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Abstract

Univariate median is a well-known location estimator, which is
v/n-consistent, asymptotically Gaussian and affine equivariant. It is
also a robust estimator of location with the highest asymptotic break-
down point (50%). While there are several versions of multivariate
median proposed and extensively studied in the literature, many of
those statistical properties of univariate median fail to hold for some
of those multivariate medians. In this article, we make a comprehen-
sive review of the known robustness and other asymptotic properties
of different versions of multivariate median as well as some other well
known multivariate location estimators with 50% breakdown points
and derive some new results on asymptotic efficiency of those esti-
mators. Our investigation shows that the affine equivariant version
of spatial median obtained using the transformation-retransformation
technique, which has 50% breakdown point, has optimal asymptotic
properties among the popular versions of multivariate median con-
sidered in the literature for data following elliptic distributions with
exponential and polynomial tails, which include multivariate normal
and multivariate Cauchy distributions as special cases. Further, when
compared with some other well-known robust estimates of location,
the transformation-retransformation spatial median tends to have su-
perior asymptotic performance in a number of cases.

Keywords and phrases: asymptotic normality, breakdown point, data

depth, spatial median, transformation-retransformation technique.



1 Introduction

Some of the attractive statistical properties of sample median as an esti-
mate of univariate location are its affine equivariance, high breakdown point
(50%), y/n-consistency and asymptotic normality under very general condi-
tions. There are many proposals in the literature for generalizing the median
in multi-dimension (see e.g., Small [34], DasGupta [17]). Among multivari-
ate medians, the vector of co-ordinatewise median and the spatial median are
perhaps the simplest ones (see e.g., Brown [5], Babu and Rao [4], Chaudhuri
[14, 15]). By extending the property that the univariate median minimizes
the sum of absolute deviations from the data points, Oja [27] proposed a mul-
tivariate version of median that minimizes the sum of the volumes of simplices
formed by the data points and the median. Some other multivariate medians
based on notions of data depth are half-space median (see Tukey [36]), sim-
plicial volume median (see Oja [27]), simplicial median (see Liu [24]) and pro-
jection median (see Zuo [38]). Some of these versions of multivariate median
are not affine equivariant (e.g., spatial median and co-ordinatewise median).
However, all of them are y/n-consistent estimate of multivariate location and
some of them have asymptotic distributions that are non-Gaussian. Further,
many of them have breakdown points much smaller than 50%.

Among the mentioned versions of multivariate median, except spatial
median and co-ordinatewise median, all others are equivariant under arbi-
trary affine transformations. On the other hand, co-ordinatewise median and
spatial median are asymptotically Gaussian, and they have 50% asymptotic
breakdown point. It is well-known that spatial median and co-ordinatewise
median do not perform well when the components of the data vector are corre-
lated because of their lack of affine equivariance, and one may fix this prob-

lem by adopting the transformation-retransformation (TR) approach (see



Chakraborty [7]). Affine equivariant versions of co-ordinatewise and spatial
medians (i.e., TR co-ordinatewise median and TR spatial median) have been
extensively studied by Chakraborty and Chaudhuri [8, 9, 10], Chakraborty
et al. [13].

In the following table, we give the asymptotic breakdown points and
the asymptotic distributions of some of the affine equivariant multivariate
versions of median.

Table 1: Asymptotic breakdown points and asymptotic distributions of

multivariate medians

Estimator Asymptotic Asymptotic
breakdown point distribution

TR spatial median 1/2 (Chakraborty Gaussian (Chakraborty
and Chaudhuri [10]) et al. [13])

TR co-ordinatewise
median

1/2 (Chakraborty
and Chaudhuri [10])

Gaussian (Chakraborty
and Chaudhuri [8])

Oja’s median

0 (Oja et al. [29])

Gaussian (Arcones et al. [3])

Liu’s median

1/(d + 2) (Chen [16])

Gaussian (Arcones et al. [3])

Tukey’s median

1/3 (Donoho and Gasko [20])

Non-Gaussian (Masse [25])

Projection median

1/2 (Zuo [38])

Non-Gaussian (Zuo [38])

In this article, we make an attempt to identify that affine equivariant
version of multivariate median, which has optimal asymptotic distribution
as well as breakdown point. For this purpose, we consider multivariate data
following elliptic distributions with exponential as well as polynomial tails
and compare the asymptotic distributions of different estimates of the cen-
tre of elliptic symmetry, which possess 50% breakdown point and are /n-
consistent with an asymptotically normal distribution. As we will see in
subsequent sections, the asymptotic efficiency of TR spatial median is supe-
rior to most of the other robust estimates of multivariate location considered
here for varying choices of the distribution of the data with different tail

behaviors.



