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Chapter 1

Introduction and summary

New technologies and methods in medical sciences, image processing and the in-

ternet, and many other fields of science generate data where the dimension is high

and the sample size is small relative to the dimension. For example, microarray

data (Dudoit et al. [2002]) contains gene expression for tens of thousands of genes

(rows) on a few observations (columns). Another example is fMRI data, which

measures the hemodynamic response in hundreds of thousands of voxels (rows)

for only a few subjects or replicates (columns). Similarly, the Netflix movie rating

data (Bennett and Lanning [2007]) contains the rating information for approxi-

mately 480,000 customers (columns) on 18,000 movies (rows). In all these cases,

the dimension is large compared to the sample size and may also increase as the

next set of measurements become available. Theoretical and practical study of

these kind of data has attracted the attention of recent researchers as most of the

methods in finite dimensional set up do not work in these cases. This thesis has

mainly focused on the following problems in high-dimensional situations. Detailed

summary of each chapter is given later.

(a) Suppose the observations {Xi : 1 ≤ i ≤ n} are identically distributed with

mean 0 and the p×p variance-covariance matrix Σp. As we are in high-dimensional

set up, the dimension p = p(n)→∞ as the sample size n→∞. The estimation

of the variance-covariance matrix Σp is crucial as many statistical analysis such as

1



Chapter 1: Introduction and summary 2

classification problem, principal component analysis are all based on the variance-

covariance matrix. In Chapter 2, we have discussed estimation of Σp when {Xi}

are ‘weakly’ dependent random vectors.

(b) High-dimensional data are often time series in nature. A very general weak

stationary high-dimensional linear time series model is the infinite dimensional

moving average process of order ∞ (MA(∞)). A key quantity in the study of

these models is the population autocovariance matrices {Γu}. In Chapter 3, we

have studied the estimation of {Γu} for infinite dimensional MA(∞) process.

(c) Next, we have explored some asymptotic properties of sample autocovariance

matrices {Γ̂u} for the infinite dimensional MA(q) (q <∞) and MA(∞) processes.

Even though these matrices are not consistent, their asymptotic properties, while

interesting in their own right, can also be used for statistical applications.

Two most natural ways to study the joint convergence of a collection of random

matrices are through

(1) Limiting spectral distribution (LSD) of any symmetric polynomial in these

matrices and,

(2) convergence of non-commutative probability space (NCP) generated by these

matrices.

Incidentally, (2) with some additional effort implies (1). In Chapter 4, we have

discussed some concepts on random matrix theory and non-commutative probabil-

ity for studying (1) and (2) above for {Γ̂u}. For more details see Section 1.3.

We have shown that for LSD and NCP convergence purpose, {Γ̂u} for MA(q)

process can be approximated by {∆u} where

∆u =
1

n

q∑
i,j=0

ψiZPi−j+uZ
∗ψ∗j , ∀u ≥ 1, (1.1)

Z is a p× n random matrix with all independent mean 0 and variance 1 entries,



3 Summary of Chapter 2

{ψj} are p× p matrices (model parameters) and Pu = ((I(j− i = u)))n×n, ∀u. In

Chapters 5 and 6, we have studied (1) and (2) above for {∆u} and indeed for more

general class of random matrices, respectively when p/n→ y > 0 and p/n→ 0.

In Chapter 7, we have used the results obtained in Chapters 5 and 6 to establish

the LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u}.

(d) Finally, in Chapter 8, we have discussed a couple of applications of our results,

obtained so far, in statistical inference:

(i) a model identification problem, namely determination of the unknown order

of infinite dimensional moving average (MA) and autoregressive (AR) processes

and,

(ii) testing of simple hypotheses by using asymptotic normality of traces of poly-

nomials in {Γ̂u, Γ̂∗u}.

A chapterwise summary of this thesis is given below.

1.1 Summary of Chapter 2

Let Xi, 1 ≤ i ≤ n, be p-dimensional identically distributed random vectors with

mean 0 and variance covariance matrix Σp. As we are in the high-dimensional set

up, the dimension p = p(n) → ∞ as the sample size n → ∞. In Chapter 2, we

have discussed estimation of Σp.

An estimator Âp,n, based on a sample of size n, is called consistent (in operator

norm) for Ap if

||Ap − Âp,n||2
P→ 0, as n→∞, (1.2)

where || · ||2 is the operator norm of a matrix.

In the finite dimensional case i.e. when p is fixed, the sample variance-
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covariance matrix Σ̂p is a consistent estimator of Σp. In high dimensional setting,

many researchers have proved that Σ̂p fails to estimate Σp consistently, even for

i.i.d. {Xi}. For examples see Johnstone [2001], Johnstone and Lu [2004], Paul

[2007] and Johnstone and Lu [2009]. Inconsistency of Σ̂p is also supported by

the simulation results given in Example 2.2.1. This inconsistency is due to the

increase in the number of unknown parameters along with the sample size. As

a remedy we need some restrictions on the parameter space and modifications

of the basic estimator Σ̂p. This modification is called covariance regularization.

There are many covariance regularization techniques available for i.i.d. observa-

tions in the literature. These have appeared while studying different aspects such

as regression, classification or principal component analysis.

One such covariance regularization is due to Bickel and Levina [2008]. It has

played a crucial role in Chapter 2 and is discussed in details in Section 2.2.1. They

have proved that, uniformly over some fairly natural well conditioned families of

covariance matrices, the suitably banded and tapered Σ̂p are consistent in the

operator norm for Σp when observations are i.i.d. and as long as n−1 log p → 0.

They have also obtained explicit rates of these convergence. For more details, see

Theorems 2.2.2 and 2.2.6.

However, the independence assumption on {Xi} is questionable and many re-

searchers have provided evidence of its lack. For examples see Owen [2005], Kle-

banov and Yakovlev [2007], Leek and Storey [2008] and Efron [2009]. Efron [2009]

proposed the matrix-variate normal distribution as a model for dependent {Xi}.

Allen and Tibshirani [2010] is the only work in this model which has estimated

Σp. In Section 2.2.2, we have briefly discussed their covariance regularization.

In Section 2.3, we have considered more general models (we call these weak

models) and have given examples of a huge class of models which are not accom-

modated by the model assumption of Allen and Tibshirani [2010] (see Examples

2.3.1-2.3.3). We have allowed dependence of appropriate nature among the ob-

servations. We have called this dependence the cross covariance strucuture. In
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this chapter we have considered three different restrictions on the cross covari-

ance structure. In the first case, the restriction is on the growth of the powers of

the trace of certain matrices derived from the cross covariance structure. In the

second case, the dependence among any two columns weakens as the lag between

them increases and in the third case we have assumed weak dependence among

the high-indexed columns. See Section 2.3.1 for details.

In the first case, we have shown that the convergence rate of the banded

estimator is the same as in the i.i.d. case of Theorem 2.2.2 (see Theorem 2.4.4)

under a trace condition. In Remarks 2.4.5-2.4.8, we have provided some sufficient

conditions that imply this trace condition.

The other two weak models do not fall under the purview of Theorem 2.4.4.

Under appropriate conditions we have obtained explicit rates of convergence for

the banded estimators (see Theorems 2.4.9 and 2.4.11). In particular, for all

three cases, the suitably banded variance-covariance matrix continues to remain

consistent in operator norm.

Banded estimators are not necessarily positive definite. So we have considered

tapered estimators that preserve the positive definiteness of the sample variance-

covariance matrix. We have obtained the rate of convergence of the tapered

estimator for all the three weak models (see Theorem 2.4.13). In particular the

tapered estimator continues to remain consistent in operator norm in these de-

pendent situations.

It is seen that the growth rate of p and the convergence rates for the tapered

and the banded estimators are in general slower than the i.i.d. case and there is

a trade-off between these rates and the extent of dependency.

1.2 Summary of Chapter 3

Next consider the high dimensional time series model. Some of the more common

existing weak stationary high-dimensional time series models in the literature are



Chapter 1: Introduction and summary 6

infinite dimensional IID processes, infinite dimensional finite order moving average

processes (MA) and infinite dimensional vector autoregressive processes (IVAR)

with i.i.d. innovations. Detailed description of the above models is available

in Forni and Lippi [2001], Forni et al. [2004] and Chudik and Pesaran [2011].

We have considered the general model, namely the infinite dimensional moving

average process of order ∞ (MA(∞)). This is given by

Xt =
∞∑
j=0

ψjεt−j, ∀t, (1.3)

where Xt and εt are p-dimensional vectors, {εt} are i.i.d. with mean 0 and p× p

variance covariance matrix Σp, {ψj} are p × p coefficient matrices. Moreover,

as in Chapter 2, the dimension p = p(n) → ∞ as the sample size n → ∞. If

ψj = 0, ∀j > q, then it is an infinite dimensional MA(q) process. The IID process

is nothing but the MA(0) process. The IVAR(r) process is given by

Xt =
r∑
i=1

AiXt−i + εt, ∀t, (1.4)

where Xt and εt are p-dimensional vectors, {εt} are i.i.d. with mean 0 and p× p

variance covariance matrix Σp, {Ai} are p× p parameter matrices. Under appro-

priate conditions on {Ai}, (1.4) can also be expressed in the form of (1.3). In

Section 3.2, we have briefly described all the above models. The dimension of the

above models are not infinite but tends to ∞ with the sample size. However, it

has become customary to call them “infinite dimensional”.

A key quantity in these models is the sequence of population autocovariance

matrices

Γu = E(XtX
∗
t+u), ∀u ≥ 0. (1.5)

In Chapter 3, we have discussed estimation of {Γu} for the process (1.3). Since the
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size of the population autocovariance matrices {Γu} increases as p = p(n) → ∞,

the number of unknown parameters (entries in {Γu}) increases. Consequently,

just like the sample variance-covariance matrix in Chapter 2, the sample autoco-

variance matrices

Γ̂u =
1

n

n−u∑
t=1

XtX
∗
t+u, ∀u ≥ 0 (1.6)

fail to consistently estimate {Γu}.

The existing works on high-dimensional time series have not dealt with the

estimation of {Γu}. From the experience of Section 1.1, to get consistent esti-

mators of {Γu} we need two things – suitable restrictions on {ψj} and Σp and,

appropriate modifications such as banding or tapering on sample autocovariance

matrices {Γ̂u}. In Section 3.3, Theorems 3.3.1 and 3.3.2 provide some restrictions

on {ψj} and Σp under which the appropriately banded and tapered version of Γ̂0 is

consistent for Γ0. These restrictions are directly borrowed from the developments

of Chapter 2 and are seen to be cumbersome and often very difficult to check in

general unless there is some additional structure in the model (1.3). Theorems

3.3.1 and 3.3.2 is also silent about other autocovariance matrices.

In Section 3.4, we have identified another appropriate parameter space for {ψj}

and Σp to estimate {Γu} for the model (1.3). In Theorem 3.5.1, we have established

consistency of the banded and tapered {Γ̂u} under the Gaussian assumption, when

n−1 log p→ 0. We have also derived the convergence rate of these estimators.

As we have discussed earlier, the infinite dimensional MA(q) and IVAR(r)

processes are special cases of the model (1.3). Theorems 3.4.5 and 3.4.6 provide

appropriate parameter spaces respectively for the matrices {Σp, ψj : 0 ≤ j ≤ q}

and {Σp, Ai : 1 ≤ i ≤ r} so that population autocovariance matrices of the MA(q)

and IVAR(r) processes can be consistently estimated. Under these parameter

spaces and the Gaussian assumption on the driving process, Theorems 3.5.5 and

3.5.6 state that the banded and tapered {Γ̂u} are also consistent for {Γu}, when
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n−1 log p → 0. Using this consistency, in Section 3.5.1, we have also shown how

to obtain consistent estimators for the parameter matrices {Ai : 1 ≤ i ≤ r} of the

IVAR(r) process.

Finally, in Section 3.5.2, we have relaxed the Gaussian assumption on {εt} and

replaced it by an appropriate condition on the moment generating function. To

support our results, some simulations are given in Section 3.6. Our simulations

have shown that the convergence rate obtained in Theorem 3.5.8 is quite sharp.

In the subsequent chapters, we have explored further asymptotic properties of

{Γ̂u}. Even though these matrices are not consistent, their asymptotic properties,

while interesting in their own right, can also be used for statistical applications.

1.3 Summary of Chapter 4

Note that {Γ̂u} are random matrices. A most natural way to look at the large

sample behaviour of a collection of random matrices is to study the limiting spec-

tral distribution (LSD) of their polynomials. The empirical spectral distribution

(ESD) of an n × n (random) matrix Rn is the (random) probability distribution

with mass 1/n at each of its eigenvalues. If it converges weakly (almost surely or

in probability) to a (non-degenerate) probability distribution, then the latter is

called the limiting spectral distribution (LSD) of Rn. LSD results for various ran-

dom matrices have occupied a central position in the literature of random matrix

theory (RMT). The so called spectral statistics, useful in statistical application,

are functions of this spectral distribution. In case of infinite dimensional moving

average processes, many researchers have observed that, under some assumptions,

the ESD of Γ̂u+Γ̂∗u (after appropriate normalization) converges weakly. For exam-

ple see Liu et al. [2015] and Wang et al. [2015]. Such results are useful in statistical

inference. Therefore, the study of the limiting spectral property of {Γ̂u} is very

important.
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In Section 4.2, we have discussed some basic concepts in RMT such as neces-

sary definitions and results with examples, Stieltjes transformation method and

moment method to obtain LSD and existing results in the literature, which are

relevant to us. We have focussed on the LSD of only symmetric matrices. The

LSD of non-symmetric matrices are in general very hard and only a very few

results are known in very specific models.

Two specific matrices play a central role in RMT — the Wigner matrix and

the independent matrix. A Wigner matrix of order p, Wp is a square symmetric

random matrix with independent mean 0 variance 1 entries on and above the

diagonal. An independent matrix of order p × n, Z is a rectangular matrix with

all independent mean 0 and variance 1 entries.

Let Ap be a p× p symmetric non-negative definite matrix, whose LSD exists.

In the literature of Wigner matrix, under appropriate moment assumption on the

entries of Wp, the LSD of the following matrices are known (a) p−1/2Wp (see for

example Anderson et al. [2009]) and (b) p−1/2A
1/2
p WpA

1/2
p (Bai and Zhang [2010]).

The classical RMT model for Z assumes p = p(n)→∞ as n→∞ and

p

n
→ y ∈ [0,∞). (1.7)

For the y > 0 case, under appropriate moment assumption on the entries of Z, the

LSD of the following matrices are known (c) n−1ZZ∗ (Bai and Silverstein [2009])

and (d) n−1A
1/2
p ZZ∗A

1/2
p (Bai and Silverstein [2009]).

The LSD results for the case y = 0 are quite different from the case y > 0.

Let {Bn} be n × n square symmetric norm bounded non-negative matrices with

limn n
−1Tr(Bk

n) < ∞, k = 1, 2. Under appropriate moment assumption on the

entries of Z, the LSD of the following matrices are known (e)
√
np−1(n−1ZZ∗ −

I) (Bai and Yin [1988]), (f)
√
np−1(n−1A

1/2
p ZZ∗A

1/2
p − A) (Bao [2012]) and (g)√

np−1(n−1A
1/2
p ZBnZ

∗Z
1/2
P − n−1Tr(Bn)Ap) (Wang and Paul [2014]). Moreover,

LSD of (e) and (f) are respectively identical with the LSD of (a) and (b) above.
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All the above results have been derived using Stieltjes transform method. As

discussed earlier, for a collection of random matrices, we wish to study the LSD

of all (symmetric) polynomials in these matrices. The Stieltjes transform method

can deal with one polynomial at a time. We have used the moment method which

in conjunction with the tools from the non-commutative probability theory, has

provided a unified way to study all symmetric polynomials together.

In Section 4.3, we have collected all the necessary concepts and results in

non-commutative probability theory. The joint convergence of a class of random

matrices can be done in the framework of non-commutative ∗-probability spaces

(NCP) generated by them. A non-commutative ∗-probability space (NCP) (A, ϕ)

consists of a unital ∗-algebra A and a linear functional ϕ : A → C (called state of

A) with ϕ(1A) = 1. Elements of A are called (non-commutative) variables.

Let {ai, a∗i : i ≥ 1} ⊂ A. Then

Span{ai, a∗i : i ≥ 1} = {Π(1A, ai, a
∗
i : i ≥ 1) : Π is a polynomial}. (1.8)

Note that Span{ai, a∗i : i ≥ 1} forms a ∗-sub algebra of A and is an NCP with the

same state ϕ.

Let AN = Span{a(N)
i , a

∗(N)
i : i ≥ 1}, ∀ N ≥ 1 and A = Span{ai, a∗i : i ≥ 1}.

We say that the sequence of NCP {(AN , ϕN)}∞N=1 converges to (A, ϕ) if for any

polynomial Π and t ≥ 1

lim
N→∞

ϕN

(
Π(a

(N)
i , a

∗(N)
i : 1 ≤ i ≤ t)

)
= ϕ (Π(ai, a

∗
i : 1 ≤ i ≤ t)) . (1.9)

For a collection of p×p random matrices {Ai : i ≥ 1}, we are interested in the

convergence of the sequence of NCP (Span{Ai, A∗i : i ≥ 1}, p−1ETr) as p → ∞.

Moreover, convergence of NCP is closely related to the convergence of the spectral

distribution of a matrix. To establish the LSD of a p×p symmetric random matrix

Ap by the moment method, a crucial step is to show lim p−1ETr(Akp) <∞, ∀k ≥ 1.
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Therefore, the convergence of the NCP (Span{Ap}, p−1ETr) with some additional

effort, yields the limiting eigenvalue distribution of Ap. Similarly, for a collection

of p× p random matrices {Ai : i ≥ 1}, the convergence of the NCP (Span{Ai, Ai :

i ≥ 1}, p−1ETr) with some additional effort, yields the LSD of any symmetric

polynomial in {Ai, A∗i : i ≥ 1}.

To describe the limiting NCP and LSD, we have often used non-commutative

free variables. Free variables are analogue of independent variables in commutative

probability.

1.4 Summary of Chapter 5

In Chapter 5, we have put to use the machinery developed in Chapter 4 to study

the LSD of any symmetric polynomial in the sample autocovariance matrices {Γ̂u},

along with their joint convergence.

For that we have first expressed these matrices in a suitable form. Recall

the independent matrix Z defined in Section 1.3 and the sequence of coefficient

matrices {ψj} in (1.3). Let {Pj : j = 0,±1,±2, . . .} be a sequence of n×n matrices

where Pj has entries equal to one on the j-th upper diagonal and 0 otherwise. Note

that P0 = In where In is the n× n identity matrix, and Pj = P ∗−j, ∀j. Define

∆u =
1

n

q∑
j,j′=0

ψjZPj−j′+uZ
∗ψ∗j′ , ∀u = 0, 1, 2, . . . . (1.10)

In Chapter 7, we have proved that {∆u} approximates {Γ̂u} as far as the LSD

and joint convergence are concerned. With this in mind, first we have studied the

matrices {∆u} in Chapters 5 and 6 respectively for the cases p/n → y > 0 and

p/n→ 0.

Indeed we have broadened our scope significantly and have dealt with a more

general set up where we have

1. more than one independent matrices,
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2. any n× n matrices between Z and Z∗ instead of typical matrices {Pj} and

3. polynomials which contain several (possibly independent) (Z,Z∗) pairs.

Suppose we have matrices Zu = ((εu,t,i))p×n, 1 ≤ u ≤ U , where {εu,t,i :

u, i, j ≥ 0} are independent with mean 0 and variance 1. Note that each Zu is an

independent matrix and moreover, they are independent among themselves.

Also suppose {B2i−1 : 1 ≤ i ≤ K} and {B2i : 1 ≤ i ≤ L} are constant matrices

of order p× p and n× n respectively.

Consider all p× p matrices

Pl,(ul,1,ul,2,...,ul,kl ) =

kl∏
i=1

(
n−1Al,2i−1Zul,iAl,2iZ

∗
ul,i

)
Al,2kl+1, (1.11)

where {Al,2i−1}, {Al,2i} and {Zul,i} are matrices from the collections {B2i−1 : 1 ≤

i ≤ K}, {B2i : 1 ≤ i ≤ L} and {Zi : 1 ≤ i ≤ U} respectively. As the sample

variance-covariance matrix n−1ZZ∗ (without centering) is a special case of the

above matrices, we have called them generalized dispersion matrices.

Consider the sequence of NCP (Up, p−1ETr), where

Up = Span
(
Pl,(ul,1,...,ul,kl ) : l, kl ≥ 1

)
. (1.12)

Here we are interested in the convergence of (Up, p−1ETr). For this it is convenient

to use embedding.

