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Abstract

We use the method of moments to establish the limiting sakdistribution (LSD) of appropriately
scaled large dimensional random symmetric circulant,reeveirculant, Toeplitz and Hankel matrices
which have suitable band structures. The input sequencetos®nstruct these matrices is assumed to
be either i.i.d. with mean zero and variance one or indeparated appropriate finite fourth moment.
The class of LSD includes the normal and the symmetrizedreqoat of chi square with two degrees
of freedom. In several other cases, explicit forms of thétldo not seem to be obtainable but the limits
can be shown to be symmetric and their second and the founthemis can be calculated with some
effort. Simulations suggest some further properties ofithis.
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1 INTRODUCTION

Let {zo, 71,...} be random variables, called tirput sequencelet 4, = ((x; ;))) be a sequence of
n x n patternedrandom matrices whetg s alink function Examples of link function are: the Toeplitz link
function L(i, j) = |i — j|, the Hankel link function(i, 7) = i + j and the reverse circulant link function
L(i,j) =i+ j mod n. Note thatL may depend om but we suppress this in our notation.

Let F2»4~ be theempirical spectral distributiofESD) which puts mass/n at each of the eigenvalues
of the scaled matrix.,, A,,. With appropriates,,, under suitable moment and independence conditions on
{x;}, the limiting spectral distribution(LSD) of F*»4» exists for several random matrices. That is, in
each of these cases, there exists some nonrandom distmilfutiction F' such thatF*»“4» converges ta”
weakly (almost surely or in probability). See for exampleé @899)[1], Bose and Sen (2008)[6] and Bose,
Gangopadhyay and Sen (2009)[4].

Band matrices are usually defined as matrices where the gbp corner and the bottom left corner
elements are zeroes. With increasing dimension, the bandrokero elements around the main diagonal
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may also be assumed to be increasing. Banding may chang&iheflthe original matrix drastically. See
for example Popescu (2009)[13] for some interesting lifutsridiagonal Wigner matrices. We study the
LSD of the following matrices with suitable banding.

1. Symmetric circulant matrtix SC,,. Link function Lsc (i, j) = n/2 — |n/2 — |i — j||.

rog I1 T2 ... T9 X1
r1 o9 1 ... 3 T2
SCn — T2 X1 o ... T4 T3 . (11)
L r1 T2 I3 ... 1 X9 i

2. Reverse circulant matrix, RC,. Link function Lrc(i,5) =i+ j mod n.

Tro I3 T4 ... ) T
r3 T4 Iy ... X T2
ch — r4 IT5 Tg ... ) T3 . (12)
L r1 T2 I3 ... Tp-1 X9 i

3. (Symmetric) Toeplitz matrix, 7,,. Link function Ly (i, 7) = |i — j|.

i) T X9 e Tpn—2 Tp-1
T i) I e Tp—3 ITp—2
T, = L2 1 o ... Tp—4 Tp-3 | (1.3)
Ipn—1 Tp-2 Tp-3 ... I Zo

4. (Symmetric) Hankel matrix, H,,. Link function Ly (i,7) =i + j.

) T3 T4 . Ip, Tn+1
z3 T4 Zs coo Iptl Tp42

H, = T4 L5 L6 - Tpy2  Tnd3d || (1.4)
Tp+1 Tp4+2 Tnp43 --- T2p—1 T2n

5. Palindromic matrices. These may be defined as symmetric matrices where the firssrawalindrome.
We will consider Palindromic Toeplitz and Palindromic Hahknatrices.

(a) Palindromic Toeplitz matrix, PT,,. This matrix was introduced by Massey, Miller and Sinsheime
(2006) [MMS] [10]. It may be noted that the x n principal minor of PT,, 1 is SC,,.

g 1 T2 ... 9 T1 X9
r1 o 1 ... T3 T2 X1
pT ro 1 g ... g4 T3 T2 (1 5)
n — . . .
r1 T2 I3 ... X1 T X1
Ll Lo T1 T2 ... T2 X1 ITo |
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(b) Palindromic Hankel matrix , P H,,. We follow the definition of[MMS] [10], who use a slightly dédrent
indexing:

ro X1 T2 ... T2 T1 X9
r1 X2 X3 ... T1 T I1
PH Tro X3 T4 ... T T1 X2 (l 6)
n — . . .
r1 Xy X1 ... T3 T2 X1
L rog X1 X2 ... T2 T1 X9 i

6. Doubly symmetric Hankel matrix, D H,,. The symmetric circulant with link function/2 —|n/2 — |i —
jl| may also be considered as a “doubly symmetric” Toeplitz atrikewise we may define the doubly
symmetric Hankel matrixD H,, with link function Lpg(i,j) = n/2 — |n/2 — (i + j) modn|, 0 <i,j <
n— 1.

[ rog 1 T2 ... T3 T2 X1 i
r1 T2 I3 ... T2 T1 X9
Tro I3 T4 ... T1 T X1 ( )
DH, = ) . 1.7
ro X1 g ... X5 T4 I3
L L1 o X1 ... T4 T3 T2 |

We use two types of banding. Let, — oo be a sequence of integers. For notational simplicity weewrit
m for m,,.

(i) Type | banding. For any of the above matrices, sdy;, the Type | band matrixi® is the matrixA,, but
with input {x} } where,
x; ifi<m,
x; = (1.8)
0 otherwise

(ii) Type Il banding. It seems natural also to define the following band versidnd,g 7,, and RC,,. The
Type |l band versiorf ? of H,, is defined with the input sequen¢g;} where,

v Tn—-—m<i<n+m,
T = 1.9
0 otherwise

The Type Il band versionRCE of RC,, andT.? of T;, are defined with the input sequenge;} where

r; fi<mori>n-—m,
0 otherwise

Let,
kn = #{La,(i,j) : 1 <i,j <n}.

To obtain a nontrivial Type | band matrix we must hawe, < k,. We will assume thatn,, — oo and

“n — «a < oo. Note that Type Il banding does not yield any nontrivial attans for the symmetric
circulant, the doubly symmetric and the palindromic masicThus the Type Il versions of these matrices
are not considered in this article. Further, when> 2, all the above band matrices reduce to the full
matrix with no zeroes. Further restrictions are requiredvpfor the individual matrices to yield nontrivial

situations. These are specified in the statement of our haorém later on.
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The Toeplitz matrix has been an object of great interest ithemaatics for a long time. See for example
Grenander and Szego (1958) [9]. The sample autocovariamatexnn time series analysis also has the
Toeplitz structure. If{x;} is square summable, then as the dimension increases, tteedimensional
circulant approximates the corresponding Toeplitz inosisenses. Indeed this approximating property is
exploited to obtain the limiting spectral distribution bkt Toeplitz matrix in the nonrandom case. See Gray
(2009) [8] for a recent account of this approximation idea.

Now, when the{z; } are i.i.d. with mean zero and variance one, then clefar]y is not square summable.
For such an input sequence, the LSD of the symmetric cirtuddter scaling, is relatively easily shown to be
the standard normal distribution. Bose and Mitra (2002pfdlide a proof based on normal approximation.
A moment method proof is available in Bose and Sen (2008)T&Eg LSD of the Toeplitz matrix is much
harder to obtain since approximation by a circulant, eveer afcaling, fails. A proof of the LSD of the
Toeplitz matrix is available in Bryc, Dembo and Jiang (2008) It turns out that, whern = 0, the
Type | and Type Il band symmetric Toeplitz matrices can bgllapproximated by the corresponding band
symmetric circulant matrices in a suitable metric. We shioat the LSD of the latter is normal and hence
the LSD of the former two matrices are also normal. The sinathanges drastically when # 0. The
LSD of Type | symmetric circulant continues to be the normsiribution. However, the LSD of Type | and
Type Il Toeplitz matrices depend @nand no explicit forms seem to be obtainable.

Likewise, after appropriate scaling, the LSD of Type | angd¥l reverse circulants is the symmetrized
square root of chi square with two degrees of freedom ireseof the value ofv. Whena = 0, the Type
Il Hankel can be approximated by the Type Il reverse cirduéard hence has the same LSD. The Type |
Hankel on the other hand has a degenerate distribution wherd. Whena # 0, both Type | and Type Il
Hankel matrices have complicated limit distributions whitepend on the value of.

Table 1 summarizes our limit results. The proofs are giveteitails in Section 3. LeN (0, 2) denote a
normal random variable with mean zero and variance 2./ éenote a random variable with density

fr(z) = |x|e*x2, —00 < x < 00.
Note that for all nonnegative integets

2k)!
E[N(0,2)%] = 2’“%, E(R?*) = k!, E[N(0,2)***1] = E(R***1) =0,
In cases where the limit cannot be explicitly described, aterlprovide the second and fourth moments of
the limits.

