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Abstract

We establish an appropriate functional central limit theorem for partial sums of
independent variables and use it to derive the asymptotic behaviour of the Pfeifer
records process.
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1 Introduction

Let {Xo, X1,...X,,...} be iid. random variables with distribution function F'. Let
Co=Xo, L,=min{j:X; > C,1} and C,, = X, .

Then {C,,} is said to be the sequence of (upper) records (from F'). We shall call these classical
records. Chandler (1952) initiated the study of record values and documented many of the
basic properties of records. Asymptotic behaviour of classical records and their partial sums
have been obtained by several authors. See for example, Arnold and Villasefior [2], Bose et
al. [3], Resnick [8] and [9].
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The Pfeifer record model of Pfeifer [7] is a generalisation of the classical setup. Suppose
Xo, has the cdf Fy and for every n > 1, {X,, ;, j > 1} are i.i.d. random variables with cdf
F,,. Let

Ry = X071, An = mln{] : Xn,j > Rn—l} and R, = Xn7An'

Then {R,} is said to be the sequence of (upper) Pfeifer records (from {F,}). Pfeifer mainly
concentrated on the sequence of {F,} which satisfy

1 — Fo(z) = (1 — Fylx))*". (1.1)

If there is no chance of confusion we suppress its dependence on Fy and {«a,}. Motivated
by an example of a shock model, Pfeifer assumed that {c,} is a nondecreasing sequence of
positive real numbers. We too assume that «,, is nondecreasing tending to co. {R,,} has the
following nice representation in terms of partial sums of independent exponential random
variables and that proves very useful in studying its properties:

Suppose Yq, Y7, ... are independent random variables and
Y; ~ Exp(a;) (1.2)
and for any distribution function F,
Yr(r) =F '(1—e). (1.3)
Then
(Ro, Ry, .- Ry) 2 (¥r(Yo), ¥ (Yo + Y1), 0 (Yo + Ya + ... Y,)) for all n.
Observe that the classical records have the above representation with a,, = 1 for all n so

that {Y;} are i.i.d. Exp(1) random variables.

Arnold and Villasenor [1] show that {R,}, properly normalized, converges in distribution
to normal or log-normal distributions under appropriate conditions on the relative growth

rates of s,(:= (X0, (1/a2))""?), v(:= Y, (1/a)) and L.

Our goal is to investigate the limiting behaviour of the process version of Pfeifer records
under appropriate conditions. Towards that end, we consider the following framework. For
any sequence of random variables {X;}, let {i; = E(X;)} and {07 = Var(X;)} be their mean
and variance sequence. Define

Xi—pu =Y;, S, = iYi Uy, = iui, and si = ia?.
i=1 i=1

=1

For all n, let
St

Z,(0) =0 and Z,(t) =

, for t € (0,1]. (1.4)

Sn
We first establish a suitable functional central limit theorem for {Z,,(-)} under general con-
ditions on {X;} and then apply it to our situation with appropriate conditions.
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Assumption I: {X;} is an independent sequence such that
(a) v, € RV and s, € RV, and 0 < o < 8 and

(b) {X,} satisfies Lindeberg condition: For any € > 0,

In Proposition 1, under Assumption I we show that {Z,(¢)} converges to a Gaussian
process as a sequence of random elements of D[0, 1].

Note that in case of Pfeifer records if o,, € RV, and 0 < s < 1/2, then clearly Assumption
I(a) is satisfied. In this case, Assumption I(b) is also satisfied (see Arnold and Villasenor

[1])-

In Theorem 1(i), we study the limiting behaviour of V,,(t) := ¢(Z£ﬂ X;) where ¢ is a
regularly varying function but not necessarily of the form given in (1.3). Clearly, functional

limit of Pfeifer records is a particular case. In Theorem 1(ii), we consider the partial sums
of V,.(1).

Theorem 2(i) and 2(ii) deal with V,,(¢) and its partial sums when 1 is a rapidly varying
function so that (log®)'(v,) = o(%). In this case, their respective limiting behaviour is
same as in the case of regularly Vanrying Y. In Theorem 2(iii) we consider the case when
(log ¥)'(v) = O(<-). Here V,(t) converges in distribution to exponential function of Brown-
ian motion. But in this case, there does not seem to be any appropriate normalization (that
depends on n and is free of ¢) for the partial sum process of V,(t) to converge to a nice
process.