Recall the Wigner matrix in Section 1.3. We have first embedded Zu into a

Wigner matrix Wu of order (n+ p). Thus

Wu =

(
W

(1u)
p×p Zu

Z∗u W
(2u)
n×n

)
, (1.13)

where {W (iu) : i = 1, 2, u ≥ 1} are independent Wigner matrices and are inde-

pendent of {Zu}.
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For any matrices B and D of order p and n respectively, let B̄ and D of order

(n+ p) be the matrices

B̄ =

(
B 0

0 0

)
, D =

(
0 0

0 D

)
. (1.14)

It is easy to see that

P̄l,(ul,1,ul,2,...,ul,kl ) =

kl∏
i=1

(
n−1Āl,2i−1Wul,iAl,2iW

∗
ul,i

)
Āl,2kl+1. (1.15)

Consider the sequence of NCP (Ūp, (n+ p)−1ETr), where

Ūp = Span
(
P̄l,(ul,1,...,ul,kl ) : l, kl ≥ 1

)
. (1.16)

Convergence of (Ūp, (n + p)−1ETr) is easy to describe by using tools from non-

commutative probability, discussed in Chapter 4. Then we have expressed the

limit of (Up, p−1ETr) in terms of the limit of (Ūp, (n+ p)−1ETr).

In Section 5.2.2, we have provided the idea behind the limit. Then in Theorem

5.3.1 we have stated the result on convergence of (Ūp, (n + p)−1ETr) and (Up,

p−1ETr). The limiting NCP can be expressed in terms of some free variables.

As discussed in Section 1.3, NCP convergence with some additional effort guar-

antees existence of the LSD. Theorem 5.4.1 states that the LSD of any symmetric

polynomial in {Pl,(ul,1,ul,2,...,ul,kl )} exists and the limit can be expressed in terms of

some freely independent variables.

Consider the polynomials ∆ ∈ Up of the form

∆ =
1

n

q∑
i=1

B4i−3ZB2iZ
∗B4i−1. (1.17)

We have assumed appropriate conditions on {Bi} so that ∆ is symmetric.

Note that all the existing LSD results in the literature, discussed in Chapter
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4 (see (c) and (d) in Section 1.3), are for random matrices which are special cases

of ∆. Moreover, the matrices {∆u}, which are defined in (1.10) and which will

approximate {Γ̂u}, are also special cases of ∆.

However, most of the existing LSD discussed in Chapter 4 (see (c) and (d)

in Section 1.3) are in terms of Stieltjes transform. Therefore to show that these

results follow from Theorem 5.4.1, we have investigated the Stieltjes transform of

the LSD of ∆. In Theorem 5.4.5, we have provided the Stieltjes transform of the

LSD of ∆. In Section 5.4.2, we have shown how the existing LSD results ((c) and

(d) in Section 1.3)) in the literature follow as special cases of our LSD results.

1.5 Summary of Chapter 6

In Chapter 6, we have studied {Pl,(ul,1,ul,2,...,ul,kl )} defined in (1.11) as p, n(p)→∞,

p/n → 0. The embedding technique that we have used in Chapter 5, does not

work in this case as here the growth of p and n are not comparable. Moreover,

very different centering and scaling of {Pl,(ul,1,ul,2,...,ul,kl )} are needed to get non-

degenerate and non-trivial limits. Define the centered and scaled matrices

Rl,(ul,1,...,ul,kl )
= (n/p)1/2(Pl,(ul,1,ul,2,...,ul,kl ) −Gl,kl), where (1.18)

Gl,kl =

( kl∏
i=1

n−1Tr (Al,2i)

) kl∏
i=0

Al,2i+1 (1.19)

are the centering matrices. We have then considered the convergence of the se-

quence of NCP (Vp, p−1ETr) as p, n(p)→∞, p/n→ 0, where

Vp = Span{Rl,(ul,1,...,ul,kl )
: l, kl ≥ 1}. (1.20)

In Section 6.2.2, we have shown why {Gl,kl} is the correct centering and
√
np−1 is

the correct scaling. In Section 6.2.3, we have discussed the idea behind the limit.

Then in Theorem 6.3.1, we have stated the result on convergence of this sequence
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of NCP. The limiting NCP can be expressed in terms of some free variables. In

Theorem 6.4.1, we have stated that the LSD of any symmetric polynomial in

{Rl,(ul,1,...,ul,kl )
} exists and have expressed it in terms of free variables. In Section

6.4.1, Theorem 6.4.2, we have derived the Stieltjes transform of this LSD. We

have also shown how the existing LSD results in the literature (see (e), (f) and

(g) in Section 1.3) follow as special cases of our LSD results.

1.6 Summary of Chapter 7

In Chapter 7, we have applied our results of Chapters 5 and 6 to show existence

of the LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u} for the infinite dimensional

MA processes. In the literature, such results are known only for the particular

polynomial {Γ̂u + Γ̂∗u} and under very strong assumptions.

In Theorems 7.3.1, 7.3.4, 7.3.15 and 7.3.17, we have shown that under most

natural assumptions, the LSD of any symmetric polynomial in {Γ̂u} exists for both

the cases p/n → y > 0 and p/n → 0. Moreover, apparently for the first time in

the literature, we have described the limits in terms of some free variables. Finally

we have shown how the existing results follow from our results under significantly

weaker conditions.

1.7 Summary of Chapter 8

The results obtained in Chapter 7 have plenty of potential for application in high-

dimensional time series. In Chapter 8, we have discussed a couple of applications:

1. a model identification problem, namely determination of the unknown or-

der of infinite dimensional moving average (MA) and autoregressive (AR)

processes and,

2. testing of hypotheses using asymptotic normality of traces of polynomials.
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In the univariate set up, a plot of the sample autocovariances provides a

method to identify the order of an MA process. If the sample autocovariances

are almost equal to zero for order u > q̂, then q̂ is taken to be an estimator of the

unknown order. A similar method that uses the sample partial autocovariances, is

also applicable for AR processes. The theoretical support for this method is the

fact that the population autocovariances of order greater than q are all zero for

an MA(q) process. Similarly, for an AR(r) process, population partial autocovari-

ances of order greater than r vanish. Moreover, since the sample autocovariances

are consistent for the population autocovariances, for large enough sample size,

the sample autocovariances are close to population autocovariances.

In the high-dimensional setting, no equivalent method seems to be available

in the literature to determine the unknown order of MA and AR processes. The

above method cannot be extended naively since, as we have seen in Chapter 3,

the sample autocovariance matrices {Γ̂u} are not consistent for the population

autocovariance matrices {Γu}. Nevertheless, we have shown that {Γ̂u} can be

used graphically for order determination of high-dimensional processes.

For the infinite dimensional MA(q) process, when p/n → y > 0, a result

in Chapter 7 has guaranteed that for large sample size, ESD of Γ̂uΓ̂
∗
u are close

for u > q and different for 0 ≤ u ≤ q. When p/n → 0, a similar result for√
np−1(Γ̂u+Γ̂∗u−Γu−Γu) has also been guaranteed by a result in Chapter 7. This

property of sample autocovariance matrices has been used to identify graphically

the unknown order of an MA process. For more details see Section 8.2.

To apply a similar idea to an AR(r) process defined in (1.4) with unknown

parameter matrices, we first needed consistent estimators of the parameter ma-

trices {Ai : 1 ≤ i ≤ r}. Note that we have already obtained such estimators in

Chapter 3. Let us denote these estimators by {Â(r)
i : 1 ≤ i ≤ r}. Now, suppose r

is unknown. Consider the residual process {ε̂(s)
t } after fitting the AR(s) process

using {Â(s)
i : 1 ≤ i ≤ s}. In Theorem 8.3.1 and Remark 8.3.2, we have argued that

the residual process {ε̂(s)
t } behaves like an MA(0) process if and only if s = r, the
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true order of the AR process. We have used these results to identify graphically

the unknown order of an AR processes.

Linear spectral statistics of a random matrix M are of the form 1
n

∑n
i=1 f(λi)

where {λi} are eigenvalues of M and f is a “suitable” function. Such statistics

have been discussed in Diaconis and Evans [2001], Bai and Silverstein [2004] and

Bai et al. [2009]. Asymptotic normality of these statistics is extremely useful in

statistical inference. While we have not discussed these statistics in general in

this thesis, we have dealt with a specific spectral linear statistics, namely traces

of polynomials in sample autocovariance matrices. In Section 8.4, we have estab-

lished the asymptotic normality of these statistics and have suggested how it may

be used for testing problems in high-dimensional time series.



Chapter 2

Estimation of large dispersion matrix for

dependent observations

2.1 Introduction

In Chapter 1, we have discussed how high dimensional data are becoming more

prevalent with the advent of new methods and technologies in bio-sciences, image

processing, social network system and internet. Often these data are represented

in the form of a p× n matrix, called a data matrix, as follows:

Xp×n =


x11 x12 x13 . . . x1n

x21 x22 x23 . . . x2n

...
...

...
...

...

xp1 xp2 xp3 . . . xpn

 (2.1)

where the dimension p is assumed to be increasing with the sample size n i.e.,

p = p(n) → ∞ as n → ∞. Let Cip = (x1i, x2i, . . . , xpi)
∗, 1 ≤ i ≤ n, be the

i-th column of the data matrix X. Throughout this chapter, we assume that

{Cip} are identically distributed with mean 0 and variance-covariance matrix Σp.

In Chapter 1, we have provided the motivation that in the multivariate set up,

estimation of Σp is crucial as many statistical procedures such as classification

problem, principal component analysis are all based on the variance-covariance

18
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matrix. In this chapter, we shall discuss estimation of Σp when {Cip} are ‘weakly’

dependent random vectors and when n, p = p(n)→∞. In particular, we assume

n−1 log p→ 0 i.e. p is allowed to increase at an exponential rate of n. The meaning

of ‘weak’ dependence will be clear later in Section 2.3.1.

In the finite dimensional case i.e. when p is fixed, the sample variance-

covariance matrix is a consistent estimator of Σp. In high dimensional setting,

many researchers have shown that the sample variance-covariance matrix fails

to estimate the population variance-covariance matrix consistently (where consis-

tency is defined in some natural way), even for i.i.d. {Cip}. This is also supported

by the simulation results given in Example 2.2.1. This is due to the increase in the

number of unknown parameters along with the sample size. As a remedy we need

some restrictions on the parameter space and modifications of the basic estima-

tor, the sample variance-covariance matrix. This modification is called covariance

regularization. There are many covariance regularization techniques available for

i.i.d. observations in the literature. These have appeared while studying different

aspects such as regression, classification or principal component analysis.

One such covariance regularization is due to Bickel and Levina [2008]. It shall

play a crucial role in this chapter and is discussed in details in Section 2.2.1. They

proved that the suitably banded and tapered sample variance-covariance matrices

are consistent in the operator norm for the population variance-covariance matrix

as long as n−1 log p → 0, uniformly over some fairly natural well conditioned

families of covariance matrices. They also obtained the explicit rates of these

convergences. For more details, see Theorems 2.2.2 and 2.2.6.

However, the independence assumption on {Cip} is questionable and many

researchers have provided evidence of its lack. Efron [2009] proposed the matrix-

variate normal distribution as a model for dependent {Cip}. Allen and Tibshirani

[2010] is the only work in this model which estimates Σp. In Section 2.2.2, we

briefly discuss their covariance regularization.

In Section 2.3, we consider more general models (we call these weak models)
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and give examples of a huge class of models which are not accommodated by

the model assumption of Allen and Tibshirani [2010] (see Examples 2.3.1-2.3.3).

We allow dependence of appropriate nature between the columns. We call this

dependence the cross covariance strucuture. In this chapter we consider three

different restrictions on cross covariance structures. In the first case, the restriction

is on the growth of the powers of the trace of certain matrices derived from the

cross covariance structure. In the second case, the dependence among any two

columns weakens as the lag between them increases and in the third case we

assume weak dependence among the high-indexed columns. See Section 2.3.1 for

details.

In the first case, we show that the convergence rate of the banded estimator

is the same as in the i.i.d. case of Theorem 2.2.2 (see Theorem 2.4.4) under a

trace condition. In Remarks 2.4.5-2.4.8, we also provide some sufficient conditions

that imply this trace condition. The other two weak models do not fall under

the purview of Theorem 2.4.4. Under appropriate conditions we obtain explicit

rates of convergence for the banded estimators (see Theorems 2.4.9 and 2.4.11).

In particular, for all three cases, the suitably banded variance-covariance matrix

continues to remain consistent in operator norm.

Banded estimators are not necessarily positive definite. So we consider tapered

estimators that preserve the positive definiteness of the sample variance-covariance

matrix. In Theorem 2.4.13, we obtain the rates of convergence of the tapered

estimator for all the three weak models defined in Section 2.3.1. In particular

the tapered estimator continues to remain consistent in operator norm in these

dependent situations.

The growth rate of p and the convergence rates for the tapered and the banded

estimators are in general slower than the i.i.d. case and there is a trade-off between

these rates and the extent of dependency.

The main material of this chapter is taken from Bhattacharjee and Bose [2014a].
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2.2 A brief literature review: some necessary re-

sults and motivation

For better understating of our models and assumptions for dependent {Cip}, let

us first discuss the standard case when {Cip} are i.i.d. with mean 0 and variance-

covariance matrix Σp. The natural estimator of Σp that one can immediately talk

about is the sample variance-covariance matrix:

Σ̂p,n =
1

n

n∑
i=1

CipC
∗
ip. (2.2)

(Throughout this thesis, we deal with only real vectors and matrices. By ∗, here

we mean ‘transpose’ of vectors or matrices.) For each n ≥ 1, this is a moment

estimator of Σp.

For any square matrix Ap of order p, define

λmax(Ap) = the largest eigenvalue of Ap. (2.3)

The L2 norm or the operator norm of Ap is defined as

||Ap||2 =
√
λmax(A∗pAp). (2.4)

Let
P→ denote convergence in probability. An estimator Âp,n, based on a sample

of size n, is called consistent in operator norm for Ap if

||Ap − Âp,n||2
P→ 0, as n→∞. (2.5)

Throughout this thesis, by consistent estimator we always mean consistency in

operator norm unless otherwise explicitly mentioned.

It is well known that, in finite dimensional set up, Σ̂p,n is consistent for Σp. But

in case of high dimensional set up, as discussed in Chapter 1, many researchers
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have shown that Σ̂p,n may turn out to be a very bad estimator of Σp. The following

simulation results also support this.

For any matrix M of order k × l, let

M(i, j) = mij = the (i, j)-th element of M, ∀1 ≤ i ≤ k, 1 ≤ j ≤ l. (2.6)

We often write

M = ((mi,j))k×l or M = ((M(i, j)))k×l. (2.7)

For a given sequence {ai}, let diag(a1, a2, . . . , ak)k×k be the diagonal matrix of

order k with diagonal elements {a1, a2, . . . , ak}. Let

Ik = diag(1, 1, . . . , 1)k×k, (2.8)

Jk = ((1))k×k. (2.9)

Example 2.2.1. We choose three different Σp, namely Σ1,p = diag(1, 2, . . . , p),

Σ2,p = diag(1, 2−1, . . . , p−1) and Σ3,p = 0.5Ip + 0.5Jp. Take p = [en
0.2

] and n =

10, 15, 20, 25. For each n, consider independent random samples {Xijk : i =

1, 2, 3, 1 ≤ j ≤ n, 1 ≤ k ≤ 1000}, where

Xijk ∼ Np(0,Σi,p). (2.10)

For each choice of n, we compute

Rin =
1

1000

1000∑
k=1

|| 1
n

n∑
j=1

XijkX
∗
ijk − Σi,p||2. (2.11)

The simulation results are reported in the following table.
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Table 1: value of {Rin : i = 1, 2, 3, n = 10, 15, 20, 25}

n 10 15 20 25

p 8 21 55 149

R1n 7.042 45.687 274.339 1769.052

R2n 6.415 18.288 50.329 81.486

R3n 17.027 38.312 78.915 195.877

The increasing value of {Rin} with increase in n indicates that the sample

variance-covariance matrix fails to estimate the population variance-covariance

matrices consistently in the high dimensional setting.

Note that the total number of “parameters” in Σp is same as the total number

of entries on or above the diagonal of Σp and equals 0.5p(p + 1). In high dimen-

sional setting, inconsistency of Σ̂p,n is due to the increasing number of unknown

parameters. Therefore, appropriate restrictions/modifications on Σp and Σ̂p,n be-

come necessary to obtain a consistent estimator of Σp. This is known as covariance

regularization. In Chapter 1, we have discussed different covariance regularization

techniques which have been used for regression or classification problem in the

literature of high dimensional data/model for i.i.d. observations. In the following

subsection, we review covariance regularization by Bickel and Levina [2008] in

details as we shall use their techniques later in this chapter.

2.2.1 Covariance regularization by Bickel and Levina [2008]

They assumed that

Cip
i.i.d.∼ Np(0,Σp), ∀p. (2.12)

For any square matrix Ap of order p, define

λmin(Ap) = smallest eigenvalue of Ap. (2.13)
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Note that in Example 2.2.1, we considered three different kinds of dispersion

matrices, where

sup
p
λmax(Σ1,p) =∞, inf

p
λmin(Σ2,p) = 0 (2.14)

and dependence among the i-th and j-th variables in Σ3,p does not decrease with

increase in |i− j|. In all these cases, the above simulation shows very bad results.

The parameter space considered by Bickel and Levina [2008] does not allow these

kinds of variance-covariance matrices. They considered dispersion matrices which

are well conditioned and have polynomially decaying corners. Such classes of

matrices are defined as below.

For all k ≥ 1, let {Ak} be a nested sequence of square matrices where Ak is of

order k. Define

A∞ = the ∞×∞ extension of the sequence of matrices {Ak}

in the sense that for all k ≥ 1, Ak is the k × k sub-matrix

constructed by the first k rows and columns of A∞. (2.15)

Note that the relation between A∞ and {Ak} is a bijection.

Well conditioned dispersion matrices. A dispersion matrix Σ∞ is called well

conditioned if its eigenvalues are bounded away from both 0 and ∞. For any

ε > 0, the set of all ε-well conditioned dispersion matrices is given by:

W(ε) = {Σ∞ : 0 < ε < inf
p
λmax(Σp) ≤ sup

p
λmax(Σp) < ε−1 <∞}. (2.16)

Hence, a dispersion matrix Σ∞ is well conditioned if

Σ∞ ∈ W :=
⋃
ε>0

W(ε). (2.17)
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Clearly, this class of dispersion matrices avoids matrices like Σ1,p and Σ2,p.

Dispersion matrices with polynomially decaying corner. This class of

matrices guarantees weak dependence among i-th and j-th variables when |i− j|

becomes large. For this purpose, define the k-corner measure of a square matrix

A = ((aij)) as

T (A, k) = sup
j

∑
i:|i−j|>k

|aij|. (2.18)

This is nothing but the maximum column sum of the matrix ((aijI(|i − j| > k))

derived from A. To quantify the weak dependence among i-th and j-th variable for

large |i− j|, the corner measure T (Σ∞, k) should decay as k grows. A dispersion

matrix Σ∞ is said to have a polynomially decaying corner, if

Σ∞ ∈ X :=
⋃

α,C>0

X (α,C), where (2.19)

X (α,C) = {A : T (A, k) ≤ Ck−α, ∀k ≥ 1}, α, C > 0. (2.20)

Clearly, the class X avoids matrices like Σ3,p.

Let

U =
⋃

ε,α,C>0

U(ε, α, C), where (2.21)

U(ε, α, C) = W(ε) ∩ X (α,C), ε, α, C > 0. (2.22)

Bickel and Levina [2008] gave consistent estimator of the dispersion matrix Σ∞

in the class U . We shall quote their results later but first some examples.

Example 2.2.2. For a symmetric Toeplitz matrix T = ((tij = t|i−j|)), its spectral

density is given by (assuming
∑∞

u=−∞ |tu| <∞)

fT (x) =
∞∑

u=−∞

tue
iux, ∀ 0 ≤ x < 2π.
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For a function f on a domain A, we define

||f ||∞ = sup
x∈A
|f(x)|. (2.23)

Let f (m) denote the m-th order derivative of f .

For any ε, C > 0 and m ≥ 1, consider the following class of Toeplitz variance-

covariance matrices as

L(ε,m,C) = {Σ∞ = ((σij)) : σij = σ|i−j| with spectral density fΣ∞ ,

0 < ε < ||fΣ∞||∞ < ε−1, ||f (m)
Σ∞
||∞ ≤ C}.

Bickel and Levina [2008] proved that

L(ε,m,C) ⊂ U(ε,m− 1, C). (2.24)

Example 2.2.3. For any ε,m,m2, C, C1, C2 > 0 and m1 ≥ 1, consider the fol-

lowing class of dispersion matrices as

K(m,C) = {Σ : σii ≤ Ci−m, ∀i},

T (ε,m1,m2, C1, C2) = {Σ∞ = A+B : A ∈ L(ε,m1, C1), B ∈ K(m2, C2)}.

Bickel and Levina [2008] proved that

T (ε,m1,m2, C1, C2) ⊂ U(ε′, α, C3), where

ε′ ≤ ε−1 + C2

α ≤ min{m1 − 1, 0.5m2 − 1}

C3 ≤
C1

m1 − 1
+

C2

0.5m2 − 1
.

Note that, the sample variance-covariance matrix Σ̂p,n, defined in (2.2), cannot

be consistent for Σ∞ ∈ U . This is partially because Σ̂p,n has no control over its
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corner entries. To have control over the corners of Σ̂p,n, Bickel and Levina [2008]

considered banded and taperd version of the sample variance-covariance matrices

defined as below.