To prove our results, we mostly use the method of momentspexas mentioned above, for the Type
| Toeplitz matrix and Type Il Hankel matrix whem = 0. The results of a few simulations is given in the
figures. Figures 3, 4 and 5 show that the LSD of (scalétind H#° depend orx. From the proofs it will
follow that the even moments of the LSDwf 1/2T% andn /2 H? increase withv. Figures 4 and Figure 5
suggest that the LSD of ~'/2H? is bimodal ifo > 4/3 and there is a positive mass at zera iK 5/4.

Some of the results reported in this paper first appeared $aB009)[2]. The first version of the
present article appeared in Bose and Basak (2009) [3]. Wediseovered that results similar to ours have
been obtained independently by Kargin (2009) [11] and Lidi &fang (2009) [12].

Kargin (2009) [11] deals with band Toeplitz matrices, whichiresponds to Type | banding. When=
0, he proves that the LSD is Gaussian in probability, undeasimptions that the entries are independent
mean zero and have uniformly bounded fourth moment. Forhthigses the closeness of the circulant and
the Toeplitz and the normal approximation as in Bose anda{26002) [5]. Whenx # 0, he assumes that,
the entries have symmetric distribution and moments of adgrcare uniformly bounded, and proves that
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Table 1: Matrices and the nature of their limits.

@ Matrix Scaling Limit
a=0 T, TP my N(0,2)
0<a<1/2| SC: DHY, PT?, PHY mn /2 N(0,2)
a=0 HE (2m,,) /2 R
0<a<l1 RC?, my R
0<a<1/2 RCE (2m,,)~1/2 R
0<a<l1 T, HP mp /2 symmetric
0<a<1/2 T.F mp /2 symmetric
0<a<? HE my /2 symmetric
a=0 H? mp /2 degenerate 4t

the expected spectral measure converges and that thedimiini Gaussian whem # %. For this he uses
the moment method and establishes the hon Gaussianity grghthat the kurtosis of the limit is n&t

Liu and Wang (2009) [12] deal with self adjoint Toeplitz améksymmetric Hankel band matrices and
prove some general results on products of such matricesiddipig to band matrices, they deal with only
Type | banding for the Toeplitz matrix and Type Il banding fobe Hankel matrix. They assume the input
sequence to be independent mean zero variance one, wittrmhifbounded moment of all orders and
prove the existence of the limit of the expected empiricakcsgal distribution in the above two cases. They
also obtain the fourth moment of the limit distribution. Thmethod of proof is significantly different from

ours. Their primary tool being the representation of Tde@lnd Hankel matrices as linear combinations of
backward and forward shift matrices.

We have been able to provide a more comprehensive pictufediinits for both types of banding, for
a larger class of matrices. All the results of Kargin (2009)][and Liu and Wang [12] on the LSD for the
band matrices listed earlier follow from our main result.

In Section 2 we state our assumptions and the main theorertio®8 contains the details of the proofs
of which the major part is verifying the (M1) condition. Siect 4 contains the details of the second and
fourth moments of the LSD which are not known in explicit fanThis section also discusses some limited
simulations, which raise quite a few interesting questions
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2 MAIN RESULT

Assumption |. {z;} are independent with mean zero and variance one which drer i) uniformly
bounded or (ii) identically distributed.

When Assumption | (i) holds, the moments can be calculatéldont any reservation. We shall show in
Lemma 1 that, (almost sure) LSD results which hold under Aggion | (i), continue to hold Assumption

I (ii).

Assumption I* {x;} are independent with mean zero and variance one whichysatisf
(i) sup E |2;]**% < oo for somes > 0, and

(i) For all larget, limn =2 > E |z;[*I(J;| > t) = 0.

We shall show in Lemma 1 that the LSD results which hold undssunption | (i) continue to hold in
probability under Assumptions I* (i), (ii).

Assumption Il. {m,,} — oo and lim m,/n = « exists.
n—oo

o0
Assumption lll. >~ m; 2 < co. (Holds trivially whena # 0).
n=1

We now state our main theorem.

Theorem 1. Suppose one of the following hold: (A) Assumption | (i) ansufigption I, (B) Assumption |
(i) and Assumption Il or, (C) Assumption | *(i) (ii) and Assption Il. Then the following hold in probability.

(i) If m,, < n/2 then ESD ofn,, /2SC?, my /> DH®, my "/ PT? andm,, /*PH? = N(0,2).

(ii) If my, < nthenmy, /*RC? = R.

(iii) If 1, < 2n thenmy, /2 H® = H® (say), which is symmetrid?} is the degenerate distribution at zero.
(iv) If m,, < nthenm, /*Tt = T (say), which is symmetric. In particulafy® = N (0, 2).

() It m,, < n/2then(2m,) "/?RCE = R.

(vi) If m,, < nthen(2m,)"2HE = HE (say), which is symmetric. In particulaf® = R.

(Vi) If my, < n/2 thenm,, "/*TB = TB (say), which is symmetric. In particuldf,? = N (0,2).

If Assumption Il holds, then all the above convergence éreoat sure in cases (A) and (B).

3 PROOF OFTHEOREM

The method of moments may be described as follows. Sup{ddseis a sequence of random variables
with distribution functions{F,} such that E(Y;*) — g, for every positive integeh, and {3, } satisfies
Carleman’s conditior{see (C) below). Then there exists a distribution functigrsuch that for alh,

By = Bu(F) = / r*dF(z) (3.)

and{Y,} (or equivalently{F},}) converges taF' in distribution. This method is applied to the spectral
distribution of random matrices as follows. Suppdsg,} is a sequence of matrices, and let, by a slight
abuse of notationgy,(4,), for h > 1, denote theh-th moment of the ESD of4,,. Suppose there is a
sequence of nonrandofi;, }>° ; such that

(M1) First moment condition: For everyh > 1, E[6,(A,)] — On
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(M2) Second moment condition:Var|[3;,(A,,)] — 0
(C) Carleman condition: {3} satisfies) ;° ; B;hl/% =00
Then the LSD, say, is identified by{3, }7° , and the convergence to LSD holds in probability. We de-
note this weak convergence by, = A. This convergence may be strengthened to almost sure gamey
by strengthening (M2), for example, by showing that

o0
(M4) Fourth moment condition: ZE[ﬂh(An) — E(Bn(A)]* < 0.

n=1

Here is an outline of the main steps in the proof. (i) In SetBal we introduce the bounded Lipschitz

metric dpy. (ii) In Section 3.2 we use this first to show that it is enougtptove the theorem under the
additional and convenient assumption that the input sesuisruniformly bounded. (iii) Then in Section 3.3
we introduce the trace formula for calculating moments éimel,concepts of circuits, words etc which are
useful in verifying the (M1) condition. (iv) In Sections 3#4s shown that certain terms are asymptotically
negligible in the trace formula. (v) In Section 3.5 the (MDbndition is verified for each matrix, except
in a few cases for which we use an indirect approach deschbkmv. Verification of the (M1) condition
essentially yield the corresponding LSD. (vi) The Carlernandition and (M4) condition are then finally
verified in a unified way in Section 3.6 and Section 3.7 for ladl tatrices except for the ones which are
discussed below.

We bypass verifying the (M1) condition for the followinggittions. Suppose = 0. In this case, we
do not verify (M1) for7?, T2 and HZ. Instead, we establish their LSD by showing that, almostlguthe
first two matrices are close iy, metric toSC?, (see Sections 3.5.2 and 3.5.9) and the last one is close to
RCB (see Section 3.5.7). Further, the resultsoif%, PT? and PH?, follow using their interrelations and
their relations withSC? and no detailed arguments are necessary (see Section)3.5.10

3.1 A useful metric: the bounded Lipschitz metric

Weak convergence of measure is equivalent to convergertbe metricd z;, which is defined as
dn(pov) = supf [ fdp— [ fav 1l + A1l < 13

where||f|loc = sup, [ ()], [[f]lL = supyy [f(x) = F()|/l2 = yl-

The following facts will be used. Fadtis an estimate of the metric distanég;, in terms of trace. See
Bai (1999) for proof. Fact is the well known Cauchy’s interlacing inequality and itsisequence.