2 Comparison among robust estimators of mul-
tivariate location

We first compare the asymptotic dispersions of different robust estimators of
multivariate location that include different versions of multivariate median
mentioned in the preceding section as well as some other well known estimates
based on different notions of multivariate trimming. We begin with the
following theorem that established superiority of TR spatial median over TR
co-ordinatewise median for data following elliptic distribution.

Theorem 1: Let n i.i.d. observations be generated from an elliptically
symmetric density function (det £)2g{(X — 0)"S1(X — )}, where ¥ is
a positive definite matriz, 0 is a location parameter, and g(.) is a univari-
ate symmetric density function. If the asymptotic dispersions of TR spatial
median and TR co-ordinatewise median are denoted by ¥q/n and Xo/n re-
spectively, we have ¥y = 01X, 3y = 3%, where o3 < o3 for all d > 2.

Among other multivariate medians, simplicial volume median (see Oja
[27]) and simplicical median (see [24]) are also y/n-consistent and have asymp-
totically Gaussian distribution. It follows from Arcones et al. [3] and Oja
and Niinimaa [28] that the asymptotic efficiencies of simplicial volume me-
dian and simplicial median are exactly same as that of TR spatial median
for multivariate normal distribution. However, both of these two versions of
multivariate median have poor breakdown points. On the other hand, both
of half space median (see Tukey [36]) and projection median (see Zuo [38])

have non-Gaussian asymptotic distributions.



2.1 Comparison among TR spatial median and some
other robust estimators of multivariate location

We have already seen that TR spatial median has some optimal behavior
among multivariate medians in terms of the asymptotic distribution as well
as the breakdown point. Here we compare the asymptotic performance of
TR spatial median with that of some other robust multivariate location esti-
mators. Among different robust multivariate location estimators, MVE esti-
mator is quite well-known, which is the center of the ellipsoid with smallest
volume covering 50% of the data. Asymptotically a more efficient multivari-
ate location estimator with 50% breakdown point is the MCD estimator. It
is defined as the mean of the 50% data points for which the determinant of
the empirical covariance matrix is minimal.

The multivariate trimmed mean based on different depth functions are
also well-known in the literature. The population version of the a-trimmed
mean based on projection depth is defined as
PTM*(F) = f{z:PD(x)Z)\a} xF(dx)/ f{x:PD(x)z,\a} F(dx), where PD(z) de-
notes the projection depth at z as defined in Zuo [39, p.2213], Fpp(A) =
P(PD(x) > A) and A* = sup{\ : Fpp(\) > 1 — a} (see Zuo [37, 39]). For
a sample of i.i.d. observations, F' will be replaced by F;,, where F), is the
empirical cumulative distribution function. Another well known trimming
based robust multivariate location estimator is the Stahel-Donoho (see Sta-
hel [35], Donoho [19]) estimator, which is a weighted trimmed mean, where
the weight is a function of the projection depth.

Table 2: Asymptotic breakdown points and asymptotic distributions of

some robust multivariate location estimators



Estimator Asymptotic Asymptotic
breakdown point distribution

Minimum volume
ellipsoid (MVE) 1/2 (Rousseeuw [30]) | Non-Gaussian (Davies [18])

Multivariate least

trimmed squares 1/2 (Agullo et al. [1]) Has not been derived
Stahel-Donoho 1/2 (Zuo [40]) Gaussian (Zuo [40])
Minimum covariance 1/2 (Rousseeuw
determinant (MCD) and Leroy [32]) Gaussian (Butler et al. [6])
a-trimmed
mean based on a (Zuo [37, p.318]) Gaussian (Zuo [39])
projection depth
a-trimmed

mean based on < 1/3 (Zuo [37, p.318]) | Non-Gaussian (Masse [26])
Tukey’s depth

Among the above mentioned estimators, the efficiency of Stahel-Donoho
estimator depends on the weight function of the trimming proportion. Zuo et
al. [40] showed that this estimator performs better than the TR spatial me-
dian for Gaussian model when a truncated exponential type weight function
is used.

