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Abstract

Circulant matrices with general shift byk places have been studied in the literature and formula
for their eigenvalues is known. We first reestablish this formula and some further properties of these
eigenvalues in a manner suitable for our use.

We then consider randomk = k(n) circulantsAk,n with n → ∞ and whose input sequence{ai} is
independent with mean zero and variance one and supn n−1 ∑n

i=1E|ai |2+δ < ∞ for someδ > 0. Under
suitable restrictions on{k(n)}, we show that the limiting spectral distribution (LSD) of the empirical
distribution of suitably scaled eigenvalues exists and identify the limits.

As examples, (i) ifkg
= −1+ snwhereg ≥ 1 fixed ands= o(n1/3), then the LSD isU1(

∏g
i=1 Ei)1/2g

whereEi are i.i.d. Exp(1) andU1 is uniformly distributed over the (2g)th roots of unity, independent of

the {Ei}, and (ii) if kg
= 1+ snwhereg ≥ 2 is fixed ands = o(n

g+1
g−1 ) or s = o(n) according asg ≥ 2 is

odd or even, then the LSD isU2(
∏g

i=1 Ei)1/2g where{Ei} are i.i.d. Exp(1) andU2 is uniformly distributed
over the unit circle, independent of the{Ei}.

We then consider the limit distribution of the spectral normof Ak,n. We show that whenn = k2
+1→

∞, the spectral norm, with appropriate scaling and centering, which we provide explicitly, converges to
the Gumbel distribution.
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1 Introduction

Supposea = {ai , i = 0, 1, 2, . . .} is a sequence of real numbers (called theinput sequence). For positive
integersk andn, define then× n square matrix

Ak,n(a) =



a0 a1 . . . an−1

an−k an−k+1 . . . an−k−1

an−2k an−2k+1 . . . an−2k−1
...


n×n

.

We emphasize that all subscripts appearing in the matrix entries above are calculated modulon. Our con-
vention will be to start the row and column indices from zero.Thus, 0th row ofAk,n(a) is

aT
= (a0, a1, a2, . . . , an−1) .

Moreover, for 0≤ j < n− 1, the (j + 1)-th row ofAk,n is obtained by giving itsj-th row a right-circular shift
by k positions (equivalently,k modn positions). We will denoteAk,n(a) by Ak,n or An. Ak,n(a) is said to be a
k-circulant matrix. It may be noted that thek-circulant withk = n+ 1 reduces to the usual circulant matrix.
In general, without loss of generality, the value ofk may always be reduced modulon.

Thek-circulant matrix and its block versions arise in many contexts and have been considered in many
works in mathematics, statistics and related areas. As examples, we mention the book by Davis [5] and
the article by Pollock (2002)[11]. Zhou (1996)[16] Davis (1979) provides a formula description of the
eigenvalues of thek-circulant matrix. In this article, we first give a more detailed development leading to
that formula and explore various special cases in some details.

Circulant matrices play a crucial role in the study of large dimensional Toeplitz matrices with nonran-
dom input. See, for example, Grenander and Szegö (1984)[9]. The eigenvalues of circulant matrices are
essentially the discrete Fourier transform of the input sequence. The periodogram in time series analysis is
a function of the eigenvalues of an appropriate circulant matrix with the time series inputs (see Fan and Yao
(2003)[8]).

The k-circulant matrices, with fixed or increasingk and with the dimensionn tending to infinity and
the input sequence{ai} being an appropriate random sequence are examples of patterned large dimensional
random matrix (LDRM). Consider the random distribution which puts equal mass at each of the eigenvalues
of an appropriately centered and scaled version of an LDRM. Then its weak limit (say, in probability), is
said to be the limiting spectral distribution (LSD) of the sequence of matrices. Deriving LSD for general
patterned matrices has drawn significant attention in the literature. See for example the review article by Bai
(1999)[1] or the more recent paper Bose and Sen (2007)[4].

In this article, we investigate the existence of LSD for thek-circulants. With varyingk, the LSD is widely
varying. The following results are known. Suppose the inputsequence{ai} is independent with mean zero,
variance one and with uniformly bounded finite third absolute moment. Then (see for example Bose and
Mitra (2002)[3]),

(i) If k = 1 (or equivalentlyk = n+ 1), the LSD of thek-circulant is bivariate complex normal.

(ii) If k = n−1, the LSD of thek-circulant is the symmetric version of the positive square root ofE where
E is standard exponential.

In general, we can not rule out the possibility that the values of k andn are such that there are too many
zero eigenvalues. In fact supposek = no(1), n → ∞ with gcd(n, k) = 1, and the input sequence is i.i.d.
normal. In Theorem 2, we establish that, in this case, the LSDis the point mass at zero.
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Thus, to avoid trivialities, we needk = nΩ(1) as n → ∞. To characterize the possible LSD for all
combinations ofk andn is an interesting problem. While we do not have a complete solution, we prove a
few general results under suitable relations onk andn.

Under Assumption I given below, we establish that (i) ifkg
= −1+ snwhereg ≥ 1 fixed ands= o(n1/3),

then the LSD isU1(
∏g

i=1 Ei)1/2g whereEi are i.i.d. Exp(1) andU1 is uniformly distributed over the (2g)th

roots of unity, independent of the{Ei}, and (ii) if kg
= 1+ snwhereg ≥ 2 is fixed ands= o(n

g+1
g−1 ) or s= o(n)

according asg ≥ 2 is odd or even, then the LSD isU2(
∏g

i=1 Ei)1/2g where{Ei} are i.i.d. Exp(1) andU2 is
uniformly distributed over the unit circle, independent ofthe{Ei}.

The above results can be extended to situations where the LSDhas a positive mass at zero and the rest
of the mass is distributed as above. The results fork = 1 andk = n− 1 mentioned earlier follow as special
cases of the above.

Assumption I The sequence{ai} is independent with mean zero, variance one and for someδ > 0,

ρ2+δ = sup
n

n−1
n∑

i=1

E|ai |2+δ < ∞.

Another very important quantity associated with matrices is its largest (in magnitude) singular value. For an
n× n matrix B ∈ Mn(C), the spectral norm‖B‖2 is defined as

‖B‖2 :=
√
λmax(B∗B) = max{|λ| : λ is an eigenvalue ofB}.

For classical random matrix models such as the Wigner matrixand the i.i.d. matrix with Gaussian entries,
the limiting distribution of an appropriately normalized spectral norm is known. See for example Tracy and
Widom (2000)[14] and Johnstone (2001)[10].

One may ask similar question for thek-circulant matrices. Since we have explicit description ofthe
eigenvalues ofk-circulant at our disposal, finding the limiting distribution of spectral norms turns out to be
not too hard, at least for some special choices ofk andn, when the entries are Gaussian. But the problem
becomes more interesting when the entries are not necessarily Gaussian.

For the usual circulant (k = 1), and for the reverse circulant (k = n−1), the results of Davis and Mikosch
(1999)[6] essentially provides the limits. Complete answer for all possible cases seems to be a difficult
problem.

Nevetheless, the problem appears to be tractable under suitable assumptions on (k, n). For simplicity,
we deal with a restricted case wheren = k2

+ 1. Suppose that{ai} is i.i.d. with mean zero and variance 1
andE|ai |γ < ∞ for someγ > 2 andn = k2

+ 1. In Theorem 5 we show that asn → ∞ an appropriately
normalised spectral norm ofAk,n converges in distribution to the Gumbel distribution. We also provide
explicit expressions for the centering and scaling.

2 Eigenvalues of thek-circulant

We first describe the eigenvalues of ak-circulant and prove some related auxiliary properties. The formula
solution, in particular is already known, see for example Zhou (1996). We provide a more detailed analysis
which is used in our study of the LSD and the spectral norm in the next sections.

Let

ω = ωn := cos(2π/n) + i sin(2π/n), i2 = −1 and λ j =

n−1∑

l=0

alω
jl , 0 ≤ j < n. (1)
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For any two positive integersk andn, let p1 < p2 < . . . < pc be all their common prime factors so that,

n = n′
c∏

q=1

p
βq
q and k = k′

c∏

q=1

p
αq
q .

Hereαq, βq ≥ 1 andn′, k′, pq are pairwise relatively prime. For any positive integers, letZs = {0, 1, 2, . . . , s−
1}. Define the following sets

S(x) = {xkb modn′ : b ≥ 0}, 0 ≤ x < n′.

We observe the following about the setsS(x).

1. S(x) = {xkb modn′ : 0 ≤ b < |S(x)|}.

2. For x , u, eitherS(x) = S(u) or, S(x) ∩ S(u) = φ. To see this, supposeS(x) ∩ S(u) , φ. Then,
xkb1 ≡ ukb2 modn′ for some integersb1 and b2. Multiplying both sides bykn(x)−b1 we see that,
x ∈ S(u) so that,S(x) ⊆ S(u). Hence, reversing the roles,S(x) = S(u). As a consequence, the distinct
sets from the collection{S(x) : 0 ≤ x < n′} forms a partition ofZn′ .

