LIMITING SPECTRAL DISTRIBUTION OF CIRCULANT TYPE MATRICES
WITH DEPENDENT INPUTS

ARuP BOSE * RAJAT SUBHRA HAZRAT KOUSHIK SAHAY

Statistics and Mathematics Unit
Indian Statistical Institute
202 B. T. Road, Kolkata 700108
INDIA

April 2009

Abstract
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1 INTRODUCTION

Suppose A1, Ao, ..., A\x are all the eigenvalues of a square matrix A of order k. Then the empirical
spectral distribution (ESD) of A is defined as

k
Fy(z,y) =kt Z]I{R()\i) <z, IT(N) <y},

where for any z € C, R(z), Z(z) denote the real and imaginary part of z respectively. Let {A,}7
be a sequence of square matrices (with growing dimension) with the corresponding ESD {Fjy, }2° ;.
The Limiting Spectral Distribution (or measure) (LSD) of the sequence is defined as the weak limit
of the sequence {Fjy, 22, if it exists.

Suppose elements of { A, } are defined on some probability space (2, F,P), that is { A, } are random.
Then {Fjy, (-)} are random and are functions of w € © but we suppress this dependence. Let F be
a nonrandom distribution function. We say the ESD of A,, converges to F' in Lo if at all continuity
points (z,y) of F,

/Q [Fa,(2,y) — F(z,y)] dP(w) — 0 as n — oo. (1.1)

If the eigenvalues are real then it is understood that {F4,} and F are functions of one variable. It
may be noted that (1.1) holds if E[F4, (t)] — F(t) and V[Fy, (t)] — 0 at all continuity points ¢ of
F. We often write F;, for F4, when the matrix under consideration is clear from the context.

For detailed information on existence and identification of LSD in different contexts, see Bai (1999)
and also Bose and Sen (2008). There are many universality results available in this context.
However, most of the existing work on LSD assumes the input sequence {z;} to be independent.
It would be quite interesting to see what type of universality results continue to hold if dependent
inputs are allowed. With the current methods used to establish LSD, such as the moment method
or the Stietljes transform method, it does not appear to be easy to extend the known results on
LSD to general dependent situations for all types of matrices. There are only very works dealing
with dependent inputs. For instance, Bose and Sen (2008) establishes LSD for some specific type
of dependent entries for a few matrices.

In this article we focus on the LSD of circulant type matrices— the circulant, the symmetric
circulant, the reverse circulant and the so called k-circulant for suitable values of k. We assume
specific type of dependent inputs, namely, we assume that {z;} is a stationary linear process.
Stationary linear process is an important class of dependent sequence. For instance the widely
used stationary time series models such as AR, MA, ARMA are all linear processes. Under very
modest conditions on the process, we are able to establish LSD for these matrices. These LSD are
functions of the spectral density of the process and hence are universal. Consider the following
condition

Assumption A {z;} are independent, E(z;) = 0, V(x;) = 1 and sup, E|z;|> < oo.

We first describe the different matrices that we deal with. These may be divided into four classes:

(i) The circulant matriz is given by



Zo I ro ... ITpn—92 Inp-1
Tn—1 Zo rr ... Tp-3 Tp-2
C, = 1| Xp—2 Tp-1 To ... Tp—4 Tp-3
vn
L I i) r3 ... ITnp-1 ZTo dnxn

Sen (2006) shows that if Assumption A is satisfied then the ESD of (), converges in La to
the two-dimensional normal distribution given by N3(0, D) where D is a diagonal matrix with
diagonal entries 1/2. Meckes (2009) shows similar type of result for independent complex entries.
In particular, if E(x;) = 0, IE(:UJQ) = a, E|z;|*> =1 for some a € C and

n—1

. 1
lim — Y " B(jz;*1),,seym) = 0
=0

n—oo n

for every € > 0, then the ESD converges in Ly to the standard complex normal distribution.

(ii) The symmetric circulant matriz is defined as

[ ro 1 T2 ... T9 T i
1 r1 o9 1 ... T3 T2
SC’n — ro 1 X9 ... T2 X3
Jn
L ry T2 I3 ... 1 X9 drxn

Bose and Mitra (2002) show that if {x;} satisfies Assumption A, then the ESD of SC,, converges
weakly in Lo to the standard normal distribution.

The palindromic Toeplitz matriz is the palindromic version of the usual symmetric Toeplitz matrix.
It is defined as (see Massey et.al. (2007)),

I o 1 T2 ... Ty T1 X9 i
rT o 1 ... X3 T2 I
pT 1 ro 1 9 ... g4 T3 T2
" T n
x|y X2 T3 ... T1 Ty L1
L Lo 1 X2 ... T2 X1 T0 | nXT

Its behavior is closely related to the symmetric circulant matrix. It may be noted that the n x n
principal minor of P71 is SC,,. Massey et.al. (2007) establish the Gaussian limit for Fpp, . Bose
and Sen (2008) show that if the input sequence {z;} is independent with mean zero and variance
1 and are either (7) uniformly bounded or (i) identically distributed, then the LSD of PT,, is
standard Gaussian. They also observe that if the LSD of any one of PT,, and SC,, exist, then the
other also exists and they are equal.

(iii) The reverse circulant matriz is given by

i) r1 T2 ... Tp—2 ITp-1
I ro I3 ... Tnp-1 ZTo
1
RC’n — ﬁ i) r3 T4 ... i) I
L Tn-1 X0 L1 --- Tp-3 Tn-2 |, . .




Bose and Mitra (2002) show that if {x;} satisfies Assumption A then the ESD of RC,, converges
weakly in Ly to F', which is the symmetric square root of the chisquare with two degrees of freedom,
having density

f(z) = |z|exp(—2?), —00 < z < o0. (1.2)

(iv) For positive integers k and n, the n x n k-circulant matrix is defined as

i) T T2 PN Tp—2 Tn—-1
Tn—k Tn—k+1 Tpn—k+2 -+ Tn—k-2 Tn—k—-1
Ak n

M Tp—2k Tn—2k+1 Tp—2k+2 .- Tp—2k—2 Tp—2k—1
nxn

We emphasize that all subscripts appearing in the entries above are calculated modulo n. The first
row of Ay, is (o, 21,22, ...,2p—1) and for 1 < j < n —1, its (j + 1)-th row is obtained by giving
its j-th row a right circular shift by k& positions (equivalently, & mod n positions). Here we have
dropped the % factor from the definition of the matrix so that subsequent formula for eigenvalues
remains simple. Establishing the LSD for general k-circulant matrices appears to be a difficult
problem.

Bose, Mitra and Sen (2008) show that if {z;} are i.i.d N(0,1), k = n°@) (> 2) and ged(k,n) = 1
then the LSD of F) _1/2,, ~is degenerate at zero, in probability. They also derive the following
LSD. Suppose {z;} are i.i.d. satisfying Assumption C. gievn below. Let {E;} be iid. Ezp(1),
Ui be uniformly distributed over (2g)-th roots of unity, Us be uniformly distributed over the unit
circle where {U;}, {E;} are mutually independent. Then as n — oo, F, 1,2 Ay, converges weakly
in probability to

(1) Ul(H?:l Ei)l/Qg k9 =—-1+ sn, g > ]-a § = O(n1/3)a
(i) Uo([_, E:)'/%9. if k9 = 1+ sn, g > 2 and
o(n) if g is even
s = a1
o(ns=1) if g is odd.

We investigate the existence of LSD of the above matrices under the following situation.

Assumption B {z,;n > 0} is a two sided moving average process

oo
Ty = Z ai€n_;, where a, € R and Z lan| < 0.

i=—00 neL

Assumption C {¢},i € Z are iid. random variables with mean zero, variance one and
sup; Ele;|**? < oo for some § > 0.

We show that the LSD of the above matrices continue to exist in this dependent situation under
appropriate conditions on the spectral density of the process. The LSD turn out to be appropriate
mixtures of, the normal distribution, the “symmetric” square root of the chisquare distribution, and,
some other related distributions. Quite expectedly, the spectral density of the process is involved
in these mixtures. Our results also reduce to the results quoted above for the i.i.d. situation.

