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 dis
riminant analysis formixture populationsSubhajit Duttaa�and Probal Chaudhuria;Mahalanobis distan
e and Fisher's linear dis
riminant analysis are fundamentally related to ea
h other, and boththe ideas have been extensively used in the 
lassi�
ation literature. Fisher's linear and quadrati
 dis
riminantfun
tions are known to possess Bayes risk optimality when the 
lass distributions are Gaussian. However,they may have poor performan
e when the assumption of Gaussianity is violated, and the 
lass boundariesfor di�erent populations have 
omplex geometri
 shapes. In su
h situations, many standard nonparametri

lassi�ers also have high mis
lassi�
ation rates when the data dimension is large due to the 
urse ofdimensionality that a�e
ts su
h nonparametri
 methods. In this arti
le, we derive an expression for the Bayes
lassi�er when the 
lass distributions are �nite mixtures of ellipti
 distributions. The Bayes 
lassi�er turnsout to be a fun
tion of the Mahalanobis distan
es of a data point from di�erent sub-populations within amixture population. We use this to develop and investigate a semi-parametri
 
lassi�
ation pro
edure, whi
his named as SPARC (SemiPARametri
 Classi�
ation), and we demonstrate its performan
e on simulated andreal ben
hmark data sets.Keywords: Cluster analysis; 
ross-validation; ellipti
 distributions; EM algorithm; generalized additivemodels; logisti
 regression.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1. Introdu
tion : history and motivationMore than seventy-�ve years ago, R. A. Fisher and P. C. Mahalanobis published their 
lassi
 papers in the Annals ofEugeni
s (1936) and the Pro
eedings of the National Institute of S
ien
es of India (1936), respe
tively. It is probablynot an overstatement that in several ways, these two papers have shaped the 
ourse of methodologi
al and theoreti
alresear
h in multivariate statisti
s for many future years. Mahalanobis (1936) de�ned a distan
e between two di�erentpopulations as (�1 � �2)0��1(�1 � �2), whi
h is popularly known as the Mahalanobis distan
e. Here �i is the meanof the i-th population for i = 1; 2, and � is their 
ommon dispersion matrix. His main idea was to make use ofthe 
orrelations among di�erent variables in the 
onstru
tion of this distan
e, and he had the multivariate normaldistribution in his mind. On the other hand, Fisher (1936) was interested in the problem of dis
riminant analysis basedon multivariate measurements for di�erent populations. In parti
ular, he 
onsidered the Iris data set that 
ontains thefour measurements : sepal length, sepal width, petal length and petal width of three di�erent spe
ies (Iris setosa, Irisversi
olor and Iris virgini
a) of the Iris 
owers. He wanted to �nd a linear fun
tion of those four measurements thatwould maximize the \ratio of the di�eren
e between the spe
i�
 means to the standard deviations within spe
ies"(Fisher (1936), p. 179). The linear fun
tion that maximizes this ratio is now popularly known as Fisher's linear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .aTheoreti
al Statisti
s and Mathemati
s Unit, Indian Statisti
al Institute, 203, B. T. Road, Kolkata 700108, India.�Email: tijahbus�gmail.
om, subhajit r�isi
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Dutta and Chaudhuridis
riminant fun
tion, and the maximum value of that ratio turns out to be (�x1 � �x2)0S�1(�x1 � �x2), whi
h is nothingbut the Mahalanobis distan
e between the samples 
orresponding to two spe
ies. Here the multivariate measurements
orresponding to the two spe
ies are denoted by x1 and x2; and �x1, �x2 and S denote the spe
ies means and the pooleddispersion matrix, respe
tively. Fisher's linear dis
riminant fun
tion 
lassi�es an observation x to the population thathas the smallest Mahalanobis distan
e from that observation, where the Mahalanobis distan
e of an observation xand a population with mean � and dispersion matrix � 
an be de�ned as MD(x; �;�) = (x� �)0��1(x� �): Whendi�erent populations have normal distributions with a 
ommon s
atter matrix and di�erent means, the Bayes riskoptimality of Fisher's linear dis
riminant fun
tion has been dis
ussed in Wel
h (1939) and Rao (1948). Considera two 
lass problem with equal priors (i.e., �1 = �2 = 1=2) for the two 
lasses, and the 
lass densities f1 and f2su
h that fi (x) = j�j�1=2g(k��1=2(x� �i)k) for i = 1; 2, where g(kxk) is a spheri
ally symmetri
 unimodal densityfun
tion with mode at the origin. Then, the Bayes rule will 
lassify an observation x into the �rst 
lass if and onlyif MD(x; �1;�) < MD(x; �2;�): It is straight forward to see that this rule 
oin
ides with linear dis
riminant analysis(LDA). Besides, for two normal populations with di�erent means (say, �1 and �2) and dispersions (say, �1 and�2), the Bayes 
lassi�er leads to quadrati
 dis
riminant analysis (QDA), where an observation x is 
lassi�ed into the�rst population if and only if MD(x; �1;�1)�MD(x; �2;�2) < 2 log(�1=�2)� log(j�1j=j�2j): Here the left hand sideof the inequality is a fun
tion of the di�eren
e between the Mahalanobis distan
es of the observation x from thetwo populations. Fisher's linear dis
riminant fun
tion and Mahalanobis distan
e are fundamental 
lassi�
ation toolsavailable in the literature, and both are widely used in pra
ti
e.
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(b) Example (b)Figure 1. Bayes 
lass boundaries in two dimensions.Consider now two examples denoted as Example (a) and Example (b). Example (a) involves two 
lasses in Rd,where the distribution of the �rst 
lass is an equal mixture of Nd(0;�) and Nd(0; 10�), and that for the se
ond
lass is Nd(0; 5�), where � = [0:5101+ 0:5Id℄. Here Nd denotes the d-dimensional multivariate normal distribution,0 and 1 are the d-dimensional ve
tors of zeros and ones, respe
tively, and Id is the d � d identity matrix. In Example(b), ea
h 
lass distribution is an equal mixture of two uniform distributions. The �rst (respe
tively, the se
ond) 
lassdistribution is a mixture of Ud(0;�; 0; 1) and Ud(0;�; 2; 3) (respe
tively, Ud(0;�; 1; 2) and Ud(0;�; 3; 4)). HereUd(�;�; r1; r2) denotes the uniform distribution over the region fx 2 Rd : r1 < k��1=2(x� �)k < r2g. In Figure 1., weshow the 
lass boundaries for the Bayes 
lassi�ers for these two examples in R2. The regions 
olored grey (respe
tively,bla
k) 
orrespond to observations being 
lassi�ed to the �rst (respe
tively, the se
ond) 
lass by the Bayes 
lassi�er. Itis 
lear from the 
hoi
e of these 
lass distributions that LDA and QDA will not perform well in these examples. In fa
t,any 
lassi�er with linear or quadrati
 