We shall call{S(x)} theeigenvalue partitionof {0, 1, 2, . . . , n − 1} and we will denote the partitioning sets
and their sizes by

{P0,P1, . . .Pℓ−1}, and ni = |Pi |, 0 ≤ i < ℓ.

Define
x j :=

∏

t∈P j

λty, j = 0, 1, . . . , ℓ − 1 where y = n/n′.

The following theorem provides the formula solution for theeigenvalues ofAn and is inspired by the result
of Zhou (1996)[16]. For completeness, we have provided a proof in the Appendix.

Theorem 1 (Zhou (1996)[16])The characteristic polynomial of Ak,n is given by

χ
(
Ak,n

)
= λn−n′

ℓ−1∏

j=0

(
λnj − x j

)
. (2)

Remark 1 {λ j , 0 ≤ j < n} are eigenvalues of the usual circulant matrix A1,n.

2.1 Some properties of the eigenvalue partition{Pi, i ≥ 0}

With a view to using them for the study of the LSD, we give belowsome properties of the eigenvalues.

1. If j ∈ S(x) andn′ − j ∈ S(u) , then for everyl ∈ S(x), we haven′ − l ∈ S(u) in which case we call
S(x) andS(u) to beconjugateof each other. This is easy to see: letl = jkh modn′ for somem ≥ 0.
n′ − j = ukp modn′ for somep ≥ 0⇒ n′ − l = (n′ − j)kh modn′ = ukp+h modn′.

We now define for 0≤ x < n′,

Ox = {t > 0 : t is integer andxkt ≡ x modn′} and gx = min{t : t ∈ Ox}.

We callgx theorder of x. Note thatgx = |S(x)|.

2. gx dividesg1 for all x ∈ Zn′ . To see this, note thatkg1 = 1 modn′, implying thatxkg1 = x mod n′ for
all x. Thereforeg1 ∈ Ox for all x. But every element ofOx is divisible bygx, and the result follows.
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3. Supposeg dividesg1. Let X(g) be the set of allx ∈ Zn′ whose order isg. Let m = gcd(kg − 1, n′).
Then

X(g) ⊆ Y(g) :=
{
cn′/m : 0 ≤ c < m

}
and |Y(g)| = m.

Moreover, ⋃

h:h|g
X(h) = Y(g).

To prove this, note that clearly,|Y(g)| = m. Fix x ∈ X(g). Then,xkg ≡ x modn′. Thereforen′ divides
x(kg − 1). So,n′/m divides x(kg − 1)/m. But n′/m is relatively prime to (kg − 1)/m and hencen′/m
dividesx. So,x = cn′/m for some integerc ≥ 0. Since 0≤ x < n′, we have 0≤ c < m, andx ∈ Y(g).
It is now trivial to see

⋃
h:h|g X(h) ⊆ Y(g).

On the other hand, take 0≤ c < g′. Then(cn′/m) kg
= (cn′/m) mod n′. Hence,g ∈ Ocn′/m and

gcn′/m|g so thatY(g) ⊆ ⋃
h:h|g X(h).

The following lemma gives an expression for the number of elements inZn′ with order less thang1.

Lemma 1 Let g1 = pα1
1 pα2

2 . . . pαt
t where p1 < p2 < . . . < pt are primes. Then,

|{x ∈ Zn′ : gx < g1}| = G1 −G2 +G3 −G4 . . .

where, for j≥ 1,
G j =

∑

ℓ j∈L j

∣∣∣Y(g1/ℓ j)
∣∣∣ =

∑

ℓ j∈L j

gcd
(
kg1/ℓ j − 1, n′

)

with
l j =

{
pi1 pi2 . . . pi j : 1 ≤ i1 < . . . < i j ≤ t

}
.

Proof Fix x ∈ Zn′ . Let gx = pβ1
1 . . . pβt

t where, 0≤ βi ≤ αi for 1 ≤ i ≤ t. Suppose that exactlym-manyβ’s
are equal to the correspondingα’s. To keep notation simple, we will assume that,βi = αi , 1 ≤ i ≤ h and
βi < αi , h+ 1 ≤ i ≤ t. Thenx ∈ Y(g1/pi) for m+ 1 ≤ i ≤ t andx < Y(g1/pi) for 1 ≤ i ≤ h. So,x is counted

(t − h) times inG1. Similarly, x is counted
(

t − h
2

)
times inG2,

(
t − h

3

)
times inG3, and so on. Hence,

total number of timesx is counted in (G1 −G2 +G3 − . . .) is

(
t − h

1

)
−

(
t − h

2

)
+

(
t − h

3

)
− . . . = 1

completing the proof. �

Define
υk,n′ := (n′)−1 |{x ∈ Zn′ : gx < g1}| .

To derive the LSD in the special cases we have in mind, the asymptotic negligibility ofυk,n′ turns out to be
important. The following two Lemmas establish upper boundsonυk,n′ and will be crucially used later.

Lemma 2 (i) Suppose g1 = 2. Thenυk,n′ = 1/n′.

(ii) Suppose g1 > 2 is even, and kg1/2 = −1 mod n. Thenυk,n′ ≤
g1kg1/3

3n′
.

(iii) Suppose p1 is the smallest prime divisor of g1. Thenυk,n′ <
2kg1/p1

n′
.
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Proof Proof of (i) is immediate from Lemma 1.

(ii) Supposegx = g. Thenx = xkg
= −x modn′. Therefore, 2x = 0 modn′ andx can be either 0 orn′/2,

provided, of course,n′/2 is an integer. Butg0 = 1 < g. So,|X(g)| ≤ 1. We now have,

|{x ∈ Zn′ : gx < g1}| = |X(g)| +
∑

1≤ j≤g1/3

|{x ∈ Zn′ : gx = j}|

≤ 1+
∑

1≤ j≤g1/3

|Y(gx)|

≤ 1+
∑

1≤ j≤g1/3

(
kgx − 1

)

≤ 1+
∑

1≤ j≤g1/3

(
kg1/3 − 1

)

≤ (g1/3)kg1/3.

(iii) As in Lemma 1, letg1 = pα1
1 . . . pαt

t wherep1 < p2 < . . . < pt are primes. Then

n′ × υk,n′ = G1 −G2 +G3 −G4 + . . .

≤ G1 =

t∑

i=1

gcd(kg1/pi − 1, n′)

<

t∑

i=1

kg1/pi where g1/p1 > . . . > g1/pt

≤ 2kg1/p1.

�

The next Lemma is a consequence of Lemma 2.

Lemma 3 Suppose n, k = k(n)→ ∞. Then in each of the following situations,υk,n→ 0.

(i) kg
= −1+ sn where g≥ 1 fixed and s= o(n1/3).

(ii) kg
= 1+ sn, where g> 1 fixed, p1 is the smallest prime divisor of g and s= o(np1−1).

Proof (i) First of all, note that in either cases gcd(n, k) = 1 and thereforen′ = n. Sincek2g
= (sn− 1)2 =

1 modn, thereforeg1|2g. Noteg1 , g becausekg
= −1 modn.

If g1 ≤ 2g/3, thenkg1 = (sn− 1)2/3 < n8/9. Hence,g1 = 2g.

Now by Lemma 2(i) ,

υk,n ≤
2gk2g/3

3n
≤ 2g(sn)2/3

3n
= o(1).

(ii) Clearly, g1|g and so,p1 is smaller than or equal to smallest prime in the prime factordecomposition
of g1. Now Lemma 2(iii) immediately yields,

υk,n <
2kg1/p1

n
≤ 2(1+ sn)1/p1

n
= o(1).

�
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3 Limiting Spectral distribution

Study of the distributional properties of large dimensional random matrices has arisen in many areas of
science and has received considerable attention. For an excellent review, see Bai (1999)[1]. For a random
n × n matrix Bn, let µ1, . . . , µn denote its eigenvalues. The empirical spectral distribution (ESD) ofBn is
defined to be the random distribution function onR2 given by

FBn(x, y) = n−1|{µk : ℜ(µk) ≤ x,ℑ(µk) ≤ y}|,

where for anyz ∈ C,ℜ(z) andℑ(z) denote the real part and imaginary part ofz respectively. Asn → ∞,
if FAn converges weakly (either almost surely or in probability) to a (nonrandom) distributionF, thenF is
called the limiting spectral distribution (LSD) of{Bn}. See Bai (1999)[1] and Bose and Sen (2007)[4] for
description of several interesting situations where the LSD exists and can be explicitly specified.

For thek-circulant, in many cases of course there are a host of zero eigenvalues and the limit distribution
is the point mass at zero. Here is a general result in that direction.