In Section 2 we describe the nature of the eigenvalues of the above matrices and describe the spectral
density and set up notation. In Section 3 we state the main results and report some simulation



which demonstrate our theoretical results. The main proofs are given in Section 4 and the proofs

of some auxiliary Lemma are given in the Appendix.

Some of the results reported in this article have been reported in the unpublished technical reports

Bose and Saha (2008a), Bose and Saha (2008b), Bose and Saha (2009).

2 PRELIMINARIES

2.1 Spectral density and related facts

Under Assumptions B and C, 7y, = Cov (414, ¢) is finite and 37 [v;j| < oo. The spectral density

function f of {x,} exists, is continuous, and is given by

flw) = % Z'y;f exp(ikw) = % [0 + 2 Z'y;f cos(kw)] for w € [0,2n].

keZ k>1
Let

2 k=0,1,....n—1,

1 n—1 .
L(wy) = ﬁ’ the_mk
t=0
denote the periodogram of {z;} where wy = 2wk /n are the Fourier frequencies. Let
Co={t€[0,1]: f(2nt) =0}.

Define .
(€)= 3 e, ar(e) = Rla(®)], arle™) = Tla(e™)]

Jj=—00
It is easy to see that
la(e™)[? = [a1(e™)]? + [az(e™))* = 27 f ().

Let

ar(e™t) —ag(e™t) 0 0 0

az(e“t) aip(e“t) 0 0 0

0 0 ar(e™?) —ag(e™?) 0
B(wi,ws, ..,wy) = 0 0 az(e™?) ay(e™?) 0

0 0 0 0 : 0

0 0 0 e a1(e®s) —ag(e™9)

0 0 0 e az(e™) ay(e™)

(2.1)

The above functions will play a crucial role in the statements and proofs of the main results later.

2.2 Description of eigenvalues

We now describe the eigenvalues of the four classes of matrices. Let [x]| be the largest integer less

than or equal to .



(i) Circulant Matrix. Its eigenvalues {\;} are (see for example Brockwell and Davis (2002)),

1 n—1 ‘
/\k:\/ﬁlz(;xleu‘)kl:bk—i_ick Vk=1,2,---,n
where )
27rk: 1 — .
W = - le cos(wgl), cx = % lzga:l sin(wgl). (2.4)

(ii) Symmetric Circulant Matrix. The eigenvalues {);} of SC,, are given by:
(a) for n odd:

[n/2]

$0+2ZZE]

-

[n/2] 2rkj
x0+22x]cos ]] 1 <k<I[n/2]
7=1

[

(b) for n even:

n_y
1 2
Ao = 7[$0+22$j+$n/2]
j=1
n_q

2 .
L (D], 1<k <

[l’o + 2 Z T COS 2mk

j=1

3

A =

Si-

with A, = Mg for 1 <k < [n/2] in both the cases.

(iii) Palindromic Toeplitz matrix. As far as we know, there is no formula solution for the
eigenvalues of the palindromic Toeplitz matrix. As pointed out already, since the n x n principal
minor of PT,, ;1 is SCy, by interlacing inequality PT, and SC, have identical LSD.

(iv) Reverse circulant matrix. The eigenvalues are given in Bose and Mitra (2002):
Ao =n"2 305 @
Anj2 =n1/2 ?:_01(—1)txt, if n iseven

e ==t = In(wy), 1 <k <21

(v) k-Circulant Matrix. The structure of its eigenvalues is available in Zhou (1996). A more
detailed analysis and related properties of the eigenvalues, useful in the present context, have been
developed in Section 2 of Bose, Mitra and Sen (2008). Let

n—1
v =1, = cos(2n/n) +isin(2n/n), i = —1 and A\, = lel/kl, 0<j<n. (2.5)
1=0

For any positive integers k, n, let p; < p2 < ... < p. be all their common prime factors so that,

& C
n:n'Hpqq and k:k’Hpg".
q=1 qg=1



Here oy, B, > 1 and n/, ¥/, p, are pairwise relatively prime
Zs = {0,1,2,..

For any positive integer s, let
., 8 — 1}. Define the following sets

S(x) = {zk® mod n' : b >0}, 0<z <n’
Let g, = |S(z)|. Define

Vkn! = Hz € Zp : g2 < g1}
We observe the following about the sets S(x)

(2.6)
1. S(x) = {zk® mod n' : 0 < b < |S(z)[}.

2. For = # u, either S(z

) = S(u) or S(z) N S(u) = ¢. As a consequence, the distinct sets from
the collection {S(z) : 0 <z < n'} forms a partition of Z,

We shall call {S(x)} the eigenvalue partition of {0, 1,2
sets and their sizes by

n—1} and we will denote the partitioning

{Po,P1,...,Pi_1}, and n; =|P;|, 0 <i<l. (2.7)
Define
o= H Ay, 7=0,1,...,1—1 where y=n/n"
teP;
Then the characteristic polynomial of Ay, (whence its eigenvalues follow) is given by
-1
X (Agn) = A" T —y5). (2.8)
j=0

3 MAIN RESULTS

For any Borel set B, A\(B) will denote its Lebesgue measure in the appropriate dimension

3.1 Circulant Matrix

Define for (z,y) € R? and w € [0, 27],

]
/ < / :
He(w, 2, y) = B(Bw)(N1, No)' < v2(,9)') if flw)#0,
I(z >0,y >0) if f(w)=0.
Lemma 1. (i) For fixred x,y, Hc is a bounded continuous function in w
(i) Fc defined as follows is a proper distribution function

1
FC(xay) = / Hc(QWS,Qj‘,y)dS.
0

(113) If A\(Cp) = 0 then F¢ is continuous everywhere and can be expressed as

! 1 __vired
SR PR g —

2w f(2ms) d d d .
2772f(27rs)€ 5] avLavs

Further, Fc is bivariate normal if and only if f is constant almost everywhere (Lebesgue)
' (

(iv) If X(Cy) # 0 then F¢ is discontinuous only on D1 = {(x,y) : xy = 0}

(3.2)



The proof of the Lemma is easy and we omit it. The asymptotic normality claim in (iii) follows by
applying Cauchy Schwartz inequality to compare fourth moment and square of the variance and
using the fact that for the normal distribution their ratio equals 3. We omit the details.

Theorem 1. Suppose Assumptions B and C hold. Then the ESD of C,, converges in Lo to Fo(-)
given in (3.1)-(3.2).

Remark 1. If {x;} are i.i.d with finite (2 + 0) moment, then f(w) = 1/2w, and F¢ reduces to
the bivariate normal distribution whose covariance matrixz is diagonal with entries 1/2 each. This
agrees with Theorem 15, page 57 of Sen (2006) who proved the result under Assumption A.

3.2 Symmetric Circulant Matrix

For z € R and w € [0, 7| define,

[ B(JIRT@NO) < 1) i () £0,
Hs(w, ) _{ 11((3; > 0) it f(w)=0.

As before, we now have the following Lemma.

Lemma 2. (i) For fivxed z, Hg is a bounded continuous function inw and Hg(w, x)+Hg(w, —z) = 1.
(ii) Fs defined below is a proper distribution function and Fs(z)+ Fs(—z) = 1.
1/2
Fg(z) =2 Hgs(2ms, x)ds. (3.4)
0

(i) If N(Cp) = 0 then Fg is continuous everywhere and may be expressed as

xT 1/2 1 t2
Fy(z) = / [ O e_ihf(?”)ds}dt. (3.5)

my/ f(27s)

Further, Fg is normal if and only if f is constant almost everywehere (Lebesgue).
(iii) If N(Cp) # 0 then Fg is discontinuous only at x = 0.

Theorem 2. Suppose Assumptions B and C hold and

| 2 ok s/
nh—{%oﬁ ; [f(T)} — 0 forall 0<p<1. (3.6)

Then the ESD of SC,, converges in Ly to Fg given in (3.4)-(3.5). The same limit continues to
hold for PT,.

Remark 2. (i) (5.6) is satisfied if inf,, f(w) > 0.

