
L IMITING SPECTRAL DISTRIBUTION OF SOME BAND MATRICES

ANIRBAN BASAK

Stanford Graduate Fellow
Department of Statistics
Stanford University
USA

ARUP BOSE∗

Statistics and Mathematics Unit
Indian Statistical Institute
203 B. T. Road, Kolkata 700108
INDIA

Original technical report, September 11, 2009. This version, November 04, 2009

Abstract

We use the method of moments to establish the limiting spectral distribution (LSD) of appropriately
scaled large dimensional random symmetric circulant, reverse circulant, Toeplitz and Hankel matrices
which have suitable band structures. The input sequence used to construct these matrices is assumed to
be either i.i.d. with mean zero and variance one or independent and appropriate finite fourth moment.
The class of LSD includes the normal and the symmetrized square root of chi square with two degrees
of freedom. In several other cases, explicit forms of the limit do not seem to be obtainable but the limits
can be shown to be symmetric and their second and the fourth moments can be calculated with some
effort. Simulations suggest some further properties of thelimits.
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1 INTRODUCTION

Let {x0, x1, . . .} be random variables, called theinput sequence. Let An = ((xL(i,j))) be a sequence of
n×n patternedrandom matrices whereL is alink function. Examples of link function are: the Toeplitz link
functionL(i, j) = |i − j|, the Hankel link functionL(i, j) = i + j and the reverse circulant link function
L(i, j) = i + j mod n. Note thatL may depend onn but we suppress this in our notation.

Let F anAn be theempirical spectral distribution(ESD) which puts mass1/n at each of the eigenvalues
of the scaled matrixanAn. With appropriatean, under suitable moment and independence conditions on
{xi}, the limiting spectral distribution(LSD) of F anAn exists for several random matrices. That is, in
each of these cases, there exists some nonrandom distribution functionF such thatF anAn converges toF
weakly (almost surely or in probability). See for example Bai (1999)[1], Bose and Sen (2008)[6] and Bose,
Gangopadhyay and Sen (2009)[4].

Band matrices are usually defined as matrices where the top right corner and the bottom left corner
elements are zeroes. With increasing dimension, the band ofnon zero elements around the main diagonal
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may also be assumed to be increasing. Banding may change the LSD of the original matrix drastically. See
for example Popescu (2009)[13] for some interesting limitsfor tridiagonal Wigner matrices. We study the
LSD of the following matrices with suitable banding.

1. Symmetric circulant matrtix SCn. Link functionLSC(i, j) = n/2 − |n/2 − |i − j||.

SCn =




x0 x1 x2 . . . x2 x1

x1 x0 x1 . . . x3 x2

x2 x1 x0 . . . x4 x3
...

x1 x2 x3 . . . x1 x0




. (1.1)

2. Reverse circulant matrix, RCn. Link functionLRC(i, j) = i + j mod n.

RCn =




x2 x3 x4 . . . x0 x1

x3 x4 x5 . . . x1 x2

x4 x5 x6 . . . x2 x3
...

x1 x2 x3 . . . xn−1 x0




. (1.2)

3. (Symmetric) Toeplitz matrix, Tn. Link functionLT (i, j) = |i − j|.

Tn =




x0 x1 x2 . . . xn−2 xn−1

x1 x0 x1 . . . xn−3 xn−2

x2 x1 x0 . . . xn−4 xn−3
...

xn−1 xn−2 xn−3 . . . x1 x0




. (1.3)

4. (Symmetric) Hankel matrix, Hn. Link functionLH(i, j) = i + j.

Hn =




x2 x3 x4 . . . xn xn+1

x3 x4 x5 . . . xn+1 xn+2

x4 x5 x6 . . . xn+2 xn+3
...

xn+1 xn+2 xn+3 . . . x2n−1 x2n




. (1.4)

5. Palindromic matrices. These may be defined as symmetric matrices where the first rowis a palindrome.
We will consider Palindromic Toeplitz and Palindromic Hankel matrices.

(a) Palindromic Toeplitz matrix , PTn. This matrix was introduced by Massey, Miller and Sinsheimer
(2006) [MMS] [10]. It may be noted that then × n principal minor ofPTn+1 is SCn.

PTn =




x0 x1 x2 . . . x2 x1 x0

x1 x0 x1 . . . x3 x2 x1

x2 x1 x0 . . . x4 x3 x2
...

x1 x2 x3 . . . x1 x0 x1

x0 x1 x2 . . . x2 x1 x0




. (1.5)
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(b) Palindromic Hankel matrix , PHn. We follow the definition of [MMS] [10], who use a slightly different
indexing:

PHn =




x0 x1 x2 . . . x2 x1 x0

x1 x2 x3 . . . x1 x0 x1

x2 x3 x4 . . . x0 x1 x2
...

x1 x0 x1 . . . x3 x2 x1

x0 x1 x2 . . . x2 x1 x0




. (1.6)

6. Doubly symmetric Hankel matrix, DHn. The symmetric circulant with link functionn/2−|n/2−|i−
j|| may also be considered as a “doubly symmetric” Toeplitz matrix. Likewise we may define the doubly
symmetric Hankel matrixDHn with link function LDH(i, j) = n/2 − |n/2 − (i + j) modn|, 0 ≤ i, j ≤
n − 1.

DHn =




x0 x1 x2 . . . x3 x2 x1

x1 x2 x3 . . . x2 x1 x0

x2 x3 x4 . . . x1 x0 x1
...

x2 x1 x0 . . . x5 x4 x3

x1 x0 x1 . . . x4 x3 x2




. (1.7)

We use two types of banding. Letmn → ∞ be a sequence of integers. For notational simplicity we write
m for mn.

(i) Type I banding. For any of the above matrices, sayAn, the Type I band matrixAb
n is the matrixAn but

with input {x∗
i } where,

x∗
i =





xi if i ≤ m,

0 otherwise.
(1.8)

(ii) Type II banding . It seems natural also to define the following band versions of Hn, Tn andRCn. The
Type II band versionHB

n of Hn is defined with the input sequence{x̂i} where,

x̂i =





xi if n − m ≤ i ≤ n + m,

0 otherwise.
(1.9)

The Type II band versionsRCB
n of RCn andTB

n of Tn are defined with the input sequence{x̄i} where

x̄i =





xi if i ≤ m or i ≥ n − m,

0 otherwise.
(1.10)

Let,
kn = #{LAn(i, j) : 1 ≤ i, j ≤ n}.

To obtain a nontrivial Type I band matrix we must have,mn ≤ kn. We will assume thatmn → ∞ and
mn
n → α < ∞. Note that Type II banding does not yield any nontrivial situations for the symmetric

circulant, the doubly symmetric and the palindromic matrices. Thus the Type II versions of these matrices
are not considered in this article. Further, whenα > 2, all the above band matrices reduce to the full
matrix with no zeroes. Further restrictions are required onα, for the individual matrices to yield nontrivial
situations. These are specified in the statement of our main theorem later on.
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The Toeplitz matrix has been an object of great interest in mathematics for a long time. See for example
Grenander and Szego (1958) [9]. The sample autocovariance matrix in time series analysis also has the
Toeplitz structure. If{xi} is square summable, then as the dimension increases, the finite dimensional
circulant approximates the corresponding Toeplitz in various senses. Indeed this approximating property is
exploited to obtain the limiting spectral distribution of the Toeplitz matrix in the nonrandom case. See Gray
(2009) [8] for a recent account of this approximation idea.

Now, when the{xi} are i.i.d. with mean zero and variance one, then clearly{xi} is not square summable.
For such an input sequence, the LSD of the symmetric circulant, after scaling, is relatively easily shown to be
the standard normal distribution. Bose and Mitra (2002) [5]provide a proof based on normal approximation.
A moment method proof is available in Bose and Sen (2008) [6].The LSD of the Toeplitz matrix is much
harder to obtain since approximation by a circulant, even after scaling, fails. A proof of the LSD of the
Toeplitz matrix is available in Bryc, Dembo and Jiang (2006)[7]. It turns out that, whenα = 0, the
Type I and Type II band symmetric Toeplitz matrices can stillbe approximated by the corresponding band
symmetric circulant matrices in a suitable metric. We show that the LSD of the latter is normal and hence
the LSD of the former two matrices are also normal. The situation changes drastically whenα 6= 0. The
LSD of Type I symmetric circulant continues to be the normal distribution. However, the LSD of Type I and
Type II Toeplitz matrices depend onα and no explicit forms seem to be obtainable.

Likewise, after appropriate scaling, the LSD of Type I and Type II reverse circulants is the symmetrized
square root of chi square with two degrees of freedom irrespective of the value ofα. Whenα = 0, the Type
II Hankel can be approximated by the Type II reverse circulant and hence has the same LSD. The Type I
Hankel on the other hand has a degenerate distribution whenα = 0. Whenα 6= 0, both Type I and Type II
Hankel matrices have complicated limit distributions which depend on the value ofα.

Table 1 summarizes our limit results. The proofs are given indetails in Section 3. LetN(0, 2) denote a
normal random variable with mean zero and variance 2. LetR denote a random variable with density

fR(x) = |x| e−x2
, −∞ < x < ∞.

Note that for all nonnegative integersk,

E[N(0, 2)2k ] = 2k (2k)!

2kk!
, E(R2k) = k!, E[N(0, 2)2k+1] = E(R2k+1) = 0.

In cases where the limit cannot be explicitly described, we later provide the second and fourth moments of
the limits.

To prove our results, we mostly use the method of moments except, as mentioned above, for the Type
I Toeplitz matrix and Type II Hankel matrix whenα = 0. The results of a few simulations is given in the
figures. Figures 3, 4 and 5 show that the LSD of (scaled)T b

n andHb
n depend onα. From the proofs it will

follow that the even moments of the LSD ofn−1/2T b
n andn−1/2Hb

n increase withα. Figures 4 and Figure 5
suggest that the LSD ofn−1/2Hb

n is bimodal ifα ≥ 4/3 and there is a positive mass at zero ifα ≤ 5/4.

Some of the results reported in this paper first appeared in Basak (2009)[2]. The first version of the
present article appeared in Bose and Basak (2009) [3]. We then discovered that results similar to ours have
been obtained independently by Kargin (2009) [11] and Liu and Wang (2009) [12].

