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Chapter 1

Introduction and summary

New technologies and methods in medical sciences, image processing and the in-
ternet, and many other fields of science generate data where the dimension is high
and the sample size is small relative to the dimension. For example, microarray
data (Dudoit et al. [2002]) contains gene expression for tens of thousands of genes
(rows) on a few observations (columns). Another example is fMRI data, which
measures the hemodynamic response in hundreds of thousands of voxels (rows)
for only a few subjects or replicates (columns). Similarly, the Netflix movie rating
data (Bennett and Lanning [2007]) contains the rating information for approxi-
mately 480,000 customers (columns) on 18,000 movies (rows). In all these cases,
the dimension is large compared to the sample size and may also increase as the
next set of measurements become available. Theoretical and practical study of
these kind of data has attracted the attention of recent researchers as most of the
methods in finite dimensional set up do not work in these cases. This thesis has
mainly focused on the following problems in high-dimensional situations. Detailed

summary of each chapter is given later.

(a) Suppose the observations {X; : 1 < i < n} are identically distributed with
mean 0 and the p x p variance-covariance matrix >J,. As we are in high-dimensional
set up, the dimension p = p(n) — oo as the sample size n — oo. The estimation

of the variance-covariance matrix ¥, is crucial as many statistical analysis such as
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classification problem, principal component analysis are all based on the variance-
covariance matrix. In Chapter 2, we have discussed estimation of ¥, when {X;}

are ‘weakly’ dependent random wvectors.

(b) High-dimensional data are often time series in nature. A very general weak
stationary high-dimensional linear time series model is the infinite dimensional
moving average process of order co (MA(c0)). A key quantity in the study of
these models is the population autocovariance matrices {I',}. In Chapter 3, we

have studied the estimation of {I',} for infinite dimensional MA(co) process.

(c) Next, we have explored some asymptotic properties of sample autocovariance
matrices {I',} for the infinite dimensional MA(q) (¢ < 0o) and MA (o) processes.
Even though these matrices are not consistent, their asymptotic properties, while
interesting in their own right, can also be used for statistical applications.

Two most natural ways to study the joint convergence of a collection of random

matrices are through

(1) Limiting spectral distribution (LSD) of any symmetric polynomial in these

matrices and,

(2) convergence of non-commutative probability space (NCP) generated by these

matrices.

Incidentally, (2) with some additional effort implies (1). In Chapter 4, we have
discussed some concepts on random matriz theory and non-commutative probabil-
ity for studying (1) and (2) above for {I',}. For more details see Section 1.3.

We have shown that for LSD and NCP convergence purpose, {fu} for MA(q)

process can be approximated by {A,} where

1 ! Kok
A= > W ZP M0, Yu > (1.1)

i.j=0

Z is a p x n random matrix with all independent mean 0 and variance 1 entries,
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{¢;} are p x p matrices (model parameters) and P, = ((1(j —7 = w)))nxn, Vu. In
Chapters 5 and 6, we have studied (1) and (2) above for {A,} and indeed for more
general class of random matrices, respectively when p/n — y > 0 and p/n — 0.

In Chapter 7, we have used the results obtained in Chapters 5 and 6 to establish
the LSD of any symmetric polynomial in {f‘u, f‘;}

(d) Finally, in Chapter 8, we have discussed a couple of applications of our results,

obtained so far, in statistical inference:

(7) a model identification problem, namely determination of the unknown order
of infinite dimensional moving average (MA) and autoregressive (AR) processes

and,

(i) testing of simple hypotheses by using asymptotic normality of traces of poly-

nomials in {T',,I*}.

A chapterwise summary of this thesis is given below.

1.1 Summary of Chapter 2

Let X;, 1 <17 < n, be p-dimensional identically distributed random vectors with
mean 0 and variance covariance matrix XJ,. As we are in the high-dimensional set
up, the dimension p = p(n) — oo as the sample size n — co. In Chapter 2, we
have discussed estimation of X,,.

An estimator /Alp,n, based on a sample of size n, is called consistent (in operator

norm) for A, if

|4, — Ayl o 50, as n— oo, (1.2)

where || - ||2 is the operator norm of a matrix.

In the finite dimensional case i.e. when p is fixed, the sample variance-
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covariance matrix f]p is a consistent estimator of ¥,. In high dimensional setting,
many researchers have proved that f]p fails to estimate X, consistently, even for
iid. {X;}. For examples see Johnstone [2001], Johnstone and Lu [2004], Paul
[2007] and Johnstone and Lu [2009]. Inconsistency of 3, is also supported by
the simulation results given in Example 2.2.1. This inconsistency is due to the
increase in the number of unknown parameters along with the sample size. As
a remedy we need some restrictions on the parameter space and modifications
of the basic estimator f]p. This modification is called covariance regularization.
There are many covariance regularization techniques available for i.i.d. observa-
tions in the literature. These have appeared while studying different aspects such
as regression, classification or principal component analysis.

One such covariance regularization is due to Bickel and Levina [2008]. It has
played a crucial role in Chapter 2 and is discussed in details in Section 2.2.1. They
have proved that, uniformly over some fairly natural well conditioned families of
covariance matrices, the suitably banded and tapered f)p are consistent in the
operator norm for 3, when observations are i.i.d. and as long as n~*logp — 0.
They have also obtained explicit rates of these convergence. For more details, see
Theorems 2.2.2 and 2.2.6.

However, the independence assumption on {X;} is questionable and many re-
searchers have provided evidence of its lack. For examples see Owen [2005], Kle-
banov and Yakovlev [2007], Leek and Storey [2008] and Efron [2009]. Efron [2009]
proposed the matrix-variate normal distribution as a model for dependent {X;}.
Allen and Tibshirani [2010] is the only work in this model which has estimated
¥,. In Section 2.2.2, we have briefly discussed their covariance regularization.

In Section 2.3, we have considered more general models (we call these weak
models) and have given examples of a huge class of models which are not accom-
modated by the model assumption of Allen and Tibshirani [2010] (see Examples
2.3.1-2.3.3). We have allowed dependence of appropriate nature among the ob-

servations. We have called this dependence the cross covariance strucuture. In
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this chapter we have considered three different restrictions on the cross covari-
ance structure. In the first case, the restriction is on the growth of the powers of
the trace of certain matrices derived from the cross covariance structure. In the
second case, the dependence among any two columns weakens as the lag between
them increases and in the third case we have assumed weak dependence among
the high-indexed columns. See Section 2.3.1 for details.

In the first case, we have shown that the convergence rate of the banded
estimator is the same as in the i.i.d. case of Theorem 2.2.2 (see Theorem 2.4.4)
under a trace condition. In Remarks 2.4.5-2.4.8, we have provided some sufficient
conditions that imply this trace condition.

The other two weak models do not fall under the purview of Theorem 2.4.4.
Under appropriate conditions we have obtained explicit rates of convergence for
the banded estimators (see Theorems 2.4.9 and 2.4.11). In particular, for all
three cases, the suitably banded variance-covariance matrix continues to remain
consistent in operator norm.

Banded estimators are not necessarily positive definite. So we have considered
tapered estimators that preserve the positive definiteness of the sample variance-
covariance matrix. We have obtained the rate of convergence of the tapered
estimator for all the three weak models (see Theorem 2.4.13). In particular the
tapered estimator continues to remain consistent in operator norm in these de-
pendent situations.

It is seen that the growth rate of p and the convergence rates for the tapered
and the banded estimators are in general slower than the i.i.d. case and there is

a trade-off between these rates and the extent of dependency.

1.2 Summary of Chapter 3

Next consider the high dimensional time series model. Some of the more common

existing weak stationary high-dimensional time series models in the literature are
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infinite dimensional IID processes, infinite dimensional finite order moving average
processes (MA) and infinite dimensional vector autoregressive processes (IVAR)
with 4.4.d. innovations. Detailed description of the above models is available
in Forni and Lippi [2001], Forni et al. [2004] and Chudik and Pesaran [2011].
We have considered the general model, namely the infinite dimensional moving

average process of order co (MA(o0)). This is given by
Xp =) ey, Vi, (1.3)
=0

where X, and ¢, are p-dimensional vectors, {¢;} are i.i.d. with mean 0 and p X p
variance covariance matrix X,, {¢;} are p x p coefficient matrices. Moreover,
as in Chapter 2, the dimension p = p(n) — oo as the sample size n — oo. If
1; =0, Vj > g, then it is an infinite dimensional MA(q) process. The IID process
is nothing but the MA(0) process. The IVAR(r) process is given by

,
X =Y AXii+e, W (1.4)
i=1

where X, and &, are p-dimensional vectors, {¢;} are i.i.d. with mean 0 and p X p
variance covariance matrix ,, {A;} are p x p parameter matrices. Under appro-
priate conditions on {4;}, (1.4) can also be expressed in the form of (1.3). In
Section 3.2, we have briefly described all the above models. The dimension of the
above models are not infinite but tends to co with the sample size. However, it

has become customary to call them “infinite dimensional”.
A key quantity in these models is the sequence of population autocovariance

matrices
r,= E(XtXLiﬁru), Yu > 0. (1.5)

In Chapter 3, we have discussed estimation of {I', } for the process (1.3). Since the
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size of the population autocovariance matrices {I',} increases as p = p(n) — oo,
the number of unknown parameters (entries in {I',}) increases. Consequently,
just like the sample variance-covariance matrix in Chapter 2, the sample autoco-

variance matrices
. 1 n—u §
Du==Y XX/, Yu>0 (1.6)
n
t=1

fail to consistently estimate {I';}.

The existing works on high-dimensional time series have not dealt with the
estimation of {I',}. From the experience of Section 1.1, to get consistent esti-
mators of {I',} we need two things — suitable restrictions on {¢;} and ¥, and,
appropriate modifications such as banding or tapering on sample autocovariance
matrices {I',}. In Section 3.3, Theorems 3.3.1 and 3.3.2 provide some restrictions
on {9, } and 3, under which the appropriately banded and tapered version of Dy is
consistent for I'g. These restrictions are directly borrowed from the developments
of Chapter 2 and are seen to be cumbersome and often very difficult to check in
general unless there is some additional structure in the model (1.3). Theorems
3.3.1 and 3.3.2 is also silent about other autocovariance matrices.

In Section 3.4, we have identified another appropriate parameter space for {1, }
and ¥, to estimate {I', } for the model (1.3). In Theorem 3.5.1, we have established
consistency of the banded and tapered {fu} under the Gaussian assumption, when
n~!logp — 0. We have also derived the convergence rate of these estimators.

As we have discussed earlier, the infinite dimensional MA(q) and IVAR(r)
processes are special cases of the model (1.3). Theorems 3.4.5 and 3.4.6 provide
appropriate parameter spaces respectively for the matrices {3,,1; : 0 < j < ¢}
and {¥,, A; : 1 <i <r} so that population autocovariance matrices of the MA(q)
and IVAR(r) processes can be consistently estimated. Under these parameter
spaces and the Gaussian assumption on the driving process, Theorems 3.5.5 and

3.5.6 state that the banded and tapered {I',} are also consistent for {I',}, when
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n~tlogp — 0. Using this consistency, in Section 3.5.1, we have also shown how
to obtain consistent estimators for the parameter matrices {A; : 1 <i < r} of the
IVAR(r) process.

Finally, in Section 3.5.2, we have relaxed the Gaussian assumption on {¢;} and
replaced it by an appropriate condition on the moment generating function. To
support our results, some simulations are given in Section 3.6. Our simulations

have shown that the convergence rate obtained in Theorem 3.5.8 is quite sharp.

In the subsequent chapters, we have explored further asymptotic properties of
{fu} Even though these matrices are not consistent, their asymptotic properties,

while interesting in their own right, can also be used for statistical applications.

1.3 Summary of Chapter 4

Note that {I',} are random matrices. A most natural way to look at the large
sample behaviour of a collection of random matrices is to study the limiting spec-
tral distribution (LSD) of their polynomials. The empirical spectral distribution
(ESD) of an n x n (random) matrix R, is the (random) probability distribution
with mass 1/n at each of its eigenvalues. If it converges weakly (almost surely or
in probability) to a (non-degenerate) probability distribution, then the latter is
called the limiting spectral distribution (LSD) of R,,. LSD results for various ran-
dom matrices have occupied a central position in the literature of random matrix
theory (RMT). The so called spectral statistics, useful in statistical application,
are functions of this spectral distribution. In case of infinite dimensional moving
average processes, many researchers have observed that, under some assumptions,
the ESD of f‘u—l—fz (after appropriate normalization) converges weakly. For exam-
ple see Liu et al. [2015] and Wang et al. [2015]. Such results are useful in statistical
inference. Therefore, the study of the limiting spectral property of {f‘u} is very

important.
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In Section 4.2, we have discussed some basic concepts in RMT such as neces-
sary definitions and results with examples, Stieltjes transformation method and
moment method to obtain LSD and existing results in the literature, which are
relevant to us. We have focussed on the LSD of only symmetric matrices. The
LSD of non-symmetric matrices are in general very hard and only a very few
results are known in very specific models.

Two specific matrices play a central role in RMT — the Wigner matrix and
the independent matrix. A Wigner matriz of order p, W, is a square symmetric
random matrix with independent mean 0 variance 1 entries on and above the
diagonal. An independent matriz of order p X n, Z is a rectangular matrix with
all independent mean 0 and variance 1 entries.

Let A, be a p x p symmetric non-negative definite matrix, whose LSD exists.
In the literature of Wigner matrix, under appropriate moment assumption on the
entries of W), the LSD of the following matrices are known (a) p~'/2W,, (see for
example Anderson et al. [2009]) and (b) 19*1/2‘4,1)/2I/VpAIl,/2 (Bai and Zhang [2010]).

The classical RMT model for Z assumes p = p(n) — oo as n — oo and
p
S TYE [0, 00). (1.7)

For the y > 0 case, under appropriate moment assumption on the entries of 7, the
LSD of the following matrices are known (c) n='ZZ* (Bai and Silverstein [2009])
and (d) n~'Ay*Z7Z* Ay/* (Bai and Silverstein [2009]).

The LSD results for the case y = 0 are quite different from the case y > 0.
Let {B,} be n x n square symmetric norm bounded non-negative matrices with
lim,, n 'Tr(B¥) < oo, k = 1,2. Under appropriate moment assumption on the
entries of Z, the LSD of the following matrices are known (e) \/np=t(n"'ZZ* —
I) (Bai and Yin [1988]), (f) \/np~(n LAy ZZ*A)> — A) (Bao [2012]) and (g)
Vi L(n Ay ZB, Z* Z}* — n\Tr(B,)A,) (Wang and Paul [2014]). Moreover,
LSD of (e) and (f) are respectively identical with the LSD of (a) and (b) above.
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All the above results have been derived using Stieltjes transform method. As
discussed earlier, for a collection of random matrices, we wish to study the LSD
of all (symmetric) polynomials in these matrices. The Stieltjes transform method
can deal with one polynomial at a time. We have used the moment method which
in congunction with the tools from the non-commutative probability theory, has
provided a unified way to study all symmetric polynomials together.

In Section 4.3, we have collected all the necessary concepts and results in
non-commutative probability theory. The joint convergence of a class of random
matrices can be done in the framework of non-commutative *-probability spaces
(NCP) generated by them. A non-commutative x-probability space (NCP) (A, ¢)
consists of a unital x-algebra A and a linear functional ¢ : A — C (called state of
A) with ¢(14) = 1. Elements of A are called (non-commutative) variables.

Let {a;,a} :i>1} C A. Then

Span{a;,a; : 1 > 1} = {I1(14,a;,a; : ¢ > 1) : Il is a polynomial}. (1.8)
Note that Span{a;,a} : i > 1} forms a x-sub algebra of A and is an NCP with the
same state .

Let Ay = Span{agN),a:(N) :1>1}, VN > 1 and A = Span{a;,a} : i > 1}.
We say that the sequence of NCP {(An, ¢n)}F_, converges to (A, ) if for any
polynomial IT and ¢ > 1

Jim oy (™, 0} 1< i <) = p(Marai 1< <), (19)

For a collection of p x p random matrices {A; : i > 1}, we are interested in the
convergence of the sequence of NCP (Span{A;, A} : i > 1},p"'ETr) as p — oc.
Moreover, convergence of NCP is closely related to the convergence of the spectral
distribution of a matrix. To establish the LSD of a p x p symmetric random matrix

A, by the moment method, a crucial step is to show lim p‘lETr(A’;) < oo, Vk > 1.
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Therefore, the convergence of the NCP (Span{A,}, p ' ETr) with some additional
effort, yields the limiting eigenvalue distribution of A,. Similarly, for a collection
of p X p random matrices {A; : 1 > 1}, the convergence of the NCP (Span{A;, A; :
i > 1}, p 'ETr) with some additional effort, yields the LSD of any symmetric
polynomial in {A;, Af 11> 1}.

To describe the limiting NCP and LSD, we have often used non-commutative
free variables. Free variables are analogue of independent variables in commutative

probability.

1.4 Summary of Chapter 5

In Chapter 5, we have put to use the machinery developed in Chapter 4 to study
the LSD of any symmetric polynomial in the sample autocovariance matrices {I',},
along with their joint convergence.

For that we have first expressed these matrices in a suitable form. Recall
the independent matrix Z defined in Section 1.3 and the sequence of coefficient
matrices {t;} in (1.3). Let {P; : j = 0,£1,42,...} be a sequence of nxn matrices
where P; has entries equal to one on the j-th upper diagonal and 0 otherwise. Note

that P = I,, where I,, is the n X n identity matrix, and P; = P*;, Vj. Define

q
A, = %j;:o Vi 2Py 20, Yu=0,1,2,.... (1.10)
In Chapter 7, we have proved that {A,} approximates {I',} as far as the LSD
and joint convergence are concerned. With this in mind, first we have studied the
matrices {A,} in Chapters 5 and 6 respectively for the cases p/n — y > 0 and
p/n — 0.
Indeed we have broadened our scope significantly and have dealt with a more

general set up where we have

1. more than one independent matrices,
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2. any n X n matrices between Z and Z* instead of typical matrices {P;} and
3. polynomials which contain several (possibly independent) (Z,Z*) pairs.

Suppose we have matrices Z, = ((€uti))pxn, 1 < u < U , where {e,1; :
u,1,7 > 0} are independent with mean 0 and variance 1. Note that each Z, is an
independent matrix and moreover, they are independent among themselves.

Also suppose {By;—1 : 1 <i < K} and {By; : 1 <1i < L} are constant matrices
of order p x p and n x n respectively.

Consider all p x p matrices

ky
Py 1 00,200 1,) = H (n_lAl,Zi—lZul,iAl,%Z:l’i)Al,?kl—&-b (1.11)

i=1
where {A;2i-1}, {Ai2:} and {Z,,,} are matrices from the collections {By; 1 : 1 <
i < K}, {Bgi :1<i<L}and {Z :1<1i < U} respectively. As the sample
variance-covariance matrix n=1ZZ* (without centering) is a special case of the
above matrices, we have called them generalized dispersion matrices.

Consider the sequence of NCP (U, p~* ETr), where
U, = Span (PL(WMUW) Lk > 1) . (1.12)

Here we are interested in the convergence of (U, p~* E'Tr). For this it is convenient
to use embedding.
Recall the Wigner matrix in Section 1.3. We have first embedded Z,, into a

Wigner matrix W, of order (n + p). Thus

(1u)
w, Z.

w,=( " 20 | (1.13)
Z:;, Wan

where {W( :j = 1,2, u > 1} are independent Wigner matrices and are inde-

pendent of {Z,}.
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For any matrices B and D of order p and n respectively, let B and D of order

B = (ﬁ é)), D= (g 10)>' (1.14)

(n 4 p) be the matrices

It is easy to see that

ky

Pl:(ul,laul,%-wul,kl) = H (nlAl,Qi1Wul,iAl,2iWJl,i>Al,leJrl' (1'15>

=1

Consider the sequence of NCP (U, (n + p)"'ETr), where

U, = Span (Ph(uz,l,---,uz,kl) sk > 1> . (1.16)

Convergence of (U,, (n + p) ' ETr) is easy to describe by using tools from non-
commutative probability, discussed in Chapter 4. Then we have expressed the
limit of (U,, p~*ETr) in terms of the limit of (U, (n + p) " ETr).

In Section 5.2.2, we have provided the idea behind the limit. Then in Theorem
5.3.1 we have stated the result on convergence of (U, (n + p) 'ETr) and (U,
p !ETr). The limiting NCP can be expressed in terms of some free variables.

As discussed in Section 1.3, NCP convergence with some additional effort guar-
antees existence of the LSD. Theorem 5.4.1 states that the LSD of any symmetric

polynomial in {Pl,(w,1,uz,2,.. l)} exists and the limit can be expressed in terms of

UL K
some freely independent variables.

Consider the polynomials A € U, of the form
1 q
A= ; Bui_3Z B Z* Byi_1. (1.17)

We have assumed appropriate conditions on {B;} so that A is symmetric.

Note that all the existing LSD results in the literature, discussed in Chapter
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4 (see (c) and (d) in Section 1.3), are for random matrices which are special cases
of A. Moreover, the matrices {A,}, which are defined in (1.10) and which will
approximate {fu}, are also special cases of A.

However, most of the existing LSD discussed in Chapter 4 (see (c¢) and (d)
in Section 1.3) are in terms of Stieltjes transform. Therefore to show that these
results follow from Theorem 5.4.1, we have investigated the Stieltjes transform of
the LSD of A. In Theorem 5.4.5, we have provided the Stieltjes transform of the
LSD of A. In Section 5.4.2, we have shown how the existing LSD results ((c) and

(d) in Section 1.3)) in the literature follow as special cases of our LSD results.

1.5 Summary of Chapter 6

In Chapter 6, we have studied {P; (y, , u,.,,. )} defined in (1.11) as p, n(p) — oo,

..,ul,kl
p/n — 0. The embedding technique that we have used in Chapter 5, does not
work in this case as here the growth of p and n are not comparable. Moreover,
very different centering and scaling of {Py (u,,,u;,,..u,)} are needed to get non-

degenerate and non-trivial limits. Define the centered and scaled matrices

Rlv(ul,lv--wul,kl) = (n/p)1/2(Ply(uz,17ul,27~--,ul,kl) _Gl,kz)v where (1.18)

ki ky
Gy, = (H n” T (A ) ) H Aigiv (1.19)
i=1 =0

are the centering matrices. We have then considered the convergence of the se-

quence of NCP (V,,p~'ETr) as p,n(p) — oo, p/n — 0, where
Vp = Span{Rly(u“Mulykl) . l, k’l Z 1} (120)

In Section 6.2.2, we have shown why {G;, 4, } is the correct centering and /np=1 is
the correct scaling. In Section 6.2.3, we have discussed the idea behind the limit.

Then in Theorem 6.3.1, we have stated the result on convergence of this sequence
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of NCP. The limiting NCP can be expressed in terms of some free variables. In
Theorem 6.4.1, we have stated that the LSD of any symmetric polynomial in
{Ri(uy,u )} exists and have expressed it in terms of free variables. In Section
6.4.1, Theorem 6.4.2, we have derived the Stieltjes transform of this LSD. We
have also shown how the existing LSD results in the literature (see (e), (f) and

(g) in Section 1.3) follow as special cases of our LSD results.

1.6 Summary of Chapter 7

In Chapter 7, we have applied our results of Chapters 5 and 6 to show existence
of the LSD of any symmetric polynomial in {I',, T} for the infinite dimensional
MA processes. In the literature, such results are known only for the particular
polynomial {fu + fi} and under very strong assumptions.

In Theorems 7.3.1, 7.3.4, 7.3.15 and 7.3.17, we have shown that under most
natural assumptions, the LSD of any symmetric polynomial in {fu} exists for both
the cases p/n — y > 0 and p/n — 0. Moreover, apparently for the first time in
the literature, we have described the limits in terms of some free variables. Finally
we have shown how the existing results follow from our results under significantly

weaker conditions.

1.7 Summary of Chapter 8

The results obtained in Chapter 7 have plenty of potential for application in high-

dimensional time series. In Chapter 8, we have discussed a couple of applications:

1. a model identification problem, namely determination of the unknown or-
der of infinite dimensional moving average (MA) and autoregressive (AR)

processes and,

2. testing of hypotheses using asymptotic normality of traces of polynomials.
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In the univariate set up, a plot of the sample autocovariances provides a
method to identify the order of an MA process. If the sample autocovariances
are almost equal to zero for order u > ¢, then ¢ is taken to be an estimator of the
unknown order. A similar method that uses the sample partial autocovariances, is
also applicable for AR processes. The theoretical support for this method is the
fact that the population autocovariances of order greater than ¢ are all zero for
an MA(q) process. Similarly, for an AR(r) process, population partial autocovari-
ances of order greater than r vanish. Moreover, since the sample autocovariances
are consistent for the population autocovariances, for large enough sample size,
the sample autocovariances are close to population autocovariances.

In the high-dimensional setting, no equivalent method seems to be available
in the literature to determine the unknown order of MA and AR processes. The
above method cannot be extended naively since, as we have seen in Chapter 3,
the sample autocovariance matrices {fu} are not consistent for the population
autocovariance matrices {I',}. Nevertheless, we have shown that {I',} can be
used graphically for order determination of high-dimensional processes.

For the infinite dimensional MA(q) process, when p/n — y > 0, a result
in Chapter 7 has guaranteed that for large sample size, ESD of fufz are close
for u > ¢ and different for 0 < u < q. When p/n — 0, a similar result for
\/W (f‘u+f;j —TI'y—T',) has also been guaranteed by a result in Chapter 7. This
property of sample autocovariance matrices has been used to identify graphically
the unknown order of an MA process. For more details see Section 8.2.

To apply a similar idea to an AR(r) process defined in (1.4) with unknown
parameter matrices, we first needed consistent estimators of the parameter ma-
trices {A4; : 1 < i < r}. Note that we have already obtained such estimators in
Chapter 3. Let us denote these estimators by {AZ(T) : 1 <4 <r}. Now, suppose r
is unknown. Consider the residual process {égs)} after fitting the AR(s) process
using {flgs) : 1 <i < s}. In Theorem 8.3.1 and Remark 8.3.2, we have argued that

the residual process {égs)} behaves like an MA(0) process if and only if s = r, the
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true order of the AR process. We have used these results to identify graphically
the unknown order of an AR processes.

Linear spectral statistics of a random matrix M are of the form = " | f();)
where {\;} are eigenvalues of M and f is a “suitable” function. Such statistics
have been discussed in Diaconis and Evans [2001], Bai and Silverstein [2004] and
Bai et al. [2009]. Asymptotic normality of these statistics is extremely useful in
statistical inference. While we have not discussed these statistics in general in
this thesis, we have dealt with a specific spectral linear statistics, namely traces
of polynomials in sample autocovariance matrices. In Section 8.4, we have estab-
lished the asymptotic normality of these statistics and have suggested how it may

be used for testing problems in high-dimensional time series.



Chapter 2

Estimation of large dispersion matrix for

dependent observations

2.1 Introduction

In Chapter 1, we have discussed how high dimensional data are becoming more
prevalent with the advent of new methods and technologies in bio-sciences, image
processing, social network system and internet. Often these data are represented

in the form of a p X n matrix, called a data matriz, as follows:

11 T12 13 ... Tin
To1 T2 T2z ... Ton
Xpn= | (2.1)
i Tp1 Tp2 Tp3 ... Tpn i

where the dimension p is assumed to be increasing with the sample size n i.e.,
p = p(n) - oo asn — oco. Let Cj = (213, %2,...,2p)", 1 < i < n, be the
i-th column of the data matrix X. Throughout this chapter, we assume that
{Ci,} are identically distributed with mean 0 and variance-covariance matrix 3,,.
In Chapter 1, we have provided the motivation that in the multivariate set up,
estimation of X, is crucial as many statistical procedures such as classification

problem, principal component analysis are all based on the variance-covariance

18
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matrix. In this chapter, we shall discuss estimation of ¥, when {C;,} are ‘weakly’
dependent random vectors and when n,p = p(n) — oo. In particular, we assume
n~'logp — Oi.e. pis allowed to increase at an exponential rate of n. The meaning
of ‘weak’ dependence will be clear later in Section 2.3.1.

In the finite dimensional case i.e. when p is fixed, the sample variance-
covariance matrix is a consistent estimator of »,. In high dimensional setting,
many researchers have shown that the sample variance-covariance matrix fails
to estimate the population variance-covariance matrix consistently (where consis-
tency is defined in some natural way), even for i.i.d. {C},}. This is also supported
by the simulation results given in Example 2.2.1. This is due to the increase in the
number of unknown parameters along with the sample size. As a remedy we need
some restrictions on the parameter space and modifications of the basic estima-
tor, the sample variance-covariance matrix. This modification is called covariance
reqularization. There are many covariance regularization techniques available for
i.i.d. observations in the literature. These have appeared while studying different
aspects such as regression, classification or principal component analysis.

One such covariance regularization is due to Bickel and Levina [2008]. It shall
play a crucial role in this chapter and is discussed in details in Section 2.2.1. They
proved that the suitably banded and tapered sample variance-covariance matrices
are consistent in the operator norm for the population variance-covariance matrix
as long as n~'logp — 0, uniformly over some fairly natural well conditioned
families of covariance matrices. They also obtained the explicit rates of these
convergences. For more details, see Theorems 2.2.2 and 2.2.6.

However, the independence assumption on {C;,} is questionable and many
researchers have provided evidence of its lack. Efron [2009] proposed the matrix-
variate normal distribution as a model for dependent {C},}. Allen and Tibshirani
[2010] is the only work in this model which estimates ¥,. In Section 2.2.2, we
briefly discuss their covariance regularization.

In Section 2.3, we consider more general models (we call these weak models)
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and give examples of a huge class of models which are not accommodated by
the model assumption of Allen and Tibshirani [2010] (see Examples 2.3.1-2.3.3).
We allow dependence of appropriate nature between the columns. We call this
dependence the cross covariance strucuture. In this chapter we consider three
different restrictions on cross covariance structures. In the first case, the restriction
is on the growth of the powers of the trace of certain matrices derived from the
cross covariance structure. In the second case, the dependence among any two
columns weakens as the lag between them increases and in the third case we
assume weak dependence among the high-indexed columns. See Section 2.3.1 for
details.

In the first case, we show that the convergence rate of the banded estimator
is the same as in the ii.d. case of Theorem 2.2.2 (see Theorem 2.4.4) under a
trace condition. In Remarks 2.4.5-2.4.8, we also provide some sufficient conditions
that imply this trace condition. The other two weak models do not fall under
the purview of Theorem 2.4.4. Under appropriate conditions we obtain explicit
rates of convergence for the banded estimators (see Theorems 2.4.9 and 2.4.11).
In particular, for all three cases, the suitably banded variance-covariance matrix
continues to remain consistent in operator norm.

Banded estimators are not necessarily positive definite. So we consider tapered
estimators that preserve the positive definiteness of the sample variance-covariance
matrix. In Theorem 2.4.13, we obtain the rates of convergence of the tapered
estimator for all the three weak models defined in Section 2.3.1. In particular
the tapered estimator continues to remain consistent in operator norm in these
dependent situations.

The growth rate of p and the convergence rates for the tapered and the banded
estimators are in general slower than the i.i.d. case and there is a trade-off between
these rates and the extent of dependency.

The main material of this chapter is taken from Bhattacharjee and Bose [2014a].
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2.2 A brief literature review: some necessary re-
sults and motivation

For better understating of our models and assumptions for dependent {Cj,}, let
us first discuss the standard case when {C;,} are i.i.d. with mean 0 and variance-
covariance matrix »,. The natural estimator of 3, that one can immediately talk

about is the sample variance-covariance matrix:
1 n
Spn =~ Zl CipCi- (2.2)
1=

(Throughout this thesis, we deal with only real vectors and matrices. By *, here
we mean ‘transpose’ of vectors or matrices.) For each n > 1, this is a moment
estimator of X,.

For any square matrix A, of order p, define
Amax(Ap) = the largest eigenvalue of A,,. (2.3)
The Ly norm or the operator norm of A, is defined as

[Apll2 = 1/ Amax (A5 Ap). (2.4)

Let 5 denote convergence in probability. An estimator Apﬁn, based on a sample

of size n, is called consistent in operator norm for A, if

1A, — Apalla 50, as n — oco. (2.5)

Throughout this thesis, by consistent estimator we always mean consistency in
operator norm unless otherwise explicitly mentioned.

It is well known that, in finite dimensional set up, X, ,, is consistent for ,. But

in case of high dimensional set up, as discussed in Chapter 1, many researchers
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have shown that ip,n may turn out to be a very bad estimator of >,,. The following
simulation results also support this.

For any matrix M of order k x [, let
M(i,j) = m;; = the (4, j)-th element of M, V1 <i<k, 1 <j <l (2.6

We often write

M = ((mij))exi or M = ((M(i,])))kxt- (2.7)

For a given sequence {a;}, let diag(aj,as,...,ar)kxr be the diagonal matrix of
order k with diagonal elements {ay, as, ..., ax}. Let

]k = diag(l,l,...,l)kxk, (2.8)

Jo = ((1))kxk- (2.9)

Example 2.2.1. We choose three different ¥,, namely ¥,, = diag(1,2,...,p),
Yo, = diag(1,27Y, ... .p7Y) and X3, = 0.51, + 0.5.J,. Take p = [6”0‘2] and n =
10,15,20,25. For each n, consider independent random samples {X,;j; : 1 =

1,23, 1<j<mn, 1 <k<1000}, where

For each choice of n, we compute

1000

Hin = 100()Z||_2ka ik = Zipll2- (2.11)

The stmulation results are reported in the following table.
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Table 1: value of {Ry, 11 =1,2,3, n=10,15,20,25}

n 10 15 20 25

D 8 21 %) 149
Ry, | 7.042 | 45.687 | 274.339 | 1769.052
Ro, | 6.415 | 18.288 | 50.329 | 81.486
Rsy, | 17.027 | 38.312 | 78915 | 195.877

The increasing value of {R;,} with increase in n indicates that the sample
variance-covariance matrixz fails to estimate the population variance-covariance

matrices consistently in the high dimensional setting.

Note that the total number of “parameters” in X, is same as the total number
of entries on or above the diagonal of 3, and equals 0.5p(p + 1). In high dimen-
sional setting, inconsistency of ip,n is due to the increasing number of unknown
parameters. Therefore, appropriate restrictions/modifications on ¥, and %,,,, be-
come necessary to obtain a consistent estimator of >,,. This is known as covariance
reqularization. In Chapter 1, we have discussed different covariance regularization
techniques which have been used for regression or classification problem in the
literature of high dimensional data/model for i.i.d. observations. In the following
subsection, we review covariance regularization by Bickel and Levina [2008] in

details as we shall use their techniques later in this chapter.

2.2.1 Covariance regularization by Bickel and Levina [2008]

They assumed that
For any square matrix A, of order p, define

Amin(4,) = smallest eigenvalue of A,,. (2.13)
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Note that in Example 2.2.1, we considered three different kinds of dispersion

matrices, where

SUP Amax(X1,p) = 00, ir;f Amin(X2,,) =0 (2.14)

p

and dependence among the i-th and j-th variables in Y3, does not decrease with
increase in |i — j|. In all these cases, the above simulation shows very bad results.
The parameter space considered by Bickel and Levina [2008] does not allow these
kinds of variance-covariance matrices. They considered dispersion matrices which
are well conditioned and have polynomially decaying corners. Such classes of
matrices are defined as below.

For all k£ > 1, let {Ax} be a nested sequence of square matrices where Ay, is of

order k. Define

A, = the co x oo extension of the sequence of matrices { Ay}
in the sense that for all £ > 1, A; is the k x k sub-matrix

constructed by the first £ rows and columns of A. (2.15)

Note that the relation between A., and {A} is a bijection.

Well conditioned dispersion matrices. A dispersion matrix Y is called well
conditioned if its eigenvalues are bounded away from both 0 and co. For any

e > 0, the set of all e-well conditioned dispersion matrices is given by:

W(e) = {Ze : 0 < € < inf Apax(Z,) < SUP Ao (2,) < €1 < 00} (2.16)
P

p

Hence, a dispersion matrix >, is well conditioned if

Soo €W = W(e). (2.17)

e>0
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Clearly, this class of dispersion matrices avoids matrices like ¥, , and 3 .

Dispersion matrices with polynomially decaying corner. This class of
matrices guarantees weak dependence among i-th and j-th variables when |i — j|

becomes large. For this purpose, define the k-corner measure of a square matrix

A= ((a)) as

T(A k) =sup > gl (2.18)

T iti—j>k
This is nothing but the maximum column sum of the matrix ((a;;(|i — j| > k))
derived from A. To quantify the weak dependence among i-th and j-th variable for
large |i — j|, the corner measure T'(X, k) should decay as k grows. A dispersion

matrix X, is said to have a polynomially decaying corner, if

Yo € A= U X(a,C'), where (2.19)
a,C>0
X(a,C) = {A:T(Ak)<CE™® Yk >1}, a,C > 0. (2.20)

Clearly, the class X avoids matrices like X3 .

Let
U = U U(e,ar, C), where (2.21)
€,a,C>0
U(e,a,C) = W(e)NX(a,C), €,a,C > 0. (2.22)

Bickel and Levina [2008] gave consistent estimator of the dispersion matrix ¥

in the class «. We shall quote their results later but first some examples.

Example 2.2.2. For a symmetric Toeplitz matriz T = ((ti; = tji—j|)), its spectral

density is given by (assuming Y o |t,] < 00)

fr(z) = Z t,e™, V0 <z <2m.

U=—00
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For a function f on a domain A, we define

11l = sup /(@)L (223)

Let £ denote the m-th order derivative of f.
For any e,C" > 0 and m > 1, consider the following class of Toeplitz variance-

covariance matrices as

L(e,m,C) = {Yo = ((04)) : 04 = 0ji—; with spectral density fs__,

0<e<foallo < (15710 < C}.
Bickel and Levina [2008] proved that
L(e,m,C) CU(e,m—1,0). (2.24)

Example 2.2.3. For any e¢,m, mq,C,C1,Cy > 0 and m; > 1, consider the fol-

lowing class of dispersion matrices as

/C(m, C) = {E 044 S Ci_m, V'l},
T(e,ml,mg,Cl,Cg) = {Zoo =A+B: A€ C(e,ml,Cl), B e /C(mg,C'g)}.

Bickel and Levina [2008] proved that

T (e,m1,ms,C1,Cy) C U(€,a,C3), where

6/ S 6_1 + CQ
a < min{m; —1,0.5my — 1}
C C:
o, < 1 2

Note that, the sample variance-covariance matrix f]pm, defined in (2.2), cannot

be consistent for ¥, € ¢. This is partially because 3, has no control over its
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corner entries. To have control over the corners of f]pm, Bickel and Levina [2008]
considered banded and taperd version of the sample variance-covariance matrices

defined as below.

Banding. For any square matrix M = ((my;)), the k-banded version of M is

given by the matrix
Bp(M) = ((mi; I(|i — j| < F))). (2.25)

This provides control over the corners of a matrix by choosing the banding param-
eter k appropriately.

The banded version of a matrix has a connection with its corner measure
defined in (2.18). To understand this, consider the (1,1) norm of the matrix M

as

|[M]1,1) = sup Z my;l. (2.26)
>
This is nothing but the maximum column sum of the matrix M. Then the fol-

lowing lemma is immediate.
Lemma 2.2.1. If M € X(a,C), then ||By(M) — M||q1) =T (M, k) < Ck™.

Bickel and Levina [2008] proved that, when n,p = p(n) — oo such that
n~!logp — 0, the appropriately banded version of the sample variance-covariance
matrix i]p,n is consistent in operator norm for the population variance-covariance
matrix X, provided ¥, € U(e, a, C). Obviously the choice of the banding param-
eter k will depend on both n and the rate of decay of the corners of ¥, i.e., on «.
Let us denote it by k, . The following theorem due to Bickel and Levina [2008]
provides a right choice for &, . For convenience of our further discussions, we shall
discuss the detailed proof of Theorem 2.2.2. Let {a,} and {b,} be two positive

sequences. Then by a, < b,, we mean —oo < K; < limZ—" < 1ifnZ—" < Ky < 0.
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Theorem 2.2.2. (Bickel and Levina [2008]) Suppose {C,} satisfies (2.12) and
Yoo €EU(e,a,C). Then for ky o =< (n! logp)_ﬁ,

HBkn,a (ip,n) - EPH2 = OP(k;g) (227)

To prove Theorem 2.2.2, we need the following two lemmas. For any square

symmetric matrix M = ((m;;)), let
¢j(M) = the number of non-zero entries in the j-th column of M. (2.28)
Define the || - ||o norm of M as
M1 = max . (2.20)

Lemma 2.2.3. (Golub and van Loan [1996]) || M ||y < [[M]]1,1) < (sup; ¢;(M))||M||so-

Lemma 2.2.4. (Saulis and Statulevicius [1991]) Let x2 be a centered chi-square

variable with n degrees of freedom. Then
P(x2 —n| > z) < e T, Y > 0. (2.30)

Now we are prepared to discuss the proof of Theorem 2.2.2 as given in Bickel and

Levina [2008].

Proof of Theorem 2.2.2.

Step 1. Since || - ||2 is a norm, by triangle inequality, we have

1Bt (o) = Zpllz < (1B o (Bpn) = Bro o (Ep)ll2 + [ B, (Bp) = Spllo- (2.31)
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Step 2. By Lemma 2.2.1,

1Be, (Ep) = Epllz2 = T(X, kna) = Ok, ).

n,a

Step 3. Recall ¢;(M) in (2.28). By Lemma 2.2.3, as

~

Sup Cj(Bkn,a (Ep,n> - Bkn,a(Ep)) S kn,aa
J

we have

IN

kn,a| |Bkn,a (ip,n) - Bkn,a (Zp) | |oo

kn,aHip,n - EpHoo'

| |Bk'n,a (ipyn) - Bkn,a (Ep) | |2

A

Step 4. In this step, we prove

£ = Splloe = Op(v/n~tlogp).
Proof. To show (2.35), we first prove that for some C7,Cy > 0,
P(|[Zpn — Splloe = 1) < Crp?e” " if {t,} is bounded.
To prove (2.36), note that

P(Hip,n B Zp“oo 2 tn)
1 n
< - X — o] > .
= P(H;.%X|n iZIXZJsz ojk| > ty), by (2.29)
1 n
= P = > XX —ojk| >ty

1 « . .
< Z P <|ﬁ Z X Xik — o] > tn) , by Boole’s inequality.
j.k

=1

(2.32)

(2.33)
(2.34)

(2.35)

(2.36)

(2.37)
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Let us define, forall 1 <i<nand 1< 75,k <p,

X,

v

Ok
y Pik = )
25 V/ 25iOkk
; Zij + Zik ; Zij — Zi
o= | ———=, Vi=|——], 2.39
aw (w/2+2pjk> " <N/2—2pjk> (2:39)

Upp = (U, Uy URYS Vie= (V3 Ve, V). (2.40)

J J J J

Zij =

(2.38)

Now for some C7, Cy, C's > 0, we have

1 n
P |EZXUXik — k| > tn)

i=1

“ 4dnt,,
= P E 47 2. — Anps| >
| 2 j ik pjk| UjjUkk>

" 2nt,,
P (Zij+ Zu)* —n(2+ pi)’| > >

IN

i=1 V5K
u 2nt
+P Zii — Z)? —n(2 — pix)?| > =
<|Zzl( J k) ( pﬂf) | m)
NEp/0;i0kk
2(\/7;0kk — Ojk)
Ntp\/0::0
+P (|vj'kvjk —n| > 77k 2) (2.41)
2(1 /Ujjakk + Ujk)
= P (|U;kUjk —n|> C’lntn) + P (W;’kvjk —n|> C’lntn) (2.42)

= 2P(]\% —n| > Cint,) (2.43)

IA

Coe=C3" - provided {t,} is bounded. (2.44)

(2.42) holds true as X5, = ((0y5)) € W(e) implies

IN

SUP Amax(2p) < e Vj, and (2.45)
P
2(/Tj;0m £ 1) < (055 + o £ 2051) < SUP Amax (3,) < €71, V5, k.(2.46)

p

9jj
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(2.43) holds because
Uit Vire ~ Nu(0, L), Vi bk = U U, Vi Vie ~ X2, Vi, k. (2.47)

(2.44) then follows from Lemma 2.2.4.

Hence, by (2.38) and (2.44), (2.36) is proved. O

Now by taking t,, = Cy+/n"!logp for some Cy > 26’3_1, we have
CopPeCanth — 02p2—0304k,;§304 — 0. (2.48)

Hence, the proof of (2.35) is complete.

Step 5. By Step 3, we have

1 Bry o (Spn) = B (Sp)ll2 = Op (ko y/n1logp). (2.49)

Step 6. Now to choose k,, , appropriately, by Steps 1, 2 and 5, we have

kno = knaVntlogp = ko= (07" logp)_m . (2.50)

This completes the proof of Theorem 2.2.2. O]

Remark 2.2.5. Note that the independence assumption on {C;,} is not used from
(2.37)-(2.42). It is first used in (2.43) and may not hold in dependent cases. Later
in Theorem 2.4.4, we shall see that under some ‘weak’ dependence among {Cj,},
(2.44) directly follows from (2.42) and hence the same convergence rate as in
Theorem 2.2.2 will hold true.

Tapering. Positive definiteness is a desirable property for estimators of any
variance-covariance matrix and the banded version of ip,n may not be a positive
definite matrix. As the Schur product or component wise product of two positive

definite matrices is always positive definite, one can consider the Schur product
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of ip,n with an appropriate positive definite matrix to preserve the positive defi-
niteness. This leads to the idea of tapering.
Let, g : RT U {0} — R* U {0} be a continuous, non-increasing function such

that g(0) = 1 and lim,_,~ g(z) = 0. Now, we define

A, = {1,2,3,...,p(n)}, Vn > 1, (2.51)
n—1 .
J

Dgre = 2.9 <ﬂ) , (2.52)
Jj=0 ’

R,. = (g (Lﬂ)) , Vn >1 and for some 7,,, > 0, (2.53)

Tn,a 1,j€EAR
« = Schur or component wise product of two matrices, (2.54)
R, .(A) = AxR,,, VYn>1 and for any p x p matrix A. (2.55)

Also, g is such that R, is positive definite. One such choice is g(z) = e~17l.

Now we have the following Theorem.

Theorem 2.2.6. (Bickel and Levina [2008]) Suppose N, . =< (n™! 10gp)72<1}m>.

Then under the same assumptions as in Theorem 2.2.2, we have

||R (ipm) - Z]p||2 = OP((TL_1 1ng)—2(fm) ). (2.56)

Tn,a

Bickel and Levina [2008] did not provide a detailed proof of the above theorem.

As the proof is similar to that of Theorem 2.2.2, we also omit the proof.

However, the assumption that {C},} are independently distributed is question-
able in applications. As discussed in Chapter 1, many researchers gave specific
examples of lack of this independence. Hence, there is need for models which
allow dependence among {C;,}.

Efron [2009] proposed the matrix-variate normal as a model for dependent
microarrays. Allen and Tibshirani [2010] is the only work in this model where 3,

is estimated by considering appropriate regularization. In the following subsection
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we discuss the covariance regularization considered by Allen and Tibshirani [2010].

In Section 2.3, we shall generalize their model.

2.2.2 Covariance regularization by Allen and Tibshirani [2010]

For the data matrix X, defined in (2.1), let us denote

vec(X) = (C1,, Cspy -, Ch )" (2.57)
Allen and Tibshirani [2010] assumed that
vee(X) ~ Npp(0,9), where (2.58)
Yp o Ay o A,
A21 2 ) coe o A
Q= | T e (2.59)
A1y Ap2dp 0 X,

for some n x n real symmetric matrix A, = ((\;;)), A =1, Vi. Here A, and ¥,
are respectively called column and row covariances.

For any matrix A = ((a;;)), let us define

1/2
1Al = > layl, and [|A]|@) = (ZI%I2> : (2.60)
] %,J

|| - l2) is called the Hilbert-Schmidt operator norm or the Frobenius norm and
note that it is different from || - || norm defined in (2.4).

They consider the following penalized log-likelihood

L(%p, An) = U(Ep, An) = pelal[Anll) + (1 = @)|[An]]2)

—pr(al[Eplla) + (1 = )% 2), (2.61)

where [(3,, A,,) is the (Gaussian) log-likelihood of the model (2.58) and, p. and
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pr are respectively the column and row penalizing parameters. They obtain an
estimator for 3, by maximizing (2.61).
The main drawback of the model (2.58) is that the correlation between rows

is controlled without considering the effect of the columns; that is,

corr(Xyi, Xi;) Okl .
= Vi,j=1,2,... dm=12,...,n. 2.62
COTT(XmZ’Xm]) \/m? ZJ] Y ) 7p a‘n m ) Y 7n ( )

In Examples 2.3.1-2.3.3, in the next section, we shall see that there are many
models which are not accommodated by the model considered by Allen and Tib-
shirani [2010]. We shall then introduce a more general model which can overcome

the limitation exhibited in (2.62).

2.3 A more general model and some examples

Recall Ji, A, * and vec(X) defined respectively in (2.9), (2.15), (2.54) and (2.57).

We assume that

vee(X) ~ Nyp(0,A,,), where (2.63)
All * Ep A21 * Ep s Anl * Ep
ANogxX, Agoxd, -+ Ap*xX
Anp _ 12‘ p 22' P 2. p : (264)
Aip x 2, Aoy x X, - Appx ),

for some real p x p matrices {A;;} with A;; = A*

G forall 1 <ji<nand Ay =J,

forall 1 <i<n.
Recall the set U (e, ar, C') in (2.22). For the marginal variance-covariance matrix

Y, we assume that, for some €, a,C > 0, X, € U(e, o, C) NV, where

V = {Ex = (04)) 045 #0, Vi,j}. (2.65)
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Yo € V is an identifiability condition since it allows to recover {A;;} uniquely

when A, and X, are given. Recall the notation in (2.6). By (2.64), note that

A((G—Dp+Ek,(i—1p+1l) = (Ay*2y)(k, 1) =Nk, Dog.  (2.66)

Therefore, the condition ¥, € V, assures that one can recover {A;;} from the

matrices A, and ¥, by considering

A((j—Dp+k, (i —1)p+1)

Okl

Ay (k1) = ,V1<i,j<n, 1<kI1<p (267)

For example, suppose {z;} are one-dimensional and i.i.d. random variables with

mean 0 and variance 1. Let
Wy = 2¢ + Zt—1, U = 0.5Ut_1 + 2ty Vt. (268)

Then ¥, = Var(wy,ws,...) ¢ V but ¥ = Var(vy,ve,...) € V. The following
examples provide some cases which are accommodated by the model defined in
(2.63). We also discuss some cases where the model (2.58) is not applicable but
the model (2.63) is.

Example 2.3.1. Suppose
Cip = ApCliryp + Zipy Vi =0,+1,42, ..., (2.69)

where each Z;, is a p-component column vector and i.i.d. with mean zero and
Var(Z;,) = %,. Recall the definition of operator norm in (2.4). Suppose A, is a
symmetric square matriz of order p such that ||A,|l2 < 1 and Apip = ipAp for
all p. From the properties of linear operators (see for example Bhatia [2009]), if
Ayl < 1, then (I — A,) is inwertible and (I — A,)"" = (I + A, + A+ ).
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Therefore, it is easy to see that for all1 <i# j<mn

Var(Cy,) = ¥,= (I — Ai)_lip, and (2.70)
Cov(Cip, Cpp) = (I —A2)TTAI =5 Al (2.71)

Hence,

Ay = Var (vee(Xpxn)) = ((Sp A7 (0 # 5) + Byl (0 = j)))

1<i,j<n”

Recall Jy, defined in (2.9) and the notation in (2.6). As we have mentioned earlier,

if Yoo €V then one can express Ay, as

Anp = ((Bpx Nl (0 #J) + Ep* JpI(i = J)))1<; j<n » where (2.72)
(A (k. ]
(I — A2)71%,) (K, 1)’

Aij(k, 1) VI<iZj<nm 1<kl<p (273)

This satisfies the condition of model (2.58) and (2.59) if for all 1 < k,l <p, 1 <

i,7 <n and some Ci; > 0,
(1 = A28, A (k1) = Oy (1 — A2)7'5,) (k. 1) (274)

For example, if A, = al, for some 0 < a < 1, then the model (2.69) satisfies
(2.74). But in general, (2.74) may not hold always. Suppose, for some 0 < o < 1,

Y, =1, and A, = ((al(i + 7 =p))). (2.75)
Then it is easy to see that ¥, = (1 — a?)7'1, and

o 1— o) tali=ilL, if |i — j| is even
(I — A2)ts, Al = ( ) po A1l (2.76)

(1 —a®)Lali=1lA,, if |i — j| is odd.
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Therefore, (2.74) does not hold when |i — j| is odd. This shows that (2.63) is a
more general model than (2.58).
It is relevant to address the issue of estimation of %, and A,. This will be

addressed in details in Chapter 3.

