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Abstract

Circulant matrices with general shift by places have been studied in the literature and formula
for their eigenvalues is known. We first reestablish thisrfola and some further properties of these
eigenvalues in a manner suitable for our use.

We then consider randof = k(n) circulantsAx, with n — oo and whose input sequen¢&} is
independent with mean zero and variance one angw&@{‘zl Elaj|?* < oo for somes > 0. Under
suitable restrictions offk(n)}, we show that the limiting spectral distribution (LSD) ofetlempirical
distribution of suitably scaled eigenvalues exists andtifiethe limits.

As examples, (i) ik? = -1 + snwhereg > 1 fixed ands = o(n*3), then the LSD igJ ([T, E;)**
whereE; are i.i.d. Exp(1) andJ; is uniformly distributed over the @th roots of unity, independent of
the{E;}, and (ii) if k% = 1 + snwhereg > 2 is fixed ands = o(n%) or s = o(n) according ag > 2 is
odd or even, then the LSD $([17., Ei)*? where(E;} are i.i.d. Exp(1) andJ, is uniformly distributed
over the unit circle, independent of thig;}.

We then consider the limit distribution of the spectral nafw ,. We show that when = k> +1 —

o0, the spectral norm, with appropriate scaling and centeririgch we provide explicitly, converges to
the Gumbel distribution.
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1 Introduction

Supposea = {a, i = 0,1,2,...} is a sequence of real numbers (called ithgut sequence). For positive
integersk andn, define then x n square matrix

dp a an-1
-k An-k+l --- k-1

An@ = a0 o anoe1 ... 8z

nxn

We emphasize that all subscripts appearing in the matrikesndbove are calculated moduio Our con-
vention will be to start the row and column indices from z€eFbus, Oth row ofAn(a) is

QT = (a07 a]_, a2, ey an_l).

Moreover, for 0< j < n—1, the (j + 1)-th row of Ax, is obtained by giving it§-th row a right-circular shift
by k positions (equivalentlyk modn positions). We will denoté\, (a) by Axn or An. Acn(a) is said to be a
k-circulant matrix It may be noted that thle-circulant withk = n + 1 reduces to the usual circulant matrix.
In general, without loss of generality, the valuekahay always be reduced moduto

Thek-circulant matrix and its block versions arise in many catgeand have been considered in many
works in mathematics, statistics and related areas. As phesnwe mention the book by Davis [5] and
the article by Pollock (2002)[11]. Zhou (1996)[16] Davi9fB) provides a formula description of the
eigenvalues of th&-circulant matrix. In this article, we first give a more détdi development leading to
that formula and explore various special cases in somelsletai

Circulant matrices play a crucial role in the study of largeensional Toeplitz matrices with nonran-
dom input. See, for example, Grenander and Szego (1984)9é eigenvalues of circulant matrices are
essentially the discrete Fourier transform of the inpuusege. The periodogram in time series analysis is
a function of the eigenvalues of an appropriate circulantrisnavith the time series inputs (see Fan and Yao
(2003)[8)).

The k-circulant matrices, with fixed or increasirigand with the dimensiom tending to infinity and
the input sequence;} being an appropriate random sequence are examples offmttiarge dimensional
random matrix (LDRM). Consider the random distribution elinputs equal mass at each of the eigenvalues
of an appropriately centered and scaled version of an LDRIMenTits weak limit (say, in probability), is
said to be the limiting spectral distribution (LSD) of thegeence of matrices. Deriving LSD for general
patterned matrices has drawn significant attention in teedliure. See for example the review article by Bai
(1999)[1] or the more recent paper Bose and Sen (2007)[4].

In this article, we investigate the existence of LSD forkharculants. With varying, the LSD is widely
varying. The following results are known. Suppose the irgaguencéa;} is independent with mean zero,
variance one and with uniformly bounded finite third abselotoment. Then (see for example Bose and
Mitra (2002)[3]),

(i) If k=1 (or equivalentlyk = n+ 1), the LSD of thek-circulant is bivariate complex normal.

(i) If k=n-1,the LSD of thek-circulant is the symmetric version of the positive squat of E where
E is standard exponential.

In general, we can not rule out the possibility that the valoik andn are such that there are too many
zero eigenvalues. In fact suppose= n°D, n — oo with ged, k) = 1, and the input sequence is i.i.d.
normal. In Theorem 2, we establish that, in this case, the Is3Be point mass at zero.
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Thus, to avoid trivialities, we neell = n®® asn — co. To characterize the possible LSD for all
combinations ok andn is an interesting problem. While we do not have a completetienl, we prove a
few general results under suitable relationskandn.

Under Assumption | given below, we establish that (B3f= —1 + snwhereg > 1 fixed ands = o(n*/3),
then the LSD idJ1([12, Ei)¥/?9 whereE; are i.i.d. Exp(1) andJ; is uniformly distributed over the (§th

roots of unity, independent of tH&;}, and (ii) ifk9 = 1+ snwhereg > 2 is fixed ands = o(ng%) ors=o(n)
according ag > 2 is odd or even, then the LSD ([T, Ei)/? where{E;} are i.i.d. Exp(1) andJ; is
uniformly distributed over the unit circle, independenttloé {E;}.

The above results can be extended to situations where thehlaS[a positive mass at zero and the rest
of the mass is distributed as above. The resultkferl andk = n — 1 mentioned earlier follow as special
cases of the above.

Assumption | The sequencés;} is independent with mean zero, variance one and for sbmé,

n
pars = supn™ > Ela?™ < co.
n n
i=1

Another very important quantity associated with matriceits largest (in magnitude) singular value. For an
n x n matrix B € My(C), the spectral norniB||, is defined as

IBll2 := v Amax(B*B) = max]| : 1 is an eigenvalue dB}.

For classical random matrix models such as the Wigner matrikthe i.i.d. matrix with Gaussian entries,
the limiting distribution of an appropriately normalizepextral norm is known. See for example Tracy and
Widom (2000)[14] and Johnstone (2001)[10].

One may ask similar question for thecirculant matrices. Since we have explicit descriptionttad
eigenvalues ok-circulant at our disposal, finding the limiting distriboti of spectral norms turns out to be
not too hard, at least for some special choice& ahdn, when the entries are Gaussian. But the problem
becomes more interesting when the entries are not nedggsaussian.

For the usual circulank(= 1), and for the reverse circulark £ n— 1), the results of Davis and Mikosch
(1999)[6] essentially provides the limits. Complete ansvee all possible cases seems to be #idilt
problem.

Nevetheless, the problem appears to be tractable undabkuhssumptions ork,(). For simplicity,
we deal with a restricted case where= k? + 1. Suppose that} is i.i.d. with mean zero and variance 1
andE|a|” < oo for somey > 2 andn = k? + 1. In Theorem 5 we show that @s— co an appropriately
normalised spectral norm @, converges in distribution to the Gumbel distribution. Weoaprovide
explicit expressions for the centering and scaling.

2 Eigenvalues of thek-circulant

We first describe the eigenvalues ok-girculant and prove some related auxiliary propertiese Tarmula
solution, in particular is already known, see for exampleZ1996). We provide a more detailed analysis
which is used in our study of the LSD and the spectral norm it sections.