Kargin (2009) [11] deals with band Toeplitz matrices, whichcorresponds to Type I banding. Whenα =
0, he proves that the LSD is Gaussian in probability, under theassumptions that the entries are independent
mean zero and have uniformly bounded fourth moment. For thishe uses the closeness of the circulant and
the Toeplitz and the normal approximation as in Bose and Mitra (2002) [5]. Whenα 6= 0, he assumes that,
the entries have symmetric distribution and moments of any order are uniformly bounded, and proves that
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Table 1: Matrices and the nature of their limits.

α Matrix Scaling Limit

α = 0 T b
n, T B

n m
−1/2
n N(0, 2)

0 ≤ α ≤ 1/2 SCb
n, DHb

n, PT b
n, PHb

n m
−1/2
n N(0, 2)

α = 0 HB
n (2mn)−1/2 R

0 ≤ α ≤ 1 RCb
n m

−1/2
n R

0 ≤ α ≤ 1/2 RCB
n (2mn)−1/2 R

0 ≤ α ≤ 1 T b
n, HB

n m
−1/2
n symmetric

0 ≤ α ≤ 1/2 T B
n m

−1/2
n symmetric

0 < α ≤ 2 Hb
n m

−1/2
n symmetric

α = 0 Hb
n m

−1/2
n degenerate at0

the expected spectral measure converges and that the limit is non Gaussian whenα 6= 4
7 . For this he uses

the moment method and establishes the non Gaussianity by showing that the kurtosis of the limit is not3.

Liu and Wang (2009) [12] deal with self adjoint Toeplitz and real symmetric Hankel band matrices and
prove some general results on products of such matrices. Specializing to band matrices, they deal with only
Type I banding for the Toeplitz matrix and Type II banding forthe Hankel matrix. They assume the input
sequence to be independent mean zero variance one, with uniformly bounded moment of all orders and
prove the existence of the limit of the expected empirical spectral distribution in the above two cases. They
also obtain the fourth moment of the limit distribution. Their method of proof is significantly different from
ours. Their primary tool being the representation of Toeplitz and Hankel matrices as linear combinations of
backward and forward shift matrices.

We have been able to provide a more comprehensive picture of the limits for both types of banding, for
a larger class of matrices. All the results of Kargin (2009) [11] and Liu and Wang [12] on the LSD for the
band matrices listed earlier follow from our main result.

In Section 2 we state our assumptions and the main theorem. Section 3 contains the details of the proofs
of which the major part is verifying the (M1) condition. Section 4 contains the details of the second and
fourth moments of the LSD which are not known in explicit forms. This section also discusses some limited
simulations, which raise quite a few interesting questions.
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2 MAIN RESULT

Assumption I. {xi} are independent with mean zero and variance one which are either (i) uniformly
bounded or (ii) identically distributed.

When Assumption I (i) holds, the moments can be calculated without any reservation. We shall show in
Lemma 1 that, (almost sure) LSD results which hold under Assumption I (i), continue to hold Assumption
I (ii).

Assumption I* {xi} are independent with mean zero and variance one which satisfy

(i) supE |xi|2+δ < ∞ for someδ > 0, and

(ii) For all larget, lim n−2
∑n

i=0 E |xi|4I(|xi| > t) = 0.

We shall show in Lemma 1 that the LSD results which hold under Assumption I (i) continue to hold in
probability under Assumptions I* (i), (ii).

Assumption II . {mn} → ∞ and lim
n→∞

mn/n = α exists.

Assumption III .
∞∑

n=1
m−2

n < ∞. (Holds trivially whenα 6= 0).

We now state our main theorem.

Theorem 1. Suppose one of the following hold: (A) Assumption I (i) and Assumption II, (B) Assumption I
(ii) and Assumption II or, (C) Assumption I *(i) (ii) and Assumption II. Then the following hold in probability.

(i) If mn ≤ n/2 then ESD ofm−1/2
n SCb

n,m
−1/2
n DHb

n,m
−1/2
n PT b

n andm
−1/2
n PHb

n ⇒ N(0, 2).

(ii) If mn ≤ n thenm
−1/2
n RCb

n ⇒ R.

(iii) If mn ≤ 2n thenm
−1/2
n Hb

n ⇒ Hb
α (say), which is symmetric.Hb

0 is the degenerate distribution at zero.

(iv) If mn ≤ n thenm
−1/2
n T b

n ⇒ T b
α (say), which is symmetric. In particular,T0

b = N(0, 2).

(v) If mn ≤ n/2 then(2mn)−1/2RCB
n ⇒ R.

(vi) If mn ≤ n then(2mn)−1/2HB
n ⇒ HB

α (say), which is symmetric. In particular,HB
0 = R.

(vii) If mn ≤ n/2 thenm
−1/2
n TB

n ⇒ TB
α (say), which is symmetric. In particular,TB

0 = N(0, 2).

If Assumption III holds, then all the above convergence are almost sure in cases (A) and (B).

3 PROOF OFTHEOREM

The method of moments may be described as follows. Suppose{Yn} is a sequence of random variables
with distribution functions{Fn} such that E(Y h

n ) → βh for every positive integerh, and{βh} satisfies
Carleman’s condition(see (C) below). Then there exists a distribution functionF , such that for allh,

βh = βh(F ) =

∫
xhdF (x) (3.1)

and {Yn} (or equivalently{Fn}) converges toF in distribution. This method is applied to the spectral
distribution of random matrices as follows. Suppose{An} is a sequence of matrices, and let, by a slight
abuse of notation,βh(An), for h ≥ 1, denote theh-th moment of the ESD ofAn. Suppose there is a
sequence of nonrandom{βh}∞h=1 such that

(M1) First moment condition: For everyh ≥ 1, E[βh(An)] → βh
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(M2) Second moment condition:Var[βh(An)] → 0

(C) Carleman condition: {βh} satisfies
∑∞

h=1 β
−1/2h
2h = ∞.

Then the LSD, sayA, is identified by{βh}∞h=1 and the convergence to LSD holds in probability. We de-
note this weak convergence byAn ⇒ A. This convergence may be strengthened to almost sure convergence
by strengthening (M2), for example, by showing that

(M4) Fourth moment condition:
∞∑

n=1

E[βh(An) − E(βh(An))]4 < ∞.

Here is an outline of the main steps in the proof. (i) In Section 3.1 we introduce the bounded Lipschitz
metric dBL. (ii) In Section 3.2 we use this first to show that it is enough to prove the theorem under the
additional and convenient assumption that the input sequence is uniformly bounded. (iii) Then in Section 3.3
we introduce the trace formula for calculating moments and,the concepts of circuits, words etc which are
useful in verifying the (M1) condition. (iv) In Sections 3.4it is shown that certain terms are asymptotically
negligible in the trace formula. (v) In Section 3.5 the (M1) condition is verified for each matrix, except
in a few cases for which we use an indirect approach describedbelow. Verification of the (M1) condition
essentially yield the corresponding LSD. (vi) The Carlemancondition and (M4) condition are then finally
verified in a unified way in Section 3.6 and Section 3.7 for all the matrices except for the ones which are
discussed below.

We bypass verifying the (M1) condition for the following situations. Supposeα = 0. In this case, we
do not verify (M1) forT b

n, TB
n andHB

n . Instead, we establish their LSD by showing that, almost surely, the
first two matrices are close indBL metric toSCb

n, (see Sections 3.5.2 and 3.5.9) and the last one is close to
RCB

n (see Section 3.5.7). Further, the results forDHb
n, PT b

n andPHb
n follow using their interrelations and

their relations withSCb
n and no detailed arguments are necessary (see Section 3.5.10).

3.1 A useful metric: the bounded Lipschitz metric

Weak convergence of measure is equivalent to convergence inthe metricdBL which is defined as

dBL(µ, ν) = sup{
∫

fdµ −
∫

fdν : ||f ||∞ + ||f ||L ≤ 1}

where||f ||∞ = supx |f(x)|, ||f ||L = supx 6=y |f(x) − f(y)|/|x − y|.
The following facts will be used. Fact1 is an estimate of the metric distancedBL in terms of trace. See

Bai (1999) for proof. Fact2 is the well known Cauchy’s interlacing inequality and its consequence.

Fact 1. SupposeA,B aren × n symmetric real matrices. Then

d2
BL(FA, FB) ≤

(
1

n

n∑

i=1

|λi(A) − λi(B)|
)2

≤ 1

n

n∑

i=1

(λi(A) − λi(B))2 ≤ 1

n
Tr(A − B)2. (3.2)

Fact 2. SupposeC is ann × n symmetric real matrix with eigenvaluesλn ≥ λn−1 ≥ · · · ≥ λ1. Let D be
the(n − 1) × (n − 1) principal submatrix ofC with eigenvaluesµn−1 ≥ µn−2 ≥ · · · ≥ µ1. Then

λn ≥ µn−1 ≥ λn−1 ≥ µn−2 ≥ · · · ≥ λ2 ≥ µ1 ≥ λ1.

As a consequence, ifA,B aren × n symmetric real matrices then

||FA − FB||∞ ≤ rank(A − B)

n
. (3.3)
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3.2 Reduction to uniformly bounded input

In this section we will show that in general, it is enough to consider only input sequences which are uniformly
bounded. Hence the moment method can be applied without any further reservation. Define,αn andβn as
follows. Note thatβn ≤ αn.

αn = max
k

#{(i, j) : LAn(i, j) = k, 1 ≤ i, j ≤ n}

βn = max
k≤mn

#{(i, j) : LAn(i, j) = k, 1 ≤ i, j ≤ n} for matricesAb
n,

= max
n−mn≤k≤n+mn

#{(i, j) : LHn(i, j) = k, 1 ≤ i, j ≤ n} for HB
n ,

= max
|k−n/2|≥n/2−mn

#{(i, j) : L(i, j) = k, 1 ≤ i, j ≤ n} for AB
n , An = RCn or Tn .

Lemma 1. Let Ab
n be a sequence of Type I or Type II band matrices defined as abovewheremn → ∞

andβn = O(n). If for every bounded, mean zero and variance one input sequence,Fm
−1/2
n Ab

n converges to
some fixed nonrandom distributionF a.s.. Then,

(i) the same limit continues to hold almost surely if{xi} is i.i.d. with mean zero and variance one.

(ii) the same limit continues to hold in probability if{xi} satisfies Assumptions I* (i) and (ii).

In particular, for all our band matrices,αn = O(n) and the conclusions are valid.

Proof. We prove the result only for Type I banding. The proof is similar for Type II banding and is omitted.