Example 2.3.2. Suppose, {Z;,, i =0,£1,£2,...} is a sequence of p-component
column random wvectors such that E(Zy) = 0 Vi and E(Z;,Z5,) = Dji—j Vi, j.
Also, letY,, be a mean zero p-component column random vector such Var(Y,) = %,

and which is independent of Z;,’s. Recall the Schur product = in (2.54). Define

another sequence of p-component mean zero random vector as
Cip =Y, %2y, 1=0,1,2,...n. (2.77)

Clearly, we have A, = <<f]p * D|Z~_j‘>> .
1<i,j<n 3
Recall Ji, defined in (2.9) and the notation in (2.6). Suppose 3, = X, * Dy.

Then it is easy to see that

Dy = ((Bpx Ayl(i # §) + Zp* Jpl(i = §)))1<ijan » where (2.78)
Diiji(k, 1)

Vi<iti<n 1<kIl<np. 2.79
Do(kl) <i#j<n, 1<kl<p (2.79)

Aij(ka l)

This satisfies the condition of model (2.58) and (2.59) if for all1 < k, 1 <p,i>1

and for some C; > 0, we have

But in general, (2.80) may not hold always.

Suppose Z;, satisfies the model (2.69). Then D; = (I — Ap)—lipA]‘j‘ for all
i=0,%+1,£2,.... Hence, as we have seen in Example 2.5.1, for the choice (2.75)
of A, and %, (2.80) is not satisfied and the model (2.58)-(2.59) is not applicable.



Chapter 2: Estimation of large dispersion matrix for dependent observations 38

Example 2.3.3. Let

A= ((BIFI(i # )+ (I - B I = )., -, (2.81)

where B, is a symmetric p X p matriz and ||Bp|la < 1 for all p. Then Ay, is

always positive semi-definite since

A= (B, By ... B;)’ (B, B2 ... Bg)+Dmg([p+Z BY-B* k=12,... ,n>
i=1
where Diag(A;, i = 1,2,...,n) denotes the block-diagonal matriz with i-th diag-
onal block as A; and I, is the identity matriz of order p.
Recall Jy; defined in (2.9) and the notation in (2.6). If (I-B2)~'(k,1) # 0 Vk,1,

then we can write

Ay = (((I — BZ)_l s« NI (i # j)+ (1 — Bzg)_l x J,I(i = j)))lgmgn, where
(B,)(k,1) o
Aij(k, 1) = (1 _1}32)71)(1€ )’ Vi<i#j<n, 1<kI<p (2.82)

This satisfies the condition of model (2.58) if for all 1 < k1l <p, 1 <i,5<n

and some for Cy; > 0,
(BEH)(k,1) = Cy (I = B2 )(k.D). (2.8

For example, if B, = ad,, for some 0 < a < 1, then A, in (2.81) satisfies (2.83).
But in general, (2.83) may not hold always. Suppose, B, = A, where A, is as in
(2.75). Then it is easy to see that (I — B))™' = (1 — o*)71, and fori,j > 1,

o QML if i+ g is even
B =¢ ' (2.84)
QM B,, ifi+ 7 is odd.

Therefore, (2.83) does not hold when i+ j is odd.
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2.3.1 Weak dependence among observations

As promised earlier, we now discuss our assumptions on dependence among ob-
servations {Cj,}. As {A;;} indicates dependence among observations, we can

separate them out from A,, and define

Jp Alg A13 Aln

Ny Jy Ay . Agy

Vip=| Ny ANy J, ... As,
| Alln A/2n Agn Jp ]

We call it the covariance structure of the model (2.63). We now elaborate on the
idea of ‘weak’” dependence mentioned at the beginning of this chapter. We discuss
four different assumptions on V,, showing feeble dependence among columns
and provide consistent estimators of ¥, in each of these cases along with their

convergence rates.

(1) A relevant question is under what restrictions on V,, and ¥,, can one retain
the consistency, preferably with the same convergence rate of the earlier estimators
of ¥, as in case of i.i.d. observations? In Theorem 2.4.4, we shall see that it is
sufficient to assume that for some M > 0,

sup anr<(r{f)T> <M (2.85)

n7j7k

where T7* and T" are two (n x n) matrices defined by

A G) (A (G)+ g () ) 51+ () y
ik . Q(I:Epjk) » P7da
I (pg) = (2.86)
L, P=4q,

N

1 <j,k <pand pjp = ojn(0j0m)"
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Next, note that, in data where time is one of the latent variables which is respon-
sible for the dependence, one may consider the Toeplitz (stationary) structure
A;j = Aj;_j| for a suitable sequence of matrices {A;} and if A; = A%, then it yields
the autoregressive structure of Example 2.3.1. Example 2.3.2 also has a Toeplitz
structure. We have seen an example of Hankel structure A;; = Ajyj, Vi # j
in Example 2.3.3. Broadly speaking, weak dependence between columns can be
modelled by assuming that A;; is ‘small’ when say both indices ¢ and j are large
or when i — j| or i + j is large. While (2.85) demands control over all {A;;},
the above assumption (weak dependence for large |i — j| or i + j) has control on
fewer {A;;}. Therefore, results obtained under the assumption (2.85), do not hold
true here and hence we need to discuss these cases seperately. Below we provide
technical assumptions on these covariance structures so that consistent estimators

of ¥, can be obtained.

Recall || - || defined in (2.29) and the notation in (2.15). Let, {a,};>, be a

sequence of non-negative integers such that n='a, <1, Vn > 1.

(2) Weak dependence among the columns when ¢ and j are large can be modelled

as follows:

L,(a,) = {Vnp : S'(an) := max X || Mgy +k,an+ktm||oc = O (n_gan)} ,(2.87)

k>1,m>

L(an,n>1) = {Ve:V, € Ly(a,)}. (2.88)

(3) Weak dependence between i-th and j-th columns when |i — j| is large is

modelled as follows:

Ay (a,) = {Vnp = ((Ajiy)) : S(an) == max || Ayl = O (n"%ay) },(2.89)

an<k<n

Ala,,n>1) = {Ve=((Ni—j)) : Vi € Anlan)}. (2.90)

(4) Finally, weak dependence among columns when (i + j) is large, is modelled
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an

Halan) = {vnp=<<Ai+j1<z¢j>+A01<z’=j>>>:ggfnmuoo:()(—)
H(an,n>1) = {Vao = (Mgl (i # ) + Aol (i = 1)) : Vi € Halan)}

Theorems 2.4.9 and 2.4.11 respectively provide consistent estimator of 2, for Cases
(2) and (3). Case (4) does not have to be dealt with separately as all bounds for

Case (2) will automatically hold for Case (4) due to the following Lemma.

Lemma 2.3.1. H(a,,n>1) C L([27'a,] +2,n > 1), where [z] is the largest

integer contained in x.

Proof of the above lemma is immediate by observing that, for b, = [27'a,] +
2, Vn >1,
(22 Ao tntismloo < SUP [[Ar]oc: (2.93)

Throughout this chapter, model (2.63) under the assumptions described in (1),
(2) and (3), will be referred to as the weak models.

2.4 Estimation of X, for the weak model

In this section, we shall provide consistent estimators of X, under the assumptions
that V,, and ¥, satisfy (2.85) or, Vo € A(a, : n > 1) or L(a, : n > 1). Recall the
banded and tapered version of a matrix in Section 2.2.1 and the sample variance-
covariance matrix 3, defined in (2.2). As we assume that Yo, € U(e, o, C) for
some €, , C' > 0, from the experience of Section 2.2.1, we can expect that the
banded or tapered version of i)pm can serve our purpose. Let us first concentrate

on the banded estimator. The tapered estimator will be discussed later.
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2.4.1 Banding

As discussed in the previous section, we are interested not only in just consistency
but restrictions on V,, and ¥, under which the convergence rate of the banded
version of f]p’n remains the same as in case of i.i.d. observations dealt with in
Theorem 2.2.2. Recall Uj,, Uy, Vj, and Vi, in (2.39) and (2.40). Note that in
Remark 2.2.5, we pointed out that (2.43) may not hold for dependent {C;,} as
then UY, and V}, are not independent over i. Recall I}’ defined in (2.86). Note
that, under our model assumptions, U, ~ N, (0,T7%) and Vjj, ~ N, (0, T7%). Hence
the problem boils down to finding conditions on I'}*, so that (2.44) follows directly
from (2.42). In other words, if U ~ N, (0,T,,x,), then under what assumptions

on 'y« 1S

P(U'U —n| > Cint,) < Che i,

for any bounded t,, and some C7,Cy,C3 > 0 7(2.94)
To solve the problem, we need the following lemma on the large deviation rate of

a random variable.

Lemma 2.4.1. (Saulis and Statulevicius [1991]) Suppose EE = 0 and there
exist v >0, H> 0 and A > 0 such that

k=2,34,.... (2.95)

ENTY o
2 Ak—2’

Cumy (€)] < (

where |Cumy (&) = |;t—i(log E(e))|i=0, is the k-th order cumulant of &. Then for
all x > 0,

_29+1
= EES!
w;(H#»xAZ'y-H)
P[ +&> x} <e .

Lemma 2.2.4 easily follows from Lemma 2.4.1 as for £ = (Xi — n), we have

7:0,H:4nandA:%.
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Now to see whether (2.95) is satisfied by U ~ N,,(0,T,,x») or not, we need to cal-
culate the characteristic function of U'U. For this purpose, we need the following

lemma.

Lemma 2.4.2. Suppose Ay is a k X k positive definite matrixz and recall I, in

(2.8). Then

1

/ e 2V (A—20tTy gy — (27)5 (det(Ay — 2itl;)) "2, t € R.
Rk

Proof. Let A > 0 be the minimum eigenvalue of A;. Define f and g as

1

g(z) = (27T)§ [det(Ay, —221)]72, Re z < A,
f(z) = / eV Am20Ygy Re 2 < N

[e.9]

Note that both g and f are well defined. It is easy to check by direct integration
that if z = 2 € (—o0, A), then f(x) = g(x). It is also easy to check that both f
and ¢ are analytic functions on {z: Re z < A}. Since they agree on {z: z =z €
(—o0, A)}, they must be identical functions. Hence f(it) = g(it), t € R and the

proof is complete. O
The following lemma easily follows from the above two lemmas.

Lemma 2.4.3. U ~ N, (0,T,,x»,) satisfies (2.94) if for some M > 0,

)< M", Vr>1. (2.96)

nxn

1
sup —Tr (I,
n T

Proof. The characteristic function of U'U is given by

E(@™'Y) = (2m) 7/ det(T,%,) / e 3 Con=2ith)u gy
1

= (2m) "% /det(T;,},)(2m) 2 (det(T, L, — 2itI,))"2, by Lemma 2.4.2

1
2

— [det([n—Qitann)} . (2.97)
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Hence,
1 BV = 1 0 log(1 — 2it\,)
dtr 0% <dpr u

where \,, 1 < u < n, are eigenvalues of I';,«,,. So, we have

ztU' r r
|CumT(UU—n)|—|CumT(UU)|—|%logE( Z (r—1)12"(\,)".

Now, from (2.96), we have

| 2
]QmAUU—nH<<T):&%3.
27 (am)
2M

Therefore, (2.95) is satisfied for v = 0, H = 4nM? and A = (2M)~*. Hence, using
Lemma 2.4.1, for some C;,Cy,C3 >0

—1
, 2
—(Cntn)” <4nM2+201 Mntn)

026_03’”%, provided %, is bounded.

PUU’U—n\ > C’lntn}

IN

e

IN

Therefore, U satisfies (2.94) and hence the proof of Lemma 2.4.3 is complete. [

Lemma 2.4.3 motivates us to state the following theorem providing restrictions
on {FiéC : 7,k > 1} so that the banded sample variance-covariance matrix will
have the same rate of convergence as in case of i.i.d. observations discussed
in Theorem 2.2.2. Recall our model assumptions in (2.63) and the classes of
covariance matrices U (¢, a, C') and V respectively in (2.22) and (2.65). Also recall
that ¥ is the co x 0o extension of {¥,}. Now we are ready to state the following

theorem. This result has appeared in Bhattacharjee and Bose [2014a].

Theorem 2.4.4. Suppose X satisfies the model assumption (2.63) and ¥ €
U(e,a,C) NV for some e,a,C > 0. Suppose (2.85) holds. Then for k. =<
(n_llogp)_Q(”}*” , we have ||Bkn’a(f]p’n) — 3,2 = Op(k:;g).



45 Estimation of 3, for the weak model

Proof. Note that by Lemma 2.4.3 and (2.85), (2.42) implies (2.44). Therefore,

exactly the same proof as for Theorem 2.2.2 goes through in this case also. ]

Often (2.85) is difficult to check. Recall || - || in (2.29). It is comparatively easy
to find ||Aij||eo, Vi,7. In the following remarks we shall provide some sufficient

conditions for (2.85) to hold in terms of {||A;;||s}-

Remark 2.4.5. Suppose, Yoo € W(e) for some € > 0 and {xy} is a sequence of
non-negative real numbers such that x = v_y, and ||Ag|lee <z, Vi #j, 1<

i,j <m, then (2.85) holds if > |xy| < 0.
Proof. To prove Remark 2.4.5, we essentially show that

1
—Tr (19 (Z || > Vi<ijk<p, r>1. (2.98)

Fixal < j,k<pandr>1. Note that
1 o 1 . . .
ETr((rgf) ) < - > 0wy, un) T (ug, ug) o T ()] (2.99)

Now, by (2.86)

T (u, v)] < (M) [ Ao || oo (2.100)

1_ij

Moreover, as ¥, € W(e)

9jj ik

1 — 3 > /000 — 0y, = det > (inf Apin(3,))? > €2, (2.101)
Ojk  Okk P
Now by (2.100), for some C' > 0
T2 (4, v)] < C)|Aullo < Cx,_,, Vu,v. (2.102)
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Therefore, by (2.99)

1 jky\r 1 r
ETr((F‘ji ) ) S EC Z :L‘ulqu xu27u3 e qu7U1
UL eeny U

n—1

cr Z Ly Ty - - - l‘km_lfL’(_ Z;n:—11 kj) (2103)
k1,k2,..cskm—1=—(n—1)

IA

A
Q
-~

WK
g
~—

Hence, (2.98) is proved and the proof of Remark 2.4.5 is complete. O]

Remark 2.4.6. Let A, =0 V|i — j| > k. Then (2.85) holds if

Z < sup HAinoo) < 00. (2.104)

=1 li—j|=l

Remark 2.4.6 immediately follows from Remark 2.4.5 by observing that

li—jl=t

Remark 2.4.7. If A\, = A Vi,j and A, =0 ¥r >k, Then (2.85) will hold if

li—jl

Ao <00, V1<r<k. (2.106)

Remark 2.4.7 follows from Remark 2.4.6 by observing that A;; = Ay, V]i — j| =
[, | > 1 and the sum in (2.104) reduces to Zle ||Ai]|oo and it is finite if (2.106)
holds.

Now, in the following remark, we provide an example where (2.85) does not hold
true. Suppose, g : [0,27] — R is a square integrable function. Then the Fourier

coefficients of g are defined as

27
g(k) = (2%)_1/ g(x)e ™de, k=0,%1,...
0
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If g is symmetric (about ), then {§(k)} are real and g(k) = g(—k) Vk. Let T,
be the Toeplitz matrix defined by

Tyn = ((f] (2 - j)))lgi,jgn :

Remark 2.4.8. Consider a function g : [0,27] — R which is non-negative,
symmetric (about m) and square integrable but is unbounded. Suppose F{f =

Tyn, V4, k. Then (2.85) does not hold.

Proof. The proof is an application of Szegd’s theorem (see Grenander and Szego

[1958]). Suppose if possible (2.85) holds. Let X, be a random variable such that
P(X,=Xpn)=n"", i=1,...,n

where {A1n,..., A\un} are all the eigenvalues of T}, ,,. By Szegd’s theorem X, S
g(U) where U is a random variable distributed uniformly on [0,27]. Now from
inequality (2.85) for all n,

EXf=n"'Y M =n'"Tr(T},) <M k=1,... (2.107)

n
i=1

Now, observe that

n
1 2

n 1 2 ' ‘ ‘
' Typa = Z a:kazjﬁ/ e b= g () dr = — g(x)| Zxke’dex > 0.
0

, 27 Jy
k,j=1 k=1

So, Ty, is non-negative definite, that is, X,, is non-negative. Thus (2.107) implies

that {X*} is uniformly integrable for all k = 1,2,.... As a consequence
EXF = E(gU)*, k=1,2...

and using (2.107), E(g(U))* < M* k = 1,.... From this it is immediate that

g is almost everywhere bounded. This contradicts our assumption that g is un-
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bounded. Therefore (2.85) does not hold in this case. O

Recall that A is the oo x oo extension of the matrix A,, in the sense (2.15)
and, the classes of cross covariance structures A (a,, n > 1) and L (a,, n > 1)
are respectively given in (2.90) and (2.88). As discussed in Section 2.3.1, if V, €
L (a,, n>1) or A(a,, n>1), then we cannot say whether (2.85) will hold or
not. In these classes, we do not have any control over A;; for min(i, j) < a, or
li — 7| < a, respectively and moreover a,, — co. As the following theorems show,
we have a slower rate of convergence for the two classes. This result has appeared

in Bhattacharjee and Bose [2014a].

Theorem 2.4.9. Suppose X satisfies our model assumption (2.63). If ¥ €
U(e,a,CY NV for some e,a,C > 0 and Vo € L(I,, n > 1) for some non-
decreasing sequence {l,},>1 of non-negative integers such that n='l,logp — 0 as

n — oo and liminf n='1% logp > 0. Then with k}, , < (n_llnlogp)fﬁ,
1B (Spn) — Soll2 = Op (k5 22) .

Proof. Steps 1 — 3 in the proof of Theorem 2.2.2, continue to hold true when we
replace ky o by kj, ,. However, since the observations are not independent, the
rate of convergence of ¥,,, to ¥, in || - || norm as mentioned in Step 4 of the

proof of Theorem 2.2.2 does not hold. Instead here we prove
150 = Eplloc = Op(lan" logp). (2.108)

Note that once (2.108) holds, then steps similar to Steps 5 and 6 in the proof of

Theorem 2.2.2, imply

1Bis . (Spn) = Bis, (Zp)ll2 = Op (K} olun ™ og p). (2.109)



49 Estimation of 3, for the weak model

Hence, to choose k;, , appropriately, we set

1

kol = k;:’alnn_l logp = k,,= (lnn_l logp)_m . (2.110)

Hence proof of Theorem 2.4.9 will be complete if we can show (2.108) holds.
Recall Uy, Vi, Uj and Vi in (2.41) and (2.40). Now to prove (2.108), again
note that the same calculations from (2.37) to (2.42) go through in this case also

as the independence assumption is first used in (2.43). Therefore, we have

A

P([[Xpn = Eplloo = tn)

p

IN

(P (U Uje — n| > Cint,) + P (|V),Vir —n| > Cinty,)) .(2.111)
k=1
Now, let Uy, = (U™ UR*2, . URY and Vg, = (Vi Viet? o VLY. Sup-
pose I’ ikl" is the variance-covariance matrices of Uy, and Ujy,,. Note that thkl"
is nothing but a square symmetric positive semi-definite matrix constructed by
deleting first [,, rows and columns from Ff,f . Let C’ikl” =Ih, — Ff,f " =1 Then

we can write

P(|UUj —n| = Cint,) < L,P(|(U},)? — 1] = Cinl,'t,)
+P(|Ujy, TF T U, — (= 1)| > Cint, /2)
+P(’Ug{k1ncikanjkln| > Cint,/2)

= T1 + TQ + Tg, (say). (2112)

Let, t, = Ml,n"'logp — 0, for some fix constant M > 0. Later M will be chosen
appropriately. Now, as U}, ~ N(0,1) for all i > 1, by Lemma 2.2.4 and for some

Cy,C3 > 0, we have

Ty <1, P||x2 = 1] > Cinl ', | < 21,Che”Mloer (2.113)
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Then for some constant Cy, C5 > 0, by Lemma 2.4.1

2
Ty=P |X%n—ln) - (TL - ln)| > C’lntn/Q:| < 046—05%"(10gp)2M2‘ (2'114>

Next, for some Cg, C7 > 0, we have

Ty =

<

<

Moreover, it is easy to see that for some Cgs > 0, ||Cﬂd”

P

P

| (Ujkln)/ (Cjkln) (Ujkln) | > (Jlntn/Q]
- | U Cikln ] | o
_%%A—EU—L@WW(WW>ZQMV4

N (O (€1 (U (U)ot 2]

chklnHQ (Ujkln)/ (Ujkln) > Clntn/2:|

7w@mmmﬁ>cmm]

tn

nCﬁe_C7I\CW"I\2, by Lemma 2.2.4.

2 < 0|l <

nCsS’(l,). Hence, putting ¢, = MI,n ! logp, for some constant Cy, Cyjy > 0,

Pl (1 = () ) @) 2 Cunt ] < O < e over

(2.115)

Similar bound holds for Vj; also. By (2.111) to (2.115), for some Cj;, C12 > 0 and

for all sufficiently large n,

P{Hip,n —pllee = Mn7'l, logp}

< 207 (lneCSMbngr 26705M2§(logp)2 + QnecloM(IOgP))

- 012 <p3CSM +er*C5M2%(lng)2 +p3CmM> )

If M > max{cis, Ciw}7 then p3~@M 4 p3=CoM _ (0 The logarithm of the second
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term is
2logp — CsM*n 112 (logp)2 =logp [2 — CsM*n 12 (logp)] .

Now if liminf/2n~'logp > 0 then it is bounded away from zero by S (say).

So, if M > max{%, Cim, %}, then the second term also tends to zero.

This completes the proof of (2.108) and hence the proof of Theorem 2.4.9. O

Remark 2.4.10. (i) Ifl,, is of exact order of (n™! logp)_%, then the rate of con-
vergence will be same as that for the i.i.d. case. If I, is of order (n"!logp)="
where (B is more than 1/2, then the rate is slower than the i.i.d. case. Note that

B < 1/2 is not allowed in the theorem as liminfn~'1%logp > 0.

(i) Theorem 2.4.9 is not applicable in case the sequence {l,} is bounded above.
This is because if n~'l,logp — 0 then n~tlogp — 0 and hence n~'12logp — 0 .
Recall ky, o in Theorem 2.2.2. When {l,} is bounded by K, C(xi1yp, Cix+2)p,---

will be an i.i.d. sample and we can construct the estimator on the basis of this

- . . . IR ,

i.1.d. sample i.e. we can consider the k, , banded version of e Z C’ipC'ip
i=K+1

with the same rate as the i.i.d. case.

The next theorem shows consistency of the banded sample variance-covariance

matrix when the cross covariance structure V., € A(a,,n > 1). This result has

appeared in Bhattacharjee and Bose [2014a].

Theorem 2.4.11. Suppose X satisfies our model assumptions (2.63). If ¥ €
U(e,a,C) NV for some e,a,C > 0 and Vo, € Alan,n > 1) for some non-

decreasing sequence {ay}n,>1 of non-negative integers such that a,+/n~'logp — 0
1
and a;*v/nlogp — oo as n — oco. Then with ke = <ann*%\/@) e 7

||Bk‘i’fa(§3p,n) - Ep||2 =0Op (k:;*a_a)
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Proof. As before, note that in the proof of Theorem 2.2.2, Steps 1 — 3 hold true
when we replace ko by k",. As observations are not independent, the rate of
convergence of 3, to ¥, in || - || norm as mentioned in Step 4 of the proof of

Theorem 2.2.2 does not hold and instead here we prove

1550 = Spllee = Op(any/nlogp). (2.116)

Note that if (2.116) is true, then steps similar to Steps 5 and 6 in the proof of
Theorem 2.2.2, will yield

[1Briz, (Epn) = Bize, (Ep)ll2 = Op(kyuany/n 1 log p). (2.117)

*
,

Then the appropriate choice of £7*, is obtained by setting

1
k;;foja = k::aan\/n—l logp = k:L,a = <an\/n—1 logp) e (2.118)
Hence proof of Theorem 2.4.11 will be complete if we can show (2.116) holds.

Recall Ul Vi, Uy, and Vi in (2.41) and (2.40). Now to prove (2.108), again
note that the same calculations from (2.37) to (2.42) go through in this case also

as the independence assumption is first used in (2.43). Therefore, we have
N p
P([|Zpn = Zplloo = 1) < Z P (|Ug/'kUjk —n| = Clntn)

7,k=1

p
+ Y P (Vi Vik —nl > Cint,) . (2.119)

jk=1

Let, for all 1 <r < a,,

A, = {ieZ"U{0}: (ia, +r) <n} and C,,, = cardinality of A,,,.
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Let

Uikra, = vec( ]Zk 1ie Am”) and Vjgrq, = vec( j"k (i€ Amn) )

Now, by (2.119), we have,

3 < Cint,
P(|Sp0n — Splloe = tn) < ZZP{|(Ujkran)'<Ujkran) —Cpa | > 1@ ]
gk r=1 n
N / Clntn
+3 3 P(Vikra,) (Vikra,) = Cran| > —|(2.120)

3,k r=1

Recall F]f in (2.86). Note that for each 1 <r < a,,
Ujra, ~ Ne,., (0,177 and Vi, ~ N, (0,177, (2.121)

where I ikm" is nothing but the sub-matrix taking A, ,, -th rows and columns from
I’F. Recall I in (2.8). Let CJ¥* = I, , — %™ V¥r > 1. Therefore, for some

OQ>0

PlIZpn = Zolloe > tn} < 2anp2P[|x?;,«,an — Chan| > Ognagltn]

Y3r [rUjm»'cim"(Um)| > cznagltn}

gk r=1

+ Z Z P |:|(‘/jkran)/czkran (‘/jkran)’ 2 C2nan1tn:| .

jk r=1

Again, by Lemma 2.24, for ¢, = Ma,(n™! logp)% and some C3,Cy > 0, as

n~tlogp — 0 we have

PlIxXé,., = Cra.l 2 Cznagltn} < CyemCuMloer, (2.122)
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Now, as in the proof of Theorem 2.4.9, for some C5, Cs > 0,
P |(Ujkm")'C'ikm”(Ujkm")| > Cyna;, 't,| < nCs exp{ — Cgtna;1||01ka”||2_1}.

Since Vo € A(an,n > 1), for some C7 > 0 we have ||C7*"||, < C7nS(ay).

Therefore, putting ¢, = Ma, (n log p)%, we have, for some constant Cy, Cy > 0,
P[|(Ukrany cifren (yikran)| > Cya, 'nt,] < nCsexp{—CyMa, */nlogp}.
Similarly, for some constant Cg, C1; > 0,
P[|(ijmn)'kam”(ijmnﬂ > anagltn] < nChoexp{—C11Ma, 'y/nlogp}.
Hence, for some constant C'9, C43,C14 > 0, we have

R J/nlogp
PSS = Splloe = ta| < Cua(pfeCraMiosr | pte=Cudl 508y - 193)

Clearly, the first term — 0 as n — oo if M > cil Now, since a,v/n~togp — 0
and a;lx/nlogp — 00, we have, for some constant C'4, Cig > 0,

o T i R i)
Hence (2.116) is proved and proof of Theorem 2.4.11 is complete. O

Remark 2.4.12. If {a,} is bounded above, then the rate of convergence reduces

to the convergence rate for i.i.d. sample as given in Theorem 2.2.2.

This completes our discussion on banded estimators of ¥,,.

2.4.2 Tapering

In this section, we consider tapered estimator. Recall the tapered version of f]p,n

in Section 2.2.1. Let, g : RT U {0} — R" U {0} be a continuous, non-increasing
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function such that g(0) =1, [;° g(x) < oo and 1—g(x) = O (27) for some v > 1
in some neighborhood of zero. Then we have the following theorem. This result

has appeared in Bhattacharjee and Bose [2014a].

Theorem 2.4.13. (a) Under the conditions of Theorem 2.4.4, if

1
Th,o = (n_l logp)_2(1+w) [1+a+1]’

then
Ry (Spn) — Spllo = OP[(nﬂlng) W]

(b) Under the conditions of Theorem 2.4.9, if

1 [
Tn,a =< (nflln logp) 2(1+w)[11a+1]’

then
HRTnQ( )_2p||2:OP|:<lnn*110gp)Wi|

(¢) Under the conditions of Theorem 2.4.11, if

?

_ 1 [
—1/2 — sty [+
Tna X | apn log p

then

||RTna( ) - ZPHQ = OP [(an’ /n—llogp> (1+a>(1+’v)i| '

Proof. By Lemma 2.2.3 and triangular inequality,

1Rey s () = Sollz < [1Brs (Spn) = B (S0) iy +11Br, o (5) = Syl

Now, for some constant C; > 0,

1R (Zpn) = B Eo) Iy < 11800 = Zpll (2D 9(=))
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< Tnal |2 = Zplloo {01/0 g(x)da:} . (2.124)

p

Op <\/n*1 logp> , in Theorem 2.4.4

As before we have ||, — /| = ¢ Op (I.n 'logp), in Theorem 2.4.9

Op (an\/n—l logp> in Theorem 2.4.11.
\

Again, by triangle inequality

1Br(Z) = Byl < [1Bre(B) = By [Br (So)] iy
HIBiy, . [Rroa(30)] = Bry, . (So)llay  (2125)

+Br, . (3p) — Zpll 1)
and by Lemma 2.2.1, we have
1Bk, (3p) = Tpllan) = O((k0) ™) and

IRy, .(3p) — B, [Rr . (Ep)] ) = O((kp.o)™ )

Now, for some constant Cs, C5 > 0, as 0;;’s are bounded, for sufficiently large n,

‘ ‘Bk{n,a [RTn,a (Z )] Bk/ |

3 (D

Jili—3I<k} o
< l o\
< C2 Z 11— g\ — < C’3 : kn ar
l=—k" Tn’a Tn,a ’
( 0l
(n~tlogp) 200+ - for (a)
Now, consider kj, , = q (I,n~" logp)_(41+7;€1+a) , for (b)
(ann*1/2¢logp)_<1+”%1+“) , for (c) .
\

This completes the proof. O
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Remark 2.4.14. In case of i.i.d. sample, as discussed in Section 2.2.1, Bickel and
Levina [2008] claimed, without a detailed proof, that the rate of convergence for the
banded and the tapered estimators are same. However, in that article there does
not seem to be any condition imposed on the tapering function in the neighborhood
of zero. In our proof, there is a term ||By,, (R...(Z,)] — By, (Zp)lla) (see
(2.125)), which is tackled by our condition “1 — g(z) = O (z7) for some v > 1
in some neighborhood of zero”, on the tapering function. It appears that under
this condition, the convergence rate for the i.i.d. case in Bickel and Levina [2008]
would be identical to the rate given in our Theorem 2.4.13 (a). We did not pursue

this.

To summarize, under weak dependence, the appropriately banded and tapered
version of the sample variance-covariance matrix are consistent estimators of the
population variance-covariance matrix provided its corners are appropriately de-
caying and its eigenvalues remain bounded away from 0 and ooc.

We conclude by noting that, as we have discussed in Chapter 1, there are many
high dimensional data which are time series in nature. Estimation of population
autocovariance matrices of different orders is very important in the analysis of a
stationary time series model. The population autocovariance matrix of order 0
is nothing but the population variance-covariance matrix. Therefore, some very
specific situations of estimation of autocovariance matrices can be handled by the
results of this chapter. The next chapter deals with estimation of autocovariance

matrices in details.



Chapter 3

Estimation of large autocovariance matrices for

linear process

3.1 Introduction

We have seen in Chapter 1 that there are many high dimensional data which are
time series in nature. A huge class of time series models is weak or covariance
stationary time series. Let {X;, : t = 0,£1,£2,...} be p-dimensional random
vectors with E(X;,) = 0 Vi. {X;,} is called a weak/covariance stationary time

series if and only if, for all v > 0, the p x p matrix
Lup = E(Xt,pX;+u,p) (3.1)

does not depend on ¢ and is a function of u only. I',, is called the population
autocovariance matriz of order u. Note that I'y, is the population variance-
covariance matrix of {X;,}. In this chapter, we are mainly focused on estimating
{T".p} in high dimensional set up.

Some of the more common existing weak stationary high-dimensional time se-
ries models in the literature are infinite dimensional IID processes, infinite dimen-
sional finite order moving average processes (MA) and infinite dimensional vector
autoregressive processes (IVAR) with 7.i.d. innovations. A detailed description

of the above models is available in Forni and Lippi [2001], Forni et al. [2004] and

o8
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Chudik and Pesaran [2011]. We work with the more general high-dimensional
time series model, namely the infinite dimensional moving average process of or-
der co (MA(00)). All the former high-dimensional time series models, under some
causality conditions, can be expressed as MA(oco) processes. In Section 3.2, we
briefly describe all the above models and their causality conditions.

In this chapter, we are interested in estimating the population autocovari-
ance matrices {I',,} for the infinite dimensional MA(co) process. As we have
seen in Chapter 2, in high-dimensional setting, the dimension p = p(n) — oo
as the sample size n — oo. Therefore, the size of the population autocovari-
ance matrices {I',,} increases as p = p(n) — oo and hence the number of un-
known parameters (entries in {I', ,}) increases. Consequently, just like the sample
variance-covariance matrix in Chapter 2, the sample autocovariance matrices fail
to consistently estimate the population autocovariance matrices.

The existing works on high-dimensional time series have not dealt with the
estimation of population autocovariance matrices. From the experience of Chapter
2, to get consistent estimators of {I', ,} we need two things — suitable restrictions
on the parameter space and appropriate modifications such as banding or tapering
on sample autocovariance matrices. In Section 3.3, Theorems 3.3.1 and 3.3.2
provide some restrictions on parameters under which the appropriately banded
and tapered version of sample autocovariance of order 0 is consistent for the
population autocovariance of order 0. These restrictions are directly borrowed
from the development of Chapter 2. But these restrictions on parameters are
cumbersome and very difficult to check. Moreover, Theorems 3.3.1 and 3.3.2 are
silent about autocovariance matrices of order u > 0.

In Section 3.4, we identify an appropriate parameter space for estimating pop-
ulation autocovariance matrices of any order for the infinite dimensional MA (00)
process. In Section 3.5, Theorem 3.5.1 establishes that the banded and tapered
sample autocovariance matrices are consistent for the population autocovariance

matrices under the Gaussian assumption on the driving process. We also derive
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the convergence rate of these estimators.

The infinite dimensional finite order moving average and infinite dimensional
autoregressive processes are special cases of the infinite dimensional vector linear
process. Theorems 3.4.5 and 3.4.6 provide appropriate parameter spaces for these
two processes so that their population autocovariance matrices can be consistently
estimated. Under these parameter spaces and the Gaussian assumption on the
driving process, Theorems 3.5.5 and 3.5.6 state that the banded and tapered sam-
ple autocovariance matrices are also consistent for the population autocovariance
matrices. Moreover, the same convergence rates as in Theorem 3.5.1 hold.

Using this consistency, in Section 3.5.1, we show how to obtain consistent esti-
mators for the parameter matrices of an infinite dimensional autogressive process
(see Theorem 3.5.8).

In Section 3.5.2, we relax the Gaussian assumption on the driving process.
We replace the Gaussian assumption by an appropriate condition on the moment
generating function. We show that under this condition, Theorems 3.5.1, 3.5.5,
3.5.6 and 3.5.8 continue to hold.

To support our results, some simulations are given in Section 3.6.

The main material of this chapter is taken from Bhattacharjee and Bose [2014b].

3.2 Models and examples

In this section we shall discuss some high-dimensional time series models. As
mentioned in Section 3.1, a very general high dimensional linear time series model
is the infinite dimensional moving average process of order oo (MA(oc)). This

process is given by

Xt(z) = Zzﬂmst_j, t,n>1 (almost surely), (3.2)

J=0
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where {Xt(g)} and {&,} are both p-dimensional random vectors, {¢;} are i.i.d. with
mean 0 and p X p variance-covariance matrix 3,, {1;,} are all p x p matrices and
are called coefficient matrices. We have appropriate conditions on {v;,} so that
the above sum is meaningful. The dimension p = p(n) — oo as the sample size
n — oo. It may be noted that the dimension of X, , is not infinite. However, since
p — 00, it has become customary to refer to such models as ‘infinite dimensional’.
This is a weak stationary time series and the population autocovariance matrix

of order u is given by

Tup = Y UVjpSptli, Yu > 0. (3.3)

=0
Clearly in high-dimensional set up, the size of the coefficient matrices {¢;,} in-
creases as p increases and consequently as we move from the n-th stage to the
(n 4+ 1)-th stage, all the components of Xt(z) get changed. Hence, in the high

dimensional set up, we have the following triangular sequence:

1)
Xl,p(l)
(2) (2)
Xl,p(2)’ X2,p(2)
(3) (3) (3)
Xl,p(3) ’ X2,p(3) ’ X3,p(3) (3'4)

3,p(n)? " " Fn,p(n)

Lp(n)? “*2,p(n)

and the sample at the n-th stage is the n-th row of this triangular sequence. For

convenience, we shall often write X, , for {Xt(f;,)}.

In all the examples below, we have p = p(n) — oo as n — oc.
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Example 3.2.1. The infinite dimensional 11D process is given by

Xt,p =&y, Vt (35)

where {&,} is a set of i.i.d. p-dimensional random vectors with mean 0 and p X p

variance-covariance matric Ep.

(3.5) is a weak stationary time series process with

Xy, ifu=0
Lup= (3.6)

0, otherwise.

Note that if ¢, = I, and ¢;,, = 0, Vj > 1, then the model (3.2) reduces to (3.5).

Example 3.2.2. The infinite dimensional moving average process of order r

(MA(r)) is given by

Xip=> Mye s t>1 (3.7)
i=0
where {e;} is as in Example 3.2.1, M, ,,i = 0,1,2,...,r are square matrices of

order p and are called parameter matrices, My, = I, and I, is as in (2.8) and r

1S a non-negative integer.

It is easy to see that MA(r) is a weak stationary model and

Z:;g Mi,psz‘*

s for0<u<r

Lup =
0, otherwise.

(3.8)

For r = 0, (3.7) is same as the IID process given in Example 3.2.1. If v,, =
M, ,1(0 < j <), then (3.2) reduces to (3.7).

Example 3.2.3. The infinite dimensional vector autoregressive process of order
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r (VAR(r)) is given by

Xip = Z AipXiipten, 121 (3.9)
i=1
where {&;} is as in Example 3.2.1, the p X p matrices A;,,i = 1,2,...,r, are called

the parameter matrices and r is a non-negative integer.

Let I, be as in (2.8) and
C = set of all complex numbers. (3.10)

Then we have the following Theorem.

Theorem 3.2.1. (53.9) is a weak stationary process if for some € > 0, {A;,}

satisfy
det(I, — Ay pz — Agp2® — - — A, ,2") # 0, Vz € C such that |2] < 1+e. (3.11)

Under (3.11), (3.9) has the representation,

Xip= Z GjpEi—j, t >1 (almost surely), (3.12)
j=0
where A
j
¢0,p = Ip and ¢j,p = Z Ai,p¢j—i,p7j > 1. (313)
i=1

Proof. Let {2, : 1 < i < r} be r roots of the equation det(lyum) — A1pm)z —
Aspyz® — -+ — Arpmyz”) = 0, z € C. Let a;, = min{|z;,| : 1 <@ < r}. By
Theorem 11.3.1 in Brockwell and Davis [2009], for each fixed p, (3.9) can be
represented as (3.12) with the coefficient matrices (3.13), if

a, > 1. (3.14)
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Note that (3.11) implies (3.14) for all p > 1. This completes the proof of Theorem
3.2.1. [

(3.11) is called the causality condition for the model (3.9). Under (3.11), the

population autocovariance matrix of order u for the model (3.9) is given by
Lup = Z ¢j,pzp¢;+u,pa Vu > 0. (315)
=0

Thus the infinite dimensional MA(oco) process, defined in (3.2), is a very general
time series model.

As we have mentioned in Section 3.1, in this chapter our main goal is to
estimate the population autocovariance matrices {I', ,} for the model (3.2). Let
{Xi,:t=1,2,...,n} be asample of size n from this model. A method of moment

estimator of I, , is given by the p x p matrix

n—u

Lupin = % ; Xip X i (3.16)
fu,pm is called the sample autocovariance matriz of order u based on n observa-
tions. Recall the definition of consistency given in (2.5). In finite dimensional set
up i.e. when p is fixed, f‘%p,n is a consistent estimator of I', , as n — oo.

Now suppose the dimension p = p(n) — oo as the sample size n — 0.
Then the size of the population autocovariance matrices {I',,} increases as p
increases and the sample autocovariance matrices {fu7p7n} are no more consistent.
For evidence see simulation results in Example 2.2.1, which shows fO,p,n is not

consistent for I'g .

3.3 Estimation of 'y, using results of Chapter 2

This section deals with I'y, for some very specific cases. These models obey the

conditions given in Chapter 2. As in the population variance-covariance matrix
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estimation in Chapter 2, to get a consistent estimator of {Is,}, we need the

following:

(a) suitable restrictions on the coeflicient matrices {t;,} and on the variance-

covariance matrix of {e;} i.e. on 3,, and
(b) appropriate modification such as banding or tapering of {f’07p,n}.

Note that I'y, is the variance-covariance matrix of {X;,}. This section provides
some restrictions on {t;,} and ¥, so that the appropriately banded and tapered
f‘o,pm become consistent for I'g,. These restrictions are directly borrowed from

the developments of Chapter 2.

Recall the 0o x 0o extension ¥, of {3, } in the sense of (2.15). Also recall the class
of dispersion matrices U (e, v, C') in (2.22). Recall the banded and tapered version
of a matrix in Section 2.2.1. Let the tapering function g : RTU{0} — RTU{0} be
continuous, non-increasing such that g(0) = 1 and lim,_,», g(z) = 0. Let Agrpo =
Z;:Ol g (Tnj—a) Then we have the following theorem on infinite dimensional 11D

or MA(0) process. This is a restatement of Theorems 2.2.2 and 2.2.6.

Theorem 3.3.1. Consider the model (3.5). Suppose e ~ N,(0,%,), Vt and
Yo EU(e, a0, C) for some e,a,C' > 0. Then

(a) for kpo =< (n7t logp)_2<1£ra> , we have

1Bk, (Copn) = Toplle = Op (k). (3.17)
(b) and for Ny, . =< (n~* logp)_Z(lia), we have

1Rr o (Copin) = Toplla = Op(A2, ). (3.18)

9,Tn,«

Recall the class of dispersion matrices V in (2.65). Additionally assume [;° g(z) <
oo and 1 —g(x) =0 (27) for some v > 1 in some neighborhood of zero. Then

we have the following theorem for the infinite dimensional MA (co) process.
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Theorem 3.3.2. Consider the model (3.2). Suppose e, ~ N,(0,%,), Vt, and for

some a,e,C' >0
> WipSpty, €Ule,a,C)NY (3.19)
5=0

and
(50 Va2t ) (00 0)
max max ’ T = 0(n %a,), (3.20)
fnsu o (ijo Vjp2ip ;,p) (v, w)|
for some a,, such that a,\/n~'logp — 0 and a,*\/nlogp — oo as n — oco. Then

(a) for ko < (ap/n~! logp)_lfa, we have

[1Bt0.. (Copn) = Topllo = Op (k). (3.21)
(b) and for T, o < (an/n~! logp)_2<11+a) (=t we have
__ya
1127, . (Topm) = Loplla = Op [(an\/ n-t 10gp> “M)(H”} : (3.22)

Proof. To prove the above theorem, we use Theorems 2.4.11 and 2.4.13 (c). There
our approach was to separate out the cross covariance structure V,,, an np x np
matrix consisting of n*many p x p matrices {A;; : 1 < i,5,< n}. Recall the
notation (2.6). Note that, by (2.64) and weak stationarity of (3.2), for all 1 <

1,7 <n, 1 <wv,w<pwe have

E(Xiij;:p)(U,U)) . Fi,j’p(U,U))

A = A = =
2] (U, w) |4 J|<U7 'LU) E<Xi,pXZp)<U7w> FO,p(Ua UJ)

, (3.23)

provided I'g ,(v, w) # 0, Vv, w. Now, by (3.3), for all 1 <wv,w < p we have

i ¢]‘7PEP¢;‘< u,p )
Au(v,w) = <Z] " B ) (U w), Yu >0 (3.24)

(Z;o'io ¢j,p2p¢;p) (v, w)
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provided (372, ;,%¢7,) (v, w) # 0, Yv,w. Then Theorem 3.3.2 follows from
Theorems 2.4.11 and 2.4.13 (c) provided (3.19) and (3.20) hold. O

It may be observed that conditions (3.19) and (3.20) are cumbersome and difficult
to check in general unless there is some additional structure in the model. Example

3.3.1 provides such a case.

Example 3.3.1. Consider the model (3.2), with ¢;, = ¢?A, for any 0 < 6 < 1
and p X p matriz A, such that all elements of A%, A7 are non-zero. Then for all

1<v,w<pandu>1, we have

(520 Vin =t ay) (0, 0)
| (Z;O:o V) p2p ;,p) (v, w)|
0] (ApTp5) (v,0)| (3252 0%

[ (45,45 (v, 0)] (2520 6%)

Ay(v,w) =

U

Aulloo = 0% and (3.20) holds.

Therefore, SUPy>a,

Moreover, it is not clear what conditions on the parameter matrices are needed
in the IVAR model so that (3.19) and (3.20) can be satisfied. Therefore, we need
some directly verifiable conditions on the coefficient matrices.

Finally, the cross covariance structure model used in Theorem 3.3.2 is mean-
ingful if and only if all elements of the matrix Iy, are non-zero (see (3.19)). There
are of course many processes where this may not be the case. Here are two simple

examples.
Example 3.3.2. ¢;, = 071, for all j with at least one zero element in %,,.

Example 3.3.3. Consider %, = I, and v;,’s are such that 1; 0% ,’s are diagonal.

o0
1=—00

Any asymmetric Toeplitz matriz made of {t;} with t; = 0 for all v except one,

are examples of such 1;,’s.
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Another issue is that, in a time series model, the interest is not only on the
marginal variance-covariance matrix I'y, but also on the entire sequence of auto-
covariance matrices {I', ,}. From Theorems 3.3.1 and 3.3.2, it is not clear how to
estimate the cross covariances in general. Moreover, the assumptions of Theorem
3.3.2 do not offer any control over the first few cross covariances. Therefore, under
those assumptions, it is not possible to estimate them in the high dimensional set
up. This leads to the need for identifying appropriate parameter spaces so that all
the autocovariance matrices are consistently estimable. In the following section

we shall provide such a parameter space.

3.4 Parameter spaces

There are two kinds of parameters in the model (3.2). First, the variance-
covariance matrix of the driving process {¢;} i.e. ¥, and second, the set of coef-
ficient matrices {9;,}. Recall the class of matrices having polynomially decaying
corner, denoted by X(a,C) for some o, C' > 0, in (2.20). Also recall || - || in
(2.29). From the experience of Chapter 2 (see (2.32), (2.45) and (2.46)), we can-
not expect the banded or tapered version of the sample autocovariance matrices

to be consistent for {I', ,}, unless

(i) sup,, ||Tuplloe < 00, Vu > 0 and

(ii) T'yp € X(a, C) for some o, C' > 0.

Below we discuss appropriate restrictions on both type of parameters so that

{T.p} satisfy (i) and (ii) above and as a consequence, consistent estimators of

{T'wp} can be achieved.

Restrictions on ¥,. Recall the class of variance-covariance matrices U (e, a, C')
in (2.22). Recall the notation (2.15). Note that Theorem 3.3.1 provided consistent
estimator of I'y , when the 0o X 0o extension X, of {¥,} is in U(e, o, C') for some

e, a, C > 0. Since infinite dimensional IID process is a particular case of the model
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(3.2), we continue to assume that

Yoo EU(e, a0, C), for some €, 0, C' > 0. (3.25)

Restrictions on {¢;,}. To define an appropriate parameter space for the se-

quence of matrices {¢;,}52,, we assume the following criteria.

For each j > 0, consider the oo x oo extension of the sequence of matrices

{9 pm) }n>1 a8 V) (in the sense (2.15)). Recall the || - ||(1,1) norm and the corner

measure 7'(-, -) respectively from (2.26) and (2.18).

(i)

(i)

Time lag criterion: We ensure that the dependence decreases appropri-

ately with the lag. For this purpose, define

max(|¥j.0 (1,00, 1] soll1,1)) = 75, Vj > 0. (3.26)

We define the following class (3, \) of sequence of matrices {1 }32, for

some 0 < f < 1and A > 0.

S(B,) = {{wj,oo}?io : rf < 00, r?(l_'g)j)‘ < oo} (3.27)
j=0 §=0
Note that the summability above implies that the decay rate of r; cannot

be slower than a polynomial rate.

Spatial lag criterion: For any 1 <+¢ < p, let X,,; be the ¢-th component
of the vector X;,. Here we ensure that for any ¢; < t and k£ > 0, the
dependence between Xy, ;, i+r) and X, ; grows weaker as the lag k increases.
We achieve this by putting restrictions over {7'(¢; . k) : j =0,1,2,...} for

all k£ > 0. Consider the following class G(C, «, n, v) for some C, o, v > 0 and
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0<n<las

J J
9(07 o,n, V) = {{2[}]700} : T(wjpmtzn“) < Ct_arjjl/ Zn—ua’
u=0 u=0

Z% < 00 VuZO}.
Jj=0 Y

In this chapter we assume {9, .} € S(5,\) NG(C,a,n,v) for some A > 0,
C,a,v > 0and 0 < 8,7 < 1. Recall (i) and (ii) described at the beginning of
this section. The next two theorems state that this assumption together with

Yo EU(e,,C) = X(a, C) N W(e) for some €, , C' > 0, imply (i) and (ii).

Theorem 3.4.1. Consider the model (3.2). Suppose oo € W(e) and {0} €
(B, \) for somee >0, A\>0and 0 < < 1. Then

sup [Ty plloo < 00, Yu > 0.
p

To prove the above theorem we need the following lemma.

Lemma 3.4.2. For any two square matrices A and B of same order,
|AB||oe < min{|[Allso|[Bll(1,1), [ Blloo|[A"[[11)}-
Proof. Recall the notation (2.6). Then
4Bl = max AB(5)| = max 3 4G, B(0. )|

< x| AG D g 3 1B = 1Al 1Bl

Similarly, one can show that ||AB||s < ||B||s||A*||(1,1)- This completes the proof.
[

Proof of Theorem 3.4.1. Note that as Yo, = ((045)) € W(e), we have |o;;| <
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V007 < Amax(Xp) < €71, Vi, 5. Therefore,
sup [ Zpllo0 = [[Zoolloo < €71 (3.28)
p

Also for the model (3.2), Ty, = > 72 0,507, Yu > 0.

Therefore, by (3.28) and the repeated use of Lemma 3.4.2, we have

o o
sup|[Cupllos < sup Y |45 850 uplloe < sup D 107,10 1S58 upllos

o0

< sup ) 1195l 1Sl ool 95 upllan
oo

< e errj+u < 00,
=0

as {Yj} € (B, A) for some A >0 and 0 < § < 1. O

Note that Theorem 3.4.1 implies (i). The next theorem will imply (ii).