Let
n-1

w = wy = €os(Z/n) +isin(2r/n), i = -1 and 4; = Za;w”, 0<j<n. 1)
=0



For any two positive integeisandn, let p; < p2 < ... < pc be all their common prime factors so that,

C C
n= n’npﬁq and k:k’l_[pgq.
=1 g=1

Hereaq, Sq > 1 andn’, k', pq are pairwise relatively prime. For any positive integeletZs = {0, 1,2,..., s~
1}. Define the following sets
S(X) = {xk* modn’ :b>0}, 0< x<n.

We observe the following about the s&&).
1. S(X) = {xk modr’ : 0 < b < [S(X)|}.

2. Forx # u, eitherS(x) = S(u) or, S(X) N S(u) = ¢. To see this, suppose(x) N S(u) # ¢. Then,
xKr = ukP2 modn’ for some integerd; andb,. Multiplying both sides byk"®-"1 we see that,
x € S(u) so that,S(x) € S(u). Hence, reversing the roleS(x) = S(u). As a consequence, the distinct
sets from the collectiofiS(x) : 0 < x < n’} forms a partition ofZ,, .

We shall call{S(x)} the eigenvalue partitiorof {0, 1, 2,...,n — 1} and we will denote the partitioning sets

and their sizes by
{Po,P1,...Pr_1}, and nj=|Pj|, 0<i <.

Define
Xj = n/lty, j=01,....6-1 where y=n/n.
tePj

The following theorem provides the formula solution for #igenvalues of\, and is inspired by the result
of Zhou (1996)[16]. For completeness, we have provided affrothe Appendix.

Theorem 1 (Zhou (1996)[16]) The characteristic polynomial ofi4 is given by

-1
% (An) = A [ ] (A% = ). 2)

j=0

Remark 1 {1;,0 < j < n} are eigenvalues of the usual circulant matrixA

2.1 Some properties of the eigenvalue partitiof®;, i > 0}

With a view to using them for the study of the LSD, we give beknme properties of the eigenvalues.

1. If j € S(X) andn’ — j € S(u) , then for everyl € S(x), we haven’ — | € S(u) in which case we call
S(x) andS(u) to beconjugateof each other. This is easy to see: llet jk" modn’ for somem > 0.
N — j = ukP modr’ forsomep>0=n" -1 = (" — j)k" modn’ = ukP*" modn'.

We now define for & x < n’,
Ox ={t>0 : tisinteger andxk = xmodn’} and gy, = min{t : t € Oy}.
We callgy the order of x. Note thatgy = |S(X)|.

2. gy dividesg; for all x € Z,. To see this, note th&f* = 1 modn’, implying thatxk®: = x modn’ for
all x. Thereforeg; € Oy for all x. But every element afy is divisible bygy, and the result follows.
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3. Suppose dividesg;. Let X(g) be the set of alk € Z, whose order ig. Letm = gcdk® — 1,1).

Then
X(@) € Y(@) :={cn/m: 0<c<m} and |Y(g) = m.
Moreover,
L) X = ().
h:hig

To prove this, note that clearlyy(g)| = m. Fix x € X(g). Then,xk® = xmodn’. Thereforen’ divides
X(k9 — 1). So,n’/mdividesx(k9 — 1)/m. Butn’/mis relatively prime to k¥ — 1)/mand hencer/m
dividesx. So,x = crnf/mfor some integec > 0. Since 0< x < ', we have 0< ¢ < m, andx € Y(g).
It is now trivial to se€ Jpng X(h) < Y(9).

On the other hand, take € ¢ < g’. Then(cr'/m)k9 = (cn/m) modn’. Hence,g € O¢y;m and
Gerr/mlg SO thatY(g) S Unpg X(h)-

The following lemma gives an expression for the number ahellets inZ, with order less thag;.

] Q2

Lemmal Letg = p*p5®...p" where p < p2 <... < pare primes. Then,
HX€Zpy 1 gx <Ol =G1-G2+G3-Gg4...

where, for j> 1,

Gj= Z IY(01/¢))| = Z gcd(kgl/‘)j -1, n’)

fieL fiel]
with
Ij ={pilpi2...pij IlSi1<...<ij St}.

Proof Fix x € Zy. Letgy = pi*... p{* where, 0< §; < o for 1 < i < t. Suppose that exactiy-manyf’s
are equal to the correspondings. To keep notation simple, we will assume that= «;, 1 <i < hand

Bi<ai, h+1<i<t Thenxe Y(gi/p)form+1<i<tandx¢ Y(gi/p) for 1 <i < h. So,xis counted
t—2h )times inG,, (
total number of timex is counted inG; —Go + Gz —...) is

() R ) R e B

completing the proof. =

(t — h) times inG;. Similarly, x is counte ) times inGgs, and so on. Hence,

3

Define
vk = (M) H{X € Zy 2 gx < Q1.

To derive the LSD in the special cases we have in mind, the pytia negligibility of vy turns out to be
important. The following two Lemmas establish upper boumalsy , and will be crucially used later.

Lemma 2 (i) Suppose g= 2. Thenyyy = 1/n’.

" , k91/3

(ii) Suppose g> 2is even, and ¥/ = —~1 mod n. Thenyy < ngn/

. . - 2k91/ P

(iii) Suppose pis the smallest prime divisor ofgThenvyy < et



Proof Proof of (i) is immediate from Lemma 1.

(i) Supposeagy = g. Thenx = xk? = —xmodn’. Therefore, 2 = 0 modn’ andx can be either 0 an’/2,
provided, of courseny’/2 is an integer. Bugp = 1 < g. So,|X(g)| < 1. We now have,

X €Zw:ge<gll=IX@I+ ). lXxeZy:ge=j)
1<j<01/3

<1+ > ¥y
1<j<01/3

<1+ Yy (-1
1<j<0:1/3

<1+ Z (ko3 — 1)
1<j<0:1/3

< (g1/3)kH3,

(iii) Asin Lemma 1, letg; = pi*... p{t wherepy < po < ... < p; are primes. Then
1 - Pt

n’ka,n/:Gl—Gz+Gg—G4+...
t

<Gi= ) ged(@/P -1,

i=1

t
< Zkgl/pi where gi/p1>...> Gi/p
i—1

< K91/ P1

The next Lemma is a consequence of Lemma 2.

Lemma 3 Suppose hk = k(n) — co. Then in each of the following situationg,, — O.
(i) k9 = =1 + sn where g 1 fixed and s= o(n'/3).
(ii) k9 = 1 + sn, where g~ 1 fixed, p is the smallest prime divisor of g and=so(nP:~1).

Proof (i) First of all, note that in either cases godk) = 1 and thereforeY = n. Sincek® = (sn— 1)? =
1 modn, thereforeg;|2g. Noteg; # g becausé&?® = -1 modn.

If g1 < 2g/3, thenk® = (sn—1)3 < n®/°, Henceg; = 2g.
Now by Lemma 2(i) ,

2gk29/3  2g(sn)?/3
Vkn < g3n = g(3n)

= 0o(1).

