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Abstract

Consider an Infinite Dimensional Vector Linear Process. Under suitable as-
sumptions on the parameter space, we provide consistent estimators of the auto-
covariance matrices. In particular, under causality, this includes the IVAR process.
In that case, we obtain consistent estimators for the parameter matrices. Explicit
expression for the estimators are obtained for IVAR(1), under a fairly realistic
parameter space. We also show that under some mild restrictions, the consistent
estimator of the marginal large dimensional variance-covariance matrix has same
convergence rate as that in case of i.i.d. samples.
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1 Introduction

Vector ARMA processes are most common models in the theory of Econometrics and Finance.
The estimates of the autocovariance matrices of different order under these models are well-
known when the dimension of the vector is fixed (see [Hannan, (1970 and [Brockwell and
Davis|, [2002])).

However, in many situations the dimension grows along with the sample size or is large
compared to the sample size. Examples include spatial data over time, fMRI datasets and
datasets on spectroscopic imaging. In all these cases, the dimension is large compared to the
sample size and also may increase as the next set of measurements are taken at the next time
point. One of the key models in such situations is the infinite dimensional vector autoregressive
(IVAR) process. Likewise there are infinite dimensional vector Autoregressive Moving Average
(ARMA) models. The natural question which arises in these models is how to estimate the
sequence of autocovariance matrices consistently. Note that these are all large dimensional
matrices.

There are broadly two approaches to study the IVAR model in the literature. These are (i)
data shrinkage and (ii) parameter shrinkage. Some of the works that use data shrinkage are
[Forni et al.,|2000], [Forni and Lippi, 2001]], [Forni et al., 2004], [Chudik and Persaran, 2011]],
whereas [Anselin, [1988]], [Doan et al.l [1984] use parameter shrinkage.

Note that under an appropriate causality condition, a vector ARMA process can be ex-
pressed as a linear process (see [Brockwell and Davis|, [2002]] and [Hannan, [1970]). We will
consider general Infinite Dimensional Vector Linear Processes with suitable assumptions on the
variables and the parameter matrices. Our aim is to obtain consistent estimates of the sequence
of autocovariance matrices using the parameter shrinkage approach and obtain bounds on the
rate of consistency.

Let, {Xt(,"p),t = 1,2,...,n} be a sample of size n from the linear process model (2.1) given
in Section [2| In this model # is the time dimension and p is the parameter dimension. We
assume there there is both time (column) and spatial (row) dependence and both dimensions
grow, p growing much faster than n. We assume weak dependence in both time and space.
Thus, X;, will be less dependent on X;_» , than on X;_; ,. Also forany 1 < i < p, let X;; )
be the i-th component of the vector X; ,. Then for any #; < 7 and any k > 0, the dependence
between X;, (ixk)p and X;;, decreases as the lag k increases. In Section [3} under appropriate
quantification of this weak dependence, we define suitable classes for coefficient matrices for
the model (2.I). These matrices are not assumed to be symmetric. The variance-covariance
matrix X, of the driving i.i.d. process is assumed to satisfy the same conditions as [Bickel and
Levina, 2008|] who discussed its consistent estimation in i.i.d. models.

In Section we show that for each k, the banded version By, (fk) of the sample autocovari-
ance matrices 'y are consistent for the corresponding population autocovariance matrices I'y of
order k. Here {k,} is an appropriate sequence of banding coefficients whose value depends on
n, p and a weak dependence parameter @. The convergence rate is also derived. In particular, if
the row or column sums of X, are bounded, then By, (['p) as an estimate of the dispersion matrix
of X; has the same convergence rate as in i.i.d. sample case given in [Bickel and Levina, 2008].
Using this consistency, we also provide consistent estimators for the parameter matrices of the
IVAR(r) process under an appropriate class of parameter matrices.