Theorem 2 Suppose{ai} is an i.i.d. sequence of N(0, 1) random variables. Let k≥ 2 be such that k= no(1)

and n→ ∞ with gcd(n, k) = 1. Then the ESD Fn−1/2Ak,n
of n× n k-circulant matrices{Ak,n} converges in

probability to the distribution which is degenerate at0.

Proof Let λ j be as given in (1). Then eachn−1|λ j |2 ∼ Y/2 whereY is a chi-square random variable with 2
degrees of freedom. We also have thatλ j is independent ofλl if l , n − j and |λ j | = |λl | otherwise. Recall
g1 = |S(1)|. Let m ∈ {1, 2, . . . , n − 1} be an element whose ordergm dividesc > 1. Thenmkc

= mmodn,
or equivalently,m(kc − 1) = sn for somes ≥ 1. The number of such elements is clearly bounded bykc. It
easily follows that for a fixedC > 1,

n−1|{ j : g j ≤ C}| ≤ n−1
C∑

c=2

kc
= Cn−1kC asn→ ∞.

Let r j be the absolute value ofj-th eigenvalue ofk-circulant matrixAk,n. It is enough to prove the corre-
sponding empirical distributionGn(·) = n−1 ∑n

j=1 I(n
−1/2r j ≤ ·) converges in probability toδ0, the degenerate

distribution at zero.

Fix r > 0. SupposeZ1,Z2, . . .
i.i.d.∼ Y/2 and define

ψ(m) := P((Z1Z2 . . .Zm)1/2m > r) = P((2m)−1
m∑

j=1

logZ j > log r).

Fix j ≥ 1. Then j ∈ Pl = S(x) for somel and x ∈ {1, 2, . . . , n − 1}. Observe that ifS(x) is conjugate
to itself, thenP(n−1/2r j > r) = ψ(m/2). On the other hand, ifS(x) is not a conjugate to itself, then
P(n−1/2r j > r) = ψ(m).

Note that,

EḠn(r) = n−1
∑

j

P(n−1/2r j > r) (3)

= n−1
∑

l:|Pl |≤C

∑

j∈Pl

P(n−1/2r j > r) + n−1
∑

l:|Pl |>C

∑

j∈Pl

P(n−1/2r j > r). (4)

Note thatE((logZ1)+) < ∞ butE(logZ1) = −∞. Hence, by law of large numbers, asm→ ∞,

(2m)−1
m∑

j=1

logZ j
P→ −∞, implying ψ(m)→ 0.
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Givenǫ > 0, takeC large enough so thatψ(m) ≤ ǫ. Then

lim supEḠn(r) ≤ 0+ lim supn−1
∑

l:|Pl |>C

∑

j∈Pl

P(n−1/2r j > r) ≤ ǫ.

ThereforeḠn(r)
L1→ 0 and hencēGn(r)

P→ 0 ∀r > 0. �

We now investigate the case of possible nondegenerate LSD. If the input sequence{ai} is i.i.d. with finite
third moment, then the limit distribution of the (one-) circulant is bivariate complex normal (Bose and
Mitra (2002)[3]). For thesymmetriccirculant with i.i.d. input having finite second moment, theLSD is real
normal, (Bose and Sen (2007)[4]). For thek-circulant withk = n−1, the LSD is the symmetric version of the
positive square root ofY/2 whereY is chi square with two degrees of freedom (Bose and Mitra (2002)[3]).
Establishing the LSD for generalk-circulants appears to be a difficult problem. Below we consider a few
cases. In particular, the results on one-circulant andk-circulant withk = n− 1 follow as special cases.

The following observation will be useful to us. Suppose{ai} are independent, mean zero and variance
one random variables. Then for allj ≥ 1,

λ̄ j = λn− j , E(λ jλl) = nI(l = n− j), E(ℜ(λ j)ℑ(λ j)) = 0, and Eℜ(λ j)
2
= Eℑ(λ j)

2
= n/2.

Theorem 3 Suppose{ai} satisfies Assumption I. Suppose kg
= −1 + sn where g≥ 1 fixed and s= o(n1/3).

Then Fn−1/2Ak,n
converges weakly in probability to the LSD U1(

∏g
i=1 Ei)1/2g as n→ ∞ where{Ei} are i.i.d.

Exp(1) and U1 is uniformly distributed over the(2g)th roots of unity, independent of the{Ei}.

Remark 2 In view of Theorem 1, the above theorem can easily extended toyield an LSD has some positive
mass at the origin. For example, suppose the sequences k and nsatisfy kg = −1+ sn where g≥ 1 fixed and
s= o(n1/3). Fix primes p1, p2, . . . , pt and positive integersβ1, β2, . . . , βt. Define

ñ = pβ1
1 pβ2

2 . . . pβt
t n.

Suppose k= p1p2 . . . ptm → ∞. Then the ESD of̃n−1/2Ak,̃n converges weakly in probability to the LSD

which has1 −
(
Π

t
s=1pβs

s

)−1
mass at zero, and rest of the probability mass is distributedas U1(

∏g
i=1 Ei)1/2g

where U1 and{Ei} are as above.

Proof First note that gcd(k, n) = 1, and hence in this case,n′ = n in Theorem 1. Thus, the index of each
eigenvalue belongs to one of the setsPl in the eigenvalue partition of{0, 1, . . . , n − 1}. Recall thatυk,n is
the total number of eigenvaluesγ j of Ak,n such thatj ∈ Pl and|Pl | < g1. In view of Lemma 3 (i), we have
υk,n/n→ 0 and hence they do not contribute to the LSD. Hence, it remains to consider only the eigenvalues
corresponding to the setsPl which have sizeexactlyequal tog1. Also it follows from the argument in the
proof of Lemma 3 (i) thatg1 = 2g.

Recall the quantitiesn j = |P j |, x j = Πt∈Plλt, whereλ j =
n−1∑
l=0

aℓω jl , 0 ≤ j < n. Also, for every integer

t ≥ 0, tkg
= (−1+ sn)t = −t modn, so that,λt andλn−t belong to same partition blockS(t) = S(n− t). Thus

eachx j is real. Let us define
In = {l : |Pl | = 2g}.

It is clear thatn/|In| → 2g. Without any loss, we denote the index set of suchj asIn = {1, 2, . . . |In|}.
Let 1, ω, ω2, . . . ω2g−1 be all the (2g)th roots of unity. Note that for everyj, the eigenvalues ofAn

corresponding to the setP j are: x1/2g
j , x1/2g

j ω, . . . x1/2g
j ω2g−1. Hence, it suffices to consider only the modulus

of eigenvaluesx1/2g
j as j varies: if these have an LSDF, say, then the LSD of the whole sequence will be
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(r, θ) in polar coordinates wherer is distributed according toF andθ is distributed uniformly across all the
2g roots of unity andr andθ are independent. With this in mind, and remembering the scaling

√
n, we

consider

Fn(x) = |In|−1
|In|∑

i=1

I


[

x j√
n

] 1
2g

≤ x

 .

Since the set ofλ values corresponding to anyP j is closed under conjugation, there exists a setAi ⊂ Pi of
sizeg such that

Pi = {x : x ∈ Ai or n− x ∈ Ai}.

Combining eachλ j with its conjugate, we may writex j in the form,

x j =

∏

t∈A j

(a2
t,n + b2

t,n)

where{at,n} and{bt,n} are of the form

at,n =

n−1∑

l=0

al cos

(
2πtl
n

)
, bt,n =

n−1∑

l=0

al sin

(
2πtl
n

)
, t ∈ A j , 1 ≤ j ≤ |In|.

It may be noted that the sine and cosine terms above have the useful orthogonality properties:

n−1∑

l=0

cos

(
2πtl
n

)
sin

(
2πt′l

n

)
= 0, and

n−1∑

l=0

cos2
(
2πtl
n

)
=

n−1∑

l=0

sin2
(
2πtl
n

)
= n/2 ∀t, t′.

n−1∑

l=0

cos

(
2πtl
n

)
cos

(
2πt′l

n

)
= 0, and

n−1∑

l=0

sin

(
2πtl
n

)
sin

(
2πt′l

n

)
= 0 ∀t , t′.

Claim. Suppose that the variables{ai} are i.i.d. standard normal. Then for everyn, n−1/2x j are i.i.d.
and each is distributed asg-fold product of i.i.d. random variables each of which is in turn distributed as
Y/2 whereY is Chi-square with two degrees of freedom. Note thatY/2 has the same distribution as that of
Exp(1) random variable.

This claim follows easily from the above orthogonality property which implies that{at,n, bt,n} are i.i.d.
normal with mean zero and variancen/2.