(ii) It is easy to check that the variance, po and the fourth moment uy of Fs equal f01/2 A f(27s)ds

and f01/2 2472 f2(27s)ds respectively. By Cauchy-Schwartz inequality it follows that % > 3 and
2

equal to 3 iff f = % In the latter case, Fg is standard normal. This agrees with Remark 2 of Bose
and Mitra (2002) (under Assumption A).



3.3 Reverse circulant matrix

Define Hr(w,z) on [0,27] x R as

2

G-~ if flw)#0
w,r) = mf(w)
HR( ’ ) { 1 (2 f ) £ f(w) _o,

RIS

where G(x) =1 —e™® for x > 0, is the standard exponential distribution function.

Lemma 3. (i) For fized x, Hr(w,x) is bounded continuous on [0, 27].

(ii) Fg defined below is a valid symmetric distribution function.

1 1/2 .
=+ Hr(2nt,x)dt if ©>0
Fr(z) = { 2 fom r(2mt,z)dt - if (3.7)
53— Jo! T Hr(2nt,x)dt  if x <0.
(111) If X(Co) = 0 then Fg is continuous everywhere and can be expressed as
Q.
_ T 27w f(2nt) )
Fa(z) = 1—Jye ) dt if ©>0 (3.9)

Jiy e FIE dt if =<0.

Further, Fr is the distribution of the symmetric version of the square root of chisquare variable
with two degrees of freedom if and only if f is constant almost everywhere (Lebesgue).

(iv) If X(Cy) # 0 then F¢ is discontinuous only at x = 0.

Theorem 3. Suppose Assumptions B and C hold. Then the ESD of RC,, converges in Lo to Fr
given in (3.7)-(3.8).

Remark 3. If {x;} are i.i.d, with finite (24 0) moment, then f(w) =1/27 for all w € [0, 27| and
the LSD Fgr(-) agrees with (1.2) given earlier.

3.4 k-Circulant Matrix

As mentioned before, it appears difficult to prove general results for all possible pairs (k, n). We
investigate two subclasses of the k-circulant.

3.41 n=k9+1 for some fixed g > 2
For any d > 1, let
d
Ga(z) =P([[ B: < =),
i=1

where {E;} are ii.d. Ezp(l). Note that G4 is continuous. For any integer d > 1, define
Hy(wi, ... ,wg,x) on [0,27]¢ x R>q as

24 . d '
Gd((%)dnf:lf(wi)) if [Ty flwi) #0

Hy(wr, ... wy,x) =
s v) {1 i T flwr) = 0.



Lemma 4. (i) For fized x, Hy(wy, ... ,wq,x) is bounded continuous on [0,27]%.

(i) Fy defined below is a valid continuous distribution function.

Fy(z) = / /Hd 2ty ..., 2mwtg, ) Hdt for = >0. (3.9)

=1

Theorem 4. Suppose Assumptions B and C hold. Suppose n = k9 + 1 for some fized g > 2.
Then as n — 00, Fy-1/24, ~ converges in Ly to the LSD Ur(TT, Ei)Y/?9 where {E;} are i.i.d.
with distribution function Fy given in (3.9) and Uy is uniformly distributed over the (2g)th roots of
unity, independent of the {F;}.

Remark 4. If {2;} are i.i.d, then f(w) = 1/27 for all w € [0,2n] and the LSD is Uy ([17_, E;)'/?9
where {E;} are i.i.d. Exp(l), Uy is as in Theorem 4 and independent of {E;}. This limit agrees
with Theorem 3 of Bose, Mitra and Sen (2008).

Remark 5. Using the expression (2.8) for the characteristic polynomial, it is then not difficult to
manufacture {k = k(n)} such that the LSD of n='/2 Ay, ,, has some positive mass at the origin. For
example, suppose the sequences k and n satisfy k9 = —1 4 sn where g > 1 is fixed and s = 0(n1/3).
Fiz primes p1,po2, . ..,p: and positive integers (31, o, ..., 0¢. Define

p[131pé5’2' ptﬁz )

Suppose k = pips...ppm — oo. Then the ESD of ﬁfl/QAkﬁ converges weakly in probability to the

LSD which has 1 — (Ht 1Ps ) mass at zero, and rest of the probability mass is distributed as
Ur(TTe_, E:)Y/?9 where Uy and {E;} are as in Theorem 4.

3.4.2 n=k9%—1 for some g > 2
For z;,w; € R,i=1,2,..,¢9, and with {V;} i.i.d. N(0,1), define

Hy(wi, zi,wini = 1,...,9) = P(B(wi,wa, ..,wg) (N1, ..., Nag)" < (23, wi,i = 1,2, .., 9)').

Lemma 5. (i) Hy is a bounded continuous in (w1, ... ,wy) for fived {z;,w;,;i=1,...,9}.

(it) Fy defined below is a proper distribution function.

1 1
fg(zi,wi,i—l,...,g)—/ / ’Hg(Qﬂ'ti,Zi,'wi,i:1,...,g)Hdti. (3.10)
0 0
(111) If X(Co) = 0 then Fg4 is continuous everywhere and may be expressed as

Zlvw’u?’_ 1 g)

I[{Hf Crug0) Ty -4 2
/ /]I{t< (2 wi,k=1,..,9)} / / @) [[° 7 f 2rar)] He 3 F@muy) Hduz]

=1

where t = (t1,t2,...,tag—1,tag) and dt = [[ dt;. Further F4 is multivariate (with independent com-
ponents) if and only if f is constant almost everywhere (Lebesgue).

(iv) If X(Co) # 0 then Fy is discontinuous only on Dy = {(z;,w;,i =1,...,9) : [[{_; zw; = 0}.

10



Theorem 5. Suppose Assumptions B and C hold. Suppose n = k9 — 1 for some g > 2. Then as
n — 00, F,_1/24,  converges in Ly to the LSD ([]]_, Gi)Y9 where (R(G;),Z(Gy); i =1,2,...9)
has the distribution Fy given in (3.10).

Remark 6. If {z;} are i.i.d, with finite (2+ ) moment, then f(w) = 1/2m and the LSD simplifies
to Us([T9_, Ei)'/?9 where {E;} are i.i.d. Exp(1), Us is uniformly distributed over the unit circle
independent of {E;}. This agrees with Theorem 4 of Bose, Mitra and Sen (2008).

3.5 Simulations

To demonstrate the limits we did some modest simulations with MA(1) and MA(2) processes. We
performed numerical integration to obtain the LSD. In case of k-circulant (n = k% + 1), we have
plotted the density of F, defined in (3.9).

14 T T T T 0.7

0.6

0.5

0.4r

0.3F

0.2r

0.1

4 6 8 10 -6
—- dependent entries symmetric circulant

Figure 1: (i) (left) dashed line represents the density of F» when f(w) = 5=(1.25 + cosz) and the continuous line
represents the same with f = 5-. (ii) (right) dashed line represents the LSD of symmetric circulant matrix with

entries x¢+ = 0.3€; + €41 + 0.5¢442 where {¢;} i.i.d. N(0,1) and the continuous line represents the kernel density
estimate of the ESD of the same matrix of order 5000 x 5000 and same {z;}.

0.4r

0.35[

0.3

0.25

0.2r

reverse circulant with N(0,1) entries reverse circulant with Binomail(1,0.5)

Figure 2: (i) (left) dashed line represents the LSD of the reverse circulant matrix with entries x; = 0.3¢; + €441 +
0.5€142 where {¢;} i.i.d. N(0,1). The continuous line represents the kernel density estimate of ESD of the same
matrix of order 5000 x 5000 with same {z;}. (ii) same graphs with centered and scaled Binomial(1,0.5).
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4 PROOFS OF MAIN RESULTS

Throughout ¢ and C' will denote generic constants depending only on d. We use the notation
an ~ by, if a, — b, — 0 and a, = b, if Z—: — 1. We use normal approximation heavily in our
proofs. Lemma 6 is a fairly standard consequence of normal approximation and follows easily from
Bhattacharya and Ranga Rao (1976) (Corollary 18.1, page 181 and Corollary 18.3, page 184). We
omit its proof. Part (i) will be used in Section 4.1- 4.4 and Part (ii) will be used in Section 4.4.

