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Abstract

Multivariate two-sample testing problem has been well investigated in the literature, and
several parametric and nonparametric methods are available for it. However, most of these
two-sample tests perform poorly for high dimensional data, and many of them are not applicable
when the dimension of the data exceeds the sample size. In this article, we propose a multivariate
two-sample test that can be conveniently used in the high dimension low sample size set up.
Asymptotic results on the power properties of our proposed test are derived when the sample size
remains fixed, and the dimension of the data grows to infinity. We investigate the performance of
this test on several high-dimensional simulated and real data sets, and demonstrate its superiority
over several other existing two-sample tests when they are applied to high dimensional data. We
also study the theoretical properties of the proposed test for situations when the dimension of
the data remains fixed and the sample size tends to infinity. In such cases, it turns out to be
asymptotically distribution-free and consistent under general alternatives. Some simulated data
sets are also analyzed to study its finite sample performance.

Keywords :High dimensional asymptotics, Inter-point distances, Large sample distribution,

Permutation test, U-statistic, Weak law of large numbers.

1 Introduction

In a two-sample testing problem, we test the null hypothesis Hy : F' = G, which suggests the equal-
ity of two distributions F' and G, against the alternative hypothesis Hy : F' # (. Usually, we have
two sets of independent d-dimensional observations xi,Xo, ... ,Xmi";d'F and y{,ys,.-- ,yni'iN'd'G,
and using these observations, we compute a test statistic to perform the test. Instead of consid-
ering a general two-sample problem, sometimes we make some assumptions on F' and G and test
Hy : F = @G in that restricted set up. For instance, if F' and G are assumed to be same except
for their locations (and/or scales), one can test for the equality of their locations (and/or scales).

For the multivariate two-sample location problem, the Hotelling T? test is often used. While it is

most powerful invariant test for normally distributed data, other nonparametric tests outperform



the Hotelling T test for a wide variety of non-Gaussian distributions. Moreover, it cannot be used
when the dimension of the data exceeds the sample size. Several attempts have been made in the
literature to construct Hotelling T2 type statistics that can be applied to high dimensional data
(see e.g., Bai and Saranadasa, 1996; Srivastava, 2009; Chen and Qin, 2010), but these tests are
based on several model assumptions, and they are suitable only for location problems. Popular non-
parametric tests for two-sample location problem include Puri and Sen (1971), Randles and Peters
(1990), Hettmansperger and Oja (1994), Méttonen and Oja (1995), Choi and Marden (1997) and
Hettmansperger et. al. (1998). Liu and Singh (1993) and Rousson (2002) constructed nonparamet-
ric tests for multivariate two-sample location and scale problem. Some good reviews of most of these
tests can be found in Oja and Randles (2004) and Oja (2010). However, all these above mentioned
nonparametric tests perform poorly when applied to high dimensional data, and in practice, none

of them can be used when the dimension of the data is larger than the sample size.

Multivariate nonparametric tests for general two-sample problem have also been proposed in the
literature. Friedman and Rafsky (1979) used the idea of minimal spanning tree (MST) to generalize
the univariate run test in multi-dimension. Schilling (1986) and Henze (1988) proposed two-sample
tests based on nearest neighbor type coincidences. Other nonparametric tests for the general two
sample problem include Hall and Tajvidi (2002), Zech and Aslan (2003), Baringhaus and Franz
(2004, 2010) and Liu and Modarres (2011). All these tests are rotation invariant, and they can
be used even when the dimension of the data is larger than the sample size. Rosenbaum’s (2005)
test can also be used in high dimension low sample size situations if the test statistic is computed
using the Euclidean distance. Another interesting feature of these tests is that all of them are
based on inter-point distances. These inter-point distances contain useful information about the
separability between two distributions F' and G. Under mild conditions, F' and G differ if and only
if | X —X,|, [X=Y]| and ||[Y —Y,| differ in their distributions, where X, X, “*4 F, Y Y, "% @q,
and || - || denotes the Euclidean norm (see Maa et. al., 1996). Such inter-point distances can be
easily computed in any dimension. In this article, we use these inter-point distances to construct a

new test for general two-sample problem.

In the next section, we begin with some simple examples that show the limitations of some of the
popular two-sample tests in high dimension low sample size situations. In Section 3, we propose a
new test to overcome these limitations and study the power properties of the proposed test when the
sample size remains fixed, and the dimension of the data grows to infinity. Some high dimensional
simulated and real data sets are also analyzed to compare its empirical performance with some

existing two-sample tests. In Section 4, we study the asymptotic behavior of the power function of



the proposed test in situations where the dimension of the data remains fixed and the sample size
tends to infinity. We prove that the proposed test is asymptotically distribution-free and consistent
under general alternatives. Some simulated data sets are also analyzed to evaluate its finite sample
performance. Finally, Section 5 contains a brief summary of the work and ends with a discussion
on possible directions for further research. All proofs and mathematical details are given in the

Appendix.

2 Some illustrative examples

Let us consider a two-sample problem, where the observations in F' and G are distributed as
Nd((O,...,O)/,Id) and Nd((u,...,,u)/,aQId), respectively. Here, Ny stands for a d-variate normal
distribution, and I; denotes the d x d identity matrix. We considered three different choices of
and o2, namely, (1 = 0.3,02 = 1), (u = 0,02 = 1.3) and (1 = 0.2,02 = 1.2), and in each case, we
generated 20 observations from each distribution to test Hy : F' = G. Note that these three choices
of i and o2 lead to a location problem, a scale problem and a location-scale problem, respectively.
In each case, the experiment was repeated 200 times, and the proportion of times a test rejected
H, was considered as an estimate of its power. These estimated powers were computed for three
popular two-sample tests, namely, Friedman and Rafsky’s (1979) multivariate generalization of the
run test, the test based on nearest neighbor (NN) type coincidences (see, e.g., Schilling, 1986; Henze,
1988) and the test proposed by Baringhaus and Franz (2004). Henceforth, we will refer to them
as the FR test, the NN test and the BF test, respectively. We computed powers of these tests for

different values of d ranging from 2 to 500, and the results are presented in Figure 2.1.
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Figure 1: Powers of FR, NN and BF tests for various choices of d

