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Abstract

Over the last two decades, several two-sample tests based on pairwise Euclidean distances have
been proposed in the literature. Most of these tests can be used even when the dimension of the
data is much larger than the sample size. For instance, the rigid motion invariant tests proposed by
Baringhaus and Franz (2010) and those proposed by Biswas and Ghosh (2014) can be conveniently
used in high dimension, low sample size (HDLSS) situations. In this article, we show that these
tests can yield poor results in the HDLSS set up even when the two distributions differ widely
in their scatters and shapes. To overcome this limitation, we propose some simple modifications
of these tests, where the Euclidean distance is replaced by other appropriate distance functions.
Similar modification is carried out for graph based multivariate run tests as well. We prove the high
dimensional consistency of these modified tests under appropriate regularity conditions and evaluate
their empirical performance using several simulated and real data sets.
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1 Introduction

In a two-sample problem, we test for the equality of two d-dimensional distributions F' and G based on
two independent samples x1,...,X,, from F and y;,...,y,, from G. This problem is well investigated
in the literature, and several tests are available for it. In the parametric regime, we have the Hotelling’s
T? test (see e.g., Anderson, 2003), which assumes F' and G to be Gaussian having the same disper-
sion structure and tests for the equality of their locations. Nonparametric tests for the two-sample
location problem include Puri and Sen (1971); Randles and Peters (1990); Hettmansperger and Oja
(1994); Choi and Marden (1997) and Hettmansperger et al. (1998). But many of these tests become
computationally prohibitive even for moderately high dimensional data, and none of them can be used
when the dimension exceeds the sample size. Two-sample location tests that can be used for high
dimension, low sample size (HDLSS) data include Bai and Saranadasa (1996); Chen and Qin (2010);
Srivastava et al. (2013); Park and Ayyala (2013); Ghosh and Biswas (2016); Wei et al. (2016). Several
tests are available for the general two-sample problem as well, where one tests the null hypothesis
Ho : F = G against the alternative Hy : F # G (see, e.g., Friedman and Rafsky, 1979; Schilling,
1986; Henze, 1988; Ferger, 2000; Hall and Tajvidi, 2002; Rosenbaum, 2005; Liu and Modarres, 2011;

Gretton et al., 2012; Biswas and Ghosh, 2014; Biswas et al., 2014; Mondal et al., 2015).



Many of these above mentioned tests use test statistics based on pairwise Euclidean distances. It
is known that if X, X9 are two independent copies of X ~ F' and Y1, Yo are two independent copies
of Y ~ G, then ||X; — X5, [[X1 =Y and ||[Y; — Yq| have the same distribution if and only if F' and
G are identical (Maa et al., 1996). So, pairwise Euclidean distances contain useful information about
the difference between two multivariate distributions. Under the usual moment conditions, we also
have 2F|| X1 — Y| — E||X; — Xa|| — E||Y1 — Y| > 0, where the equality holds if and only if F' = G.
Motivated by this result, Baringhaus and Franz (2004) constructed the Cramér test, which rejects Hg
for large values of the test statistic
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This test has the large sample consistency against general alternatives. Under usual moment conditions,
its power converges to unity as the sample size increases. From the expression of T, it is also clear
that this test can be conveniently used for high dimensional data even when the dimension is much
larger than the sample size. But, Biswas and Ghosh (2014) showed that it often fails to perform well
it the HDLSS set up, particularly when the underlying distributions differ mainly in their scales. To
take care of this problem, they proposed to use
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as the test statistic. Baringhaus and Franz (2010) also considered a class of rigid motion invariant test
statistics, where || - || in T¢ was replaced by ¢(]| - ||?), for ¢ : [0,00) — [0,00) being a suitably chosen
function. In particular, they chose ¢(t) = v/t (which leads to the Cramér test), log(1 + t),t2/(1 + t?)
and exp(t) — 1. A similar class of rigid motion invariant tests can be constructed if || - || in Tp¢g is
replaced by ¢(|| - ||?). However, one should note that || - ||? usually diverges to infinity at the rate of
O(d) (see, e.g., Hall et al., 2005). Therefore, to use these tests meaningfully for high dimensional data,

instead of ¢(|| - ||?), we use ¢(|| - ||>/d) and consider test statistics of the form
TS = 20i4(F. G) — ig(F, F) — fig(G, G) and The; = {i(F,G) — ip(F, F)}2 + {14 (F. G) — ig(G, G) 2.