(i) Let {x0, x1, . . .} be an i.i.d. input sequence for the matrices{Ab
n}. For t > 0, denote

µ(t)
def
= E[x0I(|x0|x > t)] = −E[x0I(|x0| ≤ t)], σ2(t)

def
= Var(x0I(|x0| ≤ t)).

Note thatµ(t) → 0 andσ(t) → 1 ast → ∞ andσ2(t) ≤ 1. Define bounded random variables

x̂t
i =

xiI(|xi| ≤ t) + µ(t)

σ(t)
=

xi − x̄t
i

σ(t)
wherex̄t

i = xiI(|xi| > t) − µ(t) = xi − σ(t)x̂t
i. (3.4)

It is easy to see thatE((x̄t
0)

2) = 1 − σ2(t) − µ(t)2 → 0 ast → ∞. Further,{x̂t
i} are i.i.d. bounded, with

mean zero and variance one. Let us denote the matrixAb
n constructed from this sequence{x̂t

i}i≥0 by Âb
n.

Then

d2
BL

(
Fm

−1/2
n Ab

n , Fm
−1/2
n Âb

n

)
≤ 2d2

BL

(
Fm

−1/2
n Ab

n , Fm
−1/2
n σ(t)Âb

n

)
+ 2d2

BL

(
Fm

−1/2
n Âb

n , Fm
−1/2
n σ(t)Âb

n

)

≤ 2

mnn
Tr(Ab

n − σ(t)Âb
n)2 +

2(1 − σ(t))2

mnn
Tr(Âb

n)2.

Now by the hypotheses onAn, using strong law of large numbers, we get

1

mnn
Tr(Âb

n)2 =
1

mnn

∑

1≤i,j≤n

(âb
i,j,n)2 ≤ βn

mnn

mn∑

h=0

(x̂t
h)2 ≤ C

mn

mn∑

h=0

(x̂2
h)2

a.s.→ C E((x̂t
0)

2) = C

and we have1 − σ(t) → 0 ast → ∞. Similarly,

1

mnn
Tr(Ab

n − σ(t)Âb
n)2 ≤ C

mn

mn∑

h=0

(x̄t
h)2

a.s.→ C E((x̄t
0)

2) → 0 ast → ∞.
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This proves the result for i.i.d. input sequence.

(ii) Since{xi} are not necesarily i.i.d., letσ2
i (t) = Var(xiI(|xi| ≤ t) and now define,

x̂t
i =

xiI(|xi| ≤ t) − E[xiI(|xi| ≤ t)

σi(t)
, x̄t

i = xiI(|xi| > t) − E(xiI(|xi| > t) = xi − σi(t)x̂
t
i.

Observe that

[E[xiI(|xi| ≤ t)]]2 = [E[xiI(|xi| > t)]]2 ≤ Ex2
i I(|xi| > t) ≤ 1

tδ
E[|xi|2+δ].

Thus under Assumption I* (i),

1− σ2
i (t) = 1−E[x2

i I(|xi| ≤ t)] + [E[xiI(|xi| ≤ t)]]2 = E[x2
i I(|xi| > t)] + [E[xiI(|xi| ≤ t)]]2 = O(t−δ),

uniformly overi and∀ t > 0. Thussupi(1−σ2
i (t)) = O(t−δ). It also easily follows thatsupi(1−σi(t)) =

O(t−δ). Now let Âb
n the matrixAb

n constructed from the input sequence{x̂t
i}i≥0. Then

d2
BL

(
Fm

−1/2
n Ab

n , Fm
−1/2
n An

)
≤ 1

mnn
Tr(Ab

n − Âb
n)2

≤ βn

mnn

mn∑

h=0

(xh − x̂t
h)2

≤ C

mn

mn∑

h=0

(xh − x̂t
h)2

=
C

mn

mn∑

h=0

(xh − σh(t)x̂t
h + σh(t)x̂t

h − x̂t
h)2

=
2C

mn

mn∑

h=0

(xh − σh(t)x̂t
h)2 +

2C

mn

mn∑

h=0

(σh(t)x̂t
h − x̂t

h)2 = T1 + T2.

Now T2 ≤ 2C
mn

suph(1 − σh(t))2
mn∑
h=0

(x̂t
h)2. Since{x̂t

h} are uniformly bounded, a simple application of

Borel Cantelli Lemma implies that1mn

mn∑
h=0

(x̂t
i)

2 a.s.→ 1. So

T2

a.s.
≤ sup

h
(1 − σh(t))2 = O(t−2δ) → 0 as t → ∞.

Now we deal withT1. First observeT1 = 2C
mn

mn∑
h=0

(xh − σh(t)x̂t
h)2 = 2C

mn

mn∑
h=0

(x̄t
h)2.

Now,

E[
1

mn

mn∑

h=0

(x̄t
h)2] ≤ 2

mn

mn∑

h=0

[
E[x2

hI(|xh| > t)] + [E[xhI(|xh| > t)]2]
]
≤ 4

tδ
sup

h
E[|x2+δ

h |],

and

Var[
1

mn

mn∑

h=0

(x̄t
h)2] ≤ 1

m2
n

mn∑

h=0

E[(x̄t
h)4]
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=
1

m2
n

mn∑

h=0

E[(xhI(|xh| > t) − E[xhI(|xh| > t])4]

≤ Const.× 1

m2
n

mn∑

h=0

[
E[(x4

hI(|xh| > t)] → 0,

using Assumption I* (ii). Thuslim supn T1 ≤ 4
tδ

E[|x2+δ
h |] → 0 ast → ∞. As a consequence,

lim supn d2
BL

(
Fm

−1/2
n Ab

n , Fm
−1/2
n An

)
P→ 0 and the proof is complete. 2

3.3 Trace formula, circuits, words and matches

As preparatory to using the moment method, we introduce the trace formula and a few other concepts.

1

n
Tr[Ab

n]h =
1

n

∑

1≤i1,i2,...,ih≤n

h−1∏

j=1

xLA(ij ,ij+1)×xLA(ih,i1)×
h−1∏

j=1

I(LA(ij , ij+1) ≤ m)×I(LA(ih, i1) ≤ m).

(3.5)
The following concepts from Bose and Sen (2008) [6] will be needed to take advantage of the trace formula.

Circuit and vertices: Any function π : {0, 1, 2, . . . , h} → {1, 2, . . . , n} is said to be acircuit if π(0) =
π(h). Any π(i) will be called avertex. Thelength l(π) of π is taken to beh. A circuit depends onh andn
but we will suppress this dependence.

Let,

Xπ =
h∏

i=1

xL(π(i−1),π(i)), I
h
π,L = I

h
π =

h∏

i=1

I(L(π(i − 1), π(i)) ≤ m).

Hence

E[βh(n−1/2An)] = E
[ 1

n
Tr
(An√

n

)h]
=

1

n1+h/2

∑

π:π circuit

EXπ,

and

E[βh(m−1/2Ab
n)] = E

[ 1

n
Tr
( Ab

n√
m

)h]
=

1

nmh/2

∑

π:π circuit

EXπ × I
h
π.

Matched circuits: Any valueL(π(i−1), π(i)) is anL value ofπ andπ has anedge of ordere (1 ≤ e ≤ h)
if it has anL-valuerepeated exactlye times. Ifπ has at least one edge of order one thenE(Xπ) = 0. Thus
only thoseπ with all e ≥ 2 are relevant. Such circuits will be said to bematched. For any suchπ, given
any i, there is at least onej 6= i such thatL(π(i − 1), π(i)) = L(π(j − 1), π(j)). π is pair matchedif all
its edges are of order two. To deal with (M2) and (M4), we need multiple circuits and the following related
notions.

Jointly Matched: k circuitsπ1, π2, . . . , πk are said to bejointly matchedif given 1 ≤ l ≤ k and1 ≤ i ≤ h
there exists1 ≤ t ≤ k and1 ≤ j ≤ h such that(l, i) 6= (t, j) andL(πl(i− 1), πl(i)) = L(πt(j − 1), πt(j)).

Cross Matched:k circuitsπ1, π2, . . . , πk are said to becross matchedif each circuit has oneL-value which
occurs in at least one of the remaining circuits.

Equivalence relation on circuits: Two circuitsπ1 andπ2 (of same length) are said to be equivalent if their
L-values agree at exactly the same pairs(i, j). That is, iff

{
L(π1(i − 1), π1(i)) = L(π1(j − 1), π1(j))

⇔ L(π2(i − 1), π2(i)) = L(π2(j − 1), π(j))
}
. This defines an equivalence relation between the circuits.
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Words: Equivalence classes may be identified with partitions of{1, 2, · · · , h}: to any partition we associate
aword w of lengthl(w) = h of letters where the first occurrence of each letter is in alphabetical order. For
example, ifh = 6, then the partition{{1, 3, 6}, {2, 5}, {4}} is associated with the wordabacba. For a word
w, let w[i] denote the letter in theith position. The notion of matching and ordere edges carries over to
words. For instance,abacabc is matched.abcadbaa is nonmatched, has edges of order1, 2 and4 and the
corresponding partition is{{1, 4, 7, 8}, {2, 6}, {3}, {5}}.
Independent vertex: If w[i] is the first occurrence of a letter thenπ(i) is called aindependent vertex. We
make the convention thatπ(0) is also an independent vertex. The other vertices will be called dependent
vertices. if a word hasd distinct letters then there ared + 1 independent vertices.

Define,

Π(w) = {π : w[i] = w[j] ⇔ L(π(i − 1), π(i)) = L(π(j − 1), π(j))},
Πb(w) = {π : w[i] = w[j] ⇔ L(π(i − 1), π(i)) = L(π(j − 1), π(j)) andI

h
π = 1}.

Note these depend on the underlyingL funciton but we suppress this dependence. We can rewrite
E[βh(n−1/2An)] andE[βh(m−1/2Ab

n)] as

E[βh(n−1/2An)] =
∑

w matched

1

n1+h/2

∑

Π(w)

EXπ and E[βh(m−1/2Ab
n)] =

∑

w matched

1

nmh/2

∑

Πb(w)

EXπ.

Note that for some of the matricesm will be replaced by(2m) above. Since the outer sum is a finite sum,
to verify condition (M1), it is enough to show the existence of the inner limit for everyw. For anyw, let
(whenever the limit exists)

p(w) =
∑

Πb(w)

EXπ.