Note that in each of these examples, as d increases, the separability between F' and G also

increases. So, one should expect the powers of these tests to tend to unity as d increases. We



observed that in the case of location problem (see Figure 1(a)), but not in other two cases. In
the location-scale problem, although the power of the BF test increased with d, those of the other
two tests dropped down to zero as d increased (see Figure 1(c)). In the case of scale problem, all
of these three methods yielded poor performance (see Figure 1(b)). Note that if X, X, "% F and
Y, Y, G |1X = X,]2/202 and ||[Y — Y,||2/202 both follow the chi-square distribution with d
degrees of freedom (df). So, using Chebychev’s inequality, one can show that d—!||X — X, ||? 5 207
and d7!|Y — Y, |? £ 202 as d — oo. Again, || X —Y||?/(0? + 03) follows a non-central chi-square
distribution with d df and non-centrality parameter du?/(c?+03). In that, we have d~!||X — Y2 5
(O‘% —{—O‘% +p?) as d — oo. Therefore, in the case of location problem, for large d, the distance between
any two observations from the same distribution turned out to be smaller than the distance between
any two observations belonging to two different distributions. In that situation, these three tests
worked well. But this ordering of distances did not hold in other two problems, and that was the
reason for the poor performance of FR and NN tests. In the case of scale problem, the overall
average of intra-class distances (average of all X-X, and Y-Y, distances) was very close to the
average inter-classes distance (average of all X-Y distances), and that led to the poor performance
by the BF test as well (see Section 3.2 for a detailed discussion on these issues). These limitations
of the existing methods show the necessity to develop a new test for high dimensional data. We

construct one such test in the next section.

3 A new test based on inter-point distances

Consider four independent random vectors X, X, i'idF and Y,Y, i'idG. Let Dpp, Dag and Dpg
denote the distributions of || X — X.||, [[Y — Y| and || X — Y|, respectively, and urp, pce and pra
be their respective means. Under mild conditions, Maa et. al. (1996) proved that Dpp, Do and
Drp¢ are identical if and only if F' = G. Now, (||X — X, ||, ||X —Y]|) follows a bivariate distribution,
say Dp, with marginals Dpp and Dpg, respectively. Again, (||Y — X[, ||[Y — Y.]|) follows another
bivariate distribution, say D¢g, with marginals Dpg and Dag, respectively. So, when F' and G differ,
Dp and D¢ differ as well. If pp and pp , denote the mean vectors of Dy and Dg, respectively, we
have pp, = pp, & wrr = ptrFe = jiGe, and that happens if and only if F' = G (see Lemma 1 in
the Appendix). Therefore, instead of testing Hy : F' = GG, we can test an equivalent null hypothesis

Hy : pp, = pp, against the alternative Hf ! Up, # Hp,- Our test statistic is very simple and

easy to compute. From the data x1,... ,Xmi'idF and yq,... ,yni'idG, we calculate



~ ~ m\—1 m m ~ — m n
Kpp = |HFF = ( 2 ) Diet Zj:iJrl Ixi —x;ll, fre = (mn)~! dim1 Zj:l [[x; — yjH )
~ ~ _ m n ~ n\—1 n n
Kps = |HFG = (mn) ! 21:1 23:1 llxi — yj”a HGG = (2) Zi:1 Z_j:i-}-l lly; — YjH )
and reject the null hypothesis for higher values of the test statistic T = |[fip, — Bp, |- When

the sample size is small, we use the permutation principle to calculate out the cut-off. When it is

large, this cut-off is chosen using the large sample distribution of 75, ,, (see Section 4).

(a) Location problem: p=0.3, o?=1 (b) Scale problem: u=0, 0%=1.3 (c) Location—scale problem: p=1.2, 6°=0.2
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Figtire 2: Power of FR (black solid line), NN (light grey line}. BF (dark grey line)

and proposed tests (black dotted line) for varying choices of d

Figure 2 shows the performance of this proposed test in the three examples with normal distri-
butions discussed in Section 2. Unlike what we observed earlier, in all these three cases, the power of
the proposed test converged to 1 as the dimension increased. In the scale problem and the location
scale problem, it outperformed all the three tests discussed earlier. Only in the case of location
problem, the BF test had the best performance. In the next two sections, we will investigate the

reasons for such behavior of the power functions of these tests.

3.1 Behavior of the proposed test in high dimensions

We have already seen that our proposed test can be used for high dimensional data even when the
dimension is much larger than the sample size. In this section, we investigate the limiting behavior
of this test when m and n are fixed, while d diverges to infinity. Suppose that p; and 3 are the
mean vector and the dispersion matrix of the distribution F', and p, and 39 are the mean vector
and the dispersion matrix of the distribution G. In order to carry out this investigation, following

Hall et. al. (2005), we first make the following assumption

(A1) There exist 03,05 > 0 and v such that (i) trace(21)/d — o3 (ii) trace(Ss)/d — o2 and (iii)

Iy = pol?/d = v* as d — oo.

Note that in the examples with normal distributions discussed in Section 2, these conditions were



satisfied with 0? = 1,02 = 02 and v? = p?. In conventional asymptotics, we get more information
about the separability between I’ and G as the sample sizes increase, but here we consider the sample
sizes to be fixed, and unless 0? = o2 and v = 0, under (A1), we expect to get more information
as the dimension increases. Suppose that X, Xo,... ,Xmi'iN'd'F and Y1,Yo,... ,Yni'iN'd' G. Now,
if the components of X and Y vectors are i.i.d. with bounded second moments, as it was in
the examples with normal distributions, we can show that for all i # j, d|X; — X;|? KA 202,
dHY; — Y2 K 203 and for all i,j, d~1|X; — Y2 £ 0? + 03+ v? as d — oo, where 0%, 03
and v? have the same meaning as in (A1). This weak law of large numbers (WLLN) holds for a
fairly general class of high dimensional probability models. Hall et. al. (2005) looked at the d-
dimensional observations X = (X, X®  X@)and Y = (YD, Y® ... V@) as infinite time
series truncated at time d and studied the behavior of the inter-point distances as d increases. Here,

we assume a similar set of assumptions, which are given below.

