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Abstract

We study the limiting spectral distribution for a class of circulant type random matrices
with heavy tailed input sequence. Unlike the light tailed case where the limit is nonrandom,
here the limit is a random probability distribution. We provide an explicit representation of the
limit.
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1 Introduction

The study of the limit of the empirical spectral distribution (ESD) of random matrices when the
dimension tends to infinity has a long history, specially where the input sequence has light tails.
There have been very few articles where the input sequence has heavy tails.

For the Wigner matrix, when the input sequence belongs to the domain of attraction of an «
stable law with a € (0, 2), Ben Arous and Guionnet| (2008|) showed that the ESD converges weakly
in probability to a measure (called the limiting spectral distribution (LSD)) that has unbounded
support and has heavy tails. Later Belinschi et al.| (2009) studied some symmetric band matrices
and the sample variance covariance matrices with heavy tailed inputs. In both these articles the
LSD was shown to be nonrandom.

The Wigner matrix is a particular pattern matrix. To the best of our knowledge, there has been
no studies on the LSD for general patterned matrices with heavy tailed inputs. This appears to be
a difficult problem for matrices such as Toeplitz and Hankel matrices. We investigate the LSD for
a certain k-circulant matrices. For positive integers k and n, the k-circulant matrix is defined as

X, Xo Xs ... X, X,
ankJrl ank+2 ank+3 o ankfl ank
Ak n

o= | Xp—oky1 Xp—okt2 Xpn—ok43 ... Xp—ok—1 Xp—ok

nxn

The first row of Ay, is (X1, Xo,...,Xy) and for 1 < j <n —1, its (j + 1)-th row is obtained by
giving its j-th row a right circular shift by & positions (equivalently, £ mod n positions). Note that
k =1 or equivalently £k = n + 1 yields the usual “circulant matrix”. If £ = n — 1 then we obtain
the so called “reverse circulant” matrix.
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It is well known that the eigenvalues of the circulant are the discrete Fourier transform of the
input sequence. The eigenvalues of the reverse circulant are square roots of the periodogram (see
Bose and Mitral (2002))). Indeed, one important feature of the k-circulant matrices is that their
eigenvalues can be explicitly expressed in terms of their entries (see [Zhoul (1996)). In general these
are also (more complicated) functions of the discrete Fourier transform. The study of the LSD
of these matrices can thus be in principle based on the study of the discrete Fourier transform.
However, the number theoretic relation between k& and n could be vastly varying and the formula
for eigenvalues is not really amenable to a general treatment. It is not too difficult to see that if k
is held fixed, then the only nontrivial case as far as the LSD is concerned is when k = 1. This is
the reason why in addition to the case k = 1, one considers the case where k — co as n — co. We
are not aware of the study of these matrices for completely general combinations of £ and n.

This crucial eigenvalue formula has been exploited by several articles to find the LSD, the limit
distributions of the spacings of the ordered eigenvalues and the spectral norm, in the light tailed
case for a subclass of k-circulants. See for example Bose et al.| (2009alb, |2010aybllc), concentrating
only on the cases k9 = n 4+ 1 where g is a positive integer. This implies that k£ and n are relatively
prime. Note that these include the usual circulant and the reverse circulant (g = 1).

We shall consider the k-circulant matrix for 9 = n £+ 1 and the input sequence belongs to
the domain of attraction of an « stable law with o € (0, 2). The LSD of the reverse circulant
matrix with heavy tailed inputs was shown to exist in Bose et al.| (2003) using the methods of
Freedman and Lane (1981). |Knight| (1991) has been able to obtain some very nice representation
of the empirical distribution of periodogram entries of {X;} and provide its limiting distribution
including a representation for the limit. The LSD of the reverse circulant immediately follows from
Theorem 5 of |[Knight| (1991)).

We show that the LSD exists in the weak convergence sense for the above mentioned k-circulant
matrices. We also determine explicit representations of the limit. Our method of proof heavily relies
on the extension of the results of |Freedman and Lane| (1981) accomplished in |Knight| (1991)) together
with some intricate study of the eigenvalue structure of the k-circulant.

In Section [3] we describe the eigenvalue structure and state the main results. In Section [4] we
provide short proofs of our results.