Note that this depends on the link function but we do show thisdependence in our notation. While deriving
limits, later, we show that it is enough to consider only pairmatched words. The total number of pair
matched words with|w| = k equals (2k)!

2kk!
. We also show later thatΠb∗(w) k Πb(w) defined below is

equivalent toΠb(w) for asymptotic considerations, but is easier to work with.

Πb∗(w) = {π : w[i] = w[j] ⇒ L(π(i − 1), π(i)) = L(π(j − 1), π(j)) andI
h
π = 1}.

Similarly, for RCB
n , TB

n andHB
n , define,

I
h
π,RC =

h∏

i=1

I

(
LRC(π(i − 1), π(i)) ≤ m or LRC(π(i − 1), π(i)) ≥ n − m

)
,

I
h
π,H =

h∏

i=1

I(n − m ≤ LH(π(i − 1), π(i)) ≤ n + m),

I
h
π,T = I(|π(0) − π(1)| ≤ m or |π(0) − π(1)| ≥ n − m) ×

I(|π(1) − π(2)| ≤ m or |π(1) − π(2)| ≥ n − m) × · · · ×
I(|π(h − 1) − π(h)| ≤ m or |π(h − 1) − π(h)| ≥ n − m),

andΠB(w) andΠB∗(w) are same asΠb(w) andΠb∗(w) above with the above indicators fot Type II banded
matrices. We shall continue to usep(w) to denote the corresponding limits as above.

11



3.4 Negligibility of edges of order≥ 3

The following Lemma helps to show that contribution fromΠb(w) andΠB(w) are zero ifw has at least one
e ≥ 3 and, also helps to verify the (M1) condition later.

Lemma 2. (a) For SCb, givenπ(0), π(1), . . . , π(i − 1), for any dependent vertexπ(i), #π(i) ≤ 6.

(b) For any independent vertexπ(i), i ≥ 1, of SCb, 2m ≤ #π(i) ≤ 2m + 1.

(c) For any independent vertexπ(i), i ≥ 1, of RCb
n, m ≤ #π(i) ≤ m + 1.

(d) For any independent vertexπ(i), i ≥ 1, of RCB
n , 2m ≤ #π(i) ≤ 2m + 1.

Proof. Part (a) follows easily from the relationLSC(π(j − 1), π(j) = LSC(π(i − 1), π(i)) wherej < i,
which in turn implies|n/2 − |π(j − 1) − π(j)|| = |n/2 − |π(i − 1) − π(i)||.

We now prove part (b). The proofs of (c) and (d) are similar andshall be omitted.

First assumei = 1. Since0 ≤ LSC(π(0), π(1)) ≤ m and1 ≤ π(1) ≤ n, we obtain,

0 ≤ n/2 − |n/2 − |π(0) − π(1)|| ≤ m ⇒ n/2 − m ≤ |n/2 − |π(0) − π(1)|| ≤ n/2.

It then easily follows that one of the following three holds.
(i) π(0) − m ≤ π(1) ≤ π(0) + m,
(ii) π(1) ≤ π(0) + m − n or,
(iii) π(1) ≥ π(0) + n − m.

If m = n/2 then irrespective of the value ofπ(1), we have0 ≤ n/2 − |n/2 − |π(0) − π(1)|| ≤ m. Hence
number of choices ofπ(1) is n = 2m.

Now assumem < n/2. Note that the three regions in (i), (ii) and (iii) are disjoint in this case.

We consider three cases and establish (b) in each case separately.

Case A. π(0) ∈ {1, 2, . . . ,m}. Note thatπ(0)+m−n ≤ 2m−n < 0 impliesπ(0)+m ≤ 2m < n and the
range of choices in (i) is1 ≤ π(1) ≤ π(0)+m. Hence number of choices from (i) isπ(0)+m. The number
of choices from (ii) is0. As π(0) + n − m ≤ n, range of choices from (iii) isπ(0) + n − m ≤ π(1) ≤ n.
Hence number of choices from (iii) ism − π(0) + 1. In all, that is total of(2m + 1) choices forπ(1).

Case B. π(0) ∈ {m + 1,m + 2, . . . , n − m − 1}. As π(0) − m > 0 andπ(0) + m < n − m + m = n,
now the range of choices from (i) isπ(0) − m ≤ π(1) ≤ π(0) + m. whcih is 2m many choices. As
π(0) + m − n < 0 andπ(0) + n − m > m + n − m = n, there are no choices from (ii) and (iii).

Case C. π(0) ∈ {n−m,n−m+1, . . . , n}. Note thatπ(0)+m ≥ n−m+m = n andπ(0) ≥ n−m > m.
Now the range of choices forπ(1) from (i) is π(0)−m ≤ π(1) ≤ n which givesn+m−π(0)+1 choices.
Sinceπ(0) + n − m > n, the number of choices from (iii) is0. As π(0) + m − n ≥ 0, number of choices
from (ii) is π(0) + m − n. In all, that is a total of choices(2m + 1) choices.

Now move toπ(2). If it is a dependent vertex then there are at most six ways to choose it and if it is an
independent vertex then the above argument may be repeated.Continuing the process proves (b) completely.
2

The next Lemma shows that the contribution from any word having edge(s) of order≥ 3 is zero in the
limit. Let NL

h,3+ be the number ofL matched circuits on{1, 2, . . . , n} of lengthh with at least onee ≥ 3

andN bL
h,3+ be the same with added restrictionI

h
π = 1. DefineNBL

h,3+ similarly for Type II banding.
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Lemma 3. (a) LetL = LT or LH . There exists a constantCL such that,N bL
h,3+ ≤ CLn⌊(h+1)/2⌋ and hence

n−(1+h/2)N bL
h,3+ → 0.

(b) LetL = LSC or LRC . Then there exists a constantCLsuch that,N bL
h,3+ ≤ CLnm⌊(h−1)/2⌋ and hence

n−1m−h/2N bL
h,3+ → 0.

(c) (a) holds forNBLH
h,3+ andNBLT

h,3+ and, (b) holds forNBLRC
h,3+ .

(d) For α = 0, n−1m−h/2N bLH
h,3+ → asn → ∞.

Proof. (a) First observe that,N bL
h,3+ ≤ NL

h,3+. Now note that, ifh = 2k or 2k − 1 then there are at most
k − 1 distinctL-values, and hence, at mostk independent vertices. Each independent vertex can be chosen
in at mostn ways and the dependent vertices can be chosen inO(1) ways. This completes the proof of (a).

(b) Let h = 2k or 2k − 1. Since there is at least onee ≥ 3, there must be at most(k − 1) distinct L
values and hence at mostk independent vertices includingπ(0). Note that#π(0) = n, and by Lemma 2
#π(i) = O(1) or #π(i) = O(m) depending on whether or notπ(i) is dependent or independent. Hence,
N bL

h,3+ ≤ Cnmk−1 ≤ Cnm⌊(h−1)/2⌋ and (b) follows.

The proof of (c) is similar and we omit the details.

(d) Sinceα = 0, for sufficiently largen, m < n. To achieveIh
π = 1, every independent vertexπ(i), i ≥ 1,

can be chosen in at mostm ways (as the link function isL(i, j) = i + j). Let h = 2k or h = 2k − 1, since
there is at least one edge of order≥ 3, we must have at mostk − 1 independent vertices excludingπ(0). So
total number of vertex choices isO(nmk−1). Hence we obtain the result. 2

3.5 (M1) condition

Before we verify the (M1) condition for all the cases, we prove a Lemma which reduces the number of terms
in the trace formula asymptotically. It also implies that the odd moments of the LSD equal zero.

Lemma 4. (a) Suppose{Ab
n = RCb

n, SCb
n} (for any α) or {Ab

n = T b
n or Hb

n } (for α 6= 0) with a
uniformly bounded, independent mean zero and variance one input sequence{xi}.

(i) If h is odd, lim
n→∞

E[βh(m−1/2Ab
n)] = lim

n→∞
E
[ 1

n
Tr
( Ab

n√
m

)h]
= 0.

(ii) If h = 2k then,
∑

w pair matched

lim
n→∞

1

nmk
|Πb∗(w) − Πb(w)| = 0 and if any of the last two limits below

exists,

lim
n→∞

E[β2k(m−1/2Ab
n)] =

∑

w pair matched

lim
n→∞

1

nmk
|Πb(w)| =

∑

w pair matched

lim
n→∞

1

nmk
|Πb∗(w)|. (3.6)

(b) All conclusions of (a) above holds for{m−1/2RCB
n } (for anyα) and for{n−1/2HB

n } and{n−1/2TB
n }

(when in either caseα 6= 0) with Πb andΠb∗ replaced byΠB andΠB∗ respectively.

(c) Similar conclusions hold for{m−1/2Hb
n} whenα = 0.

Proof. Note that from mean zero and independence assumption (provided the limit below exists),

lim
n→∞

E[βh(m−1/2Ab
n)] = lim

n→∞
1

nmh/2

∑

π circuit

EXπ × I
h
π =

∑

w matched

lim
n→∞

1

nmh/2

∑

π∈Πb(w)

EXπ. (3.7)
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By Holder’s inequality,|∑π:π∈Πb(w) EXπ| ≤ |Πb(w)|E(|xL(1,1)|h). Therefore, from Lemma 3, matched
circuits which have edges of order≥ 3 do not contribute to the limit in (3.7). Further, ifw is pair matched
andπ ∈ Πb∗(w)\Πb(w) thenπ must have an edge of order≥ 4 and hence

∑
w pair matched

lim
n→∞

1
nmk |Πb∗(w)−

Πb(w)| = 0. So provided the limits exist, (3.6) holds forh = 2k, proving (a) (ii).

To prove (a) (i), note that at least one edge is of order≥ 3. Hence by Lemma 3lim
n→∞

E[βh(m−1/2Ab
n)] =

lim
n→∞

E
[

1
n Tr

(
Ab

n√
m

)h]
= 0, proving (a) (i).

To prove (b) and (c) we may proceed similarly. Details are omitted. 2

Thus from the above result, to establish (M1), we may restrict consideration to only pair matched words.
In the next few subsections we show that the existence of the limit in (3.6) (and hence ofp(w)) for all
relevant choices of the band matrices, by identifying the inner limit for each fixed word and then summing
over all pair matched words.

