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Abstract

We first study the probabilistic properties of the spectral norm of scaled eigenvalues of large
dimensional Toeplitz, circulant and symmetric circulant matrices when the input sequence is
independent and identically distributed with appropriate heavy tails.

When the input sequence is a stationary two sided moving average process of infinite order,
we scale the eigenvalues by the spectral density at appropriate ordinates and study the limit for
their maximums.
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1 Introduction

Matrices with suitable patterned random inputs where the dimension tends to infinity, are known as
large dimensional random matrices. In this article we focus on the (symmetric) Toeplitz, circulant,
reverse circulant and symmetric circulant matrices defined as follows: Let {xg, x1,...} be a sequence
of real random variables, which will be called the input sequence.

Toeplitz (7,,). This n x n symmetric matrix with input {z;} is the matrix with (4, j)-th entry
CC|Z_J| for all ’L,j

Reverse circulant (RC),). This n x n symmetric matrix has its (7, j)-th entry as =(;;j—2)mod n-
Circulant (Cy). In this case (i, j)-th entry is Z(j_j{n)mod n- This is not a symmetric matrix.

Symmetric circulant (SC,). This symmetric version of the circulant matrix has the (7, j)-th
element as @, /2 |n/2—|i—jj|-
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The spectral norm || A|| of a matrix A with complex entries is the square root of the largest eigenvalue
of the positive semidefinite matrix A*A:

HAH =V )\max(A*A)

where A* denotes the conjugate transpose of A. Therefore if A is an n x n real symmetric matrix
or A is a normal matrix then

[A]l = max [Xif

1<i<n

where A1, Ag,..., \, are the eigenvalues of A.

For the existing limit results on spectral norms, see Silverstein (1994), Adamczak (2008), Bose and
Sen (2007), Meckes (2007), Bryc and Sethuraman (2009) and Bose, Hazra and Saha (2009). All
these works are for the situation when the entries have finite moment of at least order two.

Soshnikov  (2004) shows distributional convergence of the maximum eigenvalue of appropriately
scaled Wigner matrix with heavy tailed entries {x;;} satisfying P(|x;;| > x) = h(z)x™ where h is
slowly varying function at infinity and 0 < o < 2. The limiting distribution is ®,(z) = exp(—x~%).
A similar result was proved for sample covariance matrices in Soshnikov (2006). These results were
extended in Auffinger, Ben Arous and Peche (2008) to 2 < v < 4.

We focus on the above listed four matrices when the input sequence is heavy tailed and 0 < « < 1.
We establish distributional convergence of the spectral norm of the three circulant matrices. Though
we are unable to obtain the exact limit in the Toeplitz case, we provide upper and lower bounds.
Our approach is to exploit the structure of the matrices and use existing methods on the study of
maximum of periodograms for heavy tailed sequences.

It seems to be a nontrivial problem to derive properties of the spectral norm in the case of moving
average process inputs. We resort to scaling each eigenvalue by the power transfer function (defined

in Section 3) at the appropriate ordinate as described below and then consider their maximums.
[ Al

27 f (wg)
the power transfer function corresponding to {z,} and {\;} are eigenvalues of A4,,. Similar scaling
has been used in the study of periodograms (see Davis and Mikosch (1999), Lin and Liu (2009),
Mikosch, Resnick and Samorodnitsky (2000)). We show the distributional convergence of M(A,,, f)

for the three circulant matrices.