Lemma 6. Let X1,..., X}, be independent random vectors with values in R?, having zero means
and an average positive-definite covariance matriz Vi, = k=1 2?21 Cov(X;). Let Gy denote the
distribution of k=/2T, (X14...4+Xy), where Ty, is the symmetric, positive-definite matriz satisfying
T? = Vk_l, n > 1. If for some § > 0, E||X;||?T%) < oo, then there exists C > 0 (depending only on
d), such that

(1)

sup |Gr(B) — ®a(B)| < Ck™**Dmin(Vi)]” a5
BeC

(ii) for any Borel set A,

Gr(A) — 4(A)] < Ch™Pmin (V)] " s + 2 sup q((94)" —y)
yeR

where ®4 is the standard d dimensional normal distribution function, C is the class of all Borel-

measurable convex subsets of R, po, 5 = k™1 Z§:1 E||X;]|?*%) and n = Cpyrsn=0/2.

As pointed out earlier, to prove that F,, converges to F' (say) in Lg, it is enough to show that
E[F,.(t)] — F(t) and V[F,(t)] —0 (4.1)

at all continuity points ¢ of F'. This is what we shall show in every case.

4.1 Proof of Theorem 1

The proof for circulant matrix mainly depends on Lemma 6 which helps to use normal approxi-
mation and, Lemma 7 given below which allows us to approximate the eigenvalues by appropri-
ate partial sums of independent random variables. The latter follows easily from Fan and Yao
(2003) (Theorem 2.14(ii), page 63). We have provided a proof in Appendix for completeness. For
k=1,2,---,n, define

|
—

n

1 n—1 1 ‘
Sok—1 = % Z et cos(wit), &op = % € sin(wyt).
t=0

t

Il
=)

Lemma 7. Suppose Assumption B holds and {€;} are i.i.d random variables with mean 0, variance
1. Then fork=1,2,--- ,n,

n—1

1 . .
Z 21 = a(e*) (o1 + i&ak] + Yi(wy),
1=0

Ak:%

and maxg<g<n E|Y, (wi)* — 0 as n — oo.
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Proof of Theorem 1: We first assume A(Cp) = 0. Note that we may ignore the eigenvalue A, and
also A, /5 whenever n is even since they contribute atmost 2/n to the ESD F, (x,y). So for z,y € R,

n—1

E[Fu(z,y)] ~ n' > Py <z <y)
k=1,k+#n/2

Define for £k =1,2,--- ,n,
e = (Ear—1,&2k) s Yin(wi) = R[Yn(wr)], Yon(wir) = Z[Ya(wr)],

where Y,,(wy) are same as defined in Lemma 7. Then (bg,cx) = B(wg)nr + (Yin(wg), Yon (wi))'
From Lemma 7, it is intuitively clear that for large n, A ~ a(e™*)[€ap_1 + i&ok]. So first we show
that for large n

n—1 n—1
1 1
o Z P(by < z,c <y) ~ o Z P(B(wr)me < (z,9)')-
k=1,k#n/2 k=1,k#n/2

Note that the absolute difference of the above equals

n—1
‘% > P(Bwr)mk + Yin(wr), Yon(wi)) < (2,9)') = P(Blwr)mk < (z,9)')
k=1,kn/2
n—1
< % S [P(Yin(wr)| > €) + P([Yan(wr)| > €)]
k=1,k#n/2
n—1
+ % > PBw)m + YVin(wi), Yoo wr)) < (2,9), (Yin(wi)], [Yon(@i)]) < (€,€))
k=1,k#n/2
~P(B(wi)m < (z.9))]|
= T + T>, say.

Using Lemma 7, as n — oo

9 n—1 9
T <= E P(|Yn(wk)]2 > 62) <= supE|Yn(wk)\2 — 0.
n € i
k=1,k#n/2

On the other hand, 75 < max {Rnl, Rng} where

n—1

1
Ry = |- Z P(Bwk)ne < (z+ €6,y +¢€)) —P(Blwr)m < (z,9)')],
" k=1,k#n/2
1 = ! !
Rnz = |~ > P(Blwnm < (@ —ey—e)) —P(Blwp)m < (z,9)')].
k=1,k£n/2

Note that R,1 < T35+ Ty + 15 where with N1, Ny being independent standard normal variates,

n—1
T=|- Y B(Blom < (@) ~P(BE)(Ni, M) < (Var,v2y))

k=1,k#n/2

)

13



)

Ty = ’% Z P(B(wi)mk < (z+ €6,y +¢€)) —P(B(wg) (N1, Na)' < (V2 + V2e,V2y + \/56)')

n—1

T5 = |— Z P(B(wk)(Nh Nz), < (\/5-1'—1—\/56, \/§y+\/§€)/) _P(B(Wk)(Nh NQ), < (\/5'% \/Qy),)

k=1,k#n/2

To show T5,Ty — 0, define for 1 <k <n — 1, (except for k=n/2) and 1 <1 <n—1,

X“g = (\/561 COS(wkl), \@El Sin(wkl)),.

Note that
E(Xix) =0 (4.2)
n—1
n 1y Cou(Xyy) =1 (4.3)
=0
n—1
sup sup [n 'Y B || Xy [|#TY] < € < oo (4.4)
n 1<k<n =0
For k #n/2

n—1
{B(we)me < (z,y)'} = {B(wk)(n_1/2 ZXl,k> < (V2z,v2y)'}.
1=0

Since {(r,s) : B(wg)(r,s) < (v2z,v2y)'} is a convex set in R? and {X;x, { = 0,1,...(n — 1)}
satisfies (4.2)—(4.4), we can apply Part (i) of Lemma 6 for k& # n/2 to get

n—1

IP(B(wi)(n™ > Xik) < (V22,V2y)') = P(B(wi) (N1, No)' < (V2z,v2y)')|
=0

< Cné/Z[nlnz:lEHXlkH(QJr&)] < Cn76/2

=0

and hence as n — oo, T3 < Cn=9/2 — . Similarly Ty — 0. Further

lim nzl P(B <(z,9)) = lim - nzl HoP™E vy = [ Ho d
Jm (W) < (z,y)) = lim — o5 my) = | Ho@ms,zy)ds.
k=1,k#n/2 k=1,k#n/2
Therefore
1 1
lim Ty = ‘/ Hc(27rs,:n—|—e,y—|—e)ds—/ Hc<271'8,$,y)d8‘

1
< / |He(27s, 2 + €,y + €)ds — He(2ms, 2, y)|ds.
0

Note that H¢ is uniformly bounded and for fixed (z,y) € R? as € — 0,

|Ho(2ms,x + €,y + €) — Ho(2ms,z, y)| — 0. (4.5)

14



So by DCT lim¢_,¢lim, .o 75 = 0 and hence R,1 — 0. Proceeding as above we can show that
R,s — 0 and hence lim,_,¢ lim,, oo 75 = 0. Therefore as n — oo,

n—1

E[Fn(z,y)] ~ % > P((Blwr)m < (x,y) / He(2ms, z,y)ds. (4.6)
k=1,k#n/2

Now, to show V[F,(z,y)] — 0, it is enough to show that

1« 1
= Y. Coldy)=— > [E(UkJi)—E(JEW)] = 0. (4.7)
k#k ;K k=1 k£k k' =1

where for 1 < k < n, Jj is the indicator that {by < z,cx < y}. Now as n — oo,

n

n 1
% > E(WEWw) = ZE Ji)] leZ[E(Jk)]QH[/O He(2ms, x,y)ds) .
k=1

k#k';k,k'=1
So to show (4.7), it is enough to show as n — oo,

1 = !
ﬁ Z (kaJk’) - [/(; HC(27T57xvy)dS}2'
koK

kK

Along the lines of the proof used to show (4.6) one may now extend the vectors of two coordinates
defined above to ones with four coordinates and proceed exactly as above to verify this. We omit
the routine details. This completes the proof for the case A(Cp) = 0.

When A\(Cp) # 0, we have to show (4.1) only on Df (of Lemma 1). All the above steps in the proof
will go through for all (z,y) in D$. Hence if A(Cy) # 0, we have our required LSD. This completes
the proof of Theorem 1. O

4.2 Proof of Theorem 2

For convenience, we prove the result for symmetric circulant matrix only for odd n = 2m + 1. The
even case follows by appropriate easy changes in the proof. The partial sum approximation now
takes the following form. For the interested reader, we provide a proof in the Appendix.