Here we compare asymptotic dispersions of MCD and 1/2-trimmed mean
based on projection depth with that of TR spatial median. The asymptotic
dispersion of an estimate of a multivariate location greatly depends on the
behavior of the tail of the distribution of the data. The families of multi-
variate elliptic distributions with exponential and polynomial tails, which we
consider here, consist of the densities of the form
f(x) = de/l;(rd(ﬁg};tkg:;j% e’{(x_e)TE;(x_e)}k,x € R k > 0 (see Gomez et al.
23]) and f(x) = Trd/2rF((if)—d/2) {1+(x—9)T12—1(x—9)}k’X € R4k > d/2 (see Fang et
al. [21]), respectively. Multivariate normal and multivariate Cauchy distri-

butions are included in these two families of distributions.



2.2 Results related to the multivariate exponential power
family

We first investigate the efficiency of different location estimates under mul-
tivariate normal distributions. We state the following theorem which proves
optimality of TR spatial median under Gaussian distribution.

Theorem 2: For n i.i.d. observations from a multivariate normal den-
sity with location parameter 6 and dispersion parameter X3, if the asymptotic
dispersions of TR spatial median, 1/2-trimmed mean based on projection
depth and MCD are denoted by 31 /n, 33/n and ¥4/n respectively, we have
Y =0i%, X3 =028, ¥y = 033, where 0? < 03 < 03 for alld > 2.

Next, we give a result related to the family of multivariate elliptic distri-

butions with exponential tails, which consists of densities of the form

_dD(d/2)(detx)"1/2  _{G=0)TS o))
f(x) = 7T (14-d)2k) 21+ 72k € 2

[23]). Note that k = 1 corresponds to d-variate Gaussian distribution.

,x € R4k > 0 (see Gomez et al.

Theorem 3: For n i.i.d. observations from any density in the mul-
tivariate exponential power family described above, if the asymptotic disper-
sions of TR spatial median, 1/2-trimmed mean based on projection depth and
MCD are denoted by 1 /n, X3/n and $4/n respectively, we have ¥y = o33,
Y3 = 02% and Xy = 03%. Here o3 < o3 for all d > 2 and for all k sat-

isfying 42155;2552/3/’2)) > 55%32, where m is the 3/4-th quantile of the marginal

density function. Further, o < o2 for all d > 2 and for all k satisfying

2(d—1)2 (2k/d)Y/ k{1 (d/2k)}?
d? {T((d—1)/2k)}*

As far as we could check by direct numerical evaluation, we have seen that

42:;2{];2:2/3/]2) > ddﬁz for all d > 2 and when either .05 < k£ < 3 or k > 6.5.

We have checked that the inequality fails to hold for some values of d > 2

1Y, /D2
and 3 < k£ < 6.5. Also, > =N/ forall d > 2 and k£ > .05

as far as we could numerlcally verify.




2.3 Results related to the multivariate polynomial tail
family

We first state a result that compares the asymptotic dispersions of TR spa-
tial median, 1/2-trimmed mean based on projection depth and MCD for
multivariate Cauchy distribution, which is a special case in the multivariate
polynomial tail family corresponding to k = (d + 1)/2 (see Fang et al. [21]).

Theorem 4: For n i.i.d. observations from multivariate Cauchy den-
sity with location parameter 8 and dispersion parameter X2, if the asymptotic
dispersions of TR spatial median, 1/2-trimmed mean based on projection
depth and MCD are denoted by 31 /n, 33/n and ¥4/n respectively, we have
Y = 0?3, 33 = 02X and 3y = 03X, Here 03 < o3 for 2 < d < 11, and
0? > o2 for all d > 12. Further, we have o} < o3 for all d > 2.

Next, we give a result related to the family of multivariate elliptic distri-
butions with polynomial tails having densities of the form
F(x) = —pilk) L x € R k> d/2 (see Fang et al. [21]).

7d/2T (k—d/2) {1+(x—0)TE—1(x—0)}k >
Theorem 5: For n i.i.d. observations from any density in the mul-

tivariate polynomial tail family described above, if the asymptotic disper-
sions of TR spatial median, 1/2-trimmed mean based on projection depth and
MCD are denoted by 1 /n, X3/n and $4/n respectively, we have ¥y = o33,
Y3 = 02% and Xy = 03%. Here 03 < o3 for all d > 2 and for all k sat-

isfying <2’“‘d)g,§’“‘d/2> > Q(djl). Further, o3 < o3 for all d > 2 and for all

(d+3)/2++/(d+3)2/4—4{(d+1)/2H{ (v —2)/7} __
k> it ~ (4/3)d.