(i) Clearly, g1/g and so,p; is smaller than or equal to smallest prime in the prime fadewomposition
of g;. Now Lemma 2(iii) immediately yields,

2k91/P1 L 21+ sn)/p:
n - n

Ukn < = O(l)



3 Limiting Spectral distribution

Study of the distributional properties of large dimensioremdom matrices has arisen in many areas of
science and has received considerable attention. For aflenxcreview, see Bai (1999)[1]. For a random
n x n matrix By, let u1, ..., un denote its eigenvalues. The empirical spectral distribu{ESD) ofB,, is
defined to be the random distribution functionhgiven by

Fe.(% ¥) = n Y Ru) < %, I < W,

where for anyz € C, R(2) and J(2) denote the real part and imaginary partzakspectively. Af1 — oo,

if Fa, converges weakly (either almost surely or in probability)at(nonrandom) distributiof, thenF is
called the limiting spectral distribution (LSD) ¢B,}. See Bai (1999)[1] and Bose and Sen (2007)[4] for
description of several interesting situations where th® [eSists and can be explicitly specified.

For thek-circulant, in many cases of course there are a host of zgemealues and the limit distribution
is the point mass at zero. Here is a general result in thatttbre

Theorem 2 Supposda;} is an i.i.d. sequence of (g, 1) random variables. Let k 2 be such that k= n°®)
and n— oo with gcd(, k) = 1. Then the ESD 125, 0f nx n k-circulant matricedAy} converges in
probability to the distribution which is degenerateQat

Proof Leta; be as given in (1). Then ea¢h1|/1j|2 ~ Y/2 whereY is a chi-square random variable with 2
degrees of freedom. We also have thats independent of if | # n— j and|4;| = |4| otherwise. Recall
01 = |S(1). Letme {1,2,...,n— 1} be an element whose ordgg, dividesc > 1. Thenmk = mmodn,

or equivalentlym(k® — 1) = snfor somes > 1. The number of such elements is clearly bounde#oyt
easily follows that for a fixed > 1,

c
nj:gj<Cll<n? Z K¢ = Cntk® ash — co.
c=2
Let rj be the absolute value gfth eigenvalue ok-circulant matrixAx . It is enough to prove the corre-
sponding empirical distributiof,(-) = n™t Z?:l }I(n‘l/zrj < -) converges in probability t6o, the degenerate
distribution at zero.

Fixr > 0. Suppos€, Z, ... g

~"Y/2 and define

m
(M) = P(ZiZ... Zn) P > 1) = (2m) " > logZj > logr).
=1
Fix j > 1. Thenj € £ = S(x) for somel andx € {1,2,...,n— 1}. Observe that ifS(x) is conjugate
to itself, thenP(n"¥?r; > r) = y(m/2). On the other hand, i8(x) is not a conjugate to itself, then
P(n~Y2r; > r) = y(m).

Note that,
EGn(r) = n‘lzP(n‘l/zrj > ) (3)
j
—nt Z Z P(nY2r > 1)+t Z Z P(nY2r; > 1). (4)
L:IP11<C jeP LIPI>C jeP

Note thatE((logZ;)*) < oo butE(logZ;) = —c0. Hence, by law of large numbers, as— oo,

m
(2 > logZ, £ —co, implying y(m) — O.
i=1



Givene > 0, takeC large enough so that(m) < e. Then

lim SUPEGq(r) < 0 + lim supn™* Z Z P(MY2rj>r)<e
LPI>C jeP,

ThereforeGn(r) = 0 and henc&n(r) 5 0 vr > 0. o

We now investigate the case of possible nondegenerate Lf$iie Iinput sequencéy} is i.i.d. with finite
third moment, then the limit distribution of the (one-) citant is bivariate complex normal (Bose and
Mitra (2002)[3]). For thesymmetriacirculant with i.i.d. input having finite second moment, tt8D is real
normal, (Bose and Sen (2007)[4]). For theirculant withk = n—1, the LSD is the symmetric version of the
positive square root of/2 whereY is chi square with two degrees of freedom (Bose and Mitra ZY3().
Establishing the LSD for gener&lcirculants appears to be affitult problem. Below we consider a few
cases. In particular, the results on one-circulant lasticulant withk = n — 1 follow as special cases.

The following observation will be useful to us. Suppdag are independent, mean zero and variance
one random variables. Then for glb 1,

Aj = dnj, BEQjA) =ni(l =n-j), E(R(A))IX;)) =0, and ER(1;)? = EF(1;))? = n/2

Theorem 3 Supposda;} satisfies Assumption |. Suppose=k—1 + sn where g> 1 fixed and s= o(n'/3).
Then Ry12p,, converges weakly in probability to the LSO U], E)*/?9 as n— oo where{E;} are i.i.d.
Exp(1) and U, is uniformly distributed over th€g)th roots of unity, independent of thig;}.

Remark 2 In view of Theorem 1, the above theorem can easily extendgdltban LSD has some positive
mass at the origin. For example, suppose the sequences ksatisfy ¥ = —1 + sn where ¢g> 1 fixed and
s = o(n*3). Fix primes R, pa. ..., pr and positive integergs, 8o, . . ., B;. Define

= .

Suppose k= pipz... piM — co. Then the ESD aii-Y/2A,5 converges weakly in probability to the LSD

which hasl - (H;l&)_l mass at zero, and rest of the probability mass is distribatedt ([T, Ei)Y/%
where U, and{E;} are as above.

Proof First note that gcdq n) = 1, and hence in this case, = nin Theorem 1. Thus, the index of each
eigenvalue belongs to one of the s@sin the eigenvalue partition d0, 1,...,n - 1}. Recall thatvy, is
the total number of eigenvalugs of Ax, such thatj € £, and|#|| < g1. In view of Lemma 3 (i), we have
ukn/N — 0 and hence they do not contribute to the LSD. Hence, it resritaiconsider only the eigenvalues
corresponding to the sefy which have sizeexactlyequal tog;. Also it follows from the argument in the
proof of Lemma 3 (i) that: = 2g.

n-1 )
Recall the quantities; = |Pjl, X; = Tlep A, Wheredj = 3 !, 0 < j < n. Also, for every integer

1=0
t > 0,tk9 = (-1+ snt = -t modn, so that,; andA,_; belong to same partition block(t) = S(n—t). Thus

eachx; is real. Let us define
In = {l 2 1#1] = 2g}.

Itis clear thatn/|l,| — 2g. Without any loss, we denote the index set of spelsl, = {1,2,...l]}.

Let Lw,w?,...w%9 1 be all the (B)th roots of unity. Note that for every, the eigenvalues of,

corresponding to the sg; are: /29 /29 x/%84,29-1 Hence, it sfiices to consider only the modulus

| B
of eigenvalues<}/2g as] varies: if these have an LSB, say, then the LSD of the whole sequence will be
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(r,0) in polar coordinates whereis distributed according t& and@ is distributed uniformly across all the
2g roots of unity andr and@ are independent. With this in mind, and remembering theirsgai/n, we

consider Fa(¥) = [l 1“Zn|: ﬂ ] ]

Since the set oft values corresponding to ai; is closed under conjugation, there exists aget: #; of
sizeg such that

Pi={X:XxeAorn-xe A}.

Combining eachi; with its conjugate, we may writg; in the form,

Xj = n(atzn + btzn)

teA

where{a;,} and{b,} are of the form

atn_Zeqcos( ) btn_Za45|n( ),teﬂj, 1<j<nl.