Banding. For any square matrix M = ((mij)), the k-banded version of M is

given by the matrix

Bk(M) = ((mijI(|i− j| ≤ k))). (2.25)

This provides control over the corners of a matrix by choosing the banding param-

eter k appropriately.

The banded version of a matrix has a connection with its corner measure

defined in (2.18). To understand this, consider the (1, 1) norm of the matrix M

as

||M ||(1,1) = sup
j

∑
i≥1

|mij|. (2.26)

This is nothing but the maximum column sum of the matrix M . Then the fol-

lowing lemma is immediate.

Lemma 2.2.1. If M ∈ X (α,C), then ||Bk(M)−M ||(1,1) = T (M,k) ≤ Ck−α.

Bickel and Levina [2008] proved that, when n, p = p(n) → ∞ such that

n−1 log p→ 0, the appropriately banded version of the sample variance-covariance

matrix Σ̂p,n is consistent in operator norm for the population variance-covariance

matrix Σp provided Σ∞ ∈ U(ε, α, C). Obviously the choice of the banding param-

eter k will depend on both n and the rate of decay of the corners of Σ∞ i.e., on α.

Let us denote it by kn,α. The following theorem due to Bickel and Levina [2008]

provides a right choice for kn,α. For convenience of our further discussions, we shall

discuss the detailed proof of Theorem 2.2.2. Let {an} and {bn} be two positive

sequences. Then by an � bn, we mean −∞ < K1 < liman
bn
≤ ¯liman

bn
≤ K2 <∞.
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Theorem 2.2.2. (Bickel and Levina [2008]) Suppose {Cip} satisfies (2.12) and

Σ∞ ∈ U(ε, α, C). Then for kn,α � (n−1 log p)−
1

2(1+α) ,

||Bkn,α(Σ̂p,n)− Σp||2 = OP (k−αn,α). (2.27)

To prove Theorem 2.2.2, we need the following two lemmas. For any square

symmetric matrix M = ((mij)), let

cj(M) = the number of non-zero entries in the j-th column of M. (2.28)

Define the || · ||∞ norm of M as

||M ||∞ = max
i,j
|mij|. (2.29)

Lemma 2.2.3. (Golub and van Loan [1996]) ||M ||2 ≤ ||M ||(1,1) ≤ (supj cj(M))||M ||∞.

Lemma 2.2.4. (Saulis and Statulevičius [1991]) Let χ2
n be a centered chi-square

variable with n degrees of freedom. Then

P (|χ2
n − n| ≥ x) ≤ e−

x2

4(2n+x) , ∀x > 0. (2.30)

Now we are prepared to discuss the proof of Theorem 2.2.2 as given in Bickel and

Levina [2008].

Proof of Theorem 2.2.2.

Step 1. Since || · ||2 is a norm, by triangle inequality, we have

||Bkn,α(Σ̂p,n)− Σp||2 ≤ ||Bkn,α(Σ̂p,n)−Bkn,α(Σp)||2 + ||Bkn,α(Σp)− Σp||2. (2.31)
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Step 2. By Lemma 2.2.1,

||Bkn(Σp)− Σp||2 = T (Σ, kn,α) = O(k−αn,α). (2.32)

Step 3. Recall cj(M) in (2.28). By Lemma 2.2.3, as

sup
j
cj(Bkn,α(Σ̂p,n)−Bkn,α(Σp)) ≤ kn,α,

we have

||Bkn,α(Σ̂p,n)−Bkn,α(Σp)||2 ≤ kn,α||Bkn,α(Σ̂p,n)−Bkn,α(Σp)||∞ (2.33)

≤ kn,α||Σ̂p,n − Σp||∞. (2.34)

Step 4. In this step, we prove

||Σ̂p,n − Σp||∞ = OP (
√
n−1 log p). (2.35)

Proof. To show (2.35), we first prove that for some C1, C2 > 0,

P (||Σ̂p,n − Σp||∞ ≥ tn) ≤ C1p
2e−C2nt2n , if {tn} is bounded. (2.36)

To prove (2.36), note that

P (||Σ̂p,n − Σp||∞ ≥ tn) (2.37)

≤ P (max
j,k
| 1
n

n∑
i=1

XijXik − σjk| ≥ tn), by (2.29)

= P

(⋃
j,k

[
| 1
n

n∑
i=1

XijXik − σjk| ≥ tn

])

≤
∑
j,k

P

(
| 1
n

n∑
i=1

XijXik − σjk| ≥ tn

)
, by Boole’s inequality.
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Let us define, for all 1 ≤ i ≤ n and 1 ≤ j, k ≤ p,

Zij =
Xij√
Σjj

, ρjk =
σjk√
Σjjσkk

, (2.38)

U i
jk =

(
Zij + Zik√

2 + 2ρjk

)
, V i

jk =

(
Zij − Zik√

2− 2ρjk

)
, (2.39)

Ujk = (U1
jk, U

2
jk, . . . , U

n
jk)
∗, Vjk = (V 1

jk, V
2
jk, . . . , V

n
jk)
∗. (2.40)

Now for some C1, C2, C3 > 0, we have

P

(
| 1
n

n∑
i=1

XijXik − σjk| ≥ tn

)

= P

(
|

n∑
i=1

4ZijZik − 4nρjk| ≥
4ntn√
σjjσkk

)

≤ P

(
|

n∑
i=1

(Zij + Zik)
2 − n(2 + ρjk)

2| ≥ 2ntn√
σjjσkk

)

+P

(
|

n∑
i=1

(Zij − Zik)2 − n(2− ρjk)2| ≥ 2ntn√
σjjσkk

)

= P

(
|U ′jkUjk − n| ≥

ntn
√
σjjσkk

2(
√
σjjσkk − σjk)2

)
+P

(
|V ′jkVjk − n| ≥

ntn
√
σjjσkk

2(
√
σjjσkk + σjk)2

)
(2.41)

= P
(
|U ′jkUjk − n| ≥ C1ntn

)
+ P

(
|V ′jkVjk − n| ≥ C1ntn

)
(2.42)

= 2P (|χ2
n − n| ≥ C1ntn) (2.43)

≤ C2e
−C3nt2n , provided {tn} is bounded. (2.44)

(2.42) holds true as Σ∞ = ((σij)) ∈ W(ε) implies

σjj ≤ sup
p
λmax(Σp) < ε−1, ∀j, and (2.45)

2(
√
σjjσkk ± σjk) ≤ (σjj + σkk ± 2σjk) ≤ sup

p
λmax(Σp) < ε−1, ∀j, k.(2.46)
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(2.43) holds because

Ujk, Vjk ∼ Nn(0, In), ∀j, k =⇒ U ′jkUjk, V
′
jkVjk ∼ χ2

n, ∀j, k. (2.47)

(2.44) then follows from Lemma 2.2.4.

Hence, by (2.38) and (2.44), (2.36) is proved.

Now by taking tn = C4

√
n−1 log p for some C4 > 2C−1

3 , we have

C2p
2e−C3nt2n = C2p

2−C3C4k−C3C4
n,α → 0. (2.48)

Hence, the proof of (2.35) is complete.

Step 5. By Step 3, we have

||Bkn,α(Σ̂p,n)−Bkn,α(Σp)||2 = OP (kn,α
√
n−1 log p). (2.49)

Step 6. Now to choose kn,α appropriately, by Steps 1, 2 and 5, we have

k−αn,α = kn,α
√
n−1 log p =⇒ kn,α =

(
n−1 log p

)− 1
2(1+α) . (2.50)

This completes the proof of Theorem 2.2.2.

Remark 2.2.5. Note that the independence assumption on {Cip} is not used from

(2.37)-(2.42). It is first used in (2.43) and may not hold in dependent cases. Later

in Theorem 2.4.4, we shall see that under some ‘weak’ dependence among {Cip},

(2.44) directly follows from (2.42) and hence the same convergence rate as in

Theorem 2.2.2 will hold true.

Tapering. Positive definiteness is a desirable property for estimators of any

variance-covariance matrix and the banded version of Σ̂p,n may not be a positive

definite matrix. As the Schur product or component wise product of two positive

definite matrices is always positive definite, one can consider the Schur product
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of Σ̂p,n with an appropriate positive definite matrix to preserve the positive defi-

niteness. This leads to the idea of tapering.

Let, g : R+ ∪ {0} → R+ ∪ {0} be a continuous, non-increasing function such

that g(0) = 1 and limx→∞ g(x) = 0. Now, we define

An = {1, 2, 3, . . . , p(n)}, ∀n ≥ 1, (2.51)

∆g,τn,α =
n−1∑
j=0

g

(
j

τn,α

)
, (2.52)

Rn,α =

(
g

(
|i− j|
τn,α

))
i,j∈An

, ∀n ≥ 1 and for some τn,α > 0, (2.53)

∗ = Schur or component wise product of two matrices, (2.54)

Rτn,α(A) = A ∗Rn,α, ∀n ≥ 1 and for any p× p matrix A. (2.55)

Also, g is such that Rn,α is positive definite. One such choice is g(x) = e−|x|.

Now we have the following Theorem.

Theorem 2.2.6. (Bickel and Levina [2008]) Suppose ∆g,τn,α � (n−1 log p)−
1

2(1+α) .

Then under the same assumptions as in Theorem 2.2.2, we have

||Rτn,α(Σ̂p,n)− Σp||2 = OP ((n−1 log p)−
α

2(1+α) ). (2.56)

Bickel and Levina [2008] did not provide a detailed proof of the above theorem.

As the proof is similar to that of Theorem 2.2.2, we also omit the proof.

However, the assumption that {Cip} are independently distributed is question-

able in applications. As discussed in Chapter 1, many researchers gave specific

examples of lack of this independence. Hence, there is need for models which

allow dependence among {Cip}.

Efron [2009] proposed the matrix-variate normal as a model for dependent

microarrays. Allen and Tibshirani [2010] is the only work in this model where Σp

is estimated by considering appropriate regularization. In the following subsection
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we discuss the covariance regularization considered by Allen and Tibshirani [2010].

In Section 2.3, we shall generalize their model.

2.2.2 Covariance regularization by Allen and Tibshirani [2010]

For the data matrix X, defined in (2.1), let us denote

vec(X) = (C∗1p, C
∗
2p, . . . , C

∗
np)
∗. (2.57)

Allen and Tibshirani [2010] assumed that

vec(X) ∼ Nnp(0,Ω), where (2.58)

Ω =


Σp λ21Σp · · · λn1Σp

λ21Σp Σp · · · λn2Σp

...
... · · · ...

λn1Σp λn2Σp · · · Σp

 , (2.59)

for some n× n real symmetric matrix Λn = ((λij)), λii = 1, ∀i. Here Λn and Σp

are respectively called column and row covariances.

For any matrix A = ((aij)), let us define

||A||(1) =
∑
i,j

|aij|, and ||A||(2) =

(∑
i,j

|aij|2
)1/2

. (2.60)

|| · ||(2) is called the Hilbert–Schmidt operator norm or the Frobenius norm and

note that it is different from || · ||2 norm defined in (2.4).

They consider the following penalized log-likelihood

L(Σp,Λn) = l(Σp,Λn)− ρc(α||Λn||(1) + (1− α)||Λn||(2))

−ρr(α||Σp||(1) + (1− α)||Σp||(2)), (2.61)

where l(Σp,Λn) is the (Gaussian) log-likelihood of the model (2.58) and, ρc and
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ρr are respectively the column and row penalizing parameters. They obtain an

estimator for Σp by maximizing (2.61).

The main drawback of the model (2.58) is that the correlation between rows

is controlled without considering the effect of the columns; that is,

corr(Xki, Xlj)

corr(Xmi, Xmj)
=

σkl√
σllσkk

, ∀i, j = 1, 2, . . . , p and m = 1, 2, . . . , n. (2.62)

In Examples 2.3.1-2.3.3, in the next section, we shall see that there are many

models which are not accommodated by the model considered by Allen and Tib-

shirani [2010]. We shall then introduce a more general model which can overcome

the limitation exhibited in (2.62).

2.3 A more general model and some examples

Recall Jk, A∞, ∗ and vec(X) defined respectively in (2.9), (2.15), (2.54) and (2.57).

We assume that

vec(X) ∼ Nnp(0,∆np), where (2.63)

∆np =


Λ11 ∗ Σp Λ21 ∗ Σp · · · Λn1 ∗ Σp

Λ12 ∗ Σp Λ22 ∗ Σp · · · Λn2 ∗ Σp

...
... · · · ...

Λ1n ∗ Σp Λ2n ∗ Σp · · · Λnn ∗ Σp

 , (2.64)

for some real p× p matrices {Λij} with Λij = Λ∗ji, for all 1 ≤ j, i ≤ n and Λii = Jp

for all 1 ≤ i ≤ n.

Recall the set U(ε, α, C) in (2.22). For the marginal variance-covariance matrix

Σp, we assume that, for some ε, α, C > 0, Σ∞ ∈ U(ε, α, C) ∩ V , where

V = {Σ∞ = ((σij)) : σij 6= 0, ∀i, j}. (2.65)
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Σ∞ ∈ V is an identifiability condition since it allows to recover {Λij} uniquely

when ∆np and Σp are given. Recall the notation in (2.6). By (2.64), note that

∆((j − 1)p+ k, (i− 1)p+ l) = (Λij ∗ Σp)(k, l) = Λij(k, l)σkl. (2.66)

Therefore, the condition Σ∞ ∈ V , assures that one can recover {Λij} from the

matrices ∆np and Σp by considering

Λij(k, l) =
∆((j − 1)p+ k, (i− 1)p+ l)

σkl
, ∀1 ≤ i, j ≤ n, 1 ≤ k, l ≤ p. (2.67)

For example, suppose {zt} are one-dimensional and i.i.d. random variables with

mean 0 and variance 1. Let

wt = zt + zt−1, vt = 0.5vt−1 + zt, ∀t. (2.68)

Then Σ∞ = Var(w1, w2, . . .) /∈ V but Σ∞ = Var(v1, v2, . . .) ∈ V . The following

examples provide some cases which are accommodated by the model defined in

(2.63). We also discuss some cases where the model (2.58) is not applicable but

the model (2.63) is.

Example 2.3.1. Suppose

Cip = ApC(i−1)p + Zip, ∀i = 0,±1,±2, . . . , (2.69)

where each Zip is a p-component column vector and i.i.d. with mean zero and

Var(Zip) = Σ̃p. Recall the definition of operator norm in (2.4). Suppose Ap is a

symmetric square matrix of order p such that ||Ap||2 < 1 and ApΣ̃p = Σ̃pAp for

all p. From the properties of linear operators (see for example Bhatia [2009]), if

||Ap||2 < 1, then (I − Ap) is invertible and (I − Ap)−1 = (I + Ap + A2
p + . . .).
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Therefore, it is easy to see that for all 1 ≤ i 6= j ≤ n

Var(Cip) = Σp = (I − A2
p)
−1Σ̃p, and (2.70)

Cov(Cip, Cjp) = (I − A2
p)
−1A|i−j|p = ΣpA

|i−j|
p . (2.71)

Hence,

∆np = Var (vec(Xp×n)) =
((

ΣpA
|i−j|
p I(i 6= j) + ΣpI(i = j)

))
1≤i,j≤n .

Recall Jk defined in (2.9) and the notation in (2.6). As we have mentioned earlier,

if Σ∞ ∈ V then one can express ∆np as

∆np = ((Σp ∗ ΛijI(i 6= j) + Σp ∗ JpI(i = j)))1≤i,j≤n , where (2.72)

Λij(k, l) =
(ΣpA

|i−j|
p )(k, l)

((I − A2
p)
−1Σ̃p)(k, l)

, ∀1 ≤ i 6= j ≤ n, 1 ≤ k, l ≤ p. (2.73)

This satisfies the condition of model (2.58) and (2.59) if for all 1 ≤ k, l ≤ p, 1 ≤

i, j ≤ n and some Cij > 0,

((I − A2
p)
−1Σ̃pA

|i−j|
p )(k, l) = Cij((I − A2

p)
−1Σ̃p)(k, l). (2.74)

For example, if Ap = αIp for some 0 < α < 1, then the model (2.69) satisfies

(2.74). But in general, (2.74) may not hold always. Suppose, for some 0 < α < 1,

Σ̃p = Ip and Ap = ((αI(i+ j = p))). (2.75)

Then it is easy to see that Σp = (1− α2)−1Ip and

(I − A2
p)
−1Σ̃pA

|i−j|
p =

(1− α2)−1α|i−j|Ip, if |i− j| is even

(1− α2)−1α|i−j|Ap, if |i− j| is odd.

(2.76)
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Therefore, (2.74) does not hold when |i − j| is odd. This shows that (2.63) is a

more general model than (2.58).

It is relevant to address the issue of estimation of Σ̃p and Ap. This will be

addressed in details in Chapter 3.

Example 2.3.2. Suppose, {Zip, i = 0,±1,±2, . . .} is a sequence of p-component

column random vectors such that E(Zip) = 0 ∀i and E(ZipZ
∗
jp) = D|i−j| ∀i, j.

Also, let Yp be a mean zero p-component column random vector such Var(Yp) = Σ̃p

and which is independent of Zip’s. Recall the Schur product ∗ in (2.54). Define

another sequence of p-component mean zero random vector as

Cip = Yp ∗ Zip, i = 0, 1, 2, . . . n. (2.77)

Clearly, we have ∆np =
((

Σ̃p ∗D|i−j|
))

1≤i,j≤n
.

Recall Jk defined in (2.9) and the notation in (2.6). Suppose Σp = Σ̃p ∗ D0.

Then it is easy to see that

∆np = ((Σp ∗ ΛijI(i 6= j) + Σp ∗ JpI(i = j)))1≤i,j≤n , where (2.78)

Λij(k, l) =
D|i−j|(k, l)

D0(k, l)
, ∀1 ≤ i 6= j ≤ n, 1 ≤ k, l ≤ p. (2.79)

This satisfies the condition of model (2.58) and (2.59) if for all 1 ≤ k, l ≤ p, i ≥ 1

and for some Ci > 0, we have

Di(k, l) = CiD0(k, l). (2.80)

But in general, (2.80) may not hold always.

Suppose Zip satisfies the model (2.69). Then Di = (I − Ap)
−1Σ̃pA

|i|
p for all

i = 0,±1,±2, . . .. Hence, as we have seen in Example 2.3.1, for the choice (2.75)

of Ap and Σ̃p, (2.80) is not satisfied and the model (2.58)-(2.59) is not applicable.
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Example 2.3.3. Let

∆np =
((
Bi+j
p I(i 6= j) + (I −B2

p)
−1I(i = j)

))
1≤i,j≤n (2.81)

where Bp is a symmetric p × p matrix and ||Bp||2 < 1 for all p. Then ∆np is

always positive semi-definite since

∆np =
(
Bp B

2
p . . . Bn

p

)′ (
Bp B

2
p . . . Bn

p

)
+Diag

(
Ip+

∞∑
i=1

B2i
p −B2k

p , k = 1, 2, . . . , n

)

where Diag(Ai, i = 1, 2, . . . , n) denotes the block-diagonal matrix with i-th diag-

onal block as Ai and Ip is the identity matrix of order p.

Recall Jk defined in (2.9) and the notation in (2.6). If (I−B2
p)
−1(k, l) 6= 0 ∀k, l,

then we can write

∆np =
((

(I −B2
p)
−1 ∗ ΛijI(i 6= j) + (I −B2

p)
−1 ∗ JpI(i = j)

))
1≤i,j≤n , where

Λij(k, l) =
(Bi+j

p )(k, l)

((I −B2
p)
−1)(k, l)

, ∀1 ≤ i 6= j ≤ n, 1 ≤ k, l ≤ p. (2.82)

This satisfies the condition of model (2.58) if for all 1 ≤ k, l ≤ p, 1 ≤ i, j ≤ n

and some for Cij > 0,

(Bi+j
p )(k, l) = Cij((I −B2

p)
−1)(k, l). (2.83)

For example, if Bp = αIp for some 0 < α < 1, then ∆np in (2.81) satisfies (2.83).

But in general, (2.83) may not hold always. Suppose, Bp = Ap where Ap is as in

(2.75). Then it is easy to see that (I −B2
p)
−1 = (1− α2)−1Ip and for i, j ≥ 1,

Bi+j
p =

α
i+jIp, if i+ j is even

αi+jBp, if i+ j is odd.

(2.84)

Therefore, (2.83) does not hold when i+ j is odd.
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2.3.1 Weak dependence among observations

As promised earlier, we now discuss our assumptions on dependence among ob-

servations {Cip}. As {Λij} indicates dependence among observations, we can

separate them out from ∆np and define

∇np =



Jp Λ12 Λ13 . . . Λ1n

Λ′12 Jp Λ23 . . . Λ2n

Λ′13 Λ′23 Jp . . . Λ3n

...
...

...
...

...

Λ′1n Λ′2n Λ′3n . . . Jp


.

We call it the covariance structure of the model (2.63). We now elaborate on the

idea of ‘weak’ dependence mentioned at the beginning of this chapter. We discuss

four different assumptions on ∇np showing feeble dependence among columns

and provide consistent estimators of Σp in each of these cases along with their

convergence rates.

