Baringhaus and Franz (2010) (p. 1335-1336) and
Biswas et al. (2015) (p. 1427).
Proof of Theorem 1: Note that under (Al) and (A2), the weak law of large numbers (WLLN) holds

IXi2Xo |2 I XaxXo|?
d B d

for the sequence {(qu) + Xéq))Q; q > 1}, ie, B 0asd = . So, we have

1 XatXo|  /EIXi£X5)2
Nz d
\/E||X1+dXz||2 _ \/Equ—dqué

Note that E(|| X1 + X2|?) = E(|X1 — Xa|[?) + 4/|6]|2. Let us write, ag = d"'E||X; — Xo||? and #4 =

£> 0 and hence

‘||X1+X2|| X =Xy
Vd Vd

Td(e)‘ LB o0asd— 0o, where 74(0) =

4d=1|0|*. Under (A1), since the second moments of the (qu) + Xéq))’s are uniformly bounded, we can
find M > 0 such that ag < M for every d > 1. Also, we have liminfy .o B4 > 0. This implies that

there exists some 0 > 0 and dy > 1 such that 8; > ¢ for every d > dy. Then, for every d > dy, we get

T4(0) = Vag+ Ba — Jag > Vag+ 6 — Jag = \/ad+§+\/@ > 2\/1‘54%. This implies liminfy o, 74(0) > 0.
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Since ”XI\J/FEXQH - ”XIJEXQH - Td(o)( Boasd— oo, and ¢ is strictly increasing, we have
X+ X X - X, X; + X, X; — X,
p (KX KXYy (o (KXY (KXY g,
Vd Vd Vd Vd

Now, consider a resample {X] = a;Xy,..., X} = a,X,}. Note that for any i # j, we have

Xi+X; X, -X, . -
¢<|yx;k+x;|y> _¢<|1X;f —X;.H> o (F) e (B wai=a .

v Nz é (uX%Xjn) _é (%) if a; # aj.

Let Tg* be the test statistic computed from {X7,...,X"}. Clearly, if all a;’s are of the same sign (which
happens with probability 2/2" = 1/2"71), we have T g = Tg*. Otherwise, from equation (6) it follws that
P(Tq‘f > Tqﬁl*) —1lasd— oco. So, P(Tg* > Tq‘f) — 2/2" =1/2""! as d — oo. Therefore, if 1/2"71 < «, the
power of a level a test based on Tg converges to 1 as d — oo. O
Proof of Lemma 2: Note that for any ¢ = 1,2,...,d, X@ 2 29(@) — X@ and hence |X{q) + Xéq)| 2
\qu) - X2(Q) + 20(9)|. Under the conditions assumed in the lemma, X (9 — 0@ has a density f(@(x) which
is decreasing in |x|. This implies that W(@) = XYI) = Xéq) = (XfCI) — @) — (X2(Q) — 0@) has a density, say
g9 (w), which is also decreasing in |w| (follows from Lemma 3 below).

Now, P([W@| < w) = P(—w < W@ < w) and P(]W@ +2009)| < w) = P(—w — 200 < W@ < —20),
Therefore, considering the fact that ¢(@(w) is a decreasing function of |w|, we have P(|[W@| < w) >
P([W@ 4+ 20@| < w) for every w € R, where the equality holds if and only if #@ = 0. This in turn
implies that \W(q) + 20| is stochastically larger than |W(9)|. Since s(@ is positive with probability 1,
|W(9) 20| /59 is also stochastically larger than |W(9)]/5(9). Again, since ¢ is strictly increasing, stochastic