Some simulation results are given in Section [5]

All the necessary lemmas and proofs are given in Section [6]



2 Infinite dimensional vector linear process

Suppose {X(") t=1,2,3,...,n}is a sample of size n from the model

Lp>

X;';) = Z 1,//(/.";8,_ ipt,n>1 (almost surely). 2.1
=0

For all ¢, X,(fql,) and g, are p-dimensional vectors. &, are independently and identically dis-

tributed with mean O and variance-covariance matrix X,. The p X p matrices ;//5{2, j = 1are
called coefficient matrices of the model (2.I). The dimension p = p(n) increases to co along
with the sample size n. Therefore, as p increases, the dimension of the coefficient matrices also
increases. We are interested in the case where p is much larger than n. At the n-th stage the
coeflicient matrices are {w(.”) };‘;0 and the corresponding observations are {Xt(’"p),t =12,...,n}.
Hence, we have the followfng triangular sequence:

(1
X (1)

(2 (2)
X P2y X2,p(2)

(3) 3) (3)
X p(3)° X2,p(3)’ X3,p(3)

(n) (n) (n) (n)
Xl,p(n)’ X2,p(n)’ X3,p(n)’ X ,

and the sample at the n-th stage is the n-th row of this triangular sequence. For convenience of
notation, we will usually omit the superscript (n) and also write p for p(n). We shall often write

. n
W for Y’ , ete.

Example 2.1. Consider the finite order moving average process,

,
Xip= > Mipeiip t>1 2.2)
i=0

where M; ,,i = 0,1,2,...,r are square matrices of order p and M, = I,. In this case, ;) =

M;,, 1<i<randy;,=0,i>r.

Example 2.2. The Infinite dimensional Vector Autoregressive Process of order r (IVAR(r)) is
given by
Xip= > AipXiip+erp 21 (2.3)
i=1
where the p X p matrices A; ,,i = 1,2,...,r, will be called parameter matrices. Moreover, if
for some € > 0,

det(I — Ay pz — Az p2 =+ —Anpd) 0, forallze Csuch that g < 1 +e.  (2.4)



then we have the representation,
Xip = Z @jpEi—j» t > 1 (almost surely), (2.5)
=0

where ¢o, = I and ¢;, = Z{ZIAi,pgbj,i,p,j > 1. So, this fits into the model 1| with
Vip=jp,j =0 ([Brockwell and Davis, |2002], [Hannan, |1970]).

In the general model (2.1)), let I'y , be the kth order autocovariance matrix,
Tip = Cov(Xop Xt p) = EXipX ) = D W/ZpW) 4 (2.6)
=k

Our primary goal is to estimate, for any fixed k, the autocovariance matrix sequence {I'y ,}
consistently from a sample of size n. Here p will be allowed to grow faster than n.
For each k, define the sample autocovariance matrices of order k as,

1
n—k

n
D XipX(pgyp 0<k<n—1. 2.7)
t=k+1

Lip =

These are the naive method of moments estimators for the corresponding I'y ,. We often write
I'; and fk respectively for I'; , and Iﬁk’p. From the experience of covariance matrix estimation
in high dimensional i.i.d. models (see [Bickel and Levina, [2008]]), these estimators are not
expected to be consistent in any reasonable norm.

To achieve consistency, two things are needed. First, we need to restrict the parameter
space of the population autocovariance matrices. Second, we need to resort to some banding
or tapering of the sample autocovariance matrices. We are able to show that once we take care
of the above two issues, we achieve consistency. We also obtain an upper bound for the rate of
consistency. The naive parameter matrices in the IVAR(r) model are obtained by least squares.
Thus once the above consistency is achieved, we can easily obtain consistent estimates of the
parameter matrices in these models.

3 Classes : parameter shrinkage

To impose restrictions on the parameter space, define for any matrix M of order p,

P
Ml = max > gl M = oo (MM,
i=1
Ml = maximyl, T(M,)=max > |ml
L]

itli—j>t

To estimate the variance-covariance matrix from an i.i.d. sample, [Bickel and Levinal, 2008]]
considered the following parameter space. This class includes many non-trivial variance-covariance
matrices. We shall also work within this parameter space.

UE,a,C)={Z:0< €< Anin(D) < Amax(D) < € L, T, 1) < Cr ¥ Vi > 0}
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where €, @, C > 0 and Apin(X), Amax(X) are respectively the minimum and maximum eigenvalues
of X.

To define an appropriate parameter space for the sequence of matrices { J'};io’ we assume
the following criteria.

(i) Time lag criterion: We ensure that the dependence decreases appropriately with the lag.
For this purpose, define

max ([l lli, . 15 lla,y) = 7, j = 0.

We define the following class J(B, 1) of sequence of matrices {y/ j};’;o forsome 0 < B < 1

and 1 > 0.
9B, ) = {{;yﬂ;‘;o : Z ,f < oo,z rjz(l—ﬁ)ja < oo},
J=0 J=0
Note that the summability above implies that the decay rate of r; cannot be slower than
a polynomial rate. In case of finite order moving average process, in Example[2.1] as we
have a finite number of parameter matrices, {1} will automatically belong to J(3, ) for
all0<B<1land A > 0.