For the cases whenα 6= 0, it will be convenient to obtain expressions forlim
n→∞

E[βh(n−1/2Ab
n)] where

Ab
n = T b

n,Hb
n, TB

n or HB
n . Observe that then the expression forlim

n→∞
E[βh(m−1/2Ab

n)] is given by the

relation
lim

n→∞
E[βh(m−1/2Ab

n)] = α−h/2 × lim
n→∞

E[βh(n−1/2Ab
n)].

Similar comment holds for Type II banding.

3.5.1 (M1) condition for SCb
n

In this case, for any pair matched wordw, (3.6) equals2k (which eventually leads to theN(0, 2) LSD).
Defineui = π(i − 1) − π(i). We call them “slopes”. Note thatw[i] = w[j] implies thatui ± uj = 0,±n.
We first show that only those matchings withui + uj = 0,±n contribute in the limit.

Lemma 5. Fix an LSC matched wordw of length2k, with |w| = k. LetN b be the number of matched
circuits π on{1, 2, . . . , n} of length2k such thatIh

π = 1 and it has at least one pairi < j with w[i] = w[j]
such thatui − uj = 0,±n . Then,N b = O(nmk−1) and hencen−1m−kN b → 0.

Proof. Let (i1, j1), (i2, j2), . . . (ik, jk) denote the pair partition corresponding to the wordw, i.e. w[il] =
w[jl], 1 ≤ l ≤ k. Suppose, w.l.o.g.uik − ujk

= 0,±n. Clearly a circuitπ becomes completely specified if
we knowπ(0) and all the ‘slopes’ui’s.

By Lemma 2(a), if we fix some value foruil , eachujl
has six possible values. Now,LSC(π(i −

1), π(i)) ≤ m implies either|ui| ≤ m or |ui| ≥ n − m. Hence for everyi, eachui hasO(m) pos-
sible values. Further,π(0) has at mostn possible values. For any such valid choice, from the sum
restriction

∑2k
i=1 ui = π(2k) − π(0) = 0 we know uik + ujk

and on the other hand by hypothesis,
uik − ujk

= 0,+n,−n. Thus the pair(uik , ujk
) has3 possibilities. Thus there are at mostO(nmk−1)

circuits with the given restrictions and the proof of the Lemma is complete. 2

As a consequence of the above lemma we have,

∑

w pair matched

lim
n→∞

1

nmk
|Πb∗(w)| =

∑

w pair matched

lim
n→∞

1

nmk
|Πb′(w)|, (3.8)

where
Πb′(w) = {π : π is a circuit,w[i] = w[j] ⇒ ui + uj = 0,±n andIh

π = 1}.
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Lemma 6. If w is pair matched with|w| = k, 1
nmk |Πb′(w)| → 2k. Hence

lim E[β2k(m−1/2SCb
n)] = 2k (2k)!

2kk!
= E[N(0, 2)2k ].

Proof. Suppose for somei < j, ui + uj = 0,±n. If we know the circuit up to position(j − 1) then
π(j) has to take one of the valuesA − n,A,A + n whereA = π(j − 1) − π(i) + π(i − 1). Noting that
−(n − 2) ≤ A ≤ (2n − 1), exactly one of the three values will fall within1 andn and be a valid choice
for π(j). From Lemma 2 (b) ifi is an independent vertex and the circuit is known up to position i − 1 then
there are2m + ci many choices forπ(i) lying between1 andn, whereci = 0 or 1, depending on the value
of the previous vertices. Assume for the moment that such a choice of allπ(i) satisfies the circuit condition.
Thenn × (2m)k ≤ |Πb′(w)| ≤ n × (2m + 1)k . So we have,lim

n→∞
1

nmk |Πb′(w)| = 2k.

Now we show why the circuit conditionπ(0) = π(2k) is satisfied. Observe that

π(2k) − π(0) =

2k∑

i=1

ui = dn

for somed ∈ Z. But since|π(2k) − π(0)| ≤ n − 1, we must haved = 0. Thus the circuit condition is
satisfied. Since the total number of pair matched words is(2k)!

2kk!
, the proof is complete. 2

3.5.2 Closeness ofT b
n and SCb

n whenα = 0

We now show that forα = 0, T b
n andSCb

n have the same limit behaviour.

Lemma 7. (i) Suppose Assumption I (i) or (ii) hold andα = 0. Thend2
BL(Fm−1/2T b

n , Fm−1/2SCb
n)

a.s.→ 0.

(ii) Suppose Assumption I* (i) and (ii) hold andα = 0. Thend2
BL(Fm−1/2T b

n , Fm−1/2SCb
n)

P.→ 0.

Proof. Define the upper (lower)kth diagonal as those indices(i, j) such thati − j = k (respectively,
i− j = −k). Note that both the matricesSCb

n andT b
n have all upper and lowerkth diagonal entries equal to

xk, for k = 1, 2, . . . ,m and moreoverSCb
n has all the upper and lowerkth diagonal entries equal toxn−k,

for k = n − 1, n − 2, . . . , n − m. Hence

d2
BL(Fm−1/2T b

n , Fm−1/2SCb
n) ≤ 1

n
Tr
[(T b

n − SCb
n)2

m

]

=
2

mn
(mx2

m + (m − 1)x2
m−1 + · · · + x2

1)

≤ 2

n
(x2

m + x2
m−1 + · · · + x2

1)

= 2 ×
(m

n

)
× x2

1 + x2
2 + · · · + x2

m

m
.

(i) First suppose{xi} are i.i.d. Then
x2

1 + x2
2 + · · · + x2

m

m

a.s.→ E[x2
0] = 1 and

m

n
→ 0 and the result follows.

If, instead, the{xi} are uniformly bounded, a simple modification in the above proof does the job.

(ii) Suppose Assumption I* (i) and (ii) hold. ThenE[
x2
1+x2

2+···+x2
m

n ] = m
n → 0 asn → ∞ and

Var
[x2

1 + x2
2 + · · · + x2

m

n

]
≤

m∑
i=1

E[xi]
4

n2
≤ 1

n2
× [mt4 +

m∑

i=1

E[x4
i I(|xi| > t)]]
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=
mt4

n2
+
(m2

n2

)
×

m∑
i=1

E[x4
i I(|xi| > t)]

m2
→ 0.

Thus x2
1+x2

2+···+x2
m

n
P→ 0. This completes the proof. 2

3.5.3 (M1) condition for RCb
n

A pair matched word, of length2k, will be said to besymmetricif each letter appears once in an even
position and once in an odd position. There arek! symmetric words of length2k. We shall show that for
any nonsymmetric word (3.6) equals zero and for any symmetric word, (3.6) equals 1.

Lemma 8. (a) For LH , if w is nonsymmetric, pair matched, then there exists a linear functionΛ(π(i), i ∈
S) such that all its coefficients are not zero andΛ(π(i), i ∈ S) = 0.

(b) For LRC , (a) holds with the modificationΛ(π(i), i ∈ S) = dn for some integerd.

Proof. Let ti = π(i − 1) + π(i) and for any word, letS be the set of independent vertices. Following
Bose and Sen (2008) [6] or BDJ (2006) [7], writeπ(i) as a linear combinationLH

i (πS) of the independent
vertices. Observe that, ifi ∈ S thenLH

i (πS) = π(i). Since theRCn link function is L(i, j) = i + j
mod n, one can check that for every dependent vertexi, one must haveπ(i) = LH

i (πS) + ain for some
integerai.

(a) First note that,π(0)− π(2k) = (t1 + t3 + t5 + · · ·+ t2k−1)− (t2 + t4 + t6 + · · ·+ t2k) = 0. Sincew is
pair matched let{(is, js), s ≥ 1} be such thatw[is] = w[js], is < js andis, s = 1, 2, . . . , k are arranged
in ascending order ofis. Sincew is not a symmetric word we have at least one pair(i∗, j∗) such that both
of them are either at odd places or at even places. Now

(t1 + t3 + · · · + t2k−1) − (t2 + t4 + · · · + t2k) = 2 ×
( ∑

is:(is,js)
are both odd

tis −
∑

is:(is,js)
are both even

tis

)
. (3.9)

If there is any dependent vertexπ(i) in the above expression we replace it by the linear combinationLH
i (πS).

Let i∗ be the largest index that appears in the above equation. Notethat i∗ is an independent vertex. As any
dependent vertex can be expressed as a linear combination ofindependent vertices to its left, the coefficient
of π(i∗) is non-zero. Hence we obtain a linear functionΛ(π(i), i ∈ S) such thatΛ(π(i), i ∈ S) = 0.

(b) ForRCn matrix,

(t1 + t3 + · · · + t2k−1) − (t2 + t4 + · · · + t2k) = 2 ×
( ∑

is:(is,js)
are both odd

tis −
∑

is:(is,js)
are both even

tis

)
+ cn (3.10)

for some integerc. The proof can now be completed by repeating the arguments ofpart (a). 2

Lemma 9. For any nonsymmetric pair matched wordw, lim
n→∞

1
nmk |Πb∗(w)| = 0.

Proof. By Lemma 8 there exists a non zero linear functionΛ = Λ(π(i), i ∈ S) such thatΛ = dn for
some integerd. Let i∗ be the largest index having non-zero coefficient inΛ. Now we choose vertices ofπ
from left. Firstπ(0) hasn choices. Next by Lemma 2(c), for any1 ≤ i ≤ i∗ − 1, π(i) has at mostm + 1
choices or at most one choice, depending on whether or not thevertex is independent. Having chosen all
these vertices, the number of choices ofπ(i∗) is O(1). Next we move on toπ(i∗ +1) and proceed as before.
Clearly, total number of possible choices isO(nmk−1). This completes the proof. 2
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Lemma 10. For any symmetric pair matched word, given the independent vertices, each dependent vertex
has exactly one value.

Proof. We determine the dependent vertices from left to right. Suppose a typical restriction due to (matched)
word looks likeLRC(π(i − 1), π(i)) = LRC(π(j − 1), π(j)) wherei < j andπ(i − 1), π(i) andπ(j − 1)
have already been determined. We show that#π(j) = 1. The above restriction can be rewritten as

π(j) = Z + dn for some integerd andZ = π(i − 1) + π(i) − π(j − 1).

Clearly π(j) can be determined uniquely from the above equation since1 ≤ π(j) ≤ n. We proceed
inductively from left to right to complete the proof. 2

Lemma 11. If w is pair matched symmetric, thenlim
n→∞

1
nmk |Πb∗(w)| = 1. Hence

lim E[β2k(m−1/2RCb
n)] = k!.

