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Abstract

As is well known, the joint limit distribution of independent Wigner matrices is free with the marginals
being semicircular. This freeness is very special to Wignermatrices and is intimately tied to noncrossing
pair partitions or, what are known as Catalan words, each of which contributes one to the limit moments.

We investigate the following questions. Consider a sequence of patterned matrices: (i) when do
only Catalan words contribute (one), so that we get the semicircle limit? (ii) when does each Catalan
word contribute one (with possible nonzero contribution from non-Catalan words)? (iii) for what matrix
models do Catalan words not necessarily contribute one eachand non-semicircle limits arise, even when
non-Catalan words have zero contribution?

In particular we show that in a general sense, the semicirclelaw serves as a lower bound for possible
limits. Further, there is a large class of non-Wigner matrices whose limit is the free semicircle. This may
be viewed as robustness of the semicircle law. Similarly, there is a large class of block matrices whose
limit is not semicircular.

Keywords: Asymptotic freeness, Catalan words, divisor function, eigenvalues, empirical spectral distribu-
tion (ESD), limiting spectral distribution, moment method, noncrossing partitions, semicircular law, Wigner
matrix.
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1 INTRODUCTION

If λ1, λ2, ...., λn are the eigenvalues of a real symmetric matrixAn×n then itsEmpirical Spectral Distri-
bution (ESD)FAn is as defined below. TheLimiting Spectral Distribution (LSD)of {An} is the weak limit
of {FAn} ∞

n=1, if it exists, either almost surely or in probability.

FAn(x) = n−1
n

∑

i=1

I(λi ≤ x). (1.1)

Wigner [8] showed that the semicircle law arises as LSD of Wigner matrices. See for example [2] and [1] for
such results and their variations. It is also well known thatthe trace of finite product of independent Wigner
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matrices converge. This is tied to the idea of free independence developed by Voiculescu (see Voiculescu
[9]). This freeness in the limit is very special to the Wignermatrices. In particular it is known that each limit
moment is the total number of noncrossing pair partitions (see for example [1]). Equivalently, it is also the
total number of so calledCatalan words(see [3]).

The Wigner matrix is a special example of a (symmetric) patterned matrix. LSD of other pattern matrices
have also been studied. For examples, see [2], [4] and [5]. [3] studies the joint convergence of symmetric
patterned matrices. In particular, for independent copiesof the Toeplitz, Hankel, symmetric circulant and
reverse circulant matrices, the tracial limits exist for any monomial formed with these independent copies.

Perhaps surprisingly, for the above matrices, each Catalanword contributes one to the limit. We are thus
led to the following questions for general pattern matrices: (i) when doonlyCatalan words contribute (one),
so that we get the semicircle limit? (ii) when does each Catalan word contribute one (with possible nonzero
contribution from non-Catalan words)? (iii) for what matrix models do Catalan words not necessarily con-
tribute one each and non-semicircle limits arise, even whennon-Catalan words have zero contribution? The
goal of this paper is to investigate these issues.

Let d be a positive integer. LetZ be the set of all integers and letZ
d
+ denote thed-dimensional lattice

of nonnegative integers. LetLn : {1, 2, . . . n}2 → Z
d
+, n ≥ 1 be a sequence of functions such that

Ln+1(i, j) = Ln(i, j) whenever1 ≤ i, j ≤ n. We shall writeLn = L and call it thelink function. By
abuse of notation we writeZ2 as the common domain of{Ln}. In some of the cases we consider,Ln

depends onn, but this still falls under the general framework as we deal with combinatorics for fixedn.
For our purposes,d is either1 or 2. Let {x(i); i ≥ 0} or {x(i j); i, j ≥ 1} be a sequence of random
variables (theinput sequence). Then An = ((x(L(i, j))) is a sequence of patterned matrices. We consider
only real symmetric matrices, so thatL is symmetric in its arguments. The input sequence is taken tobe
independent with further assumptions on their moments as required later on. For the moment assume that
they are uniformly bounded. Some well known matrices and their link functions are:

(i) Wigner matrixWn with L : Z
2
+ → Z

2
≥ whereL(i, j) = (min(i, j), max(i, j)).

(ii) Symmetric Toeplitz matrixTn with L : Z
2
+ → Z≥ whereL(i, j) = |i − j|.

(iii) Symmetric Hankel matrixHn with L : Z
2
+ → Z≥ whereL(i, j) = i + j.

(iv) Reverse circulant matrixRCn with L : Z
2
+ → Z≥ whereL(i, j) = (i + j) mod n.

(v) Symmetric circulant matrixSCn with L : Z
2
+ → Z≥ whereL(i, j) = n/2 − |n/2 − |i − j||.

Without any further assumptions, the limiting spectral distribution need not exist. We introduce the
following properties of the link function:

Property B: ∆(L) = supn supt∈Z
d
+

sup1≤k≤n #{l : 1 ≤ l ≤ n, L(k, l) = t} < ∞.

In particular,∆(L) = 2 for Tn, SCn, and∆(L) = 1 for Wn,Hn andRCn. An L which does not satisfy
Property B isL(i, j) = min(i, j). [4] has shown that under this property, the sequence of moments of the
empirical spectral distribution of{n−1/2An} is tight.

Define

αn = max
k

#{(i, j) : Ln(i, j) = k, 1 ≤ i, j ≤ n}.

Note that for Wigner matrices,αn = 2 (= o(n)). ForRCn, SCn, Tn andHn, αn is of the ordern.