Lemma 8. Suppose Assumption B holds and {€;} are i.i.d random variables with mean 0, variance
1. Then forn=2m+1 and k=1,2,--- ,m,

m m

2kt ) 1 2kt 2kt
fotcos T al(ew’“)%zetcos 7; er) Z u n,ks

t=1 =1

where a1 (e™*), az(e™*) are same as defined in (2.3) and maxo<g<m E(Ynx)? — 0 as n — oo.

Proof of Theorem 2: As before, we first assume A(Cy) = 0. Note that we may ignore the eigenvalue
Ao since it contributes 1/n to the ESD F,, (). Further the term % can be ignored from the
eigenvalue {\;}. So for z € R,

2 1 9
E[F,(z)] ~ =Y P(—=M\<z)=">

Ui 2wkt
Z Tt COS z) .
— n

%\

15



Following the argument given in circulant case and using Lemma 8 we can show that

2 s 2 AL L 2rkt
E[F,(z)] ~ R;P[al(e k)n;etcos = ) 7; in == <x] (4.8)
B 9 m 12 m
= g ZP{m ZXl7k S Ck} (4.9)
t=1 =1
where
27kl 2kl
X1, = (20, ' cos - , 26, ¢ sin i ), o2 =2—1/m, 62 =2+1/m, (4.10)
Cr = {(u,v): onar (e )u+ dpaz(e™*)v < \/n/ma}. (4.11)
Note that

E(X; %) =0, ZCO'U Xix) =V and sup sup m~ ' ZE|]XMH2+6 <(C <o (4.12)

m 1<k<m =1
where ) .
s
Vi — 1 /T 1tan2m+1 .
——L__tan 2T 1
Vam2—1 2m+1

Let aj be the minimum eigenvalue of V. Then ai > auy, for 1 < k < m and

1 mm 2m+1 2

am =1— tan ~1-— ~1—-— =aqa, say.
4m? —1 2m +1 mm T

Since {X;x} satisfies (4.12) and Cj is a convex set in R?, we can apply Part (i) of Lemma 6 for
k=1,2,---,m to get

ii [P{m*l/Q in,k € C’k} - @O,Vk((]k)} ‘ < Cm—6/2% ia;m < Om—92a-312 _, .
k=t =1 k=1

where ®q v, is a bivariate normal distribution with mean zero and covariance matrix V.. Note that
for large m, 02 ~ 2 and 62 ~ 2. Hence C}, = {(u,v) : a1(e™“*)u+ az(e™*)v < \/z} serves as a good
approximation to C}, and we get

2 — 2 — 2 —
- gboyk(ck) ~ = ;%,Vk@;) ==Y P(uN(0,1) < 2), (4.13)

k=1

where 12 = ay(e™)? + ag(e™r)? + 2a;1(e™r)az(e™r) - tan bt Define v2 = ay(e™*)? +

. \/4771, — 2m—+1
az(e™*)2. Now we show that
P(ueN(0,1) < 2) — PN (0, 1) < )] ( ~0. (4.14)

Let 0 < p < 1. Now as n — oo, using Assumption (3.6),

[mp [mp] x/
2 2 He 1 2
5‘ kZ:: (1N (0,1) < ) — P(N(0,1) < )] ‘ = ];:1 /WVk \/ﬂe 7 dt
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1 | HE
[mp]
< 2| | Z ‘ — Vi ‘
Mka fk + k)
2|x|ta n &% (mp
< —0
- Z a(l+ )
k=1
On the other hand, for every n,
2 m
21 (BN (©0.1) < )~ BaN(0,1) < )] < 41— p).
[mp]+1
Therefore, by first letting n — oo and then letting p — 1, (4.14) holds. Hence
2 — 2 M 1/2
i — < =1 — < .
nlLH;o - ;P(ykN(O, 1) <z) nh—>Holo - ;}P’( 2r f(2mk/n)N(0,1) < z) — 2 ; Hg(2ms, x)ds

Rest of the argument in the proof for symmetric circulant is same as in the proof of Theorem 1.
To prove the result for PT,,, we use Cauchy’s interlacing inequality (see Bhatia, 1997, page 59):

Interlacing inequality: Suppose A is an n X n symmetric real matrix with eigenvalues A, >
An—1 > ... > A1. Let B be the (n — 1) x (n — 1) principal submatrix of A with eigenvalues
Mn—1 2 e Z M- Then

An 2 Pn—1 2 An—1 2 fp—2 > ... > A2 > pi1 > A1

As a consequence

1
[Fa = FBlloc < —
n

where F4 denote the ESD of the matrix A and || f||ec = sup, |f(x)|. We have already observed that

the n x n principal minor of PT}, 1 is SC,. The result for PT,, follows immediately. O

4.3 Proof of Theorem 3

For reverse circulant we need the following Lemma. Its proof is given in Fan and Yao (2003)
(Theorem 2.14(ii), page 63).

Lemma 9. Suppose Assumption B holds and {€;} are i.i.d random variables with mean 0, variance
1. Then fork=1,2,--- ,[”T_l],
In(wr) = Lo(wr) + Ru(wk), where Ly(wy) = 27 f (wi) (€351 + &31)

and as n — oo, Max; ¢« [n-1) E[Rp(wg)| — 0.

17



Proof of Theorem 3: As earlier, we first assume A\(Cp) # 0. From the structure of the eigenvalues,

the LSD, if it exists, is going to be that of a symmetric distribution. So, it is enough to concentrate

on the case x > 0. As before we may ignore the two eigenvalues Ao and A,, /5. Hence for z > 0,
[251]

E[F,(z)] ~1/2+n! ZQ: P(I,(wy) < z2). (4.15)
k=1

Along the same lines as in the proof of Theorem 1, using Lemma 9 we have

1 (23] 1 (23]
- P AN 2
- (In(wn) < a?) ~ — 3 7 P(Ln(w) < 2%),
k=1 k=1
where
9 9 n—1
Ln(wy) = 27 f(wk) (§ap—1 + &35) for 1 <k <[ ].
Define for £k =1,2,--- ,[%‘1] and [ =0,1,2,--- ,n—1,

Xip = (\/iq cos(lw), V2¢ sin(lwk))/, Ay = {(n,rg) : ﬂf(wk)(rf + 7’%) < 562}.
Note that {Xj} satisfies (4.2)— (4.4). Further
n—1
{Lp(wy) < 2?} = {n~1/2 ZXl,k € Apn}-

=0

Since Ay, is a convex set in R?, we can apply Part (i) of Lemma 6 to get, as n — oo.

(5]
1 —
- ; [P(Ln(wr) < #%) = Bo,1(Apa)| < Cn~? — 0,
But
(5] (%54 n
1 1 2rk /
- Z Qo r(Akn) = — Z Hr(—,z) — Hr(27t, x)dt.
n n n 0
k=1 k=1
Hence for z > 0,
1 1/2
E[F,(x)] — 3 Hg(2nt,z)dt = Fgr(z).
0
Now rest of the argument in the proof is same as in the proof of Theorem 1. O

4.4 Proofs for Theorems 4 and 5

The proofs of the two theorems for k circulant matrices draw substantially from the method of
Bose and Mitra (2002) and uses the eigenvalue description given earlier.

18



4.4.1 n=k%9+ 1 for some fixed g > 2

Proof of Theorem /J: For simplicity we first prove the result when g = 2. Note that ged(k,n) =1
and hence in this case n’ = n in (2.8). Thus the index of each eigenvalue belongs to ezactly one
of the sets P in the eigenvalue partition of {0,1,2,...,n — 1}. Recall that vy, is the total number
of eigenvalues ~; of Ay, such that j € P, and |P;| < g1. In view of Lemma 7 of Bose, Mitra and
Sen (2008), we have v ,/n < 2/n — 0 and hence these eigenvalues do not contribute to the LSD.
Hence it remains to consider only the eigenvalues corresponding to the sets P; which have size
exactly equal to g;.