(ii) Spatial lag criterion: For any 1 < i < p, let X;;, be the i-th component of the vector
X; p. Here we ensure that for any #; < f and k > 0, the dependence between X;, (i+k),, and
X:ip grows weaker as the lag k increases. We achieve this by putting restrictions over
{TWj,0):j=0,1,2,...} forall + > 0. Consider the following class G(C, «,n,v) for
some C,a,v>0and 0 <n <1 as

J J o r‘r‘—kjy
G(C,a,n,v)={yi}: T[v,.//-,t 7]“} <Ctr %)’ » n*, and LI <o)

Let us define the class of matrices L7(C, @),
Lr(C,a)={A:T(A, 1) < Ct™® VYt > 0}

for some C, > 0. Observe that if M; € Lr(C,@), 1 <i < r, (see Example [2.1) then it will
clearly be in G(C, a,7n,v) forany 0 <n < 1and v > 0.
In case of autoregressive process of order r, in Example[2.2] let

1Aipllay = 6;p and 1A}l =6;,, 1 <i<r 3.1
Also let {a;p : i = 1,2,...,r} and {al’.’p : i = 1,2,...,r} respectively be the roots of the
following polynomials.
1 —_ el’pz - 02’[)22 . o er,er = 0,
/ ’ 2 YRR
1-6;,2-6,,z...6,,27 = 0.

Now, we consider the parameter space for {A;}!_, as,
P(C,a,€) = {{Ai}f:1 sinf min(la;,l, la; ) > 1 +€, and A; € L7(C, @) Vi}
p l<isr P
for some C, €, > 0. It can be shown that if {Ai}f:1 € P(C, a, €), then the representation

is well-defined (in the almost sure sense). Also, {¢;};2, € J(B,0) for any 0 < B < 1 and
{9}, € G(C,a,n, 1) for some 0 < i < 1 (see Lemma .
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4 Main results

In this section we state all the main results. Their proofs are given in Section |6} For any matrix
M of order p and k > 0, the banded version of M is given by

Bi(M) = ((mjjI(|i — j| < k).

The following theorem provides consistent estimates for the autocovariance matrix sequence
{TiJi=0,12,.... Let & j, be the j-th component of &; ,. We often omit p for convenience and write
& for &;,. Suppose for some Ay > 0,

sup E(e'®7) < oo for all || < Ag. 4.1)
izl

1

Theorem 4.1. Suppose holds, ¥ € (Lland{lpj}‘;.‘;o ey ﬂ G. Then fork, = (n—llog p)‘m,

1Br, (T%) = Till = O, (k,“IZ,ll11y)-

Remark 4.1. Note that the rate of convergence depends not only on the class parameters of the
coefficient and variance-covariance matrix but also on ||Z,||(1,1). This is to be expected since we
are considering linear regression type models. Moreover, if ||Z,ll1,1) is bounded, then the rate
of convergence for the marginal variance-covariance matrix I'g is same as given in [|Bickel and
Levina, 2008)].

The following Theorem provides consistency for the autocovariance matrices of the IVAR(r)
process defined in Example [2.2]of Section [2] Its proof follows directly from Theorem 4.1 once
we invoke Lemma[6.2] (see Section [6).

1
Theorem 4.2. Suppose holds, £ € U and {A j};‘:l € P. Then for k, = (n—llog p) Tl

1Bk, T) = Tilla = 0, (K, *IIZpllc1,19)-

Now, right multiplying both sides of |i with X/

—kp? k =1,2,...rsuccessively and then taking
expectation, we have

I = ATg+AL, +... +AT_ (4.2)
I, = A]F,l + Azro + ...+ ArF;_Z
I, = AL +AL,+...+ Arro.

Let
Y, =T.T5,....T0), A =(A],A], ... A)

and let G,, be a block matrix with n> many p x p blocks

Guli j) = Dyl < )+ T)_yli 2 j). 1 <i,j<n. (4.3)



Then from (4.2)) we have,
Y, =G,A,. 4.4)

This is analogous to the Yule-Walker equation for finite dimensional AR process. Similar to
the univariate case [Brockwell and Davis| [2002], it can be shown that if a'T’pa > 0, then G,, is
invertible and a’l"hl";la — 0ash — oo Va # 0 (see Lemma. Therefore, under this condition,

A = Gy:lyr 4.5)

i.e., each A; is the finite sum of the finite products of {Fk,l“lzl, 1 < k < r}. Hence, (after
we invoke Lemmal6.)), equation (#.5) provides consistent estimates of A;, once we replace the
population autocovariance matrices by their consistent estimates. In the special case of IVAR(1)

model this result takes the following shape.