2 Main results

2.1 Regularly varying

We need the following functional limit theorem on sums of independent random variables.
It does not seem to be available in the literature in exactly this form. This is the basis of
our arguments for obtaining functional limits of V/,(¢).

Proposition 1. Under Assumption I, Z,(t) converges in distribution to t*~Y/2B(t), for
t € 10,1] where B is a standard Brownian motion.

Assumption IT ¢ is increasing and differentiable with derivative ¢’ € RV, _;.
In the sequel, throughout,

yi=a—1/24+B(p—1).



Theorem 1. Suppose Assumptions I and IT hold.
(i) Then

Y X;) — (V)
S0 (V) ’

is a D-valued process which converges weakly to the continuous process tYB(t) in D(0,1].

&nlt) = € (0,1]

(ii) Assume further that v > —(3/2). We also assume that

Z?:l Xi a8y

Up

1. (2.1)

Then

[n] X; VJ
Z [ (n5n¢ (Vn)) —>/ s"B(s (2.2)

Remark 1 (i) Theorem 1(ii) extends Theorem 2 of Bose et al. [3] for partial sum process of
classical records. There it was assumed that a(x) := ¢¥(x++/x) —¢(z) is regularly varying.
In their arguments, the central role is played by necessary and sufficient condition (due to
Resnick) for convergence of classical records to normal distribution and a(n) is the natural
scaling there. Here regular variation of (x) along with other suitable restrictions work as
sufficient conditions for our results to hold.

(ii) Putting ¢ = 1, from the above Theorem we conclude that

S [l X) — ()] o 1
50 () — N(0, g(v)) where g(v) = CERCED)

(iii) Recall that for Pfeifer records, X; = (1/a;) X/, where a; € RV, 0 < s < 1/2 and {X}}
is i.i.d. Exp(1). By Theorem 2 of Etemadi [6], condition (2.1) is then satisfied.

2.2 Rapidly varying ¢

We now assume 9 is rapidly varying.
Assumption III: ¢)(z) = exp(f(z)) where f € RV,, p > 0. f is differentiable and f' € RV,_;.

Theorem 2. Suppose Assumptions I and III hold.
(i) If v > —(3/2) and
Suf' (V) — 0 as n —» 0o (2.3)

then
WM X:) = () D
Snw(’/[n ) (V)

4
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(i) If v > —(3/2) and

O Xi = va) f(va) =20 (2.4)
i=1
holds, then
nt) 1 n
1 Pl Xi) () »
TN D 7 R | s
(iii) If
Snf' (V) —> ¢, ¢ is a constant 0 < ¢ < 00, (2.5)
then

nt
V()
Y (V)
For case (iii) above, we do not have non-trivial limit for partial sums as there is no

appropriate linear normalization to control the growth. Similar difficulty arises in sum
process for classical records. See discussion in p.45 Bose et al [3].

SN exp(cBy - t7) in D(0,1].

Remark 2 (i) Observe that (2.4) implies (2.3).

(i) If there exists M > 0 such that E|X; — u|* < M, Vi and [f'(v,)]* = O(n=G+9), for
some d > 0, then Condition (2.4) holds.

(iii) Consider the special case of Pfeifer records, where a,, € RV, and 95, := F, (1 —e™7) ~
exp(f(x)) with f" € RV, ;. If we take s > 0 and p > 0 sufficiently small then it is easy to
see that all the conditions in Remark 2(ii) are satisfied.

3 Proofs

3.1 Proof of Proposition 1

Lemma 1. Assume that s, € RV,, a > 0, where RV, s the space of reqularly varying
function with index . Then {Z,(t)} is tight.

The proof is essentially same as that given in Billingsley [4] (Theorem 15.5), only slight
modification is necessary. For the sake of completeness we present it below.