Theorem 3.4.3. Consider the model (3.2). If ¥ € X(a,C) and {1 }52, €
G(C,a,n,v) for some C,a,v > 0 and 0 < n < 1, then for all t > 0 and some
d >0,

T(Fuyp(n),t) < C/t_aHZp(n)H(l,l), Yu >0, n>1.
Moreover, if ||[Yu||1,1) < 00 then I'y pmy € X (o, ), for all u >0, n > 1.

To prove the above theorem, we need the following lemma on the corner measure
T(-,-) and || - ||1,1y norm of a square matrix.

Lemma 3.4.4. Let A and B be two r X r matrices. Then,

(i) T(A k) <T(AK), VO<k <k< .

(i) NABllwy < [AllanlBllay,

(iii) T (AB, (a + B) t) < [|[All 1) T (B, at) + || Bl| 11, T (A, Bt), for any o, B, > 0.
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Proof. Proofs of (i) and (ii) are trivial. To prove (iii), consider the following steps.

T(AB,(a+B)t)

< m’?X Z (Z \aﬂblk|)

Jili—k|>(a+p)t * I=1

< max Y- ( > \ajlblk|)+ml?x > ( > \aﬂblky)

Jili—k|>(a+p)t L|l—k|<at J:li—k|>(a+B8)t N L|l-E[>at

S (m,?x > |ajlblk|) + (m,?x > |ajlblk|)

J:li=l>pt, l:|l—k|<at J:lg—k|>(a+B)t, l:|l—k|>at

< (mlax Z |ajl|> (m,?XZ |blk|) + (mkax Z |blk|) (mlaxz |a]~l|)
Jili=t>pt I=1 L:|l—k|>at j=1
< [IBllanT (A, 8t) + [ AllanT (B, at).
This completes the proof. O

Now we are ready to prove Theorem 3.4.3.

Proof of Theorem 3.4.3. Let 0, = ||X,||(1,1). From the properties of X'(a, C)
and G(C,a,n,v) and, by Lemma 3.4.4 (iii), for some C} > 0,

T(;pSy, (L4+n+ - +77 ™) < 6,Ct (140 + -+ 575" + r;Ct oy~ U

< O, (1 +n % 4 4y UTDO) o

Again, by Lemma 3.4.4 (ii), (iii) and for some Cy > 0,

T p S0 g 200047 < Ot 8, (1477 -4 D)0
FOr Ot (L™ e 4D

< Cot™@0,(14+n+...+ n*(jﬂ)a)rjrﬁuj”.

Hence, as {9} € G(C,a,n,v) and by Lemma 3.4.4 (i), for some C5,Cy > 0, we
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have
T(Fu7 Z w] p~p JJ’_up, - < 032(/.—065 Z /r] ]+u Y < C4t 065
Hence the proof of Theorem 3.4.3 is complete. n

Thus, by Theorems 3.4.1 and 3.4.3, it is clear that we need to assume >, €
U(e,a,C) and {¢j} € (B, A) NG(C,a,n,v) for some A > 0, C,a,e,v > 0
and 0 < 8,1 < 1, to guarantee {I', ,} have polynomially decaying corners and
sup,, ||Tuplloe < 00, Yu > 0. As mentioned at the beginning of this section, these
two conditions will be crucially used when we deal with the banded and tapered

sample autocovariance matrices in the next section.

Recall that, infinite dimensional MA(r) processes and IVAR(r) processes de-
fined respectively in Examples 3.2.2 and 3.2.3, are all particular cases of the model
(3.2). Therefore, the obvious curiosity is under what condition on {M;,} in Ex-
amples 3.2.2 and {4,,} in Examples 3.2.3, would the corresponding coefficient
matrices be in (8, \)NG(C, a,n, v) for some A > 0, C,a,v > 0and 0 < 5,9 < 17

The following discussion answers this question.

Parameter space for infinite dimensional MA(r) process. Consider the
model (3.7) and its p X p parameter matrices {M;, : 1 < i <r} with M, = I,.
For each 0 <1¢ <, let M, o be the oo X 0o extension of the sequence of matrices
{M; pny }n>1 in the sense (2.15). Let us define M; ., = 0, Vi > r. The following
theorem provides a simplified condition on {M; o : 0 <@ < r} so that {M; . 17 >
0} € (B, A\)NG(C,a,n,v) for some A > 0, C,a,v >0 and 0 < 8,7 < 1. Recall
the class of matrices having polynomially decaying corners, denoted by X («, C')
for some o, C' > 0, in (2.20). The following result has appeared in Bhattacharjee
and Bose [2014b].

Theorem 3.4.5. Suppose 0 < ||M; «|[(11) < 00 and M; . € X(a,C) for some
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a,C >0 and for all 1 <i <r. Then

(M :i>0} € ( N %(5,») ﬂ( () G(Cm™", a,n, v)>,

0<B<1 0<n<1
A>0 v>0

where m = min{||M; oo||11) : 1 <@ < r}.

Proof. Note that in the model (3.7), r; as in (3.26) is given by

(

[ oo||ay =1, ifj=0

"5 = Y 1Vl = [ Mjeoll@yy, if1<5<r

0, if5>r.
\

Therefore, as there are only finitely many non-zero r;’s, all the summability con-
ditions on {r;} in (5, A) and G(C,a,n,v) are satisfied for all A > 0, a,v > 0

and 0 < B,n < 1.

Next, for all j > 0, v > 0 and 0 < n < 1, we have

J J —a J —a
T(Mj,m,tznu) < cw(znu> <(Cm1)rjtaj”jo‘(jlzn“)
u=0 u=0 u=0

J J
< (Cmfl)rjtfajujfafl Z nfua < (Cmfl),rjtfaju Z nfua.
u=0

u=0

This completes the proof. n

Parameter space for IVAR(r) process. Consider the model (3.9) in Example
3.2.3. Recall that, under (3.11), the model (3.9) can be represented as a linear
process of the form (3.12). For each ¢ > 0, let ¢; o, be the co x 0o extension of the
sequence of matrices {@; y(n) }n>1 in the sense (2.15). Theorem 3.4.6 provides direct
conditions on the parameter matrices {A4;,} so that the corresponding coefficient

matrices {¢; } € I(B,A) NG(C,a,n,v) for some A > 0, C,a,v > 0 and 0 <
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B,n < 1. To state Theorem 3.4.6, we need some preparation.

Let

||Ai,p |(171) = Qi,n and ||A;p||(171) = (9, 1 S 'L S T. (329)

i,m?

Also let {4 =1,2,...,7} and {«;,, : i =1,2,...,7} respectively be the roots

of the following polynomials.

1—01,2— 027nz2 02" =0,

1—0),2—0,,2°...6.,2 = 0.

For each 1 <7 <71, let A; , be the co X 0o extension of the sequence of matrices

{Aipn) }n>1. Consider the parameter space for {A4; o }i_, as,
P(C,a,e) = {{Awo}fl s inf 121121 (Jaipl,lai,l) > 1T+e, and Aj € X(C, ) Vi} (3.30)
p 1<:<r >

for some C, e, > 0. Now, we are prepared to state the following theorem which

appeared in Bhattacharjee and Bose [2014b].

Theorem 3.4.6. If {A; .}, € P(C,a,¢), then (3.12) holds. Also, {¢i 0}y €
I(B,0)G(C,a,n,1) for any 0 < B <1 and some 0 <n < 1.

To prove the above theorem, we need the following two lemmas. Lemma 3.4.7
provides an inequality on matrix norms and Lemma 3.4.8 describes an important

property of stationary univariate autoregressive processes.

Lemma 3.4.7. (Golub and van Loan [1996]) Let M be a square matriz. Then
M|z < /IM|| ]| M7

(1,1)-

Note that Lemma 3.4.7 implies Lemma 2.2.3, when M is a symmetric matrix.

Lemma 3.4.8. (Brockwell and Davis [2009]) Consider a univariate autoregressive

process of order r:

Ty = bll’tfl -+ bQLUt,Q + ...+ br.’lftfr + ey, Vt, (331)
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where {e;} are i.i.d. with mean 0 and variance o®. Now, if {b;} satisfies
1—biz—by2? —...—b2"#0, V2e€C,|z] <1, (3.32)

then we have the following representation
00 J
Ty = Z diet_i, where d(] = ]_, dj = Z bidj—i7 \V/] 2 1.
=0 i=1

and moreover, there exists a 0 < 6 <1 and ¢ > 0 such that |d;| < ¢d".

Now, we are ready to prove Theorem 3.4.6.
Proof of Theorem 3.4.6. This proof involves the following three steps.

Step 1: Proof of (3.12).

Note that, we need to show that if {A;}i_; € P(C,a,¢), then it will satisfy

condition (3.11). Define the polynomials

p(x) = O+ (92771.132 +- 402"

pa(x) = Q’Mx + Héynxz 40,2
Note that p;(0) = p2(0) = 0 and both of them are increasing functions of . Also,
as (1 — pi1(x)) and (1 — pa(z)) have all their roots strictly greater than (1 + ¢),
pi(l4+¢) <1 Vi=1,2. Let us write I and A, respectively for I, and A;, for all
i > 1. Now, for any |z| <1+ ¢ and any = # 0, by Lemma 3.4.7

r ‘ 1
|2’ Ayrz + 2’ Agz® + -+ 2/ Ayaz| < Z V00" < §(p1(1+5)—|—p2(1+€)) < 1.

i=1

Hence, there exists no z # 0 such that (I —Az—Ay2?---— A,2")x = 0. Therefore,
(3.11) is satisfied.

Step 2: Proof of {¢ic0}20 € S(5,0) for any 0 < 5 < 1.
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Consider the autoregressive processes

Yy = Oy + 0y o+ + 0,y + e

2 = 012ze 1+ 052 0o+ + 0z +e

where ¢;, t = 1,2, ... are independently distributed with mean 0 and variance
o? and for all 1 < i <7, §; = ||A; |11 and 6 = AT ol I {Ais}iog €

P(C,a,¢), then by Lemma 3.4.8, we have the representations,

Yi = Z ey and 2z = Z Biei—i Vt
i=0 i=0
where
J J
Qo = 1, ij = Zeiajfi and ﬁo = 1, ﬂj = ZQZBJ*Z VJ Z 1
i=1 i=1
and there exist 0 < § < 1, ¢ > 0, such that
max(ozi,ﬁi) < e Vi
Therefore, using Lemma 3.4.4() repeatedly, we have ||¢; oo||(1,1) < @; and hence
|| @i.00][1,1) < 6 Vi for some ¢ >0, 0 <4 < 1. (3.33)

Therefore, {¢i 0}y € (B, A) for any 0 < f < 1 and A = 0.

Step 3: Proof of {¢i} € G(C,,m, 1) for some 0 <n < 1.

By (3.33), the summability condition on {||¢;||1,1)} in G(C,a,n,1) is satisfied.
Therefore, it remains to justify the condition on T'(-,-) in G(C, a, n, 1).
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Now consider any ¢ < r. Then

14,00

Ly = Z 1A colla 0l |i—jc0ll11) < €8,

j=1

Hence,

||Ai,oo||(1,1) < Ccsi7 1<i<r.

Since A; » € X(C,a) Vi < r, we have T(A; «,t) < C16't™*, for some C; > 0.
Note that
T (01,00, (L +m)t) < ct™6(1+n7%).

We now apply induction. Suppose,
T(Gjo0 (L m - 40)) <™ (177" 4o 407"
Then, by Lemma 3.4.4 (iii), for all j > k,

T(Akoc®j—too, (L+n+ -+ 1))
5kct—a(1 + ,',/—a I n—(j—k)a)(sj—kj + 5j—kct—oz,r]—(j—k+l)a5k

IN

< (LA 4 ).

Since, @jt1.00 = Zi:& A o Pj—it1,00, for some C' > 0,
T( @00 (L m 40 ) S CEOF (14 0™ 47009,

Hence the proof is complete. O]
This complete our discussion on (a) as mentioned at the beginning of Section 3.3.

Now we move to (b) i.e. to consistent estimation of autocovariance matrices.
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3.5 Estimation of autocovariance matrices

We are now ready to show that appropriate banded and tapered version of the
sample autocovariance matrices are consistent for the population autocovariance
matrices in the sense of (2.5). Throughout this section, we assume p = p(n) — oo
as n — oo in such a way that n~'logp(n) — 0.

Recall for any matrix M of order p and k > 0, the k-banded version of M is
as in (2.25). Also recall the tapered version of a matrix as in (2.55). Suppose,
g : RTU{0} — R* U {0} is a continuous, non-increasing function such that
g(0) =1, [[Tg(z) < co and 1—g(xz) = O(z?) for some v > 1 in some
neighborhood of zero. Then we have the following theorem which has appeared

in Bhattacharjee and Bose [2014b].

Theorem 3.5.1. Consider the model (3.2). Suppose the driving process &; ~
N, (0,%,), Vi, X € U(e,, C) and {¢j} € S(B,\) NG(C,a,n,v) for some
Coe,a,p > 0, A > 0 and 0 < B,n < 1. Then for k,, =< (n’llogp)_leJrl),

+1]

-1 [
Toa < (n71logp) 20 (75 g o > 0, we have

1Bt0(Cupin) = Tuplle = Op(kyal[Splla), and (3.34)

1Br, o (Pup) = Tuglle = Op|(nMogp) ™75 )] (3.35)

To prove the above theorem, we need the following two lemmas. Lemma
3.5.2 provides the convergence rate of the sample autocovariance matrices to their
corresponding population autocovariance matrices in || - ||, norm for the infinite
dimensional IID process. This turns out to be useful since the model (3.2) is driven
by an infinite dimensional IID process. Lemma 3.5.3 provides a summability
condition which is useful to establish an upper bound to the rate of convergences

involved in Theorem 3.5.1.
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Lemma 3.5.2. Suppose, {e;} are i.i.d. N,(0,%,). Then

N
() Nl D e = Zylle = Op (V/n Tlogp)
t=1
B 1 n—u i}
(i) HEZ&QMHOO =Op (\/ n*bgp) , Yu > 1.
t=1

Proof. (i) follows from (2.35). For (ii) Let, z,; =

€t . .
~— Vi, t, where g;; is the
\V4 FO,p.ii

i-th component of ¢, and Iy, ; is the (7,4)th entry of I'y ,. Then for some ¢; > 0,

1 n—u §
S [ESSEEMNEY
t=1

ZP[|Z{ Z”””“m) EETES cmt}

t>1

+ZP[|Z{ “l ;”“m) 1}\>02nt}.

t>1

(Zt,l + Zt+u,m)2

Since, ,t > 1 are all independent x? variables, by Lemma 2.30, for

some ¢y, c3 > 0

n—u

1
P~ Zemullw > 1] < cgpte e, (3.36)

which tends to 0 as n — oo for t = M+/n~tlog p and appropriately chosen M > 0.
Hence, (ii) is proved. O

Lemma 3.5.3. Let {aJ}JOOU be any sequence of positive real members such that
a]B<ooandZ ]<oo for some A > 0 and 0 < 8 < 1. Then as

j=0 j=0
p — oo for an appropriately chosen M > 0,

- M
z : a)2(1—
p2 p (azag) ( 3) _> 0

1<i,j<oo

Proof. Let v = 2(1 — (). As Z] ) ]] < 00, we have —; > 4> for all j > N and
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some N > 1. Now

pQprﬁs > p et S M,
1,j

1<ij<N {1<ij<N}e

As we have finitely many terms, for an appropriately chosen large M, the first

term tends to 0 as p — co. Now,

- oS (%) .
P’ Z p M < 2 Z(/{: — N+ l)p_MkA < Cp? Z rxp Mr
{1<ij<N}e k=N r=R

< Op*ME Z(T+R)§p—Mr < Oyp? MR
r=0

for an C', Cy and R > 0. This tends to 0 for an appropriately chosen large M > 0.

Hence the proof is complete. O
Now we are ready to prove Theorem 3.5.1.

Proof of Theorem 3.5.1

Proof of (3.34). By Lemma 3.4.7, we have

HBkn,a (Fu,pm) - Fu710H2 < \/||Bkn,a (Fum,n) - Fu,p”(l,l)HBk,na (FZ,p,n) - Fqi,;o”(l,l)- (3-37)
First, we shall show that
Broo LTupin) = Tuplla,ny = Op(ky o118l 1,)- (3.38)

Using triangle inequality and by Lemma 2.2.3,

HBkn,a (fu,p,n) - Bkn,a (Fu,p) | |(1,1) + T(Fu,pv kn,a)

(2kn.o 4 D||Tupm — Tuplloo + T(Tup, kna)-(3.39)

HBkn,a (Fu,p,n) - 1—‘u,p| ’(171)

IN

N
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By Theorem 3.4.3, we have
T(Fu,pv kn,a) = O(k;,3||zp|’(l,l))~ (3'4())

Using the model (3.2) and Lemma 3.4.4 (ii),

|| upn UPH00<ZZT1TJ|| thjg(wru)z Eijlloo

7=0 =0

where E;; = Fey je7 ( Vi, j. Hence for some C > 0,

t+u z

[||Fuz9n_ up||00>t]
< ZZTZTJH Zf‘:t] (t+u),i ||°°>ZZ —B /3
. C’lt
< SN P IS custienns — Bulle > oty
i t=1 ( J

Now, by (2.44) and (3.36), for t = M+/n~tlogp,

M
P[Hru,p,n — Fu,p“oo > -[;] < p2 Zp (rgr)20=B) .

1,J

By Lemma 3.5.3, this tends to zero as n — oo. Hence,

||fu,p,n - Fu,pHoo - OP( \V/ n‘llogp), Yu 2 0. (341)

and by (3.39) and (3.40), the proof of (3.38) is complete.

Similarly, one can show that

By Cupn)” = Tl = Op (k21150 1,1))- (3.42)

Therefore, putting together (3.37), (3.38), (3.41) and (3.42), proof of (3.34) is
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complete.

Proof of (3.85). By Lemma 3.4.7, we have

[1Rr 0 (Cugpin) = Tupllz < \/IIRTn,a(fu,p,n) ~ Ll [ Bra (Cipn) = Tipllan:
First, we shall show that

o) = Tl = On (0 08p) ™ 75y l00)]. (349
Using triangle inequality,

||R7'n a( up,n) - FU,PH(Ll) S HRTn a( UP;”) - RTn,a (FU,P>||(1,1)
+HRTn o Tup) — Fu,PH(Ll)' (3.45)

Now, for some constant C; > 0,

p
. l
1o, (Fupn) = B Cusd ity € (1P = Ll (229 (—))

Tna||rupn— LCuplloo [C’l/ dx} )

A

IN

Therefore, by (3.41), we have

||R7'na ( upﬂ) - R'rn,a (F’lhp) ||(1,1) = OP<T7'LCY V n_l logp) (346)

Again, by triangle inequality

||R7'na( 717) - Fuva(lyl) S ||R7'no¢( ) Bk'/na [RTn,a (Fu,p)} ||(171)
+‘ |Bk;z,a [RTTL,& (FU,P)} - Bkha (Fuyp) ‘ | (171)

+HB/€%,Q <Fu,p) - 1—‘u,pH(l,l)' (3'47)
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By Lemma 2.2.1 and Theorem 3.4.3, we have

1Bk, (Tup) = Tupllany = Ok, o) *I[Epllan) and (3.48)

1Rr, o (Tup) = Big, [Br o Cup) Nl = O((ky, o) 15l [any). (3.49)

Now, by Theorem 3.4.1, for some constant Cy, C's > 0 and for sufficiently large n,

1Bk, o [Rro(Tup) ] = Biy, . ()l 1)

i~
o 5 (1m0 (52) ()
Gili—g1<k) o ma i

/

k
l kno\'
Cy Y (1 —g (T—)) < 4 (T’ ) K, o (3.50)

I=—k, ,

VAN

Now, consider kj, , = (n™" logp)’2(1+w¥(1+a) . Therefore, by (3.45)-(3.50), the proof
of (3.44) is complete.

Similarly, one can show that

A* * — 2(1+;/;21+’Y)
1By o (€)= Tl = Or | (n"logp) IZpllan)].  @51)

Hence, by (3.43), (3.44) and (3.51), the proof of (3.35) is complete. Therefore,
Theorem 3.5.1 is proved. O

Remark 3.5.4. Note that the rate of convergence depends not only on the class of
parameters of the coefficient and variance-covariance matriz but also on ||Xp]|1,1).-
This is to be expected since we are considering linear regression type models.
Moreover, if |X,]|1,1) s bounded, then the rate of convergence for the marginal
variance-covariance matriz 'y, is same as that for infinite dimensional 11D pro-

cess as giwen in Theorem 2.2.2.

We now specialize Theorem 3.5.1 to two cases: the infinite dimensional MA(r)

and IVAR(r) processes. The next two theorems follow directly from Theorem 3.5.1
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once we invoke Theorems 3.4.5 and 3.4.6. These results appeared in Bhattacharjee

and Bose [2014b].

Theorem 3.5.5. Consider the model (3.7). Suppose the driving process &; ~
N,(0,5,), Vt. Also suppose Yoo € U(e,a,C), 0 < ||[M;ll11) < o0 and
M, € X(a,C) for some e,a,C > 0 and for all 1 < ¢ < r. Then for

__1 1 [
kn o =< (n_llogp) 2040 1o < (ntlogp) s [t and u > 0, we have

||Bkn,a(fu,p,n)_ru,p||2 = OP(k;,gHEpH(Ll))v and (3.52)

1Br o (Pug) = Tuglle = Op|(nMogp) ™ 7|5y [0y | (3.53)

Theorem 3.5.6. Consider the model (3.9). Suppose the driving process e ~
N,(0,%,), Vt. Also suppose Lo € U(e,a, C) and {A; o }iy € P(C,av,€) for some
a,e,C > 0 and for all 1 < ¢ < r. Then for k,, = (n_llogp)”(“l“), Tna =

+1]

-1 “a) (e
(n~*logp) and u > 0, we have

1Bkno(Pupn) = Tuplla = Op(k,ol[Eplln), and (3.54)

1Br o (Fup) = Tuglle = Op|(n7Mogp) ™ 7Sy 0| (3.55)

Our next task is to consistently estimate the parameter matrices {A4;, : 1 <i <r}

and the variance-covariance matrix of the driving process {e,} i.e. X, for the

IVAR(r) process defined in (3.9).

3.5.1 Estimation of parameter matrices for IVAR(r)

By right multiplying both sides of (3.9) with X kp kb =1,2,.. .7 successively and

then taking expectation, we have

Iy = Aplop+Agplpy + .+ Al (3.56)

F;,p = Al,prik,p + Agplop+ .0+ A0y
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F:,p — Alij:_l’p + AQ,pF:—Q,p + e + Anpr()’p.
Let
yr,n = (Fl,p7 FQ,p> s 7Fr,p)*> Ann = (Ailﬁ A;pa s 7A:7p)*
and let G,.,, be a block matrix with 72 many p X p blocks
Grnlis ) = Dpgtpl G < )+ Thy l = ), 1< i i< (357)
Then from (3.56) we have,
yr,n = Gr,nAr,n- (358)

This is analogous to the Yule-Walker equations for finite dimensional AR process.
The following lemma implies the invertibility of the matrix G, , for all n > 1.

Recall the definition of A, in (2.13).

Lemma 3.5.7. Fiz anyn > 1. If Apin(Topm)) > 0 and ||Thppy |2 = 0 as h — oo,

then G, ,, is non-singular.

Proof. Suppose that G, is non-singular but G4, is singular. Then there exist

a,ai,as, ..., a, such that

q

* _ k .
a" Xgp1p = E a; Xjp a.s.

J=1

By stationarity,

q
Xyiniip = Z a; Xnyjp Vh > 1 as.

j=1

So, VK > ¢+1,3 agK), agK), . ,agK) such that AK) = (agK)*, aéK)*, . ,agK)*) Y,

Y

qap —
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(X7

* * O\ % * _ K
T Xopeo, Xp )" and @ X, = AWy, . Hence,

q
a'Topa = A(K)Gq,pA(K)* > MAB AT = ) Z ||az('K)||2
i=1

where \; is the smallest eigenvalue of G ,. Therefore, ||a§K)||2 are bounded func-

tion of K for all 7. Again,

aXgp, = ANY,, = a* Xk, X5 0= ARY, X5 a
q

K)*
= a'Ty,a = Za§ )FK_j,pa.

j=1

Hence,

q q
K
@ Topal < 3 [[af|ol[Dx—jpllallalls < C D Tkl

j=1 j=1
for some C' > 0 and tends to zero as K — oo. So, a*I'y ya = 0 for some a # 0. This
contradicts the assumption A\yin(I'op) > 0. Hence, the result holds as G, =T,

is non-singular. [

Recall the class of dispersion matrices W(e) in (2.16). It is easy to see that, for
the model (3.9), if {4;x} € P(C,a,€), Xo € W(e) for some C,a,e > 0, then
[[Thpmyl|2 = 0 as h — oo and for all n > 1. The above statement follows because,

by Theorem 3.4.6, (3.9) can be represented in the form (3.12), (3.33) holds and

Lup = Z ¢j,p2p¢;+u,p, Vu > 0. (3.59)

=0

Therefore, by (3.33), Lemma 3.4.7 and as 3, € W(e), for some C; > 0, we have

o0
ICuglle < D 1 @spllalZpllalltf 1,12
§=0

IN

> giallanlloplony/lesllinlielloy
7=0
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< Cyelov (Z 523') L 0<d<1.
j=0

— 0, as u— oo and for all n > 1. (3.60)

Therefore, for the model (3.9), if I'y ) is non-singular for each n > 1, then
Ar,n = G;,ibyr,n (361)

i.e., each A;, is the finite sum of the finite products of {I'yp,T';1, 1 < u < 1}
Hence, (3.61) provides consistent estimates of A;, once we replace the population
autocovariance matrices by their consistent estimates. We illustrate this by the
IVAR(1) model. Similar technique is also applicable to estimate the parameter

matrices for other finite order IVAR processes. The following result appeared in

Bhattacharjee and Bose [2014b].
Theorem 3.5.8. Consider the model (3.9) for r = 1. Suppose e, ~ N,(0,%,),
Yo €U(e,a,C) and Ay o € A(0,C, ) for some e,a,C >0 and 0 < § < 1, where

A(5,C,a) = {Ane : max(||Asel |10y, 1A% [11) < (1= 8), Ao, A% € X(C,a)}.

I
Suppose all the inverses below exist. Then for ko < (n_llogp) et and T, 6 X

(nil logp)_ﬁ [Hia+1] ,

() 1B (F ) B B ™ = Avylle = Onlkz2lS0.0),

() 1B () (B (B ) Ayl = Op [ (Yo p) 715, 1.0)].
(1) S — Splla = Op((I% lahi2) and

(i0) S — Sylle = Op | (n102p) ™7 15,10

where

A A

Zp,n,a = Bkn,a (FOJ)) - Bkn,a (fl,p) (Bkn,a (f\(]:p))ilBkn,a (f\ip)’



89 Estimation of autocovariance matrices

~
~ A

Epvn’a = RTn,a (fO,P) - RTn,a (Flyp)(RTn,a (foyp)>71RTn,a (f‘é:;p)

To prove the above theorem, we need the following lemma.

Lemma 3.5.9. (Bhatia [2009]) If A and B are invertible and ||A — Blls <
[A7H]2" then

1A EI1A = Blls

B l—A Y, < .
I | < T A A= B

(3.62)

Proof of Theorem 3.5.8. It is easy to see that, A;. € A(J,C,«) implies
Aj o € P(C,a,8(1 — ) 1). Therefore, the conclusions of Theorem 3.5.6 hold.

Using Lemma 3.5.9, for large n,

1T 31l B,.. (Copn) — Topll2
1= |ITo 121 Bk, Topm) = Topll2”

1o plBl Rr, . (Do pin) — Lol
1= |ITopll2l[Rr, o (Fopn) = Topll2

1(Br (Dopn)) ™ = Taplls <

(R (Copn)) ™ = Toplla <
If n=Hogp — 0, then for some C' > 0 and for sufficiently large n,

1(Brya(Copn)) ™ =Tiglle < ClIBr, o (Lopn) = Loplle.
1(Rr, o (Copn)) ™ = Toplle < ClIRn, . (Fopn) = Toplla- (3.63)

Therefore, by Theorem 3.5.6

1(Bro (Copa)) ™ =Toplle = Or(IS,llankaa).

- - - - o) (7
Ry, o (Copa)) ™ = Taplle = Op|(n7Mogp) ™ 7|5, lla)|. (3.64)
Again, by the fact

|IAB — CD||y < [|A = Cl2]|B = Dl|2 + [|A = Cll2[| Dl|2 + [|C]]2]| B — Dl
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and using Ay, =T', I,

(i) and (ii) follow.

Results (iii) and (iv) are immediate from the relation
Lop— A1t , —TipAT, + Al AT, = 5,

This completes the proof of Theorem 3.5.8. O]

Next we shall relax the Gaussian assumption on the driving process {e;,} in

Theorems 3.5.1, 3.5.5, 3.5.6 and 3.5.8 and, Lemma 3.5.2.

3.5.2 Relaxing the Gaussian assumption

The Gaussianity assumption made so far (see Theorems 3.5.5, 3.5.6 and 3.5.8)
may seem to be a very strong restriction. However, note that in the proofs of
these theorems, Gaussian assumption is used only while invoking Theorem 3.5.1.
Moreover, the proof of Theorem 3.5.1 uses the Gaussian assumption only via
application of Lemma 3.5.2. Our goal is to now replace the Gaussian assumption
by a suitable weaker assumption in Lemma 3.5.2.

The cue to the answer lies in Theorem 2.2.2. Bickel and Levina [2008] first
proved the consistency of the variance-covariance matrix f]p for the IID process
under the assumption e; ~ N,(0,%,). Later they relaxed this assumption and

proved (2.27) under the weaker assumption that,

sup F(e**7) < oo for all |A| < Ag and some \g > 0, (3.65)
j21

where €, ; is the j-th element of ¢,.
As a prelude we need the following lemma. For n > 1, let Uy, Us,..., U, be

independent random variables with

EU; =0 and of =Var(U;) >0,j=1,2,....
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Set

n

Sn:i:Uj and Bﬁ:iaf
=

j=1
We say that {U;} satisfies condition (P), if there exist positive constants
A,C,Cy,Cy, ... such that for all [z] < Aand j =1,2,...,

In £(e*") 2 2
yZ—| < C? and 73520—20 <C. (3.66)
Lemma 3.5.10. Suppose a sequence of random variables {U;} with EU; = 0 and
0} = Var(U;) > 0 satisfies condition (P). Then there exist some A, C' > 0 such
that

E!C

< — >
| Cumy(Z,)| < (AB,)~ 5 Vk > 3.

That is, for the random wvariable & = Z,, the conclusion of Lemma 2.4.1 holds

with v =0, H = 2C, A = AB,,. In particular, if U; are i.i.d. then, (3.66) holds if

In E(e*Y1)
2

| | < C, forall|z| <A, forsome A, C >0. (3.67)

Also for a random variable U with EU = 0, if there exists A’, C" > 0 such that
E(eMV) < C for all |\ < A, then (3.67) holds.

Proof. The first part of the lemma is easy to show and the proof is given in Saulis
and Statulevi¢ius [1991]. Therefore, it remains to prove the last statement. The
cumulants {K,} of a random variable U are defined by the cumulant generating

function
g(z) = log(E Z

The cumulants are related to the moments {u/, = E(U™)} by the following recur-

sion formula
n—1 n— 1
K, =u — K .
e S L

As all the moments of U exist, K,,,n = 1,2,... also exist. Moreover, K; = pj; =0
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and Ky = pl, — p) = ph. Hence,

nl

9(2), _ ty | e AP
<5 ) K
n=3

This completes the proof. n

Lemma 3.5.11. Let {&;} be i.i.d. with mean 0 and variance-covariance matriz

Y,. Suppose (3.65) holds. Then (i) and (ii) of Lemma 3.5.2 hold.

Proof. (i) follows from Bickel and Levina [2008]. For (i), using Lemma 3.5.10,
we need the existence of Moment generating function of W —1Vy,lin

some neighborhood of zero. This existence follows from the fact that (z + y)? <

2(z% + y?). O

Thus the conclusions of Theorems 3.5.1, 3.5.5, 3.5.6, 3.5.8 and Lemma 3.5.2 hold
true if we assume (3.65) instead of g, ~ N,(0,%,).

3.6 Simulations

Consider the IVAR model (3.9) for » = 1. This section reports simulations for
this model with two different choices of the parameter matrix A; , which have the
Toeplitz structure. As we move away from the main diagonal, in one case the
entries decrease exponentially and in the other case, they decrease polynomially.
Our simulations show that the convergence rate obtained in Theorem 3.5.8 is quite
sharp. Establishing the exact rate appears to be a very difficult problem and we

did not pursue this issue.

Example 3.6.1. Exponentially decaying corners: Consider the IVAR(1)
model with the symmetric parameter matriz Ay o, = (( (—0.5)791)). Note that

lAisllay = 145 llay 142 (-05)" =1-2/3,

u=1
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T(Aoo, k) < 2 Z < (2/3)(0.5)F < (2/3)k

u=k+1
Therefore, A1 o € A(2/3,2/3,1) and the conclusion of Theorem 3.5.8 hold.

Example 3.6.2. Polynomially decaying corners: Consider the IVAR(1)
model with the symmetric parameter matriz Ay o = (( (=1)Fl(|i — j] +1)77)),

for some > 1. Note that, in this case

A1 ollay = 147 llany <1 +2Z u+1)F <1-2277 -39,
u=1
T(Ajoo, k) < 2 Z “(u41)77 32/ v Pde = 2B — 1) kG,
u=k+1 k

Therefore, Ay o € A(2(277—=37P),2(8—1)71, 8—1) and the conclusion of Theorem
3.5.8 hold. For the following simulations, we choose f =1.01,1.1,1.2 and 1.5.

Recall I in (2.8). We let g, ~ N,(0,1,), Vt. In each case, we draw the
histogram for the values of || By, ., (fl,pm)(Bkw (Topn)) ™" — Ayl using R = 300
replications. We consider two combinations of n an p, namely n = 20, p = eV™ ~
87 and n = 40, p = eV™ ~ 558.

Note that most of the mass is concentrated near zero. Expectedly, the ac-
curacy is sharper in the first example than in the second example. Moreover,
as [ increases, the histogram has more mass near zero and there is some mass
in the high values of the tail. Some stray values beyond the range given in the
figures were observed over the different sets of simulations but overall most of
the mass was concentrated in the range (0,600). This indicates that the rates of
convergence are probably quite sharp. The theoretical results on the exact rate
of convergence appear hard to derive. We have not investigate this issue in this

thesis.
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Simulations
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Chapter 4

Limiting spectral distribution and free

probability

4.1 Introduction

In Chapter 3, we have seen that a very general high dimensional linear time series
model is the infinite dimensional moving average process of order co (MA(00))
defined in (3.2) and a key quantity to analyze this model is the sequence of sample
autocovariance matrices {I',} defined in (3.16). There we used some regulariza-
tion, namely banding and tapering on {I',} so that they turn out to be consistent
estimator for their population counterpart. In the next few chapters, we explore
further asymptotic properties of {f «}. Even though these matrices are not con-
sistent, their asymptotic properties, while interesting in their own right, can also
be used for statistical applications.

A most natural way to look at the large sample behaviour of the sample auto-
covariance matrices is to study their limiting spectral distribution. Such results
for various random matrices occupy a central position in the literature of random
matrix theory (RMT). The so called spectral statistics, useful in statistical appli-
cation, are functions of this spectral distribution. In case of infinite dimensional
moving average processes, many researchers observed, under some assumptions,

the eigenvalue distribution of T, + f;: (after appropriate normalization) weakly
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converges to a non-degenerate distribution. For example see Liu et al. [2015] and
Wang et al. [2015]. This may be useful to determine the nature of the tempo-
ral dependence in high-dimensional settings. Therefore, the study of the limiting
spectral property of sample autocovariance matrices is very important.

Another way to study the joint convergence of the sample autocovariance
matrices is to consider the convergence of the sequence of non-commutative *-
probability spaces (NCP) generated by them. Moreover, convergence of NCP is
closely related to the convergence of the spectral distribution of a matrix. For a
p X p symmetric matrix A,, the convergence of the NCP generated by A, with
some additional effort, yields the limiting eigenvalue distribution of A,,.

This chapter collects all the basic concepts and results in RMT and non-
commutative probability literature that we shall need. These will be crucially

used in Chapters 5, 6, 7 and 8 and we shall refer to them frequently.

4.2 LSD and related discussions

One of the primary objects of interest of a matrix is its spectral distribution. The
following definition of spectral distributions are for both random and non-random

matrices.

Definition 4.2.1. (ESD, EESD and LSD) The empirical spectral distribution
(ESD) of a pxp (random) matriz R, is the (random) probability distribution with
mass p~' at each of its eigenvalues. If it converges weakly (almost surely) to a
(non-degenerate) non-random probability distribution, then the latter will be called
the limiting spectral distribution (LSD) of R,.

The expectation of ESD s called FESD. This is a non-random probability

distribution function.

For a non-random matrix, ESD and EESD are identical.
Consider the following examples on LSD of non-random matrices. We shall use

these examples again in Chapter 7.
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Example 4.2.1. Let A, = 0.51,, where I, is as in (2.8). As all its eigenvalues
are 0.5, its ESD is degenerate at 0.5 and the LSD is also so.

Example 4.2.2. Let B, = 0.5(1, + J,), where I, and J, are respectively as in
(2.8) and (2.9). Note that B, has (p — 1)-many eigenvalues equal to 0.5 and one
eigenvalue equals 1+ 0.5(p — 1). Therefore, ESD of B,, say FPr, can be written
as

(

0, of —oo<x<0.5
FPr(z)=<q1—p', if05<a<1+05p—1) (4.1)

1, if14+05(1—-p) <z<oc.

\

Hence, LSD of B, is degenerate at 0.5.

Example 4.2.3. Let C, = ((I(i = j,1 <i < [p/2])—1(i = j,[p/2] +1 < i < p))),
where [x] denotes the largest integer contained in x. Its [p/2]-many eigenvalues are
equal to 1 and (p — [p/2])-many eigenvalues are equal to —1. Therefore, the LSD
of C, is the distribution 2Ber(0.5) — 1, where Ber(0.5) is the Bernoulli variable

with success probability 0.5

Example 4.2.4. Let D, = ((I(t +j = p+1))). In this case also, LSD of D, is
the distribution 2Ber(0.5) — 1.

Incidentally, the study of the limit spectrum of non-hermitian matrices is ex-
tremely difficult and very few results are known for general random non-hermitian
sequences. The sample autocovariances {fu :u > 1} are not hermitian. We shall
only consider certain symmetrized version of these matrices.

Two widely used approaches to establish the LSD of symmetric square random
matrices are the (i) moment method and the (ii) Stieltjes transformation method.
Below is a brief description of these methods. For more details see Bai and
Silverstein [2009]. In this thesis, we shall primarily use the moment method but

we shall also use Stieltjes transforms occasionally.
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Moment method. The h-th order moment of the ESD of any pxp real symmetric

random matrix R, equals f,(R,) := ]l)tr(Rﬁ). Consider the following conditions.
(M1) For every h > 1, E(Bn(R,)) — b,
(M4) 302 E(Bu(Ry) — E(Bu(R,)))" < oo, Vh =1, and

. 1
(C) The sequence {fy,} satisfies Carleman’s condition, Z By 2" = 00,
h=1
Then we have the following lemma. We omit its proof. For more details, see for

example Bai and Silverstein [2009] and Bose et al. [2010].

Lemma 4.2.1. If (M1), (M4) and (C) hold, then the ESD of R, converges almost

surely to the distribution F determined uniquely by the moments {5} .

(M1) is the most crucial condition in this method as it identifies the moments
of the LSD. Later in Section 4.3, we shall see that the (M1) condition for R, is
ensured by the convergence of an appropriate sequence of NCP generated by I,.

This will be more clear in Section 4.3 after Definition 4.3.4.

The following lemma is relevant to us.

Lemma 4.2.2. (a) Let {y,} be a sequence of probability measures on R. Suppose

for all k > 1 and for some C' > 0,

lim [ 2%du, = my and |my| < C*. (4.2)

p—00 R

Then {my} is a moment sequence and there is a unique probability measure p on

R such that
my = /xkdu, Vk > 1. (4.3)
R

and as p — 0o, {p,} converges weakly to fi.

(b) Let A, be a real symmetric matriz of order p. Suppose for all k > 1 and for
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some C' > 0,

1
lim —ETT(AI;) = my, and |my| < C*. (4.4)

p—0o0 p

Then there is a unique probability measure p on R such that (4.3) holds.

Proof. (a) follows as by (4.2), {my} is a moment sequence and >, m;kl/ = 0
(b) follows from (a) by observing that
1 k k
—ETr(A}) = | x"du,, Vk>1, (4.5)
p R
where p1,, is EESD of A,,. O

Stieltjes transformation method. Another widely used method to establish
the LSD is the Stieltjes transformation method. The Stieltjes transformation for

any random variable X or its probability measure . on R equals

mx(z) =mu(z) = / . i Zu(dx), zeCh={r+iy:zeR,y>0}. (4.6)

Note that the integral above is always finite for z € C*. Pointwise convergence
of Stieltjes transforms to a Stieltjes transform implies the convergence of the
corresponding distributions. This convergence is usually proved for ESD by linking
the Stieltjes transform of the ESD to the resolvent and showing convergence by
martingale convergence methods.

Let u be a compactly supported probability measure on R with u(—K, K) =1
for some K > 0. Then we have the following formal power series expansion of the

Stieltjes transformation m(z) for |z| > K and z € C*,

mu(z) = B, (ﬁ) - PR e

z
z

This relation is crucial in linking the moment approach and the Stieltjes transform
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approach. Since m,(z) is analytic for z € C*, in principle it suffices to identify it
only for large enough z € C+.

The following observation is useful.

Lemma 4.2.3. Suppose a random variable X has Stieltjes transformation mx(z).

Then for any o > 0, the Stieltjes transformation my,x(z) of cX is given by
mex(2) = o 'mx(z07 "), VzeCh. (4.8)

Proof. Let the distribution function of X be F. Then by the definition of Stieltjes

transformation given in (4.6), we have

myx(2) = / dF(z) _ / 0AR@) _ 1 (oY), (4.9)

or — 2 x—zo~!

Hence the proof is complete. O]

Two specific random matrices play a central role in RMT.

Definition 4.2.2. (Wigner matriz) For our purposes a Wigner matriz is a square
symmetric random matriz with independent mean 0 variance 1 entries on and

above the diagonal. We denote a Wigner matriz of order p by W,

Definition 4.2.3. (Independent matriz) An independent matriz is a rectangu-
lar matrix with all independent mean 0 and variance 1 entries. We denote an

independent matrixz of order p X n by Zpx,.

We shall often write W and Z respectively for W, and Z,,,,, if there is no confusion
about the dimension of the matrices. As we proceed, further restrictions will be

imposed on the entries of these matrices as required.

4.2.1 Existing results on W

Wigner [1958] derived the weak limit of the EESD of p~'/21¥, when the entries

are i.i.d. Gaussian. The limiting distribution has p.d.f.
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ﬁ 4—22 if-2<x<?2

f(z) = (4.10)

0, otherwise

with the moment sequence

h! . .
5, = | BT if b is even o
h N .
0, if h is odd.

This is known as the standard semi-circle law. Its Stieltjes transformation m(z)
satisfies the quadratic equation (only one solution yields a valid Stieltjes trans-

form)
m?(z) + z2m(z) +1 =0, VzeC". (4.12)

It can be shown easily that if {3} satisfies (4.11), then

S8 = . (4.13)
h=1

We shall need the above facts later in Chapters 5 and 6.

Arnold [1967] and Arnold [1971] showed that the ESD of p~!/2I¥, almost surely
converges in distribution to the standard semi-circle law, when the entries of W),
are i1.i.d. with finite 4-th moment. There has been much subsequent develop-
ment on the necessary and sufficient conditions for the convergence of the ESD
of p~'/2W,. The following theorem (see for example Anderson et al. [2009]) is
relevant for us.

Consider the following classes of independent random variables.

L, = set of all collections of independent random variables (4.14)



103 LSD and related discussions

{€:; 14,7 > 1} such that sup Ele, ;| < oo,
i

L = (L., (4.15)
r=1
C(0,p) = set of all collections of random variables {e;; : 4, j > 1} such that

P(le; ] < nppfié) =1, Vi,j and for some 1, | 0 as p — co. (4.16)

Theorem 4.2.4. Let W, = ((wi;)) be a Wigner matriz of order p. Suppose
{wij: 1<i,j<pte LuUC(0,p) Vp>1. Then, as p — oo, the LSD of p~'/?W,

1s the standard semi-circle law.

Next we consider a very specific polynomial in a Wigner and a deterministic
matrix considered by Bai and Zhang [2010]. To state their theorem, we need the

following class of independent random variables. Let

U(0) = set of all collections of independent random variables {e; ; : ,7 > 1}
—(246) P "
such that lim ! Z ZE(|5i,j|2+6[(|5i,j| > npﬁ) =0
[ g
for all n > 0. (4.17)

By a sequence of nested matrices {B,}, we mean that for each r > 1, the sub-
matrix constructed by the first r rows and columns of B,,; is B,. Consider the

following class of matrices:

NND = set of all sequences of non-negative definite symmetric (4.18)

nested matrices { B,} whose LSD exists.

Theorem 4.2.5. (Bai and Zhang [2010]) Let W, = ((w;;)) be a Wigner matriz
of order p and A, be a non-random square matriz of order p. Suppose {w;; :
1 <i,j <p}eLuUuC(,p) Vp or {wi; :i,j > 1} € U(0) and {4,} € NND.
Let FA denote the LSD of A,. Then, as p — oo, the ESD of p‘I/QA;,/QV[/]DA;/2

converges weakly (almost surely) to a non-random probability distribution whose
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Stieltjes transform m(z) uniquely solves the following system of equations

m(z) = —z ' —z21g%(2), (4.19)

o(z) = / _Z_;tg(z)dFA(t), V2 e C. (4.20)

Note that Theorem 4.2.5 assumes weaker conditions on W than Theorem 4.2.4.
(4.12) can be derived from (4.19) and (4.20) by putting A, = I,, where I, is as in
(2.8). Therefore, by Example 4.2.1, F'4 is degenerate at 1. Hence, by (4.20)

P(2) = —(29(2) + 1), (121)
Therefore, substituting (4.21) in (4.19), we have
zm(z) = =14 (29(2) +1) = m(z) = g(). (4.22)

Hence, by (4.21), m(z) satisfies (4.12).

Now we shall consider the existing results on the independent matrix Z,.,. The

classical RMT model for Z,,, assumes p = p(n) — oo as n — oo and
p
= =y el0,00). (4.23)
n

The LSD results for the cases y > 0 and y = 0 are significantly different. Hence we
discuss them separately. Note that for the y > 0 case, as p and n are comparable,
it does not really matter whether we are assuming ‘p = p(n) — 0o as n — 00’ or
‘n =n(p) — oo as p — oo’. But for the case y = 0, to be technically correct we

shall assume the latter.
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4.2.2 Existing results on Z when p/n —y >0

The well known Wishart matriz (without centering) of order p can be written
as S, = n~'ZZ*. Martenko and Pastur [1967] derived the LSD of S, when the
entries of Z are i.i.d. and have finite fourth moment. For y € (0, 1], the limiting

distribution has p.d.f.

\/(b+(y)—x)(l‘—b7 ) .
, ifb_(y) <x <bi(y
fy(x) _ 2Ty ( ) +< ) (424>

0, otherwise.

where by (y) = (1+/y)*. If y € (1,00), the limiting distribution is a mixture of

Land y~ 1, respectively.

a point mass at 0 and the p.d.f. fi,, with weights 1 —y~
It is known as the Marcenko-Pastur law with parameter y, say, MP,, 0 <y < oo.

This law has the moment sequence

" Lfh=1\[{ h \ ,_
Bh:ZE(k—l)(k—Jyk LVh > 1. (4.25)

k=1

Its Stieltjes transformation m(z) satisfies the quadratic equation (only one solution

yields a valid Stieltjes transform)
yz(m(2))* + (y+2z—1)m(z) +1=0, VzeC". (4.26)

Over the years several researchers reduced the moment assumptions in Marc¢enko
and Pastur [1967]. For examples, one can consult Wachter [1978] and Yin [1986].
The version of the Marcenko-Pastur law with minimal moment conditions appears

to be the following.

Theorem 4.2.6. (Bai and Silverstein [2009]) Let Z,x, = ((2;;)) be an indepen-
dent matriz of order p X n and let S, = n~'ZZ* be the Wishart matriz of order
p. Suppose {z;; :i,j > 1} € U(0). Then, as n,p(n) — oo and p/n —y > 0, the

ESD of S, almost surely converges in distribution to MP,.
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The following theorem discusses the convergence of the ESD of A;/ 2SpA1/ 2
where A, is as in Theorem 4.2.5. Recall the class of matrices NAD in (4.18).

Theorem 4.2.7. (Bai and Silverstein [2009]) Let Z,y,, = ((#i;)) be an indepen-
dent matriz of order p x n and S, = n~'ZZ* be the Wishart matriz of order p.
Suppose {z;; : i,j > 1} € U(0). Let {A,} € NND with LSD FA. Then, as
n,p(n) — oo and p/n — y > 0, the ESD of All,/QSpAV2 almost surely converges
in distribution to the probability distribution with Stieltjes transformation m(z)

which uniquely solves

m(z) = / 1 dF7(t) | (4.27)

1—y—yzm(z)) — 2

Note that Theorem 4.2.6 is a particular case of Theorem 4.2.7. (4.26) can be
derived from (4.27) once we put A, = I,, where I, is as in (2.8). Then, by
Example 4.2.1, 4 is degenerate at 1. Now, by (4.27) we have

m(z) = 1—y—yim(z) — =m(z)(1—y—yzm(z) —z) — 1=
= yem®(2) + (y—1+2)m(z) +1=0. (4.28)

Hence, (4.26) is established from (4.27).

4.2.3 Existing results on Z when p/n — 0

The LSD results for the case y = 0 are quite different from the case y > 0. This is
because if we put y = 0 in the results obtained for y > 0, we obtain a degenerate
distribution. For example, if we put y = 0 in (4.25), 5, will be 1 for all h > 1.
Therefore, LSD of S, turns out to be degenerate at 1. Hence we need appropriate
centering and scaling on S,. Some of the existing results in this regime are given
below. Moreover, as mentioned just before Section 4.2.2, to be technically correct,

all the results below assume p — oo, n = n(p) — oo as p — oc.

Theorem 4.2.8. (Bai and Yin [1988]) Let Z,y,, be an independent matriz whose
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entries are i.i.d. and have finite fourth order moment. Then, as p/n — 0, the

almost sure LSD of \/np~t(n"'ZZ*—1,) exists and it is distributed as the standard
semi-circle variable with pdf (4.10).

Theorem 4.2.9. (Bao [2012]) Let Z,,, be an independent matriz whose entries
are i.i.d. and have finite fourth moment. Suppose {A,} € NND with LSD F*.
Then as p/n — 0, the almost sure LSD of \/np=t(n"tAY2ZZ*AV? — A) exists

and its Stieltjes transform m(z) uniquely solves the system of equations (4.19) and

(4.20).

Remark 4.2.10. Consider all the assumptions in Theorems 4.2.5 and 4.2.9.
Then the almost sure LSD of p~'/2AY?W AY? and \/np=t(n"'AV2ZZ*AY? — A)

are identical.

Recall the notation (2.4). Next, we consider the following class of r x r determin-

1stic matrices:

N = set of all sequences of symmetric non-negative definite nested (4.29)
matrices {B,} such that sup || B,||2 < oo and lim r~'tr(B?) exists
r

fori=1,2.

Theorem 4.2.11. (Wang and Paul [2014]) Let Z,x, be an independent ma-
trix. whose entries are i.i.d. and have finite fourth moment and, A, and B,
be two deterministic matrices. Suppose {A,} € NND with LSD F4. Suppose
{B,} € N and limn='tr(B?) = dy. Then as p/n — 0, the almost sure LSD
of \/W(n_l141[1,/2ZBnZ*A]13/2 — Ayn~'Tr(B,)) exists and its Stieltjes transform

m(z) uniquely solves the system of equations

_ [ _dF()
m(z) = /z+d2tg(z) (4.30)

g(z) = _/zfggt(gt()z) VzeC*. (4.31)
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Note that,

- 2WdFA) tari)
am(z) = _/z+d2tg(z) =1 +ng(Z)/z%—dztg(z) =1y (2).