For any of the above mentioned matrix A,, we define M(A4,, f) = max;<x<p where f is

2 Results for i.i.d. input

Let {Z;, t € Z} be a sequence of i.i.d random variables with common distribution F' where F' is in
the domain of attraction of an a-stable random variable with 0 < o < 1. Thus, there exist p,q > 0
with p+ ¢ = 1 and a slowly varying function L(x), such that

< _
lim P(Zy >x) . P(Zy < —x)

S AR R  Tir A i AL (|21 > z) ~a7"L(z) as v — o0.  (2.1)

A random variable Y, is said to have a stable distribution S, (o, 3, ) if there are parameters
0<a<20>0,—1<p8<1and p real such that its characteristic function has the form

exp{iut — o®|t|*(1 —ifsgn(t) tan(ra/2))}, if a#1,

Blesp(tYa)) = { i 00s ~ o (h s mysemiytiy | if o1

If 3 = p =0, then Y, is symmetric a-stable (Sa.S). For details on stable processes see Samorod-
nitsky and Taqqu (1994).



In the description of our results, we shall need the following: {I';}, {U;} and {B,}, are three
independent sequences defined on the same probability space where {I';} is the arrival sequence of
a unit rate poisson process on R, U; are i.i.d U(0,1) and Bj;’s are i.i.d satisfying

P(Bi=1)=p and P(B; =-1) =g, (2.2)

where p and ¢ are defined in (2.1). We also define

0o -1
Y, = ZF Ve 2(Ca,1,0) where C, = (/ @ sinxdm) )
0

Let b, = n'/®. The eigenvalues of b, RC,, are given by (see Bose and Mitra (2002)):

)‘n,x( ) = b_l Zt 0 T
Ana(Wn2) b_lz: ( 1)tay, if n iseven (2.3)
)\n,x( ):— n, wn k: m 1<k< Tl]
where )
1« 2k
Inz(wk 7‘21)6 'Ltwk|2 and Wy, = e

The eigenvalues of b,; 1O, are given by
Ana(wj) = byt Y jwje™, 1<j<n.

Note that {|Anz(we)|?; 1 < k < n/2} is the periodogram of {x;} at the frequencies {wy = M 1<
k < n/2}. From the eigenvalue structure of C,, and RC,, it is clear that ||b,*Cy|| = ||b;, 1RC H and
therefore they have identical limiting behavior.

Theorem 1. Assume that the input sequence is i.i.d. {Z;} satisfying (2.1). Then for a € (0,1),
|6, 1Cnl| = Yo and ||b;'RC,|| = Ya.

The eigenvalues of b, 1SC,, are given by:
(i) for n odd:

)\n,m (WO) = bgl [‘TU +2 Z ”/12] m]] (2 4)
Anz (W) byt w0 + QZf,1 zjcos(wij)], 1<k <[n/2] .
(ii) for n even:
An,x(WO) b [xO +2 Z] 1 Tj+ x”/Q] (25)
Anaz(wp) = byt [zo + 22 1 zjcos(wif) + (=1)Fa, 0], 1<k<2

with A, z(wn—k) = Apz(wg) in both cases.

Theorem 2. Assume that the input sequence is i.i.d. {Z;} satisfying (2.1). Then for a € (0,1),
16, 1SCy|| = 2171/0Y,.



Resolving the question of the exact limit of the Toeplitz spectral norm seems to very difficult. Here
we provide a good upper and lower bound in the distribution sense.

Theorem 3. Suppose that the input sequence is i.i.d. {Z;} satisfying (2.1). Then for ~ > 0,

o0 oo
-1 . _ . - -1

P(2 Z(l_Uj)Fj /e 7) < hmnlnf P |T| > ) < hmnsup PO Tl > ) < P(2ZFj /oS 7).

j=1 j=1

3 RESULTS FOR DEPENDENT INPUTS
Now suppose the input sequence is a linear process {X;,t € Z} given by
oo oo
X = Z ajZi—;, t€Z, where Z la;j|“"¢ < oo for some 0 < € < . (3.1)

pri j=—s0
Let -
P(z) = Z aj exp(—i2nxj), = € [0,1]
j=—o00

be the transfer function of the linear filter {a;} and fx(z) be the power transfer function of {X;}.
Then

Define

M(RC,, fx) = max A , M(Ch, fx) = max el M(SCh, fx) = max el

N .1 ax ——ml ax —kl

1<k<g \/fx(k/n) 1<k<g \/fx(k/n) 1<k<g \/fx(k/n)
where in each case {\;} are the eigenvalues of the corresponding matrix. Also from the eigenvalue
structure of C), and SC,,, M(C,,, fx) = M(RC,, fx).