Continuing with the proof, first assume that{ai} are i.i.d. standard normal. In this case,Fn is the usual
empirical distribution of|In| observations on (

∏g
i=1 Ei)1/2g whereEi are i.i.d. Exp(1). Thus by Glivenko-

Cantelli Lemma, this converges to the distribution of (
∏g

i=1 Ei)1/2g. Note that though the variables involved
in the empirical distribution form a triangular sequence here, the convergence is still almost sure due to
the specific bounded nature of the indicator functions involved. This may be proved easily by considering
higher moments, and using Borel-Cantelli lemma.

As mentioned earlier, all eigenvalues corresponding to anypartition blockP j are all the (2g)th roots of
the productx j . Thus, the limit claimed in the statement of the theorem holds. So we have proved the result
when the{a j} are i.i.d. standard normal.

Now suppose that the variables{a j} are not necessarily normal. This case is tackled by normal approxi-
mation arguments similar to Bose and Mitra (2002)[3] who deal with the casek = n− 1 (and henceg = 1).
We now sketch some of the steps. The basic idea remains the same but with some added notational and
technical complications. Before we use the normal approximation, we establish the following lemma.
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Lemma 4 Define for some for some r> 0, the set

A = {(x1, x2, . . . , x2p) : (x2
1 + x2

2)1/2(x2
3 + x2

4)1/2 . . . (x2
2p−1 + x2

2p)1/2 ≤ r}.

Let(∂A)η be theη-boundary of A and letΦ2p(·) denote the cumulative distribution function of2p-dimensional
standard normal vector. Then there exists a constant C such that for all smallη > 0, for anyǫ > 0,

sup
y∈Rp
Φ2p((∂A)η − y) ≤ Cη1−ǫ .

Proof Note that for convex setsA results of above kind are well known. Here the main difficulty comes
from the fact that the given setA is not convex. To overcome that we will work towards converting this
problem into one where we only have to deal with a convex set.

Recall thatη-boundary ofA is given by

(∂A)η = {(x1, x2, . . . , x2p) : r − η ≤ (x2
1 + x2

2)1/2(x2
3 + x2

4)1/2 . . . (x2
2p−1 + x2

2p)1/2 ≤ r + η}.

Let g(y) = Φ2p((∂A)η − y). Then it is easy to see thatg is continuous. We claim that as maxi |yi | → ∞,
g(y) → 0. To see this, without loss, assume that maxi |yi | = |y1| → ∞. Let

S = {(x3, x4, . . . , x2p) : (x2
3 + x2

4)1/2 . . . (x2
2p−1 + x2

2p)1/2 > 0}.

On the setS, define the following two functions,

r1(x3, x4, . . . , x2p) = (r − η)/[(x2
3 + x2

4)1/2 . . . (x2
2p−1 + x2

2p)1/2]

and
r2(x3, x4, . . . , x2p) = (r + η)/[(x2

3 + x2
4)1/2 . . . (x2

2p−1 + x2
2p)1/2].

Observe that

Φ2p((∂A)η + y) =
∫

(∂A)η
φ(x1 − y1)φ(x2 − y2) . . . φ(x2p − y2p)dx1dx2 . . .dx2p

=

∫

(x3,...,x2p)∈S


∫

r2
1≤x2

1+x2
2≤r2

φ(x1 − y1)φ(x2 − y2)dx1dx2

 . . . φ(x2p − y2p) . . . dx2p.

A simple application of DCT shows thatΦ2p((∂A)η + y) → 0 as |y1| → 0. Hence there exists a point
y0
= (y0

1, y
0
2, . . . , y

0
2p) ∈ R2k such thatg(y0) = supy∈R2k g(y). Let L := maxi |y0

i |.
Now suppose,Xi is distributed asN(y0

i , 1). Then we have the very crude tail bound,P(|Xi | > M) ≤
e−(M−L). For sufficiently smallη, let M = −2 logη. ThenP(|Xi | > M) ≤ η. Now,

Φ2p((∂A)η + y0) =
∫

(∂A)η
φ(x1 − y0

1)φ(x2 − y0
2) . . . φ(x2p − y0

2k)dx1dx2 . . .dx2p

≤ 2kη +
∫

(∂A)η,|xi |≤M ∀ i
φ(x1 − y0

1)φ(x2 − y0
2) . . . φ(x2p − y0

2k)dx1dx2 . . .dx2p.

If ( x1, x2, . . . , x2p) ∈ (∂A)η and maxi |xi | ≤ M, then

(x2
2i−1 + x2

2i)
1/2 ≥ r − η

(2M)k−1
∀ 1 ≤ i ≤ k.

10



Thus after fixing (2k − 2) coordinatesx3, x4, . . . , x2p, (x1, x2) can vary atmost within the following range.

(r − η)
(
(2M)k−1

r − η

)k−1

≤ (x2
1 + x2

2)1/2 ≤ (r + η)

(
(2M)k−1

r − η

)k−1

.

This set is contained in a set which can be given in a compact form as follows

R− cη(− logη)(k−1)2 ≤ (x2
1 + x2

2)1/2 ≤ R+ cη(− logη)(k−1)2 , for some suitable constantsR andc.

Let D((a, b); s) denote the closed disc inR2 with centre at (a, b) and radiuss. Let δ = cη(− logη)(k−1)2. Then
from the above calculations,

∫

(∂A)η,|xi |≤M ∀ i
φ(x1 − y0

1) . . . φ(x2p − y0
2k)dx1 . . . dx2p ≤

∫

(∂D((0,0);R))δ
φ(x1 − y0

1)φ(x2 − y0
2)dx1dx2

=

∫

(∂D((y0
1,y

0
2);R))δ

φ(x1)φ(x2)dx1dx2

≤ c1δ for some constantc1 > 0.

SinceD((y0
1, y

0
2); R) is convex, the last step above follows from Corollary 3.2 ofBhattacharya and Ranga

Rao (1976)[2] which implies that for all convex setsE,
∫

(∂E)δ
φ(x1)φ(x2)dx1dx2 ≤ Kδ

where (∂E)δ is theδ-boundary ofE andK is an absolute constant (independent ofE).

Combining all the estimates, the proof is complete. �

Continuing with the proof of the theorem, let us define for{Ei} are i.i.d. Exp(1),

F(x) = P


( g∏

i=1

Ei
)1/2g ≤ x

 , x > 0.

We show that for everyx,
E[Fn(x)] → F(x) and Var[Fn(x)] → 0.

This will prove that the ESD converges to the required LSD in probability.

Note that forx > 0,

E[Fn(x)] = |In|−1
|In|∑

j=1

P
( x j√

n
≤ x2g).

Using the orthogonality properties mentioned earlier, andthe central limit theorem for independent random
variables, it is clear that for any finite setsK andJ of indices, ofk and j, asn→ ∞,

(at,n, bt′,n, t ∈ K, t′ ∈ J)→ N(0, D) in distribution

whereD is the diagonal matrix with diagonal entries 1/2. This motivates using normal approximations.

Towards using an appropriate Berry-Esséen bound, define

Xl, j = 21/2
(
al cos

(
2πtl
n

)
, al sin

(
2πtl
n

)
, t ∈ A j

)
0 ≤ l < n, 1 ≤ j ≤ |In|.
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Note that

E(Xl, j) = 0 and n−1
n−1∑

l=1

Cov(Xl, j) = I2g ∀ j, n.

Define the setA ⊆ R2g as

A =
{
(ai , bi ; i = 1, 2, . . . g) :

g∏

i=1

[2−1(a2
i + b2

i )] ≤ x2g
}
.

Note that

{
x j√

n
≤ x2g} = {

n−1∑

l=1

Xl, j ∈ A}.

The proof of the following Lemma follows easily from Theorem18.1, page 181 of Bhattacharya and
Ranga Rao [2]. We omit the proof.

Lemma 5 Let X1, . . . ,Xk be independent random vectors with values inRd, having zero means and an
average positive-definite covariance matrix Vk = k−1 ∑k

j=1 Cov(X j). Let Gk denote the distribution of

k−1/2Tk(X1 + . . . + Xk), where Tk is the symmetric, positive-definite matrix satisfying T2
k = V−1

k , n ≥ 1.
If for someδ > 0, E‖X j‖(2+δ) < ∞, then there exists C1, C2 > 0 (depending only on d), such that for any
Borel set A,

|Gk(A) − Φd(A)| ≤ C1k−δ/2
[
k−1

k∑

j=1

E ‖ TkX j ‖(2+δ)
]
+ 2 sup

y∈Rd

Φd((∂A)η − y),

≤ C1k−δ/2(λmin(Vk))
−(2+δ)ρ2+δ + 2 sup

y∈Rd

Φd((∂A)η − y),

whereρ2+δ = k−1 ∑k
j=1E ‖ X j ‖(2+δ) andη = C2ρ2+δn−δ/2.