Let M (n)
ij = {1 ≤ k ≤ n : L(k, i) = L(k, j)} be the“match set” between rowsi andj at stagen.
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Property P: M∗ = supn supi,j≤n |M
(n)
ij | < ∞.

We may now broadly summarize our results for the spectral distribution of{n−1/2An}:

(A) If αn = o(n) and PropertyB hold, then non-Catalan words do not contribute to the limit and the
essential support of any subsequential limit⊆ [−2

√
∆, 2

√
∆]. Further, if∆ = 1, then each Catalan word

contributes 1 and the LSD is the semicircular law. The Wignermatrix is a special case. See Theorem 1.

(B) Symmetry and Property B ensures a contribution of at least one from each Catalan word, and thus,
any subsequential limit has its moments greater than or equal to those of the semicircular law. So, the
semicircular law is a “lower bound”. See part(i) of Theorem 2.

(C) If Properties B and P hold, then each Catalan word contributes one to the limit. In particular, this is true
for Toeplitz, Hankel, Symmetric circulant and the Reverse circulant matrices. See part(ii) of Theorem 2.

(D) If αn = o(n) and Properties B and P hold then the LSD is the semicircular law. These may be grouped
together asWigner type matrices. See part(iii) of Theorem 2. We provide some interesting examples in
this category.

(E) Non-semicircular limits arise if matches between rows are increased, say byblocking. In Subsection
3.1, we prove a general existence theorem for the LSD of blockmatrices, extending Oraby’s result ([7]),
and showing an explicit dependence of the LSD on the block structure. Using this result, we establish his
result that forsymmetric circulantblock structure, the LSD is a mixture of two scaled semicircular laws.
This proof continues to hold for other block structures having some common characteristics with symmetric
circulant. The joint convergence of the Wigner type matrices to the free semicircle law also holds.

2 PRELIMINARIES

Define
kn = #{Ln(i, j) : 1 ≤ i, j ≤ n}.

Condition A: {xi} or {xij} is independent with mean zero and variance one, and either(a) uniformly
bounded or(b) identically distributed.

The following has been shown in [4]. Suppose for every bounded, mean zero and variance one i.i.d.
input sequence,Fn−1/2An converges to some fixed nonrandom distributionF a.s. Ifkn → ∞, and knαn =
O(n2), then the same limit continues to hold if the input sequence is i.i.d. with variance one.

Thus when dealing with an input sequence satisfyingCondition A, we may assume that it is uniformly
bounded with mean zero variance one. Then we may use the method of moments: suppose{An} is a
sequence of patterned random matrices, and letβh(An), for h ≥ 1, denote theh-th moment of the ESD of
An. Suppose there is a sequence of nonrandom{βh}∞h=1 such that,

(M1) For everyh ≥ 1, E[βh(An)] → βh

(M2) Var[βh(An)] → 0.

Further assume that{βh}∞h=1 satisfies Carleman’s condition

∞
∑

h=1

β
−1/2h
2h = ∞ (2.1)

Then the LSD is identified by{βh}∞h=1 and the convergence to LSD holds in probability. This convergence
may be strengthened to almost sure convergence by replacing(M2) by
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(M4) E[βh(An) − E(βh(An))]4 = O(n−2).

We now mention some of the key concepts that we need. These aretaken from [4].

Circuit : Any function π : {0, 1, 2, · · · , h} → {1, 2, · · · , n} is said to be acircuit if π(0) = π(h). The
length l(π) of π is taken to beh. A circuit depends onh andn but we will suppress this dependence.

DefineXπ = xL(π(0),π(1))xL(π(1),π(2)) · · · xL(π(h−2),π(h−1))xL(π(h−1),π(h)).

Any function of the trace may be written in terms ofXπ. For instanceE[βh(An)] = E(Xπ).

Matched Circuits: Any valueL(π(i− 1), π(i)) is said to be anL-valueof π andπ is said to have anedge
of order e (1 ≤ e ≤ h) if it has anL-value repeated exactlye times. If π has at least one edge of order
one thenE(Xπ) = 0. Thus only thoseπ with all e ≥ 2 are relevant. Such aπ is calledL-matched (or
matched).

Equivalence relation on circuits: Two circuitsπ1 andπ2 (of same length) are said to be equivalent if their
L values agree at exactly the same pairs(i, j). That is, iff

{

L(π1(i − 1), π1(i)) = L(π1(j − 1), π1(j))
⇔ L(π2(i − 1), π2(i)) = L(π2(j − 1), π(j))

}

. This defines an equivalence relation between the circuits.

Words: Equivalence classes may be identified with partitions of{1, 2, · · · , h}: to any partition we associate
aword w of lengthl(w) = h of letters where the first occurrence of each letter is in alphabetical order. For
example, ifh = 5, then the partition{{1, 3, 5}, {2, 4}} is represented by the wordababa.

The classΠ(w): Let w[i] denote thei-th entry ofw. The equivalence class corresponding tow is

Π(w) = {π : w[i] = w[j] ⇔ L(π(i − 1), π(i)) = L(π(j − 1), π(j))}.

The number of partition blocks corresponding tow will be denoted by|w|. If π ∈ Π(w), then clearly,
#{L(π(i − 1), π(i)) : 1 ≤ i ≤ h} = |w|.

The notion of ordere edges, matching, nonmatching forπ carries over to words. For instance, while
ababa is matched,abcadbaa is nonmatched with edges of order1, 2 and4 and the corresponding partition is
{{1, 4, 7, 8}, {2, 6}, {3}, {5}}. As pointed out, it will be enough to consider only matched words. The total
number of matched words having order2 edges with|w| = k equals(2k)!