where fig(F, F) = m~2 337, 3500 o(llxi — x511%/d), fig(G,G) = n=2 370, 370 ¢(lly; — y,l*/d) and
lp(F,G) = (mn)~13"", > i olxi — y;lI?/d). Note that for ¢(t) = v't, we have Tg = To/Vd
and Tg » = Tpp/d. Henceforth, the first class of tests based on Tg will be referred to as Cramér

tests, while the class of tests based on TgG will be referred to as BG tests. Biswas and Ghosh (2014)



showed that Cramér tests often fail to perform well in high dimensional data, especially when the two
distributions differ only in their scales. In such cases, BG tests are preferred. But these tests also have
their limitations in the HDLSS set up. To demonstrate this, we consider the following two examples.

Example 1 : Each of the two distributions F' and G are Gaussian with the mean vector 0y =
(0,...,0)" and diagonal scatter matrices. The first d/2 diagonal elements of the scatter matrix of F
(respectively, G) are 1 (respectively, 1.5) and the rest are 1.5 (respectively, 1).

Example 2 : Both F' and G have independent and identically distributed measurement variables.
For F, they are distributed as A/(0,5), while for G, they have the ¢5(0,3) distribution, where ¢, (u, o%)
denotes a t-distribution with v degrees of freedom, location p and scale o.

For each of these examples, we generated 20 observations from each distribution, and tests based on
Tg and TgG were used with ¢(t) = v/t,log(1+t) and exp(t)—1. We will refer to them as Téqrt, Tg’g, T.®
and Tg’gt, Tg)g, ng?, respectively. Each experiment was repeated 500 times, and the power of a test
was computed as the proportion of times it rejected Hy.
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(a) Example 1
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Figure 1: Powers of Cramér tests and their modified versions based on ¢y, 4.
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Figure 2: Powers of BG tests and their modified versions based on ¢y, 4.



Figures 1 and 2 show the observed powers of these tests for different values of d. Note that in these
examples, each measurement variable contains some signal against Hy. So, one can expect the power
of a test to increase as d increases. But that was not the case for the tests based on Tg and T EG.
They had poor performance in these examples. But when modified versions of these tests based on
other appropriate distance functions were used, they had much higher powers (see Figures 1 and 2).
Descriptions of these modified tests are given in the next section, but before that we investigate the

reasons behind the failure of the tests based on Tg and TgG'

2 Modifications of Cramér and BG tests

Let X1, X5 be two independent copies of X = (X(l), e ,X(d))T ~ F and Y1,Y5 be two independent
copies of Y = (Y(l), . ,Y(d))T ~ G. In Examples 1 and 2, all measurement variables X1 ... X4
and Y. Y@ are independently distributed with bounded variance. Therefore, as d increases,
Var(d=|X; — X5||?) = Var{d! ZZZI(XY]) - X§Q))2} converges to 0 and hence d~![[[X; — X —
E|IX; — Xy|]?| £ 0. So, using the continuous mapping theorem, one gets |¢(d~'[|X; — Xs||?) —

P(dE| X1 —Xa|?)] £ 0 as d tends to infinity. Similarly, |¢(d~!|[Y1=Y2|?)—¢(d ' E|[Y1—Y,[?)| L

0 and |p(d~ Xy — Y1) — ¢(d ' E[| Xy — Y1 |?)] £ 0 as d increases. This type of convergence holds
even when the measurement variables are not independent, but in that case, we need some additional

conditions on the underlying distributions. Some sufficient conditions in this context are given below.

(A1) Fourth moments of the measurement variables are uniformly bounded.
(A2) For Z=X; — X0, X1 = Y1, Y1 = Yo, 3 o COU(Z(q)Q, Z(q/)2) is of the order o(d?).
(A3) There exists 0%, 0% and v? such that d~! 2221 Var(qu)) — o5, d ! 2221 Var(Yl(q)) — 02 and

d Y EX) —E(Y)|? = v? as d — .