As far as we could numerically verify using Starlings approximation,
EEdTk=d/2) > 24D for all d > 2 and for all k > (5/2)d.




3 Some Concluding Remarks

In terms of the asymptotic efficiency, the TR spatial median performs best
among multivariate medians having Gaussian asymptotic distribution with
50% breakdown point. Recall that Tukey’s median (see Masse [25]) and pro-
jection median (see Zuo [38]) have non-Gaussian asymptotic distributions.
Those asymptotic distributions can only be described in terms of the distri-
butions of the infimum or the supremum of some Gaussian processes, and
they are not tractable any further. Also, quantiles of those distributions can-
not be worked out in a convenient form, which makes Tukey’s median and
projection median difficult to use in asymptotic inference. For these reasons,
we excluded Tukey’s median and projection median in our comparative study
of multivariate medians. Among other multivariate location estimators, the
1/2-trimmed mean based on projection depth is asymptotically more efficient
than the TR spatial median for large dimensions in the case of multivariate
Cauchy distribution. The MCD estimator does not perform well in all the
cases considered here from the point of view of the asymptotic efficiency.
One has to choose the transformation matrix appropriately in order to
achieve the optimal asymptotic efficiency of the TR spatial median. The
procedure for obtaining the optimal transformation matrix is discussed in
Chakraborty et al. [13]. However, the optimization problem described in
Chakraborty et al. [13, p.770] cannot be solved exactly in practice even for
moderately large dimension and sample size. Chakraborty and Chaudhuri
[11, 12] proposed probabilistic optimization algorithms to solve this optimiza-
tion problem. These authors demonstrated satisfactory performance of these
algorithms by means of extensive theoretical study and empirical investiga-

tion.



4 Appendix: Proofs

Proof of Theorem 1: For n i.i.d. observations coming from an elliptically
symmetric density function (det ¥)~'/2¢g{(X — )"S"1(X — )}, where X is
a positive definite matrix, 6 is a location parameter, and g(.) is a univariate
symmetric density function, the y/n-consistency and the asymptotic normal-
ity of the TR spatial median and the TR co-ordinatewise median have been
derived by Chakraborty and Chaudhuri [8] and Chakraboty et al. [13] re-

spectively. From the results in those papers, we have

d{r(5)}’

2y
MO T G (d - DHI(EL))
and
» :0222;2
2T TR0

where d is the dimension, and f; is the marginal density function. In order
to prove o7 < o2, we have to show that
AC@/2)? 1 AT
m(d—=1H{I((d-1)/2)}> 4 {T(([d+1)/2)}?

< Tr.

Define f(d) = HL@2E Now, we have

= W@n27
(1+2/d)*(d/2)

{(d+1)/2}2
d* + 2d

= Eioi1 @

< f(a),

fld+2) f(d)

and f(1) = 7 and f(2) = 8/7m < m. The theorem is now proved using the

principle of mathematical induction. a
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Proof of Theorem 2: The \/n-consistency and the asymptotic normality
of the MCD estimator have been derived by Butler et al. [6], and similar
results for the multivariate trimmed mean based on projection depth are
given in Zuo [39], when data follows elliptically symmetric distribution as in

Theorem 1. From the results in those papers, we have Y3 = 023, where

{E(@ (x| <m)) + [g,  mf(m)]J(u,m)|K(x, mu)udu}?
{P(Ix|] <m)}?

_ hathatk
BRE IR

Here m is the 3/4-th quantile of the univariate marginal density function,
f1 is the marginal density function, x; is the first component of x, R =
{x 21 2 0[] < m}, kv = {E(@I(|[x]| < m))}?, ks = 2B (21 I(|[x]] <

m){[g,  mf(m)|J(u,m)|K(x,mu)udu}, ks = { [, mf(m)|[J(u,m)|K(x,mu

Sa-1, J(.) and K(.) are as defined in Zuo [39, Corollary 5], and

r(1/2)
D(df2) | y**g(r)dy
Yy=o01% = )y

r(1/2) 2
Qrd/2 f Yk g (r2)dr
0

where ¢/(.) is the first derivative of g(.), and r(1/2) is such that
r(1/2)
F(d/2 f ylg(y*)dy = 1/2 (see Butler et al. [6, p.1387]). Note that it

follows from the proof of Theorem 1 that ¥; = 07%. We split the proof into
two parts. In the first part, we prove that o? < o2.
In order to prove o7 < o3, we have to show that
['(d/2+1) - 2d{T(d/2)}?
mi/2 (d—=1DAHI((d—-1)/2)}?