1
Theorem 4.3. Suppose holds and T € U(e,a,Cy). Let ky = (lf1 log p) 0 and
A € {Acoxco s max(l|Allr,1), A ll1,1) < (1 =6), A, A" € L(C, @)}. Then

(i) 1By, (1) (Br, Co) ™ = Al = 0,(1Zpll1.1)k, ) and
(ii) I, — Z,ll = 0,(IZplla.1yk, ™),

where
3, = By, (L) — By, (T'1) (B, (T0) ™" By, ().

Remark 4.2. We have stated all our results for banded estimators. Following the proofs given
later and the arguments given in [Bickel and Levina, 2008] and [Bhattacharjee and Bose|
2013|], one can obtain similar consistency results for tapered estimators. To illustrate we give
below the version of Theorem 4. I\ for tapered estimators.

OOLet g :RYU{0} = R" U {0} be a continuous, non-increasing function such that g(0) = 1,

f g(x) <ooand 1 - g(x)=0(X) for some v > 1 in some neighborhood of zero. Define
0

o, (b)) = g(U) ¥Y1<i,j<p andfor some o, >0,
Ohn
Rn = ((ra'n(i, j)))lSi,jSp s Yn > 1,
Ra'n(A) = Ax Rn, Vn > 1 Clndfor any matrix A.

Also, g is such that R, is positive definite. One such choice is g(x) = e™™. Then under the
conditions of Thorem we have

a

Y
"Nl

IRy, (1) = Tella = O, (k,, ™

and as y — oo, we recover the rate given in Theoremd. |

5 Simulations
This section reports simulations for the IVAR(1) models with different choices of the parameter

matrix A which have the Toeplitz structure. As we move away from the main diagonal, in one
case the entries decrease exponentially and in the other case, they decrease polynomially.
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Example 5.1. Exponentially decaying corners: Consider the IVAR(1) model with the non-
symmetric parameter matrix A = (( (=0.5)"=/1)). As the rows or columns of this matrix are
summable, it belongs to the class defined in Theorem d.3| with @ = 1.

Example 5.2. Polynomially decaying corners: Consider the IVAR(1) model with the non-
symmetric parameter matrix A = (( (=DI=1(ji = jl + 1) )) and we choose 8 = 1.01,1.1,1.2
and 1.5. Again, since the rows and columns of the matrices are summable. They belongs to the
class defined in Theorem .3 with @ = 8 — 1. This is clear from the fact

o [ 1\B
T(A,k)sf (1) dx < Clk+ 1!
k

+1\X

for some C > O and all k > 1.

We let & ~ N(0O, I) where [ is the identity matrix. In each case, we draw the histogram for
||Bkn(lA"1)(Bkn (L)~ = All, values for R = 300 replications. We consider two combinations of n
an p, namely n =20, p=eV' ~87andn =40, p=eV ~558.

Note that most of the mass is concentrated near zero. Expectedly, the accuracy is sharper
in the first example than in the second example. Moreover, as 8 increases, the histogram has
more mass near zero and there is some mass in the high values of the tail. Some stray values
beyond the range given in the figures were observed over the different sets of simulations but
overall most of the mass was concentrated in the range (0, 600). This indicates that the rates of
convergence are probably quite sharp.
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6 Proofs

The following inequalities for matrix norms will be useful in the subsequent proofs.
Lemma 6.1. Let A and B be two oo X oo matrices. Then,
(i) NABlia,1) < llAlla,nlIBll,1y,

(ll) T (AB, ((I +ﬁ) t) < ||A||(1’1) T (B, Clt) + ”B”(l,l) T (A,ﬁt), fOT" any a/,,B,t > 0,
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Proof. Proof of (i) is trivial. To prove (ii).

max Y] [i |a.,-1blk’]

T(AB,(a+p)1) <

Jjilj—ki>(a+B)t \I=1

< m]?x. | Z [ Z |a.,-1b1k(]+ m]flx' | Z ( Z |a‘,'1b1k|]
Jj—kI>(a+p)t \L:|I—k|<at Jlj—kl>(a+p)t \L|I-k|>at

< max Z |a.,-1b1k'+max Z 'ajlblkl
Jilj—=l1>pt, Lli—k|<at Jilj—kI>(@+B)t, Lli-k>at

< , .