Hall et al. (2005) made similar assumptions to study the behavior of several classifiers in the HDLSS
asymptotic regime, where the sample size is considered to be fixed and the dimension grows to infinity.
Similar assumptions were also made by Biswas et al. (2014, 2015) in the context of hypothesis testing.
Under assumptions (A1) — (A43), following the proof of Theorem 3.1 in Biswas and Ghosh (2014), one
can show that when % # 0 or O'% #+ UQG, powers of BG tests converge to unity as the dimension
increases. Similar high dimensional consistency can be proved for Cramér tests as well. These tests
based on the Fuclidean distance need the two distributions to differ in their locations or average scales

to perform well in the HDLSS set up. But in Examples 1 and 2, we had v?> = 0 and O'% = UQG.



Though each measurement variable had different distributions under F' and G, pairwise FKuclidean
distances were unable to extract that information. That is why the tests based on Tg and TEG had
poor performance. We can capture this difference in marginals if instead of the Euclidean distance, we

use other appropriate distance functions. Here we consider a class of distance functions of the form
(X, Y) —h{ Zw 2@ — y @)1, (1)

where h: Ry — Ry and ¢ : Ry — R, are continuous, strictly increasing functions with A(0) = ¢(0) =
0. Observe that for any p > 1, the use of ¥(t) = t?/2 and h(t) = t'/? leads to the ¢, distance (upto a
scalar multiple). We modify Cramér and BG tests using ¢y, in place of the Euclidean distance. So,

the modified test statistics turn out to be of the form

Te" = 2y (F, G) = fing(F, F) = finw(G, G) and

Thes = {fin(F, G) = finy(F, F)Y + {finy (F, G) = fin (G, G)},

where fip, (F, F) = m™? Z1§@'7jgm Ph.(Xiy X)), finy (G, G) =n~? 21§i,j§n Ph(Yiry;) and fin g (F, G)
= (mn)" 3", > i—1 ®ny(xi,y;). We reject Ho for large values of the test statistic, where the cut-off
is computed using the permutation principle. In this article, we consider 1 (t) = v/¢, log(1 + t) and
1 —exp(—t), while h(t) = ¢ is used. The resulting test statistics will be denoted by T TICO TSP (for
modified Cramér tests) and quGrt,Tgé,ng) (for modified BG tests), respectively. In Figures 1 and
2 we have already seen that the modified tests based on these statistics performed well in Examples
1 and 2. Now, to carry out a theoretical investigation on their behavior in the HDLSS asymptotic

regime, we make the following assumption.

(Ad) For Z = X; — X5, Y1 — Yy and Xy — Yy, P30 {9(|Z@2) — Ey(|Z2@?)} converges in

probability to 0 as d tends to infinity.

The assumption (A4) is quite common in the HDLSS literature (see, e.g., Biswas et al., 2015).
The condition holds if we assume (A1) and (A2) with 1 (|Z(@|?) in place of Z@? Tt holds in many
other situations as well. For instance, Andrews (1988); de Jong (1995) derived some sufficient condi-
tions based on mixingles. Under (A4), for two independent random vectors X and Y, o5 (X,Y) —
h{d_1 Z;l:l Ey(|X@ -y (@ |2)} converges in probability to 0 as d diverges. Now, assume that X, Xo ~
F and Y1, Y3 ~ G and they are independent. Define ¢}, ,(F,F) = h{d~' 3%, By(|X{” — X3},
hp(G.G) = W{d™ g Be(Y(? = ;")) and ¢, (F.G) = h{d™ Y0, Bu(1X)” - Y{PP)}.

Lemma 1 shows an interesting result involving these quantities.



Lemma 1. Suppose that h is concave and ¥ has non-constant monotone derivative. Then, for any
fized d > 1, we have ey y(F,G) = 2¢}, (F,G) — ¢}, ,(F, F) — ¢}, (G, G) = 0, where the equality holds

if and only if F and G have the same one-dimensional marginal distributions.