Proof: By a Lemma in Billingsley [4], p.69, we have the following inequality: For A > 0
large enough,

]P)<I%%§|Si| > Asp) < 2P(ISn| = 55m)- (3.1)
By our assumption {X,,} satisfies Lindeberg condition. Hence,
A E|N|at!
2]P’(|Sm| >2) —2P(IN|>3) < 2%. (3.2)
Sm 2 (A/2)aT1



Given € > 0 we choose A > 1 so large that the last quantity in the above inequality (2.2),
becomes less than - so that we have

a

S A

|Sm| > 2) < )\— for all large \. (3.3)
Now to show that {Z,(¢)} is tight we have to show that (Billingsley [4], p.59), for all € > 0
and for all n > 0 there exists 9, 0 < § < 1 and integer ny > 1 such that

2P

Yo sup [Za(s) = Zu(t)] > &) < 1. (3.4)
0 t<s<tts

Since Z,(-) has a polygonal path, it is enough to verify the condition for t = % and t+0 = %
Then (3.4) becomes

Skvi — S, i
Senax P s | SEL VI 2 e) <n (685)

By inequality (3.3), there exists A > 1 such that

k41
€
rfl<anx\ Z Y| > As,) < iz (3.6)
j=k+1

for all n sufficiently large and for any given € > 0.

Now fix ¢ > 0 and n > 0. Without loss of generality we choose 0 < €, < 1. Let
€ = n(l%re)é. Recall that « is the index of the regularly varying function s,. Now for this
¢, there exists A > 1 and a positive integer ny such that by (3.6)

k41
rf1<%zx| zk:lY| > A\sp) < i — Vn >ny. (3.7)
Jj=k+

Let 0 < § := [(ﬁre)/)\]é < 1. Let ny > %, Hence if n > ng then [nd] > n;. Therefore,

k-+1 € 1
(max Yi| > Aspgy) < — Ltela 3.8
1<[n5] |]zk—|:—1 | [ 6] )\E n[ A } ( )

Since by our assumption s, € RV,, s, = n®L(n) for some slowly varying function L(-), from
which it follows, using (3.8)

k+i
> @ < no. .
Pluax | Y Y| = Nndl L({nd])) < 3 (39)
j=k+1
But [nd]* < n*§* = n® FX and since L(-) is slowly varying, there exists a positive integer ng
such that L([("‘S)D < 1+e€forall n > ng. Now simplifying (3.9) we have, for all n > max{n{, no},
k+i
> < no. .
P(max| > Yj| = es,) <md (3.10)
j=k+1
Since Z,(0) = 0 for all n, {Z,(-)} is tight. O



Lemma 2. For any fized k tuples {t1,to, ...t} € (0,1]%, witht; <ty < ... < t, wherek > 1,
{Z,(t1), Zn(ta), ... Zu(ty)} converges jointly in distribution to {Wy(t1), Wa(t2), ... Wa(tr)}
where W (t) ~ N(O,ta) and Wo(tiz1) — Wa(t;) is a N(0,t$,, — t&*) variable, independent of
Wa(t), t <t

Proof. The proof is similar to that given in Billingsley [4]. O

The proof of Proposition 1 now follows from Lemma 1 and 2. Observe that since o > 0,
te=12B(t) 2% 0, as t — 0. So the limit function is continuous at zero.

3.2 Proof of Theorem 1

(i) Let us fix any € > 0. By Resnick [9], p.205, it is enough to establish the convergence on
Dle, 1] for every 0 < e < 1. For a fixed w and t € [¢, 1], we use the mean value theorem to
get,
V(O X)) = () (28 Xo = vV (Vi)
$n¢ (Vn) Snt' (Vn) ’
where Y%, is a Dle, 1]-valued function of w, lying between Zyﬂ X; and v},y. Observe that
for any fixed w, Y}, (w) lies between Zyﬂ X;(w) and v, and by definition, V¢ € [£ EtL)

n’ n

k=1,2,...n—1, Zgﬂ Xi(w) and v,y do not change and hence Y,;(w) does not change on
[Z, ’“Zl) Vk =1,2,...n—1. So paths of Y[;;ﬂ are right continuous and have left limits and
hence are elements of D. By the same argument, for any fixed w ¢/(Y,)(w) is an element of
D and ¢/(Y},) is a measurable function of w, for any fixed ¢ € [e, 1]. Therefore, {¢/(Y;5)}, is

a sequence of Dle, 1]-valued processes. Now,

Sn

o 1/28( )

Claim: d (%, tﬂ(p_l)) converges to 0, in probability, where d(-, -) is the Skorohod metric.

Proof of the claim. Since t*(*~Y is a uniformly continuous deterministic function on [e, 1],
d (w/(Y;t) ’ tﬁ(p—l)) = sup | w,<Y7:t)
W(Vn) tele 1] Y ( )

First note that since by our assumption, v, € RVg, B > 0, if n is large enough, we have

_ tﬁ(ﬂ—1)|.