Using this result and Lemma 4, we get for any smallǫ > 0, and some constantC,

∣∣∣∣∣∣P
( x j√

n
≤ x2g) − Φ2g(A)

∣∣∣∣∣∣ ≤ Cn−δ/2ρ2+δ +C(ρ2+δn
−δ/2)1−ǫ

where

ρ2+δ = n−1
n−1∑

l=0

E‖Xl, j‖2+δ.

Now using Assumption I, it is easy to see that

E[Fn(x)] − Φ2g(A) = |In|−1
|In|∑

l=1

(
P
( x j√

n
≤ x2g) − Φ2g(A)

)
→ 0.

This proves that forx > 0, E[Fn(x)] → F(x).

To show that Var[Fn(x)] → 0, since the variables involved are all bounded, it is enoughto show that

n−2
∑

j, j′
Cov

(
I
( x j√

n
≤ x2g), I(

x j√
n
≤ x2g)

)
→ 0.

12



Along the lines of the proof used to showE[Fn(x)] → F(x), one may now extend the vectors with 2g
coordinates defined above to ones with 4g coordinates and proceed exactly as above to verify this. We omit
the routine details. This completes the proof of Theorem 3. �

We now state another result which also describes the LSD fork-circulant matrices but wherek, n satisfy
a different relation.

Theorem 4 Suppose{ai} satisfies Assumption I. Suppose kg
= 1+ sn where g≥ 2 is fixed and

s=


o(n) if g is even

o
(
n

g+1
g−1

)
if g is odd.

Then Fn−1/2Ak,n
converges weakly in probability to the LSD U2(

∏g
i=1 Ei)1/2g as n→ ∞ where Ei are i.i.d.

Exp(1) and U2 is uniformly distributed over the circle of unit radius, independent of the{Ei}.

Remark 3 Note that while the radial coordinates of the LSD described in Theorem 3 and 4 are same, their
angular coordinates differ. While one puts its mass only at discrete places ei2πt/2g, 1 ≤ t ≤ 2g on the unit
circle, the other spreads its mass uniformly over the entireunit circle. See Figure 1.

We will not attempt to give a detailed proof of Theorem 4 here but let us sketch the main idea. First of
all, note that gcd(k, n) = 1. Sincekg

= 1 + sn = 1 modn, we haveg1|g. If g1 < g, theng1 ≤ g/α where
α = 2 if g is even andα = 3 if g is odd. In either case, it is easy to check that

kg1 ≤ kg/α ≤ (1+ sn)1/α
= o(n).

Hence,g = g1 . By Lemma 3 (ii) the total number of eigenvaluesγ j of Ak,n such thatj ∈ Pl and|Pl | < g is
asymptotically negligible.

Unlike the previous theorem, here the partition setsPl are not necessarily self-conjugate. In this case one
can show that the number of indicesl such thatPl is self-conjugate is asymptotically negligible compared
to n. For that, we need to bound the cardinality of the following set for 1≤ l < g:

{t ∈ {1, 2, . . . , n} : tkl
= −t mod n} = {t ∈ {1, 2, . . . , n} : n|t(kl

+ 1)}.

Note thatt0 = n/gcd(n, kl
+1) is the minimum element of the above set and every other element of the set is

a multiple oft0. Let t0(kl
+1) = nmfor some positive integerm. Note that (kl

+1)|nm impliesm≥ kl
+1

gcd(n,kl+1).
Combining, we have

t0(kl
+ 1) ≥ kl

+ 1

gcd(n, kl + 1)
n.

Thus the size of the above set is bounded by

n
t0
≤ gcd(n, kl

+ 1).

Let us now estimate gcd(n, kl
+ 1). Forl > [g/2],

gcd(n, kl
+ 1) ≤ gcd(kg − 1, kl

+ 1) = gcd
(
kg−l(kl

+ 1)− (kg−l − 1), kl
+ 1

) ≤ kg−l ,

which implies gcd(n, kl
+ 1) ≤ k[g/2] for all 1 ≤ l < g. Therefore,

gcd(n, kl
+ 1)

n
≤ k[g/2]

(kg − 1)/s
≤ 2s

k[(g+1)/2]
≤ 2s

((sn)1/g)[(g+1)/2]
= o(1),
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since, by hypothesis,s= o
(
n

[(g+1)/2]
[g/2]

)
. So, we can ignore the partition sets which are self-conjugate.

For otherP j ,

x j =

∏

t∈P j

(at,n + ibt,n)

will be complex. Hence the empirical distribution ofx j for those j for which |P j | = g should converge to∏g
t=1 Nt whereNt, 1 ≤ t ≤ g are i.i.d. complex normals, the components being independent with mean zero

and variance 1/2. Observe that such a complex normal can be alternatively expressed as

Nt
D
= (Et)

1/2Ut,

whereEt is Exp(1) andUt is distributed uniformly over the unit circle in the plane and they are independent.
Hence the LSD ofn−1/2Ak,n should be as described in the theorem. This can be rigorouslyproved using the
same line of argument as given in the proof of Theorem 3. We omit the details.

4 Spectral Norm

In this section we seek the limiting distribution of the spectral norm ofk-circulant matrices for the simple
subcase of Theorem 3 wheren = k2

+ 1 . Consider, as in the proof of Theorem 3, that the input sequence
is i.i.d. standard normal. Then, as we have seen in that proof, the modulus of the nonzero eigenvalues are
essentially independent and distributed according to (E1E2)1/4, whereEi , i = 1, 2 are i.i.d. standard expo-
nential random variables. Thus, the behavior of the spectral norm automatically translates to the problem of
studying the maxima of (E1E2)1/4, which given the extreme value theory, is not too difficult. In addition, as
suggested by the results of Davis and Mikosch (1999)[6], even when the input sequence is not i.i.d. normal
but just mean zero and variance 1 with suitable moment condition, some kind of invariance principle holds
and the same limit persists. The next theorem affirms our belief. But before that, let us recall the following
definition.

Definition 1 A probability distribution is said to be Gumbel with parameter θ > 0 if its cumulative distri-
bution function is given by

Λθ(x) = exp{−θ exp(−x)}, x ∈ R.
The special case whenθ = 1 is known as standard Gumbel distribution and its cumulativedistribution
function is simply denoted byΛ(·).

Theorem 5 Suppose{ai}∞i=0 is an i.i.d. sequence of random variables with mean zero and variance1 and
E|ai |γ < ∞ for someγ > 2. If n = k2

+ 1 then

‖n−1/2Ak,n‖2 − dq

cq

D→ Λ.

as n→ ∞ where q= q(n) = ⌈n4⌉ and cn and dn can be taken as given in(7).

Notation. For the subsequent development, we are going to need the following notations some of which have
been already used in the proof of Theorem 3. Setq = ⌈n4⌉. By Lemma 7, in the present case, the eigenvalue
partition of {0, 1, 2, . . . , n − 1} contains exactlyq sets of size 4, which we denote byP1,P2, . . . ,Pq. Since
eachPi is self-conjugate, we can find a setAi ⊂ Pi of size 2 such that

Si = {x : x ∈ Ai or n− x ∈ Ai}. (5)
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For any sequence of numbers (bt)t∈Z define

βb,n(t) = n−2
∏

j∈At

∣∣∣∣∣∣∣

n−1∑

l=0

bl exp(iωtl)

∣∣∣∣∣∣∣

2

, ω =
2π
n
, 1 ≤ t ≤ q. (6)

Proof of Theorem 5Note that with the above notation,

‖n−1/2Ak,n‖2 = max
1≤t≤q

(βa,n(t))1/4.

As in the proof of Theorem 3, first assume that{ai} are i.i.d. standard normal. LetE1,E2, . . .E2q be i.i.d.
standard Exponential. Recalling the claim made in the proofof Theorem 3, it easily follows that

P

(
max
1≤t≤q

(βa,n(t))1/4 > cqx+ dq

)
= P

(
(E2i−1E2i)

1/4 > cqx+ dq for some 1≤ i ≤ q
)
.

The Theorem then follows in this special case from the Lemma below. This result may be known in the
literature. Since we could not find a reference, we provide a sketch of the proof.

Lemma 6 Suppose G is the distribution of(E1E2)1/4 where Ei are i.i.d. standard exponential random
variables. If Gi are i.i.d. random variables with the distribution G, and G(n)

= max{Gi : 1 ≤ i ≤ n}, then

G(n) − dn

cn

D→ Λ.

where cn and dn are normalising constants which can be taken as follows

cn = (8 logn)−1/2 and dn =
(logn)1/2

√
2

(
1+

1
4

log logn
logn

)
+

1

2(8 logn)1/2
log

π

2
. (7)

Proof Define

K(x) := P{E1E2 > x} =
∫ ∞

0
exp(−y) exp(−xy−1)dy, x > 0. (8)

Differentiating (8) twice, we get

d2

dx2
K(x) =

∫ ∞

0
y−2 exp(−y) exp(−xy−1)dy, (9)

which implies thatK satisfies the differential equation

x
d2

dx2
K(x) − K(x) = −

∫ ∞

0
(1− xy−2) exp

(−(y+ xy−1)
)
dy

= exp
(−(y+ xy−1)

)∣∣∣∣
∞

0
= 0, for x > 0, (10)

with the boundary conditionsK(0) = 1 andK(∞) = 0.