2kk!
.

A pair matched word is said to beCatalanif succesive removal of double letters of the formxx reduces
it to the empty word. This sets up a 1-1 correspondence with the noncrossing pair partitions. The number of
Catalan words of length2k equals (2k)!

k!(k+1)! .

The classΠ∗(w): Define for any (matched) wordw,

Π∗(w) = {π : w[i] = w[j] ⇒ L(π(i − 1), π(i)) = L(π(j − 1), π(j))} k Π(w).

The classesC(w) and Γij(w): We shall have occasion to deal with(2k + 1) tuple π satisfying all the
constraints imposed by a pair matched wordw of length2k except that it is not necessarily a circuit (that is,
π(0) = π(2k)). Define

C(w) = {π : π is a 2k + 1 tuple ∋ w[i] = w[j] ⇒ L(π(i − 1), π(i)) = L(π(j − 1), π(j))}
Γij(w) = {π ∈ C(w) : π(0) = i, π(2k) = j}, (1 ≤ i, j ≤ n), γij(w) = |Γij(w)|.

Clearly,|Π∗(w)| =

n
∑

i=1

γii(w).

Vertex and generating vertex: Givenπ, anyπ(i) (or i) is avertex. It is generatingif either i = 0 or w[i]
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is the position of thefirst occurrence of a letter. For example, ifw = abbcab thenπ(0), π(1), π(2), π(4) are
generating vertices. By Property B, a circuit is completelydetermined,up to a finitely many choicesby its
generating vertices. The number of generating vertices inπ is |w| + 1. Hence|Π∗(w)| = O(n|w|+1).

It is further known from [4] that 1
n1+k |Π(w)| and 1

n1+k |Π∗(w)| have same limit behaviour. Define, for
each fixed matched wordw of length2k with |w| = k,

p(w) = lim
n

1

n1+k
|Π∗(w)| = lim

n

1

n1+k
|Π(w)| (2.2)

whenever any of the two limit exists. Then the limiting(2k)-th moment ofn−1/2An is the finite sum

β2k =
∑

w:|w|=k, l(w)=2k

p(w), where p(w) ≤ ∆k for all w

and the odd moments are zero. Further,(M4) holds.

3 MAIN RESULTS

Theorem 1 (i) Supposeαn = o(n). If w is pair matched non-Catalan word of length2k, then|Π∗(w)| =
O(nkαn). Hencep(w) = 0 and any subsequential limit has essential support bounded in [−2

√
∆, 2

√
∆].

(ii) Suppose∆ = 1. Then, for any Catalan wordw of length2k, and anyn, |Π∗(w)| = nk+1. Consequently,
p(w) = 1. If in addition, αn = o(n), and the input sequence satisfies Condition A, then the LSD for
n−(1/2)An is the semicircular law.

Proof of (i): Supposew is not a Catalan word. Then there isi < j < t < l such thatw[i] = w[t] = a (say)
andw[j] = w[l] = b (say). Without loss of generality, leti be the minimum such choice (for somej, t, l), and
for this i, let j be the maximum such choice (for somet, l). Thus, all letters ofw in {w[j + 1], ..., w[t − 1]}
have both copies in{i + 1, ..., t − 1}. We use the following algorithm for circuitπ corresponding tow:

(1) First fill up π(0), ..., π(j − 1) from left to right. If the number of distinct letters inw[1], ..., w[j − 1]
is x, then the number of generating vertices in{0, ..., j − 1} is x + 1.

(2) Now fill up π(t), ..., π(j) in this order. SinceL(π(i−1), π(i)) = L(π(t−1), π(t)), (π(t−1), π(t))
can be chosen in at mostαn ways. If w[s] (j < s < t) is the second occurrence of a letter in the filling
sequence, then, having chosen up toπ(s), π(s−1) has at most∆ choices. Therefore, ifw[i1], ..., w[iy ](i1 <
i2 < .. < iy) are the first occurrences of the letters in the filling sequence occurring in{t, .., j + 1} (clearly
i1 > j + 1), each vertex in{t − 2, ..., j} ∩ {iy − 1, ..., i1 − 1}c can be chosen in at most∆ ways, given all
previous vertices in the filling sequence.

(3) Finally fill π(t+1), ..., π(2k) from left to right. If the number of first occurrences inw[t+1], ..., w[2k]
is z, then the number of generating vertices isz.

So, the circuit is completely specified. The number of vertices other thanπ(t) andπ(t− 1) with choices
more than∆, given previously filled vertices in the filling sequence, isat most(x + 1) + y + z. As the first
occurrence of letterb is never counted among they first occurrences in step (2), therefore,x+(y+1)+z = k.
As a consequence,|Π∗(w)| = O(nkαn) and hencep(w) = 0.

For any subsequential limit, using Stirling’s Approximation, β2k ≤ ∆k (2k)!
k!(k+1)! ≤ ∆kC22k, whereC is

a constant. The claim on the support follows as theLp norm converges to the essential sup asp → ∞.

Proof of (ii) : The essential implication of∆ = 1 is

L(π(i − 1), π(i)) = L(π(i), π(i + 1)) ⇒ π(i − 1) = π(i + 1). (3.1)
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For k = 1, chooseπ(0) andπ(1) in n ways each, and for all such choices,π(2) has exactly one choice by
(3.1), i.e.,π(2) = π(0). Therefore,|Π∗(w)| = n2.