Fact1. Supposed, B aren x n symmetric real matrices. Then

dy, (75 < (1 3 A - A@-<B>|>2 Iy -amrina-pn @2
=1 =1

Fact 2. Suppose&’ is ann x n symmetric real matrix with eigenvalues, > \,_1 > --- > A\;. Let D be
the (n — 1) x (n — 1) principal submatrix of” with eigenvalue$i,,—1 > pn—2 > --- > 1. Then

An 2 P12 An—1 2 fp—2 > -+ > Ag > ji1 > A1
As a consequence, i, B aren x n symmetric real matrices then

||FA—FB||OO§M. (3.3)
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3.2 Reduction to uniformly bounded input

In this section we will show that in general, it is enough tasider only input sequences which are uniformly
bounded. Hence the moment method can be applied withoutuatinef reservation. Definey, andj, as
follows. Note thats,, < «,.
o = mgX#{(i,j) 1 La,(i,j) =k, 1<i,j<n}
Bn = max #{(i,5) : La,(i,j) =k, 1 <4,j <n} for matrices A,
SMn

= max  #{(4,§) : Lu,(i,5) = k,1 <i,j <n} for HP,

n—mn<k<n+mmy

#{(i,7) : L(i,j) = k,1 <4,j <n} for AB A, =RC, or T, .

max
|k—n/2|>n/2—mpy

Lemma 1. Let A% be a sequence of Type | or Type Il band matrices defined as abloeem,, — oo

andg, = O(n). If for every bounded, mean zero and variance one input mgm;”%g converges to
some fixed nonrandom distributidna.s.. Then,

(i) the same limit continues to hold almost surely:f } is i.i.d. with mean zero and variance one.
(i) the same limit continues to hold in probability{it; } satisfies Assumptions I* (i) and (ii).

In particular, for all our band matricesq,, = O(n) and the conclusions are valid.

Proof. We prove the result only for Type | banding. The proof is samfbr Type Il banding and is omitted.
(i) Let {zg, x1,...} be ani.i.d. input sequence for the matridet, }. Fort > 0, denote
de de
u(t) “ Elzol(jzolz > )] = — Elzol(|zo] < 8)],  02(t) € Var(aol(|ao| < t)).
Note thatu(t) — 0 ando(t) — 1 ast — oo ando?(t) < 1. Define bounded random variables

o wl(m] <) +plt) v - ~t St
L _ — i wh b — e (s _ — 3 4
Z; -0 @) wherez; = x;[(|x;| > t) — p(t) = x; — o(t)@; (3.4)

Itis easy to see thdt((z})?) = 1 — o2(t) — u(t)?> — 0 ast — oo. Further,{#!} are i.i.d. bounded, with
mean zero and variance one. Let us denote the mafyigonstructed from this sequen¢gé!};~, by A,
Then

—1/2 4b —1/2 jb
2 my, ' TAY pm, T AY
a (F JF )

IN

2d% (Fm,jl/zAg Fm,jl/zg(t),&g) Y. (Fmgl/zfi% me”a(t)ﬁ%)

_ 2 .
< 2 mab — opdtyz 4 21O g2,
Mpn mnn

Now by the hypotheses a#,,, using strong law of large numbers, we get

Mmn Mn

1 ib 2 1 § ~b 2 ﬁn § ~t\2 9 § ~2\2 a.s. ~t\2
mpn Tl"( n) mpn 1<ij<n(az,j,n) = mpn hzo(xh) = m, hzo(xh) CE((xO) ) C

and we havd — o(t) — 0 ast — oco. Similarly,

LT — o) A%)? < S (@)? U5 OR(()?) — 0 ast — oo,

mpn T omy, o
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This proves the result for i.i.d. input sequence.
(i) Since{x;} are not necesarily i.i.d., let?(t) = Var(x;I(|z;| < t) and now define,

ot zill(|zs] < t) — Elal(|z| < 1) ot

i Ul'(t) y Ly =

ril(|z;] > t) — Blz(|2;| > t) = 2 — oy(t) 2.

)

Observe that
[Elzil(je:] < )7 = [Elzil(jz:] > 0)]]* < Eafl(|zi| > t) < %E[Iwzlm]-
Thus under Assumption I* (i),
1—07(t) = 1= E[z}1(|jzi| < )]+ [E[zil(|zi] < O)]]* = Ela (|| > )] + [E[zill(Ji| < )] = OF™),

uniformly over: andv ¢ > 0. Thussup;(1 — o?(t)) = O(t?). It also easily follows thatup; (1 —o;(t)) =
O(t~?). Now let A% the matrixA’, constructed from the input sequengé };>o. Then

~1/2 b —1/2 1 -
a2 <an An’an An> < Tr( AP — Ab)2
BL = mon r( n n)
mn
< DS -
mnpn h=0
C
< — ) (zn—1p)
" h=0
C
= — > (xn — on(t)E}, + on(t)d}, — )
s
20 & . 20 - L
= = (wh—on(®)E)? + == (on(t)i), — 2})* = T1 + To.
" h=0 Mn 420

Now Ty < fn—i supy, (1 — op(t))? f (#4)%. Since{z!} are uniformly bounded, a simple application of
h=0

Mn
Borel Cantelli Lemma implies tharinl—n S (@42 %% 1. So
h=0

@z 2 26
Ty < sup(l —op(t)"=0(t" ) -0 ast — oo.
h

Mn mMn
Now we deal withT’. First observely = 2< 3~ (z), — oy ()24)% = 2£ 3 (742
" h=0 " h=0
Now,
1 2 4
_ s
Bl— > (@)% < == S [Blafl(anl > 0] + Eloud(fanl > 0] < 5 sup B[],
h=0 h=0
and
1 T t\2 1 O t\4
Var[— > (7)) < =5 Y B[]
Mn 375 " p=0



= — ZE [(zp1(|2p] > t) — Elzpl(|zn] > 1))Y
Mn h=0

Const. X — Z { [(z31(|2p| > t)] — 0,
my, h=0

IN

using Assumption I* (ii). Thugim sup,, 71 < t5 []m2+5\]

/ :
lim sup,, % (anl AL A") = 0 and the proof is complete. O

— 0 ast — oco. As a consequence,

3.3 Trace formula, circuits, words and matches

As preparatory to using the moment method, we introducerstoe formula and a few other concepts.

h—1
1
b1h .o .
ST A = > H TLa(iyiy) X TLaGinin) X | | ILalijyij41) < m) xT(La(in, i) < m).
1<iq,22,..,ip<n j=1 J=1

(3.5)
The following concepts from Bose and Sen (2008) [6] will bected to take advantage of the trace formula.
Circuit and vertices: Any functionr : {0,1,2,...,h} — {1,2,...,n} is said to be aircuit if 7(0) =
m(h). Any (i) will be called avertex Thelength /() of 7 is taken to bé:. A circuit depends o andn
but we will suppress this dependence.

Let,
h h
Xr = [[226-0m0), Top =To = [[UL(x (i = 1), 7(0)) < m).

i=1 i=1

Hence o
_ 1 n 1
B[f,(n-V/2A,)] = E [5 Tr (%) ] s > BXn
7 Circuit

and

1 Ab \h 1
B(By(m~/24%)] = E [E Tr <\/%> ] —5 >, EXaxI
o7 circuit

Matched circuits: Any valueL(w(i—1),7(4)) is anL value ofr andr has aredge of ordere (1 < e < h)

if it has anL-valuerepeated exactly times. If 7 has at least one edge of order one thgX ;) = 0. Thus
only thoser with all e > 2 are relevant. Such circuits will be said to imatched For any suchr, given
anyi, there is at least ong # i such thatL (7 (i — 1), 7 (z)) = L(n(j — 1),7(j)). = is pair matchedif all
its edges are of order two. To deal with (M2) and (M4), we neeidtipie circuits and the following related
notions.

Jointly Matched: k circuitsmy, mo, . .., m are said to bgointly matchedf given1 <l < kandl <i<h
there existd <t < kandl < j < hsuchtha{l,i) # (¢,j) andL(m(i — 1), m (7)) = L(m(j — 1), m(5)).
Cross Matched: k circuitsmy, ma, . . ., T, are said to beross matched each circuit has oné-value which
occurs in at least one of the remaining circuits.

Equivalence relation on circuits: Two circuitsm, andm, (of same length) are said to be equivalent if their
L-values agree at exactly the same p&itg). That is, iff { L(mi(i — 1),71(i)) = L(mi(j — 1),m1(4))
& L(ma(i — 1), m2(i)) = L(ma2(j — 1),7(j)) } . This defines an equivalence relation between the circuits.
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Words: Equivalence classes may be identified with partition§loR, - - - | h}: to any partition we associate
aword w of lengthl(w) = h of letters where the first occurrence of each letter is inathgtical order. For
example, ifh = 6, then the partitioq {1, 3,6}, {2,5},{4}} is associated with the wokebacba. For a word
w, let w[i] denote the letter in théh position. The notion of matching and ordeedges carries over to
words. For instancezbacabe is matched.abcadbaa is nonmatched, has edges of orde and4 and the
corresponding partition i§{1,4,7,8},{2,6},{3},{5}}.

Independent vertex If w[i] is the first occurrence of a letter theiti) is called aindependent vertex\We
make the convention that(0) is also an independent vertex. The other vertices will beedaependent
vertices. if a word had distinct letters then there ate+ 1 independent vertices.