[ exp(—z)z42dz

11

Jurdu}?,



o

where m? /2 is the median of the gamma distribution with scale parameter 1

and shape parameter d/2, which follows from Butler et al. [6, p.1387]. The

last implication follows from the fact that ( d—1;l2{{rr(f(€12—)§ D)E < Fforalld > 2.
As gamma distribution is a positively skewed distribution, m?/2 < d/2. This
implies that it is enough to prove that

I'(d/2+1)

d/2
[ exp(—z)z%2dz
0

>

(1)

N3

Now, we assume that the dimension d is an even integer, i.e., d = 2k, where k
is an integer. Using the relationship between the incomplete gamma function
and the cumulative distribution function of the Poisson distribution (see

Feller [22]), proving (1) is equivalent to showing that
exp(—k)(1+k +E*/2! + - + KF/k) > 1 — (2/7).

Let us define g(k) = exp(—k)(1 + k + k*/2! + --- + k*/k!), which is an
increasing function of k, and g(1) = exp(—1) > 1 — (2/7). This implies that
g(k) > 1—(2/m) for all k. This completes the proof for the case d = 2k. The
proof remains same if d is an odd integer.

Next, we prove that 07 < o3. As the first and the second terms of the
numerator of o3 are positive (using Corollary 5 of Zuo [39]), it is enough to

show that

47rd_1{g(m2)}2m2d 1 1
T(d11)/2)}2 {16f12(m) + 4f12(0)} I(d/2+1)
2 2
242 (24721 qer(_a)d my /2
Jo yF(d/2) p(—y)dy I exp(—z)=2ds
0

12



d l{g( 2 2 2d 1
{F((d+1)/2 }2 {16f1 70y + 4f12(0)} - Id/2+1)
2 m2/2

1

7 /2 [ 4d/21 exp(—y)dy

T(d/2) bf exp(—2)z%2dz
(since f7(0) > ff(m))
{exp(m?) + 4}{r(g)}2d27r%2% T4 +1) o)
8{I ()} mi /2

| exp(—z)z42dz
0
(since exp(—y) < 1)

The RHS of inequality (2) is a decreasing function of d, and let the LHS of
inequality (2) be denoted by g(d), i.e

exp(m?) + 4}{T' (4
o) =

V2222
: .

Now, we have

{exp(m?) + 4T (3
${r(4H)}

22595
gd+2) = ¢4 Z}

= cq9(d),

d?(1+2/d)?d?2x
(d+1)2

the principle of mathematical induction. Also, g(2) and ¢(3) are larger than
the RHS of inequality (2) for d = 2. This proves the theorem. O

Proof of Theorem 3: It follows from the proofs of Theorems 1 and 2 that
Y =0i%, N3 = (7%2 and 34 = 023,

In order to prove o7 < o3, it is enough to show that

where ¢y = . It can be shown that c; > 1 for all d > 2 by using

2k
47rd_1d1"( )exp(—m'2 )

1
A8 D(14L)2"F 3k {r(45L) }2{161”1 D 4f12(0)} d(F(g))Q
2 2

2k
m 2

{D(&L)} g" exp(—y)ys'dy

7
h
—
—
S—
—~
—_
S~—
=
—
&
||
_
N—
N—
(V)
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since the first and the second terms of the numerator of o3 are non-negative

(using Corollary 5 of Zuo [39]).

Now,
47rd—1d1"(g)exp( % { n 1 }
w%m%)f%{r(d— (7t * W) d{I'(5)}
m¥ , ? fl() (d—1)HD(%GH))?
(TGt [ exp(—y)y='dy
0
47rd_1d1"(g)exp( % { _'_ 1 }
e gy O R Hr()Y
m¥ , ? 2(0)m(d — DT (5}
(TGt [ exp(—y)y='dy
0
(since f7(0) > fF(m))
47rd*1dl_‘(g)exp( Tk) 5
= “%F(”%)?H%{F(‘i)]ﬂ SO Al
2k 27 42 0)m(D(H))?