(A2) Fourth moments of the components of X and Y are uniformly bounded.
(A3) Under some permutation of the X@s (and the same permutation of the Y9 ’s), for (U@ V(@) =
(X(Q),X,Eq)),(X(Q),Y(q)) and (Y(Q),Y*(q)), the sequence {(UD — V(D)2 ¢ > 1} is p mizing, i.e.,

SUDL gt <o, g oo OO = VOR, (U —VED2Y < plr) where p(r) =0 as = o0,

Jung and Marron (2009) assumed similar conditions for the large dimensional consistency of es-
timated principal component directions. Andrews (1988) also assumed similar conditions to de-
rive. WLLN for mixingales. Under the assumptions on uniformly bounded moments (A2) and
weak dependence among component variables (A3), we have the WLLN for the sequence {(U(9) —
V@)2 ¢>1} (see Lemma 2 in the Appendix). Again, depending on the choice of (U@, V(9)
(U@, V@)= (X(q),X,Eq)), (X@ Y@ or (Y@, Y*(q))], under the assumption (A1), d™' Y -, E(U@ -

V(@)2 converges to 207, 203 or 07 + 05 4+ 2. So, under (A1)-(A3), as d tends to infinity, we have

(a) A2 X; - X,|| B o1v/2 for 1 < i< j < m.
(b) d=V2Y; = Y || B opv/2 for 1 <i < j <.

(c) d7V2|X; - Y| £ o?4+o02+v2forl<i<mand1<j<n.

Therefore, after re-scaling by the factor d=1/2, the N = m + n points of the combined sample
are asymptotically (as d — oo) located at the vertices of a N-polyhedron in (N — 1)-dimensional
space. Note that m of these vertices are the limits of m data points from F', and they form a regular
simplex S of side length ¢1v/2. The other n vertices are the limits of n data points form G, and
they form another regular simplex Sy of edge length ¢2v/2. The rest of the edges of the polyhedron

are the edges connecting the vertices of S; to those of Sy, and they are of length /0? + 03 + 12



Under Hy, when we have 0? = 02 and v? = 0, the whole polyhedron turns out to a regular simplex

of N points.

From the above discussion it is quite clear that for fixed m and n, under Hy, T, /d 20 as
d — co. On the other hand, it converges to a positive value when v? > 0 or o7 # o3. The following

theorem shows that in such cases, the power of the proposed test converges to 1 as d tends to infinity.

Theorem 3.1: Suppose that F' and G satisfy (A1)-(A3) and also assume that either v> > 0 or

02 #+ o3. Then, the power of the proposed test converges to 1 as d tends to infinity.

3.2 Behavior of FR, NN and BF tests in high dimensions

The FR test statistic is given by TL % = 1—|—Z 'U;, where N = m+n,and U; (i =1,2,...,N—1)
is an indicator variable that takes the value 1 if the i-th edge of the MST joins two observations

from different populations, and 0 otherwise. Naturally, Hy is rejected if Tgﬁ is small. The NN test

statistic TN N, (Instead of T,J,\[ N we use TN N n,k for its dependence on the number of neighbors k) can

be expressed as TNN = L1307 12] RACHE DI 12] 1 Li(y;) |, where I;(z) is an indicator

m,n,k
function takes the value 1 if z and its j-th neighbor belong to the same population, and 0 otherwise.

TNN

This test rejects Hy for large values of T 7 ok

From results (a)-(c) in Section 3.1, it is clear that in the case of location problem, when we have
0? = 03 and v? > 0, for large d, each and every observation from F (or G, respectively) has all of its
first m — 1 (or n — 1, respectively) nearest neighbors from F' (or G, respectively) itself. As a result,
TF B attains its minimum value, and TV JT\; i (throughout this article, we use £ = 3, which has been
reported to perform well in the literature) attains its maximum value with probability tending to

one. So, these two tests are expected to perform well.

(a) Minimal spanning tree (b) Nearest neighbors

Figure 3: Minimal spanning tree and nearest neighbors of 10 (m = n = 5) observations.

However, this ordering of intra-class and inter-class distances does not hold in the case of high

dimension small sample size data if v? < |02 — ¢3|. In these cases, each observation from F has its



first m — 1 neighbors from F' as before, but each observation from G has all of its first m nearest
neighbors from F (see Figure 2.2 that shows the MST and NN graph for m = n =5, k = 3 and
d = 500, where an arrow from ‘A’ to ‘B’ indicates that ‘B’ is one of the first k nearest neighbors
of ‘A’). As a result, for higher values of d, Tﬁﬁ and Tg’ ]7177 . take the values, which are either equal
or close to their expected values under Hy, and well below (above in the case of Tnfiﬁ) the cut-off.
This is precisely the reason why these two tests failed in cases of scale and location-scale problems

discussed in Section 2. In fact, in such cases, depending on m and n, the power of these tests may

even tend to zero as d tends to infinity. This result is given by the following theorem.

Theorem 3.2: Suppose that the distributions F' and G satisfy (A1)-(A3) and v? < 0% — o3
(interchange F' and G, if required, and also interchange m and n accordingly).
(a) Ifn(n—m)/(n—1)(m+n) > «, the power of a level o test based on T,Efl converges to zero as
d — 0.
(b) If (n—1)/m > (1+«a)/(1 —«a) and k < min{m,n}, the power of a level « test based on Tﬁgk
converges to zero as d — oo.

Note that this theorem gives only a sufficient condition under which the NN and the FR tests

fail. These tests may fail in many other cases like the examples with normal distributions discussed

in Section 2, where we had m = n = 20.

The BF test is motivated by the result that 2E|X — Y| — E||X —X,|| — E[Y = Y.| > 0,
where X, X, i'iN'd' F, Y Y. i'iN'd' G, and equality holds iff I = G (see Baringhaus and Franz,
2004). The BF test statistic 7.5 is constructed by replacing the expectations with their empirical

m,n

analogs, and the test rejects Hy for large values of TBE or a scaled version of it like Tﬁfl / V.

m,n

Now, it is easy to see that when m and n are fixed and d — oo, under the assumptions (Al)-

(A3), fpp/Vd 5 o1V2, ficg/Vd 5 09V2, fipg/Vd 5 Vo2 4 03 + 12, and hence Tﬁﬁ/ﬁ K
2¢/0} + 03 + 12 — 01v/2 — 023/2 (= 7,say), which is positive unless 02 = ¢ and v?> = 0. So, a
consistency result similar to Theorem 3.1 can be proved for the BF test as well. But, in Section 2,
we have seen that in the location-scale problem and the scale problem, especially in the latter case,
it did not perform well. Note that in such cases, we had v? < |0} — 03|. Now, 1? < |0% — o3| implies
that \/m lies between o1v/2 and 09v/2. So, even when both (ipg—firr) and (firg—ficg)
are significantly different from zero, they are likely to be of different sign. As a result, when they
are added up, Tﬁf; = (firg — porr) + (irc — i) may take a value close to zero, and consequently,