Now we apply induction onk. Suppose the statement is true for somek ≥ 1. Take any Catalanw of
length2k+2. Then there isi, i+1, i ≤ 2k+1 such thatw[i] = w[i+1]. If w′ is the Catalan word obtained
from w by deletingw[i] andw[i + 1], then any circuitπ′ in Π∗(w′) yieldsn distinct circuitsπ1, ..., πn in
Π∗(w), whereπs is obtained by puttingπs(j) = π′(j) ∀ j 6= i, i+1, πs(i) = s andπs(i+1) = π(i−1) by
(3.1). Also, this process applied to all circuits inΠ∗(w′), yielding the entireΠ∗(w). Therefore,|Π∗(w)| =
n|Π∗(w′)|. By induction hypothesis,|Π∗(w)| = n.nk+1 = nk+2. �

Theorem 2 (i) SupposeL satisfies Property B. Then, for any Catalan wordw of length2k, |Π∗
An

(w)| ≥ nk+1.

Hence if the input sequence satisfies Condition A, then for any subsequential LSD,β2k ≥ (2k)!

k!(k + 1)!
.

(ii) SupposeL satisfies PropertiesB andP . Then for any Catalan wordw, p(w) = 1.

(iii) SupposeL satisfies Properties B and P,αn = o(n) and the input sequence satisfies Condition A. Then
the LSD of{n−1/2An} is the semicircle law.

Matrices satisfying Properties B, P andαn = o(n) will be calledWigner type matrices.

Before we prove the theorem, we wish to make the following remark on the joint convergence.

Remark 1 Let{Ain, 1 ≤ i ≤ p} bep independent sequences ofn×n random matrices with a common link

function that satisfies PropertyB. Suppose, for any pair matched wordw of length2s, lim
n

|Π(w)|
ns+1

= 1 or

0, depending on whether or notw is Catalan. Further, assume that the input sequence{x(n)
i,j } (1 ≤ j ≤ kn)

satisfiesEx
(n)
i,j = 0, E|x(n)

i,j |2 = 1 and for all m ∈ N, sup
n

sup
1≤i≤p

sup
1≤j≤kn

E|x(n)
i,j |m ≤ cm < ∞. Then

n−1/2Ain, 1 ≤ i ≤ p jointly converges to the freely independent semicircle law. In particular, this holds for
Wigner type matrices. All this can be proved by using the above results and the developments in [3]. We
omit the details.

Proof (i) To ease notation, suppress dependency onn and write, for exampleA for An. Let LW be the
Wigner link function and for any Catalanw, let Π∗

W (w) be the correspondingΠ∗(w). If π ∈ Π∗
W (w), then

w[i] = w[j] ⇒ LW (π(i − 1), π(i)) = LW (π(j − 1), π(j)) ⇒ LA(π(i − 1), π(i)) = LA(π(j − 1), π(j)) (as
A is symmetric)⇒ π ∈ Π∗

A(w). Therefore,Π∗
W (w) ⊆ Π∗

A(w). As |Π∗
W (w)| = nk+1, the result (i) follows.

(ii) We will prove this part by induction. Consider the following induction statementSk: For any Catalanw
of length2k, ∃Mk > 0 such that

γij(w) ≤ Mkn
k−1 for all i 6= j and

1

n

n
∑

i=1

|γii(w)

nk
− 1| = O(1/n).

Note that ifSk is true, thenp(w) = 1 for w Catalan.

Fork = 1, γij(w) = |M (n)
ij | ≤ M∗ for all i 6= j by PropertyP , andγii(w) = n. ThereforeS1 is true.

Let Sl be true for alll ≤ k − 1 (k ≥ 2). We shall now prove thatSk is true. Letw be a Catalan word of
length2k. Then the following two cases arise:

Case(i). w = w1w2, wherew1 andw2 are Catalan words of length2k1 and2k2 respectively (say) where
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k1 ≤ k − 1 andk2 ≤ k − 1. Then fori 6= j, using induction hypothesis and PropertyB:

γij(w) =

n
∑

l=1

γil(w1)γlj(w2) =
∑

l 6=i,j

γil(w1)γlj(w2) + γii(w1)γij(w2) + γij(w1)γjj(w2)

≤ (Mk1n
k1−1)(Mk2n

k2−1)(n) + (∆k1−1nk1)(Mk2n
k2−1) + (∆k2−1nk2)(Mk1n

k1−1)

= (Mk1Mk2 + ∆k1−1Mk2 + ∆k2−1Mk1)n
k−1.

Now we prove the other part of the induction statementSk:

1

n

n
∑

i=1

|γii(w)

nk
− 1| =

1

n

n
∑

i=1

|
∑

l 6=i γil(w1)γli(w2) + γii(w1)γii(w2)

nk
− 1|

≤ 1

n

n
∑

i=1

|γii(w1)

nk1

γii(w2)

nk2
− 1| + 1

n

n
∑

i=1

∑

l 6=i

γil(w1)γli(w2)

nk
= T1 + T2 (say).

By using the induction hypothesis,

T2 ≤ 1

n

n
∑

i=1

∑

l 6=i

Mk1Mk2n
k−2

nk
≤ Mk1Mk2

nk

nk+1
=

Mk1Mk2

n
= O(1/n).

