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Abstract

As is well known, the joint limit distribution of independgWigner matrices is free with the marginals
being semicircular. This freeness is very special to Wignatrices and is intimately tied to noncrossing
pair partitions or, what are known as Catalan words, eacthaflwcontributes one to the limit moments.

We investigate the following questions. Consider a sege@i@atterned matrices: (i) when do
only Catalan words contribute (one), so that we get the semiclimiit? (ii) when does each Catalan
word contribute one (with possible nonzero contributi@nimon-Catalan words)? (iii) for what matrix
models do Catalan words not necessarily contribute oneaathon-semicircle limits arise, even when
non-Catalan words have zero contribution?

In particular we show that in a general sense, the semidaaleserves as a lower bound for possible
limits. Further, there is a large class of non-Wigner masiwhose limit is the free semicircle. This may
be viewed as robustness of the semicircle law. Similarrehs a large class of block matrices whose
limit is not semicircular.

Keywords: Asymptotic freeness, Catalan words, divisor functiogeavalues, empirical spectral distribu-
tion (ESD), limiting spectral distribution, moment methodncrossing partitions, semicircular law, Wigner
matrix.
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1 INTRODUCTION

If A1, \a,...., A, are the eigenvalues of a real symmetric mattjx.,, then itsEmpirical Spectral Distri-
bution (ESD)F4» is as defined below. Theimiting Spectral Distribution (LSDYf { A4,,} is the weak limit
of {FAn} o | if it exists, either almost surely or in probability.

n=11
FAn(g) =n~! zn:]l()\i < z). (1.2)
i=1

Wigner [8] showed that the semicircle law arises as LSD oftwignatrices. See for example [2] and [1] for
such results and their variations. It is also well known thattrace of finite product of independent Wigner
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matrices converge. This is tied to the idea of free indepecel@eveloped by Voiculescu (see Voiculescu
[9]). This freeness in the limit is very special to the Wignaatrices. In particular it is known that each limit
moment is the total number of noncrossing pair partitioee @®r example [1]). Equivalently, it is also the
total number of so calle@atalan wordgsee [3]).

The Wigner matrix is a special example of a (symmetric) page matrix. LSD of other pattern matrices
have also been studied. For examples, see [2], [4] and [bEt{@lies the joint convergence of symmetric
patterned matrices. In particular, for independent copfabe Toeplitz, Hankel, symmetric circulant and
reverse circulant matrices, the tracial limits exist foy amonomial formed with these independent copies.

Perhaps surprisingly, for the above matrices, each Catabath contributes one to the limit. We are thus
led to the following questions for general pattern matri¢gsvhen doonly Catalan words contribute (one),
so that we get the semicircle limit? (ii) when does each @atalord contribute one (with possible nonzero
contribution from non-Catalan words)? (iii) for what matmodels do Catalan words not necessarily con-
tribute one each and non-semicircle limits arise, even wisenCatalan words have zero contribution? The
goal of this paper is to investigate these issues.

Let d be a positive integer. Leét be the set of all integers and Iﬁi denote thel-dimensional lattice
of nonnegative integers. Ldt, : {1,2,...n}> — Zi, n > 1 be a sequence of functions such that
Lyy1(i,5) = Ly(i,7) wheneverl < i, < n. We shall writeL,, = L and call it thelink function. By
abuse of notation we writ&? as the common domain dfZ,,}. In some of the cases we considér,
depends om, but this still falls under the general framework as we deish wombinatorics for fixedh.
For our purposesd is either1 or 2. Let {z(i);7 > 0} or {z(i j);i,7 > 1} be a sequence of random
variables (thenput sequenge Then 4,, = ((x(L(i,7))) is a sequence of patterned matrices. We consider
only real symmetric matrices, so thatis symmetric in its arguments. The input sequence is takdieto
independent with further assumptions on their moments@sgrexl later on. For the moment assume that
they are uniformly bounded. Some well known matrices anut tim functions are:

(i) Wigner matrixW,, with L : Z2 — Z2 whereL(i, j) = (min(i, j), max(i, j)).

(ii) Symmetric Toeplitz matrixt;, with L : Zi — Z> whereL(i, j) = |i — j|.

(iii) Symmetric Hankel matrixd,, with L : Z2 — Z> whereL(i, j) = i + j.

(iv) Reverse circulant matriRC,, with L : Z2 — Z> whereL(i, j) = (i +j) mod n.

(v) Symmetric circulant matri$C,, with L : Z2 — Z> whereL(i, j) = n/2 — |n/2 — |i — j||.

Without any further assumptions, the limiting spectraltriisition need not exist. We introduce the
following properties of the link function:

Property B:  A(L) = sup,, SUP;z¢ SUP|<k<n #{l:1<1<n, L(k,]) =t} < o0.