2 Preliminaries

2.1 Input sequence and ESD

The sequence of random variables used to build the relevant matrices will be called the input sequence.
We initially assume that this sequence {X;} is i.i.d., defined on a probability space (2,4, P). Let
{M,} be a sequence of random matrix with this input sequence.

Let {\;} denote the eigenvalues of the random matrix éMn, where {a,} is a positive sequence

of constants. Then the ESD of iM” is defined as
1 n

Ly (A) = — I(\; € A).

o 4) = 310y < 4

If the input sequence for M, is {X; — ¢} with ¢, = E[X1I(|X1] < ay,)] and the eigenvalues of
éMn are denoted by {\;}, then the corresponding ESD will be

Far (A) = % S 10 € A).
=1



2.2 Eigenvalues of the k-circulant

We first describe the eigenvalues of the k-circulant matrix. This is based on Zhou (1996). Let

v =y, = cos(2m/n) +isin(2n/n), i = —1 and A\, = ZXluk(l_l), 0<k<n. (2.1)
=1

For any positive integers k, n, let p; < pa < ... < p. be all their common prime factors so that,
C (&
n:n/Hpqq and k:k/Hpgq.
q=1 q=1

Here oy, B; > 1 and n/, k', p, are pairwise relatively prime. For any positive integer s, let
Zs={0,1,2,...,s — 1}. Define

S(z) = {xkb mod n' : b > 0} ,0<z<n and g, =|S(x)| (2.2)
Define
Uk = {2 € Zyy : g < g1}]- (2.3)
We observe the following about the sets S(x).
(i) S(z) = {zk’ mod ' : 0 < b < |S(z)|}.
(ii) For = # u, either S(z) = S(u) or S(z) N S(u) = ¢.

As a consequence, the distinct sets from the collection {S(x):0 <z < n'} forms a partition
of Z,s. We shall call {S(x)} the eigenvalue partition of {0,1,2,...,n — 1} and we will denote the
partitioning sets and their sizes by

{Po,P1,...,Pi_1}, and n; =|P;], 0 <i<l. (2.4)

Define

yj::H)\ty, j=0,1,...,0—1 where y=n/n
teP;

Then the characteristic polynomial of Ay, (whence its eigenvalues follow) is given by

-1
X (Agn) =X T = y5). (2.5)
7=0

3 Main results

Assumption on the input sequence: Let {X;} be i.i.d. random variables in the domain of
attraction of a stable law with index a € (0, 2), that is, there exists a,, — oo such that

n
_ d
anl g (Xk —cn) = Sa,
k=1

where S, is a stable random variable and ¢, = E[X11(|X1| < ay)].



It is well known that a random variable X is in the domain of attraction of a (nonnormal) stable
law with index a € (0,2) if and only if P[|X| > t] = t~*I(¢), for some slowly varying | and

PIX >t
lim X > 1]

Jm S =P e [0,1]. (3.1)

Also the normalizing constants a,, are defined so that

[0}

nP[|X| > apz] — ™.

3.1 k-circulant with n =£%k9 + 1

We now analyze the eigenvalues for this particular case in more detail. First suppose n = k2 + 1.
Then from [Bose et al.| (2010a), if & is even then there is one singleton partition set {0} and if &k
is odd then there are two singleton partition sets {0} and {n/2} respectively; all the remaining
partitions have four elements each. Thus apart from these finitely many (hence negligible) singleton
partitions all others are of equal size of four.

In general for n = k9+1, g > 1, the eigenvalue partition (see Section 4.1 of Bose et al.| (2010a)))
of {0,1,2,...,n — 1} contains approximately ¢ = [%] sets each of size (2g) and each set is self-
conjugate; in addition, the remaining sets do not contribute to the LSD. We shall call the partition
sets of size (2g) as magor partition sets.

We will benefit from expressing the eigenvalues in a convenient form. This is given in the
following Lemma for easy reference. To do this, observe that a typical S(z) may be written as

S(bykI™ 4 bok9™2 4 -+ by)
which in turn is the union of the following two sets
{bik9™ 4ok 2 + -+ by, bkt + b3k e bgk — by, bk — b kIR — by}
and its conjugate i.e.
{n— (k9 + bok9™ 2 o bg), o on — (bgk9™h — b kIR — = by )}

where
0<bi<k—-1,...,0<by—1 <k—1 and 1<0b, <k

Define
Tn={(b1,b2,...0g) : 0<by <k—1,...,1<0by <k},

27t i . 2mgt
Ct:Zchos( nj ) and St:Zstm(Tj) for t e N.
j=1

Lemma 3.1. The eigenvalues of the k-circulant with n = k941 corresponding to the major partition
sets may be written as