By induction hypothesis and PropertyB,

T1 ≤ 1

n

n
∑

i=1

γii(w1)

nk1
|γii(w2)

nk2
− 1| + 1

n

n
∑

i=1

|γii(w1)

nk1
− 1|

≤ 1

n

n
∑

i=1

∆k1−1|γii(w2)

nk2
− 1| + 1

n

n
∑

i=1

|γii(w1)

nk1
− 1| = O(1/n).

This takes care of case (i).

Case(ii). w = aw1a, wherew1 is a Catalan word. Leti 6= j. Then

γij(w) =
∑

l∈M
(n)
ij

γll(w1) +
n

∑

l=1

∑

t6=l:L(i,l)=L(j,t)

γlt(w1) = A1 + A2 (say).

The first sum is for thoseπ ∈ C(w), π(0) = i, π(2k) = j for which π(1) = π(2k − 1). The second sum
handlesπ ∈ C(w), π(0) = i, π(2k) = j for whichπ(1) 6= π(2k − 1). Observe that

A1 ≤ ∆k−2nk−1M∗ (by Property P),

A2 ≤ Mk−1n
k−2.n∆ = Mk−1∆nk−1 (by induction hypothesis and Property B).

This proves the first part of the assertion. To prove the second half, we proceed as in the previous case. By
PropertyP and induction hypothesis:

1

n

n
∑

i=1

|γii(w)

nk
− 1| =

1

n

n
∑

i=1

|
∑n

l=1 γll(w1) +
∑

l,t:l 6=t,i∈M
(n)
lt

γlt(w1)

nk
− 1|

≤ 1

n

n
∑

i=1

|
∑n

l=1 γll(w1)

n.nk−1
− 1| + 1

n

n
∑

i=1

∑

l,t:l 6=t,i∈M
(n)
lt

γlt(w1)

nk
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≤ 1

n

n
∑

i=1

1

n

n
∑

l=1

|γll(w1)

nk−1
− 1| + 1

nk+1

∑

l,t:l 6=t

∑

i:i∈M
(n)
ij

γlt(w1)

nk

≤ 1

n

n
∑

l=1

|γll(w1)

nk−1
− 1| + 1

nk+1

∑

l,t:l 6=t

M∗.Mk−1n
k−2

≤ 1

n

n
∑

l=1

|γll(w1)

nk−1
− 1| + M∗Mk−1

n
= O(1/n).

Therefore, the above induction statement is true for allk.

(iii) Part (i) of Theorem 1 and part(ii) of Theorem 2 together imply this. �

The Toeplitz, Hankel, Symmetric circulant and Reverse circulant matrices all satisfy the assumptions of
part(ii) of the above theorem.

Remark 2 A careful look at the proof of part(i) of Theorem 2 shows that for any Catalan wordw of length

2k, Π∗(w) ⊇ Π∗
W (w). By part(ii) of Theorem 2,lim

n

|Π∗(w)|
nk+1

= lim
n

|Π∗
W (w)|
nk+1

= 1. Therefore

lim
n

|Π∗(w) − Π∗
W (w)|

nk+1
= 0.

This will be used crucially in Section 3.1.

Example 1. SupposeL(i, j) = |P (i, j)|, whereP is a symmetric polynomial in two variables with integer
coefficients. Then, it can be easily checked that the conditions of part(ii) of Theorem 2 are satisfied.
However, the conditionαn = o(n) may not be satisfied, as in the Toeplitz matrix whereL(i, j) = |i − j|.
Example 2. Let us now consider a natural subclass of the above. LetL(i, j) = |P (ij)|, whereP is a
polynomial of degreed (say) in one variable with integer coefficients. Letul = #{(i, j) : L(i, j) = l}.
Thenαn = sup

l∈{|P (ij)|:1≤i,j≤n}
ul. Clearly, |P (ij)| = l has at most2d non-negative integer solutions ofij.

For each such solutionz (say) in{1, 2, ..., n2}, #{(i, j) : 1 ≤ i, j ≤ n, ij = z} ≤ d(z), whered(z) is

the number of positive divisors ofz. It is well known that (see [6])lim sup
n

log d(n)

log n/ log log n
= log 2. In

particular, for anyǫ > 0, d(n) = o(nǫ). Chooseǫ < 1
2 andC > 0 such thatd(m) < Cmǫ for all positive

integersm. Therefore,

αn = sup
l∈{|P (ij)|:1≤i,j≤n}

ul ≤ (2d)[ sup
m≤n2

d(m)] ≤ (2d)Mn2ǫ = o(n).

Hence by part(iii) of Theorem 2 the LSD is the semicircular law. This also continues to be the LSD if

L(i, j) = |P (ij)| mod mn wheremn is a sequence of positive integers satisfyingsup
n2d

mn
< ∞.

Example 3. Wigner type matrices are easily obtained bycoloring. For instance, take a triangular input
sequence{xi,j}(0≤i≤n−1, 1≤j≤rn) satisfying ConditionA. Consider theToeplitz link functionLT and a
color link function

Lc(i, j) = ck if lk ≤ i + j < lk+1 (1 ≤ k ≤ rn − 1)

whereck ’s are colors and2 = l1 < l2 < ... < lrn = 2n + 1 satisfy sup
k≤rn−1

(lk+1 − lk) = o(n). Consider

thecolored Toeplitz matrixAn with link function L(i, j) = (LT (i, j), Lc(i, j)). Then it is easy to see that
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αn = sup
k≤rn−1

(lk+1 − lk) = o(n) and PropertiesB, P are satisfied. Hence, this is aWigner typematrix. A

general treatment of colored matrices will be made in a forthcoming article.