Therefore, an equivalent way to write (4.30) is,
m(z) = —2 " — 27 dag?(2), Vz e CH. (4.32)

Corollary 4.2.12. Theorem 4.2.9 follows immediately from Theorem 4.2.11 by

putting B, = I, and dy = 1.

Corollary 4.2.13. Consider all the assumptions in Theorems 4.2.5 and 4.2.11.
Then the almost sure LSD of \/dyp™ /2 AV2W A2 and \/np=1(n "' AY2ZBZ* AY/?—
An~1Tr(B)) are identical.

Proof. Suppose LSD of p~1/2AY/21/ AY/2 is distributed as the random variable X.
Therefore, LSD of p~1/2y/dy AY?W A2 is distributed as v/d»X. By Theorem 4.2.5,

the Stieltjes transformation of X is given by

mx(z) = —27'—27lg%(2), (4.33)
ax(z) = / mdw(t), V2 e C. (4.34)

Therefore, by Lemma 4.2.3, the Stieltjes transformation of v/ds X is

-1 .2/ 4-1/2

Y2 ;%) = =2t — 212 (dy 72), where

m\/EX(Z) = O mX(dz

gx(dy'?2) = / —z—t\/;zi?(d‘l/%)dFA(t)' (4.35)

Let us define

gyix(2) = dy Pax (dy ).
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Therefore,

tdFA(t) _ / tdFA(t)

svxte) = [ - .
VX —z — t/dygx (d, 1/22) —2z = tdag /z;x (?)

Hence,
mygx(z) = —27 = Z_ldzgf/@X(z), where
t A
This agrees with (4.19) and (4.20). Hence it completes the proof. N

4.3 Free probability and related notions

This section will serve as a brief introduction to free probability and related notions
that will be used in later chapters. The material of this section is mostly taken
from Nica and Speicher [2006], unless otherwise mentioned. As mentioned in
Section 4.1, a most natural way to study the joint convergence of several matrices
is through the convergence of the non-commutative x-probability space (NCP)
generated by the matrices. As matrices are non-commutative objects, appearance
of non-commutative spaces is not surprising. As we know, commutative (classical)
random variables are attached to a probability space (S, E'), which consists of a
o-field § and an expectation operator F. Similarly, non-commutative variables
are attached to an NCP. In the following subsection, we shall define NCP, its

convergence and some related notions.
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4.3.1 NCP and its convergence

Definition 4.3.1. A non-commutative x-probability space (NCP), (A, ), consists

of a unital x-algebra A over C and a unital linear functional
v: A— C such that ¢(14) = 1.

Thus, ¢ is the analogue of the (classical) expectation operator and is called a
state of the algebra A. The elements a € A are called non-commutative random
variables in (A, ). If a = a*, then a is called self-adjoint. The state ¢ is tracial
if

p(ab) = p(ba), Ya,be A. (4.36)
The state ¢ is positive if
e(a*a) >0, Vae€ A (4.37)

In this thesis, @ will always be tracial and positive.

The following are some examples of non-commutative *-probability spaces.

Example 4.3.1. Let (Q, F, P) be a probability space in the classical sense, i.e.
Q is a non-empty set, F is a o-algebra of subsets of Q and P : F — [0,1]
is a probability measure. Let A = L>®(Q, P) = set of all measurable functions

a:Q — C such that P(w : sup,cq |a(w)| < 00) =1 and let ¢ be defined by

ola) = /Qa(w)dP(w), ac A

Then (A, ) is an NCP.

Example 4.3.2. Let d be a positive integer. Let My(C) be the algebra of

d X d matrices with complex entries and usual matriz multiplication, and let
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tr : M4(C) — C be the normalized trace,

tr(a) = %Za Va = (1)L, € My(C).

Then (Mg(C), tr) is an NCP, where the x-operation is to take both the transpose
of the matriz and the complex conjugate of the entries.

Also let Mq)(C) be the x-algebra of all d x d random matrices with usual
matriz multiplication, then (Mq)(C), Etr) forms an NCP.

The following lemma provides two inequalities. Proof of this lemma is trivial and

hence we omit it (see Nica and Speicher [2006] for part (a)).

Lemma 4.3.1. Suppose (A, ) is an NCP. Let a,b,ay,as,...,ar € A and ¢ be
positive. Then the following results hold.

(a) [p(ab)| < v/p(a*a)p(b*b).

(b) Moreover, if ¢ is tracial, then there exists hy, ha, ... hgy > 1 such that

lp(aras ... ap)| < H (a} az 1/2h

Since we shall always work with ¢ which is tracial and positive, Lemma 4.3.1 (a)

and (b) shall hold.

Often we deal with *-sub-algebras of My(C) and M q4)(C).
Definition 4.3.2. (x-sub-algebra and span) Let B be a unital x-sub-algebra of A.
Then (B, @) also forms an NCP. Let 14 be the identity element of A. Consider

t >1. Let I(14,a5,af : 1 <i <t)e A be any polynomial of {14,a;,af :1 <1<
t} € A. Then

Spanf{a;,al + 1 <i <t} ={ll(14,a;,a; :1<i<t): Ilis a polynomial}. (4.38)
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IN

Span{a;,af : 1 < i < t} is called the x-algebra generated by {a;,af : 1 < i
t}. Equipped with o, it is a unital x-algebra and is called the NCP generated by
{a;,af : 1 <1<t}

By span of a collection of infinitely many non-commutative variables {a;, a} :

i > 1}, we mean
Span{a;,a; :i > 1} = {Il(14, a4, a;, : 1 <k <t): i, t > 1, I is a polynomial}

and (Span{a;,af :i > 1}, @) again forms an NCP.

For example, consider a class of d x d (random) matrices {M; : 1 <i < r}. Then

(Span{M;, M} : 1 < i <r}, Etr) is an NCP.

The distribution and moments of non-commutative variables are defined as fol-

lows.

Definition 4.3.3. (Distribution and moments) Let (A,p) be an NCP. Let
II(a,a*) € A be any polynomial in a,a* € A. Then {p(Il(a,a*)) : II is a polynomial}
is called the x-distribution of a or a*. In particular, if a € A is self-adjont, then
{p(a®)}22, is called the distribution of a.

Consider t > 1. Let l(a;,af : 1 <i <t) e A be any polynomial in {a; : 1 <
i<t} C A Then {p (I(a;,af : 1 <i<t)):1lis a polynomial} is called the joint
distribution of {a; : 1 <i <t}.

For a collection of infinitely many non-commutative variables {a; : i > 1},
{o (M(az,,a;, :1<k<t)) : gt > 1, I is a polynomial} is its joint distri-
bution. Likewise we can also define the distribution in all the above cases. For

simplicity we shall write “distribution” for “«c-distribution”.

Now we shall define convergence of NCP.

Definition 4.3.4. (Convergence of NCP) Let Axy = Span{aEN),a:(N) D>

1}, VN > 1 and A = Span{a;,af : i > 1}. We say that the sequence of NCP

%
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{(An,oN)}F_, converges to (A, p) if for any polynomial 11 and t > 1

A}im ON (H(a(N) a™1<i< t)) = ((a;,a; :1<i<t)). (4.39)
—00

3 »

This s also described as the joint convergence of {aEN),a:(N) 1 > 1} to
{a;,af -1 > 1}. If {on} are tracial and positive, then ¢ is also so (see (4.36) and
(4.37)). For a fized i > 1, we say that al¥ converges in distribution to a; if for
any polynomial 11,

lim o (@™, af™)) = (1@, 7). (4.40)

A Rt}

Remark 4.3.2. Suppose we are given a unital x-sub-algebra Ay as above and the
left side of (4.39) exists for all polynomial I1. Then we can construct a polynomial
algebra A of indeterminates {a;,a;} which also includes an identity 14. We can
define ¢ on A by the equation (4.39). Then (A, ) is an NCP and (Ay,pn) —
(A, @) in the above sense.

Let A, be a square real symmetric random matrix of order p. Note that the
convergence of (Span{A,}, p~!' ETr) guarantees the (M1) condition in the moment
method (see Lemma 4.2.1). The following lemma connects LSD and NCP conver-

gence. Proof of this lemma follows immediately from Lemma 4.2.1.

Lemma 4.3.3. Let A, be a square real symmetric random matriz of order p.
Suppose (Span{A,},p ' ETr) — (Span{a}, p). Moreover suppose (M) holds and
{p(a®)} satisfies (C). Then as p — oo, the almost sure LSD of A, exists and it is

uniquely determined by the moment sequence {o(a”)}.

The following theorem (see for example Anderson et al. [2009]) is relevant in

this context and shall be used later in Chapter 5.

Theorem 4.3.4. Let W, be a Wigner matriz of order p. Then under the same
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assumptions as in Theorem 4.2.4,
(Span{p‘l/QWp}, Etr) — (Span{s}, ), (4.41)

where s is the standard semi-circle variable with ©(s") = By, Yh and {B,} is as

in (4.11).

Often the limit of random matrices (in the sense of Definition 4.3.4) can be
expressed in terms of some freely independent variables. Free variables in the
non-commutative world, is the analogue of independent random variables in the
commutative world. In the next few sections, we develop the basics of free prob-
ability.

In the commutative case, random variables (say with bounded support) are
independent if and only if all joint moments obey the product rule. It is well known
that the cumulants and moments are related via the Mobius transformation on
the partially ordered set (POSET) of all partitions. Using this it can be shown
that independence is also equivalent to the vanishing of all mixed cumulants.

In the non-commutative case, we also have the notion of joint cumulants,
called free cumulants. These can be uniquely obtained from the moments and
vice-versa via a different Mobius transformation and its inverse on the POSET of
all non-crossing partitions. Non-commutative variables are said to be free (freely
independent) if and only if all their mixed free cumulants vanish.

All the technicalities and definitions are given in Section 4.3.3. Before that, we

need some notions from the theory of partitions, specially non-crossing partitions.

4.3.2 Mobius function, non-crossing partitions and Krew-

eras complement

We first define the Mobius function which will be useful in the next section to

define free cumulants.
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Let P be a finite POSET with the partial order <. We also assume that P is a

lattice. Let us denote
P® .= {(n,0)|r,0 € P,7 < 0}. (4.42)

For F,G : P® — C, their convolution F G is the function from P® to C defined
by:

(FxG)(m,0) = > F(mpG(p,0) (4.43)

pEP
m<p<oc

G is called the inverse of F', if

(FxG)(myo)=(G*xF)(m,0)=1(r=0), Vr <o €P. (4.44)

(2

It is easy to show that any F': P® — C is invertible with respect to the above

convolution if and only if F(m,7) # 0 for every m € P (see Proposition 10.4 in
Nica and Speicher [2006])
The Zeta function of P, £ : P — C is defined by

£(myo)=1, VY (m,0) e P?. (4.45)

The inverse of £ under the above convolution is called the Maobius function of P

and is denoted by p(-, ). Therefore,
Exp)(m,o)=(ux&)(myo)=I(n=0), Vr <o €P. (4.46)

Now we shall define non-crossing partitions and the related notions.

Let S be a finite totally ordered set. We call 7 = {Vi,Vs,...,V,} a partition of
the set S if and only if V; (1 < i < r) are pairwise disjoint, non-void subsets of S
such that ViuUVoU...UV, =.5. We call V;, V5, ..., V, the blocks of m. Given two
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elements p,q € S, we write p ~, ¢ if p and ¢ belong to the same block of .

A partition 7 is called a pair partition if each block of 7 contains exactly two
elements.

Let m = {1, V4, ..., V.} and 0 = {U3, Us, ..., Uy} be two partitions of S. Then
we call m < ¢ if for any fixed 1 <4 < r there exists a 1 < j < k such that V; C Uj.
Therefore, the set of all partitions of S forms a POSET.

A partition 7 of the set S is called crossing if there exists p; < ¢1 < p2 < @2
in S such that p; ~, py and ¢; ~ g2 but (p1,p2) and (g1, ¢2) are not in the same
block. If 7 is not crossing, then it is called non-crossing.

Consider the following sets:

NC(n) = set of all non-crossing partitions of {1,2,3,...,n}, (4.47)
NC5(2n) = set of all non-crossing pair partitions of {1,2,3,...,2n}, (4.48)
NCE((2n) = set of m € NC(2n) such that every block of 7 has even cardinality.

(4.49)

Note that the above sets of partitions are all POSET and have smallest and
largest elements. For example, in NC(n), the smallest element is 0, =
{{1},{2},...,{n}} and the largest element is 1, = {1,2,...,n}. Moreover,
NCy(2n) € NCE(2n) C NC(2n).

It can be shown that {3} given in (4.11) satisfies

Pon = #NC5(2h), Yh > 1. (4.50)

Thus the semi-circle law is intimately connected to non-crossing partitions.

Later we shall need the Mobius function on the POSET NC'(n). It can be shown
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that

1 2n
= ( — n—1 —= > . .
1(0,,1,) = (—=1)"""C,_1, where C), —— ] (n ), Vn>1 (4.51)

p(m, o) for other pair 7 < ¢ € NC(n) can be obtained as follows. it is known

that the interval [r, o] has the canonical factorization
[r,0] = NC(1)" x NC(2)* x NC(n)*. (4.52)
Let s, = p(0y, 1,), ¥n. Then it can be proved that

p(m, o) = shish gk (4.53)

n

For details, see Chapter 10 in Nica and Speicher [2006].
Next we define a useful notion of partition theory, called Kreweras complement.

Kreweras complement. The complementation map K : NC(n) — NC(n) is
defined as follows. We consider additional numbers 1,2, ..., 7 and interlace them

with 1,2,...,n in the following alternating way:

Let 7 be a non-crossing partition of {1,2,... n}. Then its Kreweras complement
K(r) € NC(1,2,...,n) = NC(n) is defined to be the biggest element among
those 0 € NC(1,2,...,n) which have the property that

TUo e NC(1,1,2,2,...,n,n).

Let 7 be a partition of the set S and A C S. Then by K;|A we mean the restriction

of K, on A. The following properties of Kreweras complement are useful. See

Chapter 9 of Nica and Speicher [2006] for details.
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Property 1: K : NC(n) — NC(n) is a bijection.

Property 2: K(NCE(2n)) is in bijection with the set of all such 7 in
NC(2n) such that every block of 7 is contained either in {1,3,...,2n — 1} or
in {2,4,...,2n}.

Property 3: NCy(2n) > 7 — (K;|{1,3,...,2n — 1}) is a bijection between
NC5(2n) and NC(1,3,...,2n —1).

Property 4: Let |7| be the total number of blocks in any partition . Then
for any m € NC(n), we have |r| + |K(7)| =n + 1.

4.3.3 Free cumulants and free independence

We first present the notion of free cumulants and then use it to define free in-
dependence. Let (A, ¢) be an NCP. Define a sequence of multilinear functionals

(¢n)nen on A" via

onlar, as, ... a,) == p(ajas ... ay,). (4.54)

Define recursively a family of multilinear functionals ¢,(n > 1,7 € NC(n)) by
the following formula. If 7 = {V}, V5, ..., V,.} € NC(n), then

Orlar, ag, ... a,) = p(WV)lar,as,...,a,] - o(V;)|ar, az, ..., a,), (4.55)

where o(V)ay, aq, ..., a,) == ps(ay, aiy, ..., a;,) (@i a4, ...a;,) for V.= (i; <

=
iy < ...<1ig). Observe the use of () and [ ] in (4.54) and (4.55). Define the joint

free cumulant of order n of (ay,as, ..., a,) as
Kn(ay,ag,. .. a,) = Z Yolar, ag,y ..., anlu(o, 1,), (4.56)
ceNC(n)
where p is the Mobius function on NC'(n). k,(ai,as,...,a,) is called a mized

cumulant if at least one pair a;,a; are different and a; # aj. For any ¢ =
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Lx, V1 <i < mn, kp(a,a?, ..., a) is called a marginal free cumulant of order
n of {a,a*}. For a self-adjoint element a, x,(a,a,...,a) is called the n-th free
cumulant of a. We denote it by k,(a). Note that mixed/marginal free cumulants
are all special cases of joint free cumulant.

Just as in (4.55), {kn(a1,as,...,a,) : n > 1} has a multiplicative extension
{kz :m € NC(n)}. It is known that (see Proposition 11.4 in Nica and Speicher
[2006])

Krlay,ag, ..., a,) := Z Yolar, ag, ..., ax)p(o,m), (4.57)

ceENC(n)
o<m

where p is the Mébius function on NC(n). Note that

o1, a1, a9, ..., a,] = @nlar,ag, ... a,) = p(ar1ay. .. ay,),

Ki,lai, ag, ..., a,] = Kplayg,ag, ... ay).

Moreover, it can be shown that
plaray . ..a,) = Z Krlar, ag, -, ayl. (4.58)

Therefore, there is a one-to-one correspondence between free cumulants and mo-

ments.

Also, it is known that a self-adjoint variable s is the standard semi-circle if and
only if

1, ifn=2
Kn(s) = (4.59)
0, ifn #2.

The free cumulant generating function C(z) of a self-adjoint random variable a is

defined as

Clz) =1+ Z kn(a)z" Vz € C and when the series is defined. (4.60)
n=1
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C(z) satisfies the relation
C(—m(z)) = —zm(2), (4.61)

where m(z) is the Stieltjes transformation defined in (4.6). If there exist a C' > 0
such that |k,(a)] < C™ V¥n, Then (4.60) exists for all |z| < C~!. In that case

(4.61) makes sense Vz € C*, |z] large, since m(z) — 0 as |z] — oc.

The free cumulant generating function C'(z) and relation (4.61) are useful to derive
Stieltjes transformation of a random variable from its free cumulant generating

function. We shall use it later.

The following classes of non-commutative variables will be useful in Chapter 6.

Definition 4.3.5. {s1, S2, ..., 8} is called a semi-circle family if for each i, s; is

self-adjoint and all their joint free cumulants vanish except for order 2.

Definition 4.3.6. {ci,cs, ..., ¢} is called a circular family if all their joint free

cumulants vanish except of order 2 and ky(c;, ¢j) = ka(ci, c;) =0 for all i, j.

Now we are ready to define free independence of random variables and free product

of NCP.

Definition 4.3.7. (Free independence) Let (A, ) be an NCP. Consider uni-
tal x-sub-algebras (A;)icr of A. Then (A;)icr are freely independent (strictly
speaking *-free) if for all n > 2 and for all a;, € Ajjy (j = 1,2,...,n) with
i(1),i(2),...,i(n) € I, we have Kp(ay,aq,...,a,) = 0 whenever there exist
1 <Lk <n with i(l) # i(k). In short, all mized cumulants of (a1, as, ..., a,)

are zero whenever at least two of them are from different A;.

Suppose (Span{agy),ag)* 1>0,1<j <k}, pn) converges to (Span{as;, aj; :
i>0,1 <7<k} Then {aﬁ?),ag)* 21 >0}, 1 <j <k, are said to be

asymptotically free if Span{a;;, aj; i > 0} are free across 1 < j <k.
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Definition 4.3.8. (Free product) Let (A;, pi)icr be a family of NCP. Then there
exists an NCP (A, p), called free product of (A;, ¢;)icr, such that A; C A1 € 1
are freely independent in (A, ) and ¢|A; = ¢;.

A consequence of freeness is that all joint moments of free variables are com-
putable in terms of the moments of the individual variables. Of course, the algo-
rithm for computing moments under freeness is different from (and more compli-
cated than) the product rule under usual independence. In the following Section

we shall discuss such an algorithm.

4.3.4 Algorithm to compute moments of free variables

Let s be the standard semi-circle variable. Recall that x, denotes the r-th order
free cumulant defined in (4.56). Let {w; : 1 < i < k} be a family of non-

commutative variables which is closed under x operation and satisfies
Kr(wy, Wiy, ... wy,) =0, Vr # 2, I,le, ..., > 1. (4.62)

Moreover, s, {wy,ws,...,wg}, {b;, b} and {d;,d}} are free. Later in Chapters 5

and 6, we shall encounter moments of the form

©(dosbysdysbasds . . . sbysd,) and @ (wy, by, wy, b, wibiwy, by, - . wy by,).  (4.63)

For all ly,l5,...,l.,,7 > 1. In this section, we shall discuss an algorithm for
computing the expressions in (4.63) in terms of the moments of s, {wq, wo, ..., wy},

{b;,b;} and {d;,d}}. The following lemma is useful for this purpose.

Lemma 4.3.5. Let (A, ¢) be an NCP and consider random variables ay, as, .. . ay,

bi,ba, ..., b, € A such that Span{a;,af : 1 <i < n} and Span{b;, b} : 1 <i < n}

7
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are freely independent. Then we have

gp(alblagbg...anbn) = Z liﬂ[al,CLQ,...,an](pK(w)[bth,...,bn],

TENC(n)
where K(7) is the Kreweras Complement of w defined in Section 4.3.2.
The next lemma is useful to compute the first term of (4.63).
Lemma 4.3.6. Suppose ¢ is tracial. Then the following holds.

(a)

©(dosbysdysbs . .. sdy,)

= > rmlbidibada, . by, didy) (4.64)
TENC2(2n)
= > @albiba, e balkmdi,da, - dyd] (4.65)
meNC(n)
= Y @aldi,da,. . dudo]prcm) b1, Do, ., b). (4.66)
TeNC(n)

(b) Fir 1 =ky<ky <...<ki<mnandlet S C NCy(2n) be given by

S = {7T € NCQ(QTL) : {2]{52, 2]{,’4_1 — 1} €, 0 S 1 S t, kt—‘rl = k’o}

Then
ZSOK(TF)[b17d17b27d27 s 7bn7dnd0] (467>
TeS
t t+1
= ([ be) [T (b b,y 418dk,_ysa - . sdi, 1),
s=0 s=1

where ]{?0 = 1, dktJrl,l = dnd(]

Proof. Relation (4.64) follows from Lemma 4.3.5. By freeness of {b;} and {d;},
and by Properties 1 — 3 of K (m) in Section 4.3.2, (4.65) and (4.66) follow from
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(4.64). We now prove (4.67).

Consider the following subsets of {1,2,...,2n} as

S, = {2ki—1+1,2ki_1+2,...,2/{3i—2}7 1<i<t+1, kt+1:n+1.

By NC(S;) and NCs(S;), respectively, we mean the sets of all non-crossing and

non-crossing pair partitions of indices in S;. Let

oo = {{2ki, 2kiy1 — 1} : 0 <0 < 8, kyy = 1} € NCy(S). (4.68)

Note that, as S contains only non-crossing partitions, we have

S={ogUoiU...U0gy1:0, € NCY(S;), VI <i < (t+1)}. (4.69)

Now to understand the nature of the Kreweras complement K(r) for 7 € S,

consider the following subsets of {1,2,...,2n}. Forall 1 <i<t+1,

Wi = {21{1‘1'717 2]{2'71 + 17 SR 72kz - 2}7
W = {2k + 1,2k 1 +2,...,2k — 3},

Lw, = {2ki_1,2kiy+1,...,2k; — 2},
OW— — {2]{7171 —|— 1}7 {2]{%,1 + 2}, ey {2]@ - 3}

i

Since the Kreweras complement K (7) is non-crossing, it will be of the following

form,

K(r) = 1oUT(01) Un(o9)U...UT1(041), (4.70)
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where the blocks {79, 7;(0;)} satisfy

Note that 7;(0;) depends only on o; € NC5(S;) but no other oy, k # i. Hence, by

multiplicative property (4.55) of ¢,

> exmlbr di,ba,da, ... by, dndo] (4.71)

TeS

t t+1
- QO(H bks)(H Z ¢Ti(0i)(bki—1+1vdki—1+17‘ . 7bki—17dki—1dki—l>>'

i=1 O'iENCQ(Si)

Now, note that the set of blocks G; = {7;(0;) : 0; € NC5(S;)} has one-to-one

correspondence with the set of Kreweras complements
{K(?T) LT eE N02(2k1 — 2]{?2‘_1 — 2)}

This one-to-one correspondence is obvious when one sets 2k; 1+ 7 =7, V1 < j <
2]43@ — 2]@',1 — 3, and {2]{1‘,1, 2]{1 — 2} = 2]@ — 2]@',1 — 2.
Let 2k; — 2k;—1 — 2 = w; (say). Hence, by (4.71), we have

Z¢K(ﬂ)[b17dlab27d27‘ .. 7bn7dnd0] (472>

Tes
t+1

t
= SO(H bks (H Z (bk¢71+1> dkifl‘i’l? cee 7bk¢*17 dk?zldkzl))

=1 O'ZGNCQ wl

t+1
= kus (HQO dk 1Sbk1 1+1Sdk 141 5dk¢1>-

Hence (4.67) is justified. O

Next we shall see how to compute the second term of (4.63). By Lemma 4.3.5,
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we have for all m > 1,
0, ifr=2m-—1

wy, by wby, . owy b)) = 4.73
o (wi, by, wi, by, 1 bi,) Z @K(ﬂ)[bll,...,bbm]nﬁ[wll,...,wbm],< )

TENCa(2m)

if r =2m.

Note that 7 € NCy(2m) can be expressed as {(t1,ta), (t3,4), ..., (tam—1,t2m)},

where ¢ < tg,t3 < t4,...,tam_1 < ta,. Hence, by (4.73), we have

(

0, ifr=2m—1,

go(wllbllwlzbb .. .wlrblr) = Z <H211 K2 (wltm_1 ) wtz%)) (474)

ﬁ:{(tl,tg) ..... (tam—1,t2m)}

SOK(”)[bh?bb?"'?blk]) lfT: 2m

\

The last equality holds due to multilinear property of k.

4.3.5 Some existing results on the joint convergence of

random matrices

The following theorem states the joint convergence of several Wigner and deter-

ministic matrices. See for example Anderson et al. [2009].

Theorem 4.3.7. Let ngl), Wp(2), cee WIST) be r independent Wigner matrices of
order p such that each matriz individually satisfies the assumptions of Theorem
4.2.4. Let D;,(Jl), DI(;2), e ,DZ(;Qq) be 2q constant matrices of order p with bounded
norm such that, fore = 0,1, (Span{Dz(g%_E), fo"‘e)* 11 <i < q},p~'Tr) converges.

Then the following statements hold. As p — oo,

(a) pil/QW,El),pfl/QWéQ), . ,pil/QWZST) are asymptotically free.
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b) For e =0 or 1, the collections {p~2W "} and {D9 D"} are asymp-
) ) p

totically free.

(¢) The collections {p‘lwpi)DI(,Qj)W]gi),p_lwisi)ij)*Wéi) 24,7 > 1} and {DI(,%_I),

D,(,Qi_l)*} are asymptotically free.

(d) Lete; = 1,%, V1 < i < 2k. To compute lim p~ - ETx(p~* [T, D~ V=1l e
one can assume that the collections {W,Si)}, {D,(y%*l), D,(y%*l)*} and {Dl(fi), foi)*}

are asymptotically free.
Proof. For (a) and (b) see Anderson et al. [2009]. (c) follows from (a), (b) and

Theorem 11.12, Page 180 of Nica and Speicher [2006]. (d) is immediate from (a),
(b) and (c). O

Next we define the compound free Poisson distribution. This will be useful in
Chapters 5 and 6 to describe the LSD of {%(fu + %) }uso when the coefficient
matrices ¢; = A\;I,, for all j > 0 and [, is as in (2.8). For any measure p, let
my(p) = [a"dp(z), n > 1 be its moments (assumed to be finite). Let {k,(x)}

denote the corresponding free cumulants.

Definition 4.3.9. (Compound free Poisson distribution) A probability measure

on R with free cumulants
k() = Amy,(v), Vn > 1,

for some A > 0 and some compactly supported probability measure v on R with
moments {m,,(v)}, is called a compound free Poisson distribution with rate A and

Jump distribution v.

Let (A, ) be a non-commutative probability space. Let s,a € A be such that
s is a semi-circle variable with moment sequence (4.11), and moreover s and a are

free. Then the free cumulants of sas are given by

kn(sas, sas,...,sas) = ¢(a"™) ¥n > 1. (4.75)
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In particular, if a is self-adjoint with distribution v, then sas is a compound free
Poisson random variable with rate A = 1 and jump distribution v.

Recall the classes of independent random variables £ and C' respectively from
(4.14) and (4.16). It can be shown that the limiting free cumulants of n™'ZAZ*,
for any p x n independent matrix Z = ((2;;))pxn such that {z;;: 1 <i<p, 1<
j<n} e LUC(,p), Yp > 1 and for some § > 0 and for any self-adjoint matrix

A of order n with compactly supported LSD a, is given by
limk,(n ' ZAZ* n '\ ZAZ*, ... .0\ ZAZY) =y Lp(a"), Vr > 1. (4.76)

Here p = p(n) is such that pn™' — y € (0,00). Therefore, LSD of n™'ZAZ* is

the compound free Poisson distribution with rate y~! and jump distribution ya.



Chapter 5

Joint convergence of generalized dispersion

matrices when p/n — y >0

5.1 Introduction

We can now put to use the machinery developed in Chapter 4 to study the LSD
of any symmetric polynomial in the sample autocovariance matrices {fu}, along
with their joint convergence.

For that we first need to express these matrices in a suitable form. Recall the
independent matrix Z in Definition 4.2.3 and the sequence of coefficient matrices
{;}in (3.2). Let {P; : j = 0,%£1,£2,...} be a sequence of n X n matrices where
P; has entries equal to one on the j-th upper diagonal and 0 otherwise. Note that

Py = I, where [, is the n x n identity matrix, and P; = P*;, Vj. Define

q

A, = %j;o%zg_mzw;,, Vu=0,1,2,.... (5.1)
In Chapter 7, we shall prove that {A,} approximates {I',} as far as the LSD and
joint convergence are concerned. With this in mind, first we study the matrices
{A,} in this chapter and Chapter 6 respectively for the cases p/n — y > 0 and
p/n — 0.

Indeed we broaden our scope significantly and deal with a more general set up

128



129 Introduction

where we have
1. more than one independent matrices,
2. any n x n matrices between Z and Z* instead of typical matrices {P;} and
3. polynomials which contain several (possibly independent) (Z,Z*) pairs.

Suppose we have matrices Z, = ((€uti))pxn: 1 < u < U , where {g,,; :
u,1,7 > 0} are independent with mean 0 and variance 1. Note that each 7, is an
independent matrix and moreover, they are independent among themselves.

Also suppose {Bg; 1 : 1 <i < K} and {By; : 1 <1i < L} are constant matrices
of order p x p and n x n respectively.

Consider all p x p matrices

ky

Py 9,0 ) = H (n_lAl,Qi—lZul,iAl,%qul’i)Al,2kl+17 (5.2)
i=1
where {A;2i-1}, {Ai2:} and {Z,,,} are matrices from the collections {By;_1, B5;_; :
1 <i< K} {Bo,B;s; :1<i<L}and {Z; :1<i < U} respectively. As the
sample variance-covariance matrix (without centering) is a special case of the
above matrices, we call them generalized dispersion matrices.

Consider the sequence of NCP (U, p~*ETr), where
U, = Span (PlKul’h””uW DLk > 1) . (5.3)

Note that U, forms a x-algebra. Here we are interested in the convergence of
(U, p ETr).

As{Z,}, {Bai_1} and {By;} are all of different orders, it is not possible directly
to define an algebra of these matrices. Therefore, it becomes difficult to describe
the limit of (U,,p ' ETr) directly in terms of the limits of {Z,}, {Ba_1} and

{Ba;}. The solution is to embed all these matrices into matrices of order (n + p).
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Recall the Wigner matrix in Definition 4.2.2. We first embed Z, into a Wigner
matrix W, of order (n + p). Thus

Wi Z,
W“:(Z* W(i”)>’ (54)

where {W( :j = 1,2, u > 1} are independent Wigner matrices and are inde-
pendent of {Z,}.

For any matrices B and D of order p and n respectively, let B and D of order

5 (70 oo (00 o5

(n 4+ p) be the matrices

It is easy to see that

ky

Py i) = | | (”_IAZ,%—lWul,iAz,zz-WJl,i)Al,2k1+1- (5.6)
i=1
Note that the right side of (5.6) is a polynomial in Wigner and deterministic
matrices.

Consider the sequence of NCP (U, (n + p)"'ETr), where

U, = Span <Pl,(m,1,m,w,kl) k> 1) . (5.7)

Note that U, also forms a *-algebra. Convergence of (U, (n + p) *ETr) is easy
to describe by using Theorem 4.3.7. Then we express the limit of (U,, p~* ETr) in
terms of the limit of (U, (n + p) ' ETr).

In Section 5.2.2, we provide the idea behind the limit. Then in Theorem 5.3.1
we state the result on convergence of (U, (n +p) ' ETr) and (U, p ' E'Tr). The
limiting NCP can be expressed in terms of some free variables.

As discussed in Lemma 4.3.3 of Chapter 4, NCP convergence with some ad-
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ditional effort guarantees existence of the LSD. Theorem 5.4.1 states that the
LSD of any symmetric polynomial in {P;

w20 z,) ) €XIStS and the limit can

be expressed in terms of some freely independent variables.

As we have seen in Chapter 4, most of the existing LSD results are obtained
using the Stieltjes transformation method. It is not clear how this method could be
used for any arbitrary symmetric polynomial. We fall back on the moment method
to derive LSD of such polynomials. To link these two methods, in Theorem 5.4.5,
we derive the Stieltjes transformation of the LSD of some specific matrices. In
Section 5.4.2, we show how the existing LSD results in the literature follow as
special cases of our LSD results. The main material of this chapter is taken from

Bhattacharjee and Bose [2015a).

5.2 Preliminaries

5.2.1 Assumptions

We first list all the assumptions that are required.

First, let us describe our assumption on {Z,}. Recall the independent matrix in
Definition 4.2.3. Let Z, = ((€u,i,j))pxn, 1 < u < U be pxn independent matrices.
Therefore, {€,,; : u,i,7 > 1} are independently distributed with E(e,;;) = 0,
Eleyii* = 1. Recall the classes £ and C' respectively in (4.14) and (4.16). We

assume that
(A1) {ey;;:1<i<p, 1<j<n}eLUC(dp) Vp>1 for some o € (0,2] and

foralll <u <U.

If there is only one wi.e., if U = 1, we will write ¢; ; and Z respectively for ¢; ; ; and
Z,. Assumption (A1) will be weakened later for some corollaries and applications

by means of truncation techniques.

Now we move to the assumptions on the deterministic matrices {B;}.
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(A2) {By;_1 : 1 <i < K} are norm bounded pxp matrices and (Span(Bay;_1, By, 4 :

1 <i< K),p~'Tr) converges.

(A3) {By; : 1 < i < L} are norm bounded n X n matrices and (Span(By;, B3; :

1 <i < L),n 'Tr) converges.

Note that we do not assume the joint convergence of {B; : 1 > 1}.

5.2.2 Idea behind the limit of (U,,p ' ETr)

To see how freeness comes into the picture and hence how it motivates the limiting

NCP of (U, p~'ETr), let us focus on a particular element of U,:
P = n_l(BlleQZfBg + B5le4ZikB7 + BngBGZTBll + BnglBgzikBlg)).

In this section, we consider appropriate conditions on {By,—; : 1 <i <4,j =1,3}
and {By; : 1 <i <4} so that P is self-adjoint. For illustration we consider only a
self-adjoint polynomial. Similar idea works for non-self-adjoint polynomials also.
Our primary goal is to show that for all » > 1, limp ' ETr(P") exists.
We embed Z; into the Wigner matrix W, as given in (5.4). For any matrices
B and D of order p and n respectively, recall the matrices B and D in (5.5).
Note that for any integer r, if the right/left side limits below exist, then

lim(n +p) 'Tr(B") = y(1+y) 'limp 'Tr(B"), (5.8)
lim(n +p) 'Tr(D") = (1+y) 'limn 'Tr(D"), and (5.9)
limp 'Tr(P") = y '(1+y)lim(n+p) ' Te(P"). (5.10)

Thus to deal with P, we consider the corresponding matrix P. Note that
npP = BIW1§2W1§3 + B5W1§4W137 + B9W1§6W1§11 + BlSW1§8W1§15'

Thus P involves polynomials in these enlarged matrices. So it is a question of
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computing the limiting trace of such polynomials. Note that by (A2) and (A3),
for any monomial m,

(1) im(n+p) ' Tr(m({By_1, By, : 1 <i < 8})) and lim(n+p) ' Tr(m({B,,;, BS; :
1 <i<4})) exist.

Therefore, as p(n),n — oo, (Span{By_1,B5_, : 1 < i < 8}, (n + p) 'ETr)
and (Span{B,;,Bs; : 1 < i < 4},(n + p)"'ETr) converge respectively to
(Span{by;—1,b5,_, : 1 <i < 8},¢1) and (Span{by;, by, : 1 < i <4}, o), say.

(2) Recall the class of independent variables £ and C respectively in (4.14) and
(4.16). By Theorem 4.3.4, if {e1,,} € LN C(0,p), then lim E(n + p)~'Tr((n +
p)”V2W)" = E(s") ie. (Span{(n + p)"'2Wi},(n + p)"'ETr) converges to
(Span{s}, 3), say, where s is a standard semi-circle variable with the moment

sequence (4.11).

(3) Finally, by Theorem 4.3.7 (d) and for the polynomial P, in the limit, the
matrices (n + p)~Y2Wy, {Bai_1, By, : 1 <i <8} and {B,,;, B3 : 1 < i < 4} are
free variables.
Recall the free product of NCP in Definition 4.3.8. By (3), s, {bg;_1,b5 ; : 1 <
i <8} and {by;, b5, : 1 <i <4} are free in some NCP (A, ).

Thus using the above observations (1)-(3) in conjunction with equations (5.8)-

(5.10), we can conclude that lim(n + p) ' Tr(P") and lim p~!Tr(P") exist and

r 4
) — ) n-+p 1 _ Wi W, =
| Tr(P") = 1 T By B, By )"
4 r
— gp((1+y)2b42-331_72isb42-1) and (5.11)
i=1
4 - - r
limp—lTr(P’”) = y_1<1—{—y)90((1+y)254i3Sb2i8b4i1). (5.12)
i=1

The right side of (5.12), involving free variables, are then the limit moments of P

and can be computed using Lemma 4.3.6.
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This is the idea we implement for the general matrices (5.2). To embed {Z,}, we
need independent Wigner matrices {W,} and by Theorem 4.3.7 (a), these yield
U many free semi-circle variables. The limits can then be expressed in terms of
polynomials in the free semi-circle variables, and the limits of (Span{By;_1, B3; ; :
1 <i <8}, (n+p) 'ETr) and (Span{B,;, B3}, (n+p) ' ETr), where the two limit

collections are free.

5.3 NCP convergence result

Now we rigorously state our result for the joint convergence of the general matrices
(5.2). To describe the limits, consider (S = Span{s, : u > 1}, ¢s) to be an NCP

of free standard semi-circular variables {s,}. Suppose that

1
(Span{By;_1,B3; ;:1<i< K}, -Tr) —
p

(Aodd = Span{b%fla b;i—l 1 S ) S K}7 ondd)a (513)

_ _ 1
Span{By_1. B (1<i< K} —Tr) —
(Span{By;—1, By; 4 :1 <1< }n—l—pr)
(Aoda = Span{by;_1, b5, : 1 <i < K}, @oaa), (5.14)

1
(Span{By;, B;; : 1 <i < L}, —Tr) —
n

(Aeven = Span{b2i7 b;Z 1 S ? S L}, Speven)- (515)

(Span{B,,, Bs; : 1 <i < L}, (n+p) 'Tr) —

(Aeven = Span{b%vb;i . 1 S Z S L}a @even)- (516>
Therefore, for any polynomial II,

Godd(IL(bgi—1, b5, 1 1 <i<K)) = y "1+ y)@oaa(Il(bai_1,b5_, : 1 <i < K)),(5.17)
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Qpeven(H(binb;i o1 S i S L)) - (1 + y)@even(n(l—)%bzi 01 S i S L)) (518)

Recall the free product of NCP in Definition 4.3.8. Let

(A, ) = free product of (S, ¢s), (Aodd, Podd) and (Aeven, Peven)- (5.19)

Consider the subalgebra U of A as

Ky
U = Span (pl,(ul,l,ul,g,“.,u,,kl) = (14 y)™ H (@,2i—1Su,, 01 955w, ) Tzl 1 1> 1)
i=1
(5.20)
where @2i-1 € {b2i—1,03;_1}, a9; € {by;, b3;} and s,,, € {s,}. Note that U forms

a x-algebra.

Then we have the following Theorem. This result may not be available in the
literature in exactly this form. However, the ideas are already available in the free
probability literature. For example see Benaych-Georges [2009], Benaych-Georges
[2010] and Benaych-Georges and Nadakuditi [2012].

Theorem 5.3.1. Suppose Assumptions (Al)—(A3) hold andn,p(n) — oo, p/n —
y > 0. Then

(a) Uy, (n+p) ETr) — U, p), and

(b) for any polynomial 11,

1
lim — ETr(II(Py(
p

V
=
[
pS]

H(ﬁlv(ul,l7ul,2:-~~7ul,kl) L= 1)) (5'21)

ul,l:“l,Q:"w”l,kz) ° —

Hence, (U,,p~*ETr) converges. The limit NCP may be denoted as (U :=

Span<pl7(ul,17'U»l,27---7ul,kl) 1 >1),9), say, where

1+y_ _
g0<]:[(pla(ul,17Ul,27---7ul,kl) 0l > 1)) = T90<H(pla(ul,17ul,27---7uz,kl) 0l > 1))
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Proof. (a) By Definition 4.3.4, it is enough to show that for any polynomial II,

lim

n+pETI‘(H({Pl,(UZ’l7'U/l’27-~.7u[7k;l)})) = @(H(ﬁl,(um,Ul,z,m,ul,kl)))' (5'22>

For this, we first embed {Z,} into the Wigner matrices {W,} of order (n + p) as
given in (5.4). Recall B and D respectively for the matrices B and D of orders p
and n in (5.5). Therefore,

ky
H({Ply(uz,huz,z,---,ul,kl)}) = H<{H (nlAl,Qi1Wul,iAl,2iWJl,i)Al,2kz+1}>' (52?))

i=1
By using (5.14), (5.16) and Theorem 4.3.7 (a), (d), the NCP (Span({By;_1, B3;_; :
i > 1}, (n + p)~'Tr), (Span{B,,,Bj; : @ > 1},(n + p)~'Tr) and (Span{(n +
p)"V2W, 1 < u < U}, (n+ p) ' ETr) respectively converge to (Aoqd, Podd),
(Aeven, Peven) and (S, @) and they are asymptotically free. Note that {Bo;_1, B3 |}
and {B,,, B5;} are not in general asymptotically free. They are asymptotically
free in polynomials where {By;_1, Bs;,_;} and {By;, B3} are respectively enclosed

within (Z*, Z) and (Z, Z*). Therefore, observing (5.19), (5.22) holds.

(b) Note that for any polynomial II,

lim p~ ! ETe(TU({P uy y g 50 y) > 1))

P01 4 p) BT (TP o) £ 12 1)

=y ) lim(n ) BT By L2 1))
= (U4 DRI Prusminy L= 1)

= @(H({pl,(wJ7uz,27~~-,ul,kl) > 1}>>7 (SaY)'

= lim

This completes the proof of Theorem 5.3.1 (b). O

Remark 5.3.2. [t is easy to see that ¢ and ¢ both are tracial and positive (see
(4.36), (4.57) and (4.40)).
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5.4 LSD of symmetric polynomials in {P; (,, | 4.4, kz)}

The following Theorem guarantees the existence of the LSD of any symmetric

polynomial in {Pl,(uz,l,uz,z,---m,kl }.

Theorem 5.4.1. Suppose (A1)-(A3) hold and n,p(n) — oo, p/n —y > 0. Then
the LSD of any symmetric polynomial H(]P)l,(uz,l7uz,2,--.7uz,kl) 21 > 1) exists almost

surely and it is uniquely determined by the (usual) moment sequence

1
lim — ETr(II(Py ¢
p

= 90<H(pl7(ul,17Uz,27-~~7w,kl) > 1))k

- y_l(l + y>@(H(plv(Ul,17Ul,27---,ul,kl) : l 2 1))k7 Vk 2 ]-

> 1))k (5.24)

ul,lvul,Zv"'zul,kl

Proof. By Lemma 4.2.1, we need to establish (M1), (M4) and (C) as described in
the moment method in Section 4.2. The (M1) condition is nothing but (5.21) in
Theorem 5.3.1 (b). Now we shall establish (M4) and (C).

Proof of (M}). To establish (M4), we need the following lemma, whose proof is

very technical and is deferred to Section 5.5.

Lemma 5.4.2. Suppose (A1)-(A3) hold and n,p(n) — oo, p/n — y > 0. Let
P, € Span{Plv(ul,l7Ul,27---7ul,kl)}? w>0. Let for 1 < i < T, mi(Py,Pt : u > 0) be

polynomials. Let
P; = Tr(m;(Py, PX - u > 0)) and P? = EP;.
For d > 1, define

Sy = set of all pair partitions {(i1,12), (i3,14), ..., (ioa—1,724)} of {1,2,...,2d}.



Chapter 5: Convergence of generalized dispersion matrices, pn~! —y >0 138

Then, for all d > 1,

lim E [IIZ, (P; — P})] (5.25)
0if T =2d—1,
S, i i E[(Py,, — P ) (P, —PL)], if T = 2d.

For any polynomial IT(P,,, P* : u > 0), taking T’ = 4 and P; = Tr (II(P,,P% : u > 0))"

in Lemma 5.4.2, we have,

1 . vl s on Y = 06t — Ot
E z—)Tr(H(IPu,IP’u. u > 0)) —E<pT (TL(P,, P% : u > 0)) )} O(p™) =0n™"

and hence (M4) is established.

Proof of (C). We have to show, for any symmetric polynomial II,

° —1/2k
S ( (1 4+ 9) PP gy L > 1))%) — . (5.26)
k=1

Now note that

—1/2k

> (57 0+ 9P Py 1> 1))

Yy - _ _ —1/2k
Z 1 Z (gp(n<pl7(ul,1»ul,27--~7ul,kl) : l Z 1))2k> .

B
Il
fa

Therefore, to prove (5.26), it is enough to show that

s —1/2k
Y G TR Y =5 ) ) BRI (5.27)

k=1

Moreover, to prove (5.27), it is enough to show that for some C > 0,

PODr (i) - L= 1) < O WE > 1 (5.28)
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The following lemma is useful in this proof.

Lemma 5.4.3. Let s be a standard semicircle variable. For all {ag_1} €

{bgi_1,b%; 1}, {9} € {ba, b5}, h >1 and for some C; > 0, we have
|P(a15a45T3 . . . ayys)| < O

Proof. Recall || - ]2 defined in (2.4). By Assumptions (A2) and (A3), there exists
C > 0 such that

sup sup ||Bai_1|lz2 = sup sup||Bai1|ls < C, and (5.29)
1<K p 1<K p
sup sup ||Bailla = sup sup||Baylls < C. (5.30)
1<i<L 1<<L n

Therefore,

@(b3;_1b2i-1)" = lim Tr(Bj,_yBai-1)"

n+p
< sup||By;_Boioa|lf <C*, VA >1, 1 <i< K. (5.31)
p

Similarly,
P(Usby)" < C™ Vh>1, 1<i< L. (5.32)

Also note that, for all Gg; 1 € {by;_1,b5 1 : 1 <i < K}, ay; € {by;, b5, : 1 <i< L}
and h > 1, by Lemma 4.3.1 (b), there exists {h; : 1 <14 < 2h} such that

h21 1/h21 h21 1/h2i

z:

|<P(Q1Q2a3 .. -a2h—122h CLQZ 1Q2i— 1 a2zQ2z

||z:

z:l

Hence, by (5.31) and (5.32)

|@(a1Q2(_13 e th—lQQh)' S O2h, Vh Z 1. (533)
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Therefore, applying (4.50) and (4.64) and using the fact that #NCy(2h) <
922h p > 1,

|P(@15ay5as . . . agys)| < C*(#NCo(2h)) < (20)%.

Hence the proof of Lemma 5.4.3 is complete. n

Now by (5.20), note that

T
H(pl,(uM,ulyg,...,ul’kl) 2l Z 1) - Zgza where
=1

9i = Q1,505 ;5 Ay ;5, Vi>1, (5.34)

(b) and 5.4.3, there is a Cy, Cy > 0 such that

T 2k
@(H(ﬁl,(um,ulyg,...,ul,kl) o > 1))2k = (Z gz)
=1
= Z @(ghglé = 'gi%)

1<y iz, yigp <T

1<i1 in .. yion <T
2kl
< Pl < o2k (5.35)

Hence, (5.28) is proved and (C) follows. This completes the proof of Theorem
5.4.1. [l

5.4.1 Stieltjes transform

We enlarge the collections { Ba;—1} and {Bs;} so that they are closed under * oper-

ation. All results proved so far continue to remain valid. Consider the polynomials



141 LSD of symmetric polynomials in {Pl,(uz,l,uz,z,-u,uz,kl)}

A € U, of the form
1 q
A= Zl Buyi_3Z By Z* Byi_1. (5.36)

We assume appropriate conditions on {B;} so that A is symmetric.

Note that all the existing LSD results in the literature, discussed in Chapter
4, are for random matrices which are special cases of A. Moreover, the matrices
{A,}, which are defined in (5.1) and which will approximate the sample autoco-
variance matrices, are also special cases of A. By Theorem 5.4.1, under (A1)-(A3),

the almost sure LSD of A exists and it is characterized by the moment sequence

1 1 _
lim ~ ETr(A)* = — Y 5(8)F, Wi > 1, (5.37)
p Yy
where
—_ q — —
6= (1+y) Z bai—35b5;5bai1. (5.38)
=1

Recall that {by;_1} and {b,,;} are respectively limits of {By;_;} and {B,,}. More-
over, s, {by;_1} and {by;} are free (by Theorem 5.4.1, as far as computing limits

of polynomials of the form (5.36) is concerned).

However, most of the existing LSD discussed in Chapter 4 are in terms of the
Stieltjes transform. Therefore to show how these results follow from Theorem
5.4.1, we need to study the Stieltjes transform of the LSD of A. The following
theorem provides this Stieltjes transform.

Note that d is self-adjoint and ¢ is positive. By (A2) and (A3), there is
C > 0 such that |¢(0%)| < C*, Vk. Hence, by Lemma 4.2.2 (b), there is a unique
probability measure on R, say fi, characterized by the moment sequence {$(6%)}.

Let 1 be the probability measure on R corresponding to the LSD of A. Note that
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by (5.37),

1
/xkd,u - ﬂ/xkdu, k> 1. (5.39)
R Yy R

Let my(%) and m,(2) be respectively the Stieltjes transforms of fi and p. We first

describe my(z). Then it is easy to express m,(2) in terms of my(z).

To describe mp(z), we write infinite sums of the form 3, ;. @i ai, ... a;

in the sense that

90( Z iy Qi - - - a’ik) = Z (p(ahaiz e 'aik)v

1<ty ig,... i <00 1<i1,82,...,1 <00

whenever

> lelana, .. .a;,)| < oo (5.40)

1<41,82,...,1, <00

Moreover, we write (1 —a)™' := > a'.
Let,
d = {641‘_3 01 S ) S q}, € = {[_)41'_1 01 S 1 S q}, and (54].)
q
fo=Aby:1<i<q}, h(de f)=(1+y) 2541'731221'64%1- (5.42)
i=1
Define
. g _ _ —.
Ri(f) = ¢ (h(da e, f)5]71|f) =1+y) P(bai—3bai—10" " )by;.  (5.43)
i=0
Note that R;(f) € A, Vj > 1. Let,
K(zf) = > 2 Rif) (5.44)
=1

B(d,e,z) = ¢ (h(d,e, I+ K(z, )4, e) , (5.45)
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= 1 + Yy Z QO b2z 1 + yK( f))_l) 1_)41'_31_)41'_1 (546)

= (1+y) ) ) elbul=K(z, F)))bai-sbai-1. (5.47)
G(d,e,z) = (B(d,e,z)—z2) ' =z" Zz_i(B(d, e,2)) " (5.48)

=0
The following lemma guarantees the existence of K(z, f), B(d, e, z) and G(d, e, ).