lass boundaries (e.g., those based on support ve
tor ma
hines (SVM) with linear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 0000, 00 1{11



Semiparametri
 
lassi�
ationor quadrati
 kernels) will deviate signi�
antly from the Bayes 
lassi�ers in both the examples. In Figure 2., we plotmis
lassi�
ation rates of LDA and QDA along with the Bayes risks for Examples (a) and (b), when d = 2; 5; 10; 15and 20. The 
lassi�ers are trained on a sample of size 100 generated from ea
h 
lass, and the error rates are 
omputedbased on a sample of size 250 from ea
h of the two 
lasses. This pro
edure was repeated 500 times to 
al
ulate theaverage mis
lassi�
ation rates. Both LDA and QDA have very high mis
lassi�
ation rates that are sometimes 
loseto 50%, and are mu
h higher than the 
orresponding Bayes risks.A natural question then is how some standard nonparametri
 
lassi�ers like those based on k-NN (k-nearest neighbors)and KDE (kernel density estimates) (see, e.g., Duda, Hart and Stork (2000); Hastie et. al. (2009)) perform in su
hsituations. In Figure 2., we plot the mis
lassi�
ation rates of these two 
lassi�ers as well. The smoothing parametersasso
iated with the two 
lassi�ers (i.e., the k in k-NN and the bandwidth in KDE) were 
hosen by minimizing 
ross-validated estimates of the error rates (see, e.g., Hastie et. al. (2009)). For Example (a), it is 
lear from Figure 2.that as the dimension in
reases, the Bayes risk de
reases to zero, while in Example (b), sin
e the 
lass distributionshave disjoint supports, the Bayes risk is zero irrespe
tive of the dimension of the data. However, the error rates forboth the nonparametri
 
lassi�ers in
rease to almost 50% in the two examples as the dimension in
reases.

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

Bayes
KDE
k−NN
LDA
QDA (a) Example (a) 1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

1.0 1.5 2.0 2.5 3.0

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

log(d)

er
ro

r 
ra

te

Bayes
KDE
k−NN
LDA
QDA

(b) Example (b)Figure 2.Mis
lassi�
ation rates of 
lassi�ers for d = 2; 5; 10; 15 and 20.2. Classi�
ation using Mahalanobis distan
eFor the two examples in the pre
eding se
tion, although the 
lass distributions are ellipti
, they have same lo
ation(i.e., 0), and they di�er in their s
atters as well as shapes. In Example (a), the s
atter matri
es for the two 
lasses are5:5� and 5�, respe
tively. This implies that for any given observation, it will always be 
loser to the �rst populationthan the se
ond in Mahalanobis distan
e. On the other hand, in Example (b), one 
an show that the Mahalanobisdistan
e of any observation x from the se
ond population will be smaller than that from the �rst. This demonstratesthat the simple 
lassi�er mentioned in Se
tion 1, whi
h is based on dire
t 
omparison of Mahalanobis distan
es, isnot suÆ
ient when the geometry of the 
lass distributions is 
omplex. We now 
onsider situations where di�erentpopulations are assumed to be ellipti
ally symmetri
 but not ne
essarily unimodal. Further, the prior probabilities maybe unequal, and the populations may di�er in their s
atters as well as shapes in addition to their lo
ations.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0000, 00 1{11 3



Dutta and Chaudhuri2.1. Bayes 
lassi�er for ellipti
 populationsLet us assume that we have a J-
lass problem with f1; � � � ; fJ as the 
lass densites, and the prior probabilities for theJ populations are �1; � � � ; �J with ∑Ji=1 �i = 1. Suppose that fi (1 � i � J) is an ellipti
ally symmetri
 density, wherefi(x) = j�i j�1=2gi(k��1=2i (x� �i )k) for 1 � i � J, and gi (kxk) is a spheri
ally symmetri
 density on Rd. Then theposterior probability for the i-th 
lass p(i jx) (1 � i � J) is given byp(i jx) = �i fi(x)
∑Jk=1 �k fk(x) = �i j�i j�1=2gi(k��1=2i (x� �i )k)