Hy may get accepted. We observed that several times in the location-scale problem and the scale

problem in Section 2. In the case of scale problem, v was also close to zero. So, even for d = 500, the



BF test did not have satisfactory power. But, if we take the sum of (firg — irr)? and (irg — ficg)?,
such cancelations are not possible, and Hy is more likely to be rejected. That is why our test based
on T = (ftrg — frr)?+ (firg — figg)? had better performance in these two examples. One should
also notice that Ty, ,, can also be expressed as T}, , = % [(QﬂFG — firr — fige)? + (irr — ﬂgg)z],
where the first part (2firg — firr — flge)? is the square of the BF test statistic. We have seen that
the BF test works well when F' and G differ in location, but it is not very sensitive against small
changes in scale. The second part (firr — figg)? compensates for that and makes the test sensitive
against scale alternatives. However, in the case of pure location problem, the term (firr — figa)?
serves as noise. Therefore, in such cases, our proposed test is unlikely to outperform the BF test,

and that is what we observed in our experiment.

3.3 Results from the analysis of simulated data sets

We carried out simulation studies to evaluate the performance of our proposed method in high
dimensional data. For this study, we used some examples involving 500 dimensional normal and
Laplace distributions as well as some examples involving auto-regressive processes. In all these
cases, we generated 20 observations from each of two distributions (say, F' and G) to constitute
the sample, and used it to test Hy : F' = G against H; : F' # G. Each experiment is carried out
200 times as before. We estimated the power of the test by the proportion of times it rejected Hy,
and the results are reported in Table 1. To facilitate comparison, results are also reported for some
other popular two-sample tests that can be used for high dimensional data. Along with FR, NN
and BF tests, we used the two other tests, one proposed by Hall and Tajvidi (2002) and the other
proposed by Rosenbaum (2005). In future, we will refer to them as the HT test and the Rosenbaum
test, respectively. The Rosenbaum test statistic has the distribution free property. We used the R
package ‘nbpMatching’ to compute the value of this statistic (using the Euclidean distance) based
on non-bipartite matching (see e.g., Lu et. al., 2011) and then used its null distribution to perform
the test. Since the sizes of samples were small, for all other methods, we used the conditional tests

based on the permutation principle.

Let us begin with some examples involving normal distributions. In Section 2, we used some
examples with multivariate normal distributions, where the component variables X1, ... X (@ (and
y®, o ,Y(d)) were independent and identically distributed. So, here we consider some examples,
where both in F' and G, the component variables are positively correlated. While F' has the mean

vector (0,0,...,0) and the dispersion matrix 3; = S, those for G are taken to be (i, ,...,p)



and Xy = 028, respectively, where S = ((s;;)) is of the form s;; = (0.5)1=9l for i,5 = 1,2,...,d.
Here also, we consider three different choices of 1 and o2 (1, 0%)=(0.25,1),(0,1.25) and (0.1,1.1)]
to have three different types of problems. In cases of scale problem and location-scale problem, our
proposed test yielded the highest power among all two-sample tests considered in this article. Only
in the case of location problem, the BF test and the NN test performed better than the proposed
test. However, the proposed test and the HT test had comparable performance in this example as

well, and they yielded much higher powers than those of the Rosenbaum test and the FR test.

Table 1 : Observed powers of two-sample tests with 5% nominal level (d = 500, m = n = 20).

Normal Laplace Normal vs.| AR(1) | AR(2)

location| scale |loc-scale|location | scale [loc-scale| Laplace |process|process

BF 1.000 {0.200{ 0.370 | 1.000 |0.280| 0.485 1.000 0.125 | 0.085
NN 0.945 |0.000|{ 0.115 1.000 {0.005| 0.150 0.000 0.060 | 0.060
FR 0.770 |0.000| 0.075 | 0.910 |0.000| 0.060 0.000 0.030 | 0.040
HT 0.835 |1.000| 0.925 | 0.700 |1.000| 0.790 1.000 0.885 | 0.965

Rosenbaum| 0.675 |0.090| 0.110 0.865 [0.100| 0.115 0.885 0.105 | 0.060
Proposed | 0.820 [1.000| 0.940 0.695 [1.000| 0.855 1.000 0.910 | 0.990

We obtained similar results when we carried out our experiment with Laplace distributions,
where the component variables in F' and G were assumed to be independent and identically dis-
tributed. We considered three different types of problems (location, scale and location-scale) as
before, and in each case, the component variables in F' and G had the same means and variances as
in the corresponding previous example with normal distributions. Again, in the location problem,
the BF test and the NN test had the best performance, but in other two cases, the proposed test
and the HT outperformed their competitors. In the case of location-scale problem, the proposed

test performed better than the HT test, while in other two cases, they had nearly the same power.

Next, we consider an example, where the component variables in F' are i.i.d. standard normal
variates, while those in G are i.i.d. standard Laplace variates. In this example, while the proposed
test, the HT test and the BF test rejected Hy in all of the 200 cases, the NN test and the FR test

could not reject it even in a single occasion. The Rosenbaum test had power 0.885.

Finally, we consider two examples with auto-regressive (AR) processes, one with AR(1) model
and other with AR(2) model. In the first example, we generated the observations in F' using the
AR(1) model X = 0.2540.3X V4, fort = 1,2,...,500, where X(©) Uy, Us, ..., Uspo " *® N(0,1).
Observations in G were generated using another AR(1) model Y® = 0.2540.4Y D4V, where YO,

10



Vi, Vo, ..., Vsoo ”Nd N(0,1). Note that in this example, F' and G have difference both in locations and
in scales but in the second example, F' and G differ only in scales. In this example, the observations in
F were generated using the AR(2) model X® = 0.3X¢D 40.2X=2) 4+ U, for t = 1,2,...,500, and
those in G were generated using the model Y = 0.35Y =1 +0.25Y (=2 4V for t = 1,2,..., 500,
where X XD yO vy Uy Us, ..., Usoo, Vi, Va, ..., Vsoo are all i.i.d. standard normal vari-
ates. In these two examples, the proposed method had excellent performance, and it outperformed
all its competitors. While NN, FR, BF and Rosenbaum tests failed to yield satisfactory results (see

Table 1), in these two examples, it had powers 0.91 and 0.99, respectively.