Lemma 5.4.4. K(z, f), B(d,e, z) and G(d, e, z) exist for all sufficiently large |z|,
in the sense of (5.40).

Proof. Note that there is a C' > 0 such that for any {ax_1} € {bx_1,b%_ 1},
{ays;} € {by;, b5} and h > 1, we have

|B(a1as . . . Gon—1)| < C", |@(agay - .. ay,)| < C* and [p(6)"| < C".  (5.49)

Proof of (5.49) is along the same lines as the proof of Condition (C) in Theorem

5.4.1. Hence we omit it.
We first show that

(K= Y, = ==ig([] R () (5.50)

1<j1,42,-.Jr <00 k=0

exists. For this, we have to show

S B[ R < 0o, Vr > 1. (5.51)

1<j1 jz,0eesfir <00 0

Now, note that, by (5.43)

R;(f) = ¢(h(d, e, [)o'|f) = ZSO (bai—sbai—16"")by;.
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Therefore,

s(I[ R <= > (H\@(54z‘k—354ik—15j’“1)|> |@(H92ik)’

i1,i2,00nyir =0

q r
< Z (H (95(54%*364%*152%7151%73)@(5 2”“ 2 1/2> Hbglk

i1,62,00ir=0 \k=1

IN

(¢ +1)"C*+2k=17 by (5.49)

< C’lzgzljk, for some C; > C > 0.

Therefore, for |z] > nCy, n > 1, (K(z, f))" in (5.50) exists and moreover, for all

r > 1, we have

ey —o( 3 BOY - (5 ARG R

Jj=1 J1,J255Jr=1

Therefore,

_ — PRy, (H)Ry(f)--- Ry (f))!)
K(= )] < ( I, (f) - By,
|90( ( )) | ]17j2§r_1 |Z|]1|Z|]2 |Z|JT
00 CZZ=1J/€
< : by (5.52
j17j2§T:1 |z’]1‘z|]2 ‘Z|]7‘ ( )
= o) ( 1 )
< -] < |[——] , asyp> 1. 5.93
N (; (7701)]> -1 ! (5:33)

Note that by (5.47), (we shall show below that this infinite sum in (5.54) exists)

o g
B(d,e,z) ZZ@ b2y ) )b4] 354] 1= ZA“ say. (5.54)

=0 5=0 =0

Now, for all |z| > nCy, n > 1,

‘@(AilAiz cee Az;)’ = ' Z (H ‘@<Z_72jk(_K(Z7 f))zk’> ‘@(H B4J’k*3i)4jk*1)|

(5.52)
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q r
< Z (H (@(é%kb;ﬂe)@( (Z f 2% 1/2) Hb4]k 5b4]k 1
31,4257 =0 \k=1
q 2ix\ 1/2
< > (H 02( ) ) o
J15325-+,Jr=0

by (5.49) and (5.53)

< (¢g+1)yC* (

o
ﬂ.: =
7 N
3
| | =
[S—y
N———
o
N~

Therefore,

) W%Arﬂﬂé(ﬁwﬁ«Z(iJj7@@W)

1<t ig,... ip <00 n—1
HC(n—1)\"
(TR B
(n—2)
< (3, for some Cy > Cy > C > 0. (5.56)

Therefore, observing (5.54), (B(d, e, z))" exists for all |z| > nCy, n > 2. Now,
using the same arguments as in the existence of K(z, f) above, it is easy to see
that G(d, e, z) defined in (5.48) exists for all |z| > Cy. This completes the proof
of Lemma 5.4.4. O

The following Theorem provides my;(z) and m,(2).

Theorem 5.4.5. Suppose (A1)-(A3) hold and n,p(n) — oo, p/n — y > 0.

(a) Then for z € C*, |z| large, my(2) is given by
mﬂ(z) = @(G((Le’ Z))a (5'57)

where G(d, e, z) satisfies (5.44), (5.45) and (5.48). Moreover, K(z, f) in (5.44)

also satisfies

K(z,f) = ¢(h(d.e f)(B(de z2)—2)"|f) (5.58)

(5.55)
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= (1+y) Y @(bsi—sbsi1(B(d, e, 2) — ) )by,. (5.59)

i=1
(b) For z € C*, m,(z) is given by

I N
() = u(2) e (5.60)

To prove Theorem 5.4.5, we shall prove a lemma that provides a recursion
formula for the moments of . For convenience of writing, let us denote D; =
Bui_s, By = Byi1, di = by_3 and e; = by_1, f; = by, for all 1 < ¢ < ¢q. For
any polynomial IT = II(D;, D}, E;, B : j > 0), let I1° = I(d;, d}, ej,¢; = j = 0).
Recall {R;(f)} defined in (5.43). For all j > 0, let

*
J

Si(f.1) = @ (I°h(de, )0 f) = @M bs_sbai—16’ )by (5.61)
=0

Lemma 5.4.6. Suppose (A1)-(A3) hold and n,p(n) — oo, p/n — y > 0. Then
for any polynomial 11 = I1(D;;, Di Ej B j > 0), we have

T t

lim(n + ) ETH(TIAT) = Zw[ 3 sn(f,H)(HRik(f))]

t=1 1<y ,ig,...,it <r k=2

23:1 =T

Proof. By Theorem 5.4.1, it is immediate that

q T
lim(n +p) ' ETe(TTA") = p(I1%6") = (1+y)" Y ¢ (HO deksfjksejk>
JE=1 k=1
1<k<r

= Y 7. by (464 (5.62)

ceNC2(2r)

where

q
To = (1 + y)r Z PK(o) [fjn €j1dj27 szﬁ 6j2dj37 T 7€jrdj1H0]7
lgiér
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and K (o) is the Kreweras complement of ¢ defined in Section 4.3.2. Now to
compute (5.62), we consider the decomposition of NCy(2r) = Uj_,P?", where

P ={o0e€ NCy(2r):{1,2} €} and for all 2 <t < r,

P = {o€ NCy2r): {2k — 1,2k}, {2ko, 2k — 1}, {2k, 2ky — 1},.. .,

{2kt_2,2k’t_1 — 1} €o, 1= ko<ki<kyo<...<k_< 7"}.

Hence, (5.62) is equivalent to

T

lim(n + p) ' ETe(IIA™) = ) Ty, (5.63)

t=1

where for all 1 <t <r,

T = Z To = Z gt ki, kay oo kn), (5.64)

UGPET' 1=ko<ki<ko<..<ki—1<r

and

(1 +y)7tilg(t+ 17k17k27"'7kt) (565)

t t
= Z @(H fjks) H)@(ejk35k5+l_k5_ldjk(s+1))’

1<jrks<q s=0

(by Lemma 4.3.6 (b) and where ki1 =7+ 1 and d;, = dj, 1°) .

kti1

Therefore, (5.65) is equal to

t t
= Z @(H fjks> HO 7 (ejks Sk”liks*ldjk(s“))

1<jk,<q  s=0

t
- @( Z Hfjks@(ejksgk5+1_ks_1djk(s+1))>7

Jkerdkgyq 5=0

where ji,., = Jk,-
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Note that

. (14 y) " Rier—k)(f), 1S s<t—1
Z fin @ ejk gletahs 1djk(s+1)> - 1
‘] ks ]kerl (1 +y)7 S(r+1—kt)(f7 H)? § =

Hence for all 1 = kg < k1 < ko < ... < k; < r, we have

gt + 1, k1, kay o k) = @(Seai—ry(f, 10 HR(ks+1 ko) (

Therefore, by (5.64), for all 1 <t <,

t—1
T = > B Strr1k (F, 1D [ [ Ritear—to) ()]
1=kg<k1<...<ky<r s=0
kiy1=r+1
t
= > e (R
1<iq ,ig,...,i¢ <1 s=2
i1+t i =r
Hence, by using (5.63) and (5.64), Lemma 5.4.6 follows. O
Now we are ready to prove Theorem 5.4.5.
Proof of Theorem 5.4.5. (a) Define
D=Y) =" (5.66)
i=1

Note that by the last part of (5.49), D exists for sufficiently large |z|. Moreover,
by (4.7), ¢(D) = ma().

To establish (5.58), note that

o0

K(z,f) = > z"'@(h(d e, f)5""|f), by (5.43) and (5.44)  (5.67)

=1

= —z7'@(h(d,e, )If) — 2 '@(h(d, e, f)D|f)
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where for f’ with same property as in f, we have

¢(h(d,e, f)D|f)

- Yo Yo X sradenre)]
r=1 t=1 zllizlg—ﬁ—&—ztzgr s=2

(by Lemma 5.4.6)

o e,f>>sri[2Ris<f'>>) /]

M8

r o0
dx( X
1 - r=t 1<iq,ig, - ig <7
i1+ig+- =T

= S o (K ) (Z =S (' h(d,e. f>>> |f}

t

8

= |+ K1) (Zz—rsm(def»)u]

— <Z Z*T(ST 1h(d, e, f)@ |:h(d, €, f)(l + QK(Z, f/))l} ’f)

r=1

= 2'@(h(d,e, [)B(d,e,2)|f) + 2 '¢(Dh(d,e, f)B(d. e, 2)|f).

In a similar fashion, using h(d, e, f)B(d, e, z) instead of h(d,e, f) in the above
steps,

p(Dh(d e, f)B(d. e, 2)|f) = 27" ¢(h(d, e, f)B*(d. e, 2)|f) + 2~ ' ¢(Dh(d, e, f) B*(d, €, 2)| f)-

Finally iterating we have

¢(h(d.e, f)D|f) = Zz @(h(d,e, f)B"(d,e, 2)| f). (5.68)

= —27'¢( Y h(d.e )z B"(d,e,2)|f) = @(h(d,e, f)(B(d, e, 2) — 2) | £)(5.69)
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which is (5.58) in Theorem 5.4.5.
Note that the above steps from (5.67) leading to (5.69) remain valid if we
replace h(d, e, f) by 1 in (5.67). This yields (instead of (5.69)),

mu(z) = —zli(B(d’—e”z)y (5.70)

- zZ
=0

= ¢((B(d,e,z) —2)7"), (5.71)

which is (5.57) in Theorem 5.4.5. Hence the proof of Theorem 5.4.5 (a) is complete.

(b) Let 0y be the degenerate probability measure at 0. Then (5.60) follows imme-
diately by noting that

_ Y 1
= + - 5.72
s el (5.72)
Hence the proof of Theorem 5.4.5 is complete. O]

5.4.2 Corollaries

This section collects corollaries of three kinds. Corollaries 5.4.7, 5.4.8 and 5.4.9
will be useful later when we deal with LSD of sample autocovariance matrices.
Corollaries 5.4.10 and 5.4.11 show how the existing LSD results in the literature
can be quickly derived using Theorem 5.4.5. Finally, Corollary 5.4.12 provides

completely new results.

Recall {A,} defined in (5.1) and the coefficient matrices {¢;} in (3.2). Suppose
{j} C {Bai-1, Bs;_,} i.e. we assume:
(B) {%;} are norm bounded and they jointly converge.

Suppose

(Span{v;, ¢} : j > 0},p~'Tr) — (Span{n;,n; : j > 0}, Yoda), (5.73)
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(Span{iﬁj,vﬁ; 1§ >0}, (n+p)tTr) — (Span{n;,7; : j = 0}, Poaa)- (5.74)

Recall the NCP (Aoqd, Poaa) and (Aoad, Podd) respectively defined in (5.13) and
(5.14). Clearly the NCP in the right side of (5.73) and (5.74) are x-sub-algebras

of (Aodd, Poad) and (Aodd, Podad), respectively. Recall that @ is the state corre-
sponding to the free product given in (5.19). Therefore, by Definition 4.3.8, the

restriction of @ on Auqq is Podqa. Also note that for any polynomial IT

@(H(ﬁjvﬁ; .] Z O)) = (ﬁodd(H(ﬁjvﬁ; .] Z O))

Yy -
= —, [1 M > . .
1 yCP dd( (Tb n;tJ = 0)) (5.75)

Now we have the following corollary. This corollary will be useful later in Chapter

7, when we deal with the Stieltjes transform of the LSD of L, + f‘z

Corollary 5.4.7. Suppose (A1), (B) hold and n,p(n) — oo, p/n —y > 0. Then
the almost sure LSD of %(Au + AY) exists and its Stieltjes transform m,(z), for

z € C* and |z| large, is given by

mu(2) = ©Yoad((Bu(A,2) —2)7Y), where (5.76)

KU(Z?H) = (Podd(h()‘vexBU()"z) - Z)_1>7 (5'77)
= Z ondd(njnZ(BU(/\v Z) - Z)_l)ei(j_k)e

ANO) = (e i) (e ), A= ;1 = 0}, (5.78)

Bu(X\,z) = Ey(cos(uf)h(\,0)(1+ ycos(ub)K(z,60))""), (5.79)

q
= Z ninpEey (cos(u@)ei(j_k)g(l + ycos(ub) K (z,6))7") .

§,k=0
and 6 is a U(0,2m) random variable.

Proof. First note that {A,} satisfy the form (5.2). Moreover, under (B) and
(5.73), {¢;} satisfy (A2) and (5.13). Also note that the matrices {P, : uv =
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0,+1,42,...} satisfy (A3). Suppose,
(Span{P, :u=0,%1,...},(n +p)'Tr) = (Span{c, : u = 0,%1,...},5).(5.80)

Then for any polynomial 11

e(({c, :u=0,%1,...})) = - +pTr(H({£u cu=0,%1,...}))
= 1JlryEg(H({ Wl =0,41,...})), (5.81)

where 6 ~ U(0, 27).

Now applying Theorem 5.4.5, (5.38), (5.41) and (5.42) reduce to

h(d7€7 ) = T 5 j(gjfk+u+gjfk7u)f}2' (582>

Also define

Now, (5.45) reduces to

B(d7€7z) = Sb(h(daevf)(l"i_K(Zaf»il’dve)

14y g e _
= 5 2 PG g T &) L+ K (2 )7,
jk 0

= Hy Z ‘le + Ey (€972 cos(uf))(1 + K(2,9))"), by (5.81)

= Fy (h(d, 6)(cos(u6))( + K(z,9)7"). (5.83)
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Let A= (n; : 0 < j <gq). Then (5.58) reduces to

K(z. f) = ¢(h(d,e, f)(B(d.e z) = 2)7'|f)
1+ y ! e x -
= Z j k+u+cj k— u)go(njnk<B(d7ea Z) _Z> 1)7
L l4y ¢ y BOL .
- Tjkzo(gjk+u+gjku)1+y90odd<n]nk( ( ) >Z>_Z) )’
by (5.75)
q
) * X _
= 5 2 (rra+ Giu)Poaa(mi(BOL AT, 2) = 2) 7). (5.84)
7,k=0

Let B(A, A", z) = B(\, 2), say. Therefore,

K(z,9) = ycos(ud)peaa(h(N,0)(B(\,2) — 2)™") = ycos(ub)K(z,0), where
K(50) = poaa(h(\0)(BO,2) —2)L). (5.85)

This establishes (5.77). Now, by (5.83), we have
B(\, z) = Ey (h(d, 8)(cos(ud))(1 + y cos(uf) K (z,6))7"). (5.86)

This establishes (5.79). Now, (5.57) reduces to

. N ¥ -1 11
mals) = @(Bd.e2) —2)7) = Tpua(BOL2) — ) -
Therefore, by (5.60), we have
Mu(2) = poaa(B(A, 2) = 2)7), (5.87)

where B()\, z) satisfies (5.83) and (5.85). This establishes (5.76) and completes
the proof of Corollary 5.4.7. O]

Apart from the cumbersome expressions (5.76)-(5.79) of the Stieltjes transfor-
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mation, in general, there is no further simplified form of the LSD of A, + A¥.
We have a better description of the LSD of A, + A in the special case ¢y = I,
Y = NIy, A\j € R, for all j > 1. The following corollary will be useful later in
Chapter 7 and there we shall also obtain the limit Stieltjes transform. Recall the

compound free Poisson distribution in Definition 4.3.9.

Corollary 5.4.8. Suppose (A1) holds and n,p(n) — oo, p/n — y > 0. Let
Yo = I, ¥; = NI, 1 < j < q. Then the LSD of (A, + A}) is the compound

free Poisson whose r-th order free cumulant equals
Fur =y Ep(cos(uf)h(X,0))", Vi >0, (5.88)
where

q
h(X0) =D N7 Xo=1, A= (A, ha,..., A) and 6 ~ U(0,27).  (5.89)

=0
Proof. Note that we can write
a 4 a 4
nA, = Z (Z > AjAj,JDj_j,+u> Z*, nA:=Z (Z > AjAj,JD;"j,ﬂ) z*
J=0j'=0 §=0 j'=0

and hence

1
5B+ A7) _nlz( ZZ)\)\ it + P ,w)) zZ*.

Jj=0 j'=0

Note that by (5.81) and for all r > 1,

limn (ZZM ”,+u+p*]+u))

7=0 j'=0

= < ZZ)\ Ay (el=9+we (j—j’+u)9)>T

Jj=0 5'=0

= Ey(cos(ub)h(X,0))".
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Therefore, invoking the discussion around (4.76), the LSD of (A, + A}) is a

compound free Poisson with the r-th order free cumulant

r

U | 1 : * r— T r
y" ' lim ;Tr(i Z Ny (Pi—jrsu + Pi_iii) =y Eg(cos(ud)h(X, 0))",

3,3'=0

where £ is as given in (5.89) and 6 ~ U(0, 27). Hence, the proof of Corollary 5.4.8

is complete. O

The following corollary will be invoked later in Chapter 7, when we deal with the
Stieltjes transform of the LSD of T', + I'* for the MA(0) process.

Corollary 5.4.9. Suppose (A1) holds and n,p(n) — oo, p/n — y > 0. Then
for each u > 1, LSD of (2n)"'Z(P, + P)Z* exists almost surely and its Stieltjes

transform m(z) is given by the solution (only one solution is a valid solution) of
(1 —y*m?*(2))(yzm(z) +y—1)> =1, ze€C". (5.90)

Proof. By Theorem 5.4.1, LSD of (2n)~'Z(P, + P})Z* exists almost surely. To
obtain the Stieltjes transform, we now use Corollary 5.4.7. So assume z € C* and

|z| large. Note that (2n)™'Z(P, + P})Z* = A,, Yu > 1 with
o =1y, v; =0, Vj>1 (5.91)

By (5.91) and (5.73), no = 14,,, (the identity element of Ayqq) and n; =0, Vj > 1.
Therefore, (5.78) reduces to

A = lau, h(NO) =14, (5.92)
By (5.76) and (5.77), we have (z € C*, |z| large)

KU<Z7 9) = (Podd(ledd (Bu(leddv Z) - 2)71) = Qoodd(BuaAodd? 2) - 2)71)7 (5'93>
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mu(2) = Poda((Bu(lagg,2) = 2)7)- (5.94)
Therefore, by (5.93) and (5.94), we have (z € C*, |z| large)
my(z) = Ku(z,0). (5.95)
By (5.79) and (5.95), we have (z € C*, |z| large)

Bu(Lagsa:2) = Ep(cos(ub)La,,,(1+y cos(ud)ma(z) ")

= Ep(cos(uf)(1 + y cos(ud)m,(2)) 4.,
_ (LT cos(uf)
N (27 /0 1+ ycos(uﬁ)mu<z)) Loaa- (5.96)

Hence, by (5.94) and (5.96) and, for z € C* and |z| large, the Stieltjes trans-
form of the LSD of 5~ Z(P, + P})Z* satisfies,

mu(z) = ondd(B<1Aoddvz)_Z>_1

L L 1 /2” cos(uf)) db . -
— T Yodd 2 Jo 1+ ymy(z) cos(ub) Aodd

= - (Z - % /0% T+ ;ﬁfﬁffﬁi(u@)_l- (5.97)

Now by contour integration, it can be shown that

1 [ cos(uf) df 1 2 1

o Jo THymu(z)cos(ud) — ymu(z)  Pm2(2) wy —ws
where w; and wy are two roots of w?+2(ym,(2)) 'w—+1 = 0 with |wy]| > 1, |ws| < 1
and (w; — wy) 2 = %. Therefore, by (5.97), for z € C* and |z| large, we

have

-1 1 2(w; — wo) 7t

ma(2) ymu(z)  y*Pm(z)
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Hence, (5.90) is established for z € C* and |z| large. Using analyticity of m,(z),
(5.90) continues to hold for all z € C*. O

Recall that in Theorems 4.2.6 and 4.2.7, we stated the LSD of n='ZZ* and
n~YAY2Z7*A'Y? where A is a p x p symmetric, non-negative definite matrix.
Recall the class U(0) in (4.17). Among other things, there we assumed that
(e i) > 1} € U(0).

Now if we are willing to work under the stronger assumption (Al) and norm
bounded A, then those conclusions follow from Theorems 5.4.1 and 5.4.5. If one
carefully follows the existing proofs of Theorems 4.2.6 and 4.2.7 given in Bai and
Silverstein [2009], he/she can see that these are first proved under (A1) and when
A is norm bounded. Then to relax these assumptions, appropriate truncations on
the entries of Z and on the ESD of A are used. The same truncation arguments

can also be used for the following two corollaries. Recall the class of matrices

NND in (4.18).

Corollary 5.4.10. Suppose (A1) holds and n,p(n) — oo, p/n — y > 0. Suppose
{A} € NND, norm bounded and has LSD FA. Then the almost sure LSD
of n_1141[1,/2ZZ*A;,1,/2 is given by (4.27). The same LSD result continues to hold
if we relax the norm bounded assumption on A and, instead of (A1), assume

{EiJ . Z,j 2 1} € U(O)

Proof. We shall prove only the first part. Since the proof of the second part
involves standard truncation as discussed, we shall omit it.

To prove the first part, we again use Corollary 5.4.7. So assume z € C* and
|2| large. Note that n~1AY?ZZ* AY? = A, with

o = AV2 4h; =0, Vj > 1. (5.98)

yo )

2

Let a ~ FA. As A, is symmetric and non-negative definite, a'/? is meaningful.
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By (5.98) and (5.73), o = a%/? and n; = 0, Vj > 1. Therefore, (5.78) reduces to
A = a? h(\6) =ad"?? = (5.99)
By (5.76) and (5.77), we have for z € C*, |z| large (since u = 0),

Ky(z,0) = gpodd(a(Boial/Q,z)—z)_l)
= /B adF(a) = K(z), say, (5.100)

(a'/2,2) — 2z

() = el (Bofa.5) =97 = [ g (3101

Now by (5.79) and (5.100), we have for z € C*, |z| large (since u = 0),

Bo(a'?,2) = FEy(cos(00)a(l + ycos(00)K ()1

= Ep(a(l4+yK(2)) )= —+—. 5.102
o+ K ()T = s (50
Hence, by (5.100), (5.101) and (5.102), we have for z € C*, |z]| large,
zdF4 Bo(a'’?, 2)dF4
zmp(z) = = -1
Bo(al/?,z) — z Bo(al/?z) — z
B 1 / adF4 q1- K(z) 1
S TyRG) ) B@R -2 T TieR@E ¢
1 yK(2) 1 1 1
Sl 2 R [ 5.103
JTHuRE T YT eRG) (109
Therefore, by (5.103) and (5.102), we have for z € C*, |z| large,
a
—1)=————— = —By(a"?2). 5.104
olemo(z) +y = 1) =~ = ~Bala. 2 (5.104)

Now substituting the value of By(a'/?, z) obtained in (5.104) into (5.101), we have

ZG({: z| large.
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Therefore, for z € C* and |z| large, (4.27) is proved. Using analyticity, (4.27)

continues to hold for all z € C*. O

We now give an alternative free probability proof of Theorem 4.2.6. Recall the

well known Marcenko-Pastur law MP, with parameter y in Section 4.2.2.

Corollary 5.4.11. Suppose (A1) holds and n,p(n) — oo, p/n — y > 0. Then the
almost sure LSD of n='ZZ* exists and it is distributed as MP, where the moment
sequence and the Stieltjes transform respectively satisfy (4.25) and (4.26). The
result continues to hold if instead of (A1), we assume {e;; :i,j > 1} € U(0).
Proof. Again we shall prove only the first part. We have already established (4.27)
for general A, in corollary 5.4.10. Put A;,/Q = I,, where [, is as in (2.8). Then
(4.26) follows immediately.

Next we show (4.25) using Theorem 5.4.1. Let By = I, and By = I,,. Then
note that n~'ZZ* = n='B,ZByZ*B,. Moreover, B; — ag, B, — ¢y, where ag
and ¢y are both Bernoulli random variables with success probabilities y(1 + y)~!

and (1 + y)~! respectively. Let s be a semi-circle variable and suppose s, ag and

co are free. Observe that, by (5.24),
limp LETr(n 2 Z2Z")" =y~ 1 (1 4+ )@ (1 + y)agscosao)™ , Yh > 1.

Hence, by (4.66), the h-th moment of the LSD of n™1ZZ* is given by

(1 + y)h+1
Yy

@rlag, ad, . .., adlPr(mlco, o, - - -, Col- (5.105)

TeNC(h)

Note that if 7 € NC(h) has k blocks, then

@r[ag, a%, . ,ag] = @rlao, ao,- -, a0] = yk(l + y)_k,
@W[CmCO""uCO] = (1+y)7k

By Property 4 of Kreweras complement in Section 4.3.2, if 7 € NC(h) has k
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blocks then K(7) has (h — k4 1) many blocks. Therefore, (5.105) equals

" "1 (h=1\[ h
. k-1 __ - k—1
];1 #{m € NC(h) : m has k blocks} y*~* = E E(k—l) <k_1>y :

k=1

which is the h-th moment of the Marcenko-Pastur law (see (4.25)). For the last
equality see page 144 of Nica and Speicher [2006]. This completes the proof of
Corollary 5.4.11. O

The following corollary does not seem to be known in the literature.

Corollary 5.4.12. Suppose (A1) and n,p(n) — oo, p/n — y > 0 hold. Then
for each w > 1, LSD of p?ZP,Z*ZP_,Z* exists almost surely and is the
Bessel(2,y™') (see Banica et al. [2011]) law whose hth moment satisfies

h
1/h=1\[( 2n \ _,
:E — o h > 1. 1

Proof. To establish (5.106), we again use Theorem 5.4.1. Let By = I, and By =
P,. Then note that p™2ZP,Z*ZP_,Z* = (n/p)*n 2B, ZByZ*B,ZB37*B;. Note
that By — ao where ag is the Bernoulli random variables with success probability

y(1+y)~t. Also (B,, Bs) — (¢, c*), where ¢ and ¢* commute and

H(cket) = ﬁmf _ ). (5.107)

Let s be the semi-circle variable and suppose s, ag and {c, c*} are free. Observe

that, by (5.24),

2h
limp 'ETr (p2ZP, 2" ZP_,Z2")" = lim (9> p ETr (n2ZP, 2 2P, Z")"
p

= y—(2h+1)(1 +1)@((1 + y)*apscsagscsag), Vh > 1.

Recall NCE(2n) in (4.49). By (4.66), the h-th moment of the LSD of
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p2ZP,Z*ZP_,Z* is given by

(1 + y)2h+l

T P (a0, @os - - -, a0lPxlc, ¢ e, e e ] (5.108)

TeNC(2h)

Note that ¢[c,c¢*, ¢, c* ... ¢, =0if m € NC(2h)— NCE(2h). If r € NCE(2h)
has k& many blocks, then @, [c,c*,c,c*... ¢, c¢*] = (1 +y)*. Note that by Property
4 of Kreweras complement in Section 4.3.2, K () has 2h + 1 — k blocks and hence
PK(mlao, ao, - - ., ag] = y*"TF(1 + y)*" 1=k Therefore (5.108) equals

h
y "> #{m € NCE(2h) : 7 has k blocks} y*"*'~#~1,

k=1
z": 1 2h »
lf _ 1 y )
=1
where the last equality follows from Lemma 4.1 of Edelman [1980]. The final

expression is indeed the h-th moment of the free Bessel(2,y~!) law. This proves

Corollary 5.4.12. |

5.5 Proof of Lemma 5.4.2

We first prove the result for monomials {m;} in {P,, P!} involving one independent
matriz Z. Once the result is proved for monomials, it is easy to see that it
continues to hold for polynomials (see Step 1 below). Moreover it will also be clear
that the arguments continue to hold when more than one independent matrices

{Z.} are involved. The proof is completed in two steps.
Step 1. First we show that it is enough to prove the lemma for monomi-
als. Consider arbitrary p x p matrices {Ay,Cy. : 1 < k < r;;1 <@ < T}

C Span{By;_1, B3, ;} and n x n matrices {By, : 1 < k < r;,;1 < i < T} C
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Span{ By;, B3, }. Define
m =n"Tr(] [ AnZBiZ"Ciy) and 7) = Em;, 1 <i <T. (5.109)
k=1

For all d > 1, consider the equations

lim B [, (m — 7)) ] (5.110)
0if T'=2d — 1,

st Hi:l limE[(ka_l — W?Qkil) (ﬁi% — W?Qk)}, if T = 2d.

We now prove that (5.110) = (5.25) i.e. it is enough to prove Lemma 5.4.2 for

monomials only.
In the next step, we prove (5.110).

Note that for some matrices {Ajs, Cirs} € Span{Bs;_1,Bj;,_;} and {Bus} €

Span{ By;, B3}, we can write

t'L Tk ti
Pi = Z Tr (”_T’“ HAiksZBiksZ*Ciks> = Z Sik, (say).
k=1 k=1

s=1

t; t;
P = > E(Sy)=> Sk (say).
=1 =1

Therefore,
T T t; T t;
im E(J[(P: = PY) = lmE(]D (Sk—Sh) =lmE([[D_Tw), (say)
=1 1=1 k=1 1=1 k=1
= lim E( 17w = D lmE(]Tw)
1<k; <t; i=1 1<k;<t; i=1

0, f T=2d—1

d . .
Zlgkigti st Hs:l lim E(ﬂ2571ki2571 Ti2sk¢2$ )7 if T = 2d.
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The last equality holds by (5.110). Therefore, (5.25) follows from (5.110) when 7'
is odd.

When T is even, we have

d
Z H Z lim E(EQ.s—lkigs_l Tistizs )

Sq s=1 kos_1,kas

Z H lim E 121@ 1 Plozk 1) (P’% ’ng)}

Sy k=1

Therefore, (5.25) follows from (5.110) for all 7" > 1.

Step 2. Proof of (5.110). Let A(7, j) be the (i, j)-th element of the matrix A.
Note that, for all 1 <7 < T,

= Tr(] [ Az B2 Cur) (5.111)
k=1
= Z H Aik(ug%uéﬁ,l)gug_wég_lBm(vék) 17“&2)
1§u§i)Sp 1<v(><p k=1 @

K2
1<t<3r;, 1<s<2r; Y3r,+1= U

@) @
£ o0 Cin (g, Ugpy1).

For fix 1 <1i < T, we define
U= {(ul) ;08 i1 <k<r,6=-10u,, =ul’ 5.112
i {(u3k+67v2k+6) SRSy, Uy U, 11 = Uy } (5.112)

Note that ; is the set of all indices attached with &’s in the expansion of
given in (5.111). An index (ug,2+5,v§k)+5) is said to be matched if there is at
least one (k',0",4) # (k,90,7) with (u3k+5,1)§2+5) = (u§i2+5,,véz,)+5,). Now note
that £ [IIZ, (m; — 7?)] involves all indices in UZ,Y; (if we expand {m;} using the
last equality of (5.111)). As {e;;} are independent and have mean 0, all indices

in UL,U; need to be matched to guarantee a non-zero contribution. For each
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1 <@ < T, consider the following sets of matched indices.

B; = set of all matchings where for each (k,d), there is at least one
(K, 8") # (k, 8) with (u), 5,080, 5) = (ul), 5, 08, 5) and for i # ¢,

there is no (k',0’,4') such that (ugf,j+5, v§§j+5) = (uéi;2+5,, vg;,)M,) :

Consider the disjoint decomposition UZ'C; of all possible matchings of indices

in UL, U;, where
Ci=DBy, Ci=(N_B)NB;V2<i<T, Cryy =N_,Bf. (5.113)

Let for any set A, E4 be the usual expectation restricting on the set A. We shall
first show that

EM, (m—n))] = Ecp, I m). (5.114)
For this purpose, we need more analysis for the set ;. Define

S; = set of all matchings of indices in U;, and
S_; = set of all matchings of indices in U,4;U; such that for each 1 < j <1
there is at least one index in U; which matches with some index

in Uy, k # j,1.
Note that
C;, = (ﬂ;;llB]C) NB;={(o1U0gy) 101 €S;, 09 € S_;}. (5.115)
Also note that

E(H;fll(m- — W?)) = Eci((Hé-:lﬂj)H?:i_,'_l(’/Tj — 7T§-))) + other terms.
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Then for all 2 <7 < T, we have

E@(HZ 17TJHJT i (T Z Lo (I _y ;1L z+1( _71'?» (5.116)

oeC;

- Z Eal(’]ri)E (HZ 17TJH31 H‘l( _,ﬁ?))
01651‘7 0’26571'

las C; C B; and under B;, {ey, : (u,v) € U;} are

independent of {e,,, : (u,v) € U;4U;}]

(X ) (s — )

01E€S; 02€ES_;

= By (5 = 72) )
Similarly,
Ep (mITy(m — ) = m By (m — ). (5.117)
Now, the left side of (5.114) equals,

E I, (mi — 7))
= Ep, (mIli_y(m — 7)) + Epg(mIli_y(m — 7)) — m B(IT_y(mi — 7))
= Bpy(mITE y(m; — 7)),
= Eperp,(mmll_y(m; — 7)) + Eperpg(mimall_g(m — 7))
_WQEB‘(mHz 3(m; — 77))

= EBmeg(mﬂgHiT:?,(m —7)),  (by (5.116), for T = 2)
= EBmegm...mB;(HiT:ﬂi), by repeated application of (5.116) for 3 < < T.
- ECT+1 (Hleﬁi)'

Therefore, (5.114) is established.
Next we shall analyze the set Cr,; and identify the set of matchings which
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contribute in the limit.

Two index sets U; and U, are said to be connected if there is (k,d) and
(k',¢") with (u§2+5,v§2+5) = (ugi/lé,vg,;,)Jr&,). Also a collection of index sets
{U, , Uiy, ... U}, s > 2, is said to form a connected group if for each 1 < k < s—1,
U;, and U;

4+ 18 connected. Note that, in a typical matching in Cr,q, for each
i, U; is connected with some other U;/, i’ # i. Therefore, each matching in Cp 4
corresponds to some disjoint connected groups each of length at least 2. Consider

the following disjoint decomposition of Cpy .

OT+1 = U G(Qh g2, ... agR)a where

2<91,92:--,9R<T
R _
Z]’:l 9;=T, R>1

G(g91,92,---,9r) = set of all such matchings in C,; which form exactly

R connected groups of length g1, 9o, ..., gr.
Hence, by (5.114), we have

E[Iy (mi—m)] = Eop, () (5.118)

- Z EG(ngz,---,gR)(Hz‘T:ﬁTz‘)-

2<91,92,--9R<T
R _
Z]':1 9;=T, R>1

Consider a typical matching o in G(g1, g2, - - - , gr) With connected groups G,1, G2, . . .

G, r respectively of lengths g1, ¢o, .. ., gr. Note that, for a fixed 0, {Gyr : 1 < k <
R} forms a partition of {U, : 1 < k < T}. Also note that, if i # j, then no index

in G,; matches with any index in G,;. Hence, by independence of {¢; ;},

R
Ecgr.ggm (g m) = Z H Eq,, (m,ma, ..., mr), where (5.119)
o k=1
EGak(7Tla7T27'-'77TT) = Eng( H 7Tij>7 V1 < k§R7
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and Eg_, is the usual expectation restricting on the matchings in G,. For the

time being assume that the following claim is true. We shall prove the claim later.
Claim. Eq,, (71, 7,...,77) = O(n™%"2), Vo, k.

Therefore, for all o € G(g1, g2, -- -, gr),
R
1 Ec..(mi.ma, ... 7r) = O(n Z072) = O(n~T+2F) (5.120)
k=1

As G(g1,92,---,9r) is a finite set, by (5.119), we have
E(g1,g2,9m) (g i) = O(n™TF2F). (5.121)

Note that as g1,92,...,9r > 2, the maximum possible value of R is [T/2], the
greatest integer < T'/2.

First suppose T' is odd. Then we always have T'— 2R > 0 and hence, using
(5.121), lim Eg (g, go,...gn) (ITZ_;m:) = 0. As a consequence, using (5.118), we have

lim E [II_, (m; —77)] =0, if T is odd, (5.122)

proving (5.110) when 7" is odd.
Now suppose T is even, say T = 2d. Then note that

=0, for G(2,2,...,2), R=d
T-2R (5.123)

> (0, otherwise.

Therefore, by (5.121),

im Eg g, go0m Tqmi) = 0, if G(g1, 90, .., 9r) # G(2,2,...,2),  (5.124)
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and hence by (5.118), we have

lim E [, (m; — 77)] = lim Egaa,. 2 (1L ;). (5.125)

.....

It remains to identify the right side of (5.125) as the right side of (5.110). Note
that a typical matching in G(2,2,...,2) involves d groups each with length 2.
Hence, there is a one-to-one correspondence of G(2,2,...,2) and Sy, set of all
pair partitions of {1,2,...,2d}. The one-to-one correspondence is as follows.
Consider o = {(i1,142), (i3,%4), - .., (124—1,7924)} € Sq, then for every 1 < k < d,

{Uiy,_, Ui, } forms a connected group. Therefore, by (5.119), we have

Ec(2p,...2)(Iy7;) ZH Wy o Uy (71, T2y, (5.126)
€Sy k=1
Let D be the set of all such matchings of indices in U, , U U,, such that
{Us,,_,,Us,, } are connected. Note that
E{Z/Ii2k71,L{iQk}(W177T27'-->7TT) (5.127)
Z E, (Wizk—17ri2k)
oeD

= F ((71'1-%71 - 7T?2k71> (Trige — 7Tm)> by (5.114) for T' = 2.

Therefore, by (5.126) and (5.127), we have

Ec@a.2)(ITm) =) HE ((wk L k_) (Trige — ng)) (5.128)

€Sy k=1

Now substituting (5.128) in (5.125), we have established (5.110) for 7" = 2d.
Therefore, by Steps 1 and 2, proof of (5.25) and hence of Lemma 5.4.2 is complete

when one independent matrix is involved, provided the claim is true.
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Proof of claim. As {m;} are commutative, it is enough to show that
Eo(mmy...m,) = O(n™972), (5.129)

where C is the set of all matchings of indices in U7_,U; such that {U; : 1 < i <
g} forms a connected group. Recall {m;} from (5.111). Consider the following

decomposition of C.

C = U C(kj,t; 11 <j <g), where
lgtjgkjgrj

C(kj,t;: 1 <j <g)= set of all matchings (may be pair, non-pair, (5.130)
crossing, non-crossing) in C' such that

(i) (z’).) _ (u(i+1) L) ), V1<i<g-—1

3tit1—1 Y2411

Therefore,

Ec<7Tl7T2 R ’7Tg) = Z EC(kj,tj:ISjgg) (7'('171'2 Ce 7Tg). (5131)

1<t;<k;<r;

Now for convenience of writing, let us denote, for all 1 <i < g,

D; = (IY'Ay(Z/v/n)Bi(Z* |\/n)Ci) A,
E; = Bz’ti (Z*/\/E)Oiti(H:i:_tilﬂAik(Z/\/E)Bz’k(Z*/\/ﬁ)Cik)AikiZBiki,
F = Oik’i(Hzi:kiJrlAik’(Z/\/E)Bik(Z*/\/ﬁ)Cik)7 and

hence,
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Therefore,

ngEC(kj,tj;lgjgg) (7T17T2 .. .7Tg)
= Eehytyn<i<g) (Mo TH(DiZEZ° F;)), (by (5.132))

= Z EC(k]-,tj:lgjgg) (H‘?:lDi(Uil, uiz)é‘m,m Ei(vu, vi2)5u¢3,vigﬂ(ui37 Un))

{ugj,v5p, 1<i<g}
7=1,2,3, k=1,2

— E E g
- EO’ (Hilei(uila ui2>5ui2,vi1 Ei<vila UiQ)guig,UiQE(ui37 ull)) .
UGC(k‘j,t‘jzlgjgg) {ujj,vi, 1<i<g}
§=1,2,3, k=1,2

Now by (5.130), we have (u;3, vi2) = (U(i+1)2, V+1)1), V1 <4 < g—1 and therefore,

Z E, (Hle Di(Wir, Wig)Eusy iy Bi(Vits Vi) Eugg i Fi(Wis, Un))

{uijvik, 1<i<g}
j=1,2,3, k=1,2

= E,(Tv(Z(\E;Z*Z)Z*(N)_ Fyi1-:Dygi1-))).
Hence,

ngEC(kj,tj:1§j§9)<7T17r2 . -7Tg) (5.133)

= Y BT EZ D)2 (W Fy Dy ),

o€C(kj,t;:1<5<g)

Using the same idea as in the proof of (M1) condition for Theorem 3.1, one can

show that

limn 2B, Tr(Z(W_ B, Z* 2) Z*(N1_ Fyr1-iDgi1-4))
O(1), if o is non-crossing pair matching

o(1), if o is not non-crossing or pair matching,.

Hence by (5.133), E¢(,1,:1<j<g) (M2 ... my) = O(n™9%2). Therefore, by (5.131),
(5.129) follows and the claim is established.
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This completes the proof of Lemma 5.4.2 for one independent matrix Z. Note that
if we have more than one independent matrix {Z;}, then also the above proof will
remain unchanged except €, (the (u, v)-th element of Z) will be replaced by €; 4.,

(the (u,v)-th element of Z;). O



Chapter 6

Joint convergence of generalized dispersion

matrices when p/n — 0

6.1 Introduction

In this chapter, we are interested in the joint convergence of the class of matrices
{11012,y defined in (5.2) as p,n(p) — oo, p/n — 0. In Chapter 5,
we dealt with the same problem when n,p(n) — oo, p/n — y > 0. There we
used asymptotic freeness of Wigner and deterministic matrices after embedding
matrices of different orders into larger square matrices of same order. For example
see (5.4) and (5.5) and the proof of Theorem 5.3.1. The embedding technique that
we used in Chapter 5, does not work in this case as here the growth of p and n are
not comparable. Moreover, recall the statements of Theorems 4.2.8-4.2.11. There
we saw that very different centering and scaling on {Pl»(ul,lyul,%--wul,kl)} are needed,

to get non-degenerate limits. Define the centered and scaled matrices

Rl’(“l,lv--wul,kl) = (n/p)l/z(]P)l (wr,1,u,2, 00 k) & kl)’ where (6.1)

G, = (Hn T (Aj2) )HAl,QH-I (6.2)
i=0

172
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are the centering matrices. We then consider the convergence of the sequence of

NCP (V,,p 'ETr) as p,n(p) — oo, p/n — 0, where
Vo = Span{Ri u,..us,) * LK1 > 1} (6.3)

Note that V, forms a x-algebra. In Section 6.2.2, we show why {G; , } is the correct
centering and \/W is the correct scaling. In Section 6.2.3, we discuss the idea
behind the limit. Then in Theorem 6.3.1, we state the result on convergence of
this sequence of NCP. The limiting NCP can be expressed in terms of some free
variables. Theorem 6.4.1 states that the LSD of any symmetric polynomial in
{Ri(uy,.u )} exists and can be expressed in terms of free variables. In Section
6.4.1, Theorem 6.4.2, we derive the Stieltjes transform of this LSD. We also show
how the existing LLSD results in the literature follow as special cases of our LSD
results. In Chapters 7 and 8, we will use these results for statistical inference
in high-dimensional time series. The main material of this chapter is taken from

Bhattacharjee and Bose [2015b].

6.2 Preliminaries

6.2.1 Assumptions

We first list all the assumptions that are required for the convergence of
(Vp, p 'ETY) as p,n(p) — oo, p/n — 0. Some of these have already appeared

in Chapter 5. For convenience of the reader, we state them again.

Recall the independent matrix in Definition 4.2.3. Let Z, = ((u,ij))pxn, 1 <
u < U be p x n independent matrices. Therefore, {¢,,; : u,4,j > 1} are indepen-
dently distributed with E(e,;;) = 0, El|e,;;]* = 1. Recall the classes £ and C
respectively in (4.14) and (4.16). We assume that

(A1) ((euij)) € LUC(H,p) for some § € (0,2] and for all 1 <u <U.
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Recall that (A1) was also assumed in Chapter 5. It will be weakened later for
some corollaries and applications. If there is only one u i.e., if U = 1, we will

write €;; and Z respectively for €,;; and Z;.

Now we move to the assumptions on the deterministic matrices { B;}. The follow-

ing assumption on {By;_;} was also made in Chapter 5.

(A2) {By;_1 : 1 <i < K} are norm bounded pxp matrices and (Span(By;_1, Bs; 1 :

1 <i< K),p 'Tr) converges.

Recall the following convergence in (5.13),

Span{By_1, B 1 <i< K},p'Tr) —
2i—1

(Aoaa = Span{by;—1,05_; : 1 <i < K}, @oaa). (6.4)

Recall that in Chapter 5, we assumed (A3) for {Bs;}. That assumption is now
replaced by the following:

(A3a) {By; : 1 < i < L} are n x n matrices with bounded spectral norms. For

all 1 < 4,4/ < L, 1,65 = 1 or *, we assume
) ) ) )

(a) —oo < lim n 'Tr(Bs}) < oo, (b) —oo < lim n ' Tr(BsB) < oo. (6.5)

n—0o0 n—o0

Thus {Bay;} may not converge jointly. Only moments of polynomials of degree 1

and 2 are assumed to converge.

6.2.2 Centering and Scaling
To see the necessity of the appropriate centering and scaling on matrix polynomi-
als, let us consider the following example.

Example 1. Let H = n 'AZ,A,Z;A; |, where Ay, A} € {Ba_1, B3 41},
Ay € {Bg;, B;;} and Ay = AS. Recall the convergence in (6.4). Let {ai,a}} €
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{bgi_1,b5; 1} denote the limits of {A;, A}}. Let
dp = limn~'Tr(4y). (6.6)

By (A3a), the right side of (6.6) exists and is finite. Using simple algebra, under
(A1), it is easy to see that

1 1 . .1
hmEETr(H) = (hm ];Tr(AlAl)> (hm ETr(A2)>
= @oad(doaial), by (A2), (A3a) and (6.6), (6.7)

and

2
limlETr(HQ) = (lim 1Tr(AlA’{)Q) (lim lTlr(Ag))
p n

2
.D .1 . .1
+ (hm ﬁ) <hm5Tr(A1Al)> (hm gTr(Ag))
= poaa(doaray)?,

by (A2), (A3a) and (6.6) and, as p/n — 0. (6.8)
Similarly, under (A1), (A2), (A3a) and if p/n — 0, we have

1
limEETr(Hh) = Poad(doaral)", Vh > 2. (6.9)

Therefore, H converges to dpajaj. Consider the matrix G = n 'Tr(A;)A; A3
Note that by (A2) and (A3a), G also converges to dpajaj. Therefore, there is no
contribution of the random matrix Z; in the limit of H. This is not desirable
because such results cannot be used in any statistical application.

To get a non-trivial limit of H, we need appropriate centering and scaling. By

(6.7) and as G — dpaya}, the appropriate centering for H is G. Now to find the
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suitable scaling, consider the following computation.

limp 'ETr((H — G)?)
= limp 'ETr(H)? + limp ' Tr(G)? — 2limp 'ETr(HG).

Now, under (A1), it is easy to see that

EETr(m) _ (%Tr(AlA’;)Q) (%Tr<A2))2

p
+ (g) (%Tmlfq))z (%Tr(Ai)) +0(1/n),

TG = (lTr<A2>)2 (Grtaan?).
p'Tr(HG) = (lTr(AQ))2 (%Tr(AlA;Y).

Therefore, by (6.10), we have

p U ET(H - 0)) = (£) (%Trmlfrf))z (3ma)) + or1/m)

n

(6.10)

(6.11)

Hence, an appropriate scaling for (H — G) is y/np~! and under (A1), (A2), (A3a)

and p/n — 0, we have

1
limp 'ETr(v/np=t(H — G))? = dipoqa(aial)?, where d; = lim —Tr(A3).
n

Moreover, under (Al), (A2), (A3a) and p/n — 0, one can easily see that

limp ' ETr(v/np~'(H — G))* = 2d}poda(a1a})* (poda(ara}))?.

(6.12)

Therefore, the limit of \/np~'(H — G) is not trivial. For more precise description

of the limit see the next two examples where we shall see the contribution of 7;
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in the limit via freeness. In general (V,,p~'ETr) is the appropriate NCP to work
with.

6.2.3 Idea behind the limiting NCP of (V,,p 'ETr)

To see how freeness comes into the picture and hence how it motivates the limiting

NCP of (V,,p 'ETr), let us focus on the following two examples.

Example 2. Consider the following three polynomials

™ = np_l (7’L71A1Z1AQZTA3 - nilTI'(AQ)AlAg) y (613)
o = A/ np*1 (n_1A1Z2AQZ;A3 — n_lTr(Ag)A1A3) s (614)
T3 = \/ np_l (n_1A5Z1AGZi‘A7 — n_lTr(AG)A5A7) s (615)

where Ay, A3, A5, Ay € {Boi—1,B5,_, i > 1} and A, Ag € {Bs;, By, : i > 1}.
Suppose {4;} are norm bounded matrices. Let us first focus on the marginal
convergence of any ;, say 7.

As discussed in Definition 4.3.4, convergence of 7 is equivalent to the conver-
gence of p~!ETr(II(my, 7})) for all polynomial II. Using simple matrix algebra,

under (Al), one can easily see that

lim L ETr(m) = 0, lim ~ ETe(r2) — (lim lTr(Ag)) (lim lTr(AlAg)f, (6.16)
p p n p
lim 1ETlr(7r17T’1") = (lim lTr(AgA;)) (lim 1Tr(AlA’f)) (lim 1Tr(Ag,A;)) (6.17)
p n p p
By (A2), lim %Tr(AlA’{), lim %TI'(A:;A;), lim %TI‘(AlAg) < oo and by (A3a),
lim 1 Tr(A3),lim 1 Tr(A5A3) < oo.

Recall (6.4). Let {a,as,af,al} € Span {bg;_1,05,_, : ¢ > 1} denote the limit
of {Ay, As, A3, A5}, Also by (A3a),

limn 'Tr(AY AY) < oo, Ve, e = 1, *. (6.18)
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Recall the free cumulant k; of order [ in (4.56). By enlarging the NCP of
{boi_1,05;_,} if necessary, let w; be a variable which is free of {ay,as,a;,a3} and
whose all marginal free cumulants of order greater than two are 0 and the first

two free cumulants satisfy
ri(w) =0, ko(w, w?) = limn 'Tr(AY AP), Ver, e = 1, %. (6.19)

Denote the state of the above enlarged NCP by (. Therefore, the restriction of
@wo on {ba;_1,b5 1} 1S poaqa- Using the algorithm for computing moments of free

variables given in Section 4.3.4, one can easily see that

wo(awyas) = 0 and

(¢oad(araz))?ka(wy, wy)
o1

(Yoad(aias))? ( lim ETI(Ag))

= (lim %Tr(Ag)) (lim %Tr(AlAg))z,

@0(01w1a3)2

p(a1wiazazwiay) (Poda(a1a}))(Yoda(azas)) ke (wy, wy)
o1 .
(Podd(a1a])poad(asas)) ( lim ETI"(A2A2))

(lim %TI(AQA;)) (lim %TI(AIA”{)) (lim %Tr(AgA;;)).