∑Jk=1 �k j�k j�1=2gk(k��1=2k (x� �k)k) ; (1)and the Bayes rule will assign an observation to the j-th 
lass if j = arg max1�i�J p(i jx). It follows from (1) thatlogfp(i jx)=p(Jjx)g = log(�i j�i j�1=2=�J j�J j�1=2) + log gi (MD(x; �i ;�i ))� log gJ(MD(x; �J ;�J));for 1 � i � (J � 1). This leads to the following result.Result 1 : When the 
lass distributions are ellipti
ally symmetri
, the posterior probability p(i jx) for the i-th 
lasssatis�es the multinomial additive logisti
 regression model given byp(i jx) = p(i jz(x)) = exp(�i (z(x)))[1 +∑(J�1)k=1 exp(�k(z(x)))℄ (2)for 1 � i � (J � 1), and p(Jjx) = p(Jjz(x)) = 1[1 +∑(J�1)k=1 exp(�k(z(x)))℄ ; (3)where z(x) = (MD(x; �1;�1);MD(x; �2;�2); � � � ;MD(x; �J ;�J)), and �k(z) = �k(z1; � � � ; zJ) = ∑Jm=1 'km(zm)for 1 � k � (J � 1). Here, for any 1 � i � (J � 1), 'i i(zi ) = log(�i j�i j�1=2) + log gi(zi ), and 'iJ(zJ) =� log(�J j�J j�1=2)� log gJ(zJ). Further, 'i j(zj) = 0 if 1 � i 6= j � (J � 1).In order to get some insights into the multinomial logisti
 regression model stated in Result 1, let us 
onsider the 
asewhen ea
h 
lass distribution is normal. In su
h a situation, when the 
lass dispersions are same, the logisti
 regressionmodel in Result 1 be
omes a linear logisti
 regression model related to LDA. On the other hand, when the 
lassdispersions are di�erent, we have a quadrati
 logisti
 regression model related to QDA. The impli
ation of Result 1is that when di�erent 
lass distributions are assumed to be ellipti
ally symmetri
, but nothing is assumed about thelo
ations, the s
atters and the shapes of the distributions, one still gets a multinomial additive logisti
 regression modelwith the Mahalanobis distan
es from di�erent populations as the ve
tor of 
o-variates.The expressions for 
lass posteriors in (2) and (3) lead to a semiparametri
 approa
h for 
onstru
ting the 
lassi�erwith ellipti
 
lass distributions. We 
an begin by 
onstru
ting some suitable estimates of the lo
ations and the s
attersfor di�erent 
lasses, and 
ompute the Mahalanobis distan
es of an observation from ea
h of the J-
lasses. Then the J-dimensional ve
tor of 
o-variates 
an be formed with those distan
es as its 
o-ordinates. Unlike standard nonparametri

lassi�
ation tools, this automati
ally leads to a substantial redu
tion in data dimension in many situations in pra
ti
e.Further, sin
e we have an additive logisti
 regression model in Result 1, it guards against the 
urse of dimensionality inthe estimation of the 
lass posteriors even if J is large. On one hand, a 
lassi�er based on estimates of 
lass posteriorsgiven in (2) and (3) will be more 
exible than standard parametri
 
lassi�ers having linear or quadrati
 
lass boundaries- on the other hand, it will not su�er from the 
urse of dimensionality that a�e
ts standard nonparametri
 
lassi�ers.In the ma
hine learning literature, there has been some work on modifying LDA to yield non-linear de
ision boundaries.For instan
e, Mika et. al. (1999) modi�ed LDA and proposed a \kernelized" version of Fisher's LDA. A notion of. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .4 0000, 00 1{11



Semiparametri
 
lassi�
ation\lo
al LDA", whi
h aims at 
apturing multimodality in a dataset, has been developed in the paper by Sugiyama(2007). However, it is not 
lear how su
h 
lassi�ers relate to the Bayes 
lassi�er for appropriate 
lass distributions,and no theoreti
al result is known about their mis
lassi�
ation probabilities. In the next subse
tion, we develop asemiparametri
 