(a) I > Cl(t/e)z > (1, and

Vine]

b) drt < Cy(t/e , for t € |e, 1| where C7,Cy > 0 are constants.
V[ne]

Now, by Billingsley [5], p.287, for some K > 0,

[nﬂ

]P)[ sup |Z[nt]< [1'1)| > 0] < IP) su

e<t<1 Vint] e<t




2 2 2

G < K;V[Q - (3.12)

The right-hand side converges to zero by (b) above and by our assumption 5 — 0 as
n — o0o. Since Y, lies between Z[ " X; and Vln

Y*
{w:sup [ 1] >0} C{w: sup|Z — 1] > 6}.

e<t<1 Vnt] e<t<1 Vint]

Therefore, f:t —5 1 in Skorohod metric. Also, ,[j”t — t# uniformly on [¢, 1] by uniform

[nt]

convergence theorem for regularly varying functions. Hence, using ¢’ € RV,_; and applying
uniform convergence theorem also for v', we have

* Y[nt]
¢/(Ynt) ¢( vn ”nt V[nt])

P s
A — tP=D in Dle, 1]. (3.13)
Therefore,
nt] oy
Pz Xi) = $ (V) LDy 4124801 B(1), in Dle, 1]
Sn! (Vn)
where B(t) is a standard Brownian motion. O

(ii) As in (i) above, using the mean value theorem we have,

U( g=1 Xi) —(vy) g=1 Xi —y; ¢/(Y;*)

s’ (v5) Sj W(v)
where Y}* lies between 25:1 X, and v;. Since by our assumption, %;Xl 2% 1, implying
Y'* a.s ¢/<Y*) wl(yj'i_;> a.s
2 =% 1 and - 1= —— —— 1.
vj V) ()
Let @/}(Y*)
A <2, Vj>k}

The almost sure convergence of the quantity Wlthin bracket implies P(U2 ; Ax) = 1. Therefore
given ¢y > 0, there exists a positive integer N, such that P(UY A4;) > 1 — €. Since A4js are
increasing, this implies P(Ay,) > 1 — €.

We will need the following inequality (where we use the lower bound of P(Ay,)): Fix
0> 0.

[ne]

W — () YL, X)) —v(y) 0
’]ZNl Snw n) 1> < P[jzzzvl’ Siwl(Vn) My, > 5]
[ne]
@Z)( Z, Xi) — 77Z)(V]) 0
—HP)[]_N | sizb’(yn) |I Ny > 5]



< 30 EEL X ylv) 5.14)

+ €p.
=N, gSnWJl(Vn”

Now observe that,

E(| Do Xi— Vj|) < [E(| 2 Xi— Vj|)2}1/2 1
5j 5j
Now choose a ¢ > 0 sufficiently small so that a + 5(p — 1) — 2§ > —1. Since s,, € RV, and
V' (vn) € RVj(y—1), there exists Ny > 1 such that s;/s, < C(j/n)*° and ¢'(v;)/¢'(v,) <
C(j/n)?®=V for all n > N,, where C' denotes a generic constant. Let Ny = max{N;, No}.
Then, by (3.14),

[ne] [ne]

U( ID(Vj) Zj:NO 2s;|Y' ()]
Pl 2, L YR FETON]

[ne]

< (C/n) Y (/)i /n)" eI g

J=No
— C / y TRy + €
0
elta+pB(p—1)-26

“Tratsp-n-n'°

IN

+€0

(3.15)

So P|| Z[ne Z;S:j()un) 2SN 0] can be made arbitrarily small by choosing € > 0 and

e >0 small enough. Now we decompose the sum on the left-hand side of (2.2) in three
parts as follows:

(w3, X)—wwy)]

T ) by ¥(j,n) in the following decom-

For simplicity of notation, we denote
position.

[n1]

Zw Jn) = ) + N 0 n) + g G ) =t S+ Sa + S5(3.16)

Observe that ns, ' (v,,) = O(n!Te+8(P=1=2%) and hence tends to infinity as by our assumption
1+a+pB(p—1)—26 > 0. So the first sum

S 250, (3.17)

the second sum
Sy 25 0as e — 0 by (3.15). (3.18)

] 3y (n
The third sum is S3 = f €n(s)ds, where &,(s) := MZi:;ﬂifzyﬁ( ns)) By Lemma 1 of Bose,

Gangopadhyay and Sarkar [3],

t
Sy 25 / $@=1/2480-1) B(5)ds on Cle, 1]. (3.19)
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Therefore by Slutsky’s Theorem, (3.17), (3.18) and (3.19) together imply

o [V(2L, X)) — o]
nsm n)

—>/ a=1/2+p(p= 1)B(s)ds.