Therefore by (6.16), (6.17) and (6.20)-(6.21),

1
lim —ETr(m) = @o(aiwias), (6.22)
p
limp 'ETr(m)? = ¢o(awiaz)® and (6.23)
limp 'ETr(m7}) = ¢ol(aywias)(aiwias)®). (6.24)
Similarly, one can also show that, for all T"> 1 and €1, €, ...,er = 1, %, we have

limp 'ETr(ri s ... ) = po((a1wiaz) (aywiaz)? ... (awiaz)T).  (6.25)

(6.20)

(6.21)
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Therefore,
(Span{m, 7}, p ' ETr) — (Span{ay,aj}, @), where aj := ajwias.  (6.26)

Note that the right side of the above equations (6.22), (6.23) and (6.25) can be in
principle computed by using the distribution of {a1, as, aj, a3}, the distribution of

wy and, the freeness of these two collections.

Moreover by (A3a),
limn ' Tr(A§ AZ) < oo, Ve, e = 1, *. (6.27)
Then under (A1), (A2) and (A3a), one can similarly see that,

(Span{my, 75}, p "ETr) — (Span{as,aj},¢o), a2 := ajwqas, (6.28)

(Span{my, w3}, p 'ETr) — (Span{as,ai}, ¢o), as:=aswsa; (6.29)

where {as, a7, af,ax} is the limit of {As, A7, Af, A%} and wy, ws have exactly the
same free cumulants given in (6.19) as w; except A, is replaced by Ag for ws.
Now we shall discuss the convergence of (Span{m, 7, 73, 75, 75, 75}, p~ L ETr).

By (A3a),
limn 'Tr(AY AF) < oo, Ve, 60 = 1,%. (6.30)

Suppose the marginal cumulants of {wy,ws, w3} are as before and the joint cu-

mulants are as follows.

€1 €2 €r\ .. . B
me(wil, wiZ, .o wi') =0, Vr > 2, dy,0p...0, = 1,2,3, €1,60,...,6 =1, %

Ko (WS, ws?) = ko(wd, w) = 0 and ko (WS, w?) = limn ' Tr(AY AL). (6.31)

Using arguments similar to those in the marginal cases, under (Al), (A2) and
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(A3a), one can show that

limp 'ETr(mm) = limp 'ETr(mms) = 0 = po(a1as) = po(azas) and
limp ' ETr(mms) = (limn 'Tr(As4q)) (limp ' Tr(A A7) (limp~'Tr(A5As))

= po(a1as).

Moreover, one can indeed show that for T'> 1, €1,€9,...,ep = 1, % also

limp ' ETr(mflm2 . wt) = polaflag? ... ogT), 1., ... € {1,2,3}.

i1 Wi o+ T «Q
Hence,

(Span{my, ma, 73, 7y, Ty, M5 }, p’lETr) — (Span{ay, as, as, af, a3, a3}, vo).

(6.32)

Example 3. This example is on a larger sized polynomial. Let

Sl = AlzlAQZikAg, 52:A5Z1AGZTA7,
G1 = (n_lTI'(A2>)A1A3, G2 = (n_lTr(AG))A5A7,

g = limn 'Tr(Ay)aras, ¢o = limn 'Tr(Ag)asar.
Consider the polynomial

T4 = \/ np—l(Slsg — Gng) (633)

(which corresponds to the case k; = 2 in V,). Now

(Span{Gi, Go, G5, G5}, p ' ETr) — (Span{gi, g2, 91, 9a }+ Podd)- (6.34)
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Recall m; and 73 respectively in (6.13) and (6.14). Note that

m = /np~1(S1 — Gy) and w3 = \/np~ (S — Ga).

To understand the convergence of 74, observe that

Ty = 7T1G2 + G17T2 + pn_lﬂ'l’ﬂ'g. (635)

Hence, by the previous example,

Ty — Q192 + g1e + 0.1 (since p/n — 0)
= aiwiasgs + gi1aswsay

= alwlag(lim n’lTr(A6))a5a7 + (lim n’lTr(Ag))a1a3a5w3a7 (6.36)
where (wy,ws) are as in the previous example.

As a prelude to using the argument in the above example more generally, note
that each summand has only one w variable. The expression in (6.36) can be

visualized as follows.
Ty = 5152 ~ A1<ZlA2Zik)A3A5(ZlA6Zik)A7 (637)

Each pair (Z;, Z}) gives rise to a w variable. For example, the first pair gives a w;
and it contributes alwlag(lim n_lTr(Aﬁ))a5a7. Similarly, the second pair gives a
ws and it contributes (lim nflTr(Ag))a1a3a5w3a7. Then the limit is the sum of
these two (see (6.36)). Later we shall refer to variables on the left and right of

any w as a and ¢ variables respectively. For example (6.36) can be written as

Ty — A_qWiC_1 + a_swsc_s (say),
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where a_; = a;, ¢, = ag(limnflTr(AG))ag,a% a_y = (limnflTr(Ag))alag%,
c_o = a7. Moreover, from the above examples it is intuitively clear why the
centered polynomials {\/np~'(P — G) = R} should also converge jointly and

what would be their limits. We make these ideas precise in the next section.

6.3 NCP convergence result

To describe the limit, define a family of variables T = {wy; : u,l,i > 1} (note
that w,; is attached to the matrix A; 5; and Z,-index u), where for all [;, u;,i; > 1,
€ = 17*7 vj > 17

limn = Tr(A] 5, A2 o,), if 7 =2 and u; = uy

727/1

0, if r # 2 or uy # uo,

and they are free of {bg; 1,05, ; : 1 <i < K}. In the language of free probability,
Ay ={wy; i > 1}, 1 <u < U are free. The above sequence of free cumulants
naturally defines a state on Span{w,; : u,l,i > 1}, say ¢,.

Two special cases are worth mentioning. Recall Definitions 4.3.5 and 4.3.6 of
the semi-circle family and the circular family of non-commutative variables. If
By;, i > 1 are self-adjoint, then each w,;; can be taken to be self-adjoint and 7T
is a semi-circle family. On the other hand, if limn™'Tr(B3,) = limn'Tr(B;?) =
0, Vi > 1, then T is a circular family.

Now we formalize the definition of the left and the right variables a and c.
Motivated by the ideas given towards the end of Section 6.2.3, in general, for V),
let foralll >1and 1 <j <k,

1
a,_; = (Hhm —Tr(A; 2 ) (Hal 2,+1) (6.38)
c-; = ( H lim — Tr (A2 ) Hal %415 (6.39)

i=j+1
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K
QL (w1 u, 25w k) = E:al1—jwul,j717jcl,—j‘ (6'40)

J=1

Let,
(B, o) = free product of (Agad, Podd) and (Spanf{wy,; : u,l,i > 1}, ¢,,). (6.41)
Consider the following *-sub-algebra of B,
Y = Span(al,(ul’hul’%_”,ul’kl) s Vuy; € {1,2,3...}, 1> 1).

Now we have all the ingredients to state the following joint convergence theorem
(see Bhattacharjee and Bose [2015b]). Proof of this theorem is very technical. We
provide the proof later in Section 6.6. This result is the corner stone to obtain

the LSD of symmetric polynomials in {Ry (u,,.u )} 0t the next section.

Theorem 6.3.1. Suppose Assumptions (Al), (A2) and (A3a) hold and p,n(p) —
oo, p/n — 0. Then

(@) Vp, Ep~'Tr) — (V, ¢0).

(0) (Span{y/np=t(n~'Zy,Ba; Z;, — n~ ' Tr(By)) : u; € {1,2,...},j > 1},p~ ' ETr)
and (Span(Bg;_1 : 1 <1 < K),p~'Tr) are asymptotically free.

Remark 6.3.2. [t is easy to see that @y is tracial and positive (see (4.36), (4.37)
and (4.40)).

6.4 LSD of symmetric polynomials in {Rl,(w,1a-~-,w,k1)}
The following theorem (see Bhattacharjee and Bose [2015b]) guarantees the exis-
tence of the LSD of any symmetric polynomial in {Rly(ul,hul,%---yul,kl)}'

Theorem 6.4.1. Suppose Assumptions (Al), (A2) and (A3a) hold and p,n(p) —

0o, p/n — 0. Then the LSD of any self-adjoint polynomial P(Ri (u, ,up s, y,) :
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IN

1 <1< r)inV, exists with probability 1 and it is given by P(Oéh(ul’l,ulﬁg,..qul’kl) :
1

IN

1 <r).

Proof. To prove the theorem, by Lemma 4.2.1, we need to establish the conditions
(M1), (M4) and (C) as described in the moment method in Section 4.2. The (M1)
condition is immediate from Theorem 6.3.1. Proof of (M4) and (C) go through
the same lines as the proof of (M4) and (C) in the proof Theorem 5.4.1. We omit
the similar and tedious technical details. Hence the proof of Theorem 6.4.1 is

complete. n

6.4.1 Stieltjes transform of the LSD

By utilizing Assumptions (A2) and (A3a), we can verify that the self-adjoint
elements in } have moments with nice bounds. Hence they uniquely define proper
probability distributions of usual bounded random variables. In principle we know
how to calculate the moments of these variables.

On the other hand, the existing LSD results in the literature are mostly in
terms of the Stieltjes transform. To show how these existing results follow from
Theorem 6.4.1, we need to express our LSD results in terms of Stieltjes transforms.
So we first establish a general Stieltjes transform result.

Let

r

= Z(ajchj + cjwiaz), (6.42)

Jj=1

where {w;, wi} C {wy; @ u,l,i > 1} is a family of non-commutative variables
which satisfy

bj17j2,61,€27 if r=2
Re(w§ 1 <i<r)= (6.43)

0, if r #£ 2,

forall j; > 1, ¢, =1,%,i > 1, {a;,c;} C {bg_1} and {a;} is some permutation of

{cj}. Further {w;,w;} and {a;, a}} are freely independent. Recall the state ¢q in
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(6.41), whose restriction on Ayqq is @odd-
The general Stieltjes transform formula given below looks messy. However,

when we specialize to specific choices of elements in {R; )}, their limit +

ul,l)'“)ul,kl

have specific form and the formulae will be significantly simplified. We shall deal

with some special cases in the next section.

Theorem 6.4.2. For z € C", |z| large, the Stieltjes transform of v is given by

ma(2) = —pol(z+B(z,a))7"), (6.44)
= —poaa((z + B(za)Y), where (6.45)

r a;, Cj, " ajla;fg
6(Z7 &) — _leZFl (bjl,j2717lcj1aj2goo(m) + bj17j2,1,*cjlcj2@0(m)>

i i ¢ ctak
* J1J2 * ok J1 732
I R e R L s o)

(6.46)

= same expression with pg replaced by Yoqd-

Here (z 4 B(z,a)) P =271 372 2 (—B(2,a))".

Using the same arguments as in Lemma 5.4.4, it is easy to see that the power

series above are all meaningful for large |z|.

Proof of Theorem 6.4.2. Throughout, |z| is assumed to be sufficiently large

for any relevant expression to be meaningful.

For all + > 1, define

T '
_ 1—1 * * _1—1
R, = E bj g2 1,1Cj1 A p0( @z, 7" ) + E by 1.4y Gy 00(ag, 05,7 )

Ji,J2=1 J1,J2=1

T T
: : * * 1—1 § * %k * * 1—1
+ b]17j2a*7la/jla/.72(p0(cjl0]2’7 ) + bjl7j27*’*ajlcj2(p0(cjlaj2fy )7(6'47)

Ji,g2=1 J1.J2=1

B(z,a) = —iz_iRi. (6.48)
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Note that g(7?*~1) = 0 and p(Rap) = 0, Vh > 1. By (4.73), we have

2h _ €k €k
) = E : § : o Ha]k Wy, Jk
€1,€2;..,€2h J1,J25--:2h
= E E E (pOK( )(lean,Cjzajs,...,Cthajl)kﬂ(’wjl,...,U)j%).

€1,€2,..,€21 J1,52,--,J2n TENC2(2h)

900(7

(6.49)

For any subset A of NC(n), by contribution of A in ¢g(y*"), we mean

E E E SOOK(W)(ijajga chajg, Ce ,Cthajl)]fﬂ-('w]'l, ce ,wj%).

€1,€2,0+,€2R J1,J25--:J2n TEA

To simplify (6.49), consider the following decomposition of NCy(2h).

NCy(2h) = U, Cip, where

Cin = setofall o € NCy(2h) such that {1,2i} € o.

Note that the contribution of {{1,2h},{2,3},{4,5},...,{2h —2,2h — 1}} € Cp,
to right side of (6.49), is ¢o(R}). Now,

©o(7?) = contribution of C; ; in o(v?)
= wo(R1).

©o(v*) = contribution of C; 5 in ¢o(7*) + contribution of Cq o in wo(7*)
= @o(Rs + RY).

©o(7®) = contribution of Ci3in ©0(7%) + contribution of Cy 3 in ©o(7°)
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~+contribution of Cs3 3 in @0(76)
— @o(Rs + RiRs + (RsRy + RY)).

Now, let us define the set of all ordered partitions of the integer K into ¢ blocks

as follows,
t
Sce = {(in,ia, .. i) tiryia, . i €N, Y iy =K}, VK > 1,1 <t < K.

Then, one can show easily by induction on h that

h t
o™ =wo | Y. > IR, | .vh=1

t=1 41,i2,...,itESap_¢,e J=1
We omit the tedious details. Hence, using the power series expansion (4.7) for

Stieltjes transformation, we have

o

my(2) = pol((y—2)7") =—2"" Z 2o (?") (6.50)

_ _@(iz 3 HR,])

t=1 i1,i2,...,itESop—¢,t J=1

t=0 h=t i1,i2,...,itESop_¢,t J=1
[e'e] o) t
o —1 —t —1
R
= —%o| < z )
t=0 i=1

= —¢o (z‘lzft(—ﬁ(%a))t) = —¢o((z + B(z,a))7"). (6.51)

Similarly, one can easily show by induction on h and the assumption {a; : j =
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Lry={c¢:j=1,2,...,r}, that

T h t
Ropi1 = E bji 21,105, Cja 0 (%%E E HRij)

J1,J2=1 t=1 i1,i2,...,it€Sapn_¢,t J=1
h
h t
+ E bjy jo,x2Ch, O3, 0 (GLJl c, g E | | RZJ)

M
;:]#

Ji,J2=1 =1 d1,i2,...,it€ESop_¢,t J=1
)
J1,j2=1 =1 d1,i2,...,it€ESop_¢,t J=1

r h t
* *
+ E bjy a1+ @y @, P0 (%% E , l l Rh)
.
>k *
+ E by 1€ Cip 0 (%%z E , E ,
Jji1,j2=1 t=1 1y,i2,...,it€Sop_¢ ¢ J=1

Now (6.46) is immediate from the power series expansion of 3(z,a) in (6.48) and
using calculations similar to (6.50)-(6.51). Hence the proof of Theorem 6.4.2 is
complete. O

6.4.2 Corollaries

The next corollaries and remarks discuss some special cases, which follow from
Theorems 6.3.1, 6.4.1 and 6.4.2. Some of them imply the existing results stated
in Theorems 4.2.8-4.2.11 while others are new results. Recall the classes NND
and N respectively in (4.18) and (4.29).

Corollary 6.4.3. Let Z,y,, be an independent matriz whose entries satisfy (A1).
Let A, and B, be norm bounded deterministic matrices. Suppose {A,} € NND
with LSD FA. Suppose {B,} € N and limn~'Tr(B?) = dy. Let (a,s) be free in
some NCP (B, o) where a ~ F4 and s is a standard semi-circle variable. Suppose

p,n(p) = oo, p/n — 0. Then
(a) <Spcm{\/%(%Al/QZBZ*Al/2 — 1Tr(B)A)}, %ETr) — (Span{a'/?/dysa'/?}, @)

(b) The LSD of \/np=t(n=tAY? ZBZ*AY? — n='Tr(B)A) exists almost surely
and it is distributed as a'/?\/dysa'/? whose Stieltjes transform satisfies the pair of

equations (4.30) and (4.31). Here (a,s) is as in (a) above.
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Proof. As the assumptions on A, and B, in the above corollary respectively satisfy
(A2) and (A3a), (a) follows immediately from Theorem 6.3.1 (a). Also the first
part of (b) follows from Theorem 6.4.1.

To derive the Stieltjes transform, note that by (6.42), we have a'/?\/dysa'/? =

v, where

ql/?

1 v 2 1 0Vji>1 (6.52)
g =0y =0=0C=—"72Z0a"" Wy =w =8, a;=¢ =w; =07V) : :
V2
Also by (6.43)

ko(Vdys,\/dys) = da, Ve, ea=1o0r*, ji =jo =1

_ €1 €2\ _
bj17j2761,€2 - '%Q(wjl ) ij) -
0, otherwise.

Therefore, for z € C* and large |z|, (6.46) reduces to

B = a5+ 560 )]
= —dyapo(a(z+ B(z,a)) ™) = dyag(z), say, (6.53)
where
A
0 = —ulole + B0 ) = —ulale +daagl) ) = - [

Hence, (4.31) is established. Now, for z € C* and large |z|, (6.44) reduces to

dFA(t)

m,(2) = —po((z + B(z,0)) 1) = —po((z + daag(2)) ™) = _/R 2+ dotg(2)

This established (4.30) for large |z|. Now note that both sides of (4.30) are

analytic. Hence, using analyticity, (4.30) continues to hold for all z € C*. ]

Recall the classes £4 and U(6) respectively in (4.14) and (4.17). Consider the

following weak assumptions on the entries of the independent matrix Z.
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(A4) {e;;:i,j > 1} € L,NU(S) for some § € (0,2].

(A5) {e;; : 1,5 > 1} are i.i.d. with mean 0, variance 1 and Ele; ;|* < oo.

Remark 6.4.4. The LSD result in Corollary 6.4.3 continues to hold if we replace
(A1) by (A4) or (A5). This relazation is possible by first observing that Theorem
6.4.1 is applicable to appropriately truncated variables and then using a suitable
metric to estimate the distance between the ESD of the original and the truncated
version. We omit the tedious details of this argument, specially because the proof
of Corollary 7.3.18 (c) given later is also along the same lines. In addition, we
can drop the norm boundedness assumption on A, by truncating the ESD of the
matriz A. For details of this argument see Section 3.1 of Wang and Paul [201/).

Thus we have proved Theorem 4.2.11 (Wang et al. [2015]) as a special case
of our results. If B is taken to be the identity matriz, this implies Theorem 4.2.9
(Bao [2012]). Of course, if both A and B are taken to be the identity matrices,
this implies Theorem 4.2.8 (Bai and Yin [1988]).

Recall the compound free Poisson distribution in Definition 4.3.9.

Corollary 6.4.5. Suppose all the assumptions in Corollary 6.4.3 hold. Then
the LSD of \/np~'(n'ZB Z* — 1Tx(B))A \/np~'(n"'ZBZ* — LTx(B)) is the
compound free Poisson distribution with rate 1, and jump distribution same as the

distribution of dsa.

Proof. From the discussions around Definition 4.3.9, it is clear that if a semi-circle
variable s and another variable a are freely independent, then for any constant
¢ > 0, y/csay/cs has the compound free Poisson distribution with rate 1 and
jump distribution ca. Therefore, Corollary 6.4.5 is immediate since by Theorem
6.3.1 (a), \/np~Y(n"'ZBZ* — 1Tr(B)) converges to v/dys, where s is the standard

semi-circle variable and by Theorem 6.3.1 (b), s and a are freely independent. [

The following corollary will be used later in Chapter 7, when we shall deal with

the LSD of I', + . Recall {A,} in (5.1). We consider the same assumptions on
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{%;} as in Corollary 5.4.7. For convenience of the reader, we state it again.
Suppose {¢;} C {Bs;—1, B3;_;} i.e. we assume:

(B) {¢;} are norm bounded and

(Span{t;, 5 1 j > 0}, p 'Tr) — (Span{n;, n; : j > 0}, Poad) (say).  (6.54)

Recall the NCP (Aoad, Poaq) in (6.4). Clearly the NCP in the right side of
(6.54) is a x-sub-algebra of (Aoad, Yodd). Recall that ¢ is the state corresponding
to the free product given in (6.41). Therefore, by Definition 4.3.8, the restriction

of ¢y on Agsad 1S Podd-

To describe the Stieltjes transform below, for x = (z1,...,2,), 21 € Aoaa VI,
we define
q ' q ' q '
U(x,0) = (Z xleda)(z zre 10y = Z ay, e e, (6.55)
1=0 1=0 I ,k1=0

For x = (z1,...,2¢),y = (Y1, Y2, - - -, Yg)s T1, Yt € Aoaa VI, we define

1 2m
R.(x,y) = Dy cos? (ud) W (x, 0)¥ (y, 0)do (6.56)
0
q 1 2 )
D AR / cos? (uf)e! 1=+ g
1,l2,k1,k2=0 0
q
= 0.5 Z xllleyby};z[(ll - kl + l2 - ]{32 = O)
1,12, k1 ,ka=0

q
+0.25 Z T, g Y Y L (L — k1 + 1y — ko = 2u)
l1,l2,k1,k2=0
q

+0.25 Z T, 5 Y Y L (L — k1 + 1y — kg = —2u).
11,12,k1,k2=0

For x = (x1,...,2y), ¥ € Aoaa Yl and n = (1, m2,...,1,) ({n;} are as in (6.54)),
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we define
q
= =05 Y g eo(mng, (24 Bu(z,m) I — ki + 1o — ky = 0)
l1,l2,k1,k2=0
q
—0.25 Yz ap, eolmani, (2 + Bu(z,m) (L — Ky + 1y — ky = 2u)
11,l2,k1,ka=0

q

—0.25 Z xy, g, 0o (Myny, (2 + Bu(z,m)) N1y — ky + 1y — ky = —2u).
I1,l,k1,ka=0

Now we are ready to state the following corollary. Recall {I',} in (3.3).

Corollary 6.4.6. Suppose (A1), (B) and (6.54) hold and p,n(p) — oo, p/n — 0.
Then the almost sure LSD of 3+/np= ' (A, + A} =T, —I'}) exists and its Stieltjes

transform is given by
my(z) = —po((z+ Bulz,m)7"), 2€CT |2 large, (6.58)

where By (z,1n) satisfies (6.57).

Proof. First note that {%W(Au + AX =T, — ')} satisfy the form (6.1) with
{Bai} = {P;}. Moreover, under (B) and (6.54), {¢;} satisfy (A2) and (6.4). Also
note that the matrices {P, : u = 0,+1,£2,...} satisfy (A3a) and (5.81). Hence,
by Theorem 6.4.1, the LSD of {3\/np=1(A, + AL — T, — T%)} is given by

u

q
o= Nj Wy j kM, Where w), . = Wy, and
7]7
k=0

Ky (Wa 0 1 < 1<)

hm %TI' ((Pj17k1+u“2'Pj1—k17u) (Pj27k2+u‘gpj27k2—u)> ’ lf r = 2

0, r#2
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;

1 2 1,(]1 k14j2— k2+2u)9 27 1,]1 k14jo—ko— 2u)9
srdo € + 5 Jo

27 ol k k 0 :
(j1—k1+j2—k2) _
—{—47r f if r=2

0, r+#2,

\

and, {n;} ({n;} are as in (6.54)) and {w, ;;} are free.
Now Theorem 6.4.2 can be applied to get the Stieltjes transform of . By
(6.46), —fu(z,x) equals

q
1 2

. 2iuf Z el —kita- kZ)GI;SUleOO (njamis, (2 + B(z,m)) ") db
0 J1,J2,k1,ke=1

q
1 2

T o 2iud Z etlr—ki+j2— k2)9$;1113k1 ©o (77]277k2 (2 + B(z, 77))_1) dp

J1,J2,k1,ke=1

q
+— Z e’ i1 —krts>= kQ)Gx;klxlﬂ %o (77]2771@ (Z + B(Za 77))71) do

J1,J2,k1,k2=1
1 27

- & (20 4 720 4 2V (x, 0) o (U(n, 0) (2 + B(z,1))7t) db

= ¢ <%/0 WCOSQ(UH)\II(x,Q)\IJ(n,H)(z—I—B(Z,n))_1d0|x)
= %o (Ru('rvnxz + 5(2,7]))7”1’) :

Hence, (6.57) is proved. Now by (6.44), (6.58) holds for large |z|. O

6.5 A necessary lemma

To prove Theorem 6.3.1, we will frequently need to calculate expressions of the

form

1 Z ., 2,72 Z
—ETr< N \/_A3\/ﬁ...%A2kH). (6.59)

Recall the classes £ and C respectively in (4.14) and (4.16). Note that in (A1)

we assume one of the following.
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(Ala) ((gi4)) € C(d,n) for some ¢ € (0, 2].
(A1) (1)) € £.

Under (Ala) for some C > 0,
Eleas)” < (V) 4Eleap|* < Cn™*72 Wr > 4. (6.60)
Under (A1b) too, for some C' > 0,
Eleap|” < C < Cn"?72) Yr > 4. (6.61)

Recall || - ||2 in (2.4). Let A(7,j) be the (7, j)-th element of the matrix A. Note
that, as {A;} are norm bounded matrices (by (A2) and (A3a)), for some C' > 0

and for all a, b,

|A;(a,b)] < +/(AiAf)(a,a), by Cauchy-Schwartz inequality
< Al < C, VI <i<2k+1. (6.62)

We shall use (6.60), (6.61) and (6.62) to prove Lemma 6.5.1. Now,

1 A 7* A 7*
“EFTr | A —A—A— ... — A 6.63
et (4 la T D) (6:63)

1

k
= nTpEg (HAQil(u%17u2i)€UQi,v2¢1A2i<v2i1>U2i)5uzi+1,v2i> A2k+1(u2k+17u1)-
i=1

U,V

Let

T = {(UQ, ’Ul), (’LL3, ’Ug), (U4, Ug), (U5, ’U4), ey (UQk, ng_l), (UQk+1, ’ng)}. (664)

Note that 7 is the set of all indices attached with £’s. In (6.59), (Z, Z*) appear
alternately and there are k such (Z, Z*). When 6 = 0, (u2;4s, v2i+5-1) i attached
with the i-th Z. Similarly, when 6 = —1, (ug45, v2;1-1) is attached with the i-th
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Z*. Pairs of indices (ug;ys, Voirs—1) and (ugy1s, Voirre—1) are said to be matched if
(7',6") # (i,60) and (ugiys, V2its—1) = (Uiter, Voirrs—1). As {€;;} are independent
with mean 0, only matched indices in 7 need to be considered.

Consider the natural bijection between 7 in (6.64) and {1,2,...,2k}. A
matching in 7 forms a partition of 7, where the matched indices form blocks.
Since we have ruled out singleton blocks, the relevant set of matchings of 7 is in

bijection (induced by the above bijection) with
Pa. = set of all partitions of {1,2,...,2k} having no singleton block. (6.65)

Let for any set A, F4 be the usual expectation restricting on the set A. Then

from the above discussions,

ET( N fA”““)

A
Ep%TI' <A1 %AQWA?’ c. %Agk_,_l)
Z Z z*
= Y E,Tr (AlTAz \/_ .%A%H) : (6.66)

oEPay

Now to compute (6.66), let us first concentrate on o € Py, N NC(2k), where
NC(2k) is as in (4.47). Lemma 6.5.1 provides an upper bound for the terms in
(6.66). This will be useful in the proof of Theorem 6.3.1.

Lemma 6.5.1. Suppose (A1) holds and the matrices {A;} are all norm bounded.
Suppose 0 € NC(2k) NPay, has K; , blocks of size i > 2 of which K, and K; 2,

start with odd and even indices respectively. Then for some C' > 0,

Z z* z* , ,
(a) | E,Tr( A, \/EA2 Nl %A2k+1>| < Cy7[1(2,2,0'<ynp—1)Zi22(0~5K21—1,o—+K21,U)'(6.67)
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(b) The upper bound in (6.67) also holds for

7 z* Z
|EU(A1

z* 1 /
%A2%A3% e \/_EAQIH-I)(U: u )l, V1 S u,u S p. (668)

Proof. We shall prove (a) and (b) simultaneously and use induction on k. Let

k = 1. Note that NC(2) NP, = {{1,2}}. By (6.63), for some C' > 0, we have

1 A z*
-ETr A—A—A) = —E A (uy, a)eqapAa(b, d)ecaAs(c, ur)
ot (4T | = 1 b9 T Aot
= |_E{a c,b=d} Z Al ula )6abA2(b d)Echg)(C u1)|
u1,a,b
= ‘n—p ZbAl Uy, a )Ag(b b)Ag(a/ Ul)E(&'ib)’
u1,a,

— (T [T, a5 BEy) = 1

IN

\/1(T1"(A*A1)) (Tr(A3543)) |%TY(A2)|
< JAul]2 [[Az2l]2 [|As]]2

< (C, as {A;} are norm bounded.

Therefore, as Kg’l’{l’g} = 1, K2,27{172} = 0 and KL{LQ} =0V Z 3, (a) is pI'OVGd for

k = 1. Next, again for some C' > 0,

|E<A17A25_ )(ul,u2)|
1

= ’ 55{1,2} bzd Ay (ul ) CL)5a,bA2(b7 d)gc,dAS (C, Uz) |

1
= |EE{a:c,b:d} Z Ai(ur, a)eqpAa(b, d)ec,gAs(c, ug)

a,b

1
= |ﬁ Z Ay (uy,a)Ay(b,b)As(a, “2)E<82:b)’
a,b

= (A1 As)(ur, ug))] !%Tr(Az)L as B(e2,) =1

< C, by applying (6.62) on A; A3 and A,.
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Hence, (b) is proved for k = 1.

Suppose (a) and (b) hold for all £ < m — 1. Now we shall show that they are
true for k = m also.

Since o is non-crossing, it always has at least one block B with adjacent indices.
If we drop any one of those blocks, then again we have a non-crossing partition,
say o, of the remaining indices. Note that o* € NC(2k)NPqy for some k < m—1.
Therefore, (6.67) holds for o*. Then four situations can arise depending on the
length of B (even/odd) and the index of the starting element of B (even/odd).
Here we shall show the details for the case where B is of even length and starts

with an odd index. Similar argument works for other cases.

Now, o has a block B = {25 —1,27,...,2s}. Then there exists (a, b) such that

=(a,0),Vj <i<s,6d=0,1
(U21+57 U2z‘+6—1)
# (a,b),Vi<jori>s, d=0,1.

Moreover, note that o* € NC(2(m — s+ j — 1)) N Popn—s4j—1) and

Koo = Koici1,0, Koic120+ = Koim12,0, Koioor = Koing, Vi > 1,

Koinor = Kijpg, Vi#s—j+1, Kos—jrn1,00 = Ka—jy)1,0 — L. (6.69)

Let D; = Ay %A2\Z/—%A3 e \Z/—%Awfl, Dy = A23+1%A2s+2\Z/_%A25+3 o Ay \Z/%A2k+1-

Case I. Let s — j = 0. Then by (6.63), for some C7,Cy > 0, we have

1 Z z* A z*
|5EGTI' <A1%A2%A3ﬁ e —nA2k+1> |

1
= _EO' D 3 a A s b7b a D 5
\np mzab 1(u1,a)e b2 (b,b)e b 2(a, uy)

— |nip Z Eo (D1 (u1,a)Azg(b, b) Da(a, uy))E(e )|

u1,a,b

1 1
‘5E0* (TI'(DlDQ))HETI'(AQS)’, as E(Eib) =1
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1
< Ci|=E,(Tr(D1D,))|, by applying (6.62) on Ay,
p

K3.2,0 I\ oo (0.5K ;1 g% +Ko; o
< CZyn 7 (ynp )2122( #h 20:0*)

by applying (a) on k =m — 1

= Cyyl2e (y,p )Xz 05K2i-10+K200) - Yy (6,69).

Hence, (a) is proved for k = m and s — j = 0.

Case I1. Let s — 7 > 0. Then by (6.63), for some Cy, Cy, C3, Cy > 0, we have

1 zZ 7z oz
|=E,Tr (A1 > |
p

—Ay—A3—...—A
\/ﬁ Qﬁ 3\/5 \/ﬁ 2k+1

s—1

1
= |nsT+1pEU Z D1<u17a>(H5a,bA2i(ba b)€a,bz42i+1(aaa))

u1,a,b i=j

Ea bAQs(b b)é’:‘a ng(CL u1)|

- |ns — (Z (HAQZ+1 a,a HAQZ (b b)
(ZD a,u;)D ul,a))E(ggf;2j+2))|

o) o)) |

171 ' 1/2
p— {n_p Z(E (6351; 2J+2))2} , (by Cauchy-Schwartz inequality on ¥,;)
a,b

FPZ(HA”HA(”O( (ZD >m/

1 1 s—j—1 4 \\2 12
.[—Z(cln supE(z—:avb))} . (by (6.60) and (6.61))

ns—J np — ab

Hp < 2 a,a>gA§i(b,b)>

ll

291/2 ns—j—l
(EO' (Z a ul ul>a))) :| CQ ns*j ; (as sup E(Ei,b) < OO)

a,b
ul

IA
Fey
Al
=

L
D
2

-
I:m

IN
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il 1 211/2
< 2| E,- D7 (a,uy)D5(uq, ,
- [ (s (S oremins)]
s—1 s
by appiying (6.62) on ( [T 4fa(o. T 42000
i=j i=j
Cy 1 - N2 ol . 271/2
< ;L—?Z(EU*(D1D2<CL7G)))} = 52 E,(D;Dj(a,a))
< 04%y§2’2’”* (ynp_l)z"ﬂ(%%i*“’*+K2“’*)

by applying (b) on 0™ fork=m —s+j — 1
— 04%y§2y2,0(ynp_l)ZiZQO‘S)KQi*LO'(ynp_l)Zs—j-H;éiZQK21y0+(K2(s—j+1),1,071)+K2(s—j+1),2,o’

(by (6.69))

_ C4y§2’2"’ (ynp—l)Zi22(0-5K21—1,a+K21,a) )

Therefore, (a) is proved for k = m and s—j > 0 and hence proof of (a) is complete.

One can similarly prove (b).

This completes the proof of Lemma 6.5.1. m

6.6 Proof of Theorem 6.3.1

(a) Here we prove the theorem only for U = 1. Similar argument works for
U > 1. Note that for U = 1, we have only {P; 11, 1}, {Ria1,..00}, {wiy,} and
{ag,(11,..,17}- Let us denote them respectively by {P;}, {R;}, {wy;} and {oy}. Let
us write {G,} for {G; 4, }.

Let m be any polynomial. Then by Definition 4.3.4, it is enough to prove
limp 'ETr(n(Ry : 1> 1)) = p(n(ay : 1 > 1)). (6.70)

Note that, for some {R,,} from {R;} and constants {c;}, we can write 7(R; : | >
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1) =3 & T17, Ri,,. Therefore, it is enough to establish, for each 1 <i < T

T 0, if T} is odd
limp ' ETr([ [ Ry,,) = (6.71)

i=1 o(T1E, au,,), if T; is even.

For simplicity of notation, we prove only

r 0, if T is odd
limp ETe(J[R) = (6.72)

I=1 o(TT—, o), if T is even.

Similar argument works to prove the more general (6.71).

Let A(i,7) be the (i,7)-th element of the matrix A. For convenience we write

Tr([T., R:) in the form

T
T(J[R) = > []Ri(w wsks1), where (6.73)

=1 U3k +1=%41,1 1=1
UT41,1=U11

n
Ri(wa, wisk+1) = \/;<Pl (w1, wsr+1) — Gi(wga, Uz,3m+1)>7 and  (6.74)

Py(uy, wgky1) = n" Z H (Az,m—1(uz,3i—2, Up3i-1)

Ul,5°Y1,5 LU 3,=U] 341
up AL L3R 1 1<i<k—1

Eup i1 onzi1 At2i (V2615 vl,Qi)Eul}gi,vl,gi) Ap ok +1 (W 3k, Wi sk +1)- (6.75)
For each 1 <1 < T, we define
L = {(ul,31+5,vl,2i+5) 20 = —1,0, 1 < 1 < kl} (676)

Note that Z; is the set of all indices attached with ¢’s in the expansion of R; given
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n (6.73)-(6.75). An index (w345, Vi2k+s) is said to be matched if there is at least
one (k',0",1") # (k,0,1) with (w;sk+s, Vi2k+s) = (W k4o, Vp 2k +67). Now note that
E (Tr(]_[lT:1 Rl)> involves all indices in U[_,Z;. As {e;;} are independent and
have mean 0, all indices in UL ,Z; need to be matched to guarantee a non-zero

contribution. For each 1 <[ < T, consider the following sets of matched indices.

B, = set of all matchings where for each (k, ), there is at least one

(k’, 5,) 7é (k), 5) Wlth (U[13k+5, Ul,2k+5) = (ul,3k’+5’a ULQk/_H;/) and fOI‘ l 7é l,,

there is no (k',0',1") such that (w;skis, Viokss) = (Ur swss, Vv okss ). (6.77)

Consider the disjoint decomposition Ul 1C; of all possible matchings of indices in

UL, Z;, where
Cy =By, C=(NZIB)NBV2<I<T, Cryy =NL By (6.78)
Let for any set A, F4 be the usual expectation restricting on the set A. Then we

have the following lemma.

Lemma 6.6.1. Suppose Assumptions (Al), (A2) and (A3a) hold. Then
(1) Eyn " *Piuz, 13)) = g *Calu, uz) + O(un”).

(id) tim £ Ey T (3" Ty P Ty Re) = lim By T (3 P TL PG T R )
(#4i) lim 1ETr(Hl (Ri) =lim? s Tr(yn el 1., 7).

Proof. (i) Recall that P, = Al71%Al72\Z/—%AL3% . \Z/—%Al,%lﬂ- Consider the parti-
tion o* = {{1,2},{3,4},..., {2k — 1,2k}}. Note that

Eq-(y *Pi(uz, us)) =y, /*Gy(ug, us). (6.79)

Recall Py, in (6.65). Let Ps, = set of all partitions of {1,2...,2k} — Py. Note
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that,

E(y, "Piluz,us)) = Epe(y, *Pilug,us)) + > Eo(yy/*Pi(ua, us))

UGPQCkl

+ Z Eo(y;1/2Pl<u27 U3>>

O'ENC(le)ﬁ'ngl —{0’*}

+ Z E, (y,, " *Py(us, us))

UEngl —NC(QICZ)
= T1 + T2 + T3 + T4, (say). (680)

As each partition in Pz, has at least one singleton block, 75 = 0. Also a partition

in NC(2k;) N Pay, — {o*} contains either a block of length 2 and starts with an
even index or a block of length longer than 2. Hence, by Lemma 6.5.1 (b), T3 =
O(yn'?). Moreover, crossing partitions in Par, — NC(2k;) have more restrictions on
indices than that of partitions in Poy, N NC(2k;) — {o*}. Therefore contribution
of Pay, — NC(2k;) in E(y;1/2Pl<U2,U3>> is smaller than the contribution of the
latter. Therefore, T, = O(y,{bﬂ). Hence, by (6.79) and (6.80), the proof of Lemma
6.6.2 (i) is complete.

(77) To prove (ii), we need more analysis for the set Cj. Define

S; = set of all matchings of indices in Z;, and
S_; = set of all matchings of indices in U;4Z; such that for each 1 < j </,
there is at least one index in Z; which matches with some index

in Zy, k # 5,1.
Note that

C = (ﬂé_:llB]C) NB = {(0’1 U 02) 101 € Sl, 09 € S_l}. (681)
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Let us denote

I T
Wp;, = (”p_l)l/ZHPi, Wgy = H Ri.
=1

1=l+1

Then for all 2 <[ < T, we have

p_lEClTI‘(WRlWRJ) = Z p_lEgTI(Wp,l_l \ np_llP’lWR,l) (682)
oeC]
= Z p! Z E, <WP,I—1(U17 uz)/ np 1Py (ug, uz) Wiy (us, Ul))
oeC) u
= Z P Z Eo (v np~'Py(uz, u3)) Egy (Wpi—1(u1, ug) W (us, u1))
01E€S;, 02€5_ u

las C; C By and even under By, {e,, : (u,v) € Z;} are
independent of {e,,, : (u,v) € U;4Z;}]

= p 'y < > EUI(WPZ(U%US))> ( > EJQ(WP,Z—l(ulvUQ)WR,l(u&ul)))

U o1ES; 02€S_;

= p—IZE(\/np—IIP’z(ug,u:a))( Z EUQ(WP,Z—I(UI;u2)WR,l(U3,U1)))

02€S_;

(Bt Wm0 Wia(us,) ) oy (o)

= pflEmi;iBfTr (WP,lfl V npflGlWR»l) +0((p/n)"?).

Hence, the proof of (ii) is complete.

(¢ii)  limp 'ETr [l R]
= lim p~' Ep, Tr(\/np~ Py Wg1) + limp~' Epe Tr(y/np Py W)
—limp 'ETr (WleRJ)
= limp~ EpeTe(y/np= 1 Wg),  (by (i) for [ = 1)
= hmpilEBfﬂBgTr(WPQWR,Q) + hmpilEBfﬂBgTr(WP,QWRQ)
—limp~ ' Ep:Tr(Wp, Vnp1GaWr)
=limp~ ' Eperps Tr(WpaWhy),  (by (i), for I = 2)
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= limp_lEBmegm“nB%Tr(HiT:lIP’i), by repeated application of (i7) for [ > 3.

— lim(npfl)T/prlECTHTr(HiT:lIPi).

Therefore, (iii) is established.

Thus proof of Lemma 6.6.1 is complete. n

Now we get back to the proof of the Theorem. Therefore, by Lemma 6.6.1 (ii7),

we have

T /2
limplE(Tr(H Rl)) = lim <g) p ' Eop,, Tr(L,P).  (6.83)
=1

Next we shall analyze the set Cry; and identify the set of matchings which con-
tribute in the limit.

Two index sets Z; and Z; are said to be connected if there is (k,d) and
(K',0") with (w;gkts, Vigkts) = (Wi 3krvo7, Vit 2k +o7), Where (W skts, Vignts) € Z; and
(Wir 3krtors Vir 2k +57) € L. Also a collection of index sets {Z;,,Z,,,...,Z;,}, s > 2,
is said to form a connected group if for each 1 < k < s —1, Z;, and Z;,, is
connected. Note that, in a typical matching in C'ryq, for each 7, Z; is connected
with some other Z;, i’ # i. Therefore, each matching in Cp,; corresponds to

some disjoint connected groups each of length at least 2. Consider the following

disjoint decomposition of Cry;.

Cry1 = U G(Ql, g2, ... 79R)7 where (6-84>

2<91,92,--9R<T
>R g;=T, R>1
G(91,92,---,9r) = set of all such matchings in Cr,y which form exactly

R connected groups of length ¢1,¢9s,..., gr. (6.85)

Note that R < T'/2 and equality holds if 7" is even and g; = 2,Vi. Now we have
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the following lemma.

Lemma 6.6.2. Suppose Assumptions (Al), (A2) and (A3a) hold. Then

T
1
lim 2_9EG(gl792,-~~79R)Tr(nT/2p_T/2 H PZ) = O<yT/2_R)'

i=1
Proof. Let D(g1, 92, ---,9r) be the set of all non-crossing pair matchings in Cr4
which form exactly R connected groups of lengths ¢q,¢s,...,9r. Note that
D(g1,99, ---,9r) C G(g1,92, --.,gr). We shall first show that

T

lim ]19ED(91,927---,QR)TT(HT/2P_T/2 H P;) = Oy, ). (6.86)

i=1

Under D(g1,92,.--,9r), to connect two index sets Z; and Zy, there must be a
matching of the type (u;3:, vi2;) = (wr 3i—1, vp2i—1) for some ¢ and . Note that
they respectively correspond to the i-th Z* in P, and i'-th Z in Py. Therefore,
under D(g1, g2, - - -, gr), to connect Z; and Zy, there must be a block which starts
with an even index. Now to form a connected group of length g (say), we need to
connect g many index sets Z;,,7;,,...,Z;, (say) and hence there must be (g — 1)
matchings of the form (wy, 31, vy, 211 ) = (Upy 3igsr—15 Vlyy 204, —1) fOr some iy, < iy
and for all 1 < k < g— 1. Therefore, under D(g, g2, .- ., gr), to form a connected
group of length g, there must be (¢ — 1) blocks which start with an even index.

Hence by Lemma 6.5.1, as we have R connected groups of lengths g1, go, ..., gg,

T
.1 _
lim ]_?ED(gl 792,---79R)Tr<nT/2p e H P;)
=1

O(y;T/2+Z(g¢fl)) — O(y;T/2+T7R) — O<yTZIL“/2—R)' (687)

Let

F(gl7927"'7gR> :G<gl7927"'7gR)_D<gl7927"‘79R)'
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Then, by Lemma 6.5.1 and (6.87),

T
1
lim = Epg, go....gn Tr(np P T P1) = olys>~1). (6.88)
p i=1
Hence, by (6.87) and (6.88), proof of Lemma 6.6.2 is complete. O

Getting back to the proof of the theorem, by (6.83) and Lemma 6.6.2, we have

limp ' ETr [II_|R;] =limp ' Ec,,, Tr(n" p~ " 11| IP;)

_ : —1 T —Tyv1T

- E: lim p EG(91,92 ~~~~~ gR)Tr<n p Hi:l]P)i)
2<91,92--9R<T
> A

0, if T"is odd
_ (6.89)

77777

Therefore, (6.72) is proved for odd T

It remains to show that (6.72) and (6.89) are equivalent when 7' is even.
Let T = 2m and D(2,2,...,2) be the set of all non-crossing pair matchings in
G(2,2,...,2). Then from the proof of Lemma 6.6.2, it is obvious that

limp_lEg(m ..... Q)Tr(nmp_ml_[?flﬁ”i)zlimp_lED(g,g 77777 2)Tr(nmp_ml_[?;”1]?i).(6.90)

Note that D(2,2,...,2) is the set of all non-crossing pair matchings each of which
has T'/2 many connected groups of length 2. Moreover, observe that we need
at least one block start with even index to get a connected group of length 2.
Hence, each matching in D(2,2,...,2) has at least T'/2 blocks start with even
index. Now consider C C D(2,2,...,2) of matchings which have exactly 7'/2

many blocks starts with even index.

C = {UT,(il,iz ..... dom) - T - NC'Q(2m)}, (691)
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where for each 7 = {(l1,12), (I3,14), ..., (lom—1,lom)} € NCo(2m), lox_1 < lgy for

all k, we have

Or,(i1,i2,iom) = {(ulzk—173i2k—17Ul2k—la2i2k-—1) = (u’12k73i2k_1’ Ule72i2k—1)7V1 <

k< m, (wsiot, vigie1) = (wsi vi2i), Vi # 4,1 <1 <2m}(6.92)

Note that D(2,2,...,2) — C has more than 7/2 blocks that start with an even

index. Therefore, by Lemma 6.5.1,
limp~ ' Epaa, o-cTr(n™p "I P;) = 0. (6.93)
Hence by (6.89), (6.90) and (6.93), we have
limp 'ETr [IF%R;] = limp 'EcTr(n™p "I P;). (6.94)

Hence, it remains to show that the right sides of (6.72) and (7.119) match for

T = 2m. Now it is easy to show that
Yo limpTE o Te(n"p NP (6.95)
TENC2(2m)

= Z [SOOK(T)<Ck,ika(k+1) mod 2m,—i(s1) mod 2m ¢ L < K < 2m)
TENC2(2m)

Kr(Wgi, 0 1 <k < 2m)

2m
= o[ [ ar—inwrinrs)-
k=1

Now limp ' EcTr(n™p ™II2™,P;)

- Z Z limpilEo’T,(il,iQ,...,’i,Qm)Tr(nmpimnlz;nlpi)

11,82,-.-y02m TENC2(2m)
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2m 2m
= > el ar-iwrice-i) = eo([] D ab—iwri cr-i,)
91,82,.,52m k=1 k=1 g

= wol[J e (6.96)

Hence, by (7.119) and (6.96), lim p—' ETr 127 R,] = o([[7" ou). Therefore, proof
of Theorem 6.3.1 (a) is complete.

(b) Proof of (b) is immediate from Theorem 6.3.1 (a) by observing the fact that
proof of (a) will go through if instead of {A;2;-1} C {Bai_1,Bj;_1}, we assume
{Ai2i-1} C Span{ By 1, B3;_, }.

Hence the proof of Theorem 6.3.1 is complete. n



Chapter 7

Limiting spectral distribution of sample

autocovariance matrices

7.1 Introduction

This chapter focuses on the LSD of symmetric polynomials in sample autocovari-
ance matrices {fu} for the infinite dimensional moving average processes. In the
literature, such results are known only for the particular polynomial {f‘u +f2} and
under quite restrictive assumptions on the coefficient matrices {¢;}. In Section
7.2, we collect all the existing results in the literature.

We make use of the general results developed in Chapters 5 and 6 to deal
with all symmetric polynomials in {fu} In Theorems 7.3.1, 7.3.4, 7.3.15 and
7.3.17, we show that under significantly weaker conditions on {¢,}, the LSD of
any symmetric polynomial in {I',} exists for both the cases p/n — y > 0 and
p/n — 0. Moreover, apparently for the first time in the literature, we describe
the limits in terms of some free variables. Finally we show how the existing LSD
results follow from our result.

In the next chapter we will see some statistical applications of these results.

The main material of this chapter is taken from Bhattacharjee and Bose

[2015a] and Bhattacharjee and Bose [2015b].

209
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7.2 Existing results and motivation

First consider the simplest case, the MA(0) process, defined in (3.5):
Xt,p = &¢, Vt. (71)

For convenience, let us write X, for X, ,,. Let €;; be the i-th element of ;. Consider

the following assumption
(B1) {&;,} are independently distributed with mean 0 and variance 1.

Recall the class of independent random variables defined in (4.17):

U(0) = set of all collections of independent random variables {¢; ; : 7,7 > 1}
—(2+48) P "™
such that lim Z Z E(lei PP 1(leij| > inié) =0
[ g
for all n > 0. (7.2)

Also recall the Marcenko-Pastur law MP, with parameter y > 0 satisfying the

moment sequence (4.25). The following results are known in the literature

Theorem 7.2.1. (Bai and Silverstein [2009]) Consider the model (3.5) (or (7.1)).
Suppose (B1) holds and {e;; : i,j > 1} € U(0). Let n,p(n) — oo, p/n =y > 0.
Then the almost sure LSD of Ly is the MP, law.

Theorem 7.2.2. (Jin et al. [2014]) Consider the model (3.5) (or (7.1)). Suppose
(B1) holds and {c;; : i,j > 1} € U(6) for some 6 € (0,2]. Let n,p(n) — oo,
p/n —y > 0. Then the almost sure LSD of %(f‘u + 1) are identical for all u > 1

and the common limiting Stieltjes transformation satisfies (5.90).

Next consider the infinite dimensional MA (oo) process defined in (3.2):

Xo=Y e, Vt. (7.3)
§=0
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Consider the following assumption.
(B2) {¢,,} are i.i.d. random variables with mean 0, variance 1 and Ele; ;|* < cc.

Recall Ij, in (2.8). Then the following results are known.

Theorem 7.2.3. (Pfaffel and Schlemm [2011]) Consider the model (3.2) (or
(7.3)) with P;, = Njl,, Aj € R, Ao =1 and 377, |\j| < 0o. Suppose (B2) holds
and n,p(n) — oo, p/n — y > 0. Then for each u > 1, the LSD of %(fu + fZ)
exists almost surely and the limiting Stieltjes transformation m,(z) satisfies the

following equations (only one solution yields a valid Stieltjes transform)

1 1 [ do
z = T on(®) —1—%/0 (2 + F10) z € C* where (7.4)
£0) = cos(u)] > AP, (7.5)
k=0

Now let us consider general {i);} which satisfy the following assumption.

(WAP) {v,;} are Hermitian, simultaneously diagonalizable and norm bounded.
There are continuous functions f; : R™ — R and a p x p unitary matrix U such
that Uy;U* = diag(fj(ou), fi(aa), ..., fj(ap)), a; € R™ for all j and some positive
integer m. The distribution which puts mass 1/p at each «;, converges weakly to

a compactly supported probability distribution F' on R™.

Then the following results are known.