. . . . ‘X(Q)_,’_X Q)‘ \X(q)—X q)‘
ordering is retained under that transformation. So, we have E¢ IT)Q > Fop IT)Q , wWhere

equality holds if and only if 0@ = (. Now, combining the results for all ¢ =1,2,...,d, we get

d (9) (9) (9) (9)
X7+ X5 1 X7 = X5
Z ( 8(q ) 2 K E Z "2 ( S(q) ’ (8)

q=1

&Ir—‘

where the equality holds if and only if 8 = 0.
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Now, using the mean value theorem, one gets

d (9) (9) d (9) (9)
]' ‘Xl + X2 | ]' ‘Xl B X2 |
h 32w< 5@ —hqg2.¢ <@

q=1 q=1
d () (q) d (2) ()
e X9+ X1 X9 - x| .
- EZ*0< 5@ — 2 5@ h(&) ©)
q=1 q=1
d () (q) () (q)
1 X7+ X5 X7 - X5 !
- E qZ:; [(,0 ( 8((1) - 8(‘1) h (f)a
h lies b 1 d \Xiq)—l-Xéq)\ dl d \Xiq)—Xéq)\ Si h/ . . h
where ¢ lies between 5 Zq:l p| gt ) and g Zq:l ¢ | =L+ | Since (&) is positive (note that
h is a strictly increasing function) with probability 1, for all ¢ = 1,2,...,d, we have stochastic ordering
@ x@\ (@) _ x(a) , @ x@\
between ¢ <%> h (&) and ¢ (%) h (§). This implies E [% Zgzl % <qus+)x2q> h (5)} >
(@) _ () ,
E [é 22:1 © <|X1qs(;q)X2q|> h (5)] Now the result follows from equation (9). 0.

Lemma 3. Let X and Y be two random variables with probability density functions fx and fy, respectively.

If both fx(x) and fy(x) are decreasing in |x|, then the density X £Y is also decreasing in |z|.

Proof: Let |z1| < |z2| be two arbitrary points. Since both fx and fy are decreasing in |x|, we have
fx(x1) > fx(x2) and fy(z1) > fy(x2). Define © = (21 4+ x2)/2. Clearly, both 0 and z; are either less than
or greater than x. Let ST be the side of & where they belong and S~ be the other side. Now, for every
y € S, take y* € ST such that |y — x| = |y* — x|. Then, fx(y*) > fx(y) and fy(x1 —y*) — fy (2 — y*) =

fy(z2 —y) — fy (1 —y) > 0. Thus, we have

o Fx )y (e —y") = fy (w2 —y"))dy" > /S fx@)[fy (22 —y) = fy (21— y)ldy, (10)

which after simplification implies that fz(x1) > fz(z2), where fz denotes the density of Z = X + Y. Note
that since Y has a symmetric distribution, Y and —Y have the same density function. Therefore, the result
holds for the density of X — Y as well. O
Proof of Theorem 2: Note that under (B1) and (B2), for every ¢ # j, WLLN holds for the sequence
{2z £ 2\, ¢>1}, e,

> e(129 2 20) - B> o (12 + Z7))| ' L 0asd— oo, (11)
q=1 q=1



where ZZ-(Q) = XZ-(Q)/S‘I fori=1,2,...,nand ¢ =1,2,...,d. This implies that

d (9) (@) d ( ) (9)
| X +X | 1 X | P
Z (T — 3 Z ————— | —74,(0)] > 0asd— (12)

Since 7, = liminfg_,o 74,,(0) > 0, and h is strictly increasing, we have

1 q 1 () X(q)|
EZ (—) EZQO( @ > —lasd— oo (13)

&I'—‘

: q 1
d (q (9) d (@) ()
EZ ( > h EZ:IQD @ —lasd— o0 (14)
: q:
Now consider a resample {X% = a; X1, ..., X" = a,X,}. Note that s*(@, the value of s? computed based
on {X7,..., X’} remains unchanged over resamples (see our discussion after Lemma 2). So, we have
lzd: |Xi*(q) +X;‘(‘1)| . lzd: |Xi*(q) o X;ﬁ(q)|
d (@) 427 (@)
- "~ (15)
d (@) (2) d (@) ()
1 | X" + X; | 1 | X" — X ; |
= |13 5 <— -5 (B
: q:
Now, the proof follows using the same argument as used in the proof of Theorem 1. O
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