(1) A relevant question is under what restrictions on ∇np and Σp, can one retain

the consistency, preferably with the same convergence rate of the earlier estimators

of Σp as in case of i.i.d. observations? In Theorem 2.4.4, we shall see that it is

sufficient to assume that for some M > 0,

sup
n,j,k

n−1Tr

((
Γjk±
)r) ≤M r (2.85)

where Γjk+ and Γjk− are two (n× n) matrices defined by

Γjk± (p, q) =


Λpq (jj)±(Λpq (jk)+Λpq (kj))ρjk+Λpq (kk)

2(1±ρjk)
, p 6= q

1, p = q,

(2.86)

1 ≤ j, k ≤ p and ρjk = σjk(σjjσkk)
− 1

2 .
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Next, note that, in data where time is one of the latent variables which is respon-

sible for the dependence, one may consider the Toeplitz (stationary) structure

Λij = Λ|i−j| for a suitable sequence of matrices {Λi} and if Λi = Λi, then it yields

the autoregressive structure of Example 2.3.1. Example 2.3.2 also has a Toeplitz

structure. We have seen an example of Hankel structure Λij = Λi+j, ∀i 6= j

in Example 2.3.3. Broadly speaking, weak dependence between columns can be

modelled by assuming that Λij is ‘small’ when say both indices i and j are large

or when |i − j| or i + j is large. While (2.85) demands control over all {Λij},

the above assumption (weak dependence for large |i− j| or i + j) has control on

fewer {Λij}. Therefore, results obtained under the assumption (2.85), do not hold

true here and hence we need to discuss these cases seperately. Below we provide

technical assumptions on these covariance structures so that consistent estimators

of Σp can be obtained.

Recall || · ||∞ defined in (2.29) and the notation in (2.15). Let, {an}∞n=1 be a

sequence of non-negative integers such that n−1an < 1, ∀n ≥ 1.

(2) Weak dependence among the columns when i and j are large can be modelled

as follows:

Ln(an) =

{
∇np : S ′(an) := max

k≥1,m≥1
||Λan+k,an+k+m||∞ = O

(
n−2an

)}
,(2.87)

L(an, n ≥ 1) = {∇∞ : ∇np ∈ Ln(an)} . (2.88)

(3) Weak dependence between i-th and j-th columns when |i − j| is large is

modelled as follows:

An(an) =

{
∇np =

((
Λ|i−j|

))
: S(an) := max

an≤k≤n
|| ∧k ||∞ = O

(
n−2an

)}
,(2.89)

A(an, n ≥ 1) =
{
∇∞ =

((
Λ|i−j|

))
: ∇np ∈ An(an)

}
. (2.90)

(4) Finally, weak dependence among columns when (i + j) is large, is modelled
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by:

Hn(an) =

{
∇np = ((Λi+jI (i 6= j) + Λ0I (i = j))) : max

r≥an
||Λr||∞ = O

(an
n2

)}
,

(2.91)

H(an, n ≥ 1) = {∇∞ = ((Λi+jI (i 6= j) + Λ0I (i = j))) : ∇np ∈ Hn(an)} . (2.92)

Theorems 2.4.9 and 2.4.11 respectively provide consistent estimator of Σp for Cases

(2) and (3). Case (4) does not have to be dealt with separately as all bounds for

Case (2) will automatically hold for Case (4) due to the following Lemma.

Lemma 2.3.1. H (an, n ≥ 1) ⊂ L ([2−1an] + 2, n ≥ 1), where [x] is the largest

integer contained in x.

Proof of the above lemma is immediate by observing that, for bn = [2−1an] +

2, ∀n ≥ 1,

max
k≥1,m≥1

||Λbn+k,bn+k+m||∞ ≤ sup
r≥an
||Λr||∞. (2.93)

Throughout this chapter, model (2.63) under the assumptions described in (1),

(2) and (3), will be referred to as the weak models.

2.4 Estimation of Σp for the weak model

In this section, we shall provide consistent estimators of Σp under the assumptions

that∇np and Σp satisfy (2.85) or,∇∞ ∈ A(an : n ≥ 1) or L(an : n ≥ 1). Recall the

banded and tapered version of a matrix in Section 2.2.1 and the sample variance-

covariance matrix Σ̂p,n defined in (2.2). As we assume that Σ∞ ∈ U(ε, α, C) for

some ε, α, C > 0, from the experience of Section 2.2.1, we can expect that the

banded or tapered version of Σ̂p,n can serve our purpose. Let us first concentrate

on the banded estimator. The tapered estimator will be discussed later.
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2.4.1 Banding

As discussed in the previous section, we are interested not only in just consistency

but restrictions on ∇np and Σp under which the convergence rate of the banded

version of Σ̂p,n remains the same as in case of i.i.d. observations dealt with in

Theorem 2.2.2. Recall U i
jk, Ujk, V

i
jk and Vjk in (2.39) and (2.40). Note that in

Remark 2.2.5, we pointed out that (2.43) may not hold for dependent {Cip} as

then U i
jk and V i

jk are not independent over i. Recall Γjk± defined in (2.86). Note

that, under our model assumptions, Ujk ∼ Nn(0,Γjk+ ) and Vjk ∼ Nn(0,Γjk− ). Hence

the problem boils down to finding conditions on Γjk± , so that (2.44) follows directly

from (2.42). In other words, if U ∼ Nn(0,Γn×n), then under what assumptions

on Γn×n is

P (|U ′U − n| ≥ C1ntn) ≤ C2e
−C3nt2n ,

for any bounded tn and some C1, C2, C3 > 0 ?(2.94)

To solve the problem, we need the following lemma on the large deviation rate of

a random variable.

Lemma 2.4.1. (Saulis and Statulevičius [1991]) Suppose Eξ = 0 and there

exist γ ≥ 0, H > 0 and ∆ > 0 such that

|Cumk(ξ)| ≤
(
k!

2

)1+γ
H

∆̄k−2
, k = 2, 3, 4, . . . , (2.95)

where |Cumk(ξ)| = | d
k

dtk
(logE(eitξ))|t=0, is the k-th order cumulant of ξ. Then for

all x ≥ 0,

P
[
± ξ ≥ x

]
≤ e

−x
2

2

(
H+x∆̄

−1
2γ+1

)− 2γ+1
γ+1

.

Lemma 2.2.4 easily follows from Lemma 2.4.1 as for ξ =
(
χ2
n − n

)
, we have

γ = 0, H = 4n and ∆̄ = 1
2
.
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Now to see whether (2.95) is satisfied by U ∼ Nn(0,Γn×n) or not, we need to cal-

culate the characteristic function of U ′U . For this purpose, we need the following

lemma.

Lemma 2.4.2. Suppose Ak is a k × k positive definite matrix and recall Ik in

(2.8). Then

∫
Rk
e−

1
2
y′(Ak−2itIk)ydy = (2π)

k
2 (det(Ak − 2itIk))

− 1
2 , t ∈ R.

Proof. Let λ > 0 be the minimum eigenvalue of Ak. Define f and g as

g(z) = (2π)
k
2 [det(Ak − 2zI)]−

1
2 , Re z < λ,

f(z) =

∫ ∞
−∞

e−y
′(Ak−2zI)ydy, Re z < λ.

Note that both g and f are well defined. It is easy to check by direct integration

that if z = x ∈ (−∞, λ), then f(x) = g(x). It is also easy to check that both f

and g are analytic functions on {z : Re z < λ}. Since they agree on {z : z = x ∈

(−∞, λ)}, they must be identical functions. Hence f(it) = g(it), t ∈ R and the

proof is complete.

The following lemma easily follows from the above two lemmas.

Lemma 2.4.3. U ∼ Nn(0,Γn×n) satisfies (2.94) if for some M > 0,

sup
n

1

n
Tr(Γrn×n) ≤M r, ∀r ≥ 1. (2.96)

Proof. The characteristic function of U ′U is given by

E(eitU
′U) = (2π)−n/2

√
det(Γ−1

n×n)

∫
Rk
e−

1
2
y′(Γ−1

n×n−2itIn)ydy

= (2π)−n/2
√

det(Γ−1
n×n)(2π)

n
2 (det(Γ−1

n×n − 2itIn))−
1
2 , by Lemma 2.4.2

=

[
det(In − 2itΓn×n)

]− 1
2

. (2.97)
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Hence,
dr

dtr
logE(eitU

′U) = −1

2

n∑
u=1

dr

dtr
log(1− 2itλu)

where λu, 1 ≤ u ≤ n, are eigenvalues of Γn×n. So, we have

|Cumr (U ′U − n) | = |Cumr (U ′U) | = | d
r

dtr
logE(eitU

′U)|t=0 =
1

2

n∑
u=1

(r − 1)!2r (λu)
r.

Now, from (2.96), we have

|Cumr (U ′U − n) | ≤
(
r!

2

)
4nM2(

1
2M

)r−2 .

Therefore, (2.95) is satisfied for γ = 0, H = 4nM2 and ∆̄ = (2M)−1. Hence, using

Lemma 2.4.1, for some C1, C2, C3 > 0

P
[
|U ′U − n| ≥ C1ntn

]
≤ e

− (C1ntn)2

2

(
4nM2+2C1Mntn

)−1

≤ C2e
−C3nt2n , provided tn is bounded.

Therefore, U satisfies (2.94) and hence the proof of Lemma 2.4.3 is complete.

Lemma 2.4.3 motivates us to state the following theorem providing restrictions

on {Γjk± : j, k ≥ 1} so that the banded sample variance-covariance matrix will

have the same rate of convergence as in case of i.i.d. observations discussed

in Theorem 2.2.2. Recall our model assumptions in (2.63) and the classes of

covariance matrices U (ε, α, C) and V respectively in (2.22) and (2.65). Also recall

that Σ∞ is the∞×∞ extension of {Σp}. Now we are ready to state the following

theorem. This result has appeared in Bhattacharjee and Bose [2014a].

Theorem 2.4.4. Suppose X satisfies the model assumption (2.63) and Σ∞ ∈

U (ε, α, C) ∩ V for some ε, α, C > 0. Suppose (2.85) holds. Then for kn,α �(
n−1log p

)− 1
2(α+1) , we have ||Bkn,α(Σ̂p,n)− Σp||2 = OP (k−αn,α).
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Proof. Note that by Lemma 2.4.3 and (2.85), (2.42) implies (2.44). Therefore,

exactly the same proof as for Theorem 2.2.2 goes through in this case also.

Often (2.85) is difficult to check. Recall || · ||∞ in (2.29). It is comparatively easy

to find ||Λij||∞, ∀i, j. In the following remarks we shall provide some sufficient

conditions for (2.85) to hold in terms of {||Λij||∞}.

Remark 2.4.5. Suppose, Σ∞ ∈ W(ε) for some ε > 0 and {xk} is a sequence of

non-negative real numbers such that xk = x−k and ||Λij||∞ ≤ x
i−j ∀i 6= j, 1 ≤

i, j ≤ n, then (2.85) holds if
∑
|xk| <∞.

Proof. To prove Remark 2.4.5, we essentially show that

1

n
Tr((Γjk± )r) ≤

( ∞∑
i=1

|xi|
)r
, ∀1 ≤ j, k ≤ p, r ≥ 1. (2.98)

Fix a 1 ≤ j, k ≤ p and r ≥ 1. Note that

1

n
Tr((Γjk± )r) ≤ 1

n

∑
|Γjk± (u1, u2)Γjk± (u2, u3) . . .Γjk± (ur, u1)|. (2.99)

Now, by (2.86)

|Γjk± (u, v)| ≤

(
(1 + |ρjk|)2

1− ρ2
jk

)
||Λuv||∞. (2.100)

Moreover, as Σ∞ ∈ W(ε)

1− ρ2
jk ≥

√
σjjσkk − σ2

jk = det

 σjj σjk

σjk σkk

 ≥ (inf
p
λmin(Σp))

2 ≥ ε2. (2.101)

Now by (2.100), for some C > 0

|Γjk± (u, v)| ≤ C||Λuv||∞ ≤ Cxu−v , ∀u, v. (2.102)
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Therefore, by (2.99)

1

n
Tr((Γjk± )r) ≤ 1

n
Cr

∑
u1...,ur

xu1−u2xu2−u3 . . . xur−u1

≤ Cr

 n−1∑
k1,k2,...,km−1=−(n−1)

xk1xk2 . . . xkm−1x(−
∑m−1
j=1 kj)

(2.103)

≤ Cr

(
∞∑

k=−∞

|xk|

)r

.

Hence, (2.98) is proved and the proof of Remark 2.4.5 is complete.

Remark 2.4.6. Let Λ
ij

= 0 ∀|i− j| > k. Then (2.85) holds if

k∑
l=1

(
sup
|i−j|=l

||Λij||∞

)
<∞. (2.104)

Remark 2.4.6 immediately follows from Remark 2.4.5 by observing that

||Λij||∞ ≤ sup
|i−j|=l

||Λij||∞, ∀|i− j| = l, l ≥ 1. (2.105)

Remark 2.4.7. If Λ
ij

= Λ|i−j| ∀i, j and Λr = 0 ∀r > k, Then (2.85) will hold if

||Λr||∞ <∞, ∀ 1 ≤ r ≤ k. (2.106)

Remark 2.4.7 follows from Remark 2.4.6 by observing that Λij = Λl, ∀|i − j| =

l, l ≥ 1 and the sum in (2.104) reduces to
∑k

l=1 ||Λl||∞ and it is finite if (2.106)

holds.

Now, in the following remark, we provide an example where (2.85) does not hold

true. Suppose, g : [0, 2π] → R is a square integrable function. Then the Fourier

coefficients of g are defined as

ĝ(k) = (2π)−1

∫ 2π

0

g(x)e−ikxdx, k = 0,±1, . . .
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If g is symmetric (about π), then {ĝ(k)} are real and ĝ(k) = ĝ(−k) ∀k. Let Tg,n

be the Toeplitz matrix defined by

Tg,n = ((ĝ (i− j)))1≤i,j≤n .

Remark 2.4.8. Consider a function g : [0, 2π] → R which is non-negative,

symmetric (about π) and square integrable but is unbounded. Suppose Γjk+ =

Tg,n, ∀j, k. Then (2.85) does not hold.

Proof. The proof is an application of Szegö’s theorem (see Grenander and Szegö

[1958]). Suppose if possible (2.85) holds. Let Xn be a random variable such that

P (Xn = λin) = n−1, i = 1, . . . , n

where {λ1n, . . . , λnn} are all the eigenvalues of Tg,n. By Szegö’s theorem Xn
D→

g(U) where U is a random variable distributed uniformly on [0, 2π]. Now from

inequality (2.85) for all n,

EXk
n = n−1

n∑
i=1

λkin = n−1Tr
(
T kg,n

)
≤Mk, k = 1, . . . (2.107)

Now, observe that

x′Tg,nx =
n∑

k,j=1

xkxj
1

2π

∫ 2π

0

e−i(k−j)xg(x)dx =
1

2π

∫ 2π

0

g(x)|
n∑
k=1

xke
−ikx|2dx ≥ 0.

So, Tg,n is non-negative definite, that is, Xn is non-negative. Thus (2.107) implies

that {Xk
n} is uniformly integrable for all k = 1, 2, . . . . As a consequence

EXk
n → E(g(U))k, k = 1, 2 . . .

and using (2.107), E(g(U))k ≤ Mk, k = 1, . . . . From this it is immediate that

g is almost everywhere bounded. This contradicts our assumption that g is un-
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bounded. Therefore (2.85) does not hold in this case.

Recall that Λ∞ is the ∞×∞ extension of the matrix Λnp in the sense (2.15)

and, the classes of cross covariance structures A (an, n ≥ 1) and L (an, n ≥ 1)

are respectively given in (2.90) and (2.88). As discussed in Section 2.3.1, if ∇∞ ∈

L (an, n ≥ 1) or A (an, n ≥ 1), then we cannot say whether (2.85) will hold or

not. In these classes, we do not have any control over Λij for min(i, j) < an or

|i− j| < an respectively and moreover an →∞. As the following theorems show,

we have a slower rate of convergence for the two classes. This result has appeared

in Bhattacharjee and Bose [2014a].

Theorem 2.4.9. Suppose X satisfies our model assumption (2.63). If Σ∞ ∈

U(ε, α, C) ∩ V for some ε, α, C > 0 and ∇∞ ∈ L(ln, n ≥ 1) for some non-

decreasing sequence {ln}n≥1 of non-negative integers such that n−1ln log p→ 0 as

n→∞ and lim inf n−1l2n log p > 0. Then with k∗n,α � (n−1lnlog p)
− 1

1+α ,

||Bk∗n,α(Σ̂p,n)− Σp||2 = OP

(
k∗−αn,α

)
.

Proof. Steps 1− 3 in the proof of Theorem 2.2.2, continue to hold true when we

replace kn,α by k∗n,α. However, since the observations are not independent, the

rate of convergence of Σ̂p,n to Σp in || · ||∞ norm as mentioned in Step 4 of the

proof of Theorem 2.2.2 does not hold. Instead here we prove

||Σ̂p,n − Σp||∞ = OP (lnn
−1 log p). (2.108)

Note that once (2.108) holds, then steps similar to Steps 5 and 6 in the proof of

Theorem 2.2.2, imply

||Bk∗n,α(Σ̂p,n)−Bk∗n,α(Σp)||2 = OP (k∗n,αlnn
−1 log p). (2.109)
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Hence, to choose k∗n,α appropriately, we set

k∗−αn,α = k∗n,αlnn
−1 log p =⇒ k∗n,α =

(
lnn
−1 log p

)− 1
1+α . (2.110)

Hence proof of Theorem 2.4.9 will be complete if we can show (2.108) holds.

Recall U i
jk, V

i
jk, Ujk and Vjk in (2.41) and (2.40). Now to prove (2.108), again

note that the same calculations from (2.37) to (2.42) go through in this case also

as the independence assumption is first used in (2.43). Therefore, we have

P (||Σ̂p,n − Σp||∞ ≥ tn)

≤
p∑

j,k=1

(
P
(
|U ′jkUjk − n| ≥ C1ntn

)
+ P

(
|V ′jkVjk − n| ≥ C1ntn

))
.(2.111)

Now, let Ujkln = (U ln+1
jk , U ln+2

jk , . . . , Un
jk)
′ and Vjkln = (V ln+1

jk , V ln+2
jk , . . . , V n

jk)
′. Sup-

pose Γjkln± is the variance-covariance matrices of Ujkln and Ujkln . Note that Γjkln±

is nothing but a square symmetric positive semi-definite matrix constructed by

deleting first ln rows and columns from Γjk± . Let Cjkln
± = In−ln − Γjkln −1

± . Then

we can write

P
(
|U ′jkUjk − n| ≥ C1ntn

)
≤ lnP (|(U1

jk)
2 − 1| ≥ C1nl

−1
n tn)

+P (|U ′jklnΓjkln −1
+ Ujkln − (n− ln)| ≥ C1ntn/2)

+P (|U ′jklnC
jkln
+ Ujkln| ≥ C1ntn/2)

= T1 + T2 + T3, (say). (2.112)

Let, tn = Mlnn
−1 log p→ 0, for some fix constant M > 0. Later M will be chosen

appropriately. Now, as U i
jk ∼ N (0, 1) for all i ≥ 1, by Lemma 2.2.4 and for some

C2, C3 > 0, we have

T1 ≤ lnP

[
|χ2

1 − 1| ≥ C1nl
−1
n tn

]
≤ 2lnC2e

−C3M log p . (2.113)
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Then for some constant C4, C5 > 0, by Lemma 2.4.1

T2 = P

[
|χ2

(n−ln) − (n− ln)| ≥ C1ntn/2

]
≤ C4e

−C5
l2n
n

(log p)2M2

. (2.114)

Next, for some C6, C7 > 0, we have

T3 = P

[
|
(
U jkln

)′ (
Cjkln

) (
U jkln

)
| ≥ C1ntn/2

]
≤ P

[
max
U 6=0

|
(
U ′CjklnU

)
|

U ′U

(
U jkln

)′ (
U jkln

)
≥ C1ntn/2

]
= P

[√
λmax (Cjkln)′ (Cjkln)

(
U jkln

)′ (
U jkln

)
≥ C1ntn/2

]
= P

[
||Cjkln||2

(
U jkln

)′ (
U jkln

)
≥ C1ntn/2

]
≤ nP

[
||Cjkln||2 χ2

1 ≥ C1tn/2

]
≤ nC6e

−C7
tn

||Cjkln ||2 , by Lemma 2.2.4.

Moreover, it is easy to see that for some C8 > 0, ||Cjkln
+ ||2 ≤ n||Cjkln

+ ||∞ ≤

nC8S
′(ln). Hence, putting tn = Mlnn

−1 log p, for some constant C9, C10 > 0,

P

[
|
(
U jkln

)′(
I −

(
Γjkln+

)−1)(
U jkln

)
| ≥ C1ntn

]
≤ nC6e

−C9
tn

nS′(ln) ≤ nC6e
−C10M log p.

(2.115)

Similar bound holds for Vjk also. By (2.111) to (2.115), for some C11, C12 > 0 and

for all sufficiently large n,

P

[
||Σ̂p,n − Σp||∞ ≥Mn−1ln log p

]
≤ 2C11p

2

(
lne
−C3M log p + 2e−C5M2 l

2
n
n

(log p)2 + 2ne−C10M(log p)

)
= C12

(
p3−C3M + p2e−C5M2 l

2
n
n

(log p)2 + p3−C10M

)
.