Jj=1

3.3 Proof of Theorem 2

(i) Using the mean value theorem we get

(S X0 o ) — Zﬂ Xi = Vi . ef V) ) J' (Vo)
sl ) e )

where Y, lies between Z[m] X; and vp,y. Note that the first factor on the right-hand side

goes to t*"Y/2B(t). Arguing as in Theorem 1, we have % — t%=Y in Dle, 1]. Now,
again using the mean value theorem we get,

F) Yt —V[n / fMersy
€ i — ef(Y;t)_f(V[nt]) —e tSn[ d 'Snf (l/n) f’(u»,f) ) (320)

ef Vi)

where Y, lies between Y, and v,,;. Observe that

* [nt] .y
(a) 0 < ||, < |[Bmmi Bt | 2y oml/2B(1) and

n

(b) L5 5 #8¢=1) in DJe, 1].

Using (a) and (b) and our assumption that s, - f'(v,) — 0 we complete the proof of (i).

(nt] Y(X_, Xi)—(v))
j=1 (1))

(ii) Denoting ns, f'(v,) by a,, we decompose the sum (1/a,) > in three

parts as follows:

Sh (1/ay) Z U i:l,(;éi)_ Y(v)) ’
[ne] j N »
S = (an) Y ¥ izlw)a) UGN
[nt] j
¢< ]':1 Xz) - w(Vj)
Sy = (1/an) J .
j—%ﬂ V()

Observe that by our assumption, ns, f'(v,,) — oo. Therefore, |5 25 0. For S, consider,

¥ g=1 Xi) — ¥ (vy) — Zgzl Xi — v } F'y) ) e 5)
V(vy)sif'(vs) S, Filv;) el

10
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As before Y} lies between S, X, and v;. Observe that by our assumption v, f'(1,) — co.

Hence (321, X; — v,) f'(vy) = 0 implies Z%ix <% 1. So as in Theorem 1, we get N; for
a given ¢ such that

£ X))
Plow: | === <2, j> Ny > 1—«. (3.22)
R ) )
Now,
£ 110
€ S Y =fv) — (Y~ vi) f'(Y;*) (Y =vi)f'(v)- f<v>_ (3.23)

ef(VJ)
Again as we did before, given ¢y > 0, we get a positive integer N, such that

ZX Fw) <1 j>No] >1— e (3.24)

Let Ny = N; V Ns. Denote the events considered in (3.22) and (3.24) by Ay, and By,
respectively. Let Cy, = An, N By,. Fix a 6 > 0. Then

[ree] [ne]

V(3oL Xi) — o(vy) V(3 X)) — v(y) 4
P 0 < P 1 =
[j%o:ﬂl v () S [j%o:ﬂ| Y(v;) fow > 2]
[re] j
V(i Xi) — () 4
P T e Z
" [j=%o:+1| Y(v;) Heg, > 2]
[ne] j
Yo Xi) —¥(y) 4
: IED[j%;r1| 1¢(Vj) |]CN° ” 5]
+€o- (3.25)
Now,
[ne] j XZ _ ' 0 [ne] Z 0
]P’[ Z ’W Zle(Vi) w<l/])ucN0 > 5} < [ Z |Z : —Vj ’62101\7 |$] (l/])‘ > 2}
j=No+1 j=No+1
[ne] MNs.: F'(v:) 2R 2321 Xi—vj
< Z =No+1 |5 f (0’//];|6 | 57 | (3.26)

|Z1 1

Note that by Cauchy-Schwarz inequality E $| < 1 for all 5 > 1. Therefore, arguing

as in Theorem 1 we have |Ss| 50, as e — 0. Using (i) above, we see that the third sum
S5 25 fet s7B(s)ds, where v = o — 1/2 + (p — 1). This completes the proof of (ii).

(iii) Using the mean value theorem we write

[nt] [nt] [nt] X, — v f/ y*
FO) = ot = 32X, v 130 = ST ) AL 02)

i=1 Sn f'(vn)
Then arguing as before we get the result. ([l
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