It also follows from the argument in the proof of Lemma 3(i) of Bose, Mitra and Sen (2008) that
g1 = 4. Recall the quantities n; = [P;], y; = [[;ep, A, where \; = Z?:_ol it 0 < j < n given
n (2.5). Also, for every integer t > 0, tk?> = —t mod n, so that, A\; and \,_; belong to the same
partition block S(t) = S(n —t). Thus each y; is real. Let us define

I, ={l:|P| =4}

It is clear that n/|I,| — 4. Without any loss, let I, = {1,2,..., |I,|}.

Let 1,w,w? w?® be all the fourth roots of unity. Note that for every j, the eigenvalues of Ag,,

corresponding to the set P; are: yl/ 4,y]1/ 4 yjl/ 4 Q,yj /43 Hence it suffices to consider only the

modulus of eigenvalues y]-/ * as j varies: if these have an LSD F, say, then the LSD of the whole
sequence will be (7, 0) in polar coordinates where r is distributed according to F' and 6 is distributed
uniformly across all the fourth roots of unity and r and 6 are independent. With this in mind and
remembering the scaling \/n, we consider for z > 0,

= nl” HZ 1([4]" <a).

Since the set of A values corresponding to any P; is closed under conjugation, there exists a set
A; C P; of size 2 such that
Pi={z:x €A orn—uzec A}

Combining each \; with its conjugate, we may write y; in the form,

y; = | [ (b7 + ncf)

teA;
where {b;} and {¢;} are given in (2.4). Note that for = > 0,

|In]
_ Yj
E[Fo(2)] = I D_B(5 < o).
j=1
Define
U= [[ 01 +n&3) and f;= [ flw), 1<5< Il

teA; teA;

Let Aj = {j1,j2}. From Lemma 9, it is intuitively clear that for large n, % ~ 47T2fj%. So first
we show that for large n,

[1n| [n| —
—EIP)—]<:U4N—EIP’4712 < b,
’In’ — (n2 — ) |In| ot ( fj n2 — )
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Let 25 = Lpj + Ry j for 1 < j <|I,|, where

Ln,j = 47‘(’%}%’%
Rn,j = Ln(wjl)Rn(wjz) + Ln(wh)Rn(wjl) + Rn(wjl)Rn(ij)
Ln(wj,) 27Tf(wjk)(£§jkfl + fgjk), k=12

Without loss we may choose € small enough such that x — e > 0. Then

[n] [ n]
‘Z[ ,j+Rn,j§$4)—P(Ln,j§$4)” < ZP|RTL]|>€

un
- ZUP Ly <a*) = P(Ly; < a* e

< ‘In‘(Tl + T +T3+T4), say,

where
| In| |In]
P T IP’ — ®yu(A
1|HZ |’“”‘—E’QM\Z""— )l
1 I ||
= 1] Yo |P(Lny < @t +e) = Ba(Ay )|, Tu= \I | £ Z [4(Anj) — P47, )],
2 x4
An,j - {((Zl,bl,CLQ,bz H a +b2 — 4772f }
J

=1

2
o 2 zt +e
An,j - {<a17b17a27b2 g a ™ b - 47T2f] }

Note that 2 > 0 and without loss we may choose e small enough such that z* — e > 0. It may be
noted that if f; = 0 for any j, then A7, ; and Ay, ; are the whole spaces. We first show that 71 — 0
as n — 0o. Now

P([Rnjl =€) < P(|Ln(wji)Rn(wsp)| = €/3) + P(|Ln(w),) Bn(wji )| > €/3)
FP([ B (wjy ) Rn(w), )| = €/3).

and
P(|Rn(wji) Bn(wjp)| = €/3) < P(|Rn(wj;)| = €/3) + P(|Rn(ws)| > 1)
< CE([Rn(w)p)]) + E(1Rn(wj,)])
Fix M large. By Lemma 7, as n — oo
[1n| 3
,HZWR%,WMZ%KQ+UﬁmE%MWW

1<5<[57]
On the other hand,

1

P(Ln(ws ) Ra(s)| > €/3) < B(Lalws)] > S0+ P(Raler)] > 1)
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3

< mE(Ln(wjl)) + M E|Ry(wj,)]

Note that sup; <<, E[Ln(wj,)] < 47 max,e(o 24 f(w) < co. Hence

[7n]
1 3
— P(|Ly(wj ) Rp(wi,)| > €/3) < —4m max f(w)+ M sup E|R,(w,;
T 2 P ) )| = €/3) < 5oim o F0) + 0 _sup | EIF (o)

Now if we first let n — oo and then let M — oo, the right side of the above expression tends to
zero. Therefore Ty — 0 as n — oo.

We now show Ty < Cye for any n, where C,, is a constant depending only on x. It is understood
that if f; = 0 for any j, then in the string of equations and inequalities below, that term is absent.

[Tn]
1
Ty = 7= ) |Pa(An;) — Pa(A7 ;)]
1]
k=1
1 & e 1
< IZ‘/ e_t/2[/ . X fe_s/2ds}dt‘
il ;510 2 A<y 2
1 [T, o0 1 o - Z24 _30412_~_€
I 2nefit 2n4 fit
< 7 Z‘/o 5¢ e it —e J ]dt‘
k=1
|In| 4
>*1 1 -3 €
< t/27 e 272 f it dt
< s T g
4
€ z 1 1
< 2nefit .
= LA (e ! 27r2ft| x4)

To show 15,173 — 0 we will use normal approximation. define

2mtl 2mtl
Xl,j:21/2(qcos< T >, elsin<7r), tG.Aj) 0<l<n1<j<|I|
n n

Note that {X ;} satisfies (4.2)—(4.4) and
g' n—1
{47T2fjn—J2 < x4} = {n_1/2 ZXIJ € And}.
=1

Now using Part (ii) of Lemma 6 and Lemma 4 of Bose, Mitra and Sen (2008), arguing as in the

previous proofs,
[7n]

LY
=1

Hence 75 — 0 and similarly 75 — 0. Therefore

— 0.

y,
P(4r*f;—% < a') = @4(Any)

L 11| _ 11|
E[F,(z)] = |11| XQP(;Z; <a') ~ ul‘ 2@(@%% <a')~ ul‘ 2;<I>4<An,j>-
j= j= =
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To identify the limit, recall the structure of the sets S(x),P;, A; and their properties. Since
|In|/n — 1/4, v, <2 and either S(z) = S(u) or S(z) N S(u) = ¢, we have

|I" n

1
lim Z¢>4 =lim — Y ®y(Any) (4.16)

wour
Also for n = k2 + 1 we can write {1,2,...,n—1} as {ak+b; 0<a <k—1, 1 <b <k} and using
the construction of S(z) we have
Aj ={ak+bbk —a} for j=ak+b; 0<a<k—-1 1<b<k

(except for atmost two values of 7).
Recall that for fixed z, Hy(w,w’, z) is uniformly continuous on [0, 27] x [0,27], . Therefore given
any positive number p we can choose N large enough such that for all n = k2 +1 > N,

’}i2<2ﬂ(ai—%b) Qﬂ(bk——a)’ )__}{ (2wa 27h ))

; 2 %,%,l’ (4.17)

sup
0<a<k—1, 1<b<k

Finally using (4.16), (4.17) we have

n

: R
i \1\2@4 ng) = Mmoo ) @a(Ang)
j=1
. 1 — xt
N nh_{goﬁZGQ(KLWij)

B 27 ( ak:+b) 27(bk — a)
—,}LHQOEZZ( )

b=1 a=0
2wa 2ﬂb
- J:%ZZ (T )
b=1 a=0

= //H2(27rs,27rt,:n)dsdt:F2(:n).
o Jo

To show that V[F,(z)] — 0, since the variables involved are all bounded, it is enough to show that
) Yj 4 Yy 4
n ZCOU(H(E <z ), H(ﬁ <z )) — 0.
i#3’
Along the lines of the proof used to show E[F),(x)] — F3(z), one may now extend the vectors with
4 coordinates defined above to ones with 8 coordinates and proceed exactly as above to verify this.
We omit the routine details. This proves the Theorem when g = 2. The above argument can be

extended to cover the general (g > 2) case. We highlight only a few of the technicalities and omit
the other details. We now need the following lemma.