{)\(b17b27---7bg)7 )‘(bl,bz,...,bg)w2g7 ceey )‘(bl,bz,...,bg)wggil . (bl, bQ, ey bg) € Tn}

where wayg is the primitive (2g)-th root of unity and

1/2g 1/2g
e 2 2 2
Ab1,b2,....bg) = O (Cblk!?*l—l----—i-bg + Sb1k9*1+-~~+bg) e <Cbgk9*1—---—bg,1 + Sbgkgfl—.--—bg,l)



In view of Lemma to find the LSD of Ay ,, where n = k9 +1, it suffices to consider the ESD
of {/\(bl’b%_.’bg) :(b,...,by) € Tn}: if these have an LSD F', then the LSD of Ay, will be (r,0) in
polar coordinates where r is distributed according to F', and 6 is distributed uniformly across all
the (2g)-th roots of unity and r and € are independent. With this in mind, define

~ 1 -

La,,(Aw) = T Z I(Apr,..,) € A),
" (by,....bg)ET,
1

LAk,n(A7w) = W I()‘(bh...,bg)eA)'
" (b1, bg)ETH

Further, let {I';}, {B;}, {U;}, {U;} and {U};}, be independent random sequences defined on the

same probability space where I'; = g:l E; and {E;} is a sequence of i.i.d. exponential with mean
1, and Bj; are i.i.d. satisfying P[B; = 1] = p = 1 —P[B; = —1] where p is defined by equation (3.1
and the rest of the variables are i.i.d U(0,1). Finally, let

: —1/a
J
Z; =T;"" = (Z Et> and ;= E[B;Z1(Z; < 1)].
t=1

We now state the following theorem. A typical element of Q2 will be denoted by w.
Theorem 3.1. Let n = k9 + 1.

(a) Then ‘EAk,n 4 La,, La,(-,w) being the random distribution induced by Ly (w)"/?9 Ly(w)'/?9 - - - Ly(w)'/?9,

00 2 0o 2
Lj(w) = (Z sin(27Uy ;) (Bt (w) Z(w) — Mt)) + (Z cos(2rU; ;) (B (w) Zi(w) — ,ut)> 1<ji<g.

t=1 t=1

(b) Then La,, 9, Ly,, La,(-,w) being the random distribution induced by Ll(w)% o Lg(w)?,
Lj(w) = (Z sin(QWU;j)Bt(w)Zt(w)> + (Z cos(27TUt”jj)Bt(w)Zt(w)> , 1<j<g.
t=1 t=1

3.2 k-circulant with n =£%9 — 1

As before, n’ = n and k¥’ = k. Now the eigenvalue partition of {0,1,2,...,n — 1} contains ap-
proximately ¢ = [%] sets of size g which are the major partition sets. The remaining sets do not
contribute to the LSD. For detail illustration see Bose et al.| (2010a)). Similar to the developments
in the previous section, now the major partition sets {S(z)} may be listed as

{b1k9™! £ bok9™2 4 o £ by, ok 4 b3k b bgk by, e, DRI T 1R L by )

where 0 < b < k-1, ...... ,0<bg—1 <k—-1,1<by <k.,with (b1,bo,...,0y) # (k—1,k—1,...,k—1)
and (b1, b2,...,09) #(k—1,k—1,...,k —1,k). Now define

Ty = {(b1,bg,..bg) = 0<b<k—1,.,1<by<k, (b1,bg,....0g) #(k—1,k—1,...k—1)
and (b1,ba,....bg) # (k—1,k—1,....k—1,k)},

I | . .
Y(b1,ba,....bg) = Gn (Cb1k9—1+...+bg + ZSb1k9—1+...+bg) (Cbgk9—1+...+bg_1 + @Sbgk9—1+...+bg_1) )

5



rarg (’Y(bl,bg,..-,bg))

g )

Then the eigenvalues of the k-circulant with n = k9—1 corresponding to the partition set S(b1 k9~ 1+
bok9™2 4 -+ b,) are