Theorem 4. Assume that {X,} and {a;} satisfy (3.1) and {Z;} is i.i.d satisfying (2.1). Suppose
fx is strictly positive on [0,1/2]. Then

(a) M(b;'Cy, fx) = Yo and M(b;'RC,, fx) = Ya.
(b) Further, if aj = a_j, then M(b,*SCy, fx) = ol-1/ay

4 PROOFS OF RESULTS

Main idea of the proofs is taken from Mikosch, Resnick and Samorodnitsky (2000) who show
weak convergence of maximum of the periodogram based on heavy tailed sequence for a < 1.
Let €,(-) denote the point measure which gives unit mass to any set containing z and let E =
[0, 1] x ([—00,00]\{0}). Let M,(E) be the set of point measures on E, topologized by vague
convergence. The following convergence result follows from Proposition 3.21 of Resnick (1987):

n

N =Y emayfbn) = N = ZG(UJ.,BJ.FJ_—W) in Mp(E). (4.1)
k=1 i=1

Suppose f is a bounded continuous complex valued function defined on R and without loss of
generality assume |f(x)| < 1 for all z € R. Now pick n > 0 and define T;, : M,(E) — C|0,00) as
follows:

(Tym)(x) = 01, = f(2mat))

J



ifm =73, €4 0,) € Mp(E) and v;’s are finite. Elsewhere, set (7;m)(z) = 0. The following Lemma
was proved by Mikosch, Resnick and Samorodnitsky (2000) using the function f(z) = exp(—iz).
Same proof works in our case.

Lemma 1. T}, : My(E) — C[0,00) is continuous a.s. with respect to the distribution of N.
Lemma 2. For 0 < a <1, as n — oo the following convergence holds in C|0,00):

In,z(x/n) : Z f27mcj/n):>J ZBI‘ 1/Oéf(27rach) 0<z<o0.
7=1

Proof. Applying Lemma 1 on (4.1) we have
wy(x/n) = Z Ef( T2 /1) 1{12; 50, )

= ZBI‘ 1/Oéf(27r:UU) = JW(z) in C[0,00).

{F—l/a> }
Also, as n — 0 by dominated convergence theorem we have
J(2) = Ju ZB ;Y% f(2raU;).

7j=1

So using Theorem 4.2 of Billingsley (1968), the proof will be complete if for any € > 0,

hn% hmsupP(HJT(LnZ Jn,zl| > €) =0, (4.2)

n—oo

where ||z(-) — y(+)|| is the metric distance in C[0, 00) given by

() =yl = Z = llz(-) =y(C)lln A1], where [lz(-) —y()lln = sup |z(t) —y(t)]-

2n te[0,n]

Now

IA

hrr(l)hmsupP(HJnZ In.z|| > e) hm hmsupP(Z‘ ‘1{‘2 |<nbn} = e)

n—o0 n—oo

< limlimsupne 'E <|a‘1{|zj|gnbn})>

n—0 pooco

and using an application of Karamata’s theorem (see Resnick (1987) Exercise 0.4.2.8) we get that

Z o O,
"E(\E\lﬂzjgnbn}) ~ T P(Z] > nbp) ~ = = 0 as 1 — 0.