Define,

M(w) = {m:wl]
(w) = {m:wli

= wlj] & L(n(i — 1),7(i)) = L(7(j — 1), 7(4))},
= wlj] & L(n(i — 1),7(i)) = L(x(j — 1),7(j)) andI? = 1}.

Note these depend on the underlyihgfunciton but we suppress this dependence. We can rewrite
E[8n(n~/2A,)] andE[S,(m~1/2Al)] as

- 1 _ 1
ElBu(n 24, = 3 i S EX,andE[g,(m 24 = Y — > EX,.
b (w)

w matched II(w) w matched

Note that for some of the matrices will be replaced by(2m) above. Since the outer sum is a finite sum,
to verify condition (M1), it is enough to show the existenddle inner limit for everyw. For anyw, let
(whenever the limit exists)

p(w) = Z EX;.
)

I (w

Note that this depends on the link function but we do showdhjsendence in our notation. While deriving
limits, later, we show that it is enough to consider only paatched words. The total number of pair

matched words withw| = k& equals%. We also show later thdli® (w) 2 II°(w) defined below is

equivalent tdI’(w) for asymptotic considerations, but is easier to work with.

1" (w) = {m : wli] = w[j] = L(x(i - 1),7(i)) = L(x(j — 1),7(j)) andl} = 1}.

Similarly, for RCB, TB and HP, define,

Lire = HH(LRC(W(Z' = 1),7(3)) < mor Lrc(r(i = 1),7(i)) = n—m),

.
Il
—

h
By = [[In=m < La(e(i =1, 7(0) <n+m),

m(0) —7(1)] <mor|r(0) —w(1)] >n—m) x
(1) =m(2)] <mor|n(l) —=7(2)| >n—m) x -+ X
(h—1)—=n(h)| <mor|r(h—1) —7(h)| > n—m),

=
S
3

3

andI1?(w) andI1?* (w) are same aH’(w) andII** (w) above with the above indicators fot Type Il banded
matrices. We shall continue to uséw) to denote the corresponding limits as above.
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3.4 Negligibility of edges of order> 3

The following Lemma helps to show that contribution frdif(w) andI1?(w) are zero ifw has at least one
e > 3 and, also helps to verify the (M1) condition later.

Lemma 2. (a) For SC?, givenr(0), w(1),...,n(i — 1), for any dependent vertexi), # (i) < 6.
(b) For any independent vertexi), i > 1, of SC?, 2m < #n(i) < 2m + 1.

(c) For any independent vertexi), i > 1, of RC%, m < #m(i) < m + 1.
);

(d) For any independent vertexi), i > 1, of RCE, 2m < #(i) < 2m + 1.
Proof. Part (a) follows easily from the relatiobgc(7(j — 1), 7(j) = Lsc(w(i — 1),7(i)) wherej < i,
which in turn impliegn/2 — [7(j — 1) = 7(j)|| = [n/2 — |7 (i — 1) — w(3)]].

We now prove part (b). The proofs of (c) and (d) are similar simall be omitted.

Firstassumeé = 1. Since0 < Lgc(mw(0),7(1)) < mandl < «(1) < n, we obtain,
0<n/2—n/2—=|x(0)=n()||<m = n/2-—m<|n/2—|x(0)—x(1)| <n/2.

It then easily follows that one of the following three holds.
(i) 7(0) — m < (1) < w(0) +m,

(i) (1) < 7(0) + m —nor,

(i) 7(1) > 7(0) +n —m

If m = n/2 then irrespective of the value af1), we haved < n/2 — |n/2 — |7(0) — 7(1)|| < m. Hence
number of choices of (1) isn = 2m.

Now assumen < n/2. Note that the three regions in (i), (ii) and (iii) are disjbin this case.
We consider three cases and establish (b) in each casetsfpara

Case A 7(0) € {1,2,...,m}. Note thatr(0) + m—n < 2m—n < 0implies7(0)+m < 2m < n and the
range of choices in (i) i$ < 7(1) < 7(0)+m. Hence number of choices from (i)440) + m. The number
of choices from (i) is0. As7(0) +n —m < n, range of choices from (jii) i&(0) + n — m < 7(1) < n.
Hence number of choices from (jii) i& — 7(0) + 1. In all, that is total of(2m + 1) choices forr(1).

CaseB7(0) e {m+1,m+2,....n—m—1}. As7(0) —m > 0andn(0) + m < n—m+m = n,
now the range of choices from (i) is(0) — m < w(1) < w(0) + m. whcih is2m many choices. As
m(0) + m —n < 0andn(0) + n — m > m + n — m = n, there are no choices from (ii) and (iii).

Case C 7(0) € {n—m,n—m+1,...,n}. Note thatr(0)+m > n—m+m = nandr(0) > n—m > m.
Now the range of choices far(1) from (i) is 7(0) —m < 7(1) < n which givesn +m — 7(0) + 1 choices.
Sincern(0) + n — m > n, the number of choices from (jii) 8. As7(0) +m — n > 0, number of choices
from (i) is 7(0) + m — n. In all, that is a total of choice@m + 1) choices.

Now move tor(2). If it is a dependent vertex then there are at most six wayhdose it and if it is an
independent vertex then the above argument may be rep&atatinuing the process proves (b) completely.
|

The next Lemma shows that the contribution from any wordraeédge(s) of order 3 is zero in the
limit. Let N}f3+ be the number of. matched circuits 041, 2,...,n} of lengthh with at least one: > 3

and NP’ , be the same with added restrictith= 1. DeflneN,?Bﬂ similarly for Type Il banding.
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Lemma 3. (a) LetL = Ly or Ly. There exists a constant;, such that Np% < Cnl("+)/2] and hence
n*(lJrh/Q)N}l;[é_’_ —0.

(b) LetL = Lgc or Lrc. Then there exists a constafifsuch that, NP5 < Cnml("~1)/2) and hence
n_lm_h/2N£%+ — 0.

() (a) holds forN,”;# and N,”2'T and, (b) holds forV,’; .

(d) Fora =0, 7”F17rfh/2N}I;L?fF — asn — oo.

Proof. (a) First observe thaty}’s, < N[, . Now note that, ifh, = 2k or 2k — 1 then there are at most

k — 1 distinct L-values, and hence, at mdstndependent vertices. Each independent vertex can berchose
in at mostn ways and the dependent vertices can be chosérin ways. This completes the proof of (a).

(b) Leth = 2k or 2k — 1. Since there is at least ore> 3, there must be at most — 1) distinct L
values and hence at madsindependent vertices including(0). Note that#7(0) = n, and by Lemma 2
#m(i) = O(1) or #x(i) = O(m) depending on whether or na{:) is dependent or independent. Hence,
NpE < Cnm*=! < Cnmlh=1D/2 and (b) follows.

The proof of (c) is similar and we omit the details.

(d) Sincea = 0, for sufficiently largen, m < n. To achievel” = 1, every independent vertex(i), i > 1,
can be chosen in at most ways (as the link function i& (i, j) = i + j). Leth = 2k or h = 2k — 1, since
there is at least one edge of order3, we must have at mot— 1 independent vertices excluding0). So
total number of vertex choices ¥(nm”*~1). Hence we obtain the result. O

3.5 (M1) condition

Before we verify the (M1) condition for all the cases, we m@alemma which reduces the number of terms
in the trace formula asymptotically. It also implies that ttdd moments of the LSD equal zero.

Lemma 4. (a) Supposg{ A% = RC%, SCP} (for anya) or {A%2 = TPor H? } (for o # 0) with a
uniformly bounded, independent mean zero and variancergne sequencéz; }.

b \h
(i) If his odd, lim E[8,(m /24%)] = lim E [1 Tr (ﬁ) | =o.

n—oo n A/
. 1 . .
(i) If b =2kthen, > lim —|TI"(w) — II’(w)| = 0 and if any of the last two limits below
. n—oo NmMm
w pair matched
exists,
1 1
. —1/2 4b\] _ . b _ . -
Jim B[goy(m7 A =y, lim P w)) = i I (w)]. (3.6)
w pair matched w pair matched

(b) All conclusions of (a) above holds f¢m~'/2RCE} (for anya) and for {n~'/2H2} and {n~1/?T5}
(when in either case # 0) with II® and I1°* replaced bylI? andII%* respectively.

(c) Similar conclusions hold fofm~/2 H®} whena = 0.

Proof. Note that from mean zero and independence assumptionigpobthe limit below exists),

1 1

: —1/2 Ab\1 13 h _ :

nhm E[Bn(m™ /% A))] = nhm "y g | EX; xI7 = g nhm 7 g EX,. (3.7)
7 circuit w matched mellb(w)
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By Holder's inequality,| = crze(u) E Xx| < [II°(w)| E(|z1(1,1)|"). Therefore, from Lemma 3, matched
circuits which have edges of order 3 do not contribute to the limit in (3.7). Further,f is pair matched

andr € 11 (w) \ 11’ (w) thenw must have an edge of order4 and hence 5 lim —L |17 (w) —
w pair matched™

I1°(w)| = 0. So provided the limits exist, (3.6) holds far= 2k, proving (a) (ii).