Theorem 7.2.4. (Liu et al. [2015]) Consider the model (3.2) (or (7.3)). Suppose
(B2) and (WAP) hold, 3772 |fj(a)] < oo, Ya € R™ and n,p(n) — oo, p/n —
y > 0. Then for each u > 1, the LSD of %(fu + f‘;j) exists almost surely and the

limiting Stieltjes transformation m,(z) satisfies

1 7 cos(ud )hi(o, 0)do’ -
_ L ’ . F + .
my(2) /Rm (27r /0 T+ g cos(ud) Koz, 0) z| dF(a), z€ C" where (7.6)
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Ku(2,0) = /R m<1 /O " COS(UH/)hl(O"QI)dQI) —z)_lhl(a,e)dF(a), seCt (17)

o 1+ ycos(ub') K, (z, 6

hi(a, ) = > e fi(@)’, aeR™
j=0

Theorem 7.2.5. (Wang et al. [2015]) Consider the model (3.2) (or (7.3)). Sup-
pose (B2) and (WAP) hold, > 7 |fi(a)| < oo Ya € R™ and p,n(p) — oo,
p/n — 0. Then for each uw > 1, the LSD of %(f’u + fZ) exists almost surely and

the limiting Stieltjes transformation m,(z) satisfies

B dF () n
my(z) = /Rm T Bz ) z € C", where (7.9)
R.(x,)dF () N
= — R™ 1
Bulz, x) /m 1Bz ) , 2z€ CT xz e R™, (7.10)
1 2w
R,(z,y) = o ], cos?(ub)hy(x,0)hy(y,0)do, =,y € R™, (7.11)

and hy(-,-) is as in (7.8).

The assumption (WAP) on {¢;} made by Liu et al. [2015] and Wang et al. [2015]
is however, quite restrictive. Later Liu et al. [2015] replaced (WAP) by the as-
sumption that {1;} are Toeplitz matrices with suitable decay conditions on their
entries. Even so, this excludes many interesting linear processes. For example,

consider the following MA(2) process
Xt =&+ Ci‘:t_l + Dgt_g, Vt, (712)

and C and D are respectively as in Examples 4.2.3 and 4.2.4:

C = (IQ<i=j<p/2)-I(p2+1<i=j<p)), D=(I(i+j=p+1))),

and [z] is the largest integer in x. Note that for the above model (7.12), the
coefficient matrices C' and D are neither simultaneously diagonalizable (as C'D #

DC) nor are they Toeplitz matrices. Hence Theorems 7.2.4 and 7.2.5 are not

(7.8)
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applicable for the model (7.12).

To indicate another limitation of (WAP), suppose further that &, ~ N(0, 1,).
Let U be a unitary matrix such that Uy,;U* =: A; (say) are diagonal matrices.
Since Ue; and ¢, are identically distributed and UU* = I, as far as the LSD of
T, + I is concerned, (3.2) (or (7.3)) is equivalent to the model

X¢; (i-th component of X;) = Z Vj (i,1)Et—ji, Vi > 1 (7.13)
=0

where A; = diag(vj,1,1), ¥j,22), - - - Vj,mp)} for every j. Hence this model does
not exhibit spatial dependence or dependence among the components.

First note that all the existing works concentrate on T, + f;'; We may be
interested in other functions of I',. For example, if we wish to study the singular
values of fu, we need to consider fufz This gives rise to a completely different
LSD problem. Indeed, one may consider more general symmetrizations that in-
volve several T',. As we may recall, in the one dimensional case, all tests for white
noise are based on quadratic functions of autocovariances. See for example Shao
[2011] and Xiao and Wu [2014]. The analogous objects in our model are quadratic
polynomials in autocovariances. Thus we are naturally led to the consideration of
matrix polynomials of autocovariances.

Second, as we have seen above, the (WAP) condition is fairly strong. We
shall replace this condition by a more natural and much weaker joint convergence
assumption (Assumption (B) in Section 7.3).

Finally, all the above results are derived using Stieltjes transformation method.
While it is conceivable that this method can be potentially used to tackle these
cases, it seems to be rather cumbersome and needlessly lengthy to do so and shall
at best be a case by case study.

In the next section, we provide a unified method to study the LSD of symmet-
ric polynomials of the autocovariance matrices using the tools and results from

Chapters 4-6. We do not use Stieltjes transforms at all except to cross-check our
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results with the existing results, all of which follow as special cases. In the next

chapter, we shall use these results in statistical applications.

7.3 LSD of any symmetric polynomial in {fu, f’Z}

We first list the assumptions. Recall the following classes of independent random

variables in (4.14), (4.15) and (4.16):

L, = set of all collections of independent random variables (7.14)

{€:; 14,7 > 1} such that sup Ele, ;| < oo,
i

L = (L, (7.15)
r=1
C(0,p) = set of all collections of random variables {e; ; : 4, j > 1} such that

P(le; ] < nppﬁ) =1, Vi, j and for some 7, | 0 as p — oco. (7.16)

Consider the following assumption on {g; ;}.
(B3){e;;:1<i<p, 1<j<n}eLUC(Sp) forall p>1 and for some § > 0.
Later we relax (B3) for specific polynomials.

We consider the same assumption on {t;} as in Corollaries 5.4.7 and 6.4.6. For
convenience of the reader, here we state it again. Recall the collection of some

p X p matrices {By;_1} satisfying Assumption (A2) in Chapters 5 and 6.
Suppose {¢;} C {B2i—1, B3;_1} 1.e. we assume:
(B) {%;} are norm bounded and converge jointly.

Suppose

(Span{%ﬂﬁ j > O},p_lTI") - (Span{njvn; : ] Z 0}7 Spodd)v (717)

(Span{zzj,@z;-‘ 1§ >0}, (n+p) ') = (Span{n;,7; : j > 0}, Poaa).  (7.18)
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Recall the NCP (Agqd, Poad) and (Agad, Poad) respectively in (5.13) and (5.14).
Clearly the NCP at right side of (7.17) and (7.18) are sub-algebras of (Aoad, Podd)

and (Aodd, Podd). Moreover, for any polynomial 11,

14y

Poaa([1(y, 75 5 2 0)) = == Poaa(ll(;, 7} : § 2 0))
Ity
= T@(H(m,m:jzo)).

7.3.1 LSD for p/n -y >0

To describe the LSD of any symmetric polynomial in {Fu, u} we need the ma-
trices { P;} defined at the beginning of Section 5.1. This is because, later we shall
see that for LSD purposes, {I',} can be approximated by {A,} (see (5.1)) where
{A,} is of the form (5.2) with {By;} = {P,: 1 =0,%+1,£2,...}. Hence by (5.16),
(5.81) and (5.80), we now have

=c,:u=0,£1,...}, and

Aeven = Span{Qu?QZ

(Span{P,, Py :u=0,£1,...}, (n +p)7'Tr) = (Acven: Peven);

where for all T"> 1 and 1, 19,...,27 = 0,£1,£2, ..., we have

T

¢;,) =i (] P, 1+y 13 "4 =0). (7.19)

J=1 j=1 j=1

@even (

=P

Recall the NCP (Span{s,}, ¢s) of free semicircle variables, defined at the begin-
ning of Section 5.3. Let s € {s,} be any typical standard semi-circle variable and
(Span{s}, ¢s) be the NCP generated by s with moment sequence {p,(s*) = B¢}
where {f;} is given in (4.11).

Recall the NCP (A, ) defined in (5.19), where {7;,7;}, {c;, c;} and s are free.
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Consider the following polynomials in A
q
ﬁuq = (1 + y) Z ﬁjSijj’JruSﬁ;H \V/U, q Z O (720)
3:3'=0
Then we have the following Theorem (see Bhattacharjee and Bose [2015a]).

Theorem 7.3.1. Consider the model (3.7) given by
q
Xi =) ey, Vi (7.21)
=0

Suppose (B1), (B3) and (B) hold and n,p(n) — oo, p/n — y > 0. Then the LSD
of any symmetric polynomial H(f’u,fz cu > 0) in {f’u,f’;} exists almost surely

and it is uniquely determined by the moment sequence

I 1
limp™ ETe(I(T, T w > 0)F = oI, 35y s w2 0))F Wk > 1. (7.22)
Yy

Proof. To prove the above theorem, we use the moment method and Lemma 4.2.1

as described in Section 4.2. Recall {A,} in (5.1):

]' * *
A= Z¢jzgj,+uz v, (7.23)
753

The following lemma describes the approximation of {I',} by {A,} and is useful
to establish (M1) and (M4). Proof of this lemma is very technical and is presented

in Section 7.4.

Lemma 7.3.2. Consider the model (3.7) (or (7.21)). Suppose (B1), (B3) and
(B) hold and n,p(n) — oo, p/n — y > 0. Then the following statements are true.

(a) For any polynomial 11,

limp ' ETr(I(C,, T - uw > 0)) = limp ETr(II(A,, A% :u > 0)).  (7.24)
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(b) Let, for 1 <i <T, m; be polynomials. Let for all 1 <i < T,

P, = Tr(mi(A,, A% :u>0)), P’°=EP;,
P, = Tr(my(Ty,T%:u>0)), P°=EP,

Then we have

T T

lim E(] [(P; — P?)) = lim E(J [(P; — P?)). (7.25)

i=1 =1

Now to continue the proof of the theorem, by Theorem 5.3.1, for any polynomial

I1,

1
limp~ ' ETr(II(A,, A} u > 0))F = %w(ﬂmq,ﬁq tu>0))" VE > 1. (7.26)

Hence by Lemma 7.3.2 (a),

1+y

lim p ' ETr(II(T,, T - u > 0))F = T@(H(%q,@gq cu > 0)F VE> 1. (7.27)

This establishes (M1).

By Lemmas 5.4.2 and 7.3.2 (b), we have for any polynomial II

1 IR h 1 R A\ 14
E [—Tr (H(FU,FZ Cu> 0)) —E (—Tr (H(Pu,r;; Cu> 0)) )} = 0@p).
D D
(7.28)
and hence (M4) is established.

Proof of (C) follows the same arguments as in the proof of (C) in Theorem 5.4.1.

This completes the proof of Theorem 7.3.1. O

Now we move to the case ¢ = co. Recall || - ||o defined in (2.4). Consider the

following assumption on {v;}.

(B4) 3272, sup, [[¥5]|2 < oo
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To describe the LSD of any symmetric polynomial in {fu,fZ} for the MA(o0)
process defined in (3.2) (or (7.3)), we need the following lemma.

Lemma 7.3.3. Suppose (B4) holds. Let ¢, = 1,%x ¥i > 1. Then we have the

following result.

(a) For all K > 1, we have

K [o@)
Z |@ (H 'F]jisg;z_jﬁuisﬁz) | < (20)*, where C = Zsup |15 (7.29)
=1

o i p
1<j;.5,<oo j=0

1<i<K

(b) For any polynomial T1(Fug, ¥y = w > 0), limg oo @(IN(Yug, Vi : u > 0)) exists

and 1is finite.

Proof. (a) By Lemma 4.3.6,

K

- — € —x . 2 : - = €1 —x = €k _x

2 H 77]1-3%1._]-2{%1. 377]'4 - SOK(TK') [77]1 ) Qj1—ji+u1’ 77347 sy njmgjk_jlle_;,_uw 77]];]
i=1 TENCo(2K)

Therefore, by Lemma 4.3.1 (b) and as #NC5(2K) < 22X we have some h;,r; > 1
such that

K K K
|§5 (H 77]189;];+u1877;2) | < 22k H(@(ﬁ;ﬁ]z)hl)l/hl H(@(Q;k'i—jzf+uigjifj;+ui)Ti)l/ri' (730)
i=1 =1

i=1

Now, by (7.19),
o(cie,) <1, Vryu>1. (7.31)

—Uu—=Uu

Also , for all j > 1, we have

@(;;) = lim p~ ' Tr(¢54;) < sup |43, (7.32)
p
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Hence, by (7.30), (7.31) and (7.32), we have

(7.33)

K
[ (H U 877]> | < QZKHSUPH%
=1

i=1 P

Hence, under Assumption (B4), Lemma 7.3.3 (a) holds by summing both sides of
(7.33) over j;, ji forall 1 <i < K.

(b) Note that without loss of generality, we can take

H(Fugs Vg : w0 > 0) Zml , where my, = H’yfj;q? €0 =1,*. (7.34)

Now, by (7.20)

= = =% €5 €50 _*(1—e€j,;
A0 -3 5 ATl )

Jj=1 1<k; j.k] i<q
1<i<l;

Hence, by Lemma 7.3.3 (a), under Assumption (B4), we have

. _ _ % . . i *(1—€j4)
qllglo SO(H(’Yuq’fy“q tu 2z 0>> o Z Z <an]l _k?gi—k?/ iU nkl : )’

J=L <k, .kt ;<00
1<z<l

which is finite. This completes the proof of Lemma 7.3.3 (b). O

Now consider the NCP (A, o) Where
-’400 = Span{i/uooa’?qjoo tu > 0} (735)
and for any polynomial I1(¥,e0, ¥ : u > 0),

Poo (I (Tuces Voo + w0 2 0)) = Tim G(I1(Tug, Yy = w0 2 0)). (7.36)

q—00
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The existence of the limit at right side of (7.36) is guaranteed by Lemma 7.3.3
(b). Now we have the following theorem (see Bhattacharjee and Bose [2015a]).

Theorem 7.3.4. Consider the model (3.2) (or (7.8)). Suppose (B1), (B3), (B)
and (B4) hold and n,p(n) — oo, p/n — y > 0. Then the LSD of any symmetric
polynomial H(f‘u,f’z cu > 0) in {f’u,fz} exists almost surely and it is uniquely

determined by the moment sequence

A A 1
i p BT £ 0> 0) = L ([, T > 0)F Wk =1 (787

To prove the above theorem, we need the following Lemmas.

Lemma 7.3.5. Suppose (B4) holds. Then we have the following results.

(a) For any symmetric polynomial 1(Yug, Vs, : w > 0), there exists a unique

probability measure F, on R such that

1
/deFq - %@(H(%qﬁ;q u>0)K, VK > 1. (7.38)

(b) For any symmetric polynomial I1(Fyoo, Vino © w > 0), there exists a unique

probability measure F' on R such that

1
/deF = %%(H(%m,%ﬁw cu>0)%, VK > 1. (7.39)

(c¢) F, converges weakly to F' as ¢ — o0.

Proof. First note that by (7.22), the right side of (7.38) is a moment sequence. By
using (7.20) and Lemma 7.3.3 (a), it is easy to see that for all uy, ug,...,u >0,

€1,€,...,6 =1, % and K > 1, we have
K
o(Toe) < 2oy, (7.40)
i=1

where C' is as in Lemma 7.3.3 (a).
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Therefore, expressing II in the form (7.34), we have

K
_ . _ K
P (Fugs Tag :w =) = > e([[mu )l < D (0)==te < (C)F,
1<j1jr<r u=1 1<j1jr <r

where C’ > 0 does not depend on ¢q. Hence, by Lemma 4.2.2 (b), proof of Lemma
7.3.5 (a) is complete.

Now note that by (7.36) and (7.38), the right side of (7.39) is a moment sequence.
As C” > 0 does not depend on ¢, by (7.36), we have

|0 (T (Fuoos Voo = 10 2 0))"] < (C)F. (7.41)
Hence, by Lemma 4.2.2 (a), proof of Lemma 7.3.5 (b) is complete.
Lemma 7.3.5 (c) is trivial by (7.36). O
Lemma 7.3.6. For any non-commutative variables {a;,b; : 1 <1i < k} we have
ko /j-1 k
[He-T[0:=> <H az-) (a; — b;) ( 1T bZ-) L VEk > 2, ag = by = 1(7.42)
‘ ' j ‘ i=j+1

Proof. We prove this Lemma using induction on k. Note that (7.42) is true for
k =2, as ajag — biby = (a3 — by)by + a1 (az — by). Suppose (7.42) is true for k = m.
Then for k = m + 1, note that

= (ﬁ a; — ﬁbz> byt + (ﬁ ai> (@ms1 — bmy1), using (7.42) for k =2
== (H ai> (a; — b;) ( 11 bi> byms1 + (H ai> (@ms1 — bmi1),

i=j+1
using (7.42) for k =m
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= Z( al)(aj—bj)(H bl).

j=1 \i=1 i=j+1
Hence, the proof is complete. O
Let,
F,, = ESDof II(T',,I% : u > 0) for the MA(q) process, (7.43)
Foeo = ESD of II(T',, T : u > 0) for the MA(co) process. (7.44)

Let L(F, Q) be the Levy distance between distribution functions F' and G.
Lemma 7.3.7. lim, o lim, o0 L(F) 4, Fp0o) = 0 almost surely.

Proof. For convenience, in this proof, let us denote T, for MA(q) and MA(co)

processes respectively by fuq and Tye. Let,

A

Gg = H(Fuq,f‘zq cu>0), goo = H(fum,fzw cu > 0).

To prove Lemma 7.3.7, by Corollary A.41 in Bai and Silverstein [2009], it is enough

to show

1
lim lim —Tr(g; — 9s0)(9g — 9oo)™ — 0, almost surely. (7.45)

q—00 p—00 P

Let us first prove (7.45) in the simplest case when g, = f‘oq and go, = fOoo- Recall
the matrices {A,} in (5.1). For convenience, in this proof, let us denote these
matrices respectively for ¢ < oo and ¢ = oo by {A,,} and {A,}. Note that
there is a C' > 0 such that

1 . . 1 . 1
]—)Tr(roq — FOoo)2 S C(;Tl"(roq — A0q>2 + 5TI'<A0q — AOoo)2

1 N
+Z—?Tr(AOOO - FOOO)Q). (7.46)
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Using similar techniques as in the proof of Lemma 7.3.2, it can be proved that as

p — oo (to prove (7.48), we additionally need Assumption (B4)),

1 S a.s.

5Tr(F0q —Ag)?> X3 0Vg>0, and (7.47)
1 - a.s.
_Tr<AOOo — FOOO)Q = 0. (748)
p

We omit the details. Therefore, by (7.46), (7.47) and (7.48), proof of (7.45) when

g = foq and g, = Dooe will be completed if we can show

1 a.s
lim lim —Tr(Ag, — Ageo)® = 0. (7.49)

q—00 p—00 P

To show (7.49), now note that

ET[ Z%ZP]/ A ZZ%ZPJI A }
p 7j=0 7 7=0 5'=0
_ 1 {Z Z W 2Py 2+ Z Z%ZP/
p Jj=q+1j'=q+1 Jj=q+135'=0
2
+Z Z ;i ZPy_; ] (7.50)
Jj=0 j'=q+1

= —Tr Z Z i Z Py 2k Z Py Z* 2,

3,7'=q+1 k,k'=q+1

q
+ Z SN " 2Py 2 2Pk 270

J, k:*q—i—l j’ k=0

+Z Z Ui Z Py Zbk Z Po_ 2745,

Jok= 0]’ k’*q-l—l

+ Z Z @Z)]ZP/ Z*@b;/@bkzpk’—kZ*wZ’

7, k’—q+1 g' k=0

+Z Z Vi Z Py Z" Vi Z P 27y

7,k'=0 3/ k=q+1
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o] q
+ Y 2Py 2 Z Py 20

33" k=q+1k'=0

e8] q
+ > N 2Py 2 Z P 2,

Jok.k'=q+15'=0

e ¢} q
+ > Sz 2 2Pk 270

33" k' =q+1 k=0

q 00
3N iz 2L Pe s 20 |
3=0 j/ kK =q+1

= Y T, say. (7.51)

Using the same technique as in the proof of Lemma 5.4.2, under (B4), it can be

shown that as p — oo,
E(T;—ET)'=0(p"),V1<i<9, ¢>1 (7.52)

Moreover, under (B4), one can easily show that

lim lim E(T;) — 0. (7.53)
q—00 p—00
For example, note that
. = 1 - = 1 o\
lim E(T) = Z lim —Tr(y95etbe) | + Z lim —Tr(y;95)
pP—00 o pP—00 P o pP—00 P
33"k k' =q+1 Jy'=q+1
< 2() sup|liyll2)* =0, (as g — o0) (7.54)
j=q+1 P

by (7.54) and (B4). Similar arguments work for 2 <14 < 9.

Therefore, by Borel Cantelli Lemma, (7.52) and (7.53), 7; — 0 almost surely and
by (7.51), proof of (7.45) when g, = f‘oq and goo = [geo, is complete. Using similar
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arguments as above, it is easy to prove for all v > 0 and £ > 1,

1 ~ - ~ i a.s.
lim lim ~Tr((Tuy — Duso)(Tug — Tuso)™)® = 0. (7.55)

q—00 p—00 P

Now we prove (7.45) when g, and g, are monomials. Without loss of generality,

suppose for some k > 1,

k

j'=1
i=1 ' i=j 41

Now, by Lemma 4.3.1 (b) and noting (7.55), to establish (7.45), it is enough to

prove for all u >0, k > 1,

1
lim lim —Tr(T,, I ) < ocas. and (7.57)

q—00 p—=00 P

1 ~ ~
lim lim ~Tr(Iueol™ ¥ < 00 aus.. (7.58)

q—00 p—00 P

Using the same arguments as in the proof of (7.28), it can be proved that

To show (7.60), we additionally need Assumption (B4). We omit the details.

1 a A
E(—Tr(ruqr;;q)k——ETrr ) = O(p*) and (7.59)
p

1 oo 1
E(—Tr(FuOOFZOO) — ZETr(Cuooll = O@(p™). (7.60)
p

p

Hence, using (7.59), (7.60) and Borel Cantelli Lemma, we have for all u > 0 and
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k> 1,
. 1 o T \k 1 N T \k
I}Lrilo(Z;Tr(Fuunq) - ]—jETr(Fuunq) ) =0, a.s. and (7.61)
1. .~ = 1 A
lim (= Tr(Dyoel ) — —ETr(Tusel 2 )F) = 0, ass.. (7.62)
p—0o0 p p

Again by (7.22) and (7.36), we have for all u > 0 and k£ > 1,

1 A oA
lim lim —ETr(I',,I7%,)" < oo and (7.63)

q—00 p—00 P

1 A A
lim lim ~ ETr(Due ) < 0. (7.64)

q—00 p—00 P

Therefore, by (7.61) (7.62), (7.63) and (7.64), (7.57) and (7.58) hold.
Hence, (7.45) is proved for monomials.

Similar arguments work for polynomial also. For example, if g, = m, + 7, and

Jq = Tloo + TMaoe Where 7y, Moy, Tise and s, are monomials. Then

P Tr(gg — goo)(gg — 9oo)7|

S pilTr(ﬂ-lq - 7Tloo)(ﬂ-1q - 7Tloo)* +p71Tr(772q - 77—200)(77-2q - 7T2<>o)>l<

+2\/p*1Tr(7r1q — M1oo) (T1g — T100) P Tr(Tag — T200) (Tag — T200)*

— 0, as (7.45) holds for monomials (7.65)

Therefore, (7.45) is proved for any polynomial. This completes the proof of Lemma
7.3.7. O

Proof of Theorem 7.3.4. Recall F, , and F, ., respectively defined in (7.43) and
(7.44). Also recall F, and F, in Lemma 7.3.5. Let L(F,G) be the Levy distance

between distribution functions F and G.
To prove this theorem, our goal is to show lim, . L(F}, «, Fo) = 0, almost surely.

All the inequalities, equalities and limits below are in almost sure sense.
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Note that
L<Fp,00’ FOO) S L(Fp,oou Fp,q) + L(Fpaw Fq) + L(Fq7 FOO) (766)
Now, taking limit as p — oo on both sides of (7.66), by Theorem 7.3.1, we have

lim L(Fye0, Fro) < lim L(Fy o0, Fyg) + L(Fy, Fao), Vg > 0. (7.67)

p—0o0 p—0o0

Finally taking limit as ¢ — oo on both sides of (7.67), by Lemmas 7.3.5 and 7.3.7,

lim L(Fp 00, Foo) < lim lim L(F), «, F,,) + lim L(F,, F) = 0.
q—00

p—0o0 q—0o0 p— 00

Hence the proof of Theorem 7.3.4 is complete. O]

7.3.2 Consequences of Theorems 7.3.1 and 7.3.4, y # 0

We now list some consequences of Theorems 7.3.1 and 7.3.4. In particular we
also show how the existing results follow from these theorems under significantly

weaker conditions.

The following corollary describes the LSD of {I', 41"} and implies Theorem 7.2.4
(Liu et al. [2015]). Recall the class U(0) of independent random variables defined
in (7.2).

Corollary 7.3.8. (a) Consider the model (3.7) (or (7.21)). Suppose (B1), (B3)
and (B) hold and n,p(n) — oo, p/n —y > 0. Then the LSD of %(fu +1%) exists
almost surely and its Stieltjes transformation is given by (5.76)-(5.79).

(b) Under the additional assumption (B4), the above result in (a) holds for the
model (3.2) (or (7.3)) once we replace q by 0.

(¢) The above results in (a) and (b) hold if instead of (B3) we assume (B2) or
{gij4,j > 1} € U(S) for some 6 € (0,2].
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(d) Consider the model (3.7) (or (7.21)). Then the almost sure LSD of (T +1%)

are identical whenever u > q and are different for u < q.

Proof. (a) Existence of the LSD of %(f‘u +I'*) is immediate from Theorem 7.3.1.
Recall the matrices {A,} in (7.23). By Theorems 5.4.1 and 7.3.1, LSD of
%(fu +I'*) and $(A, 4+ A}) are identical and therefore their limiting Stieltjes
transformations are same. By Corollary 5.4.7, the Stieltjes transformation of the
LSD of (A, +A%) is given by (5.76)-(5.79). Hence, the same is true for %(fu—i—f‘;;)
and the proof of (a) is complete.

(b) This is immediate from Theorem 7.3.4.

(c) This proof needs appropriate truncation on the support of {¢; ;} and is very

technical. We defer the proof to Section 7.5.

(d) By Theorem 7.3.1, the LSD of %(f‘u +I%) depends on u only through the

distribution of {c : 0 < j1,72 < q}. Now by (7.19), note that

Jl Jz+u’—32 Jji—u

the distribution of {c;

Cir—intus Cjpjy—u 0 < J1,J2 < q} are identical for u > q.

Therefore, the LSD of E(I’u + FZ) are identical for u > ¢q. Moreover, by Theorem
7.3.1 and Lemma 4.3.6 (a), for u < ¢ we have

1 . .
lim 5ETr(Fu +1) = v 4+ 9 P(Fug + Fug*)
= y i (1+y)? (Z i+ Z 7; m+u> - (7.68)

These vary as u varies. Hence LSD of %(f w4 T%) are different for 0 < u < ¢. O

Remark 7.3.9. Under Assumption (WAP), the Stieltjes transform equations
gwen in (5.76)-(5.79) (with ¢ = o0) reduce to equations (7.6)-(7.8). This is
easy to see once we observe that under (WAP), poaa(-) in (5.76)-(5.79) reduces to
[ - dF. Thus Corollary 7.5.8 in congunction with Corollary 5.4.7 implies Theorem
7.2.4 (Liu et al. [2015]).

The following corollary describes the LSD of T, + f‘z when ¢; = \;I,, Vj and
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implies Theorem 7.2.3 (Pfaffel and Schlemm [2011]).

Corollary 7.3.10. (a) Consider the model (3.7) (or (7.21)). Suppose (B1) and
(B3) hold and n,p(n) — oo, p/n =y > 0. Let ¢; = \;I,, Vj and I, is as in
(2.8). Then for each uw > 1, the almost sure LSD of %(fu +T%) exists and its

limiting Stieltjes transformation satisfies (only one solution yields a valid Stieltjes

transform)
! + 1/27r a6 e CT wh (7.69)
z = — - z wnere .
mu(2) 2 Jo  ymu(z)+ fHO)
q
£0) = cos(ud)] > e, (7.70)
k=0

(b) Under the additional assumption 372, |A;| < oo, the result in (a) holds for
the model (3.2) (or (7.3)) once we replace q by co.

(c) The results in (a) and (b) continue to hold if instead of (B3) we assume
{gij i, > 1} € U(S) for some 6 > 0.

Proof. (a) Recall the definition of free cumulant s in (4.56). Note that by The-
orems 5.4.1 and 7.3.1, the LSD of L(I', +I%%) and L(A, + A¥) are identical and
therefore, their free cumulants are also same. By Corollary 5.4.8, free cumulants
of the LSD of %(fu +1I*) are given by

1 27

Rur = 57 ), (yf(0))"do, vr>1. (7.71)

Recall the free cumulant generating function C(-) in (4.60). Note that |ky.| <

C", Vr > 1 and some C' > 0. Therefore, for z € C* and |z| small,

B - . 1 [ yzf(0)do
C(z)—1+;/€urz _1+2W/0 Ty 0] (7.72)

Note that m,(z) — 0 as |z| — oo. Hence, by (4.61), for some K > 0 and all
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|z| > K, z€ C*

o ) Ol (o — 1 L [T ymu(2)(6)d0
u(2) = C(=my(2)) =1 2y7r/o L) 0] (7.73)

Upon simplifying, (7.73) reduces to (7.69) for large |z|. Using analyticity, (7.69)

continues to hold for z € C*. We omit the details. Hence (a) is proved.

(b) follows from Corollary 7.3.8 (b) as under ¢, = A\;I,, Vj, (B4) reduces to
>0 [Aj| < o0o. (c) is immediate from Corollary 7.3.8 (c). O

Remark 7.3.11. Corollary 7.3.10 (c) implies Theorem 7.2.3 (Pfaffel and Schlemm
[2011]) as (B2) imples {€;; :i,j > 1} € U(J) for some 6 € (0, 2].

The following corollary describes the LSD of f‘uf‘z This result appears to be
completely new in the literature. Recall the classes U(9) and L, of independent

random variables respectively in (7.2) and (7.14).

Corollary 7.3.12. (a) Consider the model (3.7) (or (7.21)). Suppose (B1), (B3)
and (B) hold and n,p(n) — oo, p/n — y > 0. Then the LSD of T',I"* eists

almost surely.

(b) Under the additional assumption (B4), the above result in (a) holds for the

model (3.2) (or (7.8)) once we replace q by 0.

(¢) The above results in (a) and (b) hold if instead of (B3) we assume (B2) or
{eij 1,7 > 1}y € LyNU(0) for some § € (0,2].

(d) The almost sure LSD of T',T'* (in (a)) are identical whenever v > ¢ and are
different for u < q.

Proof. (a) and (b) follow immediately from Theorems 7.3.1 and 7.3.4. To prove
(c) we need appropriate truncation on {¢; ;} and the arguments are very technical.
We provide the details in Section 7.6. The first part of (d) i.e. ‘the LSD of I',I'*

are identical whenever u > ¢’ is true for the same reason as given in the proof
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of Corollary 7.3.8 (d). For the second part of (d), by Theorem 7.3.1 and Lemma
4.3.6 (a), for all u < g note that

. 1 M T 1+y77 — % - q_ufff* = —x
lim ]—)ETF(FUFU) = Tso(%q%q) = y 'L+ Y PO T )
4,7=0

+ oy Wy Y e )@

0<i,j,5/ <u
0<i+j'—j<q

These expressions are different for different values of u. Therefore, the LSD of
fufz are different for 0 < u < ¢. Hence, (d) is proved. This completes the proof
of Corollary 7.3.12. O

The following corollary describes the LSD of Ty, {T', + I }u>1 and {L,I% V.5 for
the MA(0) process and implies Theorems 7.2.1 (Bai and Silverstein [2009]) and
7.2.2 (Jin et al. [2014]). Recall the Marcenko-Pastur law MP, with parameter

y > 0 satisfying the moment sequence (4.25).

Corollary 7.3.13. Consider the model (3.5) (or (7.1)). Suppose (B1) holds and

n,p(n) — oo, p/n — y > 0. Then the following statements are true.

(a) Suppose (B3) is satisfied or {e;; : i,j > 1} € U(0). Then the almost sure
LSD of Ty is the MP, law.

(b) Suppose (B3) is satisfied or {e; : i,5 > 1} € U(9) for some § € (0,2]. Then
for each uw > 1, the almost sure LSD of %(f‘u +T%) exists and its limiting Stieltjes
transformation is given by (5.90).

(c) Suppose (B3) is satisfied or {e;; : i,5 > 1} € L, NU(S) for some 6 € (0,2].
Then for each uw > 1, the almost sure LSD of f‘uf‘z exists and its moment sequence

is given by (5.106).

Proof. We prove all the above results under (B3). To prove the results under the
corresponding alternative assumptions, we need appropriate truncation on {e; ;}

and follow the same arguments as in the proof of Corollary 7.3.8 (c¢) given later
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in Section 7.5. We shall not provide the details of the truncation arguments.
Recall the matrix Z in (4.2.3). Now note that, under (Bl) and (B3), by

Theorems 5.4.1 and 7.3.1, LSD of (a) n~'ZZ* and Ty, (b) +Z(P, + P_.)Z"

and %(fu +1*) and (¢) p2ZP,Z*ZP_,Z* and I',I'* are identical. Therefore, by

Corollaries 5.4.9 , 5.4.11 and 5.4.12, Corollary 7.3.13 follows. O

Remark 7.3.14. Corollary 7.3.13 (a) and (b) respectively imply Theorems 7.2.1
(Bai and Silverstein [2009]) and 7.2.2 (Jin et al. [2014]).

7.3.3 LSD for p/n — 0

Now we shall discuss the LSD of any symmetric polynomial in {f‘u} for the case
p,n(p) — oo such that p/n — 0. Consider the collection of non-commutative

variables {w, j, j, }, whose free cumulants are as follows:

For all ji, ja,... > 1 and uy,ug, ... = 0,£1,£2,.. .,
wZajlij = W—uja,jrs (7.74)
1 2T

_ ei(j1 *j2+u1)9ei(j3*j4+u2)9 do

"12(“}“1,j17]’2? wugjsdﬁ) %
0

L, if 1 — Jo + js — ja = —(u1 + u2)
_ (7.75)

0, otherwise,

Ky (Way s 1o - L <0 <1) = 0, Vr # 2. (7.76)

As mentioned in Section 6.3, the above sequence of free cumulants naturally define
a state, say ¢, on Span{w,,; : u,l,7 > 1}. This is because, the moments and
free cumulants are in one-to-one correspondence (see (4.56) and (4.58) in Chapter

1),

Recall (Aoad; Poda) and {n;,n;} respectively in (5.13) and (7.17). Also recall the
free product (B, ¢o) of (Aodd, Poda) and (Span{w,; : u,l,i > 1}, ¢,) in (6.41).
Therefore, {w.j, j,} and {n;,7;} are free in (B, o).
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Consider the following polynomial in B

q
Sug = Z Mjs Wagr ja Ty Y, q > 0. (7.77)

J1,J2=0

Recall the population autocovariance matrices {I', } defined in (3.1):

q—u
Tu= Y i, Yu>0.

=0
Note that, by (7.17),
(Span{l',, I : u > 0}, p~'Tr) — (Span{G.q, Gy - u > 0}, ), (7.78)
where
q—u
Gug = > i} Ytu,q > 0. (7.79)
=0

Now we shall state our LSD result for general self-adjoint polynomials H(fu, fz :

u > 0). To describe the limit write II(T,, T% : u > 0) in the form

T k;
I(C,, T u>0)=> A(]]T%), (7.80)
=1 i=1

where €,; € {1,*} and u;; € {0,1,2,...}.

Then we have the following Theorem (see Bhattacharjee and Bose [2015b]).

Theorem 7.3.15. Consider the model (3.7) (or (7.21)). Suppose (B1), (B3) and
(B) hold and p,n(p) — oo, p/n — 0. Then the LSD of the self-adjoint polynomial

Vrp H(II(D,, T% s u > 0) — TI(T,, Tt u > 0)) (7.81)
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exists almost surely and is distributed as

T
Sa( ¥ ot s 7
=1

vy ;€{0,1} i=1

Zi v ,i=1

where { Sy, } and {G.,} are as in (7.77) and (7.79).

Proof. As in the proof of Theorem 7.3.1, to prove the above theorem, we use the
moment method and Lemma 4.2.1 as described in Section 4.2. Recall {A,} given
n (5.1). The following lemma, describes the approximation of {I',} by {A,} and
is an analogue of Lemma 7.3.2 given earlier for the p/n — y > 0 case. Proof of
this lemma follows the same arguments as the proof of Lemma 7.3.2 and therefore

we omit it.

Lemma 7.3.16. Consider the model (7.21). Suppose (B1), (B3) and (B) hold

and p,n(p) = oo, p/n — 0. Then the following statements are true.

(a) For any polynomial 11,

limp~  ETr <\/np—1(l_[(f’u, P ou>0) = Ty, T u > 0)))
— limp 'ETr <\/np*1(H(Au, A*u>0) = T(D,, T u > 0))) . (7.83)

(b) Let, for 1 <i <T, m; be polynomials. Let for all 1 <i < T,

P, = Tr (\/npfl(mi(Au, AYiu>0)—my(Dy, T0 cu > O))) , P} =EP;,
P, = Tr (\/np_l(mi(f‘u,fz cu>0) —my(Dy, T ru > 0))> . P’ =EP,

Then we have

T T

lim E(] [(P: = P?)) = im E(] [(P: — P)). (7.84)

i=1 =1

Now it is easy to see that, exactly like the proof of Theorem 7.3.1, here (M1),
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(M4) and (C) hold by application of Theorems 6.3.1, 6.4.1 and Lemma 7.3.16.
This completes the proof of Theorem 7.3.15. ]

We now consider the case ¢ = 0o (see Bhattacharjee and Bose [2015b]). Proof of
Theorem 7.3.17 follows the same arguments as in the proof of Theorem 7.3.4 and

hence we omit the proof.

Theorem 7.3.17. Consider the model (3.2) (or (7.3)). Suppose (B1), (B3), (B)
and (B4) hold and p,n(p) — oo, p/n — 0. Let TI(T'y, I : u > 0) be as in (7.80).
Then LSD of the self-adjoint polynomial

Vip H(II(Dy, T% s u > 0) — TI(T,, T w > 0)) (7.85)

exists almost surely and is distributed as

T
Zﬁz( > HGZQQ; i) Zi;ii;i) (7.86)
=1

vy,;€{0,1} =1

Zi v,i=1

7.3.4 Consequence of Theorems 7.3.15 and 7.3.17, y =0

We now list some consequences of Theorems 7.3.15 and 7.3.17. In particular we
also show how the existing results follow from these theorems under significantly

weaker conditions. The last corollary is apparently new in the literature.

The following corollary describes the LSD of ', + f‘;j and implies Theorem 7.2.5

(Wang et al. [2015]). Recall the class U(9) of independent random variables given
n (7.2).

Corollary 7.3.18. (a) Consider the model (7.21). Suppose (B1), (BS’) and (B)
hold and p,n(p) — oo, p/n — 0. Then the LSD g, of \/np~ ( w F*)
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274Dy, +I%)) ewists almost surely and

q q
p 1 3 Y "
Guqg = 5( 1j1 W, j1,52 1, + nj2w—uvj21j1njl>' <787>

J1,J2=0 J1,J2=0

The Stieltjes transformation of gy, is given by (6.58)-(6.55).

(b) Under the additional assumption (B4), the above result in (a) holds for the

model (3.2) once we replace q by co.

(¢) The above results in (a) and (b) hold if instead of (B3) we assume (B2) or
{gij 11,5 > 1} € U(S) for some o € (0,2].

(d) Consider the model (3.7). Then the almost sure LSD of \/F(Q’l(fu +

f‘;‘;) — 274, + FZ)) are identical whenever uw > q and are different for u < q.

Proof. (a) Existence of the LSD of W(?il(f’qufZ) —274',+T7)) and (7.87)
are immediate from Theorem 7.3.15 once we put T'= 2,k = ky = 1 = B = 1,
Uyg = ugy = u, €1 = l,ea; = *. Recall the matrices {A,} in (5.1). By
Theorems 6.4.1 and 7.3.15, LSD of \/np=1(271(T', + %) — 274(T, + I'%)) and
N (27H(A, 4+ A;) =274, 4+ I)) are identical and therefore their limiting
Stieltjes transformations are same. By Corollary 6.4.6, the Stieltjes transformation
of the LSD of /np=1(271(A, + A%) — 27Y(T, + I'})) is given by (6.58)-(6.55).
Hence, the same is true for W(Qil(f’u + 1) — 270, + I'7)) and the proof

of (a) is complete.
(b) This is immediate from Theorem 7.3.17.

(c) This proof needs appropriate truncation on the support of {e; ;} and is very

technical. We provide the truncation arguments in Section 7.7.

(d) Note that for each fixed u, g,, depends on the distribution of {w., j, j,, W_uj, j; :
1 < j1,j2 < q} only. By (7.75), the distribution of {wu j, j,, W—ujpjy : 1 < J1,J2 <



237 LSD of any symmetric polynomial in {f‘u, f;}

q} is characterized by the second order cumulants,

1, if 51 — jo + k1 — ko = £2u or 0; v, w = Fu,
K2 (W ja s Wao oy ez
0, otherwise.

Now note that for an MA(q) process, —2q < 71 — jo + k1 — ko < 2¢q. Hence,
for u > q, j1 — jo + k1 — ko = +2u can never happen. Therefore, for u > ¢, the
distribution of {wyj, j,, W—ujs.jy : 1 < J1,J2 < ¢} does not depends on u and hence

Gug, W > ¢, are identically distributed. Now, note that for v < ¢

cpo(giq) = Z @0(77;‘;77161)900(77j177;1+k1—j2—2u)
0<j1,J2,k1<q
0<j1+k1—j2—2u<q
+ > 20 (15,102 )P0 (01 ],k — o +20)
0<j1,j2,k1<qg
0<j1+k1—j2+2u<q
D ol k)

0<j1,72:k1<q
0<j1+k1—j2<q

These are different as u varies. Therefore, the distribution of g,, are different for

0 <u < g. Hence, (d) is proved. ]

Remark 7.3.19. Using Corollary 7.3.18 (b), it can be shown that under As-
sumption (WAP), ¢o(-) in (6.58)-(6.55) reduces to [- dF. Hence, the Stielt-
jes transform equations given in (6.58)-(6.55) (with ¢ = o0) reduce to equations
(7.8)-(7.11). Thus Corollary 7.3.18 in congunction with Corollary 6.4.6 implies
Theorem 7.2.5 (Wang et al. [2015]).

Thus we have shown that the existing LSD results in the literature (Bai and
Silverstein [2009], Jin et al. [2014], Pfaffel and Schlemm [2011], Liu et al. [2015]

and Wang et al. [2015]) follow as special cases of our results.

The following result is apparently new in the literature.
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Corollary 7.3.20. Suppose X; = &, + Aey_1, Vt, A € R. Suppose (B1) and
(B3) hold. Then the almost sure LSD of \/np="(I'1I% — N2L,) is distributed as
V2A((1 4 A2)sp + Asy + V/2\s3) where sy, sy and s3 are free standard semicircle

variables.

Proof. Recall II(T',,T* : w > 0) in (7.80). Note that I',I'* = II(I',, I : u > 0)

with T" = 1,61 = 1,]61 = 2,61’1 = 176172 = *U11 = 17U172 = 1. By (717),
no=1a,,,m =Ala,,,n =0Vj>1 Therefore, by (7.77),

511 = W1,0,0 + )\2w1,1,1 + )\1017170 + )\1017071, (788)

where by (7.74), (7.75) and (7.76),

Ko(w100, W) 00) = ka(wiii, wiy,) = Ka(wii0, W) o) = Ka(wio1, wig;) =1,
(7.89)

’12(1";,0,0’ w1,1,1) = fiz(w1,0,07 wil,l) = /€2(w1,1,0, wl,l,o) = ff2(w1,0,17 wl,o,l) =1,
(7.90)

and all other joint free cumulants of (w00, w111, w110, W10,1) are zero.

By (7.79)

Gll = GTI - )\1A (791)

odd *

Hence, by Theorem 7.3.15, the almost sure LSD of /np=L(I'\[" — A1) is dis-
tributed as

SHGE + GHSE (See (782))
= Mwipo+ )\2101,1,1 + Awy 10+ Awio1) + AMwi oo + )\2w1,1,1 + Awy 10+ Awiq)”

= g1+ 9g;, say (7.92)
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where g1 = Mwy 00 + ANwy 11 + Mw110 + Awio1). Let wy and wy be circular ele-
ments with ko(wy, w}) = ke(we, wi) = 1 and s3 be a standard semicircle variable.
Moreover, suppose wy, we and ws are free. Then by (7.89) and (7.90), ¢; has same
distribution as A(1+A?)w; + A%w, + A%s3. Therefore, g; + g} has same distribution
as A(1+ A?)(wy + w}) + A2 (wq + w}) + 2A\%s3. Now, note that (w; + wj) is a self-
adjoint element with all marginal cumulants zero except ka(wy +wi, wy +wi) = 2.
Therefore, by Definition 4.3.5, (w; +w?) is distributed as v/2s;, where s, is a stan-
dard semi-circle variable. Similarly, (wy + w}) is distributed as v/2s,, where s,
is a standard semi-circle variable. Therefore, g; + g7 has same distribution as
V2A((1 + A?)s; + Asy 4+ V/2)s3) where s;, s; and s3 are free standard semicircle
variables. This completes the proof of Corollary 7.3.20. O

7.4 Proof of Lemma 7.3.2

Here we shall only prove (a). We omit the proof of (b) as similar arguments will

go through for (b) also.

Note that, when X; ~ M A(q) process, we have

Xe= (o 1 Ya... P} €4 € 9.1 ,)" Vt,n>1.

Therefore, by the definition of autocovariance matrices, the sample autocovariance

matrix of order £ is given by

q q n
i~ - i~ * * *
nl'y = O Tygun(@ U = D D WiEeaEirnpy U
7,3'=0 j.j'=0 t=n—j+1
ik
q J'4k—j q n
+ wjgtgtf(]/+k7])w]/ + w.]gtgt,l/}jfkp
3,37=0 t=k—j+1 7=0 t=n—73+1

0
+>° ) WMagry,
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= nlAy+ Ry, + Roy + Rsy, + Ryy, (say). (7.93)

Note that, for any k& matrices A;, Ay,..., Ay of order p and for some integers

T1,01,72, D2 -+ s Ths Dk = 1, Z?:l rj_l =2, Zlepj_l = 1, we have
1 1 " v 2rj
Z—QETY(AlAQ A < BT =TeAs4))
k 1 27‘J l/pj
< 1] {E (—Tr(A;Aj)Tj) ] . (7.94)

Moreover, for any polynomial IT, (II(T;, T : i > 0) — II(A;, AF : i > 0)) involves
monomials with at least one of Ry,, Ra,, Rs, or Ry,. Hence, to show (a), by

(7.94), it suffices to show, for all r,s > 1 and i = 1,2, 3,4,

imE (p~'Tr (AZA,)")” < oo, and (7.95)
E(p~'Tr (n°R},Ry)")" — 0. (7.96)

Now (7.95) follows as

rs/K
E(p'Tr(ALA)") < E (p_lTr (AZAU)K) , where K > rs

rs/K

IA

(p—lETr (A;‘;AU)K)

and as limp 'ETr (A:‘LAU)K < 00, which we have already proved in the proof of
Theorem 5.3.1.
Now we shall prove (7.96). Note that

rs

|E (Tr (n 2R}, Rin)")" | < E (T (n 2R}, Rin)) (7.97)

Therefore, to prove (7.96), by (7.97), it is enough to show, for all » > 1, there is



241 Proof of Lemma 7.3.2

C, > 0, such that
|E (Tr (n°R;,Rin)) | < Cp, Vn > 1. (7.98)

Let us first prove (7.98) for ¢ = 1. Similar idea will work to prove (7.98) for i > 1.

Recall the definition of Ry, in (7.93). Note that to prove (7.98) for i = 1, it
suffices to show, for r > 1, s, > 0 and {Ax} € Span{v;,v; : j > 0}, there is
C, > 0 such that for all n > 1,

|EH< (A 120 1l Aokt enfly,) ) | < G (7:99)

To prove (7.99), we use induction method on r. For r = 1, by Assumption (A3),

|E (n_2Tr(A1€t16;;_51142&2—525;)) |

< |H —Tr(Ay)| < C1, ¥n > 1 and for some C; > 0.

Suppose (7.99) is true for all » < m. Now for r = m + 1, consider

m+1

E]] (n’ZTr(Agk,lgt%fl5;‘%71_S%ilAgkst%,S%g;k)) . (7.100)

k=1
As {g; ;} are independent and of mean 0, {&;} has to be matched for a non-zero
contribution. Now the following two cases may happen.

Case 1. If matchings are such that no index in {tor, 1, tor, 1 — Sok, 1, Lok, Lok, —
Sog, : 1 <u < U < m+1} matches with any index in {tox_1, tog_1— Sok_1, tog, tor —

Sop + k # ky, V1 <u < U < m+ 1}, then (7.100) would become

U
-2 * *
( H ( Tr A2ku 1€t2k EtgkuflfsgkuflA2ku€t2ku752ku gtgku)>>
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—2 * *
(E H <n Tr(AQk1€t2k1€t2k_1—82k_1A2k€t2k52k€t2k)>> ’

Ktk
< C, using (7.99) forr=U <mandr=m+1-U < m.

Case 2. A typical matching which is not covered in Case 1, is of the following

form
tor, = tokt1, Sok = Sop41, VI < k < m. (7.101)

Then (7.100) reduces to

m—+1
n2m D) By [( H At2k5t2k32k5:2k+152k+1> (7.102)

k=1
m
*
( H Az(m—k)+15t2(mk)+1€t2(tm)):| )

k=0

where o143 — Som+s = toms2 and restriction (7.101) holds. Now, using the idea
as in the proof of (M1) condition for {A;, Af} in Theorem 5.3.1, it is easy to see
that (7.102) is bounded for all n > 1. Hence (7.99) is established for r = m + 1.
Therefore, proof of (7.99) and hence Lemma 7.3.2 (a) is complete. O

7.5 Proof of Corollary 7.3.8 (c)

This proof is similar to the truncation arguments given in Jin et al. [2014]. Let
X ~ MA(q), ¢ > 1 process and suppose Assumptions (B1), (B4) hold, {¢;;} €
U(0) and p/n — y € (0,00). Let

_ 1, _ _ .
Eri = el (Jers] < mun®3), &y =&y — E(ér;), Vt,i and some n, | 0,

aii = E|&.*, A= n_ﬁ, Xi; =2Ber(0.5) — 1, ii.d. for all ¢,1,
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Eti = X
£t
Ot,i

, otherwise,
[i(e),Ti(e), Ti(e),Ti(e) = i-th order sample autocovariance matrix of
{evi}, {éri}s {€ri}, {&ri} (respectively),
q

q
L= el @), Ti= 3 Uil jmie)v),

3:3'=0 3:3'=0

. q . B a _

Ti= Y oy, Ti= D wliyale)ds.
5.4'=0 3:3'=0

Let F4 denote the ESD of the matrix A and L denote the Lévy metric on the
space of probability distribution functions. Existence of the LSD of {T; + T} }:>o
follows by Theorem 7.3.1. We will actually show that the LSD of {I'; + I} is
same as that of {T} + T };»0 by showing that L(FT+Ti FTATY) 5 0Vi > 0 aus..
Note that

L(FfiJrf;f FTiJrTi*) < L(Ffi+f“;‘ FTiJrTi*) + L(FTiJrTi* FT¢+TZ.*)
FL(FTTE pTsy o (T ey
= Bi+ By+ B3+ By, (say). (7.103)
We will show that, for each 1 <17 < 4, B; — 0 almost surely.

Proof of B; — 0. By Theorem A.43 in Bai and Silverstein [2009], we have

B, < 2p ! (rank(Ry,) + rank(Ry,) + rank(Rs,) + rank(Ry,))
< 8¢ — 0 a.s.. (7.104)
p

where Ry, Ro,, R3, and Ry, are as in (7.93).

Proof of By — 0. By Theorem A.43 in Bai and Silverstein [2009], we have for
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some C' > 0

1 2 I
By, < —rank(T; + 717 =T, —T;) < —rank(T; — T;)

p p
1 : - -
< jreuk (Z (0 <ijj'+i(5) - ijj'ﬂ‘(g)) 1#})
j.3'=0
< %rank(f‘i(e) —Ti(e)) = 0 as. (7.105)

(see page 1210 in Jin et al. [2014]).

Proof of B; — 0. Recall || - ||z in (2.4). By Theorem A.45 in Bai and Silverstein
[2009], we have for some C' > 0,

Bs 1T+ T =T = 17|l

IN

C||Fs(e) — Ts(e)[]a — 0 as. (7.106)

IA

(see page 1211 in Jin et al. [2014]).