In particular,A(L) = 2 for T,,,SC,,, andA(L) = 1 for W,,, H,, and RC,,. An L which does not satisfy
Property B isL(i,j) = min(i, j). [4] has shown that under this property, the sequence of mtsnoé the
empirical spectral distribution dfn~/2A4,,} is tight.

Define

oy = m]?x#{(i,j) s Lp(i,j) =k, 1 <4, j <n}.

Note that for Wigner matricesy,, = 2 (= o(n)). For RC,,, SC,,, T,, and H,,, c,, is of the ordem.
Let Mi(f) ={1<k<n:L(k,i) = L(k,j)} be the“match set” between rows and; at stagen.
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Property P:  M* = sup,, sup; ;<, |Mi(;l)| < 0.
We may now broadly summarize our results for the spectratiligion of {n~1/24,,}:

(A) If a,, = o(n) and PropertyB hold, then non-Catalan words do not contribute to the limi ¢he
essential support of any subsequential limif—2v/A, 2v/A]. Further, ifA = 1, then each Catalan word
contributes 1 and the LSD is the semicircular law. The Wignatrix is a special case. See Theorem 1.

(B) Symmetry and Property B ensures a contribution of attleas from each Catalan word, and thus,
any subsequential limit has its moments greater than orléquaose of the semicircular law. So, the
semicircular law is a “lower bound”. See pé&i} of Theorem 2.

(C) If Properties B and P hold, then each Catalan word cartggone to the limit. In particular, this is true
for Toeplitz, Hankel, Symmetric circulant and the Reveliseutant matrices. See pait) of Theorem 2.

(D) If ai, = o(n) and Properties B and P hold then the LSD is the semicircularTaese may be grouped
together asVigner type matrices. See pafiii) of Theorem 2. We provide some interesting examples in
this category.

(E) Non-semicircular limits arise if matches between rowesiacreased, say bylocking. In Subsection
3.1, we prove a general existence theorem for the LSD of hioakrices, extending Oraby’s result ([7]),
and showing an explicit dependence of the LSD on the bloclcttre. Using this result, we establish his
result that forsymmetric circulanblock structure, the LSD is a mixture of two scaled semidaclaws.
This proof continues to hold for other block structures hg\some common characteristics with symmetric
circulant. The joint convergence of the Wigner type magitethe free semicircle law also holds.

2 PRELIMINARIES

Define
Condition A:  {z;} or {z;;} is independent with mean zero and variance one, and djtheaniformly
bounded o«b) identically distributed.

The following has been shown in [4]. Suppose for every bodndeean zero and variance one i.i.d.
input sequenceF”_l/QA" converges to some fixed nonrandom distributioa.s. Ifk, — oo, and ko, =
O(n?), then the same limit continues to hold if the input sequesde.d. with variance one.

Thus when dealing with an input sequence satisfy@ogdition A we may assume that it is uniformly
bounded with mean zero variance one. Then we may use the dnefhmoments: supposé4, } is a
sequence of patterned random matrices, angd;ét,, ), for b > 1, denote theé:-th moment of the ESD of
A,,. Suppose there is a sequence of nonranddp};° , such that,

(M1) For everyh > 1, E[Br(An)] — Bn
(M2) Var|[p,(Ay)] — 0.

Further assume thdi3, }7° , satisfies Carleman’s condition
D> B =00 (2.1)
h=1

Then the LSD is identified by, }7° , and the convergence to LSD holds in probability. This cogeace
may be strengthened to almost sure convergence by repl@dizigoy
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(M4) E[B(An) — E(Bn(4n))]* = O(n~?).
We now mention some of the key concepts that we need. Thesakarefrom [4].
Circuit: Any functionr : {0,1,2,--- ,h} — {1,2,--- ,n} is said to be a&ircuit if 7(0) = 7(h). The
length /() of 7 is taken to béh. A circuit depends ok andn but we will suppress this dependence.
Define X = 21.(x(0),r (1) TL(x(1),7(2)) "~ LL(x(h—2),m(h—1)) T L(x(h—1),m(h)-
Any function of the trace may be written in terms ®f.. For instances |5, (A,,)] = E(X,).
Matched Circuits: Any value L(7(i — 1), 7 (7)) is said to be anL-valueof = andr is said to have aadge
of order e (1 < e < h) if it has anL-value repeated exactlytimes. If = has at least one edge of order

one thenE(X,;) = 0. Thus only thoser with all e > 2 are relevant. Such a is called L-matched (or
matched.

Equivalence relation on circuits Two circuitsm; andr, (of same length) are said to be equivalent if their
L values agree at exactly the same paitg). That is, iff { L(m (i — 1), m1(i)) = L(mi(j — 1), 71(j))

& L(ma(i — 1),m9(i)) = L(ma2(j — 1), 7(j)) } . This defines an equivalence relation between the circuits.
Words: Equivalence classes may be identified with partition§1o®, - - - |, h}: to any partition we associate

aword w of lengthl(w) = h of letters where the first occurrence of each letter is inathgtical order. For
example, ifh = 5, then the partitiof {1, 3,5}, {2,4}} is represented by the wordaba.