It may be noted that the sine and cosine terms above havedhd oghogonality properties:

n-1 , n—
Zc (ZH“) (27: I) 0, and Zco§(2ﬂt ) Z (—) =n/2 Vtt.
f n-1 il

2. cos(ZJTT“)cos(ZJ:,I) 0, andZsm(ZﬂI)& (

Claim. Suppose that the variablég} are i.i.d. standard normal. Then for evmyn‘l/zxj are i.i.d.
and each is distributed agfold product of i.i.d. random variables each of which is umrt distributed as
Y/2 whereY is Chi-square with two degrees of freedom. Note tj& has the same distribution as that of
Exp(1) random variable.

This claim follows easily from the above orthogonality peoty which implies thata,, byn} are i.i.d.
normal with mean zero and varianng¢2.

Continuing with the proof, first assume that} are i.i.d. standard normal. In this ca$g, is the usual
empirical distribution ofll,| observations onf([g E;)Y/?9 whereE; are i.i.d. Exp(1). Thus by Glivenko-
Cantelli Lemma, this converges to the dlstrlbutlon ]51fg(1 )Y/29. Note that though the variables involved
in the empirical distribution form a triangular sequenceehéhe convergence is still almost sure due to
the specific bounded nature of the indicator functions wedl This may be proved easily by considering
higher moments, and using Borel-Cantelli lemma.

As mentioned earlier, all eigenvalues corresponding togamsition block®; are all the (8)th roots of
the productx;. Thus, the limit claimed in the statement of the theorem fio&b we have proved the result
when the{a;} are i.i.d. standard normal.

Now suppose that the variablés } are not necessarily normal. This case is tackled by normaioap
mation arguments similar to Bose and Mitra (2002)[3] whol déth the case&k = n— 1 (and hencg = 1).
We now sketch some of the steps. The basic idea remains the lsatnwith some added notational and
technical complications. Before we use the normal apprafion, we establish the following lemma.

) 0 Vvt=t.
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Lemma 4 Define for some for somex 0, the set
Ce2 L WAL2/02 L w\1/2 2 2 \1/2
A= {00 X, Xap) - (06 +5) P0G + ) 2. 06, 4 +%5,) 2 <1l

Let(0A)" be thep-boundary of A and leb,p(-) denote the cumulative distribution functior2p-dimensional
standard normal vector. Then there exists a constant C swdtfdr all smallp > 0, for anye > O,

SUpDp((0A)" - y) < ' ~.
yeRP

Proof Note that for convex setd results of above kind are well known. Here the maifficlilty comes
from the fact that the given sét is not convex. To overcome that we will work towards convegtihis
problem into one where we only have to deal with a convex set.

Recall thaty-boundary ofA is given by
OA) = {(Xa. Xa. - . Xp) 1 T =1 < 04 +X5) Y204 +XQ)Y2 ... (66, 1 +X8) 2 <1 + 7).

Let g(y) = @2p((0A)" —y). Then it is easy to see thgtis continuous. We claim that as méx| — oo,
g(y) — 0. To see this, without loss, assume that nfaix= |y;1| — . Let

S = {06 X4, -, Xap) : (G + Q)2 (08, 1 +5,)7% > 0},
On the seB, define the following two functions,
110X X ... Xep) = (= /I0E + XQ)Y2 ... (G, 4 +8) 2]

and
r2(Xa, Xa, -, Xap) = (r + m)/[0G + X% (G, 1 + X5,) 2.

Observe that

Oop((0A) +y) = f(aAy (X1 — Y1)p(X2 = ¥2) ... (Xop — Yop)dXadXz . .. dXp

B f [f $(x1 — y1)d(xz2 — y2)dxadXe| ... ¢(Xz2p = Y2p) - - - dXop.
(X3.....Xzp)€S [ Jr2<x@+x3<r2

.....

A simple application of DCT shows tha,,((0A)” +y) — 0 asly:] — 0. Hence there exists a point
Y= (2.5, .. .,ygp) € R% such thag(y°) = sugpa«9(y). LetL := max [y?).

Now supposeX; is distributed asN(yiO, 1). Then we have the very crude tail bouri{)X;| > M) <
e-M-L)_ For suficiently smallp, let M = —2logn. ThenP(|X| > M) < 1. Now,

Do (DAY +Y0) = f(a 008 V)60 = 10) ... ¢(xzp — Y3 d¥el% . . dxap

< 2kn + f B(xa = YDB(X2 — V) - .. B(Xzp — Y3 )dXadX . .. AXpp.

(OA1I%]<M Vi

If (X1, X2, ..., X2p) € (OA)7 and max|x| < M, then

r-n .
06143022 sty W 1si<k

10



Thus after fixing (R — 2) coordinates, X4, . . ., X2p, (X1, X2) can vary atmost within the following range.

(ZM)k—l
r-n

(2M)<-1\< 1
r—n ) '

k-1
) < (G +x) 2 < (r +n)(

«w%

This set is contained in a set which can be given in a compatt & follows

R- cn(—logn) Y’ < (¢ +x3)Y2 < R+ cn(~logn)*’, for some suitable constariandc.

Let D((a, b); ) denote the closed disc i with centre at4, b) and radiuss. Lets = cn(— logn)®*2*. Then
from the above calculations,

f B = YY) .. p(Xap — Y3 )dXe ... dxop < f d(x1 — Y)p(x2 — YI)dxadx
@A I%I<M Vi (@D((0,0);R))°

P(x1)(x2)dx dx

LD((yE,yg);R))‘S
<c6 for some constant; > 0.

Since D((y‘f,yg); R) is convex, the last step above follows from Corollary 3.2Bbfattacharya and Ranga
Rao (1976)[2] which implies that for all convex s&s

f d(X1)p(X2)dx dx < KS
(9EY

where PE)’ is thes-boundary ofE andK is an absolute constant (independenEpf
Combining all the estimates, the proof is complete. ]

Continuing with the proof of the theorem, let us defineffigy} are i.i.d. Exp(1),
g
F(X) = P((l—[ ENY% < x], x> 0.
i=1

We show that for every,
E[Fn(X)] = F(x) and VarFn(x)] — O.

This will prove that the ESD converges to the required LSDrivbability.

Note that forx > 0,
[In]

E[Fa0] = 2> B(ZL < x29),
2R

Using the orthogonality properties mentioned earlier, #nedcentral limit theorem for independent random
variables, it is clear that for any finite séfsandJ of indices, ofk and j, asn — oo,

(@n, by, t € K, € J) —» N(O, D) in distribution

whereD is the diagonal matrix with diagonal entrieg2l This motivates using normal approximations.
Towards using an appropriate Berry-Esséen bound, define

[ . [ .
X j = 21/2(a4 cos(%), a;sm(%), teﬂj) 0<l<nl<ij<lhyl.

11



Note that
n-1

E(Xj) =0 and n‘lz Cov(Xij) = lag ¥ j, n.
=

Define the seA C R% as
g
A= {(ai, b;i=12...9): 1_[[2‘1(31_2 + b|2)] < ng}'
i=1

Note that

{ <xZg = ZX”EA

The proof of the following Lemma follows easily from Theorelfi.1, page 181 of Bhattacharya and
Ranga Rao [2]. We omit the proof.