Proof of By — 0. By Corollary A.41 in Bai and Silverstein [2009], we have

1 2 2 _ 2 2 _
By < —T((fi+1Ty — =TT+ 17 — T - T7))
p
4 2 _ 2 _
< ST (T - T)(T - 7))
p
4 4 2 _
= 2> oy (B - T
p]j’,k,k’—o
o (Fucaonle) = Brws®) 02
a N _
< a3 [ (B - Trogi) 5
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Therefore, it is enough to show that
pVTe(A(Dy() — Ti(e)) BB (Ti(e) — Ti(e))" A7) — 0, ass., (7.107)

for any A, B € Span{v;, (Dr 0}. The proof of (7.107) given below goes along
the same lines as the proof of p~ Tr((T';(e) — Ti(e))(Ls(e) — Ty(€))*) — 0 given in

Jin et al. [2014]. In our case we have the extra factors of A, B etc. Let

G = (2n)7Y? (ks Eh2ys - énp)T, O_ékz(271)71/2(51@,175&2,---fk,p)T,
U = (64,d9,...,60n_), U = (ay,®, . .., Gny),
Vo= (Gusis Gogis - -, Qo) V = (@144, Gopiy - - -, Op).

Then,

p—lmA(ﬁ B B ([ — Ty A%)
= p ' Tr(A(UV* = UV*)BB*(UV* — UV*)*4*)
= p ' Te(A(U - O)W* + TV = V))BB*(U - D)V +T(V — V)") A")
< 29 'Tr(A(U — U)V*BB*V(U — U)*A*)

+2p ' Te(AU(V — V)*BB*(V — V)U*A%).

Now, we have for some C' > 0, with A = ((a;;)) and B = ((b;;)),

p ' Tr(A(U — U)V*BB*V(U — U)*AY)

2
35 !g Al (ki — Ek1)E(ri) 0ol

w,v  Lk,j

C
A — * A A — * %
= EE > D (@un Gt = Era)E kg 1y Linol s bty o Blots — Ekots) "l )

w,v l1,k1,j1 l2,k2,52

= Ji+Jo+ I3+ I+ Js,

IN
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where,

i

Jo

J3

J4

J5

~ _ A — * %k
n3 Z Z (aul1 (6k1,l1 - 5k1,l1) k1+l),j1b]171bj2vg (k2+1),j2 (5k2712 - 5k2,lg) a’ulz)?

11,l9,71,72
k1>k2, k1#ka+i

C
A~ — A%k A I~ k k
E E E (aul1 (€(k2+i),l1 - 5(k2+i),l1)5(k2+21 ,glbjlvbggv (k2+1),52 (5k2,l2 - Ekz,lz) a’ulg) )

v 1y,1,l2,
J2,k2

~ — Ak * A A — * %
ng 2 : E : (auh (gkhh - €k517l1)€(k1+i)7j1bjlvbj2v€(k2+i)7j2 (5k2,l2 - 5’62,12) aulz) )

l1:12,71,32
k2>k17 koFk1+i

_ % %
e} E E &Uh €k1 i — gkl,ll) (k141) jlbjlvbjgv k1+21)7]2( (k1+1),l2 €(k1+i),lz) aul2) )

w,v 1y,51,02,
J2.k1

A — * oA — * %
= > @ Gy = Er)Efriy ju Uiy ety da Bhta — Ekta) ",
u,v,lq,lg
J1,j2,k

Note that E(J;) = E(Jy) = E(J3) = E(Jy) = 0. Moreover for some Cy, Cy, C5 >

0,

IN

VAN

VAN

Var(J;) = E(Jy)?

Cy
Ay ~ Ak *
w2 2. 2 2 PlawnCun = Snn)éhn i bnn b

u1,v1 l1,12,71,72 u2,v2 13,04,73,74 )
k1>ka, ki#ke+i k3>ka, k3Fka+i

A ~ - Kk A _ Ak *
€ (ka+1),52 (€k2752 - 5k2,l2) gy 1y Qunls (5k37l3 - 5k3,l3)5(k3+i),j3bj3v2bj4v2

A~ ~ — * *
E (ki) ja Ehals — Ehata) Ay,

2 * * * *
1 E E aml1bj1v1bj2vl aullgau2l1bjlv2 bjgvgauglz)

u1 U2 11,12
2 j1,92

=2 (0 Tr(A2A?)) (0 Te(B2B*?)) = O(n™?).

Also for some C7,Cy > 0,

Var(Jy) = E(J3)?
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_ A% *
< Z Z Z [aulll € (ka+i),la _€(k2+i)vll)€(k2+2i)7]1bjlvlbjzv1
U1,Y1 11,51,l2, 13,33,04,
U2V2 o ko jaka
A N _ * ok (A ] = ] )A*
Ekbati)ga Chaly — Eharla)  Quyyty Qunts (€ (kati) s — E(kati) ls )E (kyt2i) s
N A = * ok
bjsv2bj4v2€(k4+i),j4 (€k47l4 - éj1'64,l4> Aoy
< (a ay ;. Quyish; ar,,) =0(n?)
= u1l1 J1v1 jz’l)l wplo YualzVjiva 341)2 uslo) :

Z% L 1,91502, 13573504
v J2 Ja

Similarly one can show that Var(J3) = O(n=2), Var(J;) = O(n™?).
Let &, = el (ley] > nnnﬁé), Vt,i. Therefore, as E(gy;) = 0, note that
E(é4) = —E(éy), Vt,i. Also note that

1= Var(etvi) = Var (étﬂ' — E(étﬂ) + gt,i — E(szm)) = O-tz,i + Var(szt,i) + 2(E(5:t,z))2
Therefore, as {¢; ;} € U(J, p(n),n,n), for some C' > 0
(1—02,) < 2E(22,) < 2C(P(|ey;| > nun7))755 < 200, n~ 45 (7.108)

Let E = {(t,i) : 07; <1— A}. Then if (t,7) ¢ E, we have for some C' > 0 (see
last line of page 1214 in Jin et al. [2014]),

(1—0;)% < Oy %075, (7.109)

Moreover note that if (¢,4) € E, then - “ > 1. Then by (7.108) and (7.109), we

have for some Cy,Cy > 0,

E(Js) = E s BlEr gy — En P BIE (ki) gy [0, 005, i,
uvlmhk
2
< G il L~ Oy
= F Quly Vj1v j1v ul1 A
u,v,51

(k,l1)EE
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02 2

* * —1
t— § @ty bjyob, g, (1= 0')
w,v,71

(k7l1)¢E

= O(n%) - O(n%)

Therefore,

A

E(p 'Tr(A(U — U)V*BB*V (U — U)*A*)) — 0.

Similarly one can show that for some ¢ > 0, Var(J;) = O(n™17¢) and as a conse-

quence we have
Var(pilTr(A((Af — U)V*BB*V(U _ ) AY)) = O(n~ 7).
Hence,
P T AU — DYWV*BBV (U — U)*A*) = 0, a.5.. (7.110)

Similarly,
p ' Te(AU(V — V)*BB*(V — V)U*A*) = 0, a.s.. (7.111)

Hence by (7.110) and (7.111), (7.107) is established and B, — 0 almost surely.
Therefore, proof of Corollary 7.3.8 (¢) is complete. O

7.6 Proof of Corollary 7.3.12 (c)

Additionally if we assume sup,; Fle;|* < M < oo, then to show that the LSD
of {fsz}zzo exists. Proof goes through exactly the same lines as Corollary 7.3.8
(c). Hence we omit the detailed calculations and briefly outline the steps. The

convergence below are all in the almost sure sense.

L. L(FUT FRTY < phrank(DD) — T17)
< plrank((D; - T + B0 - 1))

< 2p~'rank(T; — T;) — 0 (proof similar to B; — 0).
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2. L(FTiTi*, FTii‘*) < 2p~'rank(T} — T;) — 0 (proof similar to By — 0).

By Corollary A.42 of Bai and Silverstein [2009]

3. LA(FTTE FTT) <
< Y (R + DI - T,
— 0 (proof similar to By — 0).

4. DHETTFTT) < op (I + )T - T)(T - T
— 0 (proof similar to By — 0).

This completes the proof of Corollary 7.3.10 (c).

7.7 Proof of Corollary 7.3.18 (c)

2p (L7 + T Te(T — T — 1))

))

Here we show that Corollary 7.3.18 (a) remains true even if we drop (B3) and

use the more relaxed Assumption {¢;;} € U(6,p,n(p),p) for some 6 > 0. This is

achieved by truncation arguments similar to those given on pages 1210 — 1217 of

Jin et al. [2014].

Let X; ~ MA(q) and suppose Assumptions (B1), (B4) hold, {e; ;} € LsNU(0)

for some ¢ > 0 and p/n — 0. Let

Ei = eril(lers] < 77”27‘1*5), €1 = Eri — E(Er), Vt,i and some n > 0,
02, = El2,[>, A=n"%%, B, =2Ber(0.5) — 1, iid. for all 4,
gm = A Op:FZ—FF:,

=i otherwise,

Ot
[i(e),Ti(e), Ti(e),Ti(e) = i-th order sample autocovariance matrix of

{erit, {Eri}, {€ti}, {Eri} (respectively),
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T = Y ulipwi(@), Ti= Y il i)

5,3'=0 3.3'=0

2 g 2 = d =

To= Y ey, T= Y il (o)
jvjlzo jvj,:()

Since {&;,} satisfy the stronger assumption (B3), the existence of the LSD of
/np~U(T; + Ty — C,) is guaranteed by Corollary 7.3.18 (a).

We will actually show that the LSD of \/F (f‘Z + f;‘ — C,) is same as that
of \/W (T; + Ty — C,). Let L be the Levy metric between two distribution
functions. For any matrix A, F4 denotes the cumulative distribution function of

the ESD of A. Then note that

(F\/ 1+F —Ch) FV T+T —Ch) ) < L(F\/ FJrF —Cb) F\/ T+T —Cb) )
—FL(FV T+T —Cp) F\/ T+T —Cp) )_‘_L(F\/np (T+T —Cp) F\/np (T—i—T* )
F PV O =C) | o/ (T Ty =Cyy

= T1 + T2 + T3 + T4, (S&y). (7112)

It is enough to show that T; — 0 almost surely for all i = 1,2, 3, 4.

To prove Ty — 0 almost surely, note that

~ A (n)= (n)*
nFi‘p = Z 1/)]13 J’ j‘H w] .p Z Z 1/} gtpgt J+i—j)¢j/~1’

J,3'=0 j,j'=0 t=n—j+1
JR
q  §Hi— ( )

+ Z Z wjpgtpgt (j'+i— ] +Z Z w]pgtpgtp

3i'=0 t=i—j+1 j=0 t=n—j+1

J=i#i

q 0

(n) x ) (n)x

- Z Z wj-p gti’gt-pwj—i-p

=0 t=i—j+1
= Tz + Rlp + R2p + Rgp + R4p, (say). (7113)

By Theorem A.43 in Bai and Silverstein [2009], we have for some C' > 0, with
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Rin, Ropn, Rs, and Ry, as in (7.113),

T

IN

p~ ! (rank(Ry,) + rank(Ry,) + rank(R3,) + rank(Ry,))

4

< 090§ (7.114)
p

By Theorem A.43 in Bai and Silverstein [2009], we have for some C,C} > 0

1 A ~ 2 L
—rank(T; + 17 — T, — T7) < —rank(T; — 1)

T, < ;
p p
1 r- *
< -—rank (Z V; ( J—Jj i Fj—j’+i(6)> ¢j’)
p J,3'=0
C . B
< —rank(Ty(e) — Ty(¢e))
p
P nti
< ZZI 1| = npt/BH). (7.115)
j=1 t=1
Also, we have
n+1

(et | = np" <2+a>)>

1 p
S ey YD E (el ® eyl = npt ) = o(1) (7.116)
and

P n+ti
( > (e |>77p1/(2+5))>

7j=1 t=1
P n+i

2+6 3 ZZE |5ta| (2+0) I(les ;] > mp /(2+5))) =o(p™). (7.117)

j=1 t=1

Applying Bernstein’s inequality and (7.116), (7.117), for all € > 0 and large p, we
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have for some C,C; > 0,

P n+i
( YOS (el > mpt/ ) > >§C€_C”’-

7j=1 t=1

Therefore, by Borel-Cantelli lemma, we have
T, — 0 as.. (7.118)

A 1/2(a 2 Ay <12 = <y
Let Ay = n " Y2(ép1, Ehay - - éxp) and Jy, = n~Y2(841, 62, - - -, Ep)’- By Theorem

A.45 in Bai and Silverstein [2009], we have for some C,C; > 0,

13

IN

Vo [T+ T = T~ 17l < Cy/ap HIEu(e) — Tu(e)l o
Co/rp 1D (kB + i BA7) 2
k=1

IN

Cov/mp= 1 D (BB + B B3 || (7.119)
For the second part, we have for some C' > 0,
VY (BB, + By BA7)2
k=1

n p
< V)Y Y Bkl (ergl > mp ) Eerpi il (Jenyi | > npt/ )]
k=1 j=1
n+it p

< o _2;;E|€m\z+51(|€m!>np 240))) = o(1). (7.120)

For the first part, note that

Z B + i B3
k=

< Z%E%ﬂ\\QHIZ%HE H%)- (7.121)
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Now, for some C' > 0, we have

p p n 2
np || Z%waﬂlb < C(np)~! ZZ (Z ék,ngkH,l)

k=1

p p n n
= C(np)™ Z Z Z Z(ékm‘E5k1+i,zék2,jE5k2+i,z)

=1 I=1 k1=1ko=1

= Clnp)™" )

7j=1 1=1
= J11 + J12, (say).

p

E €y (ECkyyin)” + E €k ek +iEko i B ko

n
A27,( = ‘7)2 A j = l’A y = .7>
k=1 k1 ks

(7.122)

As E(&}.), E(&},) < oo, there exists constant C}, Cy and C3 such that
() t,1

p p n
np) D D D& (Ba )

EJ, =
jfl =1 k1=1
< ZZ Z (ki I(Jex ] > np/@)))2
71=1 =1 k1=1
< C’(np) n —2(1+96) 72(1+6 /(244) Z Z E |5k1l‘2+ ‘5kll’ > np /(2+5))))2
Jl=1k1=1
= O(p~ %), (7.123)
and
p 2
sy = Con 33 B - 7 (SR
j 1k51 1 =1
_ 2
< Z Z B Ek” (1+5)p 2(1+5)/(2+5))
=1 k1=1
= O(p 171/, (7.124)

Therefore, by (7.123), (7.124) and Borel-Cantelli Lemma, J;; — 0 a.s.. Further,
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we have E(Jj3) = 0 and

p

2
p

VarJi, = C(np)?> Y E& EZ, (ZE%%,E@QHJ)
=1

J=1 k1#ko

< Cs(np)—sz: Z (pn—2(1+6)p—2(1+5)/(2+5))2

J=1 k1#k2
O(p~'720/C+), (7.125)

which by Borel-Cantelli Lemma imply Ji5 — 0, a.s.. Hence, we have
> r B3 — 0, as.. Similarly, || >0 Ak E7;|[3 — 0, a.s.. Thus, by
(7.119)-(7.121)

T5 — 0, a.s.. (7.126)

We now finally prove T, — 0 almost surely. By Corollary A.41 in Bai and Silver-
stein [2009], we have

T o< AN (T - T =T+ T - T - T))
p
4 2 _ a2 _
< S (T - T)(T: - T))
p
4dn g 2 _ §
= 7 2 T (@) T 45
73"k, k'=0

Therefore, it is enough to show that
np~ Te(A(Dy(€) — Tu(e)) BB*(Ti(e) — Ti(e))" A7) = 0, ass. (7.127)

for any A, B € Span{t;,v; : j > 0}. The proof of (7.127) given below goes along
the same lines as the proof of p~ Tr((T';(e) — Ti(e))(Ts(e) — Ty(€))*) — 0 given in
page 1210 — 1217 of Jin et al. [2014]. In our case we have the extra factors of A,
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B etc. Let
G = ()Y ér1shar e frp)s G = (0) V2 (Ek1, Erey s Erp)T
U - (OAélyéé%"'?één—i)a U: (0_5176527"'765n—7§>7
‘A/ = <d1+i7&2+i;---7&n)y V - (0_41+i,o_42+i,...,@n).

Then,

~

np~ 2 Tr(A(Ly(e) — fi(a))BB*(f‘i(a) —Ty(e))*A%)
= np *Tr(A(UV* — UV*)BB*(UV* — UV*)*A¥)
= np Te(A((U = O)WV* + U(V = V))BB*(U = U)V* + U(V — V)*)* A%)
) AY)

< 2np *Tr(A(U — U)V*BB*V(U —
BB*(V —V)U*A").

+2np~Tr(AU(V — V)*

Now, we have for some C' > 0, with A = ((a;;)) and B = ((b;;)),

*1Tr(A(U - U)V*BB*V(U —U)*A*)

(k-i—z bJU|2

uv  Lk,j

= D TL2 Z Z Z Quyly gkl h — gkl l1)€(k1+z) jlbjl’v

w,v l1,k1,51 l2,k2,52

* A ~ — % %
U2y € (hati) o (Ekals = Ekaln) W)

= Si+ o+ Js+ Jys+ Js, (7.128)

where,

. A~ —_ A = * %k
Jl - D n2 E : § : (a’Ull (5161,11 - gl€1,ll> (k1+4) ]lbjlvbjgvg(k2+i)7j2(8k2,l2 _€k2,12) aulg)’

l1,l2,71,J2
k1>k2 k1#£ka+i
Cn

o ~ — A% * A ~ = * ok

Jo = s d > (Gt Blharints — Elatinn)E ks 12 s Dinoln kot o Blots — Ehada) @iy

wv 13,112,
J2,k2
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- A - A% *x A A = * %
Jz = D ng E E (aul1 (5k1,l1 - gklall)5(k1+i),j1bjlvbjg’ug(kQ'f‘i)va (5k2,l2 - 5k27l2) aulg)’

I1,l9,31,72
k2>k1, ko#k1+i

Cn B .
Ji = pgnzz D (uty (Brots = Era ) JE Gk iy gy Doy 2. (B ki — Ellr+inta) Wiy
w,v 1y,51,l2,
J2,k1
Cn A = A% * A A - * %
Js = PR > [auh(ﬁk,ll—€k,zl)5(k+i),j1bjlvbjzv€<k+i),j2(€k,zz—€k,lz) ot
u,v,lq,lg
J1,J2,k

Moreover for some C4,Cy, C3 > 0,

Cyn?
_ 2 1 A = A%
Var<J1> - E(JQ) < p4n4 E E E E Quqly (8161711 - 5k1,11>8(k1+i),j1
u1,u2,v1,V2 l1,12,51,32 13:14,73574
k1>ko, k1#ka+i k3>ks, kaFka+i

* A A — * % ~ — *
bj1v1 bjg’ulg(k2+’i)aj2 (gkz,lz - Ekz,lz) Q15 Qusls (5163713 - 51@3713) (k:3+z),33b 3V2 b]4v2

A~ A — * *
Ekati)ja (Ehals — Ekals) %214]

CQTLQ
* * * *
1 E E Qyyly bj1v1 bjg’ulau1l2au2llbjl”ij2U2au2l2)

‘p n2 u u l l
1-U2 1q,ly
v
LY 2J17J2

IN

< ?’( “ITr(A2A*2)) (p~ ' Tr(B2B*?)) = O(p~2).

Also for some C7,Cy > 0,

VaI“(J2> :E(J2)2 < Z Z Z E|:aulll E(ko+i),l1 — (k’2+2) l1> (k2+2z),jlbjlvlb32v1

Uy, Ul 11,31512, 13,33,l4,
U
22 Goka  jaka

A N _ % % A
€ (ka+1),j2 (gkzlz - 6162712) Q15 Qusls (5(k4+i),l3 - (k4+2) l3> (k4+21),33
* A A — * %
bjavzbj4v25(k4+i),j4 (5k4,l4 - Ek‘4,l4) Aoyl

: : : : § : aulll ]1U1b]21)1 ullza’“213b]1”2b]41}2 ’LL2l2)

U1,V1 1y ]1 lg, I3, J3 ly,
uzv2 Ja

= O(p?).

IA

Similarly one can show that Var(J3) = O(p~?), Var(Jy) = O(p~?).
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Let Em- = el (|er| > nnnﬁlé), Vt,i. Therefore, as E(e;;) = 0, note that E(&;;) =
—E(4,;), Vt,i. Also note that

1= Var(etvi) = Var (ét,i - E(étﬂ) + gt,i — E(szm)) = O-tz,i + Val'(gt’i) + 2(E(5:t,z))2
Therefore, using (A6), for some C' > 0
(1—02,) < 2B(&2,) < 2C(P(|er| > nun7))7is < 207;°p 555 (7.129)

Let E = {(t,i) : 07; <1— A}. Then if (t,i) ¢ E, we have for some C' > 0 (see
last line of page 1214 in Jin et al. [2014]),

(1—0;)% < Oy 2p 2. (7.130)
Moreover note that if (¢,7) € E, then 1_% > 1. Then by (7.129) and (7.130), we

have for some Cy,Cy > 0,

Cn . _ .
E(Js) = —— Y. uw,Elékn — i ?Elé g bib] o0,

U,U,ll,jl,k

2
Cin b bt 1 Okl
20,2 Quly Y510 jl’va’uh A

IA

C _
+_2 Z auhbjlﬂb;wa;ill (1 - Ukvll)Q

Similarly one can show that for some ¢ > 0, Var(Js) = O(p~'¢) Therefore, using

(7.128) and the estimate for E(J;) and V(.J;),

E(np *Tr(A(U = U)V*BB*V(U — U)*A*)) — 0, and (7.131)
Var(np *Tr(A(U — U)V*BB*'V(U — U)*4%)) = O(p~'™). (7.132)
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Hence, by (7.131), (7.132) and Borel-Cantelli Lemma,
np *Tr(A(U — U)V*BB*V (U — U)*A*) = 0, a.s.. (7.133)

Similarly,
np *Tr(AU(V — V)*BB*(V — V)U*A*) = 0,a.s.. (7.134)

Hence by (7.133) and (7.134), (7.127) is proved. Also by (7.114), (7.115), (7.119)
and (7.127),

Ty, — 0,a.s.. (7.135)

Since we have shown T; — 0 almost surely for all i = 1,2,3,4 in (7.114), (7.118),
(7.126) and (7.135), the proof of Corollary 7.3.18 (c) is now complete. O



Chapter 8

Inference in high dimensional time series: order

determination and testing

8.1 Introduction

In Chapter 7, we have established the LSD of any symmetric polynomial in sample
autocovariance matrices {fu} These results have plenty of potential for applica-
tion in high-dimensional time series. Liu [2013] used Theorem 7.2.4 to estimate
the spectral distribution of the coefficient matrices {1;} of the infinite dimensional
MA(q) process defined in (3.7). In this chapter, we shall discuss a couple of other

applications:

1. a model identification problem, namely determination of the unknown or-
der of infinite dimensional moving average (MA) and autoregressive (AR)

processes and,

2. testing of simple hypotheses by using asymptotic normality of traces of poly-

nomials.

In the univariate set up, a plot of the sample autocovariances provides a
method to identify the order of an MA process. If the sample autocovariances
are almost equal to zero for order u > ¢, then ¢ is taken to be an estimator of the

unknown order. Similar method is also applicable for AR processes. The only dif-

259
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ference is that for an AR process, the sample partial autocovariances are plotted
instead of the sample autocovariances. The theoretical support for this method is
the fact that the population autocovariances of order greater than ¢ are all zero
for an MA(q) process. Similarly, for an AR(r) process, the population partial
autocovariances of order greater than r vanish. Moreover, since the sample au-
tocovariances are consistent for the population autocovariances, for large enough
sample size, the sample autocovariances are close to population autocovariances.

In the high-dimensional setting, no equivalent method seems to be available
in the literature to determine the unknown order of MA and AR processes. The
above method cannot be extended naively since, as we have seen in Chapter 3,
the sample autocovariance matrices {fu} are not consistent for the population
autocovariance matrices {I',}. Nevertheless, {I',} provide a graphical method for
order determination of high-dimensional processes.

For the infinite dimensional MA(q) process, when p/n — y > 0, Corollary
7.3.12 (c) guarantees that for large sample size, ESD of fufz would be close
for w > ¢ and different for 0 < u < ¢q. When p/n — 0, a similar result for
Vnp~Y(T, + It =T, —T,) is guaranteed by Corollary 7.3.18 (c). Clearly, this
property of sample autocovariance matrices provides a clue to identify graphically
the unknown order of an MA process. For more details see Section 8.2.

To apply a similar idea to an AR(r) process defined in (3.9) with unknown
parameter matrices, we first need consistent estimators of the parameter matrices
{A;: 1 <i<r}. Note that we have already obtained such estimators in Chapter
3. Let us denote these consistent estimators by {/All(-r) : 1 <i <r}. Now, suppose
r is unknown. Consider the residual process {égs)} after fitting the AR(s) process
using {Ags) : 1 < i < s}. In Theorem 8.3.1 and Remark 8.3.2, we argue that the
residual process {éﬁs)} behaves like an MA(0) process if and only if s = r, the true
order of the AR process. We use these results to identify the unknown order of

an AR processes.



261 Order determination of an MA processes

Linear spectral statistics of a random matrix M are of the form %Z?:l f(\)
where {)\;} are eigenvalues of M and f is a “suitable” function. Such statistics
have been discussed in Diaconis and Evans [2001], Bai and Silverstein [2004] and
Bai et al. [2009]. Asymptotic normality of these statistics is extremely useful
in statistical inference. While we do not discuss these statistics in general in
this thesis, we deal with a specific spectral linear statistics, namely traces of
polynomials in sample autocovariance matrices. In Section 8.4, we establish the
asymptotic normality of these statistics and suggest how it may be used for testing
problems in high-dimensional time series.

The main material of this chapter is taken from Bhattacharjee and Bose

[2015a] and Bhattacharjee and Bose [2015b].

8.2 Order determination of an MA processes

Consider the infinite dimensional MA(q) process defined in (3.7) with unknown
coefficient matrices. Suppose {X;, : 1 <t < n} is a sample of size n from the
process (3.7), where ¢ is unknown. Our problem is to estimate g. The graphical
method that we suggest to identify ¢ is based on Corollaries 7.3.8 (d), 7.3.12 (d)
and 7.3.18 (d). For convenience of the reader, we collect those results along with
some more consequences in the following theorem. We omit its proof. Existence of
all the LSD below is guaranteed by Theorems 7.3.1 and 7.3.15. Recall the classes
L, and U(0) respectively in (4.14) and (4.17).

For future use, let us denote

M, = [.I,

Iy, = fufz+fu+lfz+17

Mg, = /mp ' (D +1 - Ty —T7}),
My = np (DI = TT).
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Theorem 8.2.1. Consider the model (3.7). Suppose {e;;} are independently
distributed with E(g;;) = 0, Ele;;|*> =1, Vi,j and {e;;} € L4NU(S) for some
d € (0,2]. Further {1;} are all norm bounded and converge jointly.

(a) If p/n — y > 0, then

(i) the LSD of 11, are identical for w > q and are different for 0 < u < ¢q, and
(i1) the LSD of 1y, are identical for uw > q and are different for 0 < u < q.

(b) If p/n — 0, then

(i) the LSD of 113, are identical for w > q and are different for 0 < u < ¢q, and

(i1) the LSD of 1y, are identical for uw > q and are different for 0 < u < q.

It may be noted that even though the above theorem is stated for four specific
polynomials of {I',,*}, the conclusion of Theorem 8.2.1 holds true for other
polynomials if we are ready to make appropriate moment assumptions on {¢; ;}.

We have restricted to the above polynomials only for illustrative purposes.

Identification of ¢. If p/n — y > 0, we propose to plot the CDF of ESD (call it
ECDF) of 11y, (or IIy,) for first few sample autocovariance matrices in the same
graph. If p/n — 0, we propose to plot the ECDF of II3, (or Ily,) for first few
sample autocovariance matrices in the same graph. We say that ¢ is an estimate
of g, if the ECDF of II;, with order u > ¢ empirically coincide with each other.

Note that by Theorem 8.2.1, for large enough n, ¢ is a reasonable estimator of q.

8.2.1 Simulations

This section presents some simulation results on the above proposed method. As

we shall see, it works very well. First we define the models from where we simulate.

Models. Let I, and J, be respectively as in (2.8) and (2.9). Let

Et NNP<O, [p),Vt (81)
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Suppose

A, = 05, B,=05(I,+J,),
C, = (U(A=<i=j<[p/2)-1(p/2] <i=j<p)),
D, = ((i+j=p+1))).

We consider the following models.
Model 1 X; = ;.

Model 2 X; =¢;+ Apei_.

Model 3 X; = ¢, + Bpe_1.

Model 4 X, =¢;+ Cpei—1 + Dpey—a.

By Examples 4.2.1-4.2.4, LSD of A,, B,, C, and D, exist. Moreover, it is easy
to see that {C,, D,} converge jointly. Hence, Theorems 7.3.1 and 7.3.15 are ap-
plicable for the above models whenever p/n — y > 0 and p/n — 0, respectively.
Incidentally, note that in Model 4, C,D, # D,C,, and therefore they are not si-
multaneously diagonalizable. Hence, Theorems 7.2.4 (Liu et al. [2015]) and 7.2.5
(Wang et al. [2015]) are not applicable for Model 4.

Case a: p/n —y > 0.

Now suppose the original model is unknown to us. Suppose we have random
sample S; each from Model i, 1 < ¢ < 4. For each i, we are asked to determine
the order of the corresponding moving average process. For each 1 <1 < 4, we
plot the ECDF of II;, for 1 < u < 4, based on sample S;, in the same graph. See
Figure 8.1 for the case n = 300 and p = n = 300.

Note that ECDF of I1;, coincide — for all © > 0 in Model 1, for u > 1 in Model
2 and 3 and for v > 2 for Model 4. Hence, ¢ is 0, 1, 1 and 2 respectively for
Models 1 — 4. Thus the above method identified ¢ accurately.
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We repeated the same process with n = 500, p = n = 500 and p = n = 1000.

See Figures 8.2 and 8.3. The following observations emerge.

(1) For each of the above models, the ECDF are nearly identical for n = 300, 500
and 1000 i.e. convergence has already occurred at n = 300. For smaller values of
n, convergence did not occur in our simulation. Some modification may improve

the situation for smaller sample sizes. We did not investigate such possibilities.

(77) For the MA(1) process, LSD of II;, depends on ¢, only through its LSD.
Since LSD of A, and B, are identical (see Examples 4.2.1 and 4.2.2, both have
mass 1 at 0.5), the ECDF for Models 2 and 3 are almost identical.

(7ii) As noted above, Theorems 7.2.4 and 7.2.5 are not applicable for Model 4.
However, by Theorems 7.3.1 and Examples 4.2.3, 4.2.4, the LSD of any self-adjoint
polynomial in {f‘u, f‘;’;} for Model 4 exists when p/n — y > 0. This is supported
numerically by Row 2 right panel of Figures 8.1-8.3.

We repeated the same process for the polynomial Iy, (see Figures 8.4-8.6) and

we came to the same conclusions as for Ily,,.

Case b: p/n — 0.

For each of the above models, we draw three random samples with n = 300,
p=n" ~ 170; n = 500, p = n®? ~ 269 and; n = 1000, p = n®? ~ 502.
For each sample, we plot ECDF of I3, (and Ily,), for 1 < wu < 4, in the same

graph. See Figures 8.7-8.12. We have the same conclusions as in Case a.
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Figure 8.1: ECDF of II;,, 1 <u <4, n = p = 300. For all the figures Gamma u = ', and
t(Gamma u) = I'} Vu.
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8.3 Order determination of AR processes

Now suppose we have an infinite dimensional AR process with unknown parameter
matrices. We wish to estimate the order of the process. Since the parameter
matrices are assumed to be unknown, we first obtain consistent estimators for
these. Then we use these consistent estimators in conjunction with the ideas of

the previous section.

First recall some results from Chapter 3. Consider the IVAR(r) process defined
in (3.9):

T
Xt,p = E Ai,pXt—i,p + &4, \V/t, (82)
i=1
where X, and ¢, are p-dimensional vectors, {e; = (11,612, ...,61p) } are iid.

with mean 0 and variance-covariance matrix I, and, {4;, : 1 < i < r} are the
p X p parameter matrices. For convenience, we write X; and A; respectively for

Xip and A;,. Consider the following assumption on {e; ;}.

iid.

(Cl) Eij ™~ N(O, 1), V’L,j > 1.

For any matrix M = ((m;;)), recall the || - ||(1,1) norm in (2.26):
1M = Sgpz i)
Recall the set of all matrices with polynomially decaying corners in (2.20):
X, C) = {M:T(M,k) <Ck™@, Vk > 1}, Ya,C > 0,
where for any matrix M, the corner measure T'(M, k) is as given in (2.18):

T(M, k) = sup Z | M.

T iti—j>k
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Let
[Aipll(1,1) = Oin and |[A] |11y = 6;

i,n?

1<i<r. (8.3)

Also let {a;y, i =1,2,...,r} and {],, : i = 1,2,...,r} respectively be the

roots of the following polynomials.

1 —01,2— 927n22 02" =0,

/ / 2 / roo__
1—06),2—05,2"...0,,27 = 0.

For each 1 <i <, let A; ., be the co x 0o extension of the sequence of matrices

{Aipn) }n>1. Consider the parameter space given in (3.30) for {A; o }i_, as,

P(C,a,e) = {{A@OO};:l :inf 11212 (Jaipl,lai,l) > 1+e and Ao € X(C,a) Vz’} :
p SISTr

We have the following assumption on the parameter matrices {A;}.
(C2) {A;} € P(C,a,¢) for some C, e, > 0.

For any matrix M = ((m;;)), recall the k-banded version of M in (2.25):
Bp(M) = ((m I(|i = j| < F)))-

Recall ||-||, in (2.4). Also recall from (2.5) that by consistent estimator M,, (based

on a sample of size n) of M, we mean

|M,, — M|]s 50, asn— oo. (8.4)

A

By Theorem 3.5.6, we can say that if (C1) and (C2) hold, then By, (I',) with
k, = (n"'logp)~/4, is a consistent estimator of I', for each u. Moreover, in
Section 3.5.1, we argued that (By, (I',)) ™" with k, = (n~"logp)~"/4, is a consistent

estimator of T',! for each u, provided I';! exists.
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Let
yr = (FlaFQa s 7F7")*7 A’r‘ = (A;A;) ce 7A:)*

Let G, be a block matrix with r* many p x p blocks where the (i, j)-th block is
given by
Gr(i,5) = Dy L0 < J) + T 10 > j), 1<, j<r (8.5)

li—J]

Consider the Yule-Walker equation,
y’r‘ = GTAT" (86)

Consider the following assumption on {A;}.
(C3) Ty is non-singular.

By Lemma 3.5.7, if (C1)-(C3) hold, then
A =G, (8.7)

i.e., each A; is the finite sum of the finite products of {I',, ;! T; 1 1 <
u < r}. Moreover, (8.7) provides consistent estimates of A;, once we replace
the population autocovariance matrices {I",,} by their above mentioned consistent
estimates {By, (I')} with &, = (n~'logp)~"/%. Let us denote these estimators of
{A;:1<i<r}by {AV 1 <i<r).

We need the following assumption to guarantee the LSD of symmetric polynomials
in {I',,T%}.

(C4) {A;} converge jointly.

Let

&9 = x, — > APX, ;. Vs

i=1
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Proof of the following theorem is given in Section 8.3.2.

Theorem 8.3.1. Consider the IVAR(r) process defined in (3.9) (or (8.2)). Sup-
pose (C1)-(C4) hold.

(a) Suppose p/n — y > 0. Then for each w > 1, the LSD (almost sure) of
I1y,, for the process {e} (i.e. for the MA(0) process), coincides with the LSD (in
probability) of Iy, for {éﬁs)} if s=r.

(b) Suppose p/n — 0. Then for each uw > 1, the LSD (almost sure) of 11, for the
process {€;}, coincides with the LSD (in probability) of 113, for {é,gs)} if s=r.

It may be noted that even though the above theorem is stated for Il;, and Il3,,
the conclusion of Theorem 8.3.1 holds true for other polynomials if we are ready
to make appropriate moment assumptions on {e; ;}. We have restricted to the

above polynomials only for illustrative purposes.

Remark 8.3.2. Instead of r, if we use any other positive integer s < r, then
the residual process {égs)} does not behave like the MA(0) process. This can be
proved rigorously under appropriate assumptions. However in this thesis we limit
ourselves to a heuristic idea to show this, as follows. Suppose {X;} is an IVAR(2)

process i.e.
X, = A Xy + AsXy o+, Vi (8.8)
and we fit the IVAR(1) process using Agl). Let B=A; — /Algl). Therefore,
e = x, - AVX, | =BX, 1 + A Xy s + e (8.9)

Let B= A, —T'T'y. Using the fact that ||A§1) —T ]2 Lo (by Theorem 3.5.6),
it is easy to see that the LSD of 11y, (for p/n — vy > 0) and I3, (for p/n — 0)

for the process {égl)} coincides with the corresponding LSD (in probability) for

eV = BX, 1+ Ay X, 5+ & (8.10)
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Note that under (C2), by Theorem 3.4.6, {X;} can be expressed as

Xi=c+ Y ey, W, (8.11)

j=1

where {¢;} are functions of Ay and B. Therefore,

égl) - Zej&—j, where 0o = I, 61 =B, 0j12 = Boji1 + As¢;, j > 2.(8.12)
=0

Note that {52(51)} is an MA(oo) process. Then using similar idea as in the proofs
of Corollaries 7.3.12 (d) and 7.3.18 (d), if {0;} are norm bounded and converge
jointly, it is easy to prove that the LSD of 11y, (for p/n — y > 0) and 13, (for
p/n — 0) for the process {e;} do not coincide with the corresponding LSD (in
probability) for {&"}.

Under suitable conditions, {A;, Ao} and {0;} do indeed converge jointly. This

needs more work and we did not pursue it in this thesis.

Therefore, for each u > 0, the LSD of Iy, (for p/n — y > 0) and I3, (for
p/n — 0) for the process {&,} coincides with the LSD (in probability) for {&"}.
Instead of r, if we use any other positive integer s < r, then the residual process
{égs)} does not behave like the MA(0) process. As by Theorem 8.2.1, ECDF of
Iy, (for p/n — y > 0) or I3, (for p/n — 0) for u = 1,2 coincide (almost surely)
under MA(0) process, to determine the order of the IVAR process, it is enough
to check whether the ECDF of Iy, (for p/n — y > 0) or I3, (for p/n — 0) of
{éy)} for u = 1,2 coincide or not. Therefore, if we plot the ECDF of I1;, (for
p/n —y > 0) or I3, (for p/n — 0), u = 1,2 for the residual process {égs)} in the
same graph, the two distribution functions will coincide only when s = r. Hence,

we have the following method.
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Identification of unknown order r. Successively fit an IVAR(s) process for
s =0,1,2,...and for each s, plot the ECDF of Il,, (for p/n — y > 0) or II3, (for
p/n—0), u=1,2 for residuals {£"’} in the same graph.

We say that 7 is an estimate of the unknown order r of the IVAR process,
if the ECDF of I1y, (for p/n — y > 0) or I3, (for p/n — 0), v = 1,2 do not
coincide for all s < 7 and coincide for s = 7.

Note that the polynomial Ily, and Il4, could also be used instead II;, and IIs,.

8.3.1 Simulations

Consider the following IVAR processes. Suppose {&;} is as in (8.1).
Model 5 X; =¢; + 0.5X;_4.

Model 6 X; =¢; +0.5X;_1 +0.2X; .

Assuming that we do not know the parameter matrices, we use their consistent
estimators discussed above.

For Model 5, we plot the ECDF of Iy, (or Il3,), u = 1,2 for the residual
process {égl)} and for n = p = 500 (or n = 500, p = n®? = 269) in the same graph
and observe that they coincide. See Row 1 left panel in Figure 8.14 (or Figure
8.13). Therefore, 1 is an estimate of the order of Model 5.

For Model 6, we do the same but the two ECDF do not coincide (see Row 1
right panel in Figures 8.14 and 8.13). In Row 2 of Figures 8.14 and 8.13, the same
two ECDEF are plotted for {égQ)} and they coincide and hence 2 is an estimate of
the order for Model 6.
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in Model 6.

eigenvalues

n = p = 500. Row 1 left: ECDF of IT;; and II;5 for residuals after fitting AR(1)
in Model 5. Row 1 right: same after fitting AR(1) in Model 6. Row 2: same after fitting AR(2)
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8.3.2 Proof of Theorem 8.3.1

For simplicity, we consider only the IVAR(1) process. Let {X;:1 <t < n} be a

sample of size n from the IVAR(1) process satisfying
Xt+1 =&+ AXt_l, \V/t, (813)

where ¢, ~ IID(0,1). Recall || - ||z in (2.4). By Theorem 3.5.8, under (C2),

the consistent estimator A of A satisfies
I|A — Al & o. (8.14)

Consider the process {&\") = X, — AX, 1 = &, + (A — A)X,_1}. Let, for all
k>0,

n—k n—=k
B = 0 SO o S )
t=1 t=1
n—k n—k
D, = (n_l Z €t5:+k;) (n_l Z €t+k€:)7
t=1

n—k —k

By = (07 _&"al)) Z )
t=1 t=1
—k

n—k
-1 *
F. = (n § 5t€t+k § t+k5t
t=1

In Theorem 8.3.1 (a) and (b), our two claims are respectively that, for any fixed
k >0, the LSD of (a) By and Dy, (b) Ej and F}, are identical in probability. To
prove (a) and (b), By Corollary A.41 in Bai and Silverstein [2009], it is respectively
enough to show that

n ' Tr(By — Dy)? L0, as p/n —y >0 and (8.15)

np *Tr(E, — F,)? 5 0, asp/n— 0. (8.16)



Chapter 8: Simulation and statistical inferences 286

Proof of (8.15). Note that

2 : t+k

t=1
. 1 n—k 1 n—k .
- ( Z i) + (A= A Y Xseine) + (5 L ek ) (4 Ay
= t=1 t=1

n—k

+<A—A( S XX, 1)<A Ay
t=1

n—=k

n—k n—k
N (E t=1 6M_:t—&-k) * <A - A) (E t=1 Xt_lXt+k) - (A - A ( A 1Xt+k I)A
n—k

n—=k
1 * A\ * 1 * A\ *
+(5§ XtXt+k—1)(A_A) _A(EE thXt+k—1)<A_A)
=1
( E X 1Xt+k 1) A A)*

= G1+G2+G3+G4+G5+G6, (say). (817)

Therefore, By = Z?,z:1 G;G}. Note that Dy, = G1G7. Hence, by Holder’s inequal-

ity,

n_lTr(Bk - Dk)2 = Z n_lTr<Gj1G71Gj2G;2)’
1<41j2.11,l2<6

(31501), (g2 l2)#(1,1)

1/4
> (H v ¢, )2l (G, Gl)> . (8.18)

1<j1,72,l1,12<6

(J1,01),(g2,12)#(1,1)

IN

Therefore, to show (8.15), it is enough to prove

(i) LTr(G1G1)? = Op(1) and

(ii) LTe(GEGy)? = op(1), Vi = 2,3,4,5,6.

To prove (i) and (ii), we need the following lemma.

Lemma 8.3.3. Consider MA(q) or MA(o0) processes respectively defined in (3.7)
and (3.2). Suppose (C1) and (C4) hold and p/n — y > 0. Then for any symmetric
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polynomial 11,
1 i~ Mk a.s. q. 1 &~ Mk
—Tr(I(,, I} :w > 0)) = lim E=Tr(II(T",, I} : w > 0)), (8.19)
n n

and hence

1 PN
ETT(H(Fu;FZ cu>0))=0p(1).

Proof. By (M1) and (M4) in the proof of Theorems 7.3.1 and 7.3.4, under (C1)
and (C4) and as p/n — y > 0, we have

1 A 1 A
—ETr(II(T,, I :u > 0)) — lim E=Tr(II(T",, I} : uw > 0))
n n

E(n ' Tr(IN(D,, T% : w > 0)) — En ' Tr(ILT,, T - u > 0) = O(n™).

Hence, by Borel-Cantelli lemma, the first part of Lemma 8.3.3 follows. The second

part is trivial. O

Note that G} is T'j, for the MA(0) process {e;}. Therefore, (i) follows immedi-
ately by Lemma 8.3.3.
We now prove (ii), first for ¢ = 6. Recall || - ||2 in (2.4). Note that for any

n X n matrix A,
n'Tr(A*A) < ||A]|f3. (8.20)
Note that Gg = (A — A)[',(A — A)*. Therefore, by Holder’s inequality,

) ) o 1/2
%TI(GZG6)2 < (%Tr((A _ A)(A- A)*)8%Tr(F,’§Fk)8)

IN

R 1 o 1/2
1A — AllS (ﬁTr(FZFk)S) . by (8.25).  (8.21)

Now note that by (8.14), ||A — Al|; = op(1) and by Lemma 8.3.3, %Tr(f,jfk)g =
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Op(1). Hence, 1Tr(G§Gs)? = op(1). therefore, (ii) is proved for i = 6.

Similar arguments will go through for ¢ = 2,3,4,5. Hence the proof of (8.16) is
complete. Therefore, (8.15) is proved and hence (a) is proved for the IVAR(1)

process. To prove (b), it remains to prove (8.16).

Proof of (8.16). Note that by (8.17), B, = Y_0_, G;+>°0_ G5 and Fy, = G1+Gj.

Hence,
6

—Tr (B, — F)? Z (G + G3) (G + Gy). (8.22)

By Holder’s inequality for all 2 < 7.1 <6
n * * an - * — *
TG+ G))(Gr+ G| < 2 (7' TH(G3Gy)p ™ TG an)'% (8.23)

Now the proof of (8.16) for IVAR(1) is completed using similar arguments as in
the proof of (a) for IVAR(1). This establishes (b).

One can deal with the IVAR(r), r > 2, using the exactly same idea as above.

8.4 Asymptotic normality of traces

Linear spectral statistics of a random matrix M are of the form 37" f();)
where {)\;} are eigenvalues of M and f is a “suitable” function. Such statistics
have been discussed in Diaconis and Evans [2001], Bai and Silverstein [2004] and
Bai et al. [2009]. Asymptotic normality of these statistics is extremely useful in
statistical inference. While we do not discuss these statistics in general, in this
thesis, we deal with a specific class of spectral linear statistics namely traces of
polynomials in sample autocovariance matrices.

Consider the infinite dimensional MA process in (3.7). In this section, we
shall discuss asymptotic normality of the trace of any symmetric polynomial in

{T',,T*}. We will then show how this can be applied in statistical testing problems
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in high-dimensional time series.
Recall the assumptions (B1), (B3) and (B) which appeared in Chapter 7. For
convenience of the reader, we state them again. Recall the classes £ and C(4, p)

respectively in (4.14) and (4.16).

(B1) {&;,} are independently distributed with mean 0 and variance 1.
(B2) {g;;:1<i<p 1<j<n}eLlnC(,p),foralp>1

(B) {%;,%;} are norm bounded and jointly converge.

Let IT := II(I',, I'* : u > 0) be a symmetric polynomial in {T',,T* : u > 0} and

Ry = \/np—l(H(fu,fz cu>0) =T, I} u > 0)).
Let
of = lim E(Tr(Il) — ETr(I))?, o% = E(Tr(Rp))*.

Note that o and ¢#% are finite under our assumptions. Then we have the following

theorem

Theorem 8.4.1. Suppose (B1), (B3), (B) hold.
(a) Suppose p/n — y > 0. Then Tr(II) — ETr(II) 3 N(0, oZ).

(b) Suppose p/n — 0. Then Tr(Rn) = N(0, 0%).

Proof. (a) We use Lemmas 5.4.2 and 7.3.2. In these lemmas put

P, = Tr(II(A,, A} :u>0)), Vi>1and (8.24)
P, = Tr(I(T,,I% :u>0)), Vi>1. (8.25)

Therefore,
P) = ETr(II(A,, Af :u>0)), Vi > 1 and (8.26)

PO = ETr(IIT,,T% :u>0)), Vi> 1. (8.27)
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Also note that, by (8.25) and (8.27), we have
im E[(P; — PY) (P; — PY)] = o, Vi, j > 1. (8.28)
Therefore,

lim E(Tr(I1(T,, T% : w > 0)) — ETe(ILT,, T% - uw > 0)7

T
= lLm E(J[(P; —P?)), (by (8.25) and (8.27)
i=1
T
= lim E(l_[(PZ —P?)), (by Lemma 7.3.2(b))
i=1
)
0if T =2d — 1,
— , (by Lemma 5.4.2)
| S, [T im E[(Pyy,, = PL, ) (Pay, — P2,)], if T =24,
)
0if T =2d — 1,

- B R 3 3 , (by Lemma 7.3.2 (b))
| s, [T m E[(Pry, = PY, ) (Pay = P,)], i T = 2d.

(
0, if T=2d—1

= , (by (8.28))
k(#Sd)U%d, if T'=2d

)

0, f T'=2d—-1 ( |
- 8.29
| (total number of pair partitions of {1,2, ..., 2d})od, if T = 2d.

which is nothing but the T-th order raw moment of N'(0, 0%). This completes the
proof of (a).

(b) Similar arguments as in (a), works for (b) also. Hence we omit its proof. [J

Following are some examples and simulations to support Theorem 8.4.1.
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Example 8.4.1. Let X; = &, Vt. We consider e, ~ N,(0,1,), where ;s are

independent. Then using Theorem 8.4.1 (a), it is easy to see that, when p/n — 1,

A

Tr(Co) —n 2 N(0,2),
(@I —n+1 5 AN(0,10),
(D +10) B AN(0,4). (8.30)

Moreover, using Theorem 8.4.1 (b), it is easy to see that, when p/n — 0, we have

Tey/np= (Lo — 1) 2 N(0,1),
Try/np—1(Ty + 1) L N(0,2).

Simulation results given in Row 1 (left and right panels, Figure 8.15), Row 2 (left
panel Figure 8.15) and Row 1 (left and right panels, Figure 8.16) support the above

CONVETGENCES.

Example 8.4.2. Let X; = ¢4+ ¢;_1. Then using Theorem 8.4.1 (a), it is easy to

see that, when p/n — 1, we have
Tr(Do) —2(n—1) 3 AN(0,8).
Moreover, using Theorem 8.4.1 (b), it is easy to see that, when p/n — 0, we have

Try/np=1(Ty — 21,) 2 N(0,6),
Try/np (I + T —21,) B N(0,12).

Simulation result given in Row 2 (right panel, Figure 8.15) and Row 2 (left and

right panels, Figure 8.16) support the above convergences.
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Figure 8.15: n = p = 500 and 500 replications. Row (1) left, Row (1) right and Row (2) left
represent respectively the histogram of (Tr(T'g) — n), (Tr(I'1 %) —n+1) and Tr(T'; + 1), when

A

X: = &;. Row (2) right represents the histogram of (Tr(I'g) — 2(n — 1)), when X; = &, + 4_1.
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Now we point out briefly how the above results can be used for testing.

Application to testing. Suppose we wish to test
Hy: X, =¢4 Vt against Hy: X, =¢ +¢_1, VL.

If p/n — 1, then by Example 8.4.1, under Hy, (Tr(Ty) — n) 2 N(0,2) and under
Hy, (Tr(Ty) —2(n—1)) K N(0,8). Similarly, if p/n — 0, then by Example 8.4.2,
under Hy, Try/np=t(Ty — 1) 2 N(0,6) and under Hy, Tr\/np~1(Ty — 21,) Y
N(0,6).

Then (Tr(Iy) —n) (when p/n — 1) and Try/np=' (T —I,,) (when p/n — 0) can
be used as test statistics and large value of the test statistic will indicate rejection
of Hy. Clearly this idea can be extended to test other pairs of simple null and

alternative hypotheses for Model (3.7) and also when p/n — y # 1.

We have not pursued this idea further in this thesis. We believe this idea can
be developed further and will be extremely useful in the statistical analysis of

high-dimensional time series.
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