If M > max{ 3
C3
, 3
C10
}, then p3−C3M + p3−C10M → 0. The logarithm of the second
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term is

2 log p− C5M
2n−1l2n (log p)2 = log p

[
2− C5M

2n−1l2n (log p)
]
.

Now if lim inf l2nn
−1 log p > 0 then it is bounded away from zero by S (say).

So, if M > max{ 3
c3
, 3
C10
,
√

2
C5S
}, then the second term also tends to zero.

This completes the proof of (2.108) and hence the proof of Theorem 2.4.9.

Remark 2.4.10. (i) If ln is of exact order of (n−1 log p)−
1
2 , then the rate of con-

vergence will be same as that for the i.i.d. case. If ln is of order (n−1 log p)−β

where β is more than 1/2, then the rate is slower than the i.i.d. case. Note that

β < 1/2 is not allowed in the theorem as lim inf n−1l2n log p > 0.

(ii) Theorem 2.4.9 is not applicable in case the sequence {ln} is bounded above.

This is because if n−1ln log p→ 0 then n−1log p→ 0 and hence n−1l2n log p→ 0 .

Recall kn,α in Theorem 2.2.2. When {ln} is bounded by K, C(K+1)p, C(K+2)p, . . .

will be an i.i.d. sample and we can construct the estimator on the basis of this

i.i.d. sample i.e. we can consider the kn,α banded version of
1

n−K

n∑
i=K+1

CipC
′
ip

with the same rate as the i.i.d. case.

The next theorem shows consistency of the banded sample variance-covariance

matrix when the cross covariance structure ∇∞ ∈ A(an, n ≥ 1). This result has

appeared in Bhattacharjee and Bose [2014a].

Theorem 2.4.11. Suppose X satisfies our model assumptions (2.63). If Σ∞ ∈

U(ε, α, C) ∩ V for some ε, α, C > 0 and ∇∞ ∈ A(an, n ≥ 1) for some non-

decreasing sequence {an}n≥1 of non-negative integers such that an
√
n−1log p→ 0

and a−1
n

√
n log p→∞ as n→∞. Then with k∗∗n,α �

(
ann

− 1
2

√
log p

)− 1
1+α

,

||Bk∗∗n,α(Σ̂p,n)− Σp||2 = OP

(
k∗∗−αn,α

)
.
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Proof. As before, note that in the proof of Theorem 2.2.2, Steps 1 − 3 hold true

when we replace kn,α by k∗∗n,α. As observations are not independent, the rate of

convergence of Σ̂p,n to Σp in || · ||∞ norm as mentioned in Step 4 of the proof of

Theorem 2.2.2 does not hold and instead here we prove

||Σ̂p,n − Σp||∞ = OP (an
√
n−1 log p). (2.116)

Note that if (2.116) is true, then steps similar to Steps 5 and 6 in the proof of

Theorem 2.2.2, will yield

||Bk∗∗n,α(Σ̂p,n)−Bk∗∗n,α(Σp)||2 = OP (k∗∗n,αan
√
n−1 log p). (2.117)

Then the appropriate choice of k∗∗n,α is obtained by setting

k∗∗−αn,α = k∗∗n,αan
√
n−1 log p =⇒ k∗n,α =

(
an
√
n−1 log p

)− 1
1+α

. (2.118)

Hence proof of Theorem 2.4.11 will be complete if we can show (2.116) holds.

Recall U i
jk, V

i
jk, Ujk and Vjk in (2.41) and (2.40). Now to prove (2.108), again

note that the same calculations from (2.37) to (2.42) go through in this case also

as the independence assumption is first used in (2.43). Therefore, we have

P (||Σ̂p,n − Σp||∞ ≥ tn) ≤
p∑

j,k=1

P
(
|U ′jkUjk − n| ≥ C1ntn

)
+

p∑
j,k=1

P
(
|V ′jkVjk − n| ≥ C1ntn

)
. (2.119)

Let, for all 1 ≤ r ≤ an,

Ar,an = {i ∈ Z+ ∪ {0} : (ian + r) ≤ n} and Cr,an = cardinality of Ar,an .
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Let

Ujkran = vec
(
U i
jk : i ∈ Ar,an

)
and Vjkran = vec

(
V i
jk : i ∈ Ar,an

)
.

Now, by (2.119), we have,

P (||Σ̂p,n − Σp||∞ ≥ tn) ≤
∑
j,k

an∑
r=1

P

[
|(Ujkran)′(Ujkran)− Cr,an| ≥

C1ntn
an

]

+
∑
j,k

an∑
r=1

P

[
|(Vjkran)′(Vjkran)− Cr,an| ≥

C1ntn
an

]
.(2.120)

Recall Γjk± in (2.86). Note that for each 1 ≤ r ≤ an,

Ujkran ∼ NCr,an (0,Γjkran+ ) and Vjkran ∼ NCr,an (0,Γjkran− ), (2.121)

where Γjkran± is nothing but the sub-matrix taking Ar,an-th rows and columns from

Γjk± . Recall Ik in (2.8). Let Cjkran
± = ICr,an − Γjkarn± ∀r ≥ 1. Therefore, for some

C2 > 0

P

[
||Σ̂p,n − Σp||∞ ≥ tn

]
≤ 2anp

2P

[
|χ2
Cr,an

− Cr,an| ≥ C2na
−1
n tn

]
+
∑
j,k

an∑
r=1

P

[
|Ujkran)′Cjkran

+ (Ujkran)| ≥ C2na
−1
n tn

]

+
∑
j,k

an∑
r=1

P

[
|(Vjkran)′Cjkran

− (Vjkran)| ≥ C2na
−1
n tn

]
.

Again, by Lemma 2.2.4, for tn = Man(n−1 log p)
1
2 and some C3, C4 > 0, as

n−1log p→ 0 we have

P

[
|χ2
Cr,an

− Cr,an | ≥ C2na
−1
n tn

]
≤ C3e

−C4M log p. (2.122)
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Now, as in the proof of Theorem 2.4.9, for some C5, C6 > 0,

P

[
|(U jkran)′Cjkran

+ (U jkran)| ≥ C2na
−1
n tn

]
≤ nC5 exp

{
− C6tna

−1
n ||C

jkan
+ ||−1

2

}
.

Since ∇∞ ∈ A(an, n ≥ 1), for some C7 > 0 we have ||Cjkran
+ ||2 ≤ C7nS(an).

Therefore, putting tn = Man(n−1log p)
1
2 , we have, for some constant C8, C9 > 0,

P
[
|(U jkran)′Cjkran

+ (U jkran)| ≥ C2an
−1ntn

]
≤ nC8 exp{−C9Man

−1
√
n log p}.

Similarly, for some constant C10, C11 > 0,

P
[
|(Vjkran)′Cjkran

− (Vjkran)| ≥ C2na
−1
n tn

]
≤ nC10 exp{−C11Man

−1
√
n log p}.

Hence, for some constant C12, C13, C14 > 0, we have

P

[
||Σ̂p,n − Σp||∞ ≥ tn

]
≤ C12(p3e−C13M log p + p4e−C14M

√
n log p
an ). (2.123)

Clearly, the first term → 0 as n → ∞ if M > 3
C1

. Now, since an
√
n−1log p → 0

and a−1
n

√
n log p→∞, we have, for some constant C14, C16 > 0,

p4e−C14M
√
n log p
an = e

C15

√
n log p
an

(
an
√

log p
n
−C16M

)
→ 0.

Hence (2.116) is proved and proof of Theorem 2.4.11 is complete.

Remark 2.4.12. If {an} is bounded above, then the rate of convergence reduces

to the convergence rate for i.i.d. sample as given in Theorem 2.2.2.

This completes our discussion on banded estimators of Σp.

2.4.2 Tapering

In this section, we consider tapered estimator. Recall the tapered version of Σ̂p,n

in Section 2.2.1. Let, g : R+ ∪ {0} → R+ ∪ {0} be a continuous, non-increasing
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function such that g(0) = 1,
∫∞

0
g(x) <∞ and 1−g(x) = O (xγ) for some ν ≥ 1

in some neighborhood of zero. Then we have the following theorem. This result

has appeared in Bhattacharjee and Bose [2014a].

Theorem 2.4.13. (a) Under the conditions of Theorem 2.4.4, if

τn,α �
(
n−1 log p

)− 1
2(1+γ) [

γ
1+α

+1]
,

then

||Rτn,α(Σ̂p,n)− Σp||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ)

]
.

(b) Under the conditions of Theorem 2.4.9, if

τn,α �
(
n−1ln log p

)− 1
2(1+γ) [

γ
1+α

+1]
,

then

||Rτn,α(Σ̂p,n)− Σp||2 = OP

[(
lnn
−1log p

) γα
(1+α)(1+γ)

]
.

(c) Under the conditions of Theorem 2.4.11, if

τn,α �
(
ann

−1/2
√

log p
)− 1

2(1+γ) [
γ

1+α
+1]
,

then

||Rτn,α(Σ̂p,n)− Σp||2 = OP

[(
an
√
n−1log p

) γα
(1+α)(1+γ)

]
.

Proof. By Lemma 2.2.3 and triangular inequality,

||Rτn,α

(
Σ̂p,n

)
− Σp||2 ≤ ||Rτn,α

(
Σ̂p,n

)
−Rτn,α (Σp) ||(1,1) + ||Rτn,α (Σp)− Σp||(1,1).

Now, for some constant C1 > 0,

||Rτn,α

(
Σ̂p,n

)
−Rτn,α (Σp) ||(1,1) ≤ ||Σ̂p,n − Σp||∞

(
2

p∑
l=0

g
( l

τn,α

))
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≤ τn,α||Σ̂p − Σp||∞
[
C1

∫ ∞
0

g(x)dx

]
. (2.124)

As before we have ||Σ̂p,n−Σp||∞ =


OP

(√
n−1 log p

)
, in Theorem 2.4.4

OP (lnn
−1 log p) , in Theorem 2.4.9

OP

(
an
√
n−1 log p

)
in Theorem 2.4.11.

Again, by triangle inequality

||Rτn,α(Σp)− Σp||(1,1) ≤ ||Rτn,α(Σp)−Bk′n,α

[
Rτn,α(Σp)

]
||(1,1)

+||Bk′n,α

[
Rτn,α(Σp)

]
−Bk′n,α(Σp)||(1,1) (2.125)

+||Bk′n,α(Σp)− Σp||(1,1)

and by Lemma 2.2.1, we have

||Bk′n,α(Σp)− Σp||(1,1) = O((k′n,α)−α) and

||Rτn,α(Σp)−Bk′n,α

[
Rτn,α(Σp)

]
||(1,1) = O((k′n,α)−α).

Now, for some constant C2, C3 > 0, as σij’s are bounded, for sufficiently large n,

||Bk′n,α

[
Rτn,α(Σp)

]
−Bk′n,α(Σp)||(1,1)

≤ max
i

∑
j:|i−j|≤k′n,α

(
1− g

(
|i− j|
τ ′n,α

))
|σij|

≤ C2

k′n,α∑
l=−k′n,α

(
1− g

(
l

τn,α

))
≤ C3

(
k′n,α
τn,α

)γ
k′n,α.

Now, consider k′n,α =


(n−1 log p)

− γ
2(1+γ)(1+α) , for (a)

(lnn
−1 log p)

− γ
(1+γ)(1+α) , for (b)(

ann
−1/2
√

log p
)− γ

(1+γ)(1+α) , for (c) .

This completes the proof.
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Remark 2.4.14. In case of i.i.d. sample, as discussed in Section 2.2.1, Bickel and

Levina [2008] claimed, without a detailed proof, that the rate of convergence for the

banded and the tapered estimators are same. However, in that article there does

not seem to be any condition imposed on the tapering function in the neighborhood

of zero. In our proof, there is a term ||Bk′n,α

[
Rτn,α(Σp)

]
− Bk′n,α(Σp)||(1,1) (see

(2.125)), which is tackled by our condition “ 1 − g(x) = O (xγ) for some γ ≥ 1

in some neighborhood of zero”, on the tapering function. It appears that under

this condition, the convergence rate for the i.i.d. case in Bickel and Levina [2008]

would be identical to the rate given in our Theorem 2.4.13 (a). We did not pursue

this.

To summarize, under weak dependence, the appropriately banded and tapered

version of the sample variance-covariance matrix are consistent estimators of the

population variance-covariance matrix provided its corners are appropriately de-

caying and its eigenvalues remain bounded away from 0 and ∞.

We conclude by noting that, as we have discussed in Chapter 1, there are many

high dimensional data which are time series in nature. Estimation of population

autocovariance matrices of different orders is very important in the analysis of a

stationary time series model. The population autocovariance matrix of order 0

is nothing but the population variance-covariance matrix. Therefore, some very

specific situations of estimation of autocovariance matrices can be handled by the

results of this chapter. The next chapter deals with estimation of autocovariance

matrices in details.



Chapter 3

Estimation of large autocovariance matrices for

linear process

3.1 Introduction

We have seen in Chapter 1 that there are many high dimensional data which are

time series in nature. A huge class of time series models is weak or covariance

stationary time series. Let {Xt,p : t = 0,±1,±2, . . .} be p-dimensional random

vectors with E(Xt,p) = 0 ∀t. {Xt,p} is called a weak/covariance stationary time

series if and only if, for all u ≥ 0, the p× p matrix

Γu,p = E(Xt,pX
∗
t+u,p) (3.1)

does not depend on t and is a function of u only. Γu,p is called the population

autocovariance matrix of order u. Note that Γ0,p is the population variance-

covariance matrix of {Xt,p}. In this chapter, we are mainly focused on estimating

{Γu,p} in high dimensional set up.

Some of the more common existing weak stationary high-dimensional time se-

ries models in the literature are infinite dimensional IID processes, infinite dimen-

sional finite order moving average processes (MA) and infinite dimensional vector

autoregressive processes (IVAR) with i.i.d. innovations. A detailed description

of the above models is available in Forni and Lippi [2001], Forni et al. [2004] and

58
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Chudik and Pesaran [2011]. We work with the more general high-dimensional

time series model, namely the infinite dimensional moving average process of or-

der∞ (MA(∞)). All the former high-dimensional time series models, under some

causality conditions, can be expressed as MA(∞) processes. In Section 3.2, we

briefly describe all the above models and their causality conditions.

In this chapter, we are interested in estimating the population autocovari-

ance matrices {Γu,p} for the infinite dimensional MA(∞) process. As we have

seen in Chapter 2, in high-dimensional setting, the dimension p = p(n) → ∞

as the sample size n → ∞. Therefore, the size of the population autocovari-

ance matrices {Γu,p} increases as p = p(n) → ∞ and hence the number of un-

known parameters (entries in {Γu,p}) increases. Consequently, just like the sample

variance-covariance matrix in Chapter 2, the sample autocovariance matrices fail

to consistently estimate the population autocovariance matrices.

The existing works on high-dimensional time series have not dealt with the

estimation of population autocovariance matrices. From the experience of Chapter

2, to get consistent estimators of {Γu,p} we need two things – suitable restrictions

on the parameter space and appropriate modifications such as banding or tapering

on sample autocovariance matrices. In Section 3.3, Theorems 3.3.1 and 3.3.2

provide some restrictions on parameters under which the appropriately banded

and tapered version of sample autocovariance of order 0 is consistent for the

population autocovariance of order 0. These restrictions are directly borrowed

from the development of Chapter 2. But these restrictions on parameters are

cumbersome and very difficult to check. Moreover, Theorems 3.3.1 and 3.3.2 are

silent about autocovariance matrices of order u > 0.

In Section 3.4, we identify an appropriate parameter space for estimating pop-

ulation autocovariance matrices of any order for the infinite dimensional MA(∞)

process. In Section 3.5, Theorem 3.5.1 establishes that the banded and tapered

sample autocovariance matrices are consistent for the population autocovariance

matrices under the Gaussian assumption on the driving process. We also derive
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the convergence rate of these estimators.

The infinite dimensional finite order moving average and infinite dimensional

autoregressive processes are special cases of the infinite dimensional vector linear

process. Theorems 3.4.5 and 3.4.6 provide appropriate parameter spaces for these

two processes so that their population autocovariance matrices can be consistently

estimated. Under these parameter spaces and the Gaussian assumption on the

driving process, Theorems 3.5.5 and 3.5.6 state that the banded and tapered sam-

ple autocovariance matrices are also consistent for the population autocovariance

matrices. Moreover, the same convergence rates as in Theorem 3.5.1 hold.

Using this consistency, in Section 3.5.1, we show how to obtain consistent esti-

mators for the parameter matrices of an infinite dimensional autogressive process

(see Theorem 3.5.8).

In Section 3.5.2, we relax the Gaussian assumption on the driving process.

We replace the Gaussian assumption by an appropriate condition on the moment

generating function. We show that under this condition, Theorems 3.5.1, 3.5.5,

3.5.6 and 3.5.8 continue to hold.

To support our results, some simulations are given in Section 3.6.

The main material of this chapter is taken from Bhattacharjee and Bose [2014b].

3.2 Models and examples

In this section we shall discuss some high-dimensional time series models. As

mentioned in Section 3.1, a very general high dimensional linear time series model

is the infinite dimensional moving average process of order ∞ (MA(∞)). This

process is given by

X
(n)
t,p =

∞∑
j=0

ψj,pεt−j, t, n ≥ 1 (almost surely), (3.2)
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where {X(n)
t,p } and {εt} are both p-dimensional random vectors, {εt} are i.i.d. with

mean 0 and p× p variance-covariance matrix Σp, {ψj,p} are all p× p matrices and

are called coefficient matrices. We have appropriate conditions on {ψj,p} so that

the above sum is meaningful. The dimension p = p(n) → ∞ as the sample size

n→∞. It may be noted that the dimension of Xt,p is not infinite. However, since

p→∞, it has become customary to refer to such models as ‘infinite dimensional’.

This is a weak stationary time series and the population autocovariance matrix

of order u is given by

Γu,p =
∞∑
j=0

ψj,pΣpψ
∗
j+u,p, ∀u ≥ 0. (3.3)

Clearly in high-dimensional set up, the size of the coefficient matrices {ψj,p} in-

creases as p increases and consequently as we move from the n-th stage to the

(n + 1)-th stage, all the components of X
(n)
t,p get changed. Hence, in the high

dimensional set up, we have the following triangular sequence:

X
(1)
1,p(1)

X
(2)
1,p(2), X

(2)
2,p(2)

X
(3)
1,p(3), X

(3)
2,p(3), X

(3)
3,p(3) (3.4)

...

X
(n)
1,p(n), X

(n)
2,p(n), X

(n)
3,p(n), . . . , X

(n)
n,p(n)

...

and the sample at the n-th stage is the n-th row of this triangular sequence. For

convenience, we shall often write Xt,p for {X(n)
t,p }.

In all the examples below, we have p = p(n)→∞ as n→∞.
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Example 3.2.1. The infinite dimensional IID process is given by

Xt,p = εt, ∀t (3.5)

where {εt} is a set of i.i.d. p-dimensional random vectors with mean 0 and p× p

variance-covariance matrix Σp.

(3.5) is a weak stationary time series process with

Γu,p =

Σp, if u = 0

0, otherwise.

(3.6)

Note that if ψ0,p = Ip and ψj,p = 0, ∀j ≥ 1, then the model (3.2) reduces to (3.5).

Example 3.2.2. The infinite dimensional moving average process of order r

(MA(r)) is given by

Xt,p =
r∑
i=0

Mi,pεt−i, t ≥ 1 (3.7)

where {εt} is as in Example 3.2.1, Mi,p, i = 0, 1, 2, . . . , r are square matrices of

order p and are called parameter matrices, M0,p = Ip and Ip is as in (2.8) and r

is a non-negative integer.

It is easy to see that MA(r) is a weak stationary model and

Γu,p =


∑r−u

i=0 Mi,pΣpM
∗
i+u,p, for 0 ≤ u ≤ r

0, otherwise.

(3.8)

For r = 0, (3.7) is same as the IID process given in Example 3.2.1. If ψj,p =

Mj,pI(0 ≤ j ≤ r), then (3.2) reduces to (3.7).

Example 3.2.3. The infinite dimensional vector autoregressive process of order
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r (VAR(r)) is given by

Xt,p =
r∑
i=1

Ai,pXt−i,p + εt, t ≥ 1 (3.9)

where {εt} is as in Example 3.2.1, the p×p matrices Ai,p, i = 1, 2, . . . , r, are called

the parameter matrices and r is a non-negative integer.

Let Ip be as in (2.8) and

C = set of all complex numbers. (3.10)

Then we have the following Theorem.