TG [ exp(—y)ys"dy
0

2k

5exp(—m2 )m24r¥/2{T(d/2k)}>

2k

m 2
21+2de‘(1+%){ [ exp(— yzk —dy
0

5exp(—m2 )ym2xd/2{T (d/2k)}?2

& 5 > 1'(d/2)
m
2><22k— (L) [ exp(— )y~ tdy
0
m’ ym*n2kD(d 2k
N Sexp(—m2 )m**m (d/ (d/2)
2k
m 2

14



5 —mF )Ym2nd 2T (d )2k
exp(—m2 )m2r (2/ ) > T'(d/2) (since exp(—y) < 1)

2k
m 2
23k d Ik y%’ldy
0

242k (d /2k) N I'(d/2)
4k exp(m?k/2) © 5dmd/?’

This completes the proof of o} < 3.

Next, we prove the other part, i.e., 07 < oj. For any density in the

multivariate exponential power family, it follows from Butler et al. [6] that

m32k /2
dl'(d/2k) [ exp(—y)y?/?+1/k=1dy

2 _ 0
0-4— )

m2k /2 2
k222—1/k{ f eXp(—y)yd/dey}

0

where m?¥ /2 is the median of gamma distribution with scale parameter 1
and shape parameter d/2k (see Butler et al. [6, p.1387]).

Gamma distribution is a positively skewed distribution. This implies that
the median of Gamma distribution is smaller than its mean. Using this fact,
we have m3* /2 < (d/2k).

Using Theorem 2.10 of Fang et al. [21, p.36] and putting z; = 0 there, we
have

o) — dr(d/2)T((d — 1)/2k)
Si(0) = ky/m0((d — 1)/2)T(1 + d/2k)21+d/2k°

This implies that
O C)
L RO)r(d 1)

12 B 2/kq{T(d/2k)}?
{r(5H¥ (- DHT((d—1)/2k)}*

15



Now, we have to show that

m2k /2

A2 [ el (g
oy 27 {d— DT((d - 1)/2k)}?

k222—1/k{ i exp(—y)yd/%dy}

m2k /2
P(/2k)  exp(Cupiidy A{T(d/28))?

T 2 T A= 1){T((d— 1)/2k)}2
4k2{ Of eXp(—y)yd/zkdy}

m2k /2

/2 27 (d— 1)T((d— 1)/2k)}
4k2<m%k/2>11/k{ / exp(—y)yd/%dy}
(since y < m?/2)
T'(d/2k) d{T'(d/2k)}?
2 (d— D{T((d - 1)/2k)}
A(mit2)7HE [ exp(—y)ytPhdy
T'(d/2k) d{T'(d/2k)}?
w2 CEDENCEREE
AR?(d/2k)1 =1/ Of exp(—y)y?/*dy

(since m3* /2 < d/2k)
T'(d/2k) d{T'(d/2k)}?
i . (d=1)D((d = 1)/2k)}?
4k ()t Of exp(—y)y¥*1dy(=3-)

(since y < m3*/2)
T'(d/2k) N d{T'(d/2k)}?
w2 (d=1){T((d = 1)/2k)}?

2 (5 S exp(=y)ytidy

(since m2*/2 < d/2k)
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['(d/2k) o Ald/2R))
AR (AR (L) T (d— 1D)HT(5E)}?
mi*/2
(since gﬂ exp(—y)y”**1dy = 1I'(d/2k))
2(d—1)* _ (2k/d)'/M{T(d/2k)}?
d? {T((d = 1)/2k)}*

This completes the proof. O
Proof of Theorem 4: Recall that ¥ = ¢2%, 33 = 02X and &, = 033,
which follows from proofs of Theorem 1 and Theorem 2. In order to prove

o2 < o}, we have to show that

d—1 1 d
it 2t Tdy WQF(%)I yéd Tdy
d di1 Zdtl : (H—Z) - + d 10 (Lty) 7
md{T'($)}*  aF 2% di+1297° 245 T(2+1)
OBy EREE
{LETE)} () [ g dy
24 \3 2 S|
o (I+y) 2
L d gy b L8
Wd?lf Y Mdy 7‘—21—‘(%)] Y aF1 dy
_— rdtl 0 (14y) 2 d+10 (+y) 2
o d - d%zTF(dgl) di+12°2" 2d°2 T(2+41)
4 O 2
2
[ dy
0 (1+y) 2
1 d—1 d 1 d
pl v 2 dy wer(dEL [ dy
Zdtl 0 (12 )3T . 0 (14y) 2
- 1 d 7 277 I(&L) ddo2 2" 2d°7 I(4+1)
4 O 2
Y
f @dy
o (1+y) 2
d 1 d—l
Since both f vz sy dy and f ) dﬁ}l dy are smaller than 1, it is enough to
+y