lassi�er that 
an handle multimodal 
lass distributions, whi
h are modelled as mixtures of ellipti
distributions.2.2. Classi�
ation using mixture modelsHastie and Tibshirani (1996) proposed a generalization of LDA by modelling the density fun
tion of ea
h 
lassby a �nite mixture of normal densities, and they 
alled their method mixture dis
riminant analysis (MDA). Later,Fraley and Raftery (2002) extended MDA to M
lustDA, where the number of 
omponents in the mixture is 
hosenusing the Bayes information 
riterion (BIC). In the implementation of both MDA and M
lustDA, the 
lass distributionsare assumed to be mixtures of normal distributions, and that may not be justi�ed in many situations in pra
ti
e. Fora detailed dis
ussion of several mixture models with non-normal 
omponents and their appli
ations, one may see thebook by M
La
hlan and Peel (2000). We now 
onsider the situation where the 
lass distributions are mixtures of�nitely many ellipti
 distributions with arbitrary lo
ations, s
atters and shapes. This provides us with a very ri
h 
lassof models.Assume that the density fun
tion of the i-th 
lass is a �nite mixture of ellipti
ally symmetri
 densities that 
anbe written as fi (x) = ∑Rik=1 �ik j�ik j�1=2gik(k��1=2ik (x� �ik)k); where �ik s are positive satisfying ∑Rik=1 �ik = 1 for all1 � i � J. One 
an interpret an observation arising from su
h a mixture distribution as an observation from one ofthe Ri sub-populations, where the sub-population is 
hosen randomly in su
h a way that the k-th sub-population(1 � k � Ri) has probability �ik of being sele
ted. Note that for any 1 � i � J, the k-th sub-
lass in the i-th 
lass hasellipti
 density gik with lo
ation parameter �ik and s
atter matrix �ik for 1 � k � Ri . In this 
ase, given an observationx, we have the following result for the 
onditional probability that it belongs to the i-th 
lass.Result 2 : When the 
lass distributions are mixtures of ellipti
ally symmetri
 distributions, the posterior probability forthe i-th 
lass is p(i jx) = ∑Rir=1 p(
i r jx) for all 1 � i � J. Here, the posterior probability p(
i r jx) for the r -th sub-
lassin the i-th 
lass, whi
h is denoted by 
i r , satis�es the multinomial additive logisti
 regression model given byp(
i r jx) = p(
i r jz(x)) = exp(�i r (z(x)))[1 +∑Jm=1 ∑Rmk=1;fm 6=J; k 6=RJg exp(�mk(z(x)))℄ ; (4)for 1 � r � Ri and 1 � i � J with (i ; r) 6= (J;RJ), andp(
JRJ jx) = p(
JRJ jz(x)) = 1[1 +∑Jm=1 ∑Rmk=1;fm 6=J; k 6=RJg exp(�mk(z(x)))℄ : (5)Here z(x) = (MD(x; �11;�11); � � � ;MD(x; �1R1 ;�1R1); � � � ;MD(x; �J1;�J1); � � � ;MD(x; �JRJ ;�JRJ )) is the ve
tor of
o-variates, and �i r (z) = �i r (z11; � � � ; z1R1 ; � � � ; zJ1; � � � ; zJRJ ) = ∑Jm=1 ∑Rmk=1 'i r;mk(zmk) for 1 � r � Ri and 1 �i � J. Further, for any 1 � r � Ri and 1 � i � J, 'i r;i r (zi r ) = log(�i�i r j�i r j�1=2) + log gi r (zi r ) ex
ept for 'JRJ ;JRJ ,and 'JRJ ;JRJ (zJRJ ) = � log(�J�JRJ j�JRJ j�1=2)� log gJRJ (zJRJ ). Also, 'i r;i 0r 0(zi 0r 0) = 0 whenever 1 � r 6= r 0 � Ri or1 � i 6= i 0 � J.3. SPARC : a semiparametri
 
lassi�
ation pro
edureWe now des
ribe a semiparametri
 
lassi�er developed using the results derived in the pre
eding se
tion. Suppose thatwe have the training observations (xl ; yl) 2 Rd � f1; � � � ; Jg, where yl denotes the 
lass label for the l-th observationfor 1 � l � n. The estimation of the posterior probabilities p(
i r jx)'s in (4) and (5) involves the estimation of the. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0000, 00 1{11 5



Dutta and Chaudhurilo
ation parameters �i r s, the s
atter matri
es �i r s and the unknown fun
tions �i r s for 1 � r � Ri and 1 � i � J.If we had known the sub-
lass label of ea
h observation, these obje
ts 
ould have been estimated as follows. Theestimates of �i r s and �i r s would have been�̂i r = ∑l :yl=i xl I(xl 2 
i r )
∑l :yl=i I(xl 2 
i r ) and �̂i r = ∑l :yl=i(xl � �̂i r )(xl � �̂i r )0I(xl 2 
i r )