Lemma5 Let Xi,..., Xk be independent random vectors with valueRfh having zero means and an
average positive-definite covariance matrix ¥ k! Z'j‘zl CovXj). Let G denote the distribution of
KY2Ty(Xy + ... + Xi), where T is the symmetric, positive-definite matrix satisfying ¥ Vv, *, n > 1.

If for somes > 0, E||X|||®*) < oo, then there exists £ C, > 0 (depending only on d), such that for any
Borel set A,

IGK(A) - ®a(A) < Cik™?[ k-len TieX; 113 ] + 2 sup®a((0A)" - y),
=1 yeRd

Cak 2 (Amin(Vid) ®pzs + 2 SUPOA((OAY" ~ ),
YeR!

A

IA

wherepz,s = k1 £I_; B | X; 12+ andn = Copa.sn /2.

Using this result and Lemma 4, we get for any snaall 0, and some constaft,

X.
P(—J < ng) — CI)zg(A) < Cn—6/2p2+6 + C(p2+6n—6/2)1—e
\/n
where
n-1
paws =1 D EIX P,
I=0

Now using Assumption |, it is easy to see that

[In|
S[FA00] - D2g(A) = 1ol 12( 2L <) ()] - 0

This proves that fox > 0, E[Fn(X)] = F(X).
To show that VarfF,(X)] — 0, since the variables involved are all bounded, it is endoghow that

ZZ Cov(]I( < x%9), ﬂ(% < x29)) - 0.

i#y
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Along the lines of the proof used to shawF,(xX)] — F(X), one may now extend the vectors witly 2
coordinates defined above to ones withcbordinates and proceed exactly as above to verify this. Mie o
the routine details. This completes the proof of Theorem 3. [ ]

We now state another result which also describes the LSR-éirculant matrices but whelle n satisfy
a different relation.

Theorem 4 Supposéda;} satisfies Assumption I. Supposexk1 + sn where g> 2 is fixed and

o(n) if g is even
S= g\
o(ngfl) if g is odd.

Then Fy125,, converges weakly in probability to the LS , Ei)*/? as n — o where E are i.i.d.
Exp(1) and U, is uniformly distributed over the circle of unit radius, ieyggendent of thég;}.

Remark 3 Note that while the radial coordinates of the LSD describe@heorem 3 and 4 are same, their
angular coordinates gier. While one puts its mass only at discrete placé®/®,1 < t < 2g on the unit
circle, the other spreads its mass uniformly over the entini¢ circle. See Figure 1.

We will not attempt to give a detailed proof of Theorem 4 henelbt us sketch the main idea. First of
all, note that gcd(,n) = 1. Sincek? = 1 + sn= 1 modn, we haveg:|g. If g1 < g, theng; < g/a where
a = 2if gis even andr = 3 if gis odd. In either case, it is easy to check that

k& < k9 < (1+sn = o(n).

Hence,g = g1 . By Lemma 3 (i) the total number of eigenvalugsof Ay, such thatj € £ and|P|| < gis
asymptotically negligible.

Unlike the previous theorem, here the partition $gtare not necessarily self-conjugate. In this case one
can show that the number of indicesuch thatP, is self-conjugate is asymptotically negligible compared
to n. For that, we need to bound the cardinality of the followiegfer 1< | < g:

{te{L2,...,n}:tk = -t modn}={te{l,2,...,n}:ntK + 1)}

Note thatty = n/ gcd, k' + 1) is the minimum element of the above set and every otheresieof the set is
a multiple oftg. Letty(k! + 1) = nmfor some positive integen. Note that k' + 1))nmimpliesm > m
Combining, we have

K+1

! _ K+l
m&+D2gwnH+Dn

Thus the size of the above set is bounded by

D < gedp, K + 1),
to

Let us now estimate ged(k' + 1). Forl > [g/2],
gedf, K + 1) < ged®¥ - 1,k + 1) = ged(k8' (K + 1) — (K9 = 1), K + 1) < k97,
which implies gedf, k' + 1) < k92 for all 1 < | < g. Therefore,

gedh, K + 1) - klo/2] .25 2s
n = (W_1)/s = K@DA = ((sneyleD/2

= 0(1),

13



: . (g+1)2) . " : .
since, by hypothesis = o(n o7 ) So, we can ignore the partition sets which are self-congiga

For otherp;j,

Xj = n(at,n + by )

tePj

will be complex. Hence the empirical distribution xf for thosej for which |#;| = g should converge to
Htg:1 N; whereN;, 1 <t < gare i.i.d. complex normals, the components being independith mean zero
and variance /2. Observe that such a complex normal can be alternativglyeszed as

D
N; = (E))¥?Uy,

whereE; is Exp(1) andJ; is distributed uniformly over the unit circle in the planedahey are independent.
Hence the LSD ofY/2A, , should be as described in the theorem. This can be rigorgusied using the
same line of argument as given in the proof of Theorem 3. We timaidetails.

4 Spectral Norm

In this section we seek the limiting distribution of the sjpalcnorm ofk-circulant matrices for the simple
subcase of Theorem 3 wheme= k? + 1 . Consider, as in the proof of Theorem 3, that the input secgie
is i.i.d. standard normal. Then, as we have seen in that pteefmodulus of the nonzero eigenvalues are
essentially independent and distributed accordingEideg)Y/4, whereE;,i = 1,2 are i.i.d. standard expo-
nential random variables. Thus, the behavior of the spentran automatically translates to the problem of
studying the maxima off; E»)¥4, which given the extreme value theory, is not tofiidult. In addition, as
suggested by the results of Davis and Mikosch (1999)[6]nevieen the input sequence is not i.i.d. normal
but just mean zero and variance 1 with suitable moment dondisome kind of invariance principle holds
and the same limit persists. The next theordfitras our belief. But before that, let us recall the following
definition.

Definition 1 A probability distribution is said to be Gumbel with paramief > O if its cumulative distri-
bution function is given by

Ag(X) = exp{—0exp(Xx)}, XxeR.
The special case wheh= 1 is known as standard Gumbel distribution and its cumulatisribution
function is simply denoted by(-).

Theorem 5 Supposda;};°, is an i.i.d. sequence of random variables with mean zero amidce 1 and
Ela]” < oo for somey > 2. If n = k? + 1 then

IN2Acll2 = dg o
_)

Cq

as n— co where g= q(n) = [§1and g and d, can be taken as given ().

A.

Notation. For the subsequent development, we are going to need tbe/fiolj notations some of which have
been already used in the proof of Theorem 3. @et[§]. By Lemma 7, in the present case, the eigenvalue
partition of{0,1,2,...,n - 1} contains exactly sets of size 4, which we denote B4, %>, ...,Pq. Since
each®; is self-conjugate, we can find a séf c #; of size 2 such that

Si={X:XxeA orn-xe A} )

14



For any sequence of numbels){.z define

2

n-1
> bexpotl)| w=%, 1<t<q. (6)

=0

Bon® = | |

jeA

Proof of Theorem 5Note that with the above notation,
IN2Anll2 = max(Ban(t)*.
1<t<q

As in the proof of Theorem 3, first assume tiiat are i.i.d. standard normal. L&, E,...Eyq be i.i.d.
standard Exponential. Recalling the claim made in the poddtheorem 3, it easily follows that

]P( {ngx(ﬂa,n(t))l/‘l > CqX + dy) = P((Ezi-1E2)"* > cqx + dg for some 1< i < ).
<t<q

The Theorem then follows in this special case from the Lemeiavib This result may be known in the
literature. Since we could not find a reference, we providietch of the proof.