Proof. Obviously there aren valid choices forπ(0). From Lemma 2(c), for any other independent vertex
π(i), m ≤ #π(i) ≤ m + 1. From Lemma 10, given the independent vertices, every dependent vertex has
only one value. We show that such a choice automatically satisfies the circuit condition. Let the partition
generated by the wordw be{(is, js), s ≥ 1}, is < js. Let ti = π(i−1)+π(i). We will havetis = tjs +dsn,
for some integerds. Since the word is symmetric, one of(is, js) will occur in an odd place and another will
occur in an even place. Now for any choice of the independent vertices we will have,

π(0) − π(2k) = (t1 + t3 + t5 + · · · + t2k−1) − (t2 + t4 + t6 + · · · + t2k) = dn for some integerd.

As |π(0) − π(2k)| ≤ n − 1, d must be0, proving that the circuit condition is satisfied. Hencen × mk ≤
|Πb∗(w)| ≤ n×(m+1)k. So we have,lim

n→∞
1

nmk |Πb∗(w)| = 1. Since there are exactlyk! symmetric words,

the Lemma is proved completely. 2

3.5.4 (M1) condition for T b
n, α 6= 0

The following result is similar to result Lemma 11 and is essentially proved as Proposition4.4 in [BDJ] [7]

Lemma 12. Fix k ∈ N. LetM be the number ofLT matched circuitsπ on {1, 2, . . . , n} of length2k with
at least one pair ofLT matched edges(π(i − 1), π(i)) and (π(j − 1), π(j)) such thatπ(i) − π(i − 1) +
π(j) − π(j − 1) 6= 0. LetMb be the same count with the extra conditionI

2k
π = 1. Thenn−(k+1)Mb ≤

n−(k+1)M → 0.

Earlier we have shown that,E[β2k+1(n
−1/2T b

n)] → 0. By Lemma 4 and 12,if the second limit below exists,

lim E[β2k(n−1/2T b
n)] = lim

1

n1+k

∑

w matched,
|w|=k

|Πb∗(w)| (3.11)

= lim
1

n1+k

∑

w matched,
|w|=k

|Πb∗∗(w)| (3.12)

= lim
(m

n

)k
× 1

nmk

∑

w matched,
|w|=k

|Πb∗∗(w)| = αk × β2k(T
b
α) say, (3.13)
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where

Πb∗∗(w) =
{
π : w[i] = w[j] ⇒ π(i − 1) − π(i) + π(j − 1) − π(j) = 0 andI

2k
π = 1

}
.

Takingxi = π(i)/n, |Πb∗∗(w)| can be expressed as#
{

(x0, x1, · · · , x2k) : x0 = x2k, xi ∈ {j/n, 1 ≤ j ≤
n,
|xi−1 − xi| ≤ m and xi−1 − xi + xj−1 − xj = 0 if w[i] = w[j]

}
.

Let S = {0} ∪ {min(i, j) : w[i] = w[j], i 6= j} be the set of all indices of the independent vertices of
wordw and letxS = {xi : i ∈ S}. Eachxi is a unique linear combinationLT

i (xS). LT
i depend on the word

w but for notational ease we suppress this dependence. Clearly LT
i (xS) = xi if i ∈ S and also summing the

k equations would implyLT
2k(xS) = x0. So,

|Πb∗∗(w)| = #
{
xS : LT

i (xS) ∈ Nn and|LT
i−1(xS) − LT

i (xS)| ≤ m/n for all i = 0, 1, · · · , 2k
}

whereNn = {1/n, 2/n, . . . , 1}. If w[i] = w[j] then,|LT
i−1(xS) − LT

i (xS)| = |LT
j−1(xS) − LT

j (xS)|. So
we can replace the restriction|LT

i−1(xS)−LT
i (xS)| ≤ m/n, 1 ≤ i ≤ 2k by |LT

i−1(xS)−LT
i (xS)| ≤ m/n

for i ∈ S. Hence, as in Bose and Sen [6] and [BDJ] [7],

1

n1+k
|Πb∗∗(w)| = E

[
I

(
0 ≤ LT

i (Un,S) ≤ 1, ∀ i /∈ S ∪ {2k}
)
× I

(
|LT

i−1(Un,S) − Un,i| ≤ αn ∀ i ∈ S
)]

,

(3.14)
whereαn = m/n and for eachi ∈ S, Un,i is a discrete uniform onNn andUn,S is the random vector on
R

k+1 whose co-ordinates areUn,i andUn,i’s are independent of each other. Taking limits,

lim
n→∞

1

n1+k
|Πb∗∗(w)| =

∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
k+1

∏

i/∈S∪{2k}
I(0 ≤ LT

i (xS) ≤ 1) ×
∏

i∈S

I(|LT
i−1(xS) − xi| ≤ α)dxS

= pT b
α
(w) (say),

and
lim E[β2k(m−1/2T b

n)] = β2k(T b
α) = α−k

∑

w:w pair matched

pT b
α
(w)

wherepT b
α

is as above.

3.5.5 (M1) condition for Hb
n, α 6= 0

Similar arguments as in the previous section lead toβ2k(Hb
α) = α−k lim

n→∞
1

n1+k

∑

w:w pair matched,|w|=k

|Πb∗(w)|

where
Πb∗(w) = {π : w[i] = w[j] ⇒ π(i − 1) + π(i) = π(j − 1) + π(j) andI

2k
π = 1}.

As before, eachxi is a unique linear combinationLH
i (xS) of the independent vertices andLH

i (xS) = xi

for all i ∈ S andn−(k+1)|Πb∗(w)| may be written as an expectation with independent discrete uniform on
R

k+1 and then we take limit. Unlike the previous case, we do not automatically haveLH
2k(xS) = x2k for

every wordw and that explains the extra indicator in the integrand below.

pHb
α
(w) =

∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
k+1

∏

i/∈S∪{2k}
I(0 ≤ LH

i (xS) ≤ 1)×
∏

i∈S

I(LH
i−1(xS)+xi ≤ α)×I(x0 = LH

2k(xS))dxS ,

(3.15)
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andβ2k(H
b
α) = α−k

∑

w:w pair matched

pHb
α
(w).

From the work of Bose and Sen [6] and [BDJ] [7],I(x0 = x2k) = 1 iff w is a symmetric word. Since
for all other words, the restrictionI(x0 = x2k) = 1 is one extra linear restriction, the integral above is zero
and hencepHb

α
(w) = 0 for all non symmetric words. Thus we can write

β2k(H
b
α) = α−k

∑

w:w symmetric
pair matched

pHb
α
(w).

3.5.6 (M1) condition for Hb
n, α = 0

Lemma 13. Fix any wordw such thatl(w) = 2k and |w| = k. Then, lim
n→∞

1
nmk |Πb(w)| = 0.

Proof. Since the link function isL(i, j) = i + j, to haveI
h
π = 1, every independent vertex, includingπ(0),

has at mostm choices and every dependent vertices has at most one choice.This proves that|Πb(w)| =
O(mk+1) and hence we get the result. 2

Hence we getlim E[βh(m−1/2Hb
n)] = 0 for all h and the limit is degenerate.

3.5.7 (M1) condition for RCB
n and HB

n

The first lemma shows that nonsymmetric words do not contribute to the limit ofRCB
n .

Lemma 14. For RCB
n if w is non-symmetric pair matched of length2k then, lim

n→∞
1

nmk |ΠB∗(w)| = 0.

The next Lemma yields the LSD forRCB
n .

Lemma 15. For RCB
n , if w is symmetric pair matched with|w| = k, then, lim

n→∞
1

nmk |ΠB∗(w)| = 2k. Hence

lim E[β2k((2mn)−1/2RCB
n )] = k! = E[R2k].

The proofs of the above two Lemma are omitted.

ForHB
n , whenα 6= 0, proceeding as in Section 3.5.5,

β2k(H
B
α ) = lim

n→∞
1

n(2mn)k

∑

w: w matched,|w|=k

|ΠB∗∗(w)|, where,

|ΠB∗∗(w)| = #{(x0, x1, . . . , x2k) : x0 = x2k, xi ∈ {1/n, 2/n, . . . , (n − 1)/n, 1}n − m ≤ xi−1 + xi ≤
n + m andxi−1 + xi = xj−1 + xj if w[i] = w[j]}.

Hence

1

n1+k
|ΠB∗(w)| = E

[
I
(
0 ≤ LH

i (Un,S) ≤ 1, ∀ i /∈ S∪{2k}
)
×I
(
|LH

i−1(Un,S)+Un,i−1| ≤ m

n
∀ i ∈ S

)
×I(x0 = x2k)

]
,

(3.16)

1

n1+k
|ΠB∗(w)| →

∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
k+1

∏

i/∈S∪{2k}
I(0 ≤ LH

i (xS) ≤ 1) ×
∏

i∈S

I(|LH
i−1(xS) + xi − 1| ≤ α)
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×I(x0 = x2k)dxS = pHB
α

(w) say.

Henceβ2k(H
B
α ) = (2α)−k

∑

w:w matched,
|w|=k

pHB
α

(w) for α 6= 0.

Now we will deal with the caseα = 0.

Lemma 16. (i) Suppose Assumption I (i) or (ii) holds andα = 0. Thend2
BL(Fm−1/2HB

n , Fm−1/2RCB
n )

a.s.→ 0.

(i) Suppose Assumption I* (i) and (ii) holds andα = 0. Thend2
BL(Fm−1/2HB

n , Fm−1/2RCB
n )

P→ 0.

Proof. We construct another pair ofRCB
n andHB

n matrices as follows: Let

yi+j,n =





xi+j if i + j ≤ n − 1

xi+j−n if i + j ≥ n.
(3.17)

H̃B
n (i, j) =





yi+j,n if |i + j − n| ≤ m

0 otherwise.
(3.18)

RCB
n (i, j) =





yi+j,n if i + j mod n ≤ m or i + j mod n ≥ n − m

0 otherwise.
(3.19)

As m/n → 0 for sufficiently largen, m < n/2. Henceyi1+j1,n 6= yi2+j2,n for any(i1, j1) and(i2, j2) such
thati1 + j1 ≤ n − 1 < i2 + j2.