3.4 Results from the analysis of benchmark data sets

We analyzed three benchmark data sets, namely, the ECG data, the Synthetic Control Chart data
and the Arcene data, for further evaluation of the proposed method. The ECG data set is taken
from the UCR Time Series Classification/Clustering Page (http://www.cs.

ucr.edu/~eamonn/time_series _data/), and the other two are taken from the UCI machine learn-
ing repository (http:// www.ics.uci.edu/ml/datasets). Detailed descriptions of these data sets are
available at these repositories. In the case of control chart data, though there are observations from
six classes, for our analysis, we considered the two classes labeled as ‘cyclic’ and ‘normal’. Several
researchers have extensively investigated these three data sets, mainly in context of supervised clas-
sification. It is also well known that in all these data sets, we have reasonable separability between
two competing classes. So in each of these cases, we can assume the alternative hypothesis to be
the true, and different tests can be compared on the basis of their power functions. Also, note that
if we use the whole data set for testing, any test will either reject Hy or accept it. Based on that
single experiment, it is difficult to compare among different test procedures. So in each of these
cases, we repeated the experiment 500 times based on 500 different subsets chosen from the data at
random, and the results are reported in Table 2. In all these cases, we chose m and n to be small

compared to the dimension of the data.

ECG data consist of 200 observations, each of which is a time series recorded at 96 different
time points. There are distinct training and test sets containing 100 observations each. For our
analysis, we chose random subsets from the pooled data set consisting of 200 observations, 133 of
them from one class (labeled as ‘normal’) and the rest from the other class (labeled as ‘abnormal’).
We considered subsets of three different sizes, and in each case, the experiment was repeated 500

times. In the case of m = 20,n = 10, i.e., when the subset sizes were proportional to the number of
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observations from that class in the pooled sample, the BF test, the NN test and our proposed test
performed better than other three tests. In the case of equal subset size m = n = 10, the NN test
had the best performance, but the performance of the proposed test and that of BF and HT tests
were also comparable. The FR test and the Rosenbaum test had relatively low power. In the case
of m = 10 and n = 20, all methods except the Rosenbaum test rejected Hy in more than 92% of

the cases, while the NN test had the best performance.

O e PPl I T e melene e P T
Sl o n R s i e . .  a
A ey e NG e W L N LY C T N
e RN e T N TR ST R ey T e
S WA A AT T e ey FTUNUN AR R BTG A
VA ST N TN ey g T TRy N
B e L A e A e ey FTG T e T TN T I AT
TR AT A AR e SEa W e N R

Figure 4: "Normal’ (on the left) and ‘cyclic’ (on the right) classes in control chart data

Next, we consider the control chart data. It is a synthetically generated time series data set,
which contains 60-dimensional observations from 6 different classes. However, we considered only
two classes (‘normal” and ‘cyclic’) for our analysis. The time series in the normal class are purely
white noise, while those in cyclic class contain some cyclic pattern (see Figure 4). There are 100
observations from each class, but for our analysis, we used subsets of size 5 (i.e., m = n = 5). In
this data set, the HT test and our proposed test rejected Hy in all the 500 cases, while the BF test
failed only once. The NN test had power 0.916, but the FR test and the Rosenbaum test yielded

poor performance.

Table 2: Powers of two-sample tests with 5% nominal level in real data sets.

Data sets ECG Control chart Arcene
(m,n) (20,10) | (10,10) | (10,20) (5,5) (25,30) | (25,25) | (30,25)
BF 0.978 0.862 0.958 0.998 0.758 0.696 0.736
NN 0.980 0.902 0.988 0.916 0.994 0.988 0.992
FR 0.880 0.752 0.922 0.298 0.972 0.944 0.966
HT 0.898 0.856 0.946 1.000 0.708 0.662 0.674
Rosenbaum | 0.612 0.548 0.730 0.184 0.872 0.810 0.852
Proposed 0.960 0.868 0.928 1.000 0.808 0.752 0.794

Arcene data set was obtained by merging three mass-spectometric data sets. It contains 10,000-

dimensional observations from two classes of ‘cancer patients’ (ovarian or prostate cancer) and
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‘healthy patients’. In the UCI repository, these is a training set and a validation set containing
100 observations each. We chose random subsets from the pooled data set of size 200 (88 cancer
patients and 112 healthy patients) to carry out our experiment. Here also, we considered three
choices of m and n (see Table 2). In all these cases, FR and NN tests had the best performance.
Our proposed test also had reasonably high power, and it outperformed BF and HT tests in all

these three occasions.

4 Large sample behavior of the proposed test

So far, we have investigated the behavior of our proposed test in high dimension low sample size
situations. In this section, we study its large sample properties when the dimension of the data
remains fixed. Here also, we use the test statistic T}, , to test Hy : F' = G against Hy : F' # G, and
reject the null hypothesis for higher values of T;, ,. However, it is computationally expensive to use
the permutation method when m and n are too large. So, here we construct the test based on the

large sample distribution of T}, ,,. This asymptotic distribution is given by the following theorem.

Theorem 4.1: Suppose that we have two sets of independent observations X1, Xo, ..., X, and
Y1, Yo, ..., Y, from F, which has finite second moments. Also assume that as N = (m +n) — oo,
m/N — X for some X € (0,1). Then, NT,,,, is asymptotically distributed as %X%; where
02 = Var{E(|X1 — Xa|[|X1)}, and x} denotes the chi-square distribution with 1 degree of freedom.

To construct a test based on this asymptotic distribution, one needs to find consistent estimates
for A and 03. From the condition stated in the theorem, it is clear that A=m /(m+n) is consistent
for . To find a consistent estimate for o3, first note that it can also be expressed as o3 = Cov(|| X1 —
Xoll 1% = Xs)) = E(1 X1 — Xol|[| X1 — Xs]l) — E2(]| X1 — X2)). Now define

s=[(M7" T wexixexa] (D)7 2 x|

1<i<j<k<m 1<i<j<m

wis=|(5) X meviv-n]-[(5)7 X m-vi]

1<i<j<k<n 1<i<j<n

2

From the results on the probability convergence of U-Statistics (see e.g., Lee, 1990), one can check
that Sy and Sy both are consistent for 3. Consequently, one can use 63 = (mS; +nSz)/(m + n) as

a consistent estimator o3 and show that under Hy, Thn = (m+n)A(1 — N Tomn /260 ~ x3. So, any
test based on T, ,, turns out to be asymptotically distribution-free. We compute 777, ,, form the data,
and for a test of nominal level o, we reject Hy if Ty, , exceeds Xia, where P(x3 > X%,a) = «. The

following theorem shows that when d remains fixed, and m and n both tend to infinity, the power
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of this proposed test converges to one. So, it is consistent under general alternatives. Note that
unlike our proposed test, the BF test and the HT test do not have the asymptotic distribution-free
property. So, one has to use the bootstrap or the permutation method to find the cut-off, and this

increases the computing cost substantially.