Lemma 6 Suppose G is the distribution ¢E;E,)Y4 where E are i.i.d. standard exponential random
variables. If G are i.i.d. random variables with the distribution G, and"G= maxG; : 1 <i < n}, then

(n _
G-t o
Cn

where ¢ and d, are normalising constants which can be taken as follows

~ 12 _ (logn)t/2 1loglogn n
cn = (8logn) and d, = —\/é 1+ 2 logn + 2@logn)i2 log > (7)
Proof Define .
K(X) := P(E1E, > X} = f exp(y) explxy Hdy, x> 0. (8)
0
Differentiating (8) twice, we get
& T2 ~1
—KX) = [ Yy “expty)expxy )dy, )
dx: 0
which implies thai satisfies the dierential equation
& — " - -2 -1
Xgg K0 KO == | - (@=xy?)exp(=(y + xy"))dy
= exp(—(y + xy‘l))‘: =0, for x>0, (10)

with the boundary condition&(0) = 1 andK(e0) = 0.
The theory of second orderftirential equations now tells us that the only solution tg {(§@iven by

K(x) = ax2Hi(2ix"?), x>0

wherei? = -1 and H} is related to Bessel function, as for example given in Watd®44)[15]. More
precisely,
HI(¥) = Ju(X) +iY1(X)
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andJ; andY; are order one Bessel functions of the first and second kinectisely.

It also follows from the well-known theory of the asymptofimoperties of the Bessel functiods and
Y1, that

K(x) < 7t/?xY4 exp2xH?) as x — oo. (11)
Now let
G(x) = P{(E1E2)"* > X}, (12)
From (11) _
G(X) = 7¥2xexp(2x%) as X — o (13)

We now use Proposition 1.1 and the development on pages 4anitResnick (1996)[13] to establish the
Lemma. In particular, we need to show that,

G(¥) = 6((1 - Fy(x)

where
lim 6(x) =6>0

X—00

and, there exists some and a functionf such thatf(y) > 0 fory > X such thatf has an absolute
continuous density with’(x) — 0 asx — oo so that

X
1-Fu) = e~ [ WD), x> (14)
X0
Moreover, a choice for the normalizing constagtandd, is then given by
-1
dy=(1/(1-Fs) (). ¢ = f(dy). (15)
Then .
G *_d” =y
Cn

Towards this end, define for> 1,
0(x) = 722, 1-Fy(x) = xexp(-20¢ - 1)), x=1=X. (16)

To solve forf, taking log on both sides,

X
1
lo x—2x2—l:—f —dy. 17
g ( ) T Y. (7)
Taking derivative,
1oyt
X (X
or X
f(X) = ——
®=2e 1
and hence ag — oo, L
f(X) = 5(

Note thatd;, (to be obtained) will tend too asn — co. Hence

cn = F(dy) = (4dy) ™

16



We now proceed to obtain (the asymptotic form djf) Using the defining equation (15),
d; exp_z((drfl)z_l) — n_l'

Clearly, from the above, we may write

logn
2
wheres, — 0 is apositivesequence to be appropriately chosen. Thus, again usingw&&)btain

di = (——)"*(1 + 6n)

(logn)(62 + 26p) — (% loglog+&,) =0

where 1
&=2- > log 2+ log(1+ 6p).

“Solving” the quadratic,

~2+ \[4+4(3log log+£;)/ logn
(Sn = 2 )

Using expansionvl+ x =1+ %x +O(x%) asx — 0, we easily see that

1 2
1(2 log Iogn+§n] . O((Iog logn) )

"2 logn (logn)
Hence . )
. _logn i) 3 loglogn+ &y (log logn)
th = ( 2 ) (1+ 2logn +0 (logn)3/2
Simplifying, and dropping appropriate small order terms, see that
Mm_4
G ~ dn —D>A,,1/2e72.
Cn
where "
~ _ (logn) lloglogn 1 1
h = —\/é 1+ 2 logn (8Iogn)1/2(2 2IogZ)
and

& = (8logn)~Y/2.

(18)

To convert the above convergence to standard Gumbel disoth we can borrow the following result from
de Haan and Ferreira (2006) [7][Theorem 1.1.2] which sagsttie following two statements are equivalent

for any sequence @, > 0, b, of constants and any nondegenerate distribution funétion

1.
r!im G"(chx + dn) = H(X),

for each continuity poink of H.

_ -1 _
lim (1/(1 G)) (tX) d[t] _ H_l(e_l/x),
t—o0 C[t]

for eachx > 0 continuity point ofH (e 1/%).
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Now the relationA,;*(e"*) — A~} (e™V/*) = log 6 and a simple calculation yield that
Cnh =& On = dy + & log(rt/2e7?).
[
We now tackle the general case by using truncatiofggf Bonferroni’s inequality and an appropriately

sharp normal approximation result. We start with a simplenbe about the structure of the eigenvalue
partition of{0,1,2,...,n—1}.

Lemma7 Letn=k?+ 1. Then

< -
Ukn = .
> n

Proof Clearly,S(1) = {1,k k? k? — k + 1} and thusy; = 4. By Lemma 1,

2 ifniseven

_ ~ 2 a2y
[{x:0 < x<ngx<gll =gedk 1’k+1)_{1 if nis odd

For eacm > 1, define a triangular array of centered random variabié‘%)@t<n by
a=a"

Lemma 8 (Truncation) AssuméE|a|” for somey > 2. Then

= atljay<mr — Bad e

14 AN 1788
{Qgé(ﬂa,n(t)) {Qgé(ﬂa,n(t)) o(1) as,

wheregBzn(t) is as given in6) based orﬁ(on) 5(1”) é(n”_)l
Proof Since}, Lexp(lwj) = 0for j # 0, it follows thatBzn(t) = Ban(t) where

& = é’gn) =a+ Eal g <miy = atljg <y

By Borel-Cantelli lemma, with probability ong;” [al -1/~ is finite and has only finitely many non-zero
terms. Thus there exists an intedéfw) > 0 such that

3
|_\

N(w)

8 - ] = Z [@ulljagsnt < Z @l gt = Z @elljags 7+ (19)

0
3

Consequently, im > N(w), the left side of (19) is zero. Therefore, the sequenegsn and éaf”))mskn
are identical a.s. for all sticiently largen and the assertion follows immediately. ]

Lemma 9 (Bonferroni inequality) Let By, By, ..., B, be events from a-field ¥ and (2, ¥, P) be a prob-
ability space. Then for every integer=l,

2m-1

2m n
DS <p((B) < D (-1)S)n, (20)
=1 i=1 =1

where

Sin= Y, P(hBh).