Theorem 3.2.1. (3.9) is a weak stationary process if for some ε > 0, {Ai,p}

satisfy

det(Ip −A1,pz −A2,pz
2 − · · · −Ar,pzr) 6= 0, ∀z ∈ C such that |z| ≤ 1 + ε. (3.11)

Under (3.11), (3.9) has the representation,

Xt,p =
∞∑
j=0

φj,pεt−j, t ≥ 1 (almost surely), (3.12)

where

φ0,p = Ip and φj,p =

j∑
i=1

Ai,pφj−i,p, j ≥ 1. (3.13)

Proof. Let {zi,p : 1 ≤ i ≤ r} be r roots of the equation det(Ip(n) − A1,p(n)z −

A2,p(n)z
2 − · · · − Ar,p(n)z

r) = 0, z ∈ C. Let αp = min{|zi,p| : 1 ≤ i ≤ r}. By

Theorem 11.3.1 in Brockwell and Davis [2009], for each fixed p, (3.9) can be

represented as (3.12) with the coefficient matrices (3.13), if

αp > 1. (3.14)
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Note that (3.11) implies (3.14) for all p ≥ 1. This completes the proof of Theorem

3.2.1.

(3.11) is called the causality condition for the model (3.9). Under (3.11), the

population autocovariance matrix of order u for the model (3.9) is given by

Γu,p =
∞∑
j=0

φj,pΣpφ
∗
j+u,p, ∀u ≥ 0. (3.15)

Thus the infinite dimensional MA(∞) process, defined in (3.2), is a very general

time series model.

As we have mentioned in Section 3.1, in this chapter our main goal is to

estimate the population autocovariance matrices {Γu,p} for the model (3.2). Let

{Xt,p : t = 1, 2, . . . , n} be a sample of size n from this model. A method of moment

estimator of Γu,p is given by the p× p matrix

Γ̂u,p,n =
1

n

n−u∑
t=1

Xt,pX
∗
t+u,p. (3.16)

Γ̂u,p,n is called the sample autocovariance matrix of order u based on n observa-

tions. Recall the definition of consistency given in (2.5). In finite dimensional set

up i.e. when p is fixed, Γ̂u,p,n is a consistent estimator of Γu,p as n→∞.

Now suppose the dimension p = p(n) → ∞ as the sample size n → ∞.

Then the size of the population autocovariance matrices {Γu,p} increases as p

increases and the sample autocovariance matrices {Γ̂u,p,n} are no more consistent.

For evidence see simulation results in Example 2.2.1, which shows Γ̂0,p,n is not

consistent for Γ0,p.

3.3 Estimation of Γ0,p using results of Chapter 2

This section deals with Γ0,p for some very specific cases. These models obey the

conditions given in Chapter 2. As in the population variance-covariance matrix
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estimation in Chapter 2, to get a consistent estimator of {Γ0,p}, we need the

following:

(a) suitable restrictions on the coefficient matrices {ψj,p} and on the variance-

covariance matrix of {εt} i.e. on Σp, and

(b) appropriate modification such as banding or tapering of {Γ̂0,p,n}.

Note that Γ0,p is the variance-covariance matrix of {Xt,p}. This section provides

some restrictions on {ψj,p} and Σp so that the appropriately banded and tapered

Γ̂0,p,n become consistent for Γ0,p. These restrictions are directly borrowed from

the developments of Chapter 2.

Recall the∞×∞ extension Σ∞ of {Σp} in the sense of (2.15). Also recall the class

of dispersion matrices U(ε, α, C) in (2.22). Recall the banded and tapered version

of a matrix in Section 2.2.1. Let the tapering function g : R+∪{0} → R+∪{0} be

continuous, non-increasing such that g(0) = 1 and limx→∞ g(x) = 0. Let ∆g,τn,α =∑n−1
j=0 g

(
j

τn,α

)
. Then we have the following theorem on infinite dimensional IID

or MA(0) process. This is a restatement of Theorems 2.2.2 and 2.2.6.

Theorem 3.3.1. Consider the model (3.5). Suppose εt ∼ Np(0,Σp), ∀t and

Σ∞ ∈ U(ε, α, C) for some ε, α, C > 0. Then

(a) for kn,α � (n−1 log p)−
1

2(1+α) , we have

||Bkn,α(Γ̂0,p,n)− Γ0,p||2 = OP (k−αn,α), (3.17)

(b) and for ∆g,τn,α � (n−1 log p)−
1

2(1+α) , we have

||Rτn,α(Γ̂0,p,n)− Γ0,p||2 = OP (∆−αg,τn,α). (3.18)

Recall the class of dispersion matrices V in (2.65). Additionally assume
∫∞

0
g(x) <

∞ and 1− g(x) = O (xγ) for some ν ≥ 1 in some neighborhood of zero. Then

we have the following theorem for the infinite dimensional MA(∞) process.
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Theorem 3.3.2. Consider the model (3.2). Suppose εt ∼ Np(0,Σp), ∀t, and for

some α, ε, C > 0

∞∑
j=0

ψj,pΣpψ
∗
j,p ∈ U(ε, α, C) ∩ V (3.19)

and

max
an≤u

max
v,w

|
(∑∞

j=0 ψj,pΣpψ
∗
j+u,p

)
(v, w)|

|
(∑∞

j=0 ψj,pΣpψ∗j,p

)
(v, w)|

= O(n−2an), (3.20)

for some an such that an
√
n−1 log p→ 0 and a−1

n

√
n log p→∞ as n→∞. Then

(a) for kn,α � (an
√
n−1 log p)−

1
1+α , we have

||Bkn,α(Γ̂0,p,n)− Γ0,p||2 = OP (k−αn,α), (3.21)

(b) and for τn,α � (an
√
n−1 log p)−

1
2(1+α)

[ γ
1+α

+1], we have

||Rτn,α(Γ̂0,p,n)− Γ0,p||2 = OP

[(
an
√
n−1 log p

) γα
(1+α)(1+γ)

]
. (3.22)

Proof. To prove the above theorem, we use Theorems 2.4.11 and 2.4.13 (c). There

our approach was to separate out the cross covariance structure ∇np, an np× np

matrix consisting of n2-many p × p matrices {Λij : 1 ≤ i, j,≤ n}. Recall the

notation (2.6). Note that, by (2.64) and weak stationarity of (3.2), for all 1 ≤

i, j ≤ n, 1 ≤ v, w ≤ p we have

Λij(v, w) = Λ|i−j|(v, w) =
E(Xi,pX

∗
j,p)(v, w)

E(Xi,pX∗i,p)(v, w)
=

Γi−j,p(v, w)

Γ0,p(v, w)
, (3.23)

provided Γ0,p(v, w) 6= 0, ∀v, w. Now, by (3.3), for all 1 ≤ v, w ≤ p we have

Λu(v, w) =

(∑∞
j=0 ψj,pΣpψ

∗
j+u,p

)
(v, w)(∑∞

j=0 ψj,pΣpψ∗j,p

)
(v, w)

, ∀u ≥ 0 (3.24)
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provided (
∑∞

j=0 ψj,pΣpψ
∗
j,p)(v, w) 6= 0, ∀v, w. Then Theorem 3.3.2 follows from

Theorems 2.4.11 and 2.4.13 (c) provided (3.19) and (3.20) hold.

It may be observed that conditions (3.19) and (3.20) are cumbersome and difficult

to check in general unless there is some additional structure in the model. Example

3.3.1 provides such a case.

Example 3.3.1. Consider the model (3.2), with ψj,p = θjAp for any 0 < θ < 1

and p× p matrix Ap such that all elements of ApΣpA
∗
p are non-zero. Then for all

1 ≤ v, w ≤ p and u ≥ 1, we have

Λu(v, w) =
|
(∑∞

j=0 ψj,pΣpψ
∗
j+u,p

)
(v, w)|

|
(∑∞

j=0 ψj,pΣpψ∗j,p

)
(v, w)|

=
θu|
(
ApΣpA

∗
p

)
(v, w)|

(∑∞
j=0 θ

2j
)

|
(
ApΣpA∗p

)
(v, w)|

(∑∞
j=0 θ

2j
) = θu.

Therefore, supu≥an ||Λu||∞ = θan and (3.20) holds.

Moreover, it is not clear what conditions on the parameter matrices are needed

in the IVAR model so that (3.19) and (3.20) can be satisfied. Therefore, we need

some directly verifiable conditions on the coefficient matrices.

Finally, the cross covariance structure model used in Theorem 3.3.2 is mean-

ingful if and only if all elements of the matrix Γ0,p are non-zero (see (3.19)). There

are of course many processes where this may not be the case. Here are two simple

examples.

Example 3.3.2. ψj,p = θjIp for all j with at least one zero element in Σp.

Example 3.3.3. Consider Σp = Ip and ψj,p’s are such that ψj,pψ
∗
j,p’s are diagonal.

Any asymmetric Toeplitz matrix made of {ti}∞i=−∞ with ti = 0 for all i except one,

are examples of such ψj,p’s.
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Another issue is that, in a time series model, the interest is not only on the

marginal variance-covariance matrix Γ0,p but also on the entire sequence of auto-

covariance matrices {Γu,p}. From Theorems 3.3.1 and 3.3.2, it is not clear how to

estimate the cross covariances in general. Moreover, the assumptions of Theorem

3.3.2 do not offer any control over the first few cross covariances. Therefore, under

those assumptions, it is not possible to estimate them in the high dimensional set

up. This leads to the need for identifying appropriate parameter spaces so that all

the autocovariance matrices are consistently estimable. In the following section

we shall provide such a parameter space.

3.4 Parameter spaces

There are two kinds of parameters in the model (3.2). First, the variance-

covariance matrix of the driving process {εt} i.e. Σp and second, the set of coef-

ficient matrices {ψj,p}. Recall the class of matrices having polynomially decaying

corner, denoted by X (α,C) for some α,C > 0, in (2.20). Also recall || · ||∞ in

(2.29). From the experience of Chapter 2 (see (2.32), (2.45) and (2.46)), we can-

not expect the banded or tapered version of the sample autocovariance matrices

to be consistent for {Γu,p}, unless

(i) supp ||Γu,p||∞ <∞, ∀u ≥ 0 and

(ii) Γu,p ∈ X (α,C) for some α,C > 0.

Below we discuss appropriate restrictions on both type of parameters so that

{Γu,p} satisfy (i) and (ii) above and as a consequence, consistent estimators of

{Γu,p} can be achieved.

Restrictions on Σp. Recall the class of variance-covariance matrices U(ε, α, C)

in (2.22). Recall the notation (2.15). Note that Theorem 3.3.1 provided consistent

estimator of Γ0,p when the ∞×∞ extension Σ∞ of {Σp} is in U(ε, α, C) for some

ε, α, C > 0. Since infinite dimensional IID process is a particular case of the model
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(3.2), we continue to assume that

Σ∞ ∈ U(ε, α, C), for some ε, α, C > 0. (3.25)

Restrictions on {ψj,p}. To define an appropriate parameter space for the se-

quence of matrices {ψj,p}∞j=0, we assume the following criteria.

For each j ≥ 0, consider the ∞ × ∞ extension of the sequence of matrices

{ψj,p(n)}n≥1 as ψj,∞ (in the sense (2.15)). Recall the || · ||(1,1) norm and the corner

measure T (·, ·) respectively from (2.26) and (2.18).

(i) Time lag criterion: We ensure that the dependence decreases appropri-

ately with the lag. For this purpose, define

max(||ψj,∞||(1,1), ||ψ∗j,∞||(1,1)) = rj, ∀j ≥ 0. (3.26)

We define the following class =(β, λ) of sequence of matrices {ψj,∞}∞j=0 for

some 0 < β < 1 and λ ≥ 0.

=(β, λ) =

{
{ψj,∞}∞j=0 :

∞∑
j=0

rβj <∞,
∞∑
j=0

r
2(1−β)
j jλ <∞

}
. (3.27)

Note that the summability above implies that the decay rate of rj cannot

be slower than a polynomial rate.

(ii) Spatial lag criterion: For any 1 ≤ i ≤ p, let Xt,p.i be the i-th component

of the vector Xt,p. Here we ensure that for any t1 < t and k > 0, the

dependence between Xt1,p.(i±k) and Xt,p.i grows weaker as the lag k increases.

We achieve this by putting restrictions over {T (ψj,∞, k) : j = 0, 1, 2, . . . } for

all k > 0. Consider the following class G(C, α, η, ν) for some C, α, ν > 0 and
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0 < η < 1 as

G(C, α, η, ν) =

{
{ψj,∞} : T

(
ψj,∞, t

j∑
u=0

ηu
)
< Ct−αrjj

ν

j∑
u=0

η−uα,

∞∑
j=0

rjrj+uj
ν

ηαj
<∞ ∀u ≥ 0

}
.

In this chapter we assume {ψj,∞} ∈ =(β, λ) ∩ G(C, α, η, ν) for some λ ≥ 0,

C, α, ν > 0 and 0 < β, η < 1. Recall (i) and (ii) described at the beginning of

this section. The next two theorems state that this assumption together with

Σ∞ ∈ U(ε, α, C) = X (α,C) ∩W(ε) for some ε, α, C > 0, imply (i) and (ii).

Theorem 3.4.1. Consider the model (3.2). Suppose Σ∞ ∈ W(ε) and {ψj,∞} ∈

=(β, λ) for some ε > 0, λ ≥ 0 and 0 < β < 1. Then

sup
p
||Γu,p||∞ <∞, ∀u ≥ 0.

To prove the above theorem we need the following lemma.

Lemma 3.4.2. For any two square matrices A and B of same order,

||AB||∞ ≤ min{||A||∞||B||(1,1), ||B||∞||A∗||(1,1)}.

Proof. Recall the notation (2.6). Then

||AB||∞ = max
i,j
|AB(i, j)| = max

i,j

∑
k

|A(i, k)B(k, j)|

≤ max
i,k
|A(i, k)|max

j

∑
k

|Bk,j| = ||A||∞||B||(1,1).

Similarly, one can show that ||AB||∞ ≤ ||B||∞||A∗||(1,1). This completes the proof.

Proof of Theorem 3.4.1. Note that as Σ∞ = ((σij)) ∈ W(ε), we have |σij| ≤
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√
σiiσjj ≤ λmax(Σp) < ε−1, ∀i, j. Therefore,

sup
p
||Σp||∞ = ||Σ∞||∞ < ε−1. (3.28)

Also for the model (3.2), Γu,p =
∑∞

j=0 ψj,pΣpψ
∗
j+u,p, ∀u ≥ 0.

Therefore, by (3.28) and the repeated use of Lemma 3.4.2, we have

sup
p
||Γu,p||∞ ≤ sup

p

∞∑
j=0

||ψj,pΣpψ
∗
j+u,p||∞ ≤ sup

p

∞∑
j=0

||ψ∗j,p||(1,1)||Σpψ
∗
j+u,p||∞

≤ sup
p

∞∑
j=0

||ψ∗j,p||(1,1)||Σp||∞||ψ∗j+u,p||(1,1)

≤ ε−1

∞∑
j=0

rjrj+u <∞,

as {ψj,∞} ∈ =(β, λ) for some λ ≥ 0 and 0 < β < 1.

Note that Theorem 3.4.1 implies (i). The next theorem will imply (ii).

Theorem 3.4.3. Consider the model (3.2). If Σ∞ ∈ X (α,C) and {ψj,∞}∞j=0 ∈

G(C, α, η, ν) for some C, α, ν > 0 and 0 < η < 1, then for all t > 0 and some

c′ > 0,

T (Γu,p(n), t) < c′t−α||Σp(n)||(1,1), ∀u ≥ 0, n ≥ 1.

Moreover, if ||Σ∞||(1,1) <∞ then Γu,p(n) ∈ X (α, c′), for all u ≥ 0, n ≥ 1.

To prove the above theorem, we need the following lemma on the corner measure

T (·, ·) and || · ||(1,1) norm of a square matrix.

Lemma 3.4.4. Let A and B be two r × r matrices. Then,

(i) T (A, k) ≤ T (A, k′), ∀ 0 < k′ < k <∞.

(ii) ‖AB‖(1,1) ≤ ‖A‖(1,1)‖B‖(1,1),

(iii) T (AB, (α + β) t) ≤ ‖A‖(1,1) T (B,αt)+‖B‖(1,1) T (A, βt), for any α, β, t > 0.
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Proof. Proofs of (i) and (ii) are trivial. To prove (iii), consider the following steps.

T (AB, (α + β) t)

≤ max
k

∑
j:|j−k|>(α+β)t

( ∞∑
l=1

|ajlblk|
)

≤ max
k

∑
j:|j−k|>(α+β)t

( ∑
l:|l−k|≤at

|ajlblk|
)

+ max
k

∑
j:|j−k|>(α+β)t

( ∑
l:|l−k|>αt

|ajlblk|
)

≤
(

max
k

∑
j:|j−l|>βt, l:|l−k|≤αt

|ajlblk|
)

+

(
max
k

∑
j:|j−k|>(α+β)t, l:|l−k|>αt

|ajlblk|
)

≤
(

max
l

∑
j:|j−l|>βt

|ajl|
)(

max
k

∞∑
l=1

|blk|
)

+

(
max
k

∑
l:|l−k|>αt

|blk|
)(

max
l

∞∑
j=1

|ajl|
)

≤ ‖B‖(1,1)T (A, βt) + ‖A‖(1,1)T (B,αt).

This completes the proof.

Now we are ready to prove Theorem 3.4.3.

Proof of Theorem 3.4.3. Let δp = ||Σp||(1,1). From the properties of X (α,C)

and G(C, α, η, ν) and, by Lemma 3.4.4 (iii), for some C1 > 0,

T (ψj,pΣp, (1 + η + · · ·+ ηj+1)t) ≤ δpCt
−α(1 + η−α + · · ·+ η−ja)rjj

v + rjCt
−αη−(j+1)α

≤ C1t
−αδp(1 + η−α + · · ·+ η−(j+1)α)rjj

v.

Again, by Lemma 3.4.4 (ii), (iii) and for some C2 > 0,

T (ψj,pΣpψ
∗
j+u,p, 2(1 + η + · · ·+ ηj+1)t) ≤ rj+uC1t

−αδp(1 + η−α + · · ·+ η−(j+1)α)rjj
v

+δprjCt
−α(1 + η−α + · · ·+ η−(j+1)α)rj+uj

ν

≤ C2t
−αδp(1 + η−α + . . .+ η−(j+1)α)rjrj+uj

ν .

Hence, as {ψj,∞} ∈ G(C, α, η, ν) and by Lemma 3.4.4 (i), for some C3, C4 > 0, we
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have

T (Γu,
2

1− η
t) = T (

∞∑
j=0

ψj,pΣpψ
∗
j+u,p,

2

1− η
t) < C3t

−αδp

∞∑
j=0

rjrj+u
ηαj

jν < C4t
−αδp.

Hence the proof of Theorem 3.4.3 is complete.

Thus, by Theorems 3.4.1 and 3.4.3, it is clear that we need to assume Σ∞ ∈

U(ε, α, C) and {ψj,∞} ∈ =(β, λ) ∩ G(C, α, η, ν) for some λ ≥ 0, C, α, ε, ν > 0

and 0 < β, η < 1, to guarantee {Γu,p} have polynomially decaying corners and

supp ||Γu,p||∞ <∞, ∀u ≥ 0. As mentioned at the beginning of this section, these

two conditions will be crucially used when we deal with the banded and tapered

sample autocovariance matrices in the next section.

Recall that, infinite dimensional MA(r) processes and IVAR(r) processes de-

fined respectively in Examples 3.2.2 and 3.2.3, are all particular cases of the model

(3.2). Therefore, the obvious curiosity is under what condition on {Mi,p} in Ex-

amples 3.2.2 and {Ai,p} in Examples 3.2.3, would the corresponding coefficient

matrices be in =(β, λ)∩G(C, α, η, ν) for some λ ≥ 0, C, α, ν > 0 and 0 < β, η < 1?

The following discussion answers this question.

Parameter space for infinite dimensional MA(r) process. Consider the

model (3.7) and its p × p parameter matrices {Mi,p : 1 ≤ i ≤ r} with M0,p = Ip.

For each 0 ≤ i ≤ r, let Mi,∞ be the ∞×∞ extension of the sequence of matrices

{Mi,p(n)}n≥1 in the sense (2.15). Let us define Mi,∞ = 0, ∀i > r. The following

theorem provides a simplified condition on {Mi,∞ : 0 ≤ i ≤ r} so that {Mi,∞ : i ≥

0} ∈ =(β, λ) ∩ G(C, α, η, ν) for some λ ≥ 0, C, α, ν > 0 and 0 < β, η < 1. Recall

the class of matrices having polynomially decaying corners, denoted by X (α,C)

for some α,C > 0, in (2.20). The following result has appeared in Bhattacharjee

and Bose [2014b].

Theorem 3.4.5. Suppose 0 < ||Mi,∞||(1,1) < ∞ and Mi,∞ ∈ X (α,C) for some
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α,C > 0 and for all 1 ≤ i ≤ r. Then

{Mi,∞ : i ≥ 0} ∈
( ⋂

0<β<1

λ≥0

=(β, λ)

)⋂( ⋂
0<η<1
ν>0

G(Cm−1, α, η, ν)

)
,

where m = min{||Mi,∞||(1,1) : 1 ≤ i ≤ r}.

Proof. Note that in the model (3.7), rj as in (3.26) is given by

rj =


||I∞||(1,1) = 1, if j = 0

||ψj,∞||(1,1) = ||Mj,∞||(1,1), if 1 ≤ j ≤ r

0, if j > r.