The classII(w): Let w]i] denote the-th entry ofw. The equivalence class correspondinguts

(w) = {7 : wli] = w[j] & L(n(i = 1),7(i)) = L(x(j —1),7(5))}-

The number of partition blocks correspondingw@owill be denoted byjw|. If 7 € II(w), then clearly,
H{L(n(i —1),7(i) : 1 < i < h} = |uwl.

The notion of ordek edges, matching, nonmatching forcarries over to words. For instance, while
ababa is matchedabcadbaa is nonmatched with edges of order2 and4 and the corresponding partition is

{{1,4,7,8},{2,6},{3},{5}}. As pointed out, it will be enough to consider only matcheddsorThe total
number of matched words having ordeedges withw| = & equals%.
A pair matched word is said to gatalanif succesive removal of double letters of the foim reduces

it to the empty word. This sets up a 1-1 correspondence wimtimcrossing pair partitions. The number of

2k)!

Catalan words of lengthk equals%.

The classIT*(w): Define for any (matched) word,

I (w) = {7 : wli] = wlj] = L(x(i —1),7(i)) = L(n(j — 1),7(4))} 2 I(w).
The classesC'(w) and I';;(w): We shall have occasion to deal witPk + 1) tuple = satisfying all the
constraints imposed by a pair matched werdf length2k except that it is not necessarily a circuit (that is,

m(0) = w(2k)). Define

Cw) = {r:misa2k+1 tuple > wli] = wlj] = L(x(i —1),7(i)) = L(x(j — 1),7(j))}
Lij(w) = {m € C(w) : w(0) =4, 7(2k) = j}, (1 <4,j <n), 7ij(w) = |Tij(w)].

n
Clearly, [TT* (w)| = Y _ vii(w).
i=1
Vertex and generating vertex Givenr, any (i) (or i) is avertex. It is generatingif eitheri = 0 or w[i]
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is the position of thdirst occurrence of a letter. For exampleyif= abbcab thenn(0), w(1), 7 (2), 7 (4) are
generating vertices. By Property B, a circuit is completidyerminedup to a finitely many choicdsy its
generating vertices. The number of generating verticesignw| + 1. Hence|IT* (w)| = O(nl*I*1).

It is further known from [4] that—L |TI(w)| and — [IT*(w)| have same limit behaviour. Define, for

n

each fixed matched word of length2k with |w| = &,

1
p(w) = lim

Bt WIH (w)| = lim W\H(w)\ (2.2)

whenever any of the two limit exisfBhen the limiting(2k)-th moment ofn~'/2 4,, is the finite sum

Bop = > p(w), where p(w) < AF forall w
w:|w|=k, l(w)=2k

and the odd moments are zero. Furtiiér,4) holds.

3 MAIN RESULTS

Theorem 1 (i) Supposey,, = o(n). If w is pair matched non-Catalan word of lengtk, then|II* (w)| =
O(n*a,). Hencep(w) = 0 and any subsequential limit has essential support bounaédd/A, 2v/Al.

(ii) SupposeA = 1. Then, for any Catalan word of length2k, and anyn, |I1*(w)| = n**!. Consequently,
p(w) = 1. If in addition, o,, = o(n), and the input sequence satisfies Condition A, then the L8D fo
n~(1/2) 4, is the semicircular law.

Proof of (i): Supposev is not a Catalan word. Then thereiisc j < ¢ < [ such thatw[i] = w[t] = a (say)
andw(j] = w[l] = b (say). Without loss of generality, lebe the minimum such choice (for some, [), and
for this 4, let j be the maximum such choice (for somé). Thus, all letters ofv in {w[j + 1], ..., w[t — 1]}
have both copies ifi + 1, ...,t — 1}. We use the following algorithm for circuit corresponding tav:

(1) Firstfill up 7 (0), ..., 7(7 — 1) from left to right If the number of distinct letters im[1], ..., w[j — 1]
is z, then the number of generating vertice§...,j — 1} isz + 1.

(2) Now fill up 7 (), ..., w(j) in this order SinceL(n(i—1),7(i)) = L(n(t—1),7(¢t)), (7(t—1),7(¢))
can be chosen in at mosat, ways. Ifw[s] (j < s < t) is the second occurrence of a letter in the filling
sequence, then, having chosen upte), (s —1) has at most\ choices. Therefore, ib[i1], ..., w[iy](i1 <
ip < .. < iy) are the first occurrences of the letters in the filling seqaeucurring in{t, .., j + 1} (clearly
i1 > j + 1), each vertex it — 2, ..., j} N {i, — 1,...,4; — 1}° can be chosen in at maAt ways, given all
previous vertices in the filling sequence.