It is not hard to see that for sufficiently largen,

E[βh(m−1/2HB
n )] = E[βh(m−1/2H̃B

n )]

and
E[βh(m−1/2HB

n ) − E(βh(m−1/2HB
n ))]4 = E[βh(m−1/2H̃B

n ) − E(βh(m−1/2H̃B
n ))]4.

for eachh. This proves that if LSD of one of these sequences exist, thenso does the other and moreover if,
almost sure convergence (via (M4)) holds or, in probabilityconvergence (via (M2)) holds, for one sequence,
then the same holds for the other. Hence it is enough to show that

d2
BL(Fm−1/2 eHB

n , Fm−1/2RCB
n )

a.s.→ 0.

On the other hand the LSD of the above RC matrix is same as obtained before.

Now

d2
BL(Fm−1/2 eHB

n , Fm−1/2RCB
n ) ≤ 1

n
Tr

[
(H̃B

n − RCB
n )2

m

]

=
1

mn
[(m − 1)x2

m + · · · + x2
2] +

1

mn
[x2

0 + x2
n−1 + · · · + (m + 1)x2

n−m]

≤ 1

n
(x2

0 + x2
2 + · · · + x2

m) +
2

n
(x2

n−m + · · · + x2
n−1)

=
(m

n

)
× x2

0 + x2
2 + · · · + x2

m

m
+

2

n
(x2

n−m + · · · + x2
n−1).
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(i) First assume{xi} are i.i.d. Asm/n → 0, by SLLN, the first term in the above expression→ 0 and, the
second term is,

x2
n−m + · · · + x2

n−1

n
=

x2
0 + x2

1 + · · · + x2
n−1

n
− x2

0 + x2
1 + · · · + x2

n−m−1

n − m

n − m

n
a.s.→ E[x2

0] − E[x2
0](1) = 0.

If the input sequence is uniformly bounded, a slight modification of the above argument yields the result.

(ii) Now assume that the input sequence{xi} satisfy Assumption I* (i) and (ii). We then have,

d2
BL

(
Fm−1/2H̃B

n , Fm−1/2RCB
n

)
≤ x2

0 + x2
1 + · · · + x2

m

n
+

2

n
(x2

n−m + · · · + x2
n−1).

Using ideas in Lemma 7 we infer easily that,x2
0+x2

1+···+x2
m

n → 0 in probability.

We will show that1n(x2
n−m + · · · + x2

n−1)
P→ 0. First note that1n E(x2

n−m + · · · + x2
n−1) → 0. On the

other hand,

1

n2
Var(x2

n−m + · · · + x2
n−1) ≤

n−1∑
i=n−m

E[x4
i ]

n2
≤

n−1∑
i=1

E[x4
i I(|xi| > t)]

n2
+

1

n
t4 → 0,

using Assumption I* (ii). So the proof is complete. 2

3.5.8 (M1) Condition for TB
n (α 6= 0)

The following Lemma follows immediately from the work of Bryc, Dembo and Jiang (2006)[7]. This lemma
on slopes is similar to Lemma 12 proved earlier forT b

n.

Lemma 17. LetM be the number ofLT matched circuitsπ on{1, 2, . . . , n} of length2k with at least one
pair ofLT matched edges(π(i−1), π(i)) and(π(j−1), π(j)) such thatπ(i)−π(i−1)+π(j)−π(j−1) 6= 0.
LetMB be the same count with the extra conditionI

2k
π,T = 1. Thenn−(k+1)MB ≤ n−(k+1)M → 0.

Now we proceed to verify the (M1) condition and drive the limit. Earlier we have shown that,
E[β2k+1(n

−1/2TB
n )] → 0. Further,if the limit exists,

β2k(TB
α ) = lim

n→∞
E[β2k(m−1/2TB

n )] = α−k lim
n→∞

1

n1+k

∑

w:w matched,
|w|=k

|ΠB(w)|.

Using Lemma 4 and Lemma 17,

lim
n→∞

1

n1+k
|ΠB(w)| = lim

n→∞
1

n1+k
|ΠB∗(w)| = lim

n→∞
1

n1+k
|ΠB∗∗(w)|.

Takingxi = π(i)/n, |Πb∗∗(w)| = #
{

(x0, x1, · · · , x2k) : x0 = x2k, xi ∈ {1/n, 2/n, . . . , (n−1)/n, 1}, |xi−1−
xi| ≤ m or |xi−1 − xi| ≥ n − m and xi−1 − xi + xj−1 − xj = 0 if w[i] = w[j]

}
.

Let S = {0}∪{min(i, j) : w[i] = w[j], i 6= j} be the set of all indices corresponding to the independent
vertices. LetxS = {xi : i ∈ S}. Sincexi’s satisfyk equations, each is a unique linear combinationLT

i (xS)
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of xj ’s, j ∈ S, j ≤ i. TheseLT
i ’s depend on the wordw but we suppress this dependence. Clearly

LT
i (xS) = xi if i ∈ S and also summing thek equations would implyLT

2k(xS) = x0. So,

|ΠB∗∗(w)| = #
{
xS : LT

i (xS) ∈ Nn and|LT
i−1(xS) − LT

i (xS)| ≤ m/n

or |LT
i−1(xS) − LT

i (xS)| ≥ 1 − m/n for all i = 0, 1, · · · , 2k
}

whereNn = {1/n, 2/n, . . . , 1}. Since,

m ≤ n/2 × |LT
i−1(xS) − LT

i (xS)| ≤ m/n (3.20)

or |LT
i−1(xS) − LT

i (xS)| ≥ 1 − m/n (3.21)

can be written as||LT
i−1(xS) − LT

i (xS)| − 1/2| ≥ 1/2 − m/n, we can write|ΠB∗∗(w)| as

#
{
xS : LT

i (xS) ∈ Nn and||LT
i−1(xS) − LT

i (xS)| − 1/2| ≥ 1/2 − m/n for all 0 ≤ i ≤ 2k
}
.

Now we note, ifw[i] = w[j] then we have,|LT
i−1(xS) − LT

i (xS)| = |LT
j−1(xS) − LT

j (xS)|. So we can
replace the restriction||LT

i−1(xS)−LT
i (xS)|−1/2| ≥ 1/2−m/n, for all i = 1, 2, . . . , 2k by ||LT

i−1(xS)−
LT

i (xS)| − 1/2| ≥ 1/2 − m/n for i ∈ S. Hence

1

n1+k
|ΠB∗∗(w)| = E

[
I

(
0 ≤ LT

i (Un,S) ≤ 1, ∀ i /∈ S ∪ {2k}
)

(3.22)

×I

(
||LT

i−1(Un,S) − Un,i| − 1/2| ≥ 1/2 − αn ∀ i ∈ S
)]

, (3.23)

whereαn = m/n and taking limits,

1

n1+k
|ΠB∗∗(w)| →

∫ 1

0

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
k+1

∏

i/∈S∪{2k}
I(0 ≤ LT

i (xS) ≤ 1) ×
∏

i∈S

I(||LT
i−1(xS) − xi| − 1/2| ≥ 1/2 − α)dxS

= pT B
α

(w) say.

Henceβ2k(T
B
α ) = α−k

∑
w:w pair matchedpT B

α
(w).

3.5.9 Closeness ofTB
n and SCb

n whenα = 0

The next Lemma and its proof are similar to Lemma 7 and its proof.

Lemma 18. (i) Suppose Assumption I (i) or (ii) holds andα = 0. Then,∆n ≡ d2
BL(Fm−1/2T B

n , Fm−1/2SCb
n)

a.s.→
0.

(ii) Suppose Assumption I* (i) and (ii) holds andα = 0. Then,∆n ≡ d2
BL(Fm−1/2T B

n , Fm−1/2SCb
n)

P→ 0.

Proof. BothSCb
n andTB

n have all upper and lowerkth diagonal entries equal toxk, for 0 ≤ k ≤ m. Also
note thatSCb

n have all the upper and lowerkth diagonal entries equal toxn−k whereasTB
n have all the

upper and lowerkth diagonal entries equal toxk for n − m ≤ k ≤ n − 1. Hence,

∆n ≤ 1

n
Tr

[
(TB

n − SCb
n)2

m

]

=
2

mn
(m(xn−m − xm)2 + (m − 1)(xn−m+1 − xm−1)

2 + · · · + (xn−1 − x1)
2)
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≤ 2

n
((xn−m − xm)2 + (xn−m+1 − xm−1)

2 + · · · + (xn−1 − x1)
2)

≤ 4

n
(x2

m + x2
m−1 + · · · + x2

1) +
4

n
(x2

n−m + x2
n−m+1 + · · · + x2

n−1)

= 4 ×
(

m

n

)
× x2

1 + x2
2 + · · · + x2

m

m
+ 4 × x2

n−m + x2
n−m+1 + · · · + x2

n−1

n
.

If {xi} are i.i.d., using SLLN, both the terms in the above expression go to zero a.s.. If{xi} is uniformly
bounded, a slight modification of this argument yields the required result. If{xi} follow Assumption I* (i)
and (ii) then using exactly same ideas as in Lemma 16 a proof can be obtained. Detailes are omitted. 2

3.5.10 DHb
n, PHb

n and PT b
n matrices

Note thatPHb
nJn = JnPHb

n = PT b
n whereJn is the matrix with entries1 in the main anti-diagonal and

zero elsewhere. SinceJ2
n = In (PT b

n)2k = (PHb
n)2k. Hence LSD ofPT b

n andPHb
n, if they exist, are same.

Moreover one can easily check that (i) then × n principal minor ofPHb
n+1 is DHb

n and (ii) then × n
principal minor ofPT b

n+1 is SCb
n. Hence by Fact2 all these four Type I band matrices have the same LSD.

Since ESD ofm−1/2
n SCb

n ⇒ N(0, 2) (provided (M2) or (M4) condition is satisfied), the same is true for the
other three matrices.

3.6 Carleman condition

Lemma 19. SupposeL2k stands for any of the limits obtained in the previous section. Then there exists
constantsC, such thatL2k ≤ Ck (2k)!

k! and hence Carleman condition is satisfied.

Proof. The proofs for all the matrices are similar. Here is an outline. Note thatπ(0) has at mostn possible
values and each remaining independent vertex has at mostC1m (even whenα 6= 0, m andn are of the same
order) possible values whereC1 is a constant. Each dependent vertex has at mostC2 possible values for
some constantC2. Hence we get,

∑

w pair matched

lim
n→∞

1

nmk
|Πb(w)| ≤

∑

w pair matched

lim
n→∞

(C1C2)
kn(m)k

nmk
=

2k!

k!2k
× (C1C2)

k. (3.24)

The right side are the moments ofN(0, C1C2) variable. This completes the proof. 2

3.7 (M2) and (M4) conditions

Let Qh,4 be the number of circuits(π1, π2, π3, π4) of lengthh which are jointly and cross matched with
respect to link functionL and letQb

h,4 be the same count with the added restrictionI
h
πi

= 1, i = 1, 2, 3, 4.