3.1 Finite symmetric block matrices with large Wigner type blocks

A finite symmetric block structureBk = Bk(a1, a2, ..., at) is ak × k symmetric matrix whose entries are
defined by(Bk)ij = aL′(i,j), whereL′ is the link function forBk.

Theorem 1 of [7] proves a general existence theorem for such block matrices with Wigner blocks. In
Theorem 3, we supplement this result by relaxing his moment assumptions and also allowingWigner type
blocks. We are also able to provide additional information on the LSD and show its explicit dependence
on the block structureBk. Further, we use our result to demonstrate how alarge match setcan result in a
non-semicircular LSD even ifαn = o(n). We need to introduce a few concepts and a few notation.

Let W
(n)
1 ,W

(n)
2 , ... be sequences of independent Wigner type matrices, with entries of color1, 2, .. re-

spectively and a common link functionL∗. Then the(i, j)th entry ofW (n)
k may be written as byx(k, L∗(i,j)),

wherek denotes the color. Replace the(i, j)th entry ofBk by W
(n)
L′(i,j) to obtain thekn × kn matrix:

An,k = Bk(W
(n)
1 , ...,W

(n)
t ).

Denoting the greatest integer function by[ ], the link functionL of An,k is

L(i, j) =
(

L′([(i − 1)/n] + 1, [(j − 1)/n] + 1), L∗((i − 1) modn + 1, (j − 1) modn + 1)
)

.

For a wordw, defineCBk
(w) andΠ∗

Bk
(w) as theC andΠ∗ (defined in Section 2) for the matrixBk. Let

∆Bk
= sup

t∈Range(L′)
sup

1≤i≤k
#{j : 1 ≤ j ≤ k, L′(i, j) = t}.

Block address and address function: Let Ui = {(i − 1)n + 1, ..., in}, i = 1, ..., k, andw be a word of
length2t. Theblock address π′ of a2t + 1 tupleπ ∈ C(w) is defined as follows:

π′(i) = j if π(i) ∈ Uj.

Note thatL(π(i−1), π(i)) = L((π(j−1), π(j)) ⇒ L′(π′(i−1), π′(i)) = L′((π′(j−1), π′(j)) . Therefore
π′ ∈ CBk

(w). Also, asπ(0) = π(2t) ⇒ π′(0) = π′(2t), therefore,π ∈ Π∗(w) ⇒ π′ ∈ Π∗
Bk

(w).

Define theaddress functionφ : Π∗(w) 7→ Π∗
Bk

(w) by:

(π(0), ..., π(2t)) 7→ (π′(0), ..., π′(2t)).

Phase: Let w be a word andπ ∈ C(w). Call π(i) andπ(j) to be in the samephase (denote byπ(i) ∼ π(j))
if π(i) ≡ π(j) mod n.

Claim 1: Let w be a Catalan word of length2t, and letπ ∈ C(w). Thenπ(0) ∼ π(2t).

Proof. We prove this inductively. Considert = 1. Let w = aa andπ′ = (i, j, u) with L′(i, j) = L′(j, u).
As∆ = 1 for the Wigner blocks and(π(0), π(1)) and(π(2), π(1)) both occur in the same column, therefore,
L(π(0), π(1)) = L(π(2), π(1)) ⇒ π(2) − π(0) = (u − i)n. Therefore,π(0) ∼ π(2).

Let the hypothesis hold fort ≤ m. For t = m + 1, one of the following two cases arise:
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Case 1. w = w1w2 wherew1 andw2 are Catalan of length2t1 and2t2 respectively witht1 + t2 = m + 1.
By induction hypothesis,π(0) ∼ π(2t1) andπ(2t1) ∼ π(2(t1 + t2)). Therefore,π(0) ∼ π(2m + 2).

Case 2. w = aw1a, wherew1 is Catalan. By hypothesis,π(1) ∼ π(2m + 1). As L(π(0), π(1)) =
L(π(2m + 2), π(2m + 1)) ⇒ L′(π′(0), π′(1)) = L′(π′(2m + 2), π′(2m + 1)), π(1) ∼ π(2m + 1), and
∆ = 1 for the Wigner blocks, the only possibility isπ(2m + 1) = π(1) + (π′(2m + 1) − π′(1))n and
π(2m + 2) = π(0) + (π′(2m + 2) − π′(0))n. Hence,π(0) ∼ π(2m + 2) and our claim is proved. �

Claim 2: Let w be a Catalan word of length2t, and letπ′ ∈ Π∗
Bk

(w). Then

|φ−1(π′)| = nt+1

whereφ−1(π′) = {π ∈ Π∗(w) : π(i) ∈ Uπ′(i)∀i = 0, ..., 2t}.

Proof. First assumet = 1. Let w = aa andπ′ = (i, j, i). Chooseπ(0) andπ(1) such thatπ(0) ∈ Ui and
π(1) ∈ Uj in n2 ways. Asπ(2) = π(0), the claim is proved fort = 1.