(3) Finally fill w(¢t+1), ..., 7(2k) fromleft to right If the number of first occurrencesit+1], ..., w[2k]
is z, then the number of generating vertices.is

So, the circuit is completely specified. The number of vediother tham (¢) andx (¢t — 1) with choices
more thanA, given previously filled vertices in the filling sequenceaisnost(z + 1) + y + z. As the first
occurrence of letteris never counted among thdirst occurrences in step (2), therefare; (y+1)+2z = k.
As a consequencd]*(w)| = O(n*a,,) and hence(w) = 0.

For any subsequential limit, using Stirling’s Approxinuatj 35, < Ak% < AFC2% whereC is

a constant. The claim on the support follows asiieorm converges to the essential supas oo.
Proof of (ii): The essential implication ok = 1 is

L(r(i —1),7(i)) = L(7n(i),m(i + 1)) = (i — 1) = w(i + 1). (3.1)
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Fork = 1, chooser(0) andx(1) in n ways each, and for all such choiceg?2) has exactly one choice by
(3.1), i.e.,m(2) = 7(0). Therefore |/IT*(w)| = n?.

Now we apply induction ork. Suppose the statement is true for sotng 1. Take any Catalaw of
length2k + 2. Then there ig, i+ 1, i < 2k + 1 such thatw[i] = w[i+ 1]. If v’ is the Catalan word obtained
from w by deletingw[i] andw|i 4+ 1], then any circuitr’ in II*(w’) yields n distinct circuitsmy, ..., 7, in
IT*(w), wherer is obtained by putting s(j) = 7'(j) Vj # i,i+ 1, m5(i) = sandns(i+ 1) = (i — 1) by
(3.1). Also, this process applied to all circuitsliri (w’), yielding the entird1*(w). Therefore|IT* (w)| =
n|IT*(w')|. By induction hypothesigIT*(w)| = n.n*+1 = nk+2, O

Theorem 2 (i) Supposé. satisfies Property B. Then, for any Catalan wardf length2k, |1y (w)| > nktL,

, . - " . 2k)!
Hence if the input sequence satisfies Condition A, then fpisabsequential LSOy, > m

(if) Supposel satisfies Propertie® and P. Then for any Catalan word, p(w) = 1.

(iii) SupposeL satisfies Properties B and R,, = o(n) and the input sequence satisfies Condition A. Then
the LSD of{n~1/24,,} is the semicircle law.

Matrices satisfying Properties B, P ang = o(n) will be calledWigner type matrices.

Before we prove the theorem, we wish to make the followingasnon the joint convergence.

Remark 1 Let{A;,,1 < i < p} bepindependent sequencesok n random matrices with a common link

[T(w)]

nerl
0, depending on whether or natis Catalan. Further, assume that the input seque{qééj)} (1<j5<ky)

function that satisfies Properti. Suppose, for any pair matched wardof length2s, lim =1lor

satisfiesE:z:Z(T;) =0, E\xEZ)P = land for allm € N, sup sup sup E\xz(r;)\m < c¢m < 0o. Then
’ ’ no1<i<p1<j<kn

n~1/24,,,1 < i < pjointly converges to the freely independent semicircle lavparticular, this holds for
Wigner type matrices. All this can be proved by using the abresults and the developments in [3]. We
omit the details.

Proof (i) To ease notation, suppress dependency: @nd write, for exampled for A,. Let Ly, be the
Wigner link function and for any Catalan, let ILj;, (w) be the corresponding* (w). If = € IIj;, (w), then
wli] = wlj] = L (r(i — 1),7(i)) = Lw(n(j — 1),7(j)) = La(n(i —1),7())) = La(x(j — 1), 7(j)) (as
Ais symmetric)= 7 € IT% (w). ThereforeIl};, (w) C IT% (w). As|IL}, (w)| = n**1, the result (i) follows.

(ii) We will prove this part by induction. Consider the foling induction statemenrt.: For any Catalam
of length2k, M}, > 0 such that

_ . 1~ vi(w)
g < k-1 = — 1| = .
vij(w) < Min forall :# j and - ZEI | o 1| =0(1/n)

Note that if Sy is true, therp(w) = 1 for w Catalan.
Fork =1, vj(w) = |Mi(;‘)| < M* for all i # j by PropertyP, and~;;(w) = n. ThereforeS; is true.