The theory of second order differential equations now tells us that the only solution to (10) is given by

K(x) = πx1/2H1
1(2ix1/2), x > 0

where i2 = −1 andH1
1 is related to Bessel function, as for example given in Watson(1944)[15]. More

precisely,
H1

1(x) = J1(x) + iY1(x)
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andJ1 andY1 are order one Bessel functions of the first and second kind respectively.

It also follows from the well-known theory of the asymptoticproperties of the Bessel functionsJ1 and
Y1, that

K(x) ≍ π1/2x1/4 exp(−2x1/2) as x→ ∞. (11)

Now let
G(x) = P{(E1E2)1/4 > x}. (12)

From (11)
G(x) ≍ π1/2xexp(−2x2) as x→ ∞ (13)

We now use Proposition 1.1 and the development on pages 43 and44 of Resnick (1996)[13] to establish the
Lemma. In particular, we need to show that,

G(x) = θ(x)(1− F#(x))

where
lim
x→∞

θ(x) = θ > 0

and, there exists somex0 and a functionf such that f (y) > 0 for y > x0 such that f has an absolute
continuous density withf ′(x)→ 0 asx→ ∞ so that

1− F#(x) = exp
(
−

∫ x

x0

(1/ f (y))dy
)
, x > x0. (14)

Moreover, a choice for the normalizing constantscn anddn is then given by

d∗n =
(
1/(1− F#)

)−1
(n), c∗n = f (d∗n). (15)

Then
G(n) − d∗n

c∗n

D→ Λθ.

Towards this end, define forx ≥ 1,

θ(x) ≍ π1/2e−2, 1− F#(x) = xexp
(
−2(x2 − 1)

)
, x ≥ 1 = x0. (16)

To solve for f , taking log on both sides,

log x− 2(x2 − 1) = −
∫ x

1

1
f (y)

dy. (17)

Taking derivative,
1
x
− 2(2x) = − 1

f (x)
or

f (x) =
x

4x2 − 1
and hence asx→∞,

f (x) ≍ 1
4x
.

Note thatd∗n (to be obtained) will tend to∞ asn→ ∞. Hence

c∗n = f (d∗n) ≍ (4d∗n)−1.
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We now proceed to obtain (the asymptotic form of)d∗n. Using the defining equation (15),

d∗n exp−2((d∗n)2−1)
= n−1. (18)

Clearly, from the above, we may write

d∗n =
( logn

2
)1/2(1+ δn)

whereδn→ 0 is apositivesequence to be appropriately chosen. Thus, again using (18), we obtain

(logn)(δ2
n + 2δn) − (1

2
log log+ξn) = 0

where

ξn = 2− 1
2

log 2+ log(1+ δn).

“Solving” the quadratic,

δn =

−2+
√

4+ 4(1
2 log log+ξn)/ logn

2
.

Using expansion
√

1+ x = 1+ 1
2 x+O(x2) asx→ 0, we easily see that

δn =
1
2


1
2 log logn+ ξn

logn

 +O

(
(log logn)2

(logn)

)
.

Hence

d∗n =
( logn

2
)1/2

1+
1
2 log logn+ ξn

2 logn

 +O

(
(log logn)2

(logn)3/2

)
.

Simplifying, and dropping appropriate small order terms, we see that

G(n) − d̂n

ĉn

D→ Λπ1/2e−2.

where

d̂n =
(logn)1/2

√
2

(
1+

1
4

log logn
logn

)
+

1

(8 logn)1/2
(2− 1

2
log 2)

and
ĉn = (8 logn)−1/2.

To convert the above convergence to standard Gumbel distribution, we can borrow the following result from
de Haan and Ferreira (2006) [7][Theorem 1.1.2] which says that the following two statements are equivalent
for any sequence ofan > 0, bn of constants and any nondegenerate distribution functionH.

1.
lim
n→∞

Gn(cnx+ dn) = H(x),

for each continuity pointx of H.

2.

lim
t→∞

(1/(1−G))−1 (tx) − d[t]

c[t]
= H−1(e−1/x),

for eachx > 0 continuity point ofH−1(e−1/x).
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Now the relationΛ−1
θ

(e−1/x) − Λ−1(e−1/x) = logθ and a simple calculation yield that

cn = ĉn, dn = d̂n + ĉn log(π1/2e−2).

�

We now tackle the general case by using truncation of{ai}, Bonferroni’s inequality and an appropriately
sharp normal approximation result. We start with a simple Lemma about the structure of the eigenvalue
partition of{0, 1, 2, . . . , n− 1}.

Lemma 7 Let n= k2
+ 1. Then

υk,n ≤
2
n
.

Proof Clearly,S(1) = {1, k, k2, k2 − k+ 1} and thusg1 = 4. By Lemma 1,

|{x : 0 ≤ x < n, gx < g1}| = gcd(k2 − 1, k2
+ 1) =

{
2 if n is even
1 if n is odd

.

�

For eachn ≥ 1, define a triangular array of centered random variables (¯a(n)
t )0≤t<n by

āt = ā(n)
t = atI |at |≤n1/γ − EatI |at |≤n1/γ .

Lemma 8 (Truncation) AssumeE|at |γ for someγ > 2. Then

max
1≤t≤q

(βa,n(t))1/4 − max
1≤t≤q

(βā,n(t))1/4
= o(1) a.s.,

whereβā,n(t) is as given in(6) based on̄a(n)
0 , ā(n)

1 , . . . , ā(n)
n−1.

Proof Since
∑n−1

l=0 exp(ilω j) = 0 for j , 0, it follows thatβā,n(t) = βã,n(t) where

ãt = ã(n)
t = āt + EatI |at |≤n1/γ = atI |at |≤n1/γ

By Borel-Cantelli lemma, with probability one,
∑∞

t=0 |at |I |at |>t1/γ is finite and has only finitely many non-zero
terms. Thus there exists an integerN(ω) ≥ 0 such that

n−1∑

t=m

|ã(n)
t − at | =

n−1∑

t=m

|at |I |at |>n1/γ ≤
∞∑

t=m

|at |I |at |>t1/γ =

N(ω)∑

t=m

|at |I |at |>t1/γ , (19)

Consequently, ifm > N(ω), the left side of (19) is zero. Therefore, the sequences (at)m≤t<n and (ã(n)
t )m≤t<n

are identical a.s. for all sufficiently largen and the assertion follows immediately. �

Lemma 9 (Bonferroni inequality) Let B1, B2, . . . , Bn be events from aσ-fieldF and (Ω,F , P) be a prob-
ability space. Then for every integer k≥ 1,

2m∑

j=1

(−1) j−1S j,n ≤ P
( n⋃

i=1

Bi

)
≤

2m−1∑

j=1

(−1) j−1S j,n, (20)

where

S j,n =

∑

1≤i1<i2<...<i j≤n

P

( j⋂

l=1

Bil

)
.
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For d ≥ 1, and any distinct integersi1, i2, . . . , id, from {1, 2, . . . , ⌈n−1
2 ⌉}, define

vd(l) =
(
cos(ωi1l), sin(ωi1l), . . . , cos(ωidl), sin(ωidl)

)′
, l = 0, 1, 2, . . . , n− 1.

Let ϕΣ(·) denote the density of the 2d-dimensional Gaussian vector having mean zero and covariance matrix
Σ and letI2d be the identity matrix of order 2d.

Lemma 10 (Normal approximation, Davis and Mikosch (1999)[6]) Fix d ≥ 1 and γ > 2 and let p̃n be
the density function of

21/2n−1/2
n−1∑

l=0

(āl + σnNl)vd(l),

where(Nl) is a sequence of i.i.d. N(0, 1) random variables, independent of(al ) andσ2
n = Var(ā0)s2

n. If
n−2c ln n ≤ s2

n ≤ 1 with c= 1/2− (1− δ)/γ for arbitrarily small δ > 0, then the relation

p̃n(x) = ϕ(1+σ2
n)I2d

(x)(1+ εn) with εn→ 0

holds uniformly for‖x‖3 = od(n1/2−1/γ), x ∈ R2d.

Corollary 1 Let γ > 2 andσ2
n = n−c where c is as given in Lemma 10. Let E be a measurable set inR

2d.
Then ∣∣∣∣∣

∫

E
p̃n(x)dx−

∫

E
ϕ(1+σ2

n)I2d
(x)dx

∣∣∣∣∣ ≤ εn

∫

E
ϕ(1+σ2

n)I2d
(x)dx+Od(exp(−nη)),

for someη > 0 and uniformly over all the d-tuples of distinct integers1 ≤ i1, i2, . . . , id ≤ ⌈n−1
2 ⌉.