< [m?"_ 2. |ajz|][m,gx2|blk|)+(m,gx |blk|][m1ax2|am]
Jlj=1>pt I=1 L|I-k|>at j=1

< |Blla,nT (A, B0 + ||Allq,1H T (B, at).

The following lemma proves the claim about P(C, a, £) made at the very end of Section 3]

Lemma 6.2. If {A}}_, € P(C,a, &), then holds. Also, (¢}, € 3(B,0) N G(C,a,n,1) for

any 0 < < 1and some(0 <n<1.

Proof. To prove (2.5), we need to show that if {A; } € P(C, a, &), then it will satisfy condition
(2.4). Define the polynomlals

P1(X) = Ox+6hx>+-+0,x
pa(xX) = Ox+OxF+-+ 60X
Here we write 6;, 6 respectively for 6; , and 9’p defined in ll Note that p;(0) = p2(0) =

and both of them are increasing functions of x. Also, as (1 — p1(x)) and (1 — pa(x)) have all
their roots strictly greater than (1 + &), pi(1 +&) <1 Vi =1,2. Now, for any |z| < 1 + £ and any

x # 0, using ||All2 < +/llAlla,nllA’ll1,1y [Golub and Van Loan, |1996] ),

,
o1
WA+ 2 A 4o+ YA € )\ < S(pi(1+8) + pa(l +0) < 1

i=1
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Hence, there exists no x # 0 such that (I — A1z — A»z%--- — A,z")x = 0. Therefore, |i is
satisfied. To show {¢;};°, € I(B, 1) for any 0 < 8 < 1 and A = 0, we consider the autoregressive
processes

01y-1 + Oy o+ + 6,y + &

Yt
2t

O z-1 + 22+ + 0,2, + ¢

where ¢;, t = 1,2, ... are independently distributed with mean O and variance o If {Ai}_, €
P(c, @, ), Then we have the representations,

() (o)
Y = Z aje,; and z; = Z,Biet—i vt
i=0 i=0

where

j j

aj= ZGia'j_,- and ﬁj = Z@;,Bj_,- \7’]

i=1 i=1

and there exist 0 < 6 < 1, ¢ > 0, such that
max(a;, 8;) < c6' Vi.
Therefore, using Lemma i) repeatedly, we have ||¢;l|(1,1) < @; and hence
lPill1,1y < ¢6' Vi forsome ¢>0,0<68< 1.

Therefore, {¢;}°, € (B, ) forany 0 < < 1 and A = 0.
Now consider any i < r. Then

i
lpillc1,1y < Z Al pllgi-jll1,1y < o'

=1

Hence,
lAillgy <ed', 1<i<r.

Since A; € J7(c, @) Vi < r, we have T(A;,1) < C,16't™%, for some C; > 0. Note that
T(p1,(1+n)1) <ct “6(1 +n~ ).
We now apply induction. Suppose,
T@,(1+n+-+n)) <ct™ A+ + -+ 57/ .
Then, by Lemma [6.1] (iii), for all j > k,

TAkpjts (L +n+ -+t < Kt @A+ + -4+ TRy 57k oy (keDagh
et j(L+ 7Y+ ),

IA

Since, ¢j41 = Z{:(; Ai¢;_i1, for some C’ > 0,
T(@jer, L4+ +p) < C'ro j(L+ 7% + -+ VD),

Hence the proof is complete. ]
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To prove Theorem .1 we need the following Lemmas.

Lemma 6.3. Let {a J'};io be any sequence of positive real members such that Z a ]'3 < oo and
j=0

Z a?(l_’g)j’l < oo, for some 1 > 0and 0 < B < 1. Then

=0

M

1\ @ap2T-H

2 i)

)4 E — -0
(P)

1<i, j<oo
as p — oo for an appropriately chosen M > 0.