∑l :yl=i I(xl 2 
i r ) ; (6)where I(�) is the usual indi
ator fun
tion. Then, in view of Result 2, we 
ould estimate p(
i r jx)'s by �tting a multinomialnonparametri
 additive logisti
 regression using the training data, where we 
ould useẑ(xl) = (MD(xl ; �̂11; �̂11); � � � ;MD(xl ; �̂1R1 ; �̂1R1); � � � ;MD(xl ; �̂J1; �̂J1); � � � ;MD(xl ; �̂JRJ ; �̂JRJ )) (7)as the ve
tor of 
o-variates, andI(xl) = (I(xl 2 
11); � � � ; I(xl 2 
1R1); � � � ; I(xl 2 
J1); � � � ; I(xl 2 
JRJ )) (8)as the response ve
tor for 1 � l � n. For �tting the multinomial nonparametri
 additive logisti
 regression model, theba
k�tting algorithm of Hastie and Tibshirani (1990) 
an be used. Sin
e the 'i r;mks for 1 � r; k � Ri and 1 � i ; m � Jsatisfy 
ertain 
onstraints stated in Result 2, one has to solve a 
onstrained optimization problem for estimating the
onditional sub-
lass probabilities. Programs imposing su
h 
onstraints on the fun
tions in generalized additive models(see Yee and Wild (1996)) are available in the R library VGAM.Sin
e the sub-
lass labels are a
tually not available in the training data, we need to treat those labels asmissing data (
f. Hastie and Tibshirani (1996); Fraley and Raftery (2002)). We 
an use an `EM type' (see,e.g., Dempster, Laird and Rubin (1977); M
La
hlan and Krishnan (1997)) iterative pro
edure for 
onstru
ting theestimates of posterior probabilities p(
i r jx)s. The `E-step' of that iterative pro
edure will involve 
onstru
tion ofestimates of the response ve
tor I(x), while the `M-step' will involve the estimation of �i r s, �i r s and p(
i r jx)s for1 � r � Ri and 1 � i � J.If we assume that the number of sub-
lasses (i.e., the Ri s) are known, we 
an use an appropriate 
lustering te
hniqueto form the sub-
lasses within a 
lass using the training data. This will provide the initial estimate for the responseve
tors Î(0)(xl ) = (Î(xl 2 
11); � � � ; Î(xl 2 
1R1); � � � ; Î(xl 2 
J1); � � � ; Î(xl 2 
JRJ)) for 1 � l � n, where the estimateof the sub-
lass label of xl is determined by the 
luster to whi
h it belongs. Then, the initial estimates of �i r and �i r ,say �̂(0)i r and �̂(0)i r , 
an be obtained by substituting Î(0)(xl 2 
i r ) in pla
e of I(xl 2 
i r ) in (6). The 
o-variate ve
torin (7) 
an be modi�ed by repla
ing �i r and �i r by �̂(0)i r and �̂(0)i r , respe
tively, where 1 � r � Ri and 1 � i � J.We denote this 
o-variate ve
tor as ẑ(0)(xl). A similar approa
h has been used earlier by Hastie and Tibshirani(1996); Fraley and Raftery (2002); Celeux and Govaert (1992), who 
onsidered �nite mixtures of Gaussian or otherparametri
 families of distributions. These authors formed estimates for the 
lass posteriors by plugging in �̂(0)i r and�̂(0)i r into the expressions of those posterior probabilities derived from the parametri
 models they used. However,sin
e we do not assume any parametri
 model for the 
omponents of the mixture distribution, we need to 
arryout an additional estimation step in our `M-step' to estimate the 
onditional 
lass probabilities. The initial estimatesfor the 
onditional sub-
lass probabilities p̂(0)(
i r jẑ(0)(xl )) for 1 � r � Ri and 1 � i � J 
an be 
omputed by �tting a
onstrained multinomial nonparametri
 additive logisti
 regression model, whi
h is des
ribed in the pre
eding paragraph.Here, we use Î(0)(xl ) as the response ve
tors and ẑ(0)(xl) as the 
o-variate ve
tors for 1 � l � n.In the next iteration, if xl belongs to the s-th 
lass, i.e., xl 2 [Rsr=1
sr , we 
an implement the `E-step' by formingÎ(1)(xl ) = (q̂(0)(
11jẑ(0)(xl)); � � � ; q̂(0)(
1R1 jẑ(0)(xl )); � � � ; q̂(0)(
J1jẑ(0)(xl )); � � � ; q̂(0)(
JRJ jẑ(0)(xl )));where q̂(0)(
sr jẑ(0)(xl )) = p̂(0)(
sr jẑ(0)(xl))=∑Rsv=1 p̂(0)(
sv jẑ(0)(xl )) for 1 � r � Rs , and q̂(0)(
i r jẑ(0)(xl)) = 0 for all. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6 0000, 00 1{11
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lassi�
ationi 6= s. Note that the 
onstru
tion of q̂(0)(
i r jẑ(0)(xl)) uses the 
lass label of xl , whi
h is known though the sub-
lasslabel of xl is not known. Then, for the next `M-step', we 
ompute �̂(1)i r and �̂(1)i r by repla
ing the indi
ators in (6) bythe 
orresponding 
omponents of Î(1)(xl ). Using (7), we obtain the 
o-variate ve
tor ẑ(1)(xl), whi
h is now based on�(1)i r and �(1)i r . For 1 � l � n, in order to obtain the estimates p̂(1)(
i r jẑ(0)(xl )) for 1 � r � Ri and 1 � i � J, we againneed to solve the problem of �tting a nonparametri
 additive multinomial logisti
 regression model using the 
o-variateve
tor ẑ(1)(xl ), and the non-standard version of the response ve
tor Î(1)(xl). Sin
e the 
omponents of Î(1)(xl ) areno longer guaranteed to be 0s and 1s only, we need a modi�ed version of the 
onstrained ba
k�tting algorithm (seeYee and Wild (1996)). We have appropriately modi�ed the R 
odes of VGAM to 
ope with this non-standard form ofthe response ve
tor. We may 
ontinue the iterations to generate the sequen
e of estimates of the 
lass posteriors untilthe estimates arising from two 
onse
utive iterations are suÆ
iently 
lose. If we terminate after the K-th iteration,the �nal posterior estimates of the i-th 
lass for a new observation x be
omes p̂(i jx) = ∑Rir=1 p̂(K)(
i r jẑ(K)(x)) for1 � i � J, and x is 
lassi�ed to the j-th 
lass if j = argmax1�i�J p̂(i jx). We 
all this 
lassi�
ation pro
edure SPARC,whi
h is an a
ronym obtained by abbreviating SemiPARametri
 Classi�
ation.Given the values of Ri s, there are many 
lustering algorithms available in the literature (see, e.g., Duda, Hart and Stork(2000); Everitt, Landau and Lesse (2001)) that 
an be used for the 
luster analysis of ea
h 
lass and to form the initialestimates of the response ve
tors Î(0)(xl ) for 1 � l � n. In SPARC, we have used the well-known k-means algorithm,whi
h is 
omputationally very simple and produ
ed good results in our empiri
al study. Hastie and Tibshirani (1996)also used the k-means algorithm for initial 
lustering of the data in MDA.In MDA (Hastie and Tibshirani (1996)), the values of Ri s are spe
i�ed. The default value is Ri = 3 for all i in theR 
ode mda. However, in M
lustDA, Fraley and Raftery (2002) proposed to use BIC to estimate the values of Ri s.This algorithm uses a default upper bound of 9 in the R 
ode m
lustDAtrain. We have observed in our numeri
alinvestigation that BIC often leads to over-estimation, and this results in a large number of mixing 
omponents forea
h 
lass distribution. Consequently, in several data sets analyzed in sub-se
tion 4.2, M
lustDA had mu
h highermis
lassi�
ation rates 
ompared to other 
lassi�ers. In SPARC, we are not assuming Gaussian distribution or anyparametri
 model for the 
omponents of the mixture distributions, and we have de
ided to 
hoose the values of Ri sby minimizing a 5-fold 
ross-validated estimate (see, e.g., Hastie et. al. (2009) for a dis
ussion on V -fold 
ross-validation) of the mis
lassi�
ation rates. To implement the 
ross-validation in SPARC, we needed some appropriateupper bounds for the Ri s, and we have used the `Gap Statisti
' (see Tibshirani, Walther and Hastie (2001)) alongwiththe k-means algorithm to obtain this upper bound for ea
h 
lass.4. Comparison of di�erent 
lassi�ersIn this se
tion, we 
ompare SPARC with a pool of other well-known 
lassi�ers when applied to several simulated andreal data sets. The books by Duda, Hart and Stork (2000) and Hastie et. al. (2009) 
ontain detailed des
riptionsof these 
lassi�ers and dis
ussion about their performan
e. In addition to MDA and M
lustDA, this pool of 
lassi�ersin
ludes standard parametri
 