1
M1 barby) = V(b1 2o |7 XD

2 -1
T(b1,b2,0sbg) s T(b1,b2,0ensbg )G TN (b1,b2s s bg )W -3 TN (b1 b2 eensbg) P
where wy is g-th root of unity. So, to find the LSD, it suffices to consider the ESD of {7(b17b2 77777 by) :
(b1,...,bg) € Ty }: if these have an LSD F', then the LSD of Ay, ,, will be (1, 0) where ' is distributed

iarg(z)

according to h(F) where h(z) = |z|/9%¢™ ¢  and 6 is distributed uniformly across all the g-th roots
of unity, and r’ and 6 are independent. Hence define

~ 1 - 1
LAk,n(A’w) = 7] Z 1(7(517~--,bg) €A, LAk,n(A7w) = 7] Z I('Y(bl,...,bg) € A).
" (by,... by )ETY, 0 (b1,ebg)ET,

Theorem 3.2. Let n=k9 — 1.

(a) Let IiAk’n(.,w) be the ESD of {Y,,..p,) * (b1, ...,bg~) €T)}. Then INJA,M 9 La,, La,(.,w) being
wLg(w),

the random distribution induced by Ly (w)La(w)

Lj(w) = (Z cos(2nUy; ;) (Bi(w) Z(w) — Mt)) +i (Z sin(27U; ;) (Bi(w) Ze(w) — Mt)) 1<) <g.

t=1 t=1

(b) Then La,, 4 Ly, La,(.,w) being the random distribution induced by Li(w)......Lg(w),

Lj(w) = (Z cos(QWUtfj)Bt(w)Zt(wO +1 (Z sin(QWUtfj)Bt(w)Zt(w)> ,1<j<g.

t=1 t=1
3.3 Symmetric Circulant Matrices:

The (4, 7)-th element of the symmetric circulant, SC,, is given by Xnj2+1-|n/2—li—j||- Let Aoy A1y .oy An—1
be the eigenvalues of a,, ' SC,. These are given by:

(i) for n odd:

{ No=apt (X + 2 X ) 32)
Moo= ap (X2 X cos(2R)), 1< k< [n/2) 3.
(ii) for n even:
{ )\() = a;l(Xl + 2 22:*11 Xj+1 + Xn/g) (3 3)
Me o= ap (X122 X cos(2E) 4 (1)FXay), 1<k<® '

with \,_r = A\; in both cases.
Theorem 3.3. (a) igcn 4, Lsc, ﬂgo(-,w) being the distribution of symmetrized
(o @]

2 " cos(2rU;) (By(w) Zi(w) — ).
t=1

o0
(b) Lsc, q Lsc, Lsc(-,w) being the distribution of symmetrized 2 Zcos(27rUt*)Bt(w)Zt(w).
t=1



Remark 3.1. Even though the input sequence is heavy tailed, the LSD (in a.s. sense) is light tailed.

Indeed for o € (0,1) the LSD (in a.s. sense) has bounded support. We briefly sketch the proof.
—1/a

Recall that Z; = Ffl/ = Z Et) , where {F;} is a sequence of i.i.d. exponential with mean

1. Hence, by LIL for almost all w and for arbitrary € > 0 there exist jo(w) so that for j > jo(w),

1 i 1 a
Grwarovmms) <49 < Gouaravmss)
Hence
jo(w) o0 ) e
_ Zi(w) —
; (@) t:%%w) (t — (\/§+ e)ﬂtloglogt))
- 1 :

< ;COS 2mU¢) By(w Z Zi(w t_%%w) <t — (V2 + e)\/(tloglogt)>

Now it is clear from the last expression that the LSD obtained in Theorems [3.1|b), [3.2b) and
3.3(b) will have bounded support for a € (0,1). For o € [1,2) and for fixed w,

r(Zcos(QwUt*)Bt(w)Zt(w)> = ZBt w)Var(cos(2nU;}))

t=1

(o)
= Var(cos(2nU7)) Y Bi(w
t=1

Jo(w) o) =
2 1
< tz:; 77 (w) + t%%w) (t N e)ﬂtloglogt)) < 00

Hence, the LSDs in Theorems [3.1|(b), B.2(b) and [3.3|(b) has light tail (in a.s. sense) for a € [1,2).
Similar conclusions hold about the LSD in Theorems E ) and (3.2} -(a