Therefore, as there are only finitely many non-zero rj’s, all the summability con-

ditions on {rj} in =(β, λ) and G(C, α, η, ν) are satisfied for all λ ≥ 0, α, ν > 0

and 0 < β, η < 1.

Next, for all j ≥ 0, ν > 0 and 0 < η < 1, we have

T

(
Mj,∞, t

j∑
u=0

ηu
)

< Ct−α
( j∑

u=0

ηu
)−α

< (Cm−1)rjt
−αjνj−α

(
j−1

j∑
u=0

ηu
)−α

< (Cm−1)rjt
−αjνj−α−1

j∑
u=0

η−uα < (Cm−1)rjt
−αjν

j∑
u=0

η−uα.

This completes the proof.

Parameter space for IVAR(r) process. Consider the model (3.9) in Example

3.2.3. Recall that, under (3.11), the model (3.9) can be represented as a linear

process of the form (3.12). For each i ≥ 0, let φi,∞ be the∞×∞ extension of the

sequence of matrices {φi,p(n)}n≥1 in the sense (2.15). Theorem 3.4.6 provides direct

conditions on the parameter matrices {Ai,p} so that the corresponding coefficient

matrices {φi,∞} ∈ =(β, λ) ∩ G(C, α, η, ν) for some λ ≥ 0, C, α, ν > 0 and 0 <
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β, η < 1. To state Theorem 3.4.6, we need some preparation.

Let

||Ai,p||(1,1) = θi,n and ||A∗i,p||(1,1) = θ′i,n, 1 ≤ i ≤ r. (3.29)

Also let {αi,n : i = 1, 2, . . . , r} and {α′i,n : i = 1, 2, . . . , r} respectively be the roots

of the following polynomials.

1− θ1,nz − θ2,nz
2 . . . θr,nz

r = 0,

1− θ′1,nz − θ′2,nz2 . . . θ′r,nz
r = 0.

For each 1 ≤ i ≤ r, let Ai,∞ be the ∞×∞ extension of the sequence of matrices

{Ai,p(n)}n≥1. Consider the parameter space for {Ai,∞}ri=1 as,

P(C, α, ε) =

{
{Ai,∞}ri=1 : inf

p
min

1≤i≤r
(|αi,p|, |α′i,p|) > 1 + ε, and Ai,∞ ∈ X (C, α) ∀i

}
(3.30)

for some C, ε, α > 0. Now, we are prepared to state the following theorem which

appeared in Bhattacharjee and Bose [2014b].

Theorem 3.4.6. If {Ai,∞}ri=1 ∈ P(C, α, ε), then (3.12) holds. Also, {φi,∞}∞i=0 ∈

=(β, 0)
⋂
G(C, α, η, 1) for any 0 < β < 1 and some 0 < η < 1.

To prove the above theorem, we need the following two lemmas. Lemma 3.4.7

provides an inequality on matrix norms and Lemma 3.4.8 describes an important

property of stationary univariate autoregressive processes.

Lemma 3.4.7. (Golub and van Loan [1996]) Let M be a square matrix. Then

||M ||2 ≤
√
||M ||(1,1)||M∗||(1,1).

Note that Lemma 3.4.7 implies Lemma 2.2.3, when M is a symmetric matrix.

Lemma 3.4.8. (Brockwell and Davis [2009]) Consider a univariate autoregressive

process of order r:

xt = b1xt−1 + b2xt−2 + . . .+ brxt−r + et, ∀t, (3.31)
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where {et} are i.i.d. with mean 0 and variance σ2. Now, if {bi} satisfies

1− b1z − b2z
2 − . . .− brzr 6= 0, ∀z ∈ C, |z| < 1, (3.32)

then we have the following representation

xt =
∞∑
i=0

diet−i, where d0 = 1, dj =

j∑
i=1

bidj−i, ∀j ≥ 1.

and moreover, there exists a 0 < δ < 1 and c > 0 such that |di| < cδi.

Now, we are ready to prove Theorem 3.4.6.

Proof of Theorem 3.4.6. This proof involves the following three steps.

Step 1: Proof of (3.12).

Note that, we need to show that if {Ai,∞}ri=1 ∈ P(C, α, ε), then it will satisfy

condition (3.11). Define the polynomials

p1(x) = θ1,nx+ θ2,nx
2 + · · ·+ θr,nx

r

p2(x) = θ′1,nx+ θ′2,nx
2 + · · ·+ θ′r,nx

r.

Note that p1(0) = p2(0) = 0 and both of them are increasing functions of x. Also,

as (1 − p1(x)) and (1 − p2(x)) have all their roots strictly greater than (1 + ε),

pi(1 + ε) < 1 ∀i = 1, 2. Let us write I and Ai respectively for Ip and Ai,p for all

i ≥ 1. Now, for any |z| ≤ 1 + ε and any x 6= 0, by Lemma 3.4.7

|x′A1xz+x′A2xz
2 + · · ·+x′Arxz

r| ≤
r∑
i=1

√
θiθ′i|z|i ≤

1

2
(p1(1 + ε) + p2(1 + ε)) < 1.

Hence, there exists no x 6= 0 such that (I−A1z−A2z
2 · · ·−Arzr)x = 0. Therefore,

(3.11) is satisfied.

Step 2: Proof of {φi,∞}∞i=0 ∈ =(β, 0) for any 0 < β < 1.
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Consider the autoregressive processes

yt = θ1yt−1 + θ2yt−2 + · · ·+ θryt−r + et

zt = θ′1zt−1 + θ′2zt−2 + · · ·+ θ′rzt−r + et

where et, t = 1, 2, ... are independently distributed with mean 0 and variance

σ2 and for all 1 ≤ i ≤ r, θi = ||Ai,∞||(1,1) and θ′i = ||A∗i,∞||(1,1). If {Ai,∞}ri=1 ∈

P(C, α, ε), then by Lemma 3.4.8, we have the representations,

yt =
∞∑
i=0

αiet−i and zt =
∞∑
i=0

βiet−i ∀t

where

α0 = 1, αj =

j∑
i=1

θiαj−i and β0 = 1, βj =

j∑
i=1

θ′iβj−i ∀j ≥ 1

and there exist 0 < δ < 1, c > 0, such that

max(αi, βi) < cδi ∀i.

Therefore, using Lemma 3.4.4(i) repeatedly, we have ||φi,∞||(1,1) < αi and hence

||φi,∞||(1,1) < cδi ∀i for some c > 0, 0 < δ < 1. (3.33)

Therefore, {φi,∞}∞i=0 ∈ =(β, λ) for any 0 < β < 1 and λ = 0.

Step 3: Proof of {φi,∞} ∈ G(C, α, η, 1) for some 0 < η < 1.

By (3.33), the summability condition on {||φi,∞||(1,1)} in G(C, α, η, 1) is satisfied.

Therefore, it remains to justify the condition on T (·, ·) in G(C, α, η, 1).
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Now consider any i ≤ r. Then

||φi,∞||(1,1) ≤
i∑

j=1

||Aj,∞||(1,1)||φi−j,∞||(1,1) < cδi.

Hence,

||Ai,∞||(1,1) < cδi, 1 ≤ i ≤ r.

Since Ai,∞ ∈ X (C, α) ∀i ≤ r, we have T (Ai,∞, t) < C1δ
it−α, for some C1 > 0.

Note that

T (φ1,∞, (1 + η)t) < ct−αδ(1 + η−α).

We now apply induction. Suppose,

T (φj,∞, (1 + η + · · ·+ ηj)t) < ct−α(1 + η−α + · · ·+ η−jα)δjj.

Then, by Lemma 3.4.4 (iii), for all j > k,

T (Ak,∞φj−k,∞, (1 + η + · · ·+ ηj)t)

≤ δkct−α(1 + η−α + · · ·+ η−(j−k)α)δj−kj + δj−kct−αη−(j−k+1)αδk

≤ ct−αδjj(1 + η−α + · · ·+ η−jα).

Since, φj+1,∞ =
∑j+1

i=0 Ai,∞φj−i+1,∞, for some C ′ > 0,

T (φj+1,∞, (1 + η + · · ·+ ηj+1)t) ≤ C ′t−αδjj2(1 + η−α + · · ·+ η−(j+1)α).

Hence the proof is complete.

This complete our discussion on (a) as mentioned at the beginning of Section 3.3.

Now we move to (b) i.e. to consistent estimation of autocovariance matrices.
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3.5 Estimation of autocovariance matrices

We are now ready to show that appropriate banded and tapered version of the

sample autocovariance matrices are consistent for the population autocovariance

matrices in the sense of (2.5). Throughout this section, we assume p = p(n)→∞

as n→∞ in such a way that n−1 log p(n)→ 0.

Recall for any matrix M of order p and k > 0, the k-banded version of M is

as in (2.25). Also recall the tapered version of a matrix as in (2.55). Suppose,

g : R+ ∪ {0} → R+ ∪ {0} is a continuous, non-increasing function such that

g(0) = 1,
∫∞

0
g(x) < ∞ and 1 − g(x) = O (xγ) for some ν ≥ 1 in some

neighborhood of zero. Then we have the following theorem which has appeared

in Bhattacharjee and Bose [2014b].

Theorem 3.5.1. Consider the model (3.2). Suppose the driving process εt ∼

Np(0,Σp), ∀t, Σ∞ ∈ U(ε, α, C) and {ψj,∞} ∈ =(β, λ) ∩ G(C, α, η, ν) for some

C, ε, α, µ > 0, λ ≥ 0 and 0 < β, η < 1. Then for kn,α �
(
n−1log p

)− 1
2(α+1) ,

τn,α � (n−1 log p)
− 1

2(1+γ) [
γ

1+α
+1] and u ≥ 0, we have

||Bkn,α(Γ̂u,p,n)− Γu,p||2 = OP (k−αn,α||Σp||(1,1)), and (3.34)

||Rτn,α(Γ̂u,p,n)− Γu,p||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1))

]
. (3.35)

To prove the above theorem, we need the following two lemmas. Lemma

3.5.2 provides the convergence rate of the sample autocovariance matrices to their

corresponding population autocovariance matrices in || · ||∞ norm for the infinite

dimensional IID process. This turns out to be useful since the model (3.2) is driven

by an infinite dimensional IID process. Lemma 3.5.3 provides a summability

condition which is useful to establish an upper bound to the rate of convergences

involved in Theorem 3.5.1.
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Lemma 3.5.2. Suppose, {εt} are i.i.d. Np(0,Σp). Then

(i) || 1
n

n∑
t=1

εtε
∗
t − Σp||∞ = OP

(√
n−1log p

)
,

(ii) || 1
n

n−u∑
t=1

εtε
∗
t+u||∞ = OP

(√
n−1log p

)
, ∀u ≥ 1.

Proof. (i) follows from (2.35). For (ii) Let, zt,i =
εt,i√
Γ0,p.ii

∀i, t, where εt,i is the

i-th component of εt and Γ0,p.ii is the (i, i)th entry of Γ0,p. Then for some c1 > 0,

P

[
|| 1
n

n−u∑
t=1

εtε
∗
t+u||∞ > t

]
≤

∑
l,m

P

[
|
n−u∑
t≥1

{(zt,l + zt+u,m)2

2
− 1}| > c1nt

]

+
∑
l,m

P

[
|
n−u∑
t≥1

{(zt,l − zt+u,m)2

2
− 1}| > c2nt

]
.

Since,
(zt,l ± zt+u,m)2

2
, t ≥ 1 are all independent χ2

1 variables, by Lemma 2.30, for

some c2, c3 > 0

P [|| 1
n

n−u∑
t=1

εtε
∗
t+u||∞ > t] ≤ c3p

2e−c2nt
2

, (3.36)

which tends to 0 as n→∞ for t = M
√
n−1log p and appropriately chosen M > 0.

Hence, (ii) is proved.

Lemma 3.5.3. Let {aj}∞j=0 be any sequence of positive real members such that
∞∑
j=0

aj
β <∞ and

∞∑
j=0

a
2(1−β)
j jλ <∞, for some λ > 0 and 0 < β < 1. Then as

p→∞ for an appropriately chosen M > 0,

p2
∑

1≤i,j<∞

p
− M

(aiaj)
2(1−β) → 0.

Proof. Let ν = 2(1− β). As
∑∞

j=1 a
v
j j
λ <∞, we have 1

avj
> jλ for all j > N and
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some N ≥ 1. Now

p2
∑
i,j

p
− M

(aiaj)ν ≤
∑

1≤i,j≤N

p
− M

(aiaj)ν
+2

+ p2
∑

{1≤i,j≤N}c
p−M(ij)λ .

As we have finitely many terms, for an appropriately chosen large M , the first

term tends to 0 as p→∞. Now,

p2
∑

{1≤i,j≤N}c
p−M(ij)λ ≤ p2

∞∑
k=N

(k −N + 1)p−Mkλ ≤ C1p
2

∞∑
r=R

r
1
λp−Mr

≤ C1p
2−MR

∞∑
r=0

(r +R)
1
λp−Mr ≤ C2p

2−MR

for an C1, C2 and R > 0. This tends to 0 for an appropriately chosen large M > 0.

Hence the proof is complete.

Now we are ready to prove Theorem 3.5.1.

Proof of Theorem 3.5.1

Proof of (3.34). By Lemma 3.4.7, we have

||Bkn,α(Γ̂u,p,n)− Γu,p||2 ≤
√
||Bkn,α(Γ̂u,p,n)− Γu,p||(1,1)||Bk,nα(Γ̂∗u,p,n)− Γ∗u,p||(1,1). (3.37)

First, we shall show that

||Bkn,α(Γ̂u,p,n)− Γu,p||(1,1) = OP (k−αn,α||Σp||(1,1)). (3.38)

Using triangle inequality and by Lemma 2.2.3,

||Bkn,α(Γ̂u,p,n)− Γu,p||(1,1) ≤ ||Bkn,α(Γ̂u,p,n)−Bkn,α(Γu,p)||(1,1) + T (Γu,p, kn,α)

≤ (2kn,α + 1)||Γ̂u,p,n − Γu,p||∞ + T (Γu,p, kn,α).(3.39)
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By Theorem 3.4.3, we have

T (Γu,p, kn,α) = O(k−αn,α||Σp||(1,1)). (3.40)

Using the model (3.2) and Lemma 3.4.4 (ii),

||Γ̂u,p,n − Γu,p||∞ ≤
∞∑
j=0

∞∑
i=0

rirj||
1

n

n−u∑
t=1

εt,jε
∗
(t+u),i − Eij||∞

where Eij = Eεt,jε
∗
(t+u),i ∀i, j. Hence for some C1 > 0,

P [||Γ̂u,p,n − Γu,p||∞ > t]

≤ P

[∑
j

∑
i

rirj||
1

n

n−u∑
t=1

εt,jε
∗
(t+u),i − Eij||∞ >

∑
j

∑
i

C1t

r−βi r−βj

]

≤
∑
j

∑
i

P

[
|| 1
n

n−u∑
t=1

εt,jε
∗
(t+u),i − Eij||∞ >

C1t

r1−β
i r1−β

j

]
.

Now, by (2.44) and (3.36), for t = M
√
n−1log p,

P [||Γ̂u,p,n − Γu,p||∞ > t] ≤ p2
∑
i,j

p
− M

(rirj)
2(1−β)

.

By Lemma 3.5.3, this tends to zero as n→∞. Hence,

||Γ̂u,p,n − Γu,p||∞ = OP (
√
n−1log p), ∀u ≥ 0. (3.41)

and by (3.39) and (3.40), the proof of (3.38) is complete.

Similarly, one can show that

||Bkn,α(Γ̂u,p,n)∗ − Γ∗u,p||(1,1) = OP (k−αn,α||Σp||(1,1)). (3.42)

Therefore, putting together (3.37), (3.38), (3.41) and (3.42), proof of (3.34) is
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complete.

Proof of (3.35). By Lemma 3.4.7, we have

||Rτn,α(Γ̂u,p,n)− Γu,p||2 ≤
√
||Rτn,α(Γ̂u,p,n)− Γu,p||(1,1)||Rτn,α(Γ̂∗u,p,n)− Γ∗u,p||(1,1). (3.43)

First, we shall show that

||Rτn,α(Γ̂u,p,n)− Γu,p||(1,1) = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1))

]
. (3.44)

Using triangle inequality,

||Rτn,α(Γ̂u,p,n)− Γu,p||(1,1) ≤ ||Rτn,α(Γ̂u,p,n)−Rτn,α(Γu,p)||(1,1)

+||Rτn,α(Γu,p)− Γu,p||(1,1). (3.45)

Now, for some constant C1 > 0,

||Rτn,α

(
Γ̂u,p,n

)
−Rτn,α (Γu,p) ||(1,1) ≤ ||Γ̂u,p,n − Γu,p||∞

(
2

p∑
l=0

g

(
l

τn,α

))

≤ τn,α||Γ̂u,p,n − Γu,p||∞
[
C1

∫ ∞
0

g(x)dx

]
.

Therefore, by (3.41), we have

||Rτn,α

(
Γ̂u,p,n

)
−Rτn,α (Γu,p) ||(1,1) = OP (τn,α

√
n−1 log p). (3.46)

Again, by triangle inequality

||Rτn,α(Γu,p)− Γu,p||(1,1) ≤ ||Rτn,α(Γu,p)−Bk′n,α

[
Rτn,α(Γu,p)

]
||(1,1)

+||Bk′n,α

[
Rτn,α(Γu,p)

]
−Bk′n,α(Γu,p)||(1,1)

+||Bk′n,α(Γu,p)− Γu,p||(1,1). (3.47)
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By Lemma 2.2.1 and Theorem 3.4.3, we have

||Bk′n,α(Γu,p)− Γu,p||(1,1) = O((k′n,α)−α||Σp||(1,1)) and (3.48)

||Rτn,α(Γu,p)−Bk′n,α

[
Rτn,α(Γu,p)

]
||(1,1) = O((k′n,α)−α||Σp||(1,1)). (3.49)

Now, by Theorem 3.4.1, for some constant C2, C3 > 0 and for sufficiently large n,

||Bk′n,α

[
Rτn,α(Γu,p)

]
−Bk′n,α(Γu,p)||(1,1)

≤ max
i

∑
j:|i−j|≤k′n,α

(
1− g

(
|i− j|
τ ′n,α

))(
sup
p
||Γu,p||∞

)

≤ C2

k′n,α∑
l=−k′n,α

(
1− g

(
l

τn,α

))
≤ C3

(
k′n,α
τn,α

)γ
k′n,α. (3.50)

Now, consider k′n,α = (n−1 log p)
− γ

2(1+γ)(1+α) . Therefore, by (3.45)-(3.50), the proof

of (3.44) is complete.

Similarly, one can show that

||Rτn,α(Γ̂∗u,p,n)− Γ∗u,p||(1,1) = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1))

]
. (3.51)

Hence, by (3.43), (3.44) and (3.51), the proof of (3.35) is complete. Therefore,

Theorem 3.5.1 is proved.

Remark 3.5.4. Note that the rate of convergence depends not only on the class of

parameters of the coefficient and variance-covariance matrix but also on ‖Σp‖(1,1).

This is to be expected since we are considering linear regression type models.

Moreover, if ‖Σp‖(1,1) is bounded, then the rate of convergence for the marginal

variance-covariance matrix Γ0,p is same as that for infinite dimensional IID pro-

cess as given in Theorem 2.2.2.

We now specialize Theorem 3.5.1 to two cases: the infinite dimensional MA(r)

and IVAR(r) processes. The next two theorems follow directly from Theorem 3.5.1
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once we invoke Theorems 3.4.5 and 3.4.6. These results appeared in Bhattacharjee

and Bose [2014b].

Theorem 3.5.5. Consider the model (3.7). Suppose the driving process εt ∼

Np(0,Σp), ∀t. Also suppose Σ∞ ∈ U(ε, α, C), 0 < ||Mi,∞||(1,1) < ∞ and

Mi,∞ ∈ X (α,C) for some ε, α, C > 0 and for all 1 ≤ i ≤ r. Then for

kn,α �
(
n−1log p

)− 1
2(α+1) , τn,α � (n−1 log p)

− 1
2(1+γ) [

γ
1+α

+1] and u ≥ 0, we have

||Bkn,α(Γ̂u,p,n)− Γu,p||2 = OP (k−αn,α||Σp||(1,1)), and (3.52)

||Rτn,α(Γ̂u,p,n)− Γu,p||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1)

]
. (3.53)

Theorem 3.5.6. Consider the model (3.9). Suppose the driving process εt ∼

Np(0,Σp), ∀t. Also suppose Σ∞ ∈ U(ε, α, C) and {Ai,∞}ri=1 ∈ P(C, α, ε) for some

α, ε, C > 0 and for all 1 ≤ i ≤ r. Then for kn,α �
(
n−1log p

)− 1
2(α+1) , τn,α �

(n−1 log p)
− 1

2(1+γ) [
γ

1+α
+1] and u ≥ 0, we have

||Bkn,α(Γ̂u,p,n)− Γu,p||2 = OP (k−αn,α||Σp||(1,1)), and (3.54)

||Rτn,α(Γ̂u,p,n)− Γu,p||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1)

]
. (3.55)

Our next task is to consistently estimate the parameter matrices {Ai,p : 1 ≤ i ≤ r}

and the variance-covariance matrix of the driving process {εt,p} i.e. Σp for the

IVAR(r) process defined in (3.9).