Now assumet > 1. Suppose we choose any set of values for the(t + 1) independent vertices ofπ
under the only restriction thatπ(i) ∈ Uπ′(i) for each independent vertexπ(i). We claim that this uniquely
determines the entire circuitπ. For, suppose thatπ(0), ..., π(l) are chosen and the vertexπ(l + 1) is a
dependent one. Therefore, the(l + 1)-th place in the word corresponds to the second occurrence ofa letter
whose first occurrence is, say, at theu-th place (u ≤ l). Then eitherl = u or (w[u + 1], ..., w[l]) forms a
Catalan word. In either case,π(u) ∼ π(l) (for the latter case, we use Claim 1). AsL(π(l + 1), π(l)) =
L(π(u − 1), π(u)), therefore,L′(π′(l + 1), π′(l)) = L′(π′(u − 1), π′(u)), and asπ(u) ∼ π(l), therefore
π(l) = π(u) + (π′(l) − π′(u))n andπ(l + 1) has exactly one choice, namely,π(l + 1) = π(u − 1) +
(π′(l + 1) − π′(u − 1))n. Thus, the entire2t + 1 tuple π is uniquely determined. To check that this
is indeed a circuit, we note thatπ′(2t) = π′(0) (as π′ is a circuit). Also,π(0) ∼ π(2t). Therefore,
π(2t) = π(0) + (π′(2t) − π′(0))n = π(0). Therefore|φ−1(π′)| = nt+1 and the claim is proved. �

Theorem 3 LetBk be anyk × k symmetric block structure. Then the LSD of{(nk)−1/2An,k} (asn → ∞)
is µBk

whose odd moments are 0 and2t-th moments are given by

β2t =
1

kt+1

∑

w Catalan:|w|=t

|Π∗
Bk

(w)|. (3.2)

In particular, the LSD has support bounded in[−2
√

∆Bk
, 2

√

∆Bk
].

Note that ifBk is a singleton structure, then the above reduces to the well known semicircular law.

Proof of Theorem 3. First we consider the case of Wigner blocks. As we deal with combinatorics for a
fixedn, we suppress the superscriptn, without loss of generality. Note that

|Π∗(w)| =
∑

π′∈Π∗

Bk
(w)

|φ−1(π′)|.

By Claim 2, for each Catalan wordw,

|Π∗(w)| = nt+1|Π∗
Bk

(w)| and hence lim
n→∞

|Π∗(w)|
(nk)t+1

=
|Π∗

Bk
(w)|

kt+1
.

Also, from Theorem 1 (i), ifw is not a Catalan word, the above limit is0. (This is because there are finitely
many blocks and each block contains at most 2 copies of each entry and henceαn = O(1)). Therefore, the
2t-th limit moment is precisely the value claimed in (3.2).
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The proof for Wigner type blocks follows easily from the above and Remark 2. We omit the details.�

Thek × k symmetric circulant block structure SCk(x0, x1, ..., x[ n
2
]) is defined by the link function

L(i, j) = k/2 − |k/2 − |i − j||.

SCk(x0, x1, ..., x[ n
2
]) =















x0 x1 x2 . . . x2 x1

x1 x0 x1 . . . x3 x2

x2 x1 x0 . . . x2 x3
...

x1 x2 x3 . . . x1 x0















. (3.3)

Oraby [7] proved that the LSD of block matrices with the symmetric circulant block structure and inde-
pendent Wigner block is non-semicircular. To prove this, heused the explicit representation of the eigen-
values of circulant matrices. We provide an alternate combinatorial proof using, the basic properties of the
block structure and the moment formula obtained in Theorem 3. This proof has the advantage of being ex-
tendable to other similar block structures. Letγα,σ2 denote the semicircular law with meanα and variance
σ2. The following result is due to Oraby[7]:

Proposition 1 Let{W (n)
i } be independentn × n Wigner matrices. Then,

µ
(nk)−1/2SCk(W

(n)
0 ,W

(n)
1 ,...,W

(n)

[k2 ]
)
→ νk a.s.

where

νk =
k − 1

k
γ0, k−1

k
+

1

k
γ0, 2k−1

k
if k is odd,

=
k − 2

k
γ0, k−2

k
+

2

k
γ0, 2k−2

k
if k is even.

Proof: First assume thatk odd. It suffices to prove that the moments of the LSD satisfy:

β2t =
1

kt+1
[(k − 1)t+1 + (2k − 1)t]

(2k)!

k!(k + 1)!
.

By what we have proved in Theorem 3, it suffices to show that, for any Catalan wordw of length2t,

|Π∗
SCk

(w)| = (k − 1)t+1 + (2k − 1)t.

The only structural properties of the block structure that will be used in the proof are the following:

(P1). Out of[k2 ] + 1 input variables in the block structure,x0 occurs exactly once in each row (and column),
and the remaining[k2 ] of them occur twice in every row (and column).

(P2). Thematch setbetween any two distinct rows (or columns) is a singleton.

To see things more clearly, we can view a circuit inΠ∗(w) as a path of the form(π(1), π(2)) →
(π(3), π(2)) → (π(3), π(4)) → ... → (π(2t − 1), π(2t)), where we first select a starting point, then
move vertically in the column, then horizontally in the row,.., and so on, and finally back to the row we
started from, maintaining the constraints imposed by the word.

Now we calculate|C(w)|. We can selectπ(0) in k ways. Then fill up the vertices such thatl of the t
remaining independent vertices have their link values of corresponding edges6= 0 and the restt− l have link
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values of corresponding edges= 0. For the former class, each independent vertex can be chosenin k − 1
ways, and the corresponding dependent vertices can be filledup in2 ways. For the latter, both these counts
are1 (P1). Therefore

|C(w)| = k.
t

∑

l=1

(

t

l

)

[(k − 1).2]l = k(2k − 1)t.