4 Proof of the results

Following Knight| (1991), order the X}’s, 1 < k < n by their magnitudes | X,1| > [Xn2| > -+ [ Xunl-
Let Y1 = | Xk| and By be the random signs so that X, = B Yak. Let mp1, mn2, -+, Tnn be the
anti-ranks of Yy1,---, Yy, and let Uy = ™25, and Z,; = a; Yo

It follows from Lemma 1 of Knight| (1991 or Lemma 1 and 2 of LePage et al. (1981) that
U" = (Un1, - ,Upn,0,0,---), B® = (Bp1,--+ , Bpn,0,0,---) and Z" = (Zp1,-- , Znn,0,0,--)
converge in distribution to U = (Uy,Us, -+ ), B = (B1,Ba,--+) and Z = (Z1, Za, - - - ) respectively.
Moreover the limiting sequence are mutually independent and they converge jointly. Also the
limits can and will be assumed to be defined on the same probability space with the convergence
in distribution substituted by almost sure convergence.

Now we state a key Lemma which shall be used in the proof of the results. The first part of the
result was shown in Lemma 3 of Knight| (1991)) and the second part is a modification of the first
part, and shall be used in the proof of Theorem We need the notion of rational independence.
A sequence of real numbers {b;}1<j<m € (0,1) is rationally independent if for integers {a; }1<j<m.,

arb1 + -+ amby, =0(mod 1) < a3 =---=a, =0.



Lemma 4.1. (a) Let {Tnj}{j=1,....m} » » = 1 be positive real numbers such that
_
% — Uuj € (0, 1) (4.1)

where {u;} is rationally independent. Let R, be a random vector taking values from

Tnl Tnm
(t—(mod 1), ,t - (mod 1))

n

with probability 1/n for each t =1,--- ,n. Then the distribution of R,, converges weakly to the
uniform distribution on the unit cube [0,1]™.

(b) Let n="Fk9+ 1 and {an}{j:1 wom} » 02 1 satisfy (4.1) and

k nj kgil nj
7;” (mod 1) — v1 € (0,1),..., %(mod 1) — vg_1, € (0, 1). (4.2)
where {v1j,...v4-1;} is a rationally independent. Let
~ Tnj - Tnj —
Tnj(b1,b2, ..., by) = (#(bﬂcg Y 4 by)(mod 1), ... TJ(bgkzg b —by_1)(mod 1))

and R, be a random vector which takes values from the set

(Tn1(b1,b2, ..., bg), - -+ s Tpm (b1, b2, ..., bg))

with probability 1/|T,,| for each (b1,ba, ..., by) € Tp,. Then R, converges weakly to the uniform
distribution on the unit cube [0,1]9™.

Proof. We will give a proof only for the case g = 2. The proof for the general case is along similar
lines. A proof for the first part appears in Knight| (1991) and hence we provide a proof for the
second part. It is enough to show

/exp(QWiw.m)an(m) — 0, (4.3)
where w = (wy, wa, ..., way) is a vector in R?™ with integer coordinates. Note that we can write
the left side of ((4.3])) as

L Z ex 2wi(ak+b)§:w ; @—f—Zwi(bk—a)iw g
|Tn’ p : 25—1 n : 2] n
(a,b)eT), j=1 j=1

As |T,,| ~ n we can write the above expression as

1
~ Z Z exp(2miazyy, ) exp(2mibyg,) (4.4)

1<a<k 1<b<k

where

_ nj nj _ nj nj
Thn = E ng_lki — E wo; — and yYgn, = g wzjk— + E Woj—1—-
Jj=1 Jj=1 Jj=1 Jj=1



Note that both xy, and yg, can be considered with (mod 1) and
m m
Tn(mod 1) — Zw2jflvj - ngjuj ="
Jj=1 j=1

Now for nonzero integers {w; }, by rational independence of {u;, v;} we have z* # 0 (mod 1). Hence
for all large n, xx, is not an integer. Also note that for all large n, this is bounded away from zero
and one. Similar conclusion holds for {y,;}. Hence, summing the above geometric series we
get

1 —exp (2mikykn)

1 — exp (2miygy)

Now using the fact that the numerator is bounded and {zy,} and {yk,} stay bounded away from
0 and 1 for sufficiently large n, it easily follows that the above expression goes to zero. Hence this
completes the proof. ]

1 —exp (2mikzyy,)