Let S; be true for alll < k£ — 1 (k > 2). We shall now prove that, is true. Letw be a Catalan word of
length2k. Then the following two cases arise:

Case(i). w = wywsy, Wherew; andw, are Catalan words of lengttk; and2k, respectively (say) where
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k1 <k —1andky, < k — 1. Then fori # j, using induction hypothesis and PropeRy

n

Yijw) = > valw)yw(we) = > va(wy)y(we) + vii(wi)vij (wa) + ¥ij (w1755 (w2)
=1 |y

< (MM (M2~ (n) + (AR IR (M, n®271) (AR~ Ink2) (M, n*1 )

= (M, My, + AP My, + A7 M )b

Now we prove the other part of the induction statement

1 zn: |M _1 = Z |Zl;£z Yir(w1)vii(wa) + i (w1)vii (we) )
n nk o nk
< Z |71Z i 14— ZZ it (wi sz ws) _ T Ty (say)

i=1 [#i

By using the induction hypothesis,

1 M., My, nk—2 n M., My,
T2§_ZZ#§MK1M1€2” = - : :O(l/n)

By induction hypothesis and ProperB,

T, < l - 'Yii(wl)r)/u Zp/zz wl

n 4 nki
=1

1 ¢ k1—1 %‘z‘ w2 ’m w1
EZAI |W—1|+5Z\7—1\20(1/n).
i=1 i=1

IN

This takes care of case (i).

Case(ii). w = awya, wherew, is a Catalan word. Let# j. Then
viiw) = Y ww)+> D u(w) = AL+ Ay (say)
lem™ I=1 t£1:L(i,1)=L(j,t)
ij

The first sum is for those € C'(w), 7(0) = i, 7(2k) = j for which(1) = = (2k — 1). The second sum
handlesr € C(w), n(0) =i, 7(2k) = j for which (1) # 7(2k — 1). Observe that

Aq
Ao

AF=2ZpF=10Ar* (by Property P)

<
< M_1n*2.nA = M,_An*~! (by induction hypothesis and Property.B)

This proves the first part of the assertion. To prove the skbaiff, we proceed as in the previous case. By
PropertyP and induction hypothesis:

>y yu(wr) + Zl tiltt,ie M) Yir(w1)

1~ vi(w) 1 o = RARERIY
~Y 1) = gz| s : -1
=1

< Z|Zzn1n’¥l 1“’1 T Z 3 VltT(L’l];Ul)

=it iemY




n n

1 1 1
Iy iyt gy Ly y e

-1 =1 LI i ()
1~ yulwr) 1 . k—2
= EZ| k-1 1]+ k1 Z M™. My—1n
=1 1t:1£t
1~ yulwr) M* My
< EZ| ) _1‘+T:O(1/n)'
=1

Therefore, the above induction statement is true fok all
(iii) Part (¢) of Theorem 1 and pafti) of Theorem 2 together imply this. O

The Toeplitz, Hankel, Symmetric circulant and Reverseutanat matrices all satisfy the assumptions of
part(ii) of the above theorem.

Remark 2 A careful look at the proof of paft) of Theorem 2 shows that for any Catalan waraf length
(@) _ . M ()]

2k, IT* (w) 2 1L}y, (w). By part(ii) of Theorem Zhﬁn R S lim— e = 1. Therefore
T (w) — Ty (w))
hgln ] = 0.

This will be used crucially in Section 3.1.

Example 1 Supposd.(i,j) = |P(i,7)|, whereP is a symmetric polynomial in two variables with integer
coefficients. Then, it can be easily checked that the camditiof part(iz) of Theorem 2 are satisfied.
However, the conditiomy,, = o(n) may not be satisfied, as in the Toeplitz matrix whéte, j) = |i — j|.

Example 2 Let us now consider a natural subclass of the above. Li(&tj) = |P(ij)|, whereP is a
polynomial of degreel (say) in one variable with integer coefficients. ket= #{(:,7) : L(i,j) = I}.
Thena,, = sup u;. Clearly,|P(ij)| = [ has at mosRd non-negative integer solutions of.
1e{|P(ij)]:1<i,j<n}
For each such solution (say) in{1,2,....n2}, #{(i,j) : 1 < i,j < n,ij = z} < d(z), whered(z) is
the number of positive divisors of. It is well known that (see [6])im sup M
n  logn/loglogn
particular, for anye > 0, d(n) = o(n¢). Choose: < 3 andC > 0 such thatd(m) < C'm* for all positive
integersm. Therefore,

=log2. In

ay = sup w < (2d)[ sup d(m)] < (2d)Mn* = o(n).
1e{|P(if)|:1<i,j<n} m<n?

Hence by par{iii) of Theorem 2 the LSD is the semicircular law. This also carégto be the LSD if
2d
L(i,j) = |P(ij)| mod m, wherem,, is a sequence of positive integers satisfying T <.
mMp
Example 3 Wigner type matrices are easily obtaineddmnloring. For instance, take a triangular input
sequence(w; ; }o<i<n—1, 1<j<r,) Salisfying ConditionA. Consider theToeplitz link functionL and a
color link function
Lc(i,j)zckiflk§i+j<lk+1 (1§k§7’n—1)
whereci's are colors an@ = I < ls < ... < [, = 2n + 1 satisfy sup (1 —Ilx) = o(n). Consider
k<rn,—1
the colored Toeplitz matrix4,, with link function L(i, j) = (L7(i,j), L.(i,7)). Then itis easy to see that
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an = sup (lgs1 — lx) = o(n) and Propertied3, P are satisfied. Hence, this isvdigner typematrix. A
k<r,—1

general treatment of colored matrices will be made in a Gomhing article.