This completes the proof of the lemma. O



Proof of Theorem 1. We use Lemma 1 and Lemma 2 with f(z) = exp(—ix). It is immediate that
n

b ICl < bt Y12l (4.3)
t=1

It is well known [cf. Feller (1971)] that
ba' D12 = Yo = 01~ Sa(C117,1,0). (4.4)
t=1 j=1

Hence it remains to show that for v > 0,
liminf P(b,'[|Cull > 7) > P(Ya > 7). (4.5)
n—oo

Now observe that for any integer K and sufficiently large n,

P( sup |Jpz(i/n)|>~) =P( sup |Jnz(i/n)|> 7).
j=1,...,[n/2] j=1,...,

Now from Lemma 2 we have
(Jnz(i/n),1<j < K) = (Jxl(j),1 <j < K)
in R¥ hence

sup | Jn,z(j/n)| = sup [Joo(j)]
Jj=1...K j=1,...K

and so letting K — oo,

lminf P( sup  [Jyz(j/n)| >7) = P( sup |Joo(j)] > 7).

n—oo j=1,...,[n/2] j=1,...,00
Now the theorem follows from Lemma 3. O

Lemma 3.

oo
sup |J(4)] = sup {ZBtFt_l/a exp(—QwijUt)| =Y, ae
7=1,...,00 j=1,...,00 —1

Proof. Define

O = {w eQ: ZF;I/a(w) < ooand for allm > 1, (U (w), ..., Un(w)) are rationally independent}.
j=1

Then P(£29) = 1. Let T denote the fractional part of z. For any w € Qg, by Weyl (1916),

(nUi(w), ..., nUp(w)), n € N

is dense in [0, 1]™. Fix any w € Qo and € > 0. Then there exist an N € Nsuch that > 322 v ., Fj_l/a

€ and from Weyl’s result there exist a Ng € N such that

(W) <

Real(Bj exp(—2m’N0Uj)) >1- W, j=1,...,N.

J



Then we have

[e'S) N [e's)
sup ‘ZBjF]-_l/aexp(—%rijUt)‘ > sup ‘ZBij_l/aexp(—%rijUt)}— Z Ft_l/a

J=1,00 43 J=1,00 43 t=N+1
N
> ’ZBtI‘t_l/a exp(—QWiNoUt)’ —€
=1
N
> Real( Y By " exp(—2riNoUy)) —

t=1

N
> Z —1/a Zr_l/a—QE.

-1
= AT, )

Letting first N — oo and then € — 0, we get sup;_; _ ~ [Joo(J)| = Yao. Trivially sup,;_; o [Joo(j)] <
Y,. This completes the proof. O

Proof of Theorem 2. The proof is similar to the proof of Theorem 1. We provide the proof for n
odd and for n even, the changes needed are minor. Define

In,z(x) == 2b, 1ZZtCOS (2mxt) and M, 7 := Jnax ‘an k/n)|,
t=1

(4.6)

where ¢ = g, = [%]. Since |||b,'SCy|| — My z| — 0 almost surely, it is enough to show M, z =
2!-1/2y,. Now (4.1) holds with [0, 1] replaced by [0, 1/2], and letting Ny = >0, €1/, 2, /b,
N=3% €Uy, and U; to be i.i.d. U[0,1/2]. Now following the argument given in Lemma

1, Lemma 2 and taking f(x) = cos(z) it is easy to establish that

2rkx

q o0
Jnz(z/n) = 2b," Z Zj, cos = gl-1/ Z ijj_l/a cos(2mal;) = Joo(x). (4.7)
k=1 j=1

It is obvious that
M, < zb—lz\z | = 2!" UaZr Ve _ gl-lfay
7j=1

It remains to show that for > 0, liminf,, ..o P(M, z > n) > P(2'-1*Y,, > n). Now following the
arguments given to prove (4.5), we can establish the last relation. This completes the proof of the
theorem. 0