Proof Setr = nα where 0< α < 1/2− 1/γ. Using Lemma 10, we have,

∣∣∣∣∣
∫

E
p̃n(x)dx−

∫

E
ϕ(1+σ2

n)I2d
(x)dx

∣∣∣∣∣

≤
∣∣∣∣∣∣

∫

E∩{‖x‖≤r}
p̃n(x)dx−

∫

E∩{‖x‖≤r}
ϕ(1+σ2

n)I2d
(x)dx

∣∣∣∣∣∣ +
∫

E∩{‖x‖>r}
p̃n(x)dx+

∫

E∩{‖x‖>r}
ϕ(1+σ2

n)I2d
(x)dx

≤εn

∫

E∩{‖x‖≤r}
ϕ(1+σ2

n)I2d
(x)dx+

∫

{‖x‖>r}
p̃n(x)dx+

∫

{‖x‖>r}
ϕ(1+σ2

n)I2d
(x)dx,

whereεn→ 0. First let us bound the second term above. Denoting thej-th coordinate of the vectorvd(l) by
v( j)

d (l), 1 ≤ j ≤ 2d,

∫

{‖x‖>r}
p̃n(x)dx= P

‖2
1/2n−1/2

n−1∑

l=0

(āl + σnNl)vd(l)‖ > r



≤ 2d max
1≤ j≤2d

P

|2
1/2n−1/2

n−1∑

l=0

(āl + σnNl)v
( j)
d (l)| > r/(2d)



≤ 2d max
1≤ j≤2d

P

|n
−1/2

n−1∑

l=0

ālv
( j)
d (l)| > r/(4

√
2d)

 + 4dexp(−rnc/2/(4
√

2d))

where we have used the normal tail bound,P(|N(0, σ2)| > x) ≤ 2e−x/σ for x > 0.
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Note that the random variables ¯alv
( j)
d (l), 0 ≤ l < n are independent, have mean zero, variance at most one

and are bounded by 2n1/γ. Therefore, by applying Bernstein’s inequality and subsequent simplifications,

P

|n
−1/2

n−1∑

l=0

ālv
( j)
d (l)| > r/4

√
2d

 ≤ exp(−Kr2)

for some constantK > 0. On the other hand, the third term can easily be bounded by
∫

{‖x‖>r}
ϕ(1+σ2

n)I2d
(x)dx≤ 4d exp(−r/4d).

�

Lemma 11 Fix x ∈ R. Letσ2
n = n−c for some c> 0. With notation as in the previous lemma, we have

P

(
(E1E2)1/4 > (1+ σ2

n)−1/2(cnx+ dn)
)
≤ K

n
,

where K= K(x) is some positive constant depending on x.

Proof Since (1+ y)−1/2 ≥ 1− y/2 for y > 0,

P

(
(E1E2)1/4 > (1+ σ2

n)−1/2(cnx+ dn)
)
≤ P

(
(E1E2)1/4 > (1− σ2

n/2)(cnx+ dn)
)
.

Recall the representation
P((E1E2)1/4 > x) = θ(x)(1− F#(x)) asx→ ∞.

Note that (1− σ2
n/2)(cnx + dn) = d∗n + (dn − d∗n) + cnx − (cnx + dn)σ2

n/2 = d∗n + ox(1) where we use the
facts thatcn → 0, (dn − d∗n)/cn = o(1) anddn ∼

√
logn. The lemma now easily follows once we note that

1− F#(d∗n) = n−1. �

We now continue with the proof of Theorem 5. Fixx ∈ R. For notational convenience, define

Q(n)
1 := P

(
max
1≤t≤q

(βā+σnN,n(t))1/4 > cqx+ dq

)
,

Q(n)
2 := P

(
max
1≤t≤q

(1+ σ2
n)(E2t−1E2t)

1/4 > cqx+ dq

)
,

where{Ni} is a sequence of i.i.d. standard normals random variables and Ei , 1 ≤ i < ∞ are i.i.d. Exp(1).
Our goal is to approximateQ(n)

1 by the simpler quantityQ(n)
2 . By Bonferroni’s inequality, for allm≥ 1,

2m∑

j=1

(−1) j−1S j,n ≤ Q(n)
1 ≤

2m−1∑

j=1

(−1) j−1S j,n, (21)

where
S j,n =

∑

1≤t1<t2<...<t j≤q

P

(
(βā+σnN,n(t1))1/4 > cqx+ dq, . . . , (βā+σnN,n(t j))

1/4 > cqx+ dq

)
.

Similarly, we have
2m∑

j=1

(−1) j−1T j,n ≤ Q(n)
2 ≤

2m−1∑

j=1

(−1) j−1T j,n, (22)
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where

T j,n =

∑

1≤t1<t2<...<t j≤q

P

(
(1+ σ2

n)(E2t1−1E2t1)
1/4 > cqx+ dq, . . . , (1+ σ

2
n)(E2t j−1E2t j )

1/4 > cqx+ dq

)
.

Therefore, the difference betweenQ(n)
1 andQ(n)

2 can be bounded as follows:

2m∑

j=1

(−1) j−1(S j,n − T j,n) − T2m+1,n ≤ Q(n)
1 − Q(n)

2 ≤
2m−1∑

j=1

(−1) j−1(S j,n − T j,n) + T2m,n, (23)

for eachm≥ 1. By independence and Lemma 11,

T j,n ≤
(
n
j

)
K j

n j
≤ K j

j!
for all n, j ≥ 1. (24)

Consequently, limj→∞ lim supn T j,n = 0. Now fix j ≥ 1. Let us bound the difference betweenS j,n andT j,n.
Let 1≤ t1 < t2 < . . . < t j ≤ q. Define

v2 j(l) = (cos(ωet1 l), sin(ωet1 l), cos(ωe′t1 l), sin(ωe′t1 l), . . . , cos(ωe′t j
l), sin(ωe′t j

l)),

whereAt is as defined in (5) and we representAti as{eti , e
′
ti }. Then,

P

(
(βā+σnN,n(t1))1/4 > cqx+ dq, . . . , (βā+σnN,n(t j))

1/4 > cqx+ dq

)

= P

(
21/2n−1/2

n−1∑

l=0

(āl + σnNl)v2 j(l) ∈ B( j)
n

)
,

where
B( j)

n = {y ∈ R4 j : (y2
4i+1 + y2

4i+2)1/4(y2
4i+3 + y2

4i+4)1/4 > 21/2(cqx+ dq), 0 ≤ i < j}.

By Corollary 1 and the factZ2
1 + Z2

2
D
= 2E1 whereZ1,Z2 are i.i.d. standard normal, we deduce

∣∣∣∣∣∣∣
P

(
21/2n−1/2

n−1∑

l=0

(āl + σnNl)v2 j (l) ∈ B( j)
n

)
− P

(
(1+ σ2

n)1/2(E2ti−1E2ti )
1/4 > cqx+ dq, 1 ≤ i ≤ j

)
∣∣∣∣∣∣∣

≤ εnP
(
(1+ σ2

n)1/2(E2ti−1E2ti )
1/4 > cqx+ dq, 1 ≤ i ≤ j

)
+O(exp(−nη))

uniformly over all thed-tuples 1≤ t1 < t2 < . . . < t j ≤ q.

Therefore, asn→∞,

|S j,n − T j,n| ≤ εnT j,n +

(
n
j

)
O(exp(−nη)) ≤ εn

K j

j!
+ o(1)→ 0, (25)

Hence using (21), (22), (24) and (25), we have

lim sup
n
|Q(n)

1 − Q(n)
2 | ≤ lim sup

n
T2m+1,n + lim sup

n
T2m,n for eachm≥ 1.

Letting m→ ∞, we conclude limn Q(n)
1 − Q(n)

2 = 0. Since by Lemma 6,

max
1≤t≤q

(E2t−1E2t)
1/4
= Op((logn)1/2) and σ2

n = n−c,
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it follows that
(1+ σ2

n)1/2 max1≤t≤q(E2t−1E2t)1/4 − dq

cq

D→ Λ

and consequently,

max1≤t≤q(βā+σnN,n(t))1/4 − dq

cq

D→ Λ.

In view of Lemma 8, it now suffices to show that

max
1≤t≤q

(βā+σnN,n(t))1/4 − max
1≤t≤q

(βā,n(t))1/4
= op(cq).