Lemma 10. Given any €, > 0 there exist an N € N such that

‘HL wj; ) H Ry (wj,)

i=1 i=s+1
for alln > N, where Ly(w;), Ry(wj) are as defined in Lemma 9.

27 1
< — § —S—
> €) M(s 1+ 6) Oé?da<)§wf(w)+(M +g—s—1) 1?1?§(nE‘Rn(wk)’ <
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Proof. Note

s g
P(| [T Zatwi) T Balwi)|>€) < B(|La(wy)| = Me)
i=1 i=s+1
s g
+P(| ] Zn(ws) ] Relws)| > 1/M),
i=2 i=s+1
and iterating this argument,
S g s
P(| []Ln(ws) J] Baws)|>€) < P(|Lu(w;)| = Me) + > P(|La(wy,)| > M)
i=1 i=s+1 =2
g
+P(] [ Rulw;)| > 1/M°).

i=s+1

Also note that

P(| T[] Bulw;)|>1/M*) < P(| [] Rolwi)|>1/M*) +P(|Bn(w).,,)| > 1)

i=s+1 i=s+2
g—1
< P(|Ru(wj,)| > 1/M*) + ) P(|Rn(w;,)| > 1)
=1
< (M°+g—s—1) max E[R,(wy)|.

1<k<n

Combining all the above we get

S g S
P(|[]Ln(ws) J] Bulws)| >€) < P(|Luw;)| = Me) + > P(|La(wj,)| > M)
i=1 i=s+1 =2
+(M*+g—s—1) 1r<nl?<xn1E|Rn(wk)\
1
< M(S -1+ 1/6)47ngﬁg<ﬁ] flw)
+(M*+g—s—1) 1r<n]?<XnE|Rn(wk)\.

First term in the right side can be made smaller than 7/2 by choosing M large enough and since
maxi<p<n E|Ry(wg)| — 0 as n — oo, we can choose N € N such that the second term is less than

n/2 for all n > N, proving the lemma.

For general g > 2, as before, n’ = n, the index of each eigenvalue belongs to one of the sets P; in
the eigenvalue partition of {0,1,2,...,n — 1} and vy, /n — 0. Hence it remains to consider only
the eigenvalues corresponding to the sets P; which have size exactly equal to g1 and it follows from
the argument in the proof of Lemma 3(7) of Bose, Mitra and Sen (2008) that g; = 2g. We can now

proceed as in g = 2 case. First we show

1 1
17 2 P =) ~ g L Py g <)
nl 5 nl i



Let

y, . y
teA;

g
Zn,j = {(ai,bi,i = 172’ 79) . H[271(a2 i b2)] < 1-29 }’

n e (2m)9 f;
g 29 4
—_— . - l’ 6
Ay ={lanbii=1.20): JIl27 6 + 8] < o}
i=1 !
Note that
|| || 2?9

|I |Z’(I)2'g (1)29(22,]')‘ < |I |Z‘/ 6 (2Tr)gf1 —e @MIijt dt‘
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since |e @

(27r)9f ;| < 29 and h(t) is the density function of product of (¢ — 1) i.i.d. Exp(1).
Now by last observation, Lemma 10 and using normal approximation appropriately, we can show
as n — 0o

| In] [ n]
1
‘\IRZP( nj+ Rnj < 22 ’I’ZPL < 2% - 0.
k=1

Now note that for n = k9+1 we can write {1,2,...,n—1} as {b1k9 +bok9 2+ - -+by_1k+bg; 0 <
b <k—-1,forl1 <i<k-1; 1 <b; <k}. So we can write the sets A; explicitly using this
decomposition of {1,2,...,n — 1} as done in g = 2 case, that is, n = k? + 1 case. For example if
g = 3, .Aj = {blk2 + ka + bg, bgk2 + bgk — bl, b3k2 - blk - bg} for j = b1k2 + bgk + bg (except
for finitely many j, bounded by vy, , and they do not contribute to this limit). Using this fact and
proceeding as before we conclude that the LSD is now Fj(-), proving Theorem 4 completely. O

4.4.2 n=k9—1 for some fixed g > 2

Proof of Theorem 5. First we assume A\(Cp) = 0. Note that ged(k,n) = 1. Since k9 = 1+ n =
1 mod n, we have gi|g. If g1 < g, then g1 < g/a where a =2 if g is even and o = 3 if g is odd. In
either case, it is easy to check that

k9 < K9/ < (14 n)* = o(n).

Hence, g = g1. By Lemma 3(ii) of Bose, Mitra and Sen (2008) the total number of eigenvalues ;
of Ay, such that j € A; and |A;| < g is asymptotically negligible.

Unlike the previous theorem, here the partition sets A; are not necessarily self-conjugate. However,
the number of indices [ such that A; is self-conjugate is asymptotically negligible compared to n.
To show this, we need to bound the cardinality of the following set for 1 <1 < g:

Dy={te{1,2,...,n}:tk' = —t modn} = {t e {1,2,...,n} :nt(k' +1)}.
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Note that tg = n/ ged(n, k' 4 1) is the minimum element of D; and every other element is a multiple
of tg. Thus

1Dy| < % < ged(n, k' + 1).
Let us now estimate ged(n, k! + 1). For I > [g/2],
ged(n, k' +1) < ged(k9 — 1,k +1) = ged (K97' (K" + 1) — (k9" — 1), k" + 1) < k97,
which implies ged(n, k! 4+ 1) < kl9/2) for all 1 < I < g. Therefore,

! l9/2]
gedlm i +1) K72 2 = o(1).
n (9= 1) = K@D/ = (a7

So, we can ignore the partition sets P; which are self-conjugate. For other P;,

yj = H (V/nby + iv/ncy)

tEPj
will be complex.

Now for simplicity we will provide the detailed argument assuming that ¢ = 2. Then, n = k% — 1
and we can write {0,1,2,...,n} as {ak+b; 0 <a <k—1, 0 < b < k—1} and using the construction
of S(z) we have P; = {ak + b,bk +a} and [Pj| =2for j=ak+b; 0<a<k—-1, 0<b<k-1
(except for finitely many j and hence such indices do not contribute to the LSD). Let us define

I, ={l:|Pi| =2}.

It is clear that n/|I,| — 2. Without any loss, let I,, = {1,2,...,|], |} Suppose P; = {j1,j2}. We
first find the limiting distribution of the empirical dlstrlbutlon of - (\f nbj, , v/ncj,, v/nbj,, v/ne;,)
for those j for which |Pj| = 2 and show the convergence in Lo. Let F,(x,y,z,w) be the ESD of
{(bj1,¢jisbjsscjp)}, that is
o IInl
F,(z1, w1, 22, w2) = m .Z]I(b‘jk < zk, ¢, < wg, k= 1,2).

We show that for z1,wq, 29, ws € R,
E[F,(z1, w1, 22, w2)] — Fa(z1, w1, 22, we) and V[F, (21, w1, 22, ws)] — 0. (4.18)

Define for k =1,2,--- ,n,
nj = (&2j1-1, €251+ E250—1,€22) s

and let Yi,(wj) = R(Yn(wj)), Yon(wj) = Z(Yn(wj)), where Y, (w;) is same as defined in Lemma 7.
Define

Y,] (Yin(wjl) an(le),Yin(WjQ),Yén(WjQ)), N = (N17N2’N33N4)/a

and
(Vi <€) = ([Vin(wiy)| < € [Yan(wiy)| < € [Yin(wi)| < €, [Yan(wy,)] < e),

where {N;} are iid. N(0,1). Then (bj,cj,bj,,cj,) = B(wjy,wj,)nj + Y, ;. From Lemma 7, it is
intuitively clear that for large n, [b; + icj] ~ a(e™7)[€2j—1 + i&;]. Note that

[n] [n]
1
‘|In| Zp(b]k S Zkucjk S W, k= 7 |I | ZP w]17w]2 S (217’11)1,2’2,11}2)/))
7j=1
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[n|
1
= |17 2 P wpn + Yy < (1w, 20,00)) = BB )y < (21w, 22,w2))]|

I
1\|

< 1y 2 [BYin()l > )+ B(Yan(n)| > €) + B(Vin(wi)] > )+ B(Yan(w)| > €]
n =1
[n|

1

+ “[‘ ZP(B(wjl?wjé)nj + Yr/b,j < (Zl,wlaz%w?)/? ‘Yn,j’ < 6) - P(B(Wjuwjz)ﬂj < (ZlvwlazQan)/)‘
nl 5

= T1 + TQ, say.