lassi�ers like LDA and QDA, as well as standard nonparametri
 
lassi�ers based onk-NN and KDE. For both KDE and k-NN, we have standardized the data ve
tors using the varian
e 
ovarian
ematrix. However, for KDE we have used separate s
atter matri
es for di�erent 
lasses, while for k-NN, we haveused the pooled s
atter matrix as is usually done in pra
ti
e. The parameters k in k-NN and the bandwidth in KDEwere 
hosen by minimizing a 
ross-validated estimate of their mis
lassi�
ation rates. We also study the performan
eof SPARC in 
omparison with that of SVM with the linear kernel and the radial basis fun
tion with default valuesof the asso
iated parameters given in the R 
odes in http://www.
sie.ntu.edu.tw/�
jlin/libsvm/, and the 
lassi�ersbased on CART (
lassi�
ation and regression trees) and Poly-MARS (poly
hotomous regression with multivariateadaptive regression splines). For implementation of SVM, CART and Poly-MARS, we have used R 
odes available inthe libraries e1071, tree and mars, respe
tively. We have written our own R 
odes for SPARC (whi
h is available at. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0000, 00 1{11 7



Dutta and Chaudhuriwww.isi
al.a
.in/�tijahbus/SC.htm), and our iterations were terminated at K = 2 in most 
ases.4.1. Analysis of simulated dataIn addition to the two examples (i.e., Examples (a) and (b)) introdu
ed in Se
tion 1, we 
onsider three simulatedexamples in this se
tion, and ea
h of these is formed with two 
lasses. In the third example, i.e., Example (
), we
hoose the distributions of the two 
lasses to be t3;d(0, Id) and t3;d(1, 4Id), where t3;d denotes the d-dimensionalt distribution with 3 d.f. The next two examples involve mixtures of ellipti
 distributions. In Example (d), the �rst
lass is an equal mixture of Nd(0, 0.25Id) and Nd(0, Id), and the se
ond 
lass is an equal mixture of Nd(-1, 0.25Id)and Nd(1, 0.25Id), where Nd is the d-variate normal distribution as in Se
tion 1. On the other hand, in Example (e),one 
lass distribution is an equal mixture of Ud(0;�; 0; 1) and Ud(2;�; 2; 3), and the other one is an equal mixtureof Ud(1;�; 1; 2) and Ud(3;�; 3; 4), where Ud(�;�; r1; r2) is the uniform distribution as de�ned in Se
tion 1. Here 0,1, 2, 3 are d-dimensional ve
tors of zeros, ones, twos and threes, respe
tively, and Id is the d � d identity matrix. Inea
h example, taking an equal number of observations from ea
h of the two 
lasses, we generated 500 training andtest sets. Ea
h training set 
onsists of 200 (=100+100 for the two 
lasses) observations, and ea
h test set 
ontains500 (=250+250 for the two 
lasses) observations. Average test set mis
lassi�
ation rates (over 500 trials) of di�erent
lassi�ers are reported in Table 1 along with their 
orresponding standard errors. We 
onsider Examples (a) - (e) indimensions 5, 10 and 20, and to fa
ilitate 
omparison, we also report the 
orresponding Bayes risk in ea
h 
ase.In Examples (a) and (b), SPARC outperforms all other 
ompeting 
lassi�ers in all dimensions. In Example (
), wherethe 
lass distributions are t3;d , SVM with radial basis fun
tion yields the best performan
e with SPARC having thethird best performan
e. In Example (d) involving bimodal distributions, the 
lassi�er based on M
lustDA turns out tohave the best error rate with SPARC having the se
ond best error rate. In this example, MDA fails to yield satisfa
toryperforman
e, and the di�eren
e between the performan
e of SPARC and MDA in
reases as the dimension grows. InExample (e), whi
h involves 
lass distributions that are mixtures of non-Gaussian distributions, SPARC signi�
antlyoutperforms all 
lassi�ers.Classi�ers like LDA, QDA and SVM with linear kernel fail in examples where the geometry of the underlying distributionsis 
omplex. However, SVM with radial basis fun
tion is more 
exible, and it yields signi�
ant improvement in su
hexamples. The performan
e of nonparametri
 