Proof: Let X;,X5 ~ F and Y1, Yy ~ G be independent random vectors. Since 1 has non-constant
monotone derivative, we get 2E1/)(|X§q) - Yl(q)|2) - E¢(|X§q) - Xéq)|2) - E?/)(|Y1(q) - Y2(q)|2) > 0 for
q=1,...,d, where equality holds if and only if the ¢-th marginal distributions of F' and G are identical

(see Baringhaus and Franz, 2010). As a result, we have

SHN
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where equality holds if and only if all marginal distributions of F' and G are same. Now, since h is

concave and increasing, for any three real numbers a,b and c satisfying 2b —a — ¢ > 0, we get

a—+c

h(b) > h< ) > %h(a) + %h(c) = 2h(b) — h(a) — h(c) > 0. (3)

The proof of the lemma now follows from Equations (2) and (3). O

The quantity ey, (F,G) can serve as a measure of separation between F' and G. In fact, this can
be viewed as an energy distance between F' and G (see, e.g., Székely and Rizzo, 2004; Aslan and Zech,
2005). Lemma 1 shows that for every d > 1, ey, (F, G) is positive unless the marginal distributions of

F and G are identical. Therefore, it is reasonable to make the following assumption
(A5) liminfy oo Ch (F, G) > 0.

The following theorem shows the high dimensional consistency (i.e., consistency in the HDLSS asymp-

totic regime) of the tests based on Tg’w and Tvgé}b under this assumption.

Theorem 1. Suppose that we have m independent observations from both I and G, which satisfy
assumptions (A4) and (A5). If (QHT) > 2/, then the powers of the modified tests (of level a) based on

Tg’w and fg’g converge to 1 as d tends to infinity.

Proof : For four independent random vectors X;,Xy ~ F' and Y1,Ys ~ G, under (A44), we have
lon,w(X1,X2) — a4l £ 0, |¢ny(Y1,Y2) — cqf £ 0 and lon,(X1, Y1) — byl Boasd— oo, where
aqg = ¢}, o(F\ F), ba = ¢}, ,(F,G) and ¢cq = ], (G, G). Thus, as d = oo, |Tvg’w —epy(F,G)| 50 and
IThe = hw(F,G)| 5 0, where 7,4 (F, G) = (bg — ag)? + (ba — ca)?.

Now let us consider the permutation distributions of Tg¢ and ng Under a random permutation,

if (m — r) observations from F' and r observations from G are labeled as F' and the rest as G, one can



check that |fg’¢—nreh7¢(F, G)| B 0asd— oo, where 1, = 1—{2r(m—r)/m?+2r(m—r)/m(m—1)} <1,
and equality holds if and only if » = 0 or 7 = m. Therefore, when liminf, , es (F,G) > 0, under
the permutation distribution, the probability Pr*{fg’w > epy(F,G)} converges to 2/ (2::) < a. This
proves the consistency of the modified Cramér test based on Tvgw

For the test based on fgg, under the above mentioned random permutation, we obtain ]fgg —
{(bayr — aar)? + (bar — car)*} Boasd— 0o, where aq, = [(mz_r)ad +r(m —r)bg + (g)cd]/(g),
bar = [r(m—r)ag+{r?+ (m—7r)*}bg+r(m—r)cq] /m? and cg, = [(5)aqg+r(m —r)ba+ (";7)]/(3).
Since liminf; o 2bg — ag — ¢q > 0, following the proof of Theorem 3.1 in Biswas and Ghosh (2014),
one can show that (bg, — CLW)2 + (ba,r — cd’,ﬂ)2 < (bg — ag)?® + (bg — cg)? = Vi, (F, G), where equality
holds if and only if » = 0 or » = m. So, here also, the probability under the permutation distribution
Pr*{fgg > Yp0(F,G)} converges to 2/ (ZTZL) < « as d — 00, and this proves the high dimensional
consistency of the modified BG test based on T gép U

Theorem 1 shows the consistency of the modified tests when the sample sizes from the two distribu-
tions are equal. For unequal sample sizes, the calculations become pretty messy. However, as pointed
out by Biswas and Ghosh (2014), the case m # n can be seen as the case m = n with some additional
observations from one class. These additional observations give us more information, and as a result,
the powers of the tests are expected to increase. This can be seen from Figure 3 as well, which shows
the limiting p-values of the modified test based on Tvéqrt as functions of m and n for Examples 1 and 2.
From this figure one can see that the p-values decrease with increasing values of m and n. We observed

the same for other modified tests as well.

(a) Example 1 (b) Example 2

Figure 3: Limiting p-values of the modified Cramér test based on T, me for different values of m and n.