Proof. Letv =2(1-f). As %%, a;jﬂ < oo, we have - > j! forall j > N and some N > 1.
J

Now y y
- . — Mo Yy
p2 Zp (aiaj)v S Z p (aiaj)v + p2 Z p M(lj) .
0 1<i,j<N {1<i, j<NJe

As we have finitely many terms, for an appropriately chosen large M, the first term tends to O
as p — oo. Now,

p2 p_M(l])/l < p2 Z(k _ N + l)p—/‘/[k/l < C]p2 Z r/]*{p—Mr
(1<i j<N)e =N !
< ¢ pPMR Z(r " R)%p—Mr < CypP MR

r=0

for an C{,C, and R > 0. This tends to O for an appropriately chosen large M > 0. Hence the
proof is complete. o

Lemma 6.4. If{;bj}‘;.‘;o € G, then for all t > 0 and some ¢’ > 0,
T[Tk, 1) < 2,0
Proof. Let 6, = |[Z,ll1,1). From the properties of G and Lemma 6.1} for some C > 0,

T Zp, (1L +n+---+7"0) A

IA

Spct (L + 1% + -+ 7/ ¥ + rjet™n
< Cr 6,1+ + -4 DO

Again, from Lemma [6.T] and for some C; > 0,

T EpYjin 204+ + 07 < 1 Cir (L4 -4y DO 57
+8,rict (L + ™ 4 U

IA

Cot™ (L + %+ o+ DN 7

Hence, for some C3 > 0, we have

2 riri
1) < C3t76, Z I

T (T,
1-n =

Hence the proof is complete. ]
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For any random variable &, define

k
[u@) = -7 (log E (")) _,

whenever £ |§|k < 00,

Lemma 6.5. [Saulis and Statulevicius, 1991\ Suppose EE = 0 and there exist y > 0, H > 0 and
A > 0 such that

! 1+y H
|Fk(§)|5(5) F, k=2,3,4,....

Then for all x > 0,

_ 2+l
5 _ -1 y+1
S H+xA 2+

P[+&> x] Se_'(

Lemma 6.6. Suppose, {g;} are i.i.d. N(0,X,). Then

n

- , [
(l) ”Zzgtst _Zp”oo = Op( n llogl’),

t=1
(i0) ||—Z<9t8, llo =0 (\/n‘llogp).

Proof. (i) follows from [Bickel and Levina, 2008]. For (ii) Let, z;; =

Eti . .
L Vi, 1, where Iy j; is
Vlo.ii

the (i, /)th entry of I'y. Then for some c; > 0,

2
Zjatk+ )il + Zjr(krDi
P[||— Z &€ 4llo > 1] < ZZ [ Z (Zjk+1)id - j(k+Dim) TN Cmt}

tk+ Lm j=1 i>0
(Zj+ (k1 I+Z+k+1 )
T T sy |
ILm j=1 i>0

(Zj+e+ )il + 2 j+(k+1)i.m)2
2

Since, ,1 > 0 are all independent X% variables, by Lemma for some

c2,C3 > 0

1 - 2 _ 2
Plll=— > &l > 1] < c3p’ke™"
t=k+1

which tends to 0 as n — oo for t = M y/n~log p and appropriately chosen M > 0. Hence, (ii) is
proved. O

The Gaussianity assumption in Lemma[6.6]is removed in Lemma [6.8] As a prelude to that we
need the following lemma. Forn > 1, let Uy, Us, ..., U, be independent random variables with

EU;=0 and o5 = Var(U)) >0,j=1,2,....

Set

n

n n S
S, = ZU.,- and Bfl = Z(T?’ Z, = B_”
i=1 =1
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We say that {U;} (j € N) satisfies condition (P), if there exist positive constants A, C,Cy, Cy, . ..
such that forall |zl < Aand j e N,

InE zU;
nE@), <C? and lim —ZC2 <cC 6.1)

72 n—oo R2

Lemma 6.7. Suppose a sequence of random variables {U ;} with EU; = 0 and 0'? = Var(Uj) >
0 satisfies condition (P). Then there exist some A, C > 0 such that

k'C
TUZ Sy Tk 2 3

that is, for the random variable ¢ = Z,, the conclusion of Lemma[6.3| holds with v = 0,H =
2C, A = AB,,. In particular, if U; are i.i.d. then, holds if

In E(e?V
|m|<c foralllz] < A, forsome A, C > 0. 6.2)
Z

Also for a random variable U with EU = 0, if there exists A’, C’ > 0 such that E(e*V) < C for
all |A| < A, then (6.2) holds.