I<ip<ip<..<ij<n 1=1
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Ford > 1, and any distinct integers, io, ..., g, from{1,2,..., [”%11}, define

va(l) = ( cosgial). sin@wiy). . .,cos(widl),sin(widl))’, 1=0,1,2,...,n—1.
Let ¢x(-) denote the density of thedladlimensional Gaussian vector having mean zero and coeariauatrix
¥ and letl,q be the identity matrix of orderd®

Lemma 10 (Normal approximation, Davis and Mikosch (1999)[§) Fixd > 1 andy > 2 and letp, be

the density function of
n-1

2120712 % (@& + N (1),
=0

where(N)) is a sequence of i.i.d. (9,1) random variables, independent @) and o2 = Var(ay)s?. If
N Inn< s <1withc=1/2-(1-6)/y forarbitrarily small§ > 0, then the relation

ﬁn(X) = g0(1+o.%)|2d(X)(1 + Sn) Wlth En — O
holds uniformly for|x||® = og(n/%17), x € R,

Corollary 1 Lety > 2ando2 = n¢ where c is as given in Lemma 10. Let E be a measurable $&%in
Then

fEr)n(x)dx—j;go(lwﬁ)'m(x)dx4SSnfE<p(1+(,%)|2d(x)dx+ Og(expnT)),

for somen > 0 and uniformly over all the d-tuples of distinct integdrs: iq, io,...,Ig < r”;211.

Proof Setr = n* where O< @ < 1/2 - 1/y. Using Lemma 10, we have,

‘ fE Pn(x)dx - fE go(lﬂ,%).m(x)d{

[ pogax- [ so(lwg).m(x)d% Lo B [ g, (X
Enflixii<r} Enflixii<r} ENflIXI>r} ENflIXiI>r}
Ssnf <p(1+gﬁ),2d(x)dx+f r)n(x)dx+f P(1+02)154(X)AX

Enflixii<r} {IIx>r} {IIX>r}

wheree, — 0. First let us bound the second term above. Denoting-tiecoordinate of the vectog(l) by
W), 1< j<2d
d ’ — — 7

<

n-1
f Pn(x)dx =P [nzlfzn—”2 D@+ oaNva(ll > r}
{IX[>r} I=0

n-1
1/2,,-1/2 = (1)
< 2d 121,'22)3}?['2 2t |;;(aJ + NV (1) > r/(2d)]

n-1
-1/2 ) (_rnC/2
<z 1211_22>E‘P[|n IZC; avy (> r/(4\/§d)] + 4d exp(rn®? /(4 V2d))

where we have used the normal tail bouR@N(0, )| > X) < 2e77 for x > 0.
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Note that the random variablawgﬁ(l), 0 < | < nare independent, have mean zero, variance at most one
and are bounded byn?”. Therefore, by applying Bernstein’s inequality and sulbsed simplifications,

n-1
P[|n—1/2 > @) > r/av2d| < expKr?)
1=0
for some constark > 0. On the other hand, the third term can easily be bounded by

f{“ ” }go(lw%),m(x)dx < 4d exp(-r/4d).
X||>r
|

Lemma 11 Fix x € R. Leto2 = n~° for some ¢ 0. With notation as in the previous lemma, we have

P((E1E2)"* > (1 + o) M2(cox + dn)) < %

where K= K(X) is some positive constant depending on x.

Proof Since (1+y)™Y? > 1-y/2 fory > 0,
P((E1E2)"* > (1 + 0B ™M2(cox + dn)) < P((E2E2)™* > (1 - 03/2)(Cx + dn)).

Recall the representation
P((E1E2)Y* > X) = 0(X)(1 — F#(X)) asx — .

Note that (1- 02/2)(CnX + dn) = d + (dn — d) + CaX — (CaX + On)o2/2 = di + 0x(1) where we use the
facts thatc, — 0, (dn — d}})/cy = 0(1) andd, ~ +/logn. The lemma now easily follows once we note that
1-Fu(dy) =nl. o

We now continue with the proof of Theorem 5. B R. For notational convenience, define
: _ 1/4
Q(ln) =P ( {Qt%('ga*""“’”(t)) 1% > cqx + dq),
: 2 1/4
Q(Z”) =P ({Qéé(l + 02)(Ez-1Ex)Y* > cqx + dq),
where{N;} is a sequence of i.i.d. standard normals random variableé€gi < i < o are i.i.d. Exp(1).
Our goalisto approximat@(ln) by the simpler quantitp(zn). By Bonferroni’s inequality, for alm > 1,
2m-1

2m
DTS < QP < ) (<) sy, (21)
i=1 i=1

where
Sin= > B(Baronnt)* > cx+ dg, ., Baronnt)) 4 > cox+ dg)

I<ti<tr<..<tj<q

Similarly, we have

2m _ 2m-1 _
P M < QY < ) (1), (22)
i=1 i=1
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where

Tin= Z P((1+ 02)(Eaty-1Ea)* > Cox+ . ..., (1 + 03) (Ezt 1Bzt > Cox + ).

1<ty <tr<..<tj<q

Therefore, the dierence betwee@‘ln) and Q(Z”) can be bounded as follows:

2m 2m-1
Z(_l)J_l(Sj,n - Tj,n) - T2m+l,n < Q(ln) - Q(zn) < Z (_1)1_1(Sj,n - Tj,n) + T2m,m (23)
i=1 i=1

for eachm > 1. By independence and Lemma 11,
j j
Tin< (T)% < % foralin,j> 1 (24)

Consequently, lim, limsup, Tjn = 0. Now fix j > 1. Let us bound the fierence betwee8;, andTj.
Letl1<t; <ty <...<tj <q. Define

V2i(l) = (cosey 1), sin(wey 1), coswe, 1), sinwe, ), ... ., cos(u)e{j ), sin(we{j 1)),

whereA is as defined in (5) and we represefif as{e;, € }. Then,

P((Baroann(t))* > coX+ das ., Baromnan(t))V* > cox+ dg)
n-1

=P(2Y20712 3 (@ + Ny () € BY),
1=0

where
BY = {y e R : (V11 + ¥2,2) 403 + Vaua) 't > 2Y2(cox+ dg), 0 < i < ).

By Corollary 1 and the fach + Zg 2 2E; whereZ,, Z, are i.i.d. standard normal, we deduce

n-1

P(2Y20712 3 (@ + NV () € BY) - B((1+ 02)%(Eay 1 B2 )M/* > Cox+ dg, 1 < < )
1=0

< enP((1+ o) Y2(Eay-1E2)* > cqx+ dg, 1 i < j) + O(exp(-n7))

uniformly over all thed-tuples 1<t; <t < ... <tj <q.
Therefore, as — o,

j
Sin—Tynl < enTyn + (’;)O<exp(—n"» < Sn% +o(1) - 0, (25)

Hence using (21), (22), (24) and (25), we have

lim sup|Q(1”) - Q(Z”)l <limsupTomin + limsupTomn  for eachm> 1.
n n n

Lettingm — oo, we conclude lirg Q(l”) - Q(Z”) = 0. Since by Lemma 6,

max(Ex_1Ex)Y* = Op((logn)*/?) and 2 = n"°,
1st<q
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it follows that
(1 + 02)Y? max<i<q(Ea-1E2)Y* - dq 2

Cq

and consequently,

maxlstsq(,3:?1+<rnN,n(t))l/4 - dq _D>

Cq

In view of Lemma 8, it now sflices to show that

A.