Lemma 20. (a) For LSC or LRC , there exists a constantK depending onL such that,Qb
h,4 ≤ Kn4m2h−2.

(b) If the input sequence is uniformly bounded, independent, with mean zero and variance one, and{Ab
n =

SCb
n or RCb

n} then,

E
[ 1

n
Tr
( Ab

n√
m

)h
− E

1

n
Tr
( Ab

n√
m

)h]4
= O

( 1

m2

)
. (3.25)

23



Hence ifmn → ∞, (M2) holds. If
∞∑

n=1

1
m2

n
< ∞, then (M4) holds. Same conclusions hold for{RCB

n }.

(c) If the input sequence is uniformly bounded, independent, with mean zero and variance one, and{Ab
n =

SCb
n or RCb

n} then,

Var[βh(Ab
n)] = E

[ 1

n
Tr
( Ab

n√
m

)h
− E

1

n
Tr
( Ab

n√
m

)h]2
= O

( 1

m

)
. (3.26)

Hence (M2) holds. Same conclusions hold for{RCB
n }.

(d) For LT or LH , there exists a constantK depending onL such that,Qb
h,4 ≤ Kn2h+2.

(e) If the input sequence is uniformly bounded, independent, with mean zero and variance one, and{Ab
n =

T b
n or Hb

n} then,

E
[ 1

n
Tr
(Ab

n√
n

)h
− E

1

n
Tr
(Ab

n√
n

)h]4
= O

( 1

n2

)
. (3.27)

Hence (M4) holds. Same conclusion holds for{TB
n } and{HB

n }.

(f) For α = 0 and Hankel link function, there exists a constantK depending on the link function such that
for sufficiently largen, Qb

h,4 ≤ K2h+2
m .

Hence for sufficiently largen,

E
[ 1

n
Tr
( Ab

n√
m

)h
− E

1

n
Tr
( Ab

n√
m

)h]4
= O

( 1

n2

)
. (3.28)

Proof. (a) This proof is exactly same as the proof of Proposition4.3 in [BDJ] [7]), the only difference being
that, excludingπ(0), all remaining independent vertices can be chosen in at mostm + 1 (2m + 1 ways) for
SCb

n (RCb
n matrices). We omit the details.

(b) We write the fourth moment as

1

n4m2h
E[Tr(Ab

n)h − E(Tr(Ab
n)h)]4 =

1

n4m2h

∑

π1,π2,π3,π4

E[

4∏

i=1

(Xπi − EXπi)] ×
4∏

i=1

I
h
πi

.

Using independence, it follows easily that whenever(π1, π2, π3, π4) (i) are not jointly matched, or (ii) are
jointly matched but is not cross cross-matched, the corresponding expectation in the above expression is
zero. Since the entries are bounded, so isE[

∏4
i=1(Xπi − EXπi)]. Therefore by part (a),

E

[
1

n
Tr

(
Ab

n√
m

)h

− E
1

n
Tr

(
Ab

n√
m

)h
]4

≤ K
n4m2h−2

n4(mh/2)4
= O

( 1

m2

)
. (3.29)

(c) This is an easy consequence of Cauchy Schwartz inequality and part (b). Observe,

E
[ 1

n
Tr
( Ab

n√
m

)h
− E

1

n
Tr
( Ab

n√
m

)h]2
≤
(

E
[ 1

n
Tr
( Ab

n√
m

)h
− E

1

n
Tr
( Ab

n√
m

)h]4
) 1

2

. (3.30)

Now using part (b) completes the proof of (c).

(d) First note thatQb
h,4 ≤ Qh,4. Following the proof of Propostion4.3 in [BDJ] [7], we obntainQh,4 ≤

Kn2h+2. This proves (d).
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To prove (e) we need to repeat the arguments of (c). Details are omitted.

(f) Proof is exactly same as the proof of Proposition4.3 in [BDJ] [7], the difference being that, asα = 0,
for sufficiently largen we will havem < n and hence each independent vertex can be chosen in at mostm
ways. The proof of (3.28) follows by repeating the argumentsin (c). 2

This completes all the steps in the proof of Theorem 1. 2

4 SOME PROPERTIES OF THELSD

Tables 2–5 consider the situations where the LSD are not known explicitly. Using the results obtain the
results in Section 3.5, and performing the necessary integrations (details of which are available on request),
we provide the contribution from the different words for moments of order two and four and adding these
contributions provide the moments of the LSD. It may also be noted that if we follow the threads of proofs
in Section 3.5, then it is clear that the even moments of the LSD of n−1/2T b

n andn−1/2Hb
n increase withα.

We also did some modest amount of simulations. The results ofthese simulations are exhibited in the
figures. Figures 3, 4 and 5 show that the LSD of (scaled)T b

n andHb
n clearly depend onα. More inter-

estingly, Figures 4 and Figure 5 suggest that the LSD ofn−1/2Hb
n is bimodal if α ≥ 4/3 and there is

a positive mass at zero ifα ≤ 5/4. It will be interesting to investigate theoretically if this is indeed true
and if any further properties of the LSD may be derived in the cases where the LSD are not known explicitly.

Acknowledgement. We thank Rajat Subhra Hazra and Koushik Saha for helpful discussions.
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Figure 1: Histograms of the ESD of100 realizations ofRCb
n, n = 400, with Normal(0, 1) entries forα = 0.5 (left) and

α = 0 (right).

−6 −4 −2 0 2 4 6
0

200

400

600

800

1000

1200

1400

−6 −4 −2 0 2 4 6
0

200

400

600

800

1000

1200

Figure 2: Histograms of the ESD of100 realizations ofSCb
n, n = 400 with Normal(0, 1) entries forα = 1/3 (left ) and

α = 0 (right).
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Figure 3:Histograms of the ESD of100 realizations ofT b
n, n = 400, with Normal(0, 1) entries forα = 1 (top left), α = 0.5

(top right), α = 0.25 (bottom left) andα = 0 ( bottom right).
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Figure 4:Histograms of the ESD of100 realizations ofHb
n, n = 400, with Normal(0, 1) entries forα = 2 (left) andα = 4/3

(right).
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Figure 5: Histograms of the ESD of100 realizations ofHb
n, n = 400, with Normal(0, 1) entries forα = 5/4 (left) and

α = 1/2 (right).
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Figure 6: Histograms of the ESD of100 realizations ofRCB
n , n = 400 with Normal(0, 1) entries forα = 1/2 ( left) and

α = 0 (right).
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Figure 7: Histograms of the ESD of100 realizations ofHB
n , n = 400, with Normal(0, 1) entries forα = 1 (top left),

α = 0.5 (top right), α = 0.25 (bottom left) andα = 0 (bottom right).
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Figure 8: Histograms of the ESD of100 realizations ofT B
n , n = 400, with Normal(0, 1) entries forα = 1/2 (top left),

α = 1/3 (top right), α = 1/4 (bottom left) andα = 0 (bottom right).

Table 2: Type I Toeplitz limit (α 6= 0). Word contributions and moments of order 2 and 4.

α w Indicator set pTb
α
(w) Moments

α ∈ (0, 1) aa |X0 − X1| ≤ α α(2 − α) β2(T
b
α) = (2 − α)

abba |X0 − X1| ≤ α, |X1 − X2| ≤ α 2
3
α2(6 − 5α)

α ∈ (0, 1/2] aabb same as above
abab |X0 − X1| ≤ α, |X1 − X2| ≤ α,

0 ≤ X0 − X1 + X2 ≤ 1 4α2(1 − α)

β4(T
b
α) = 4

3
(9 − 8α)

abba −1+6α−2α3

3

α ∈ [1/2, 1] aabb same as above
abab 2

3
(2α3 − 6α2 + 6α − 1)

β4(T
b
α) = 4(−3α2+6α−1)

3α2
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Table 3: Type I Hankel limit (α 6= 0). Word contributions and moments of order 2 and 4.

α w Indicator set pHb
α
(w) Moments

α ∈ (0, 1] aa X0 + X1 ≤ α 1
2
α2 β2(H

b
α) = 1

2
α

α ∈ [1, 2] aa α − 1 + α(2−α)
2

β2(H
b
α) = 1 − 1

α
+ (2−α)

2

abab 0

α ∈ (0, 1] abba X0 + X1 ≤ α, X1 + X2 ≤ α α3

3

aabb same as above
β4(H

b
α) = 2α

3

α ∈ [1, 2] abab 0

abba α − 1 + 1−(α−1)3

3

aabb same as above

β4(H
b
α) = 2(α−1

α2 + 1−(α−1)3

3α2 )

Table 4: Type II Hankel limit (α 6= 0). Word contributions and moments of order 2 and 4.

α w Indicator set pHB
α

(w) Moments

α ∈ (0, 1] aa |X0 + X1 − 1| ≤ α α(2 − α) β2(H
B
α ) = 1 − α

2

abab 0
α ∈ (0, 1/2] abba |X0 + X1 − 1| ≤ α,

|X1 + X2 − 1| ≤ α 2
3
α2(6 − 5α)

aabb same as above
β4(H

B
α ) = 1

3
(6 − 5α)

abab 0

α ∈ [1/2, 1] abba −1+6α−2α3

3

aabb same as above

β4(H
B
α ) = (−1+6α−2α3)

6α2
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Table 5: Type II Toeplitz limit (α 6= 0). Word contributions and moments of order 2 and 4.

α w Indicator set pTB
α

(w) Moments

α ∈ (0, 1/2] aa |X0 − X1| ≤ α or |X0 − X1| ≥ 1 − α 2α β2(T
B
α ) = 2

α ∈ (0, 1/2] abba |X0 − X1| ≤ α or |X0 − X1| ≥ 1 − α,
|X1 − X2| ≤ α or |X1 − X2| ≥ 1 − α 4α2

aabb same as above
abab |X0 − X1| ≤ α or |X0 − X1| ≥ 1 − α,

|X1 − X2| ≤ α or |X1 − X2| ≥ 1 − α,
0 ≤ X0 − X1 + X2 ≤ 1 4α2(1 − 2

3
α)

β4(T
B
α ) = 4(3 − 2

3
α)
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