Proof. The first part of the lemma is easy to show. The cumulants {«,} of a random variable U
are define by the cumulant generating function

§(2) = log(EE™) = )" ks

n=1

The cumulants are related to the moments by the following recursion formula
n—1 n—1
= {y — ;1 (m ~ 1)Kmu§,m

As all the moments of U exist, «,,n = 1,2,... also exist. Moreover, k; = ,u’1 =0and k, =
w5, — uy = . Hence,

8@, My < A2
|Z_2|SE+;KH n!

O

Lemma 6.8. Let {g} be i.i.d. with mean O and variance-covariance matrix Xp. If for some

|4] < Ay, Sup s | E(elsii) < oo, then (i) and (ii) ofLemmahold.
Proof. (i) follows from [Bickel and Levina,2008]. For (ii), using Lemma we need the

X 2
existence of Moment generating function of M — 1V}, in some neighborhood of zero.
This existence follows from the fact that (x + y)2 <2(x% + yz). O

The following lemma implies the invertibility of the matrix G,, defined by (.3) in Section ]

Lemma 6.9. If a'Toa > 0 and a'TyTja — 0 as h — oo Ya # 0, then G, defined by is
non-singular for all n.

14



Proof. Suppose that G, is non-singular but G, is singular. Then there exist a,ay, as,...,a,
such that

r

’ 7’
aXm = Zanj.
J=1

By stationarity, @’ X, = Z;zl a’,.X jen—1 Yh > 1. So,¥n > r+ 1,3 a(ln),a(zn), ...,a"™ such that
AD =@, a"), X, = (X1, X, ..., X,) and @'X, = A™X,. Hence,

.
ad'Toa = AG,A™ = ADP AP A > ADPP A > 1,AMAW = 1, Z [
i=1

where, as G, is non-singular, G, = P A P’ with P’P = PP’ = I and A, is the smallest eigenvalue
of G,. Therefore, ||a§") |l> are bounded function of n for all i. Again,

adX, = A"X, = dX,X'a=A"X.Xa

.
Z ai.")ll"'(n - ja.
J=1

= d'Tja

Hence,

n r
la'Toal < 3" a4 LIIC" (e = fllllall, < € Y I (1= Pz
=1 =1

for some ¢ > 0 and tends to zero as n — oo. So, a’'I'na = 0 for some a # 0. This is a
contradiction. Hence, the result holds. O

6.1 Proof of Theorem 4.1
From [Golub and Van Loanl [1996], pp. 83 and 84), for any square matrix A,

Al < 1Al A -

1By, (F%) = Till> < \/||Bkn(fk) — Tilla,nlIBe, @) = Tl 1)-

Also, using triangle inequality,

Using this,

1B, T) = Tillay < 1Bk, () = B, 1.1y + T(Tk, k)
< (kg + DIk = Tilloo + T(Tk, k).
From Lemma[6.4]
T[Ty, kn) = Ok, " 1Zpllc1,1))-
Using Model (2.1)),

1 n
P Z &t.j€—pyi ~ Eijlloo
t=k

Ms

[
6% = Telleo < - il
j=0 i

Il
(=]

15



/

(r_i i, J. Hence for some C; > 0,

1 < c
2. 2 == D jenieliyi = Eillo > ) ) o
7 1=k i T
< Y0P
T
Now, by Lemmaand fort=M n‘llog p,

Y S
P[ka - I‘k”oo > t] < p2 Zp (’,'rj)z("ﬂ) )

where E;; = Eg; j

Pl —~Tillo >1] < P

1 d Cyt
l— " &0j 4 — Eifllo > 515
n—k T
= gy

By Lemma this tends to zero as n — co. Hence, ||IA“;< —Tilleo = Op( v/n~Hog p) and the proof
follows.

6.2 Proof of Theorem
Using [Bhatial, 2009], for large n,

TS 21Br, (To) — Toll2
1 = |IT5 Y2 11B, (To) = Toll2

(B, (To) ™" =Tl <

If n~'log p — 0, then for some C > 0 and for sufficiently large n,
1Bk, M) ™" =T ll2 < ClIB, (To) = Lol
So, (Bi,, o))" = Tlll = 0, (I, ll1.1k;,®). Again, by the fact
IAB - CDIl> < ||A = Cl2lIB = Dll2 + |A = Cl2lIDll2 + lICI2[|1B — DIl
and using A = I'1I[; L. (i) follows. Result (ii) is immediate from the relation

I — AF’I - FIA’ + AroA' =2.
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