To prove (a) (i), note that at least one edge is of ord&: Hence by Lemma 3im E[3),(m~1/24%)] =
h
lim E{% Tr (j—%) } = 0, proving (a) (i).

To prove (b) and (c) we may proceed similarly. Details arettaui O

Thus from the above result, to establish (M1), we may restaosideration to only pair matched words.
In the next few subsections we show that the existence ofithie ih (3.6) (and hence op(w)) for all
relevant choices of the band matrices, by identifying threeirimit for each fixed word and then summing
over all pair matched words.

For the cases when # 0, it will be convenient to obtain expressions féim E[3;,(n~1/2A%)] where
n—~o0
Ab = TP H TB or HB. Observe that then the expression fim E[3,(m~1/2A4%)] is given by the
n—oo

relation
lim E[g,(m~Y24%)] = a™"/% x lim E[g,(n"1/2A%)].

Similar comment holds for Type Il banding.

3.5.1 (M1) condition for SC?

In this case, for any pair matched wotd (3.6) equal2* (which eventually leads to th&7(0, 2) LSD).
Definew; = n(i — 1) — n(i). We call them “slopes”. Note that[:] = w[j] implies thatu; + u; = 0, £n.
We first show that only those matchings with+ «; = 0, £n contribute in the limit.

Lemma 5. Fix an Lgc matched wordw of length2k, with |w| = k. Let A’ be the number of matched
circuits r on {1,2,...,n} of length2k such thatl” = 1 and it has at least one pair< j with w[i] = wl[j]
such thatu; — u; = 0, £n . ThenNV? = O(nm*~1) and hencex~!m*N? — 0.

Proof. Let (i1, 71), (i2,72), - - - (ix, jx) denote the pair partition corresponding to the ward.e. w(i;] =
wg], 1 <1 < k. Suppose, w.l.o.gu;, — u;, = 0,=£n. Clearly a circuitr becomes completely specified if
we knowr(0) and all the ‘slopest;’s.

By Lemma 2(a), if we fix some value fat;,, eachu;, has six possible values. Nowsc(7(i —
1),7(i)) < m implies either|u;| < mor|u;| > n — m. Hence for everyi, eachu; hasO(m) pos-
sible values. Furthersr(0) has at most: possible values. For any such valid choice, from the sum
restriction Z?ﬁlw = 7w(2k) — 7(0) = 0 we knoww;, + uj, and on the other hand by hypothesis,
u;, — uj, = 0,+n,—n. Thus the pair(u;,, u;,) has3 possibilities. Thus there are at madtnm*—1)
circuits with the given restrictions and the proof of the Lreenis complete. O

As a consequence of the above lemma we have,

. 1 b* _ . 1 b/
> Jim — I (w)] = > Jim — 117 (w)], (3.8)
w pair matched w pair matched

where
1" (w) = {x : mis a circuit,w[i] = w[j] = u; + uj =0,+nandl’ = 1}.
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Lemma 6. If w is pair matched withw| = k, —L¢ [T (w)| — 2*. Hence

lim E[ By (m~1/25C%)] = 2’9(;—% = E[N(0,2)%].

Proof. Suppose for someé < j,u; + u; = 0,%n. If we know the circuit up to positioj — 1) then
7(7) has to take one of the values— n, A, A + n whereA = n(j — 1) — w(i¢) + 7(i — 1). Noting that
—(n—2) < A < (2n — 1), exactly one of the three values will fall withinandn and be a valid choice
for 7(j). From Lemma 2 (b) if is an independent vertex and the circuit is known up to posit— 1 then
there ar&m + ¢; many choices forr(i) lying betweenl andn, wherec; = 0 or 1, depending on the value
of the previous vertices. Assume for the moment that sucloelof all (i) satisfies the circuit condition.
Thenn x (2m)F < |IIY (w)| < n x (2m +1)* . Sowe have lim_ Lo (w)| = 2*.

Now we show why the circuit condition(0) = 7(2k) is satisfied. Observe that
m(2k) —7(0) = Zul =dn
for somed € Z. But since|r(2k) — w(0)| < n — 1, we must havel = 0. Thus the circuit condition is
satisfied. Since the total number of pair matched woréﬁﬁ_'s, the proof is complete. O
3.5.2 Closeness 6f’ and SC? whena = 0

We now show that forv = 0, 72 and.SC? have the same limit behaviour.
Lemma 7. (i) Suppose Assumption | (i) or (i) hold ard= 0. Thend%, (™ "/*Ta, prm="?S0ny %5 ¢,

(i) Suppose Assumption I* (i) and (ii) hold ard= 0. ThendZ, (F™ /*Tn, Fm~"/25Cn) B

Proof. Define the upper (lower}" diagonal as those indices, j) such thati — j = k (respectively,

i—j = —k). Note that both the matricesC? and7?? have all upper and lowésr” diagonal entries equal to
xy, fork =1,2,...,m and moreoveSC? has all the upper and lowét" diagonal entries equal to, y,
fork=n—-1,n—2,...,n —m. Hence

dzBL(Fm—l/zT}; Fm—l/Zscg) - lTr (Tg—SCZ)Q]
' n m

2
= %(mfﬂfn +(m—Dap g+ +a7)

2
< E(mfn—i-mfn,l—i----—kx%)
PN (@) Xx%—kx%—i—---—kx?n'
n m

2 2 . 2
(i) First supposéz; } are i.i.d. Then-L Tt H T ag E[z2] = 1 and— — 0 and the result follows.

m n
If, instead, the{x;} are uniformly bounded, a simple modification in the abovepdwes the job.

(i) Suppose Assumption I* (i) and (i) hold. The{ZLE240] — m _, ( asp — oo and

n
S 1
Elxz;
it ad++ak ; i

<
n n?

Var

1 4 < 4
< 5 x[mt +Z;E[xi}l(|:ci|>t)]]
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m
E[z3(|z;| >t
mid m2 ; [5'3@ (|95z| )]

KA
_omt ey, o
n? n? m?2

Thusw £0. This completes the proof. O

3.5.3 (M1) condition for RC?

A pair matched word, of lengtBk, will be said to besymmetricif each letter appears once in an even
position and once in an odd position. There Arsymmetric words of lengtBk. We shall show that for
any nonsymmetric word (3.6) equals zero and for any symmetid, (3.6) equals 1.

Lemma 8. (a) For Ly, if w is nonsymmetric, pair matched, then there exists a lineetfan A (7 (i), i €
S) such that all its coefficients are not zero afi¢ir (i), i € S) = 0.

(b) For Lyc, (a) holds with the modificatioh (7 (i), i € S) = dn for some integed.

Proof. Lett, = w(i — 1) + =(i) and for any word, letS be the set of independent vertices. Following
Bose and Sen (2008) [6] or BDJ (2006) [7], writéi) as a linear combinatioh/ (r5) of the independent
vertices. Observe that, if € S then LY (ng) = =(i). Since theRC,, link function is L(i,j) = i + j
mod n, one can check that for every dependent veitesne must haver (i) = L (rg) + a;n for some
integera;.

(a) First note thatyr (0) — w(2k) = (t1 +ts+ts+ - +tog—1) — (ta+ta+te+ - +1tor) = 0. Sincew is
pair matched le{(is, js), s > 1} be such thatv[is] = w[js], is < js andis, s =1,2,..., k are arranged
in ascending order af,. Sincew is not a symmetric word we have at least one airj.) such that both
of them are either at odd places or at even places. Now

(ty+t3+ - +top—1) — (b2 + s+ +top) —2><( dooti— > tz) (3.9)

isi(is,js) is:(is,7s)
are both odd are both even

If there is any dependent vertexi) in the above expression we replace it by the linear comhindtf? (rs).
Leti, be the largest index that appears in the above equation.thite is an independent vertex. As any
dependent vertex can be expressed as a linear combinatiotepfendent vertices to its left, the coefficient
of 7(i,) is non-zero. Hence we obtain a linear functibfir(i), i € S) such thatA (= (i), i € S) = 0.

(b) For RC',, matrix,

(t1 +t3+ -+ top—1) — (to +tg + -+ top) —2><< Z ti, — Z tis)+cn (3.10)

ist(is,js) is:(is,js)
are both odd are both even

for some integer. The proof can now be completed by repeating the argumemarofa). O

Lemma 9. For any nonsymmetric pair matched ward lim n—}nk\l'[b*(w)\ = 0.
n—oo

Proof. By Lemma 8 there exists a non zero linear function= A(w (i), ¢ € S) such thatA = dn for
some integerl. Leti, be the largest index having non-zero coefficienfinNow we choose vertices af
from left. First7(0) hasn choices. Next by Lemma 2(c), for any< i < i* — 1, 7(¢) has at mostn + 1
choices or at most one choice, depending on whether or natetttex is independent. Having chosen all
these vertices, the number of choicesr(f,) is O(1). Next we move on tar (i, + 1) and proceed as before.
Clearly, total number of possible choicesdénm*~!). This completes the proof. O
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Lemma 10. For any symmetric pair matched word, given the independertices, each dependent vertex
has exactly one value.