Proof of Theorem 3. Following Meckes (2007), 7T), is a submatrix of the infinite Laurent matrix
Lo = [ZjkVj=k1<n—1] ez

so ||T,|| < || Ln|l , where ||Ly,|| denotes the operator norm of L,, acting in the standard way on l2(Z).
If we use the Fourier basis to identify l2(Z) with L9[0, 1], it turns out that L, corresponds to a
multiplication operator, with the multiplier

n—1 n—1
g(z) = Z Z|j|62mjx =2Zy+2 Zcos(27rja:)Zj.
j=—(n-1) Jj=1



Therefore
ITnll < 1 Lnll = llglloc = sup |g(z)].
0<z<1

Hence as n — o0,
n—1
1
b ITll < 07 120l +2 " 1241 ;»2Zr /o
7=0 7j=1
and we have for v > 0

o
limsup P (b, 1T > 7) < P2 Y T > ).
n =1

By another argument of Meckes (2007), we get the following estimate

Thv,v
= sp I200 s Lm0
veC\{0} (v,v) 0<z<1 M
where v, € C" is defined as (v;); = €>™% for j =1,2,...,n and (-, -) is the standard inner product
J

on C™. Therefore

1
Il =~ sup | Z Z)j-ye®™ IR

T 0<z<1 =
1 n—1
_ 1 i Z o2
o _Z(ni_lf“ 2]
n—1 .
— Zo+2 Z 2
S, 12023 (1= )2 costemin)]
Now
limnian(b;lHTnH >q) > limnian(b* oiu21’20+2z; Z cos(2mjx)| > 7)
J
n—1 .
= liTanP(bf 021;21‘22(1—%)chos(27rjx)‘ > 7)

To find the limit in the last expression, pick n > 0 and define T), : M,(E) — C[0,00), as follows:

(T,m)(z) = { > (L —=tj)vjcos(2maty)L(|vj] >m) i m =37 €40, all vis are finite
8 —

0 otherwise

Following the argument given in Lemma 1, it is easy to see T;, is continuous a.s. with respect to
the distribution of N and then using an argument from Lemma 2, we can show that for fixed x

n—1
2b,, 12 1 —j/n)Z;jcos(2mjx/n) :ZZ (1-U;)B,L; e cos(2maUyj). (4.8)
Jj=1 j=1



Now for any fixed T where n > T > 0,

27le‘
sup [2b1 Z cos(2mjz)| = su 2b !
0<x31’ " Z (2nj )‘ 0<a;I<)n Z n ‘
> sup ‘2b 12 27Tj$‘
T 0<a<T n
[e.@]
= sup |2 Z(l - U]-)BJ‘I‘j_l/(l cos(2mxUj)|,
0<e<T i3
and using (4.8) we have
o
Hminf P (b, YT, > ) > P( sup |2 Z(l - Uj)Bij_l/a cos(2maUj)| > 7).
n 0<z<T =1

Since this is true for any 7', we obtain

o0

lim inf P (b, '[| Tl > 7) = P( sup |2 (1 - U;)B;T; V' cos(2mal;)| > 7).

0<z<0 j=1

Now to identify the distribution of supy<, < |2 > —Uj)Bij_l/a cos(27waU;)| we follow Lemma
3. Here we use the fact {(zU;(w),...,2Un(w)),z > 0} is dense in [0,1]™ and we get

> o
sup 23 (1= U BT cos(@matry)| = 3 (1 — UL .
0<z<oco — 4
J=1 o
This completes the proof. .

Proof of Theorem /(a). To prove the result it is enough to show that
M (b Co, fx) = 167" Cull| = 0.

Let Jpz(z) = bt Y Zyexp(—i2mat). Note

M Co ) = 7 Calll = | sup (Fx/m)) ™21 x (k/m)| = sup |y z(0/m)]|
< sup [[w/m) o x(k/m)| = |z /)|
< sup [0(k/n) T x(k/m) = Tz (/)

and

Jox(x) = b,! Z X exp(—i2mat)
t=1

= bt Z a; exp(fiQﬂ'xj)(ZZtexp(—i%rxt)JrVn,j)

j:—oo t=1



= Y(z)Jn z(x) + Yo(2), (4.9)

where

3

Vn,j =

—J n 0o
Zy exp(—i2mat) — Z Zyexp(—i2rat), Yn(z) =0, " Z ajexp(—i2nzf)Vy ;.