Consider the following induction statementSt: For each Catalan wordw of length2t, for all i,

(a)

γii(w) =
|Π∗

SCk
(w)|

k
=

1

k
[(k − 1)t+1 + (2k − 1)t]

and for alli 6= j,

(b)

γij =
1

k(k − 1)
[|C(w)| − |Π∗

SCk
(w)|] =

1

k(k − 1)
[k(2k − 1)t − {(k − 1)t+1 + (2k − 1)t}]

=
1

k
[(2k − 1)t − (k − 1)t]

For t = 1, trivially, γii(w) = k = 1
k [(k− 1)2 + (2k − 1)], proving assertion(i). Also, as for eachi 6= j, the

match setM (k)
ij is a singleton (P2), γij(w) = 1 = 1

k [(2k − 1)− (k − 1)], proving assertion(ii). Therefore,
our statement is true fort = 1. Suppose the statement is true fort ≤ s − 1. We prove it fort = s. The
following two cases arise:

Case(i) w = w1w2, wherew1 andw2 are Catalan of lengths1 ands2 respectively, where,s1, s2 ≤ s − 1.
Then by induction hypothesis,

γii(w) =

k
∑

l=1

γil(w1)γli(w2) =
∑

l 6=i

γil(w1)γli(w2) + γii(w1)γii(w2)

=
(k − 1)

k2
[(2k − 1)s1 − (k − 1)s1 ][(2k − 1)s2 − (k − 1)s2 ]

+
1

k2
[(k − 1)s1+1 + (2k − 1)s1 ][(k − 1)s2+1 + (2k − 1)s2 ].

Simplifying the above expression and using the facts1+s2 = s, we getγii(w) =
1

k
[(k − 1)s+1 + (2k − 1)s]

proving assertion (a). Similarly, fori 6= j,

γij(w) =

k
∑

l=1

γil(w1)γlj(w2) =
∑

l 6=i,j

γil(w1)γli(w2) + γii(w1)γij(w2) + γij(w1)γjj(w2)

=
(k − 2)

k2
[(2k − 1)s1 − (k − 1)s1 ][(2k − 1)s2 − (k − 1)s2 ]

+
1

k2
[(k − 1)s1+1 + (2k − 1)s1 ][(2k − 1)s2 − (k − 1)s2 ]

+
1

k2
[(2k − 1)s1 − (k − 1)s1 ][(k − 1)s2+1 + (2k − 1)s2 ] (by induction hypothesis)

=
1

k
[(2k − 1)s − (k − 1)s]

proving assertion (b).
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Case (ii). w = aw1a, wherew1 is a Catalan word of length2s − 2. To prove assertion (a), suppose
π ∈ Π∗

SCk
(w) such thatπ(0) = π(2s) = i. Thenπ = (i π1 i) whereπ1 ∈ C(w1) andL(i, π1(0)) =

L(i, π1(2s − 2)). Note thatπ(1) = π1(0) andπ(2s − 1) = π1(2s − 2). There are the following two
possibilities:

Case (iia). π(1) 6= π(2s − 1). We can choose the value of(π(1), π(2s − 1)) = (i∗, j∗) (say), such that
L(i, i∗) = L(i, j∗) in (k − 1) ways, byP1. Then the circuitπ is completely determined by choosing
π1 ∈ C(w1) such thatπ1(0) = i∗, π1(2s − 2) = j∗ in γi∗j∗(w1) ways.

Case (iib).π(1) = π(2s − 1). We can chooseπ(1) = π(2s − 1) = i∗ (say), ink ways, and then the circuit
π is completely determined by choosingπ1 in γi∗i∗(w1) ways. Thus, by induction hypothesis,

γii(w) =
(k − 1)

k
[(2k − 1)s−1 − (k − 1)s−1] +

k

k
[(k − 1)s + (2k − 1)s−1]

=
1

k
[(k − 1)s+1 + (2k − 1)s].

To prove assertion (b), supposeπ ∈ C(w) such thatπ(0) = i, π(2s) = j, (i 6= j). Thenπ = (i π1 j)
whereπ1 ∈ C(w1) andL(i, π1(0)) = L(j, π1(2s−2)). As before, there are the following two possibilities:

Case(I) π(1) 6= π(2s − 1). We can choose the value of(π(1), π(2s − 1)) = (i∗, j∗) (say), such that

L(i, i∗) = L(j, j∗), in (k − 2).2 + 1 + 1 = 2k − 2 ways. SupposeM (k)
ij = {m} (P2). Clearly, asx0

occurs exactly once in each row and each column (P1), m 6= 1. Let L(i, u) = L(j, v) = 0 (u 6= v). Then
for i∗ 6= m,u, there are 2 choices forj∗. For i∗ = m andi∗ = u, j∗ has exactly one choice). Then,π is
completely determined by choosingπ1 in γi∗j∗(w1) ways.

Case(II) π(1) = π(2s − 1). Then, there can be exactly one choice forπ(1) = π(2s − 1), namely, the

element ofM (k)
ij , saym. Then,π is completely determined by choosingπ1 in γmm(w1) ways.

Thus, by induction hypothesis,

γii(w) =
(2k − 2)

k
[(2k − 1)s−1 − (k − 1)s−1] +

1

k
[(k − 1)s + (2k − 1)s−1]

=
1

k
[(2k − 1)s − (k − 1)s].

Hence, both assertions (a) and (b) have been proved by induction for k odd. Whenk is even, similar
combinatorial arguments and application of Theorem 3 yields the result. We omit the details. �

Remark 3 The LSD for the casek odd remains the same for any block structure satisfying the Properties
(P1) and (P2) given in the proof above. The above type of Catalan induction may also be useful to obtain
insight into effect of structure on the LSD for other patterns.
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