1
—exp (2mizgy,) exp (27iYpn )
n

1 —exp (2mizyy,)

4.1 Proof of Theorem [3.1]

We shall prove the theorem only for ¢ = 2. For g > 2, argument will be similar with more
complicated algebraic calculations. Now define

h(z,y) = (cos(2mx),sin(2mx),cos(2my),sin(27y)), for (z,y) € R,
Xn(a,b) = a,' (Cak+b,5ak+b, ébk—a,gbk:—a) , for (a,b) € Ty,

where
n . n

~ 21yt ~ .
Cy = Zl(Xj — ¢p) cos( - ) and S;= z;(Xj — ¢y sin(
J= j=

2mjt

).

n

Let P,(-,w) be the empirical distribution function of X,,(a,b) defined by

LS i(Xa(ab) ).

] (a,b)€Ty

Note that if we show that P, converges in distribution then the result follows as the empirical

measure of f(Xy(a,b)) will also converge in distribution, where
1 1
flar,xo, w3, 24) = (] +23) 7 (2§ + 23)7.

As discussed, we ignore the eigenvalues coming from the partition sets P; with |P;| < 4. Now,

j=1
= 3" h((ak + B)Unj, (0k — @)Usj) (BujZuj — E[BujZugI(Zay < 1)].
j=1

Let
Whj(a,b) = ((ak + b)Unj(mod 1), (bk — a)Uy;(mod 1)).



To study the behavior of P,, we need (W (a,b), - , Wy (a,b),0,---) to be chosen at random
from the set of sequences

{Whni(a,b), -, Wan(a,b),0,---),(a,b) € T,,} .

Let

njr V¥'njg
So P, produces the random variable

o0

Zh njo n] (W)an(w) —E [Bn]Zn]I(Zn] S 1)])

To derive the convergence of W, = (U, V,y;) we apply the second part of Lemma That the

nj’ 'nj
anti-ranks satisfy its conditions is ensured by the following.

Lemma 4.2. Let m,; be the anti-ranks as defined in the previous section. Then ks%(mod 1)
converges in distribution to the uniform distribution on (0,1), where s = 0,1,2,--- ,g—1. Further,

Tnl —17Tnl Tnn —1Tnn d ~ ~
Tl et 0g 1), ... Ton g1 Ton dl) Uivsee Uor, Ui Uga, ).
(% “(mod 1), -+, " " (mod 1)) % (U1 Uy, Urs o Uy, o)

Proof. The proof goes along the same line as the proof of Lemma and easily follows when one
considers equation (4.3)). We skip the details. O

Proof of Theorem [3.1. The proof is quite similar to the proof of Theorem 5 of [Knight| (1991)) and
hence we just indicate the main steps. Let

=Y WU}, V;)(Bj(w)Zj(w) - E[B; Z;I(Z; < 1)].
j=1

We show that Y, <y,

Let P and E be the probability and expectation induced by the randomness of P,(-,w) (or
equivalently induced by Wy).

Now note that Y,*(w) can be broken into two parts as

> (U, Vi) (Brj(w) Zng (w)I (Znj(w) > €) = B (B ZnjI (e < Zn; < 1)]) (4.5)
7j=1
and -
> (U, Vi) (Buj(w) Znj (W) (Znj(w) < €) = B [Buj ZnI(Znj < €))). (4.6)
j=1

We show that the expression in converges in distribution almost surely (with respect to the
probability measure on 2) and the expression in goes to zero in Lg in probability (with respect
to the probability measure on ).

Since h is a bounded function it follows from Lemma 2 of Knight| (1991) that,

th ngo n] n]( )Zn]( )I(ZTLJ > 6 Zh n]’V;j) ( )ZJ(W)I(ZJ > G)H — 0 as.
j=1

10



and

HZh s Vi) B (B (w) Znj(w) (€ < Znj < 1)]

o0

- Zh nj» n] ( J(w)Z](w)I(6 < Zj < 1)] H — 0.