Proof. We determine the dependent vertices from left to right.g88p a typical restriction due to (matched)
word looks likeLro(7(i — 1), 7(i)) = Lre(w(j — 1), 7(j5)) wherei < j andn(i — 1), (i) andnr(j — 1)
have already been determined. We show #at;j) = 1. The above restriction can be rewritten as

7(j) = Z + dn for some integed andZ = 7(i — 1) + w(:) — w(5 — 1).

Clearly 7(j) can be determined uniquely from the above equation singe 7(j) < n. We proceed
inductively from left to right to complete the proof. O

Lemma 11. If w is pair matched symmetric, thelim —L |II**(w)| = 1. Hence
lim E[Bo (m~Y2RC?)| = k.

Proof. Obviously there are valid choices forr(0). From Lemma 2(c), for any other independent vertex
m(1), m < #n(i) < m+ 1. From Lemma 10, given the independent vertices, every dkgervertex has
only one value. We show that such a choice automaticallgfsegithe circuit condition. Let the partition
generated by the word be{(is, js), s > 1},is < js. Lett; = w(i—1)+n (7). We will havet;, = t; +d,n,

for some integed,. Since the word is symmetric, one @f, js) will occur in an odd place and another will
occur in an even place. Now for any choice of the independertices we will have,

w(0) — m(2k) = (t1 +t3+t5+ - +top—1) — (Lo +ts +tg + - -+ + tox) = dn for some integet.

As |(0) — 7(2k)| < n — 1, d must be0, proving that the circuit condition is satisfied. Heneex m* <
I (w)| < nx (m+1)*. Sowe have,lim —L[II"*(w)| = 1. Since there are exactljt symmetric words,
n—oo

the Lemma is proved completely. O

3.5.4 (M1) condition for 7%, o # 0

The following result is similar to result Lemma 11 and is esisdly proved as Propositioh.4 in [BDJ] [7]

Lemma 12. Fix k € N. Let M be the number of.r matched circuitsr on {1,2,...,n} of length2k with
at least one pair of.; matched edge&r(i — 1), 7(i)) and (w(j — 1), 7(j)) such thatr (i) — 7(i — 1) +
7(j) — m(j — 1) # 0. Let M be the same count with the extra conditigh = 1. Thenn~ DA <
n~* DA — 0.

Earlier we have shown thak |31 (n~/?T?)] — 0. By Lemma 4 and 13f the second limit below exists,

1
lim B[Boy,(n~PT)] = lim—p > [0 (w)] (3.11)
n
wﬂﬁ:?ﬂed,
: 1 bsx
= hm—nw w;mhedm (w)] (3.12)
|wl=k
: myk 1 bk k b
- hm<g> me;mdm (0)| = o x Bo(T?) say  (3.13)
|lw|=k
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where
" (w) = {mwfi] =wlj] =76 —1) —7@) +7(j — 1) — 7(j) — 0 andI?* = 1}.

Takingz; = (i)/n, [TI***(w)| can be expressed %5{(5'30,331, e, Tok) 1w = Top,w; € {j/n, 1< <
n,
|Ii,1 — $Z| <mandx;_1 —x; + Tj—1 —Tj = 0if w[z] = w[]]}

Let S = {0} U {min(4,j) : w[i] = w[j],7 # j} be the set of all indices of the independent vertices of
wordw and letrg = {x; : i € S}. Eachz; is a unique linear combinatioh! (x5). LI depend on the word
w but for notational ease we suppress this dependence. Lleafks) = z; if i € S and also summing the
k equations would implyLZ, (zg) = z. So,

[T (w)| = #{zs: LY (zs) e N, and|LY | (zg) — LT (z5)| < m/nforalli =0,1,--- .2k}

whereN,, = {1/n,2/n,...,1}. If w[i] = w[j] then,|LL |(zs) — LT (x5)| = |LA (zs) — Lf(:vs)| So
we can replace the I‘eS'[I’IC'[ICpﬂZ ((ws) = LT (zs)| <m/n, 1 <i <2kby|LF [(vs) — LT (z5)] <m/n
fori € S. Hence, as in Bose and Sen [6] and [BDJ] [7],

M (w)| = B |1(0 < LT (Un,s) <1, ¥i ¢ SU{2k}) x I(|LL, (Uns) = Unil S an Vi€ S)],

(3.14)
wherea,, = m/n and for each € S, U, ; is a discrete uniform oi¥,, andU,, s is the random vector on
Rk whose co-ordinates afé, ; andU,, ;'s are independent of each other. Taking limits,

1+k‘

Jim LI )] = / / / 10 < L (zs) < 1) x [THLE 1 (2s) — i] < @)
—  —— i SU{2k} €S
= pp(w ) (say)
and

lim B[y (m ™ 2T0)] = B (TD) =% >~ ppy(w)

w:w pair matched

wherep, is as above.

3.5.,5 (M1) condition for H®, o # 0

. . . . 1
Similar arguments as in the previous section lea@t¢H’) = o~ lim > 1% (w)|
w:w pair matchedw|=k
where

I (w) = {2 wli] = wlj] = (i 1) + x(i) = n(j — 1) + 7(j) and* = 1}.

As before, eachr; is a unique linear combinatioh (zs) of the independent vertices add! (z5) = z;
for all i € S andn~*+D|II** (w)| may be written as an expectation with independent discraiferm on
R**1 and then we take limit. Unlike the previous case, we do natraatically haveLQk(mS) = xq; fOr
every wordw and that explains the extra indicator in the integrand below

Py (w / / / H 10 < L (z5) <1 XHH A (xg)+r; < a)xI(zg = LE (zg))dzs,

—— ——— i@ SU{2k} icS

(3.15)
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andfor(HY) =™ > pp(w).

w:w pair matched

From the work of Bose and Sen [6] and [BDJ] [T{zo = zox) = 1 iff w is a symmetric word. Since
for all other words, the restrictiol(zy = x9;) = 1 is one extra linear restriction, the integral above is zero
and hence;» (w) = 0 for all non symmetric words. Thus we can write

Bon(HY) =aF S gy (w).

w:w symmetric
pair matched

3.5.6 (M1) condition for H®, o =0

Lemma 13. Fix any wordw such that/(w) = 2k and|w| = k. Then, lim —|TI°(w)| = 0.

Proof. Since the link function id.(i, j) = i + j, to havel” = 1, every independent vertex, including0),
has at mostn choices and every dependent vertices has at most one cldieeproves thatll’(w)|
O(m**1) and hence we get the result.

~

O |l

Hence we gelim E[3;,(m~/2H?)] = 0 for all h and the limit is degenerate.

3.5.7 (M1) condition for RCZ and HP

The first lemma shows that nonsymmetric words do not cortiitathe limit of RC5.

Lemma 14. For RC if w is non-symmetric pair matched of length then, lim —L |T1%* (w)| = 0.
n—oo

The next Lemma yields the LSD fdtC5.

Lemma 15. For RC7, if w is symmetric pair matched with| = &, then, lim —L¢ [IT%*(w)| = 2*. Hence
lim E[Ba ((2my,)"2RCE)] = k! = E[R?].

The proofs of the above two Lemma are omitted.

Foer, whena # 0, proceeding as in Section 3.5.5,

1

By _ 1; B

Bor(Hy ) = nhm FICTT E |II”** (w)|, where,
w: w matched|w|=k

|HB**(w)| = #{(xo,x1,...,Xok) : To = Tog,x; € {1/n,2/n,....(n—1)/n,1}n—m < z; 1 +x; <
n+mandx;_1 +z; = xj_1 + x; if wi] = wlj]}.

Hence
n11+k 5% (w)| = E [}1(0 < LE(Uns) <1, Vi ¢ SU{2k}) xI(| L (Un,9)+Uni—1] < % VieS)xI(zo = m%)},
(3.16)
nik\nB / / / 10 < L (zs) < 1) x [[I(LE () + 25 — 1] < )

—— ——i¢SU{2k} i€s
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x1(zo = zox)drs = pys(w) say.

HenceBor(HY) = (2a) ™ >~ ppys(w) for o #0.
w:w matched,
|lw|=k

Now we will deal with the case = 0.

a.s.