lassi�ers based on k-NN and KDE deteriorates as the data dimensionin
reases. While CART does not seem to be severely a�e
ted by the in
rease in data dimension, it also fails to 
apturethe optimal 
lass boundaries when the geometry of the 
lass distributions is 
omplex. Like CART, Poly-MARS alsouses adaptive partitioning of the 
o-variate spa
e, but it 
onstru
ts the 
lassi�er by formulating the 
lassi�
ationproblem as a poly
hotomous logisti
 regression problem, where the regression model involves additive as well as �rstorder intera
tion terms. Although Poly-MARS improves over CART in the examples 
onsidered here, it is far frombeing optimal. MDA assumes a 
ommon 
ovarian
e matrix over all the 
lasses, and hen
e performs badly when theunderlying populations are mixtures of normal distributions, whi
h di�er in their s
atters. Unlike MDA, both M
lustDAand SPARC allow for unequal estimates for the s
atter matri
es in ea
h sub-
lass. However, we have observed thatif we pool di�erent sub-
lass estimates within a 
lass, the performan
e of SPARC improves in our examples, and wehave implemented it a

ordingly. Both MDA and M
lustDA perform poorly when the 
lass distributions are mixturesof non-Gaussian distributions.4.2. Analysis of real ben
hmark data setsWe now analyze some real ben
hmark data sets. Among these data sets, the hemophilia data is obtained fromJohnson and Wi
hern (1992). All other data sets are taken either from the UCI ma
hine learning repository(http://ar
hive.i
s.u
i.edu/ml/) or from the CMU data ar
hive (http://lib.stat.
mu.edu/datasets/). Des
riptions ofthe data sets are available at these sour
es. For the biomedi
al data, we did not 
onsider the observations with missingvalues. Ea
h data set was randomly partitioned 500 times into training and test sets (see Table 2 for their sizes).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .8 0000, 00 1{11
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lassi�
ationTable 1.Mis
lassi�
ation rates (in %) of di�erent 
lassi�ers and their standard errors (in parantheses) for simulated data sets.For ea
h example, the minimum mis
lassi�
ation rate of a 
lassi�er is written in bold.Data Bayes LDA QDA SVM SVM k-NN KDE CART Poly MDA M
lust SPARCset risk (linear) (radial) -MARS -DAd = 5Ex (a) 26.50 50.00 52.53 45.42 30.67 40.38 39.24 39.39 39.31 38.97 30.93 29.30(0.10) (0.19) (0.11) (0.09) (0.11) (0.12) (0.14) (0.20) (0.11) (0.10) (0.10)Ex (b) 0 47.58 42.36 44.02 37.70 34.66 33.60 39.54 42.35 41.75 31.46 9.69(0.15) (0.06) (0.10) (0.09) (0.14) (0.11) (0.13) (0.21) (0.09) (0.13) (0.10)Ex (
) 18.10 25.57 24.96 26.86 19.76 24.17 25.15 31.53 26.83 24.89 20.19 20.60(0.11) (0.13) (0.11) (0.08) (0.10) (0.11) (0.13) (0.15) (0.10) (0.09) (0.10)Ex (d) 4.05 49.73 16.62 47.77 6.03 8.98 8.30 21.81 17.27 6.60 4.33 6.06(0.10) (0.11) (0.13) (0.04) (0.08) (0.08) (0.12) (0.16) (0.05) (0.04) (0.07)Ex (e) 5.60 40.26 44.24 42.88 24.58 26.57 25.72 31.61 31.48 30.08 23.07 14.28(0.08) (0.06) (0.07) (0.10) (0.11) (0.10) (0.12) (0.11) (0.10) (0.12) (0.10)d = 10Ex (a) 17.32 49.96 52.68 45.50 28.47 42.28 43.59 39.23 38.67 39.51 29.44 22.20(0.10) (0.21) (0.11) (0.08) (0.13) (0.13) (0.14) (0.17) (0.11) (0.10) (0.11)Ex (b) 0 46.50 42.47 44.50 37.42 41.80 41.72 40.35 42.68 42.34 25.03 12.47(0.14) (0.06) (0.13) (0.08) (0.09) (0.08) (0.13) (0.21) (0.10) (0.13) (0.10)Ex (
) 12.58 20.07 20.67 21.11 14.31 21.98 22.55 31.88 23.90 20.06 15.80 17.25(0.10) (0.12) (0.10) (0.07) (0.11) (0.10) (0.15) (0.15) (0.10) (0.10) (0.10)Ex (d) 0.50 49.24 14.65 47.96 1.87 17.25 15.34 21.77 15.69 2.43 1.26 1.77(0.11) (0.07) (0.11) (0.02) (0.11) (0.10) (0.12) (0.16) (0.05) (0.05) (0.05)Ex (e) 0.75 41.26 43.97 42.37 19.93 35.09 34.86 26.85 25.87 23.95 15.25 12.12(0.07) (0.05) (0.07) (0.08) (0.13) (0.11) (0.11) (0.10) (0.09) (0.11) (0.10)d = 20Ex (a) 9.56 49.93 50.32 45.49 26.80 46.37 48.35 39.16 37.91 40.37 28.51 21.29(0.10) (0.22) (0.10) (0.08) (0.12) (0.11) (0.14) (0.15) (0.11) (0.10) (0.15)Ex (b) 0 45.80 41.19 44.54 37.32 43.55 43.82 40.40 42.77 42.46 22.96 20.48(0.13) (0.06) (0.12) (0.08) (0.09) (0.09) (0.13) (0.20) (0.09) (0.12) (0.10)Ex (
) 7.82 14.49 16.31 15.29 9.32 20.05 20.53 31.88 14.82 20.34 14.67 15.18(0.09) (0.09) (0.09) (0.06) (0.11) (0.11) (0.15) (0.09) (0.13) (0.10) (0.10)Ex (d) 0.12 49.56 15.46 48.14 0.64 33.64 33.39 21.75 14.37 0.73 0.24 0.44(0.10) (0.07) (0.10) (0.05) (0.11) (0.10) (0.12) (0.18) (00.02) (0.02) (0.03)Ex (e) 0 40.97 42.28 42.32 11.69 44.88 43.52 18.58 16.72 15.29 12.08 10.43(0.08) (0.06) (0.07) (0.08) (0.09) (0.10) (0.11) (0.09) (0.08) (0.09) (0.08). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0000, 00 1{11 9