Theorem 1 shows that even when the population distributions have the same location and the

same average variance, our modified tests can distinguish between them as long as their marginal



distributions differ. This was the reason for the excellent performance of these tests in Examples 1 and
2. Now, we consider two examples, where F' and G have the same one dimensional marginals.
Example 3: We consider two Gaussian distributions Ny(04, 31 4) and Ny(0g, 32,4), where 21 4 =
(0.1 "=31)) and 3y 4 = ((0.5 li=71)).
Example 4: Again we consider two Gaussian distributions Ny(0g4, 31 4) and Ny(0g, 32 4). For
k=1 and 2, here 3y 4 = ((Ufj)) is a block-diagonal matrix with of; =1 for alli = 1,...,d, 05,5, | =
0’22-_17% = pi, for all i = 1,...,|d/2], and the rest are zero. We use p; = 0.25 and ps = —0.25.

(a) Example 3 (b) Example 4
100 ‘ ‘ ‘ ‘ ‘ ‘ g 100f—— : ‘ ‘
Téqrt Té“”
901 - T(l;)g 90f u T(l;g
80t Te® 1 80t e®
° fgﬂ‘t ° fé””
70t < 1 70t <
= T —~ e
IS 60H A fﬂxp R 60f A TN’C,XD
g = g <
5 50t S 50t
5] 8
£ a0t £ a0t
~ v
30} 1 30}
20} 1 20}
0 ——— | 0 AW
ob_ . ‘ ‘ ‘ ‘ ‘ J oL . ‘ ‘ ‘ ‘ ‘ J
6 65 7 75 8 85 9 6 65 7 75 8 85 9
log,(d) log,(d)
Figure 4: Powers of different Cramér tests and their modified versions based on ¢y, 4.
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Figure 5: Powers of different BG tests and their modified versions based on ¢y, 4.

In these two examples, F' and G differ only in their correlation structures, and assumption (A5) does
not hold. Figures 4 and 5 show that all tests based on Tg and TEG as well as their modified versions

based on fgw and f]_};g fail in these examples. This shows the necessity for further modifications of

these tests. We propose such modifications in the next section.



3 Further improvement using blocking

Suppose that X ~ F'is partitioned into D (< d) blocks as X = (X(I)T, . ,X(D)T)T, where X follows
a d,-dimensional (25:1 d, = d) distribution F, for ¢ = 1,...,D. Similarly, Y ~ G is partitioned as

T T

Y = (Y(l) YD) )T, where Y@ follows a d,~dimensional distribution G,. Now, using this

partition, we can define the distance between two observations x and y as

D
oButey) = {5 3w (Ix —y @)} 4)
q=1

and construct the modified tests accordingly. The corresponding test statistics will be denoted by

fg?g, f}; 5. Tvgfg and TvgqéfB, fg’é B Tvgg” p» respectively. Clearly, ¢y, is a particular case of goﬁ " with
D =dand d; =1forall g=1,...,d. In Section 2, we have seen that the tests based on ¢y, 4 failed to
perform well in Examples 3 and 4, where the two distributions had the same marginals but different
correlation structures. We can overcome this problem using blocks of size 2. Figures 6 and 7 show
the powers of the modified tests when we used D = d/2, d; = 2 and X@ = (x@a-D x T for

qg=1,...,D. Clearly, these tests successfully captured the difference in the correlation structures of

the two distributions to yield much improved results.
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Figure 6: Powers of different Cramér tests and their modified versions based on ¢y, ;, and <pf » With

blocks of size 2.

To study the high-dimensional behavior of the tests based on gpf > We assume that the number of
blocks D diverges and block sizes remain uniformly bounded as d increases. We also make the following

assumption similar to (A4).

(A6) Let X;,X9 ~ F and Y1,Y2 ~ G be independent random vectors. Then, for Z = X; — Xy,
Y1 —Yyand Xg = Yy, DTUYD {9(|129)2) — E¢(|Z@|?)} — 0 in probability as d — oo.
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Figure 7: Powers of different BG tests and their modified versions based on ¢y, 4, and gpf ,» With blocks
of size 2.

Under the assumption (A6), for two independent random vectors X and Y, we have gpﬁ w(X, Y) -
h{D~* Zqul Ep(|X(@ — Y(q)HQ)} — 0 in probability as d — oo. Let X;,Xy be two independent
copies of X ~ I and Y1, Y5 be two independent copies of Y ~ (G. As before, we define Lpﬁ’:;(F, F) =
W{D' SR Ep(IX — X))}, 00 (G,G) = h{D Y Bu(Y? — Y |?)} and ¢ (F,G) =
h{D~! ZqD:1 Ez/J(Hng) —YW@ 1?)}. Results similar to Lemma 1 holds for wﬁ’; as well, which is stated

below as Lemma 2. We skip the proof of this lemma as it is similar to the proof of Lemma 1.