3.1 Finite symmetric block matrices with large Wigner type Hocks
A finite symmetric block structurd, = By (aq,as, ..., a¢) is ak x k symmetric matrix whose entries are
defined by(By.)ij = ar i), whereL’ is the link function forB;,.

Theorem 1 of [7] proves a general existence theorem for sladk matrices with Wigner blocks. In
Theorem 3, we supplement this result by relaxing his momssuraptions and also allowirigner type
blocks We are also able to provide additional information on thélshd show its explicit dependence
on the block structureé3,. Further, we use our result to demonstrate hdarge match setan result in a
non-semicircular LSD even i,, = o(n). We need to introduce a few concepts and a few notation.

Let WI”), WQ”), ... be sequences of independent Wigner type matrices, witkesrdf color1, 2, .. re-
spectively and a common link functidti. Then the(i, j)th entry ofW,g”) may be written as by ;. 1.+ ;)
wherek denotes the color. Replace thiej)™ entry of B;, by W ) to obtain thekn x kn matrix:

'(6,3
Ap g = By (W™, W™,
Denoting the greatest integer function [gy the link functionZ of A,, ;, is
L(i,j) = (L'([(i — 1)/n] + 1,[(j — 1)/n] + 1), L*((i — 1) modn + 1, (j — 1) modn + 1)) .
For a wordw, defineCp, (w) andIl}; (w) as theC' andIl* (defined in Section 2) for the matrig;. Let

Ap, = sup sup #{j:1<j <k L'(i,j) =t}
teRangéL’) 1<i<k

Block address and address functionLetU; = {(: — 1)n + 1,...,in}, i = 1,..., k, andw be a word of
length2t. Theblock address 7’ of a2t + 1 tupler € C'(w) is defined as follows:
7'(i) = jif n(i) € Uj.
Note thatZ(mw(i—1),7(i)) = L((7(j —1),7(j)) = L' (x'(i—1),7'(i)) = L'((#'(j—1),7'(j)) . Therefore
7' € Cp,(w). Also, asr(0) = m(2t) = «'(0) = 7' (2t), thereforer € II*(w) = ' € Il (w).
Define theaddress function¢ : II* (w) — I (w) by:
(7(0), ..., w(2t)) = (7'(0), ..., 7' (2t)).
Phase Letw be aword andr € C'(w). Call (i) andr(5) to be in the samphase (denote byr (i) ~ 7(j))
if 7(i) = w(j) mod n.
Claim 1: Letw be a Catalan word of lengtht, and letr € C'(w). Thenw(0) ~ m(2t).

Proof. We prove this inductively. Consider= 1. Letw = aa andn’ = (i, j,u) with L'(i, j) = L'(j,u).
As A = 1 for the Wigner blocks anfir(0), (1)) and(w(2), (1)) both occur in the same column, therefore,
L(m(0),7(1)) = L(w(2),7(1)) = 7(2) — 7(0) = (u — i)n. Thereforem(0) ~ 7 (2).

Let the hypothesis hold far< m. Fort = m + 1, one of the following two cases arise:
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Case 1w = wywse Wherew; andws are Catalan of lengtt; and2t, respectively withi; + ¢ = m + 1.
By induction hypothesisy(0) ~ 7(2t1) andm(2t1) ~ 7(2(t1 + t2)). Thereforem(0) ~ w(2m + 2).

Case 2 w = aw;a, Wherew; is Catalan. By hypothesist(1) ~ 7(2m + 1). As L(n(0),7(1)) =
L(r(2m + 2),7(2m + 1)) = L'(«'(0),7'(1)) = L'(#'(2m + 2),7'(2m + 1)), n(1) ~ 7(2m + 1), and
A = 1 for the Wigner blocks, the only possibility ig(2m + 1) = #(1) + (7#'(2m + 1) — «’(1))n and
w(2m +2) = 7(0) + (7' (2m + 2) — 7'(0))n. Hencer(0) ~ m(2m + 2) and our claim is proved. [

Claim 2: Letw be a Catalan word of leng®t, and letr’ € 115, (w). Then
M)fl(ﬂ_/” — ntJrl

where¢p™! (1) = {m € ITI*(w) : 7(i) € Up(pyVi = 0, ..., 2t}.

Proof. First assume = 1. Letw = aa andn’ = (i, j,4). Chooser(0) and~ (1) such thatr(0) € U; and
7(1) € U; inn? ways. Asr(2) = 7(0), the claim is proved fot = 1.