Lemma 16. (i) Suppose Assumption | (i) or (i) holds and= 0. Thend%, (F™ "/ *Hr | pr™"?RC7y @5
(i) Suppose Assumption I* (i) and (i) holds and= 0. Thend%L(Fm_l/QHf, Fm_l/QRCf) Lo,

Proof. We construct another pair C”? and H2 matrices as follows: Let

Titj IfZ—F]STL—l
Vit — (3.17)
Titj—n if ¢ +j5>n.

) Yirjm (fli+j—nl<m
HY(i,5) = (3.18)
0 otherwise.
Yirjm WHi+j modn<mori+j modn>n—m
RCP(i,j) = (3.19)
0 otherwise

Asm/n — 0 for sufficiently largen, m < n/2. Hencey;, 1 j, n # Yi,+j..n fOr any (i, ji) and(is, j») such
thati; +j1 <n—1 <y + Jo.

It is not hard to see that for sufficiently large
E[Bn(m ™2 H?)] = B[ (m™ "/ H)]

and
E[By(m™2HP) — B(8,(m™PHP)* = BB (m ™2 HE) — E(By(m ™2 HP)*.

for eachh. This proves that if LSD of one of these sequences exist, shatoes the other and moreover if,
almost sure convergence (via (M4)) holds or, in probabdiipvergence (via (M2)) holds, for one sequence,
then the same holds for the other. Hence it is enough to shatw th

—1/2 B —-1/2 B
dy (P T RO 3

On the other hand the LSD of the above RC matrix is same ashelotdiefore.

Now
2 (Fm71/2§7}? Fm’1/2RCf) - 1 Tr (HB — RCD)?
BL ) = n m
1 2 2 Lo 9 2
= ——lm =g, + -+ 2]+ —ag Fan g+ (Mt Do

1 2
<@gt et an) (Tt )

_ <m>xw%+x3+---+w2 2, 5

n m n
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(i) First assumgz;} are i.i.d. Asm/n — 0, by SLLN, the first term in the above expressien0 and, the
second term is,

A SRR af+aittap .y aftaitdai o in-m

n n n—m n
a.s

“Y E[23] — E[z3](1) = 0.

If the input sequence is uniformly bounded, a slight modiftcaof the above argument yields the result.

(i) Now assume that the input sequerag} satisfy Assumption I* (i) and (ii). We then have,

< Z(x? e 2y
>~ n + n(xnfm + + $n,1)

2 2 2
e EB B 2Ll 4g )
l2BL<Fm 1/2Hn,Fm 1/2RCn) 0 1 m
USIIIg ideas in Lemma 7 we infer eaS|Iy t||g§[7xl Im _, 0in probablllty

We will show thatd (z2_, +--- + 22_,) £ 0. First note thatt E(z2_,, + - +22_,) — 0. Onthe
other hand,

n—1 4 n—1
1 Y Bl Y Bl > )
— Var(z2 ... 2 < E=nom < =1 ¥ 0
n2 ar(xnfm + + $n,1) = n2 = n2 + n — U,
using Assumption I* (ii). So the proof is complete. O

3.5.8 (M1) Condition for .2 (a # 0)

The following Lemma follows immediately from the work of BryDembo and Jiang (2006)[7]. This lemma
on slopes is similar to Lemma 12 proved earlier i

Lemma 17. Let M be the number of.. matched circuitsr on{1,2,...,n} of length2k with at least one
pair of LT matched edgesr(i—1), (i) and (7 (j—1), 7(j)) such thatzr( )—m(i—1)+7m(j)—m(5—1) # 0.
Let MPZ be the same count with the extra conditigfi, = 1. Thenn=*+DME < =k A — 0.

Now we proceed to verify the (M1) condition and drive the linktarlier we have shown that,
E[Bor41(n~/2TB)] — 0. Further,if the limit exists,

. _ ko 1
Bo(TP) = lim Bl (m™2TP) = a7 lim —— Y 1B (w)|.
o w:w matched,
|w|=k

Using Lemma 4 and Lemma 17,

[P ()] = Tim — |15 (w)| = lim

B
n1+k n—o0 n1+k’H Tl

lim
—00 nl—f—k

Takingmi = W(Z)/n, ’Hb**(w)‘ - #{(3507%17 o 71'214:) TXo = Tk, Ti € {1/”, 2/“7 SRR (n_l)/n7 1}7 ’1’1‘_1—
zil <mor|z,_1 —z;| >n—mand z;_; —z; +x;1 —x; = 0if wi] = w[j]}.

LetS = {0}U{min(i,j) : w[i] = w[j],i # j} be the set of all indices corresponding to the independent
vertices. Letrs = {z; : i € S}. Sincer;’s satisfyk equations, each is a unique linear combinatigr{xs)
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of z;’s,j € 5, j < i TheseL!’s depend on the words but we suppress this dependence. Clearly
LT(zg) = x; if i € S and also summing the equations would imply.Z, (zs) = zo. So,

P (w)| = # {as:L{(xs) € Nyand|L] |(zg) — L] (z5)| < m/n
or|LI | (zg) — LT (zg)| > 1 —m/nforalli =0,1,--- 2k}

whereN,, = {1/n,2/n,...,1}. Since,

m <n/2x |L] (zs) — L] (zg)| < m/n (3.20)
or |l (xs) — L (xs)] > 1 —m/n (3.21)

can be written a§L” | (vg) — LY (x5)| — 1/2| > 1/2 — m/n, we can writg [1%** (w)| as
#{xg: LT (xg) € N, and||LT | (zg) — LT (x5)] — 1/2] > 1/2 — m/nforall 0 < i < 2k}.

Now we note, ifw[i] = w[j] then we have|L] | (zs) — L] (zs)| = |L]_,(zs) — LT(:cs)| So we can
replace the restrictiolL! | (zs) — LT (z5)|—1/2| > 1/2—m/n, foralli = 1,2,...,2k by ||[LY |(zs)—
LT (zg)| —1/2| > 1/2 —m/nfori € S. Hence

) = E[1(0< L (Uns) <1, Vi g SU{28)) (3.22)
(|17 (Uns) ~ Uil = 1/2) 2 12— an Vi€ 8)|,  (3:23)
whereq,, = m/n and taking limits,
1
P )] / / / 10 < LT (5s) < 1) x [T 1 (2s) — 2] — 1/2] > 1/2 — a)das
— —— i@ SU{2k} €S

0
= prz(w) say

Hencepoy, (Tojzg) =aF Zw:w pair matched?T:B (w).

3.5.9 Closeness dfl” and SC% whena = 0

The next Lemma and its proof are similar to Lemma 7 and itsfproo

a.s

Lemma 18. (i) Suppose Assumption I (i) or (i) holds and= 0. ThenA,, = d%, (F™/*Ti pm= /2505y @3
0.

(i) Suppose Assumption I* (i) and (i) holds and= 0. Then,A,, = d%, (Fm /*T%  pm/25Chy L g
BL

Proof. Both SC? andT;” have all upper and lowes’” diagonal entries equal ta,, for 0 < k < m. Also
note thatSC® have all the upper and lowdr” diagonal entries equal te, ; whereasT'? have all the
upper and lowek*" diagonal entries equal tg, for n — m < k < n — 1. Hence,
B b\2
n m
2

= %(m(xn—m - xm)Q + (m - 1)(xn—m+1 - wm—l)Q + -+ (I'n—l — -751)2)
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2

< E((xnfm - xm)Q + (Tn—m+1 — ﬂCmfl)Q ot (Tn-1 — 5'31)2)
4 4

< —(@n 2o 2+ (@ 2 o 20)

y <m> y m%+x%+---+w%l+4x x%,m—i-mfl,mﬂ—k---—kx%,l'

Il
W

n m n

If {z;} are i.i.d., using SLLN, both the terms in the above expresgmto zero a.s.. Ifz;} is uniformly
bounded, a slight modification of this argument yields trguieed result. 1f{z; } follow Assumption I* (i)
and (ii) then using exactly same ideas as in Lemma 16 a praobeabtained. Detailes are omitted. O

3.5.10 DH?, PH? and PT® matrices

Note thatPH? J, = J,PH! = PT? whereJ, is the matrix with entried in the main anti-diagonal and
zero elsewhere. Sincg = I,, (PT?)* = (PH?)?*. Hence LSD ofPT? and PH?, if they exist, are same.
Moreover one can easily check that (i) thex n principal minor ofPHg+1 is DH? and (i) then x n
principal minor of PT?, , is SC?. Hence by Fac? all these four Type | band matrices have the same LSD.

Since ESD ofrn;1/2502 = N(0,2) (provided (M2) or (M4) condition is satisfied), the same igtfor the
other three matrices.

3.6 Carleman condition

Lemma 19. Supposel,;, stands for any of the limits obtained in the previous sectidhen there exists

constants”, such thatly, < C* % and hence Carleman condition is satisfied.