show that

pd+1 pd—1 W%F(%)
1> d%Z%F(%) i7" 2d%r(g+1)
4 1od, 2
f Y T dy
0o (I+y) =2
pdt1 ad—1 w%r(%)
- 1 - AT 2T Ty gag®s  2d™2 T(d41)
4 1 d 2
[—L——dy
0 yWIity(l+y)2
ad+1 ad—1 %r(‘“‘l)
1 472 T (et p= 2d“7 T(441)
= —>2 : 5 2~ (since y/1+y < 2.)
T ey
f zay
o (I+y)2
i+l pd—1 ﬂ—%r(%)
1 d%7 T () + di25"  2a®T r(d41)
< 7 2 — 5 2— (since(l 4+ y) < 2)
d
y2z
(J5%)
e LS TR U S L 1C S
1 ez 2zr(dl) a2z 2d 7 1(d41)
= g ) 5
d
(s
0
o Lo (d+2patriof L+ 2)227d1 L d 2)22475 1 (4L)
27 425 (4 422 2d5 T(2 + 1)
1
< 57 91(d) + g2(d) + g3(d) (say). (3)

By the principle of mathematical induction, it can be shown that g;(d), g2(d)
and g3(d) in inequality (3) are decreasing functions of d for all d > 4. This
implies that g(d) = g1(d) + g2(d) + gs(d) is a decreasing function of d for all
d > 4. Also, we have that g(19) and ¢(20) are smaller than 1/2. This implies
that g(d) < 1/2 for all d > 19. Also, direct verification shows that o2 < o?
when d lies between 12 and 18, and ¢2 > 07 when 2 < d < 11.
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Next, we show that o7 < ¢2. For multivariate Cauchy distribution (i.e.,
when k£ = (d + 1)/2 in the multivariate polynomial tail family, see Fang et

al. [21]), we have

/2

y—[mdy

() |

0 (1+y) 2

29
m2
(d+1)2m2 D (%) { 1) —/dy}

o (I+y) 2

where m? is such that

which follows from Butler et al. [6, p.1387].

In order to prove o} < o3, we have to show that

d/2

[ A—
=Y Td{T'(d/2)}?

}2 T AT ((d+ 1)/2))

“1(d)2) 7

(d -+ 1T (gt {7

T(d/2) f H—dgldy )

0 (ty) = ™ d{T'(d/2)}?
= 2>Z(smce%§ﬂforalld22)

2
> (since (1+y) > 1)




AT (d)2
= ’ ( {nQ) > %
(d+1)2ms0(%L) [ 22w dy
0 (+y) 2
d+3
/2 2
- d=TI'(d/ )m2 > % (since y < m?)
(m2)(d + 1)2rs D (4L [ 22 dy
o (+y) 2
A5 T(d)2 2
& i d+(1 /2) > — (Using (4))
(m?)(d+ 1)2meD(L)(1/2)8(1/2,d/2) 4
dt3 2
= d> > 7T—
(d+12n%m2 8
4’ 2
<= > T (since m? < 2.5d).

(d+ 1205 (25d)2 8

To show inequality (5), we define

d+3

d =2
f(d) = e
(@) (d+1)27"5 (2.5d)?
Now, we have
d+4
fld+1) = (d+1)>
(d+2)27 2" {2.5(d + 1)}
= Cdf(d)v
TS T
where ¢g = dt;ggf)i)QHd. It can be shown that ¢; > 1 for all d > 4. Also,
d+1

f(10) > %2. Also, we have 07 < 03 when 2 < d < 9 by direct verification.
This implies that 0% < o7 if d > 2. O

Proof of Theorem 5: It follows from the proofs of Theorems 1 and 2 that
X = O’%Z, Y3 = 0%2 and Xy = 032.
From Fang et al. [21, p.83], we have

Lk —(d-1)/2)
Val(k—df2)

20

f1(0) =



Using the expression of f1(0), we have
dr(d/2)*
HO(k = (d—1)/2)}{T((d +1)/2)}?

for any density in the multivariate polynomial tail family.

2 _
0-1_

As the first and the third terms of the numerator of o2 are positive (using

Corollary 5 of Zuo [39]), in order to prove g2 < o3, it is enough to show that

m2 dfl
d 2
mAr ) Of(zﬂ)k Y
VA (m2)FT (L) (h— D)0 (k— 41) dr'(d/2)?

m?2

[{r(%) (k= )Tk [

0

J ] T T — A= D2+ D2
Y

where m is the 3/4-th quantile of the marginal density function.