Dutta and ChaudhuriTable 2.Mis
lassi�
ation rates (in %) of di�erent 
lassi�ers and their standard errors (in parantheses) for real data sets. Forea
h data set, the minimum mis
lassi�
ation rate of a 
lassi�er is written in bold.Data Train Test LDA QDA SVM SVM k-NN KDE CART Poly MDA M
lust SPARC(d; J) size size (linear) (radial) -MARS -DAHemophilia 50 25 15.22 15.47 16.78 16.02 15.79 15.11 19.10 15.26 16.18 22.64 14.54(2,2) (0.27) (0.26) (0.28) (0.28) (0.30) (0.27) (0.30) (0.28) (0.29) (0.43) (0.33)Biomed 100 94 15.66 12.57 22.03 12.76 18.00 16.93 19.07 14.91 12.97 19.54 12.15(4,2) (0.14) (0.12) (0.18) (0.12) (0.15) (0.15) (0.17) (0.17) (0.13) (0.41) (0.13)Pima 384 384 23.37 25.99 23.67 24.19 25.73 26.57 27.20 23.84 24.68 32.67 25.23(8,2) (0.08) (0.08) (0.07) (0.07) (0.08) (0.08) (0.09) (0.07) (0.08) (0.19) (0.08)Iris 90 60 2.30 2.68 3.46 4.11 2.45 2.49 6.22 5.10 2.88 14.81 5.29(4,3) (0.15) (0.17) (0.09) (0.10) (0.07) (0.07) (0.11) (0.10) (0.08) (0.60) (0.17)Blood 100 45 10.46 9.39 9.93 15.76 10.11 11.16 2.46 3.12 7.77 23.11 9.32(5,3) (0.18) (0.18) (0.20) (0.21) (0.18) (0.19) (0.11) (0.13) (0.17) (0.39) (0.19)Wine 100 78 2.00 2.46 3.64 1.86 2.04 1.66 10.22 6.41 2.06 8.00 2.58(13,3) (0.06) (0.09) (0.09) (0.06) (0.07) (0.06) (0.19) (0.14) (0.07) (0.52) (0.08)Vehi
le 422 424 22.49 16.38 21.20 25.57 21.84 21.45 42.12 23.76 20.79 18.64 17.09(18,4) (0.07) (0.07) (0.07) (0.08) (0.08) (0.07) (0.12) (0.11) (0.08) (0.13) (0.10)For the hemophilia data as well as the biomedi
al data, SPARC yields the best error rate and outperforms all other
lassi�ers that we have used in the 
omparison. In the vehi
le data set, QDA yields the lowest mis
lassi�
ation rate,and the mis
lassi�
ation rate of SPARC is the se
ond best. LDA yields the best error rate for the pima data set, andSPARC performs worse than �ve of the other 
lassi�ers and better than the remaining �ve. Interestingly, in the 
ase ofthe famous iris data whi
h was analyzed by Fisher (1936), standard parametri
 
lassi�ers like LDA and QDA as well aswell-known nonparametri
 
lassi�ers like k-NN and KDE perform better than other 
lassi�ers. CART and Poly-MARSperform signi�
antly better than all other 
lassi�ers in the 
ase of blood data. For this data set, only three of the
lassi�ers perform better than SPARC. In the wine data, the data dimension is 13, and the sizes of the training setswere 33, 40 and 27. As a 
onsequen
e, separate estimates of 
lass dispersions su�er from statisti
al instability. Theuse of a pooled estimate of the s
atter matrix signi�
antly improved the mis
lassi�
ation rates for KDE and SPARC.The 
lassi�er based on KDE performs best for this data set, and SPARC yields a reasonable mis
lassi�
ation rate,whi
h is higher than that of six of the other 
lassi�ers and lower than that of the remaining four.Interestingly, ex
ept for the vehi
le data set, MDA performs better than M
lustDA in all data sets. In fa
t, M
lustDAyields the worst error rate in four data sets. We have observed that the use of BIC in 
hoosing the number of
omponents in the mixture of Gaussian distributions leads to over-estimation of the number of sub-
lasses, whi
ha�e
ts its performan
e. In SPARC, we minimize the 
ross-validated estimate of the mis
lassi�
ation rates to estimatethe number of sub-
lasses, and this leads to a signi�
antly improved performan
e. In the 
ase of vehi
le data, QDA hasthe best performan
e, and the performan
e of LDA is mu
h worse, whi
h indi
ates that di�erent 
lass distributionsdi�er mainly in their s
atters, and not so mu
h in their lo
ations. For this data set, the performan
e of MDA, whi
huses a 
ommon estimate of the s
atter matrix for all the 
lasses, is signi�
antly worse than that of M
lustDA. In thewine and the vehi
le data sets, CART has the worst performan
e, while SVM with linear kernel has worst performan
efor the biomedi
al data.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .10 0000, 00 1{11
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