Proof. The proofs for all the matrices are similar. Here is an oatliNote thatr(0) has at most possible
values and each remaining independent vertex has at@hes{even wherw # 0, m andn are of the same

order) possible values whetg, is a constant. Each dependent vertex has at iegiossible values for
some constanf’;. Hence we get,

: n—oo nm . n—00 nmk K12k
w pair matched w pair matched

The right side are the moments &0, C; Cs) variable. This completes the proof. O

3.7 (M2) and (M4) conditions

Let Q1,4 be the number of circuitéry, w2, 73, 74) of length A which are jointly and cross matched with
respect to link functior and Ieth;L 4 be the same count with the added restrictﬁbp: 1,:=1,2,3,4.

Lemma 20. (a) For Lsc or L, there exists a constadt depending orL such thatQ}, , < Kn*m*' 2.

(b) If the input sequence is uniformly bounded, independeitih mean zero and variance one, apd’ =
SCP or RCY} then,

1 Al Nk 1 Al \hqd 1
Bl (7%) B (7)) (3:29)
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Hence ifm,, — oo, (M2) holds. IfZ 7 < 00, then (M4) holds. Same conclusions hold f&C >} .

(c) If the input sequence is uniformly bounded, independeith mean zero and variance one, afd? =
SCb or RCY} then,

1 Ab N\ 1 Ab \hy2 1
by — — _n _F = n —
Var[f(A2)] = E [n Tr(\/m> EnTr<\/m> ] o(m>. (3.26)
Hence (M2) holds. Same conclusions holdf&C?}.

(d) For Ly or Ly, there exists a constart depending orl. such thatQ} , < Kn?"*2.

(e) If the input sequence is uniformly bounded, independttit mean zero and variance one, afd’, =
T? or H?) then,

sl () e ln ()] < o( L) 021
Hence (M4) holds. Same conclusion holds{f®)®} and { H2}.

(f) For & = 0 and Hankel link function, there exists a constahtdepending on the link function such that
for sufficiently largen, Q% , < K22,

Hence for sufficiently large,

[t (2)' - piar (L)) - o). =

Proof. (a) This proof is exactly same as the proof of Propositicnin [BDJ] [7]), the only difference being
that, excludingr(0), all remaining independent vertices can be chosen in atmestl (2m + 1 ways) for
SCP (RCP matrices). We omit the details.

(b) We write the fourth moment as

4 4

BITR(AL)" — BT (A" ) = o S B[, EX) < [T
m1,72,73,T4 =1 i=1

1
nAm2h

Using independence, it follows easily that whenelser, 7o, 73, 4) (i) are not jointly matched, or (i) are

jointly matched but is not cross cross-matched, the cooredipg expectation in the above expression is
zero. Since the entries are bounded, sE[]é[?zl(Xm — EX,)]. Therefore by part (a),

4
1 Ab\" 1 Ab\" nim?2h—2 1
E|-Tr(—=22) —-E-Tr( =% <K——FF—— = — . 2
n r(wm) n r(wm)] — A (mh/2)4 O<m2> (3.29)

(c) This is an easy consequence of Cauchy Schwartz inegjaalit part (b). Observe,

b b b b %
efpm () e ()] = (P () -eim(2)T) . e
Now using part (b) completes the proof of (c).

(d) First note than4 < @Qp4. Following the proof of Propostiod.3 in [BDJ] [7], we obntainQj 4 <
Kn2ht2, This proves (d).
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To prove (e) we need to repeat the arguments of (c). Detailsraitted.

(f Proof is exactly same as the proof of Propositio in [BDJ] [7], the difference being that, as = 0,
for sufficiently largen we will havem < n and hence each independent vertex can be chosen in atnmost
ways. The proof of (3.28) follows by repeating the argumeém{(g). O

This completes all the steps in the proof of Theorem 1. O

4 SOME PROPERTIES OF THE.SD

Tables 2-5 consider the situations where the LSD are not kreoglicitly. Using the results obtain the
results in Section 3.5, and performing the necessary iatiegis (details of which are available on request),
we provide the contribution from the different words for memis of order two and four and adding these
contributions provide the moments of the LSD. It may also tkead that if we follow the threads of proofs
in Section 3.5, then it is clear that the even moments of the &S ~/27% andn~/2H? increase with.

We also did some modest amount of simulations. The resultiseske simulations are exhibited in the
figures. Figures 3, 4 and 5 show that the LSD of (scalEflpnd H? clearly depend om.. More inter-
estingly, Figures 4 and Figure 5 suggest that the LSB of/2H? is bimodal if « > 4/3 and there is
a positive mass at zero if < 5/4. It will be interesting to investigate theoretically if ¢his indeed true
and if any further properties of the LSD may be derived in thses where the LSD are not known explicitly.
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Figure 1: Histograms of the ESD of00 realizations ofRC%, n = 400, with Normal0, 1) entries fora = 0.5 (I ef t) and
a=0(right).

Figure 2: Histograms of the ESD af00 realizations ofSC%, n = 400 with Normal0, 1) entries fora. = 1/3 (I eft ) and
a=0(right).
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Figure 3:Histograms of the ESD dif00 realizations of’, n = 400, with Normal0, 1) entries fore = 1 (top | eft),a =0.5
(top right),a=0.25(bottom | eft)anda =0 (bottomright).

Figure 4:Histograms of the ESD aff00 realizations o2, n = 400, with Normal0, 1) entries fora = 2 (| ef t ) anda = 4/3
(right).

x
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Figure 5: Histograms of the ESD of00 realizations offf5, n = 400, with Normal0, 1) entries fora = 5/4 (1 eft) and
a=1/2(ight).
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Figure 6: Histograms of the ESD of00 realizations ofRC, n = 400 with Normal0, 1) entries fora = 1/2 ( | eft) and
a=0(right).

Figure 7: Histograms of the ESD of00 realizations of 2, n. = 400, with Normal0, 1) entries fora = 1 (top | eft),
a=05(top right),a=0.25(Mottom |l eft)anda =0 (bottomri ght).
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Figure 8: Histograms of the ESD of00 realizations ofl;Z, n = 400, with Normal0, 1) entries fora = 1/2 (t op | eft),
a=1/3(top right),a=1/4(bottom|eft)anda =0 (bottomright).

Table 2: Type | Toeplitz limit& # 0). Word contributions and moments of order 2 and 4.

@ w Indicator set prs (w) Moments
a € (0,1) aa | Xo — X1| <« a2 —a) Ba(TE) = (2 — )

abba | | Xo— X1| <o, | X1 — Xo| <a 20%(6 — 5a)

a € (0,1/2] | aabb same as above
abab ‘Xo—X1|§Oz,‘X1—X2‘§O¢,

0<Xo-X1+X2<1 402 (1 — )
Pa(T2) = 5(9 — 8a)

abba =libac2o?

a€[1/2,1] | aabb same as above
abab 2(20® — 60 + 6 — 1)

« 2 3
64(T(l;) _ 4(73043(3»260471)

29



Table 3: Type | Hankel limitd = 0). Word contributions and moments of order 2 and 4.

! w Indicator set Py (W) Moments
a€(0,1] | aa Xo+ X1 <o« 1a? B2(HY) = Lta
a€l1,2] aa oc—l—l—@ ﬁg(Hfi):l—l—&—(Q_a)

abab 0
a€e (0,1 | abba | Xo+ X1 <a, X1+ X2 <a o’
aabb same as above
Pa(Hg) = %
a€[1,2] | abab 0
abba a—1+ #
aabb same as above
3
Bu(HY) = 2(%54 + =2

Table 4: Type Il Hankel limit & # 0). Word contributions and moments of order 2 and 4.

! w Indicator set pus(w) Moments
B @
a € (0,1] aa | [ Xo+ X1 -1 <« a2 —a) Ga(Hy)=1-%
abab 0
066(0,1/2] abba |X0+X1—1|§04,
X1+ Xo—1<a | 20°(6 - 5a)
aabb same as above
Bu(HY) = (6 — 5a)
abab 0
a € [1/2,1] | abba %*2“3
aabb same as above
3
Ba(HE) = (2este)
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Table 5: Type Il Toeplitz limit & # 0). Word contributions and moments of order 2 and 4.

@ w Indicator set prs(w) Moments
ac(0,1/2] | aa | |Xo—Xi|<aor|Xo—Xi|>1-a« 20 Ba(TB) =2
a€(0,1/2] | abba | |Xo— X1] <aor|Xo—Xi|>1—aq,
|X1—X2|§O¢OI’|X1—X2|21—OC 4042
aabb same as above
abab

|X0—X1|§040|’|X0—X1|21—04,
|X1—X2|§0¢0|’|X1—X2|21—0¢,

0<Xo—-X1+X2<1 40°(1 - 2a)

Bu(TT) = 4(3 = Fa)

w
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