Since fx is bounded away from 0 and co and in view of relation (4.9), it is enough to show that

max)<p<p |V (/)| 2 0. Now

Yo(z) = b,! Z ajexp(—z'27rxj)Vn,j+b;12ajexp(—i27m:j)Vn7j

j=n+1 J=1
—n—1 -1
bgl Z aj exp(—i27rxj)Vn7j+b;1 Z ajexp(—i2nxj)Vy
j=—00 Jj=-n

= Si(x) 4+ So(z) + Ss3(x) + Sa(x).

Now following similar argument given in the proof of Lemma (2.6) in Mikosch, Resnick and
Samorodnitsky (2000), we can show that

P P
1211?3}{71 |S1(k/n)] — 0 and 11%1]2(” |Sa2(k/n)| — 0.

Behavior of S3(x) and Sy(x) are similar as S1(x) and Sy () respectively. Therefore following similar

argument we can show that maxj<y<, |S3(k/n)| 2.0 and maxi<k<n |[Sa(k/n)| 2. 0. This completes
the proof of part (a).
Proof of Theorem 4(b). In view of Theorem 2, it is enough to show that

IM(b,; 1 SCy, £x) — |67 SCal| 2 0.

Let
q
Jnz(x) = 2b,! Z Zy cos(2mxt)
t=1
g q
= b, Z Zy exp(i2mat) — by ! Z Zy exp(—i2mxt).
t=1 t=1

Then using a; = a—; we have

q q
Jox(x) = bt Z X, exp(i2mat) — b, ! Z X exp(—i2mxt)
t=1 t=1

= bt Z a; exp(—i2mzj)( Z Zyexp(i2mat) + Uy ;)
t=1

j=—o00

_bT_ll Z a; exp(—i?ﬂxj)(zzt exp(—i2mat) + V”’j)

j=—o0 t=1

= (@) Jnz(2) + Yin(z) = Yon(2),

10



where

q+j n—j n
Unj= Z Zyexp(i2mxt) — Z Zyexp(i2mat), Z Zyexp(—i2mat) — Z Zyexp(—i2maxt),
t=1+j t=1 t=1—j t=1

00 o0
Yi, = b;l Z ajexp(—i2nzj)U, j, Yon = bﬁl Z ajexp(—i2mxj)Vy, ;.

j=—o0 j=—o0

Since fx is bounded away from 0 and oo, it is enough to show that

sup | Jux (k/n) = w(k/n) Joz(k/m)| < sup [Yia(k/m)| + sup [Yau(k/n)| 5 0.
1<k<q 1<k<q 1<k<q

Now

Yin(z) = bt Z aj exp(—i2nxj)Uy

j=—0c0

. q
= b,' Y agexp(—i2naf)Un; + b, Y ajexp(—i2maf)Un,

i=qt1 i=1
—q—1 -1

b1 Z a; exp(—i2mxj)Up ; + by " Z a; exp(—i2nxj)U, ;
Jj=—00 J=—q

= 5 (ZL‘) + 52(33) + Sg($) + 54(1’)
Again following similar argument of of Lemma (2.6) in Mikosch, Resnick and Samorodnitsky (2000),
we can show that sup, <<, |Si(k/n)| 2 0for=1,...,4. Hence SUPy < <yq |Yin(k/n)| 2 0. Similarly

SUP <k<4 }an(k‘/n)| 2. 0. This completes the proof of part (b). O

5 CONCLUDING REMARKS

All the results stated in Section 2 require o € (0,1) but the case when « € [1,2) is a very non trivial
problem. In the reverse circulant case we saw that the eigenvalue structure is similar to the square
root of the periodogram and the maximum of the periodogram is not tight with the scaling n'/®
when o > 1. Instead it is tight with a different scaling (see Mikosch, Resnick and Samorodnitsky
(2000), Section 3 for details). We are actively trying to see what happens in this case for other
matrices.
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