Now using Lemma 7, as n — oo

4 4
T < A ZP(!Yn(wjl)|2 > €?) < = squ|Yn(wj1)]2 — 0.
=1 /
Ty < max{R,1, Rp2} where
1 [1n|
o = !II‘ D P(B(wjy,wip)ny < (2146, wite, zoe, wate) ) —P(B(wj,, wi, )0y < (21,w1, 22,wa)')],
n =1
1 [1n|
Rpo = m‘ ZIP’(B(wjl,ij)nj < (z1—€,w1—€, 22—€, wa—€) ) —P(B(wj,, wj,)n;j < (Zl,w1722,w2),)‘.
Note that R, <15+ Ty + 15 where
1 [1n|
B [ 2] [P(B(wj,,wjo)n; < (21,01, 22,wa)') = P(B(wjy, wjp )N < (V221, V201, V222, V2wn)') |,
nl i3
1 [1n|
= | L] > PB(wjy,win)ny < (2k + e wi + €, k=1,2))
_P(B(wjuwjz)N < (\@Zk + \/567 \@wk + \@57 k=1, 2)/)|a
1|
1
5 = "I| > P(B(wj,,wj,)N < (V22 + V26, V2wy, + V26, k=1,2))
nl i

—[P(B(le,ij)N < (\/izk’ \/Ewkv k= 172)/)

To show 13,7, — 0, define

2mj1l 2111 27 jal 2mjal\ \’
Xl7k:21/2 <elcos (le),elsin( Url ),elcos( 2 ),elsin( 2 )> .
n n n n

Note that {X ;} satisfies (4.2) and (4.3) and

n—1
{B(wj,,wj,)n; < (21,01, 22, w2) } = {B(le,wjé)(n_l/QZX[,j) < (V221, V2w, V220, V2uw»)' }.
1=0
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Since {(7‘1,7“2,7“3,7"4) : B(wj,,wj,)(r1,72,73,74) < (\/ﬁzl,\/iwl,\/iz%\/ﬁwg)’} is a convex set in
R* and {X;4; 1 =0,1,...,(n — 1)} satisfies (4.2) and (4.3), we can show using Part (i) of Lemma
6 that T3, Ty — 0 as n — oo and hence

||

lim L Z P(B(le y ij)N S (\@Zl, \/iwl, \/§Z2, \/§w2)’)

n—o0 |I| 4

1 n

= lim — Y P(B(wj,,w;,)N < (V221,V2w1, V22, v2uws))
n—oo N 1
J_

— hm - E HZ(wjlgwj27zl7w17z27w2)
n—oo N

=1
_ [Zﬂ[zﬂ ak‘—|—b) 27 (bk + a)
o nglgoﬁ ’ n 7zlaw1)227w2>
a=0 b=0
[f] (V7]

2 ma 27b
= Jm 3 S (T T )
a=0 b=0
1,1
= / / Ha(27s, 2mt, 21, w1, 22, wa)ds dt.
0 0

Further, arguing as in the proof of Theorem 1, lim, .,o75 = 0 and lim._.glim, .., By1 = 0.
Similarly lim¢_,q lim;,, o Ry2 = 0 and hence lim,_.glim,_, 75 — 0. Therefore as n — oo,

[ 1n|
E[Fn (21, w1, 22, w2)]  ~ A |ZP (Wjis wWin)mj < (21, w1, 22, w2)")

— //H2(27T8,27Tt,Zl,UJl,ZQ,'UJQ)dSdt.
o Jo

Similarly we can show V[F,(z)] — 0 as n — oo.

Hence the empirical distribution of y; for those j for which |P;| = 2 converges to the distribution
of H?Zl G; such that (R(G;),Z(G;); i = 1,2) has distribution F». Hence the LSD of nfl/zAk,n is
(Hf:1 Gi)l/Q, proving the result when g = 2 and A\(Cp) = 0.

When A(Cy) # 0, we have to show (4.18) only on D§ (of Lemma 5). All the above steps in the
proof will go through for all (z;,w;;i = 1,2) in DS. Hence if A(Cp) # 0, we have our required LSD.
This proves the Theorem when g = 2.

For general g > 2, note that we can write {0,1,2,...,n} as {b1k9 +bok9™ 2+ -+ by_1k+by; 0 <
by < k-1, for 1 <i < k}. So we can write the sets A; explicitly using this decomposition of
{0,1,2,...,n} as done in n = k? — 1 case. For example if g = 3, A; = {b1k? +bok + b3, bok?+bsk +
bi, bsk? + b1k + bo} for j = bik? + bok + by (except for finitely many j, bounded by vy, and they
do not contribute to this limit). Using this fact and proceeding as before we will have the LSD as
(T, Gy) Y9 such that (R(G:),Z(G;); i=1,2,...g) has distribution F. O
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5 APPENDIX

Proof of Lemma 7.

n—1
1 twit
A, = —E Tie
n
t=0
1 00 n—1
— E : a.ewaE :ft eiwk (t=7)
n
j=—o00 t=0



1 00 o n—1 A
j t=0

j=—o00

= a(e™*)[En-1 + i) + Yn(wy),

where
n—1—j n—1 00
wyt twyt —1/2 W]
Unj = E ekt — g et Yo(wg) =n / E a;e"“*Uy,;.
t=—j t=0 j=—00

Note that if |j| < n, Up; is a sum of 2|j| independent random variables, whereas if |j| > n, Uy; is
a sum of 2n independent random variables. Thus E|U,;|? < 2min(|j|,n). Therefore, for any fixed
positive integer [ and n > I,

2

1 (o] o0
EY,(wi)l® < = Y la|BUZ)Y? | (> las] < o0)
j=—o0 oo
2
2 [ < iy 1/2
< 23 Jajlmin(ljl,m)
j=—00
2
1 .
< 2| =gl + > ayl
Vn 4 ,
<! 71>

The right side of the above expression is independent of k£ and as n — oo, it can be made smaller
than any given positive constant by choosing [ large enough. Hence, max;<i<, E|Y;, (wp)]> = 0. O

Proof of Lemma 8.

n
t=1
I & & onk(t —j)  2mkj . 2mk(t—j) . 2mkj
= 72 Z ajet_j[cos COS — Sin Sin ]
ntzl oo n n n n

ay (€™ — 2kt ag(eF) o . 2wkt 1 & 2rky . 2mkj
= \/ﬁgetcos N ;Slnn+\/ﬁ,z aj[cosTUk,j—sm - Vil

j=—o0

ay(e™r) zm: 2rkt  ag(e™r) zm: . 2wkt
—— sin —— + Y, 1,
NZD — n Vn — n

where -
1 2rkj . 2mkj
Yor= ﬁ Z a; [cos TUk’j — sin - de],
j=—00
“ 21k (t — §) okt - 21k (t — §) okt
Uk, = Z [et,j COST — € COS - ], Vij = Z [et,j sinT — € sin - ]
t=1 t=1

Note that if [j| < m, Uy,;, U ; are sums of 2|j| independent random variables, whereas if |j| > m,
Uk,j, Uy, ; are sums of 2m independent random variables. Thus E|Uy;1* < 2min(|j|,m). Therefore,
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for any fixed positive integer [ and m > [,

IE(YMC)2 < [ Z ajcos jUk 2y Z ajsm ij,J)Q}

j=—o00 j=—oo
< %[( > gl EWR)?) 4+ (Y |aj|(EVk2,j)1/2)2} (2 lasl < o0)
j=—o0 = -
< 203 laslminlsl,my /2
]f—oo
< 8(5 =S Il + Y lal)
|J|<z 71>l

The right side of the above expression is independent of k£ and as n — oo, it can be made smaller
than any given positive constant by choosing [ large enough. Hence, maxi<j<m I[:E(YM)2 —0. 0O
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