Lemma 2. Suppose that h is concave and ¥ has mon-constant monotone derivative. Then, for any
fixzed d > 1, we have efw(F, G) = 2@,?’:;(F, G) — cpf’:;(F, F)— @f’lz(G, G) > 0, where the equality holds

if and only if Fy = Gy for allg=1,...,D.

Unlike e, (F, G), eﬁ (I, G) can take positive values even when F and G have the same marginal
distributions. The function eﬁ w(F ,G) can distinguish between two populations as long as they have
different block distributions. That is why the modified tests based on blocks of size 2 could capture the
difference in the correlation structures of the two distributions in Examples 3 and 4. Lemma 2 shows
that unless F' and G have the same block distributions, for any fixed d, eﬁw(F, G) is positive. So, it is

reasonable to assume that
(A7) liminfy_, oo e;j L(F,G) > 0.

The following theorem shows the high dimensional consistency of the tests based on gof " under
assumption (A7) when the number of observations from the two distributions are equal. For unequal
sample sizes, arguments given after the proof of Theorem 1 hold here as well. Since the proof of this

theorem is similar to the proof of Theorem 1, it is omitted.

10



Theorem 2. Suppose that we have m independent observations from both F and G, which satisfy
assumptions (A6) and (A7). If (2;;?) > 2/a, then the powers of the modified Cramér tests and BG tests

(of level o) based on cpfw converge to 1 as the dimension d diverges.

4 Modifications of multivariate run test

Friedman and Rafsky (1979) used the idea of minimum spanning tree (MST) to construct a two-sample
run test for multivariate data. They considered each of the m + n observations as a vertex of an edge
weighted complete graph, where the Euclidean distance between two observations was taken as the
weight of the edge connecting them. They constructed the MST of this complete graph and counted the
number of edges in the MST that connects observations from two different distributions. The authors
suggested to reject Ho for smaller values of this count. This test has the large sample consistency
(see, e.g., Henze and Penrose, 1999), and it can be used even for data with dimension larger than the
sample size. But Biswas et al. (2014) showed that it often fails to perform well in the HDLSS set up,
especially when the two distributions do not differ much in their locations. To overcome this problem,
they constructed another run test using the idea of shortest Hamiltonian path (SHP). They considered
the same edge weighted complete graph as above, constructed the SHP in it, and suggested to reject
Hy if the number of runs (henceforth denoted by Ty p) along that SHP is small. This test outperforms
the test based on MST in a wide variety of high dimensional problems. Biswas et al. (2014) established
the high dimensional consistency of this test under (A1) — (A3) when v? > 0 or 0% # 0. However,
this test based on the Euclidean distance also failed in Examples 1-4 (see Figures 8 and 9), where we

had »2 = 0 and O'% = JQG.

(a) Example 1 (b) Example 2
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Figure 8: Powers of the SHP run test and its modified versions based on ¢y, 4.
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(a) Example 3 (b) Example 4
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Figure 9: Powers of SHP run test and its modified versions based on ¢y, and gof  with blocks of
size 2.

Figure 8 shows that instead of the Euclidean distance, when we used ¢ 4 as the edge weights of
the complete graph, the resulting run tests based on SHP performed well in Examples 1 and 2 (see the
curves corresponding to fg%;,fgﬁp and fg’ﬁp) but they failed in Examples 3 and 4 (see Figure 9),
where the two distributions had the same marginals. Using gpﬁ & with the same blocks of size 2 as used
in Section 3, we got much improved results in these two examples (see the curves corresponding to
T;‘Z; B,Tg’g p.p and fgﬁ)P, p)- This is consistent with what we observed in Sections 2 and 3, and the
reasons behind different types of behavior of runs tests based on different distance functions can be

explained using similar arguments as before. Results similar to Theorems 1 and 2 can also be derived

for these modified SHP run tests based on ¢y, 4 and <pf > Tespectively.