Now assume& > 1. Suppose we choose any set of values for(the 1) independent vertices of
under the only restriction that(i) € U, (; for each independent vertexi). We claim that this uniquely
determines the entire circuit. For, suppose that(0), ..., 7(I) are chosen and the vertex/ + 1) is a
dependent one. Therefore, tfle+ 1)-th place in the word corresponds to the second occurrenadetier
whose first occurrence is, say, at thxh place ¢ < [). Then eitherd = « or (w[u + 1],...,w[l]) forms a
Catalan word. In either case(u) ~ =(l) (for the latter case, we use Claim 1). Agr(l + 1),7(l)) =
L(n(u — 1), 7(u)), therefore,L'(7'(l + 1),7'(1)) = L'(7'(u — 1),7'(u)), and asr(u) ~ =(l), therefore
() = w(u) + (7'(I) — 7’(u))n and = (Il + 1) has exactly one choice, namehyl + 1) = m(u — 1) +
(7'(l + 1) — 7’(u — 1))n. Thus, the entir@t + 1 tuple 7 is uniquely determined. To check that this
is indeed a circuit, we note that' (2t) = #'(0) (as«’ is a circuit). Also,n(0) ~ m(2t). Therefore,
7(2t) = w(0) + (7'(2t) — ©'(0))n = 7(0). Thereforelp ! (7')| = n!*! and the claim is proved. O

Theorem 3 Let By, be anyk x k symmetric block structure. Then the LSD{6ik) /2 A,, 1} (asn — o)
iS ., whose odd moments are 0 abdth moments are given by

1 *
Bot = [EEs] Z |HBk (w)]. (3.2)
w Catalan|w|=t

In particular, the LSD has support bounded[in2,/Ap, ,2./Ap,].

Note that if B, is a singleton structure, then the above reduces to the wellk semicircular law.

Proof of Theorem 3 First we consider the case of Wigner blocks. As we deal watmlinatorics for a
fixed n, we suppress the superscriptwithout loss of generality. Note that

W)=Y lo~' @)l

W’EH]‘Bk (w)

By Claim 2, for each Catalan word,

" " [ (w)] [T, (w)]
I (w)| = n'"* I, (w)| and hence lim (nk)H1 — karl

Also, from Theorem 1 (i), ifw is not a Catalan word, the above limitis(This is because there are finitely
many blocks and each block contains at most 2 copies of edghand hencey,, = O(1)). Therefore, the
2t-th limit moment is precisely the value claimed in (3.2).
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The proof for Wigner type blocks follows easily from the ab@and Remark 2. We omit the details]

The k x k symmetric circulant block structure SCj(zo,z1, ...,x[%}) is defined by the link function
L(i,j) = k/2 = [k/2 = |i = j]|.

ro 1 T2 ... T9 I
r1 o 1 ... X3 T2
SCk(.I‘(),.I‘l,...,x[%]) = |22 1 To ... T2 I3 |, (3.3)
L r1T T2 T3 ... T1 X0 i

Oraby [7] proved that the LSD of block matrices with the synmoecirculant block structure and inde-
pendent Wigner block is non-semicircular. To prove thisuked the explicit representation of the eigen-
values of circulant matrices. We provide an alternate coatbrial proof using, the basic properties of the
block structure and the moment formula obtained in Theoreifh proof has the advantage of being ex-
tendable to other similar block structures. bgt,» denote the semicircular law with meanand variance
o2. The following result is due to Oraby[7]:

Proposition 1 Let{Wi(")} be independent x n Wigner matrices. Then,

H(nk)*lﬂsck(Wén),Wf") 77777 W[S?])) — Vi a.s
2
where
k—1 1 . .
v = — Yo, k=1 + E%va?l if & isodd
k—2

2
= —— k-2 + — —» if k iseven
o,k + 770,22 k is eve

Proof: First assume thdt odd. It suffices to prove that the moments of the LSD satisfy:

Bar = k;t—il[(k — DT 2k - Dt]%'

By what we have proved in Theorem 3, it suffices to show thatafy Catalan wordv of length2t,
5, (w)] = (k = 1) + (2k — 1)".

The only structural properties of the block structure thiitlve used in the proof are the following:

(P1). Out of[g] + 1 input variables in the block structurey occurs exactly once in each row (and column),
and the remainingg] of them occur twice in every row (and column).

(P2). Thematch sebetween any two distinct rows (or columns) is a singleton.