Theorem 4.2 : Suppose that F' and G both have finite second moments, and as m,n — oo,

n CONMVETGES

m/(m+n) — X for some A € (0,1). Then, the power of our proposed test based on T,
to 1 as m and n both tend to infinity.

We carried out simulation studies to evaluate the performance of our proposed test based on the
large sample distribution of T3, ,,. Here also, we used BF, NN, FR, HT and Rosenbaum tests for
comparison. For FR, NN and Rosenbaum tests, we used the tests based on large sample distributions
of the corresponding test statistics (see e.g., Henze and Penrose, 1999; Schilling, 1986; Rosenbaum,
2005). For the NN test, we used the codes available at the R package ‘MTSKNN’, and for the
FR test, we used our own codes. In the case of BF test, we used the codes for the large sample
test based on bootstrap approximation available at the R package ‘cramer’. Since the large sample
distribution of the HT test statistic is not known, we used its conditional version based on the
permutation principle. Throughout this section, for our simulation studies, we used d = 5 and

m = n = 100. Each experiment was carried out 200 times, and the results are reported in Table 3.

Table 3 : Observed powers of the large sample tests with 5% nominal level.

Normal Laplace Normal vs

location | scale | location | scale Laplace

BF 1.000 | 0.300 1.000 | 0.510 0.605
NN 0.955 | 0.190 | 0.995 | 0.140 0.380
FR 0.860 | 0.175 | 0.990 | 0.130 0.340
HT 0.995 | 0.670 | 0.985 | 0.365 0.685

Rosenbaum 0.630 0.135 0.780 0.085 0.265
Proposed 0.820 0.970 0.635 0.810 0.990

Here also we considered some examples with multivariate normal distributions. The location
and the scatter parameters of F' were taken as (0,0, ... ,O)/ and I;, while those of G were of the
form (g, 1, ..., 1) and 02Iq. In the case of location problem (= 0.5,02 = 1), the BF test had
the best performance, but in the case of scale problem (u = 0,02 = 1.5), once again, our proposed
test outperformed all of its competitors. We observed the same phenomenon when we carried out
our experiment with Laplace distributions. Here also we assumed that the component variables

of the Laplace distributions were i.i.d., and they had the same means and variances as in the
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previous examples with of normal distributions. Clearly, these results are consistent with what we
observed in Section 3. Like the high-dimensional case, we also considered another example, where
the component variables in F are i.i.d. standard normal variates, and those in G are i.i.d. standard
Laplace variates. In this example, the proposed method had an excellent performance. While it

rejected the null hypothesis in 99% of the cases, the next best test had a power of 0.685 only.

5 Concluding remarks

In this article, we have proposed and investigated a two-sample test based on inter-point distances.
This test is rotation invariant, conceptually very simple and computationally very efficient. It can
be conveniently used for high dimensional data or even for functional data if a distance function is
defined in the functional space. In the high dimension low sample size set up, while many popular
two-sample tests cannot be used at all, and many others lead to poor performance, this proposed
test performs well. When the sample size remains fixed, and the dimension of the data increases,
the power of this test converges to unity for a fairly general class of alternatives. Moreover, the
large sample test based on this proposed test statistic has the distribution free property, and it
is consistent under general alternatives. In almost all simulated and real data sets that we have
analyzed in this article, if not better, its performance was comparable to other two-sample tests

used in this article.

Our proposed test can be generalized for multi-sample problems as well. Suppose that we want
to test Hy : F1 = Fy, = ... = Fj; based on ni,no,...,ny independent observations from M
distributions Fi, F5 ..., Fis. In that case, we can compute T, for each pair of classes and use
i< Thnim, as the test statistic. Székely and Rizzo (2004) considered a similar generalization of

the BF statistic. Another option is to use >, [[fpy — ftpo |? as a test statistic, where fipo, is
i i i

an estimate of u Do the mean of an M-dimensional distribution D%j. Here D%j j=12,...,M)
i
denotes the distribution of (||Zg — Z1||, |Zo — Za|l, .. -, ||Zo — Zas]|), where Z;’s are all independent,

Zy~ Fjand Z; ~ F;foralli =1,2,..., M. Consistency results similar to Theorem 3.1 and Theorem
4.2 can proved for both of these generalizations. When the sample size is small, we can use the
permutation test as before, but for the large sample test, we need to the derive the asymptotic null
distribution of the test statistic. One also needs to investigate the empirical performance of these

tests for high dimensional data.

Though our proposed test performed well in almost all simulated and real data sets we analyzed
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in this article, in the case of location problem, the BF test had better performance. So, it could be
helpful if we use the union-intersection type method to combine these two tests or if we can come
up with a method that uses the available data to automatically decide which of these two tests to

be used in a particular problem.

Appendix: proofs and mathematical details

Lemma 1: Suppose that X1, Xs "4 F and Y, Y,"“?G. Also assume that ppp = E([| X1 — Xa)),
uea = E(][Y1 —Ya2l]) and prg = E(|| X1 — Y1]|) exist. Then, purr, pce and ppe are equal if and
only if F' = G.