3.5.1 Estimation of parameter matrices for IVAR(r)

By right multiplying both sides of (3.9) with X∗t−k,p, k = 1, 2, . . . r successively and

then taking expectation, we have

Γ∗1,p = A1,pΓ0,p + A2,pΓ1,p + . . .+ Ar,pΓr−1,p (3.56)

Γ∗2,p = A1,pΓ
∗
1,p + A2,pΓ0,p + . . .+ Ar,pΓr−2,p
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...

Γ∗r,p = A1,pΓ
∗
r−1,p + A2,pΓ

∗
r−2,p + . . .+ Ar,pΓ0,p.

Let

Yr,n = (Γ1,p,Γ2,p, . . . ,Γr,p)
∗, Ar,n = (A∗1,p, A

∗
2,p, . . . , A

∗
r,p)
∗

and let Gr,n be a block matrix with r2 many p× p blocks

Gr,n(i, j) = Γ|i−j|,pI(i < j) + Γ∗|i−j|,pI(i ≥ j), 1 ≤ i, j ≤ r. (3.57)

Then from (3.56) we have,

Yr,n = Gr,nAr,n. (3.58)

This is analogous to the Yule-Walker equations for finite dimensional AR process.

The following lemma implies the invertibility of the matrix Gr,n for all n ≥ 1.

Recall the definition of λmin in (2.13).

Lemma 3.5.7. Fix any n ≥ 1. If λmin(Γ0,p(n)) > 0 and ||Γh,p(n)||2 → 0 as h→∞,

then Gr,n is non-singular.

Proof. Suppose that Gq,p is non-singular but Gq+1,p is singular. Then there exist

a, a1, a2, . . . , aq such that

a∗Xq+1,p =

q∑
j=1

a∗jXj,p a.s..

By stationarity,

a∗Xq+h+1,p =

q∑
j=1

a∗jXh+j,p ∀h ≥ 1 a.s..

So, ∀K ≥ q+1,∃ a(K)
1 , a

(K)
2 , . . . , a

(K)
q such thatA(K) = (a

(K)∗
1 , a

(K)∗
2 , . . . , a

(K)∗
q ), Yq,p =
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(X∗1,p, X
∗
2,p . . . , X

∗
q,p)
∗ and a∗XK,p = A(K)Yq,p. Hence,

a∗Γ0,pa = A(K)Gq,pA
(K)∗ ≥ λ1A

(K)A(K)∗ = λ1

q∑
i=1

||a(K)
i ||2

where λ1 is the smallest eigenvalue of Gq,p. Therefore, ||a(K)
i ||2 are bounded func-

tion of K for all i. Again,

a∗XK,p = A(K)Yq,p ⇒ a∗XK,pX
∗
K,pa = A(K)Yq,pX

∗
K,pa

⇒ a∗Γ0,pa =

q∑
j=1

a
(K)∗
j ΓK−j,pa.

Hence,

|a∗Γ0,pa| ≤
q∑
j=1

||a(K)
j ||2||ΓK−j,p||2||a||2 ≤ C

q∑
j=1

||ΓK−j,p||2

for some C > 0 and tends to zero as K →∞. So, a∗Γ0,pa = 0 for some a 6= 0. This

contradicts the assumption λmin(Γ0,p) > 0. Hence, the result holds as G1,p = Γ0,p

is non-singular.

Recall the class of dispersion matrices W(ε) in (2.16). It is easy to see that, for

the model (3.9), if {Ai,∞} ∈ P(C, α, ε), Σ∞ ∈ W(ε) for some C, α, ε > 0, then

||Γh,p(n)||2 → 0 as h→∞ and for all n ≥ 1. The above statement follows because,

by Theorem 3.4.6, (3.9) can be represented in the form (3.12), (3.33) holds and

Γu,p =
∞∑
j=0

φj,pΣpψ
∗
j+u,p, ∀u ≥ 0. (3.59)

Therefore, by (3.33), Lemma 3.4.7 and as Σ∞ ∈ W(ε), for some C1 > 0, we have

||Γu,p||2 ≤
∞∑
j=0

||φj,p||2||Σp||2||ψ∗j+u,p||2

≤ ε−1

∞∑
j=0

√
||φj,p||(1,1)||φ∗j,p||(1,1)

√
||φj,p||(1,1)||φ∗j+u,p||(1,1)
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≤ C1ε
−1δu

(
∞∑
j=0

δ2j

)
, 0 < δ < 1.

→ 0, as u→∞ and for all n ≥ 1. (3.60)

Therefore, for the model (3.9), if Γ0,p(n) is non-singular for each n ≥ 1, then

Ar,n = G−1
r,nYr,n (3.61)

i.e., each Ai,p is the finite sum of the finite products of {Γu,p,Γ−1
u,p, 1 ≤ u ≤ r}.

Hence, (3.61) provides consistent estimates of Ai, once we replace the population

autocovariance matrices by their consistent estimates. We illustrate this by the

IVAR(1) model. Similar technique is also applicable to estimate the parameter

matrices for other finite order IVAR processes. The following result appeared in

Bhattacharjee and Bose [2014b].

Theorem 3.5.8. Consider the model (3.9) for r = 1. Suppose εt ∼ Np(0,Σp),

Σ∞ ∈ U(ε, α, C) and A1,∞ ∈ A(δ, C, α) for some ε, α, C > 0 and 0 < δ < 1, where

A(δ, C, α) =
{
A∞ : max(||A∞||(1,1), ||A∗∞||(1,1)) < (1− δ), A∞, A∗∞ ∈ X (C, α)

}
.

Suppose all the inverses below exist. Then for kn,α �
(
n−1log p

)− 1
2(α+1) and τn,α �

(n−1 log p)
− 1

2(1+γ) [
γ

1+α
+1],

(i) ||Bkn,α(Γ̂1,p,n)(Bkn,α(Γ̂0,p,n))−1 − A1,p||2 = OP (k−αn,α||Σp||(1,1)),

(ii) ||Rτn,α(Γ̂1,p,n)(Rτn,α(Γ̂0,p,n))−1 − A1,p||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1))

]
,

(iii) ||Σ̂p,n,α − Σp||2 = OP (||Σp||(1,1)k
−α
n,α) and

(iv) || ˆ̂Σp,n,α − Σp||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1))

]
,

where

Σ̂p,n,α = Bkn,α(Γ̂0,p)−Bkn,α(Γ̂1,p)(Bkn,α(Γ̂0,p))
−1Bkn,α(Γ̂∗1,p),
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ˆ̂
Σp,n,α = Rτn,α(Γ̂0,p)−Rτn,α(Γ̂1,p)(Rτn,α(Γ̂0,p))

−1Rτn,α(Γ̂∗1,p).

To prove the above theorem, we need the following lemma.

Lemma 3.5.9. (Bhatia [2009]) If A and B are invertible and ||A − B||2 ≤

||A−1||−1
2 , then

||B−1 − A−1||2 ≤
||A−1||22||A−B||2

1− ||A−1||2||A−B||2
. (3.62)

Proof of Theorem 3.5.8. It is easy to see that, A1,∞ ∈ A(δ, C, α) implies

A1,∞ ∈ P(C, α, δ(1− δ)−1). Therefore, the conclusions of Theorem 3.5.6 hold.

Using Lemma 3.5.9, for large n,

||(Bkn,α(Γ̂0,p,n))−1 − Γ−1
0,p||2 ≤

||Γ−1
0,p||22||Bkn,α(Γ̂0,p,n)− Γ0,p||2

1− ||Γ−1
0,p||2||Bkn,α(Γ̂0,p,n)− Γ0,p||2

,

||(Rτn,α(Γ̂0,p,n))−1 − Γ−1
0,p||2 ≤

||Γ−1
0,p||22||Rτn,α(Γ̂0,p,n)− Γ0,p||2

1− ||Γ−1
0,p||2||Rτn,α(Γ̂0,p,n)− Γ0,p||2

.

If n−1log p→ 0, then for some C > 0 and for sufficiently large n,

||(Bkn,α(Γ̂0,p,n))−1 − Γ−1
0,p||2 ≤ C||Bkn,α(Γ̂0,p,n)− Γ0,p||2,

||(Rτn,α(Γ̂0,p,n))−1 − Γ−1
0,p||2 ≤ C||Rτn,α(Γ̂0,p,n)− Γ0,p||2. (3.63)

Therefore, by Theorem 3.5.6

||(Bkn,α(Γ̂0,p,n))−1 − Γ−1
0,p||2 = OP (||Σp||(1,1)k

−α
n,α),

||(Rτn,α(Γ̂0,p,n))−1 − Γ−1
0,p||2 = OP

[(
n−1log p

) γα
2(1+α)(1+γ) ||Σp||(1,1))

]
. (3.64)

Again, by the fact

||AB − CD||2 ≤ ||A− C||2||B −D||2 + ||A− C||2||D||2 + ||C||2||B −D||2



Chapter 3: Estimation of large autocovariance matrices under linear process 90

and using A1,p = Γ1,pΓ
−1
0,p, (i) and (ii) follow.

Results (iii) and (iv) are immediate from the relation

Γ0,p − A1,pΓ
∗
1,p − Γ1,pA

∗
1,p + A1,pΓ0,pA

∗
1,p = Σp.

This completes the proof of Theorem 3.5.8.

Next we shall relax the Gaussian assumption on the driving process {εt,p} in

Theorems 3.5.1, 3.5.5, 3.5.6 and 3.5.8 and, Lemma 3.5.2.

3.5.2 Relaxing the Gaussian assumption

The Gaussianity assumption made so far (see Theorems 3.5.5, 3.5.6 and 3.5.8)

may seem to be a very strong restriction. However, note that in the proofs of

these theorems, Gaussian assumption is used only while invoking Theorem 3.5.1.

Moreover, the proof of Theorem 3.5.1 uses the Gaussian assumption only via

application of Lemma 3.5.2. Our goal is to now replace the Gaussian assumption

by a suitable weaker assumption in Lemma 3.5.2.

The cue to the answer lies in Theorem 2.2.2. Bickel and Levina [2008] first

proved the consistency of the variance-covariance matrix Σ̂p for the IID process

under the assumption εt ∼ Np(0,Σp). Later they relaxed this assumption and

proved (2.27) under the weaker assumption that,

sup
j≥1

E(eλεt,j) <∞ for all |λ| < λ0 and some λ0 > 0, (3.65)

where εt,j is the j-th element of εt.

As a prelude we need the following lemma. For n ≥ 1, let U1, U2, . . . , Un be

independent random variables with

EUj = 0 and σ2
j = V ar(Uj) > 0, j = 1, 2, . . . .
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Set

Sn =
n∑
j=1

Uj and B2
n =

n∑
j=1

σ2
j , Zn =

Sn
Bn

.

We say that {Uj} satisfies condition (P ), if there exist positive constants

A,C,C1, C2, . . . such that for all |z| < A and j = 1, 2, . . .,

| lnE(ezUj)

Z2
| ≤ C2

j and lim
n→∞

1

B2
n

n∑
j=1

C2
j ≤ C. (3.66)

Lemma 3.5.10. Suppose a sequence of random variables {Uj} with EUj = 0 and

σ2
j = V ar(Uj) > 0 satisfies condition (P). Then there exist some A, C > 0 such

that

|Cumk(Zn)| ≤ k!C

(ABn)k−2
∀k ≥ 3.

That is, for the random variable ξ = Zn, the conclusion of Lemma 2.4.1 holds

with ν = 0, H = 2C, ∆̄ = ABn. In particular, if Ui are i.i.d. then, (3.66) holds if

| lnE(ezU1)

z2
| ≤ C, for all |z| < A, for some A, C > 0. (3.67)

Also for a random variable U with EU = 0, if there exists A′, C ′ > 0 such that

E(eλU) ≤ C for all |λ| < A, then (3.67) holds.

Proof. The first part of the lemma is easy to show and the proof is given in Saulis

and Statulevičius [1991]. Therefore, it remains to prove the last statement. The

cumulants {Kn} of a random variable U are defined by the cumulant generating

function

g(z) = log(E(ezU)) =
∞∑
n=1

Kn
zn

n!
.

The cumulants are related to the moments {µ′n = E(Un)} by the following recur-

sion formula

Kn = µ′n −
n−1∑
m=1

(
n− 1

m− 1

)
Kmµ

′
n−m.

As all the moments of U exist, Kn, n = 1, 2, . . . also exist. Moreover, K1 = µ′1 = 0
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and K2 = µ′2 − µ′1 = µ′2. Hence,

|g(z)

z2
| ≤ µ′2

2!
+
∞∑
n=3

Kn
|A|n−2

n!
.

This completes the proof.

Lemma 3.5.11. Let {εt} be i.i.d. with mean 0 and variance-covariance matrix

Σp. Suppose (3.65) holds. Then (i) and (ii) of Lemma 3.5.2 hold.

Proof. (i) follows from Bickel and Levina [2008]. For (ii), using Lemma 3.5.10,

we need the existence of Moment generating function of
(Zt,j±Z(t+u),l)

2

2
− 1 ∀j, l in

some neighborhood of zero. This existence follows from the fact that (x + y)2 <

2(x2 + y2).

Thus the conclusions of Theorems 3.5.1, 3.5.5, 3.5.6, 3.5.8 and Lemma 3.5.2 hold

true if we assume (3.65) instead of εt ∼ Np(0,Σp).

3.6 Simulations

Consider the IVAR model (3.9) for r = 1. This section reports simulations for

this model with two different choices of the parameter matrix A1,p which have the

Toeplitz structure. As we move away from the main diagonal, in one case the

entries decrease exponentially and in the other case, they decrease polynomially.

Our simulations show that the convergence rate obtained in Theorem 3.5.8 is quite

sharp. Establishing the exact rate appears to be a very difficult problem and we

did not pursue this issue.

Example 3.6.1. Exponentially decaying corners: Consider the IVAR(1)

model with the symmetric parameter matrix A1,∞ = (( (−0.5)|i−j| )). Note that

||A1,∞||(1,1) = ||A∗1,∞||(1,1) ≤ 1 + 2
∞∑
u=1

(−0.5)u = 1− 2/3,
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T (A1,∞, k) ≤ 2
∞∑

u=k+1

(−0.5)u ≤ (2/3)(0.5)k < (2/3)k−1.

Therefore, A1,∞ ∈ A(2/3, 2/3, 1) and the conclusion of Theorem 3.5.8 hold.

Example 3.6.2. Polynomially decaying corners: Consider the IVAR(1)

model with the symmetric parameter matrix A1,∞ = (( (−1)|i−j|(|i− j|+ 1)−β )),

for some β > 1. Note that, in this case

||A1,∞||(1,1) = ||A∗1,∞||(1,1) ≤ 1 + 2
∞∑
u=1

(−1)u(u+ 1)−β ≤ 1− 2(2−β − 3−β),

T (A1,∞, k) ≤ 2
∞∑

u=k+1

(−1)u(u+ 1)−β ≤ 2

∫ ∞
k

x−βdx = 2(β − 1)−1k−(β−1).

Therefore, A1,∞ ∈ A(2(2−β−3−β), 2(β−1)−1, β−1) and the conclusion of Theorem

3.5.8 hold. For the following simulations, we choose β = 1.01, 1.1, 1.2 and 1.5.

Recall Ik in (2.8). We let εt ∼ Np(0, Ip), ∀t. In each case, we draw the

histogram for the values of ||Bkn,α(Γ̂1,p,n)(Bkn,α(Γ̂0,p,n))−1 − A1,p||2 using R = 300

replications. We consider two combinations of n an p, namely n = 20, p = e
√
n ∼

87 and n = 40, p = e
√
n ∼ 558.

Note that most of the mass is concentrated near zero. Expectedly, the ac-

curacy is sharper in the first example than in the second example. Moreover,

as β increases, the histogram has more mass near zero and there is some mass

in the high values of the tail. Some stray values beyond the range given in the

figures were observed over the different sets of simulations but overall most of

the mass was concentrated in the range (0, 600). This indicates that the rates of

convergence are probably quite sharp. The theoretical results on the exact rate

of convergence appear hard to derive. We have not investigate this issue in this

thesis.
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Chapter 4

Limiting spectral distribution and free

probability

4.1 Introduction

In Chapter 3, we have seen that a very general high dimensional linear time series

model is the infinite dimensional moving average process of order ∞ (MA(∞))

defined in (3.2) and a key quantity to analyze this model is the sequence of sample

autocovariance matrices {Γ̂u} defined in (3.16). There we used some regulariza-

tion, namely banding and tapering on {Γ̂u} so that they turn out to be consistent

estimator for their population counterpart. In the next few chapters, we explore

further asymptotic properties of {Γ̂u}. Even though these matrices are not con-

sistent, their asymptotic properties, while interesting in their own right, can also

be used for statistical applications.

A most natural way to look at the large sample behaviour of the sample auto-

covariance matrices is to study their limiting spectral distribution. Such results

for various random matrices occupy a central position in the literature of random

matrix theory (RMT). The so called spectral statistics, useful in statistical appli-

cation, are functions of this spectral distribution. In case of infinite dimensional

moving average processes, many researchers observed, under some assumptions,

the eigenvalue distribution of Γ̂u + Γ̂∗u (after appropriate normalization) weakly

96
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converges to a non-degenerate distribution. For example see Liu et al. [2015] and

Wang et al. [2015]. This may be useful to determine the nature of the tempo-

ral dependence in high-dimensional settings. Therefore, the study of the limiting

spectral property of sample autocovariance matrices is very important.

Another way to study the joint convergence of the sample autocovariance

matrices is to consider the convergence of the sequence of non-commutative ∗-

probability spaces (NCP) generated by them. Moreover, convergence of NCP is

closely related to the convergence of the spectral distribution of a matrix. For a

p × p symmetric matrix Ap, the convergence of the NCP generated by Ap with

some additional effort, yields the limiting eigenvalue distribution of Ap.

This chapter collects all the basic concepts and results in RMT and non-

commutative probability literature that we shall need. These will be crucially

used in Chapters 5, 6, 7 and 8 and we shall refer to them frequently.

4.2 LSD and related discussions

One of the primary objects of interest of a matrix is its spectral distribution. The

following definition of spectral distributions are for both random and non-random

matrices.

Definition 4.2.1. (ESD, EESD and LSD) The empirical spectral distribution

(ESD) of a p×p (random) matrix Rp is the (random) probability distribution with

mass p−1 at each of its eigenvalues. If it converges weakly (almost surely) to a

(non-degenerate) non-random probability distribution, then the latter will be called

the limiting spectral distribution (LSD) of Rp.

The expectation of ESD is called EESD. This is a non-random probability

distribution function.

For a non-random matrix, ESD and EESD are identical.

Consider the following examples on LSD of non-random matrices. We shall use

these examples again in Chapter 7.
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Example 4.2.1. Let Ap = 0.5Ip, where Ip is as in (2.8). As all its eigenvalues

are 0.5, its ESD is degenerate at 0.5 and the LSD is also so.

Example 4.2.2. Let Bp = 0.5(Ip + Jp), where Ip and Jp are respectively as in

(2.8) and (2.9). Note that Bp has (p− 1)-many eigenvalues equal to 0.5 and one

eigenvalue equals 1 + 0.5(p − 1). Therefore, ESD of Bp, say FBp, can be written

as

FBp(x) =


0, if −∞ < x < 0.5

1− p−1, if 0.5 ≤ x < 1 + 0.5(p− 1)

1, if 1 + 0.5(1− p) ≤ x <∞.

(4.1)

Hence, LSD of Bp is degenerate at 0.5.

Example 4.2.3. Let Cp = ((I(i = j, 1 ≤ i ≤ [p/2])− I(i = j, [p/2] +1 ≤ i ≤ p))),

where [x] denotes the largest integer contained in x. Its [p/2]-many eigenvalues are

equal to 1 and (p− [p/2])-many eigenvalues are equal to −1. Therefore, the LSD

of Cp is the distribution 2Ber(0.5) − 1, where Ber(0.5) is the Bernoulli variable

with success probability 0.5

Example 4.2.4. Let Dp = ((I(i + j = p + 1))). In this case also, LSD of Dp is

the distribution 2Ber(0.5)− 1.

Incidentally, the study of the limit spectrum of non-hermitian matrices is ex-

tremely difficult and very few results are known for general random non-hermitian

sequences. The sample autocovariances {Γ̂u : u ≥ 1} are not hermitian. We shall

only consider certain symmetrized version of these matrices.

Two widely used approaches to establish the LSD of symmetric square random

matrices are the (i) moment method and the (ii) Stieltjes transformation method.

Below is a brief description of these methods. For more details see Bai and

Silverstein [2009]. In this thesis, we shall primarily use the moment method but

we shall also use Stieltjes transforms occasionally.
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Moment method. The h-th order moment of the ESD of any p×p real symmetric

random matrix Rp equals βh(Rp) := 1
p
tr(Rh

p). Consider the following conditions.

(M1) For every h ≥ 1, E(βh(Rp))→ βh,

(M4)
∑∞

n=1E(βh(Rp)− E(βh(Rp)))
4 <∞, ∀h ≥ 1, and

(C) The sequence {βh} satisfies Carleman’s condition,
∞∑
h=1

β