To see things more clearly, we can view a circuitlifi(w) as a path of the fornir(1),7(2)) —
(7(3),7(2)) — (7(3),7(4)) — ... — (w(2t — 1), w(2t)), where we first select a starting point, then
move vertically in the column, then horizontally in the rawand so on, and finally back to the row we
started from, maintaining the constraints imposed by thedwo

Now we calculatdC(w)|. We can selectr(0) in £ ways. Then fill up the vertices such tHaof the ¢
remaining independent vertices have their link values afesponding edgeg 0 and the rest— [ have link

11



values of corresponding edges0. For the former class, each independent vertex can be climgen 1
ways, and the corresponding dependent vertices can beupl@u2 ways. For the latter, both these counts

arel (P1). Therefore
t
W) =k @ [k —1).2] = k(2% — 1)
=1

Consider the following induction stateme#yt For each Catalan word of length2t¢, for all 4,

(@)
s, (w)]

Yii(w) = ———— =

; [(k— 1) 4+ 2k — 1)1

x| =

and for alli #£ j,
(b)
1 1

i R = 1) IC(w)] = Mse, (w)]] = i =1) [k(2k —1)" = {(k = 1)""" + (2k — 1)'}]

1
= 2k 1) — (k1)
Fort = 1, trivially, ~;;(w) = k = £[(k — 1) + (2k — 1)], proving assertiotti). Also, as for eachi # j, the
match seMi(f) is asingleton P2), v;j(w) = 1 = 1[(2k — _1) — (k —1)], proving assertigr(n‘i). Therefore,
our statement is true far= 1. Suppose the statement is true foK s — 1. We prove it fort = s. The
following two cases arise:

Case(i) w = wiwe, Wherew, andw, are Catalan of lengtk; ands, respectively, wheres;, so < s — 1.
Then by induction hypothesis,

’Yn(w) = Z'Yzl w1 'le w2 Z'Yzl w1 'le(wQ) +721(w1)721(w2)
l#1
6 A (I Il [T (S
ol = D (2= 1 - ) (2 - 1))
Simplifying the above expression and using the faetss = s, we gety;; (w) = %[(k’ —1)*H (2 — 1)7]
proving assertion (a). Similarly, far# j,
k
Yigw) = > valw)w(we) =Y va(wy)yi(wa) + vii(wi)yij (w2) + i (wi) 755 (ws)
=1 14,5
= Eo k-1 - - ek - 1) (- 1))

+%[(k — 15 4 (2k — 1)1 [(2k — 1)*2 — (k — 1)%2]

12 [(2k: — 1) — (k= 1)*'[(k — 1)*>T! 4+ (2k — 1)*2] (by induction hypothesis)

_|_

]' S
1@k =1 — (k1)
proving assertion (b).
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Case (ii)). w = awya, wherew, is a Catalan word of lengtBs — 2. To prove assertion (a), suppose
7 € g, (w) such thatr(0) = 7(2s) = i. Thenw = (i m i) wherem € C(w;) and L(i,m(0)) =
L(i,m(2s — 2)). Note thatr(1) = m1(0) andw(2s — 1) = m;(2s — 2). There are the following two
possibilities:
Case (iia). (1) # ©(2s — 1). We can choose the value @f(1),7(2s — 1)) = (i*, 5*) (say), such that
L(i,i*) = L(i,5*) in (k — 1) ways, byP1. Then the circuitr is completely determined by choosing
m1 € C(wy) such thatr (0) = %, m1(25 — 2) = j* in 5+« (wy1) ways.
Case (iib).7w(1) = w(2s — 1). We can choose (1) = 7(2s — 1) = i* (say), ink ways, and then the circuit
m is completely determined by choosing in ~;+;« (wq) ways. Thus, by induction hypothesis,
k—1 s— S— k s s—
) = Dok - 1 Rk 1) 2k )Y
1

= 2l =1+ 2k = 1)7).

To prove assertion (b), supposec C(w) such thatr(0) = i,7(2s) = j, (i # j). Thenw = (i m j)
wherer; € C(w;) andL(i, 71(0)) = L(j,71(2s —2)). As before, there are the following two possibilities:
Case(I) w(1) # w(2s — 1). We can choose the value 6f(1),7(2s — 1)) = (i*,5*) (say), such that
L(i,i*) = L(j,5%),in(k—2).2+1+1 = 2k — 2 ways. SupposMi(f) = {m} (P2). Clearly, asz
occurs exactly once in each row and each colufh)(m # 1. Let L(i,u) = L(j,v) = 0 (u # v). Then
for * # m,u, there are 2 choices fgr. Fori* = m andi* = u, j* has exactly one choice). Then,is
completely determined by choosing in ;= (w;) ways.

Case(II) w(1) = w(2s — 1). Then, there can be exactly one choicefdt) = 7(2s — 1), namely, the
element ofMZ.(f), saym. Then,r is completely determined by choosing in ~,,,,,, (w1 ) ways.

Thus, by induction hypothesis,

vatw) = ZEB o 1yt (e ) (- 1) 4 (2 1)

1 S S
= k=1 = (k- 1),

Hence, both assertions (a) and (b) have been proved by induor £ odd. Whenk is even, similar
combinatorial arguments and application of Theorem 3 gig@ result. We omit the details. O

Remark 3 The LSD for the casgé odd remains the same for any block structure satisfying tlopétties
(P1) and (P2) given in the proof above. The above type of @atadduction may also be useful to obtain
insight into effect of structure on the LSD for other pattern
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