We can use the basic inequality
∣∣∣|z1z2| − |w1w2|

∣∣∣ ≤ (|z1| + |w2|) max{|z1 − w1|, |z2 − w2|}, zi ,wi ∈ C, 1 ≤ i ≤ 2

to obtain

| max
1≤t≤q

(βā+σnN,n(t))1/2 − max
1≤t≤q

(βā,n(t))1/2| ≤ (Mn(ā+ σnN) + Mn(ā))Mn(σnN)

≤ (2Mn(ā+ σnN) + Mn(σnN))Mn(σnN)

where, for any sequence of random variablesX = (Xi)0≤i<n,

Mn(X) = max
1≤t≤n

∣∣∣∣∣∣∣
n−1/2

n−1∑

l=0

Xl exp(iωtl)

∣∣∣∣∣∣∣
.

As a trivial consequence of Theorem 2.1 of Davis and Mikosch (1999) [6], we have

M2
n(σnN) = Op(σn logn) and M2

n(ā+ σnN) = Op(logn).

Together withσn = n−c/2 they imply that

max
1≤t≤q

(βā+σnN,n(t))1/2 − max
1≤t≤q

(βā,n(t))1/2
= op(n−c/4).

From the inequality

| √y1 −
√

y2| ≤
1

min{ √y1,
√

y2}
|y1 − y2|, y1, y2 > 0

it easily follows that

max
1≤t≤q

(βā+σnN,n(t))1/4 − max
1≤t≤q

(βā,n(t))1/4
= op(n−c/8) = op(cq).

This completes the proof of Theorem 5. �
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Figure 1: Eigenvalues of 20 realizations ofn−1/2Ak,n with ai ∼ Exp(1)− 1 when (i)k = 11, k3
= −1 + 2n

(left) and (ii) k = 11, k3
= 1+ 2n (right).

Appendix

For completeness, here we provide a proof of Theorem 1. Recall that for any two positive integersk andn,
p1 < p2 < . . . < pc are all their common prime factors so that,

n = n′
c∏

q=1

p
βq
q and k = k′

c∏

q=1

p
αq
q .

Hereαq, βq ≥ 1 andn′, k′, pq are pairwise relatively prime.

Define
M = max

1≤q≤c
⌈βq/αq⌉, [t] = tkM modn.

Let em,d denote ad× 1 vector with (mmodd)-th element unity and other elements zero. If there is no scope
for confusion, we shall writeem for em,d. The matrixEm,d is thed×d matrix with j-th column equal toejm,d,
0 ≤ j < d.

Define the diagonal matrix

Λm,d = diag
[
λ[0] , λ[1] , . . . , λ[ j] , . . . , λ[d−1]

]
,

where [j] = jkm mod n as defined above.

To prove Theorem 1, we need two lemmas. We omit the proof of thefirst lemma since it is easy.

Lemma 12 Let (π(0), π(1), . . . , π(n−1)) be a permutation of(0, 1, . . . , n−1). Define the n×n permutation
matrix Pπ as

Pπ =
[
eπ(0) eπ(1) . . .eπ(n−1)

]

Then,

(PT
πEk,nΛ0,nPπ)i, j =

{
λt if (i, j) = (π−1(kt mod n), π−1(t)), 0 ≤ t < n
0 otherwise.
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Lemma 13 Let k and b be positive integers, g= gcd(k, b), x= b/g. Then the following equation holds.

χ
(
Ak,b

)
= χ

(
Ek,bΛ0,b

)
= λb−x

χ
(
Ek,x × diag

(
λ0 mod b, λk mod b, λ2k mod b, . . . , λ(x−1)k mod b

))
.

Proof of Lemma 13. Define theb× b permutation matrix

Ξ =

[
0 Ib−1

1 0T

]
.

Observe that for 0≤ j < b, the j-th row of Ak,b can be written asaT
Ξ

jk. From direct calculation, it is easy
to verify thatΞ = UDU∗ is a spectral decomposition ofΞ where

D = diag(1, ω, . . . , ωb−1),U = [u0 : u1 : · · · : ub−1] with u j = b−1/2(1, ω j , ω2 j , . . . , ω(b−1) j), 0 ≤ j < b.

Note thatλ j = aTu j , 0 ≤ j < b. From easy computations, it now follows that

U∗Ak,bU = Ek,bΛ0,b,

so that,χ
(
Ak,b

)
= χ

(
Ek,bΛ0,b

)
, proving the first equality.

To prove the second equality, define the following matrices

Bb×x =
[
e0,b ek,b e2k,b . . . e(x−1)k,b

]
and P =

[
B : Bc]

whereBc consists of those columns ofIb that are not inB which makesP a permutation matrix. Clearly,
Ek,b = [B : B : · · · : B] which is ab× b matrix of rankx, and we have

χ
(
Ek,bΛ0,b

)
= χ

(
PTEk,bΛ0,bP

)
.

Note that,

PTEk,bΛ0,bP =

[
Ix Ix . . . Ix

0(b−x)×x 0(b−x)×x . . . 0(b−x)×x

]
Λ0,bP

=

[
C

0(b−x)×b

]
P for somex× b matrixC

=

[
C

0(b−x)×b

]
[B : Bc] =

[
CB CBc

0 0

]
.

Clearly, the characteristic polynomial ofPTEk,bΛ0,bP does not depend onCBc, explaining why we did not
bother to specify the order of columns inBc. Thus we have,

χ
(
Ek,bΛ0,b

)
= χ

(
PTEk,bΛ0,bP

)
= λb−x

χ (CB) .

It now remains to show thatCB= Ek,xΛ1,x. Note that, thej-th column ofB is ejk,b. So, j-th column ofCB
is actually the (jk modb)-th column ofC, where,

C = [Ix : Ix : · · · : Ix] Λ0,b

= [Ix : Ix : · · · : Ix] × diag(λ0, λ1, . . . , λb−1).

Hence, (jk modb)-th column ofC is λ jk modb ejk modx. So,

CB= Ek,x × diag
(
λ0 modb, λk modb, λ2k modb, . . . , λ(x−1)k modb

)
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and the Lemma is proved completely. �

Proof of Theorem 1. We first establish the Theorem forAk,n′ . The general case will be subsequently proved
by using this case. Recall the notations given in Section 2. Since,k andn′ are relatively prime, by using
Lemma 13,

χ(Ak,n′ ) = χ(Ek,n′Λ0,n′).

Get the setsS0, S1, . . . to form a partition of{0, 1, . . . , n′ − 1}, as in Section 2.

Define the permutationπ on the setZn′ by settingπ(t) = st, 0 ≤ t < n′. This permutationπ automatically
gives rise to a permutation matrixPπ as in Lemma 12, and consider the positions ofλb for b ∈ S j in the
productPT

πEk,n′Λ0,n′Pπ. Let N j−1 =
∑ j−1

t=0 |St |. We know,S j = {r jkx modn′, x ≥ 0} for some integerr j .
Thus,

π−1
(
r jk

t−1 modn′
)
= N j−1 + t, 1 ≤ t ≤ n j

so that, position ofλb for b = r jkt−1 modn′, 1≤ t ≤ n j in PT
πEk,n′Λ0,n′Pπ is given by

(
π−1(r jk

y modn′), π−1(r jk
y−1 modn′)

)
=



(
N j−1 + t + 1, N j−1 + t

)
if, 1 ≤ t < n j(

N j−1 + 1, N j−1 + n j

)
if, t = n j

Hence,
PT
πEk,n′Λ0,nPπ = diag(L0, L1, . . .)

where, for j ≥ 0, if n j = 1⇒ L j =
[
λr j

]
, and ifn j > 1, then,

L j =



0 0 0 . . . 0 λr jk
nj−1 modn′

λr j modn′ 0 0 . . . 0 0
0 λr jk modn′ 0 . . . 0 0

...

0 0 0 . . . λr jk
nj−2 modn′ 0



Clearly,χ(L j) = λnj − x j . Now the result follows from the identity

χ
(
Ek,n′

)
=

∏

j≥0

χ(L j) =
∏

j≥0

(λnj − x j).

Now let us prove the general case. Fix positive integersβq, 1 ≤ q ≤ c. Definen = n′ ×Πc
q=1p

βq
q . Then, again

using Lemma 13,
χ(Ak,n) = χ(Ek,nΛ0,n)

whereΛ0,n = diag(λ0, . . . , λn−1).

Recalling that,M = max1≤q≤c⌈βq/αq⌉, [t] = tkM modn, and again, using Lemma 13 repeatedly,

χ(Ak,n) = χ(Ek,nΛ0,n)
= λn−n′χ(Ek,n′ΛM,n′)
= λn−n′χ(Ek,n′ΛM+ j,n′) for all j ≥ 0
= λn−n′

χ

(
Ek,n′ × diag

(
λ0 modn, λy modn, λ2y modn, . . . , λ(n′−1)y modn

))

= λn−n′χ
(
Ek,n′ × Γ0,n′

)

Now replacingΛ0,n′ by Γ0,n′ , we can mimic the rest of the proof given in case ofAk,n′ , and complete the
proof of the general case. �
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