5 Analysis of benchmark data sets

We analyzed two benchmark data sets, the Gun-Point data and the Lighting-2 data, for further evalu-
ation of different modified tests described in this article. These data sets are available at the UCR Time
Series Classification Archive (http://www.cs.ucr.edu/~eamonn/time_series_data/), and they have
been extensively used in the literature, mainly for supervised classification. In both of these data sets,
we have reasonable separation between the two distributions. So, assuming Hg to be false, we com-
pared different tests based on their empirical powers. These data sets consist of separate training and
test sets. For our analysis, we merged these sets and following Biswas et al. (2014), we used random
subsamples of different sizes from the whole data set keeping the proportions of observations from
different distributions as close as they were in the original data set. We repeated each experiment 500

times to compute the powers of different tests, and they are shown in Figures 10 and 11.
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For multivariate run tests, following Biswas et al. (2014), we used the method based on Kruskal’s
algorithm for finding the SHP. These run tests have the distribution-free property. In all other cases,
we used conditional tests based on 1000 random permutations. For modified tests using blocks, we
used blocks of size two as before, where the blocks were chosen using a data driven method based on
the idea of optimal non-bipartite matching (Lu et al., 2011). Note that one would ideally like to have
highly correlated variables in the same block. So, we considered a complete edge weighted graph on
d vertices, where the absolute value of the correlation between a pair of variables was taken as the
weight of the edge connecting them. We used the R package nbpMatching to find |d/2] disjoint pairs
of variables such that the total weight between them is maximum. These pairs (plus a single variable
if d is odd) were used as the D blocks.

Gun-Point data set comes from the video surveillance domain. It contains 100 observations from
each of two distributions: ‘Gun-Draw’ and ‘Point’, where each observation consists of 150 measure-
ments. For this data set, modified versions of the SHP run test had the best overall performance.
Tests based on ¢y, 4, and gpﬁ ” had similar powers. Modified versions of Cramér tests performed better
than the usual tests based on Tg. Among these modified tests, the one based on T gfg had the best
performance. We observed similar phenomenon for BG tests as well, where modified tests performed

better than the usual tests based on TgG. Among them, the test based on fgg and its blocked variant

outperformed others.

(a) Cramér test (b) BG test (¢) SHP run test
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Figure 10: Powers of different tests and their modified versions for Gun-Point data.

Lighting-2 data set contains 637-dimensional observations from two populations; 48 observations
from one population and 73 from the other. Figure 11 clearly shows the superiority of the modified
tests in this example. For all tests, their modified versions had much improved performance than the

usual ones. Blocking led to some improvement in powers, though the difference was not that significant.
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(a) Cramér test (b) BG test (¢) SHP run test
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Figure 11: Powers of different tests and their modified versions for Lighting-2 data.

For the BG test, modified versions based on log transformation performed better, while for the Cramér

test and the SHP run test, their modified versions based on exponential transformation had an edge.

6 Concluding remarks

Distance based methods are very useful in the context of high dimensional data analysis, and the
Euclidean metric is arguably the most popular choice as the distance function. But statistical methods
based on the Euclidean distance often suffer in the HDLSS set up due to the distance concentration
phenomenon. In this article, we have defined a new class of distance functions and used them to modify
some existing two-sample tests. These modified tests can produce superior results in a wide variety of
examples, and we have amply demonstrated it using our theoretical as well as numerical results. We
have also generalized the new class of distances and associated tests using blocking. It is shown that
blocking can further improve the performance of the tests for a larger class of alternatives.
Throughout this article, we have used blocks of size 2, which is useful for finding differences in
correlation structures. We used a data-driven method for blocking based on the idea of optimal non-
bipartite matching, which worked well in all examples considered in this article. But depending on
the nature of the problem, one may need to use larger block as well, and all blocks may not be of
the same size. Ideally one would like to find blocks of measurement variables which are independent
(or weakly dependent) of each other. Construction of a suitable data driven algorithm in this regard
can be considered as an interesting topic for future research. Such blocking may further improve the
performance of the resulting tests. In this article, we have modified Cramér, BG and SHP run tests

using new distance functions. Similar modifications can be done for many other tests based on pairwise
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distances (e.g., the adjacency test by Rosenbaum 2005, the MMD test by Gretton et al. 2012) as well.

But, to save space, we omit the details in this article.
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