Now, we have

m2 d—1
mAC (k) [ ey
VA 4m2)FD (T2 (k= )0 (- 1) - dr(d/2)?
. . me oy 170 MU= (d=1)/2}HT((d+ 1)/2)}
(M= 1w | Hes

& s— > d/4
1
V(1 +m2)k {f (1+y)k }
m? d—1
miT(k—HT(k— ) [y dy
= 0 5— > d/4 (since y < m?)
\/_ 1+ m2 { f (1+y }
mal(k — g f
P 0 5— > d/4 (since y > 0)
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2dmI (k= d/2)T{k — (d— 1)/2} _
Jrld+ 1)(1+ m2)F -

From the marginal densities of the multivariate polynomial tail family (see

Fang et al. [21]), we can write

1
(1 + 22/(2k — d))@F—d+1)]

> {(1/4)(2k — d)y/w}/T(k — (d = 1)/2).

_dx = (1/4)(2k — d)/7)/T((2k — d+1)/2).

S s

=

The last implication follows from the fact that x > 0 in the integrand above.
Using the inequality m > ((1/4)(2k — d)/7)/(T'(k — (d — 1)/2)) in (6), we
now have to show that

d(2k — d){T(k — d/2))? (2% — d)T(k — d/2) _ 2(d+1)
dr D)0 +mF =% o =

The last implication follows from the fact that m is a decreasing function of
k (see Shaw [33]). This implies that m < 1 for all £ (note that the 3/4-th
quantile of standard Cauchy distribution is 1). Hence, 07 < ¢% under the
condition given in Theorem 5.

Next, we prove the other part of the theorem namely, 02 < o3. For the
multivariate polynomial tail family, using Theorem 4 of Butler et al. [6], we

have

2

dr(d/2)T(k — d/2) | 2

Ay

0% = .
d/2
0

where m is such that

20 (k) ot
T(d/2)T(k — d/2) 0/ At =1/
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2

(k) i /21
- r(d/2>r<k—d/2>/ T ™)

which follows from Butler et al. [6, p.1387]. This implies that 1/(1 4+ m?) is
the median of the beta distribution with parameters d/2 and k — d/2.

Beta distribution with parameters d/2 and k — d/2 is positively skewed
if k> d. So, 1/(1 +m?) > mode of the beta distribution with parameters
d/2 and k — d/2, i.e, we have

/(1 4+m?) > (k—d/2—1)/(k—1)
s m?<d/(2k—d-2).

In order to prove 7 < 0%, we now have to show that

dr(d/2)0(k — d/2) f ded d{I(d/2)}?
}2 T AT — (d—1)/2) P (([d+ 1)/2) P

AkT'(k { f (1+Z/i+1 dy

dr(d/2)T (k — d/2) f erdy d{T(d/2))?

< v U OG- @ DR DR
4k2T (k) {of ) kﬂdy}
(since 1 +y > 1)
Y {D(k — (d— 1)/2PT((d + 1)/2))?
< 0/ At < TR (d/2)T (k — d)2)
Ty {D(k — (d— 1)/2))2{T(d + 1)/2)}?
- / Lo )™= T2 — 4
L LT@2r(k=d/2) m* (T ALy 2 (4 )2
2 (k) T+ m?) < BT/ — d2)
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(using (7)and =24~ T ¥)

(1+y)
o 1D@/R20(k-d2) d _T(k-(d- 1)/2)P{T((d +1)/2)}*
(k) (2k — 2) k2T (k)D(d/2)T'(k — d/2)
(since m? < %_;‘ld_?)
1T(d/2) d {T(k — (d=1)/2)}{T'((d +1)/2)}*

2T 2k—2) ° RIRT(d2)T(k—d/2))?

Alzer [2] derived an inequality for the ratio of two gamma functions. From

that result, we have
{T(k—(d—1)/2)}?
{I'(k—d/2)}?

Using (8), it is now enough to prove that

d{I'(d/2)}?
{C((d+1)/2)}2

2 - AIr(d/2)}2 8
< (8/m)k”* < (2k —2)(2k — d — 1) (since, TP < )

& K1 —2/m) = k((d+3)/2) + (d+1)/2) > 0.

<(2k—d—1). (8)

< (2k—2)(2k —d —1)

Solving the last quadratic inequality in k, we get

po [@48)/2 V{d+ 3)22(/14_—24/{75?+ D/2}{(r —2)/} _ (4d/3).
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