Proof of Lemma 1: If F' = G, there is nothing to prove. So, let us prove the ‘only if’” part. If
E(||X1 — X2|), E(]Y1 — Y2]|) and E(||X; — Y1]|) are equal, we have 2E(||X; — Y1]|) — E(|| X1 —
Xall) = E(I'Y1 — Y2||) = 0. Now, from Baringhaus and Franz (2004), we know that for F' and G
with finite expected norm, 2E(||X; — Y1) — E(||X1 — X2||) — E(|Y1 — Y2l|) > 0, where equality
holds if and only if F' and G are identical. So, E(||X; — Xz||) = E(||[Y1 — Y2|) = E(|X1 — Y1)
implies F' = G. U

Lemma 2: If a sequence of random variables {W(q), q > 1} has uniformly bounded second moments,
and supy <, /<o ‘q_q/|>r|Corr(W(q), W(q/))| < p(r), where p(r) — 0 as r — oo, WLLN holds for the
sequence {W (@, ¢ > 1},

Proof of Lemma 2: Since the sequence of random variables {W(Q), q > 1} has uniformly bounded

second moments, we have sup, V(W@) < C for some C > 0. So, for any fixed d, we have

el S v ] < G GO o wid)

q=1 a=1 a#d

&IH

Now, for every e > 0, one can choose an integer R, such that for every r > R, |p(r)| < ¢/2C. If
we take d > 6C' R, /e, we have

/

Y [é ZgZI W(Q)] = % + d% [Z(q,q’):lg\qquSRe Corr(W(fJ)’ wla ))
C /
tE [Z(qvq/):quq’bRe Corr(W@ wia))
< €+ QCdRE + 35 <e

This implies ‘ Z W@ — Z
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Proof of Theorem 3.1: If F' and G satisfy (A1)-(A3), for fixed m,n and d — oo, we have

1% = X,l/Vd 5 oV2 Vi igefl2...,m)
IYi =Y l/Vd 5 oov2 Vi) ije{l2... n}

HXi—YjH/\/g L \Vor+ol+v?2 Vi=1,2,....mandj=1,2,...,n

So, one can see that /lFF/\/E Lt o1v?2, /l(;g/\/a LY o9v/2 and /lpg/\/a LY \/m. Now
under Hy, we have 07 = 03 and v? = 0. Therefore, if T,fl%n (instead of Ty, p, we use T,fl%n for its
dependence on d) denotes our test statistic, it is easy to show that Tr‘fm/d = [(ipp/Vd—firg/Vd)*+
(firc/Vd — figa/Vd)?] 5 0asd— oco. Let ¢, be the cutoff for our test, and we reject Hy if
T, > ck .. Since Py {T% ,/d > cl . /d} < aforalld>1, and T, /d % 0 under Hy, we have
c%,n/d — 0 as d — oo. Now, under the alternative hypothesis, we have either v? > 0 or o7 # o3.

In that case T2 /d 5 (V201 — Vo? 4+ 03 +12)2 + (/o? + 03 +1v2 — v/202)?, a positive quantity.

So, the probability of rejecting Ho, Py, (Tfh,/d > ¢k ., /d), tends to 1 as d tends to infinity. O

Lemma 3: Suppose that F and G satisfy (A1)-(A3) and v? < 0% — o? (interchange F and G, if
required, and also interchange m and n accordingly). Then, (a) TFR —n+1asd— oo (b) for any

: NN B m
k <min{m,n}, T, = & as d — oo.

Proof of Lemma 3: Note that 0 < 12 < a% - a% implies o1V2 < \/m < o9V/2.
Therefore, if (A1)-(A3) hold, for every ii =1,2,...,m (i # i,) and 4,7 =1,2,...,n (j # j,),
P(IIX; = Xy || < 1% = Y] < [Y; =Y, |) = 1 as d — oo (follows from the results (a)-(c) stated
in Section 3.1). So, for each X; as well as for each Y, all of its first k nearest neighbors come from
F with probability tending to one.

Tgﬁ —1 gives the total

(a) A minimal spanning tree (MST) on N vertices contains N — 1 edges, and
number of edges (out of those N — 1 edges) that connect two nodes from two different populations.
Now, from the above discussion, it is quite transparent that under the given conditions, the MST

contains a sub-tree on m vertices corresponding to m observations from F', and each Y; is connected

to one of the X;’s (see Figure 2). So, as d tends to infinity, T,f’;fl S+l O

(b) Recall that the NN test statistic Tfr\; ]T\[,  can be expressed as

n k
) ) WLIRS 9 ]
i=1 j=1 i=1 j=1
where I;(Z) is an indicator function takes the value 1 if Z and its j-th neighbor belong to the same
population and 0 otherwise. Now, from the above discussion, it is quite clear that y ;" 2?21 I;(X;) 4

km and > ", Z§:1 I;(Y;) 5 0asd— oo Consequently, Tﬂﬂvn & 5 m/N as d — oo. O
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Proof of Theorem 3.2: (a) In Lemma 3, we have seen that under the given alternative, T % 5

TFR

mm 10 dimension d, and

n+1as d — oco. Let ¢4 be the cut-off for a level o test based on
TFR

m.n 18 smaller than cq. So, it is enough to show that as

we reject Hy if the observed value of
limsupy ,.ocq < n + 1. First note that if % > «, we can choose a 0 > 0 such that

% is also bigger than a. Now we will show that under the conditions of Theorem 3.2, for

any given d, cq is smaller than n + 1 — €, where e = §/N.

Note that Pp,(T5HE < ¢q) < a (equality holds in non-randomized cases), and T, % is bounded
below by 2 (when there is only one edge between two observations belonging to two different
populations). Therefore, if ¢g > n+ 1 — ¢, we have Eg (T5R) > 204+ (1 —a)(n +1 —¢) =
14+ a+ (n—e)(l—a). Now, from Friedman and Rafsky (1979), we have Ep,(THE) = 2mn 41,

Now, an+121+a+(n—e)(l—a):>%<a but this is not the case.

So, we have ¢y < n+ 1 — € for all d, and hence lim sup,_,,, ¢4 < n + 1. Therefore, the power of

the FR test converges to 0 as d tends to infinity. O

(b) The proof of is quite similar to that of part (a). From Lemma 3, we know that under the given
condition, TNNk — m/N as d — oo. Let Cy be the cut-off for a level « test based on TNNk in
dimension d, and here we reject Hy if Tn]X ]7\[ i exceeds Cy. So, it is enough to show that under the
conditions of Theorem 3.2, Cy is larger than m/N + e for some € > 0 and all d > 1. Now, note that if
(n—=1)/m > (1+a)/(1—a), we can always choose a § > 0 such that (n—1—4¢)/m > (1+«)/(1—«).
Let us choose € = §/nN(N — 1).