Now note that if ¢ : R?” — R? is a bounded continuous map having periodicity one in each
coordinate then under the assumptions of Lemma it follows that

% Z ((ak+b) (bk— )E’ 7(ak+b)ﬂ-2m

n
(a,b)ETn
1 1
0 0

m
glwr, -+ wam) = Y h(wgj_1,22;)(B; Z;1(Z; > €) — E[B; Z;I(e < Z; < 1)]
7=1

Tnm
bk —
(o — )™
Now we use

and Lemma [4.2] to conclude that,

m

> (U Vi) (B Zi1(Z; > €) — B[B; Z;I(e < Z; < 1)])

njr ¥nj
Jj=1

LN WUE V) (BiZ1(Z; > €) — BB ZiI(e < Z; < 1))).
7j=1

Now using the bounded nature of h and the bounds used in the proof of Theorem 5 of [Knight
(1991) it follows that, as n — oo and m — oo, we have

Z WU ViB Z I (Z > €)| — 0 as.

nJ’ nj
j=m+1
and
Z WU, Vi) E (B Z;I(e < Z; < 1)] || — 0.
j=m+1
Now

> WU V) (B Z;1(Z; > €) — E[B; Z;I(e < Z; < 1)])
7=1
is finite for almost all w, with P probability 1. So, as m — oo, we have

> WU}, V) (B Z;1(Z; > €) — E[B; Z;I(e < Z; < 1)])
7j=1
il Zh U, V] (B;Z;1(Z; > €) —E[B; ZjI(e < Z; < 1)]).
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The rest of the arguments are similar to the proof of Theorem 5 in Knight (1991). In fact that the
second part goes to zero in probability follows from the bound on h and regularly varying
property of the distribution of X;’s. This completes the proof of first part of the theorem.

The proof the second part can be written along lines similar to the proof of the second part of
Theorem 5 in [Knight (1991). We indicate the main steps. First, following arguments similar to
those given in the part (a),

oo . o0
S WU Vi) Buj Zugl(Zng > €)%Y h(UZ, V3B Z;1(Z; > e)
7j=1 7j=1
as n — o0o. Proof of the next step requires extra care. To show
Pl Zh U3 Vi) (BiZiT(Z; < €))|| > 4] 20
as n — oo and € — 0, observe that
{th (Unj» Vs Brj Zni1 (Znj < € >'7]

[| Zcos 27U%) Brj Zng I (Znj < €)] > } [| Zsm 27V B Zng [ (Zny < €)| > %}
(4.7)

First observe that P [| > 51 €08(2mU ) Brj Znil (Znj < €)] > } 2, 0. In fact, we have

D — * Y

P[\ z;cos(QWUnj)ananI(an <> 5]
]:

o (ak + b)l

s TF(anH)XZI(|Xl| < ane)l > 2}

n

27 (ak + b)l ¥
=4 : 1 E = 7 <a, -
(a,b) € Ap : |ay, - cos( - )XlI(|Xl| ane)| > 2}

1 PR 27 (ak + b)l v
+ = {(a, b) € AC |an1lz;cos () Xl (X < ane)] > 5}

where A, = {(a,b) : Y1, cos( 2Ly 4 0} Now |A,| = o(n) and |T,|/n — 1. So

mt{e 1Zcos LI X1 < a0 > 3}
—0(7,7)+|T1| {(@b)e 45 a 1Zc (O (11 < ane)] > 1}
= o(nn) + |Tln| {(a, b) € AS - 12 M) [Xll(\Xl| < ape) — E(XiI(1X;] < ane))M > %}

12



< ” b0l 3 os (LI D) < )~ B < 000)]) > 3}
n =1

[| Zcos 20U}3;)(Bnj Znjl(Znj < €) — E(Bpj ZniI(Znj < €)))| > l} 20,

by the proof of Theorem 3.1} m a). Now similar conclusion holds for the other three terms of (4.7). So,
[H > e h(U, Vi) (BnjZnjl(Zy; < e)H > 7)] 2, 0as n — oo and € — 0. So, this completes

’ﬂ]’ nj

the proof for both part (a) and part (b) of Theorem O

4.2 Proof of Theorems [3.2] and [3.3

The proof of Theorem is similar to the proof of Theorem so we skip it.

To prove Theorem first observe that, we can ignore a,!X; from the eigenvalues formula
(also a1 X, /241 if n even) since a,, 1 X1 — 0 in probability. Now the results follows from Theorem
5(a) of Knight| (1991).

Remark 4.1. Our proof heavily rely on the nice structure obtained for the eigenvalue partition in
n = k9 £ 1 case. For general k and n, the eigenvalue partitions have different sizes and varied
compositions, making it highly intractable.
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