{Qgé(ﬁéﬂrnN,n(t))l/ - {ggg(ﬂa,n(t))” * = 0p(cq).
We can use the basic inequality
12222] = Wawal| < (2] + Wol) MaxX(|zy — Wil 122 — Wal},  z,Wi € C,1<i<2
to obtain
|lr2t2i‘((ﬂ5+onN,n(t))l/2 - {Qtzé(ﬁin(t))l/2| < (Mp(@+ onN) + Mp(@)Mn(onN)
< (2Mp(@+ onN) + Mp(onN))Mp(onN)

where, for any sequence of random variab¥es (Xi)o<i<n,

n-1

n-1/2 Z X expwtl)
10

Mn(X) = max

1<t<n

As a trivial consequence of Theorem 2.1 of Davis and Mikod4&99) [6], we have
MZ(onN) = Op(onlogn) and MZ(@ + onN) = Op(logn).
Together witho, = N~°/2 they imply that

max(BaroNn(8) Y2 — max(Ban(t)? = op(n~*/4).
1st<q 1<t<q

From the inequality

VY1 — VYl < y1—VYol, Y,¥2>0

1
min vy V2l
it easily follows that

_ 1/4 _ _ 1/4 _ -c/8y _
MaX(Baroann(®) " — maxX(Ban(t)) ™ = 0p(7) = 0p(Cy).

This completes the proof of Theorem 5. |
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Figure 1: Eigenvalues of 20 realizationsrof/2A, , with a; ~ Exp(1)— 1 when ()k = 11 k® = -1+ 2n
(left) and (i) k = 11, k3 = 1 + 2n (right).

Appendix

For completeness, here we provide a proof of Theorem 1. Ribealfor any two positive integelisandn,
p1 < P2 <...< pcare all their common prime factors so that,

C C
n= n’l—[pﬁq and k=K [ | pq".
g=1 g=1

Hereaq, Sq > 1 andr', k', pq are pairwise relatively prime.
Define
M = max[Bq/aql, [t] = tk" modn.
1<g<c

Lete, 4 denote al x 1 vector with (nmodd)-th element unity and other elements zero. If there is npsco
for confusion, we shall write, for g, ;. The matrixEmq is thed x d matrix with j-th column equal te;,, ,,
0<j<d

Define the diagonal matrix

Amd = diag[/l[o], Al]s oo ALjls o es /l[d—l]] ,

where [j] = k™ mod n as defined above.
To prove Theorem 1, we need two lemmas. We omit the proof ofitsilemma since it is easy.

Lemma 12 Let(n(0), n(1), ..., n(n—1)) be a permutation of0, 1, ..., n—1). Define the ix n permutation
matrix P, as
Pr = |€0) &) -+ Ertn-1)
Then,
- (A if (i, )= (@ Yktmod B, 7Y(t)), O<t<n
(PrEknAonPr)ij = { 0 otherwise.
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Lemma 13 Let k and b be positive integers,=ggcdk, b), x = b/g. Then the following equation holds.
% (Acb) = % (ExbAop) = 2 (Exx X diag(Aomod b Akmodb A2k modb - - - » A1)k mod ) -

Proof of Lemma 13 Define theb x b permutation matrix

0 Ip1
1 0 |

[1]

Observe that for & j < b, the j-th row of Ac}, can be written ag" =K. From direct calculation, it is easy
to verify thatE = UDU* is a spectral decomposition Bfwhere

D =diaglw,...,w”™),U =[up: Uy : - : Uup_g] with uj = bY3(L, ), 0?,...,0® D)), 0<j<b.
Note that1; = aTuj, 0 < j < b. From easy computations, it now follows that
UAcpU = ExpAop,
so thaty (Axb) = % (ExpAop), proving the first equality.
To prove the second equality, define the following matrices
Bix = | €0 8b Bab - Epc1iko| and P=[B: B

where B¢ consists of those columns &f that are not inB which makesP a permutation matrix. Clearly,
Exp =[B: B:---: B]which is ab x b matrix of rankx, and we have

% (ExpAap) = 7% (P" ExbAopP).

Note that,

[ | oo
P ExpAonP ‘ ' y
kb0b [ Oto-xxx Oo-xxx -+ Ofo-xxx

Il

>
o
o

gv)

= ¢ ] P for somex x b matrixC
| Oo-x)xb

[ C CB CF
= BZBC = .
| Op—xxb ][ ) [ 0 © ]

Clearly, the characteristic polynomial Bff ExpAq,P does not depend o@B°, explaining why we did not
bother to specify the order of columns®B3. Thus we have,

% (ExpAop) = x (P ExpAopP) = 17 (CB).

It now remains to show th& B = Ex xA1x. Note that, thg-th column ofB is Eikb: So, j-th column ofCB
is actually the {k modb)-th column ofC, where,

= [Ix 1 R |x] xdiag(/lo, A1, ..., /lb—l)-

Hence, (k modb)-th column ofC is Ajk modb € So,

jk modx*

CB = Exx x diag(o modb, Akmodb> A2k modb: - - - » A(x~1)k modb)
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and the Lemma is proved completely. ]

Proof of Theorem 1 We first establish the Theorem 8¢ . The general case will be subsequently proved
by using this case. Recall the notations given in Sectioni@ceSk andn’ are relatively prime, by using
Lemma 13,

X(Ar) = X (B Ao)
Get the set§g, Sy, ... to form a partition of0, 1,...,n" — 1}, as in Section 2.

Define the permutation on the seZ,, by settingr(t) = s, 0 < t < n’. This permutationr automatically
gives rise to a permutation matrik; as in Lemma 12, and consider the positionstigfor b € S; in the
productP] ExyAgr Pr. LetNj_q = Zt‘:‘01|8t|. We know,Sj = {rjk* modn’,x > 0} for some integer ;.
Thus,

zr‘l(rjkt‘l modn’) =Nj1+t, 1<t<n

so that, position oft, for b = rjk"* modr’, 1 <t < njin Pl Ex v Aqn P is given by

(Nj_1+t+1, Nj_1+t) if,lst<nj

(koo mot) < 7 W
1= (R J v E T

Hence,
Pjr— ExnwAonPr = diag(Lo, L1, ...)

where, forj > 0,ifnj=1=L; = [/lrj], and ifn; > 1, then,

0 0o o0 .. 0 A1 mody
Arj modr 0 0o ... 0 0
LJ — O /lrjkmodn/ O 0 O
0 0 0 o Ay mogn 0

Clearly, x(L;) = 2" — x;. Now the result follows from the identity

X (i) = | [(Ly) = [ ]@" - x).

j=0 j=0

qu let us prove the general case. Fix positive integgigrd < q < c. Definen = n’ x ngl pﬁq. Then, again
using Lemma 13,

%(Axn) = x(ExnAon)
whereAgn = diag(do, . . ., An-1)-
Recalling thatM = max<q<c[Bq/aq], [t] = tkM modn, and again, using Lemma 13 repeatedly,

x(Acn) = X(Ek,,nAO,n)
= A" x(Exw Am)
= A" x(ExwAmsjw) forall j >0
Ay (Ek,n’ x diag (/lo modn, Adymodn, A2y modns - - - » A(-1)y modn))
= A""x(Exw xTon)

Now replacingAoy by I'oy, we can mimic the rest of the proof given in casefpfy, and complete the
proof of the general case. u
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