Note that Pp, (T,fﬂv nk > Cy) <a,and T m n, k always lies between 0 and 1. Therefore, if C; does

not exceed m/N +e¢, we have Ey, (TYN ) < (1—a)(m/N +¢€)+a = (m+na)/N+e(1—a). But from

m,n,k

Schilling (1986), we know Fp, (Tmﬁ\[k) = % Now, one can show that % <

(m +na)/N + €(1 — «) implies nleS < 1+2 which is not the case. O

Proof of Theorem 4.1: Note that
@ Zl§i1<i2§m HXn - Xz‘z H - ﬁ Z?f=1 Z?1=1 HX“ - le H
1 1
e Sy 1 Xy = Yol = 7y Tasicpaen 1V — Yoal
can be expressed as a generalized bivariate U-statistic

(1)

, 1
Um,n - T(r;)n = Tm\ n Z Z w(Xn?vaY]uY )
Umn (5)(2) 1<y <ia<m 1<j1<j2<n
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. HX“ - X’lQH - H‘Xll - leH . .
where (X, X4,;Yj1,Y;,) = . So, for any two-dimensional vec-
1Xiz = Yol = Y5 = Y5l
tor t = (1, tg)/, the linear projection U};m = t/Umm can be viewed as a generalized U statistic with
the univariate kernel function
wt(XinXb?le?YJé) =t p(Xip, Xip; Y50, o)
= {1l Xy = X | = 02Xy = Y[+ 22| Xiy = Yo || = 2l Y0 = Yol[}-

Instead of z/)t, one can also use its symmetrized version ¢g and express U,t;‘%n as

1
Urt;z,n = (m) (n) Z Z ¢(1): (Xil s X le > YjQ)? where

2/ 1<ii<ip<m 1<j1 <ja<n

v (x1,%03y1,¥2) = (t1][x1 = X2l — t2]ly; — ¥l
F27 ([x1 =yl + lIx1 = wall + lIx2 = w1l + lIx2 = yal))}-
Define 6, = E(||X; — Xa|)), 62 = E(|[Y1 — Y3|), 63 = E(|| X1 — Y1) and 6 = (8, — 03, 05 — 65)".
Clearly, E(U,gn) =t'6. Let us express Ug:%n —t'0 as

m n
U?EL,n - t/e ZE(Ut n - t/ele) + ZE(U:):’L,TL - t/a‘Y}) + an,n
i=1 j=1
2 O gt 2 0 gt t
= E Z (I)I,O(Xi) + E Z q)O,l(Yj) + Rm,na
i=1 j=1

where ®¢(X;) = E¢8(Xi,Xi/;Yj,Yj/ | X;) —t'0, @8 (Y)) = Evd(Xi, Xy Y, Y, | Y)—te
and Rﬁb,n = (U};L’n—tle)—% S <I>113’0(XZ-)—% Z?Zl @871(Yj). First we will show that \/NRI‘,W 20
as m,n — oco. Let us define ng =2Z5m, @11:70(Xi) +2 > i1 <I>g71(Yj). Note that

E(Rsz,n)Q = E(Usm,n - tle - ng,n)Q

= B(UY,,, —t'6)* + B(L}, ,)* = 2B((Uf,, —t O)L}, ).
Now, one can show that E((U};m - t/O)Lgm) = E(Lfnm)Q, and hence we have
t t ! t t t
E(Rm,n)2 = E(Um,n —t 9)2 - EJ(Lm,n)2 = Var(Um,n) - VaT(Lm,n)

Let <1>2 , be the conditional expectation of 1/)5‘ (X, XY, Yj/) —t'0 when a of the X-variables of b of
the Y-variables are given (a,b = 0,1,2), and O’Z’; = Var(Cbg »)- Now, from the theory of generalized
U-statistic (see e.g., Lee, 1990), we have

VU””(Ufn,n) =Zizo g:o (2)(5)(%(?)(32)022
1



On the other hand, it is easy to check that Var(Lf‘n,n) = %01%2 + %0812. So, under the condition
m/N — X\ as N — oo, we have E(\/NR}“,W)2 = N(Var(U:;L,n) - Var(Lfnm)) — 0, which implies
\/ﬁR}mn 5 0as N > . Hence, \/N(U,Em — t/G) and \/NLEW have the same asymptotic
distribution. Now, using the Central Limit Theorem and the fact that m/N — X as N — oo, we

get
t N 1 ¢ N 1 <.t 1 42 1 ¢
VNLm,n2|: Eﬁél Py o(Xi) + g%;:l‘pog(yj) ~5 N |0 4()\010+m001) :

It can be easily verified that @Jf,o(x) =t1{E|x — X| — 61} + 251 {E|x — Y|| — 65} and @8,1(y) =
LB {EB|ly—X||—03}—to{ E|ly—Y||—02}. Now, under Hy : F' = G, we have 6; = 05 = 63 (i.e. t'9=0
for all t) and Var(E(|| X1 — Xa|||X1)) = Var(E(| X1 — Y1|[|X1)) = Var(E(||Y1 — Ya|||Y1)) = 03. We
also have E|z—X|| = E||z—Y]| for all z € R?. Therefore, both O'}:; and 0812 turn out to be (4322)202.

2 2
Now, taking t = (1,1), we get a}:g = 0812 = 02, and for t = (1, —1), we get Jﬁ) = agl = 0. Therefore,

we have

VNULD, +U2,) % N[0, 402 /A1 — V)] and VN(UL, - U2,) & 0.
Now, NTmn — N[US)2+ (U2 = LV N (U£n+U£$n)}2+{\/_ N(US, —UP) )12, Therefore,
NTmm (210 )\)Xl as m and n both tend to infinity. O
Proof of Theorem 4.2 : Here, T}, = NA1 — S\)Tm n/26% N X3 as m,n — 0o, and we reject
Hy at level o if T, > x3 o S0, the power of the test is given by Py, (T}, ,, > b%: o) = Pm A1 —

N Tn /263 > X%,Q/N :

Now, from the results on probability convergence of U-statistic, we have fpp 4 UFF, (GG L
uee and fipg K prpe as m,n — oo. This implies A(1 — \)T},,.,,/262 5 A1 = M{(urr — pre)? +
(nre — nea)?}/205 as m and 1 tend to infinity. Since (upp — pra)® + (Lre — pea)? = 0 & prr =
wre = Hga, from Lemma 1, we have (urp — prg)? + (urg — peg)? = 0 iff F = G. So, under
Hy, as m,n — oo, )\(1 — ) Tyn.n/26% converges (in probability) to a positive quantity, but x? a/N
converges to 0. Therefore, the power of the test Py, [)\(1 — NTn/262 > X3 a/N] converges to 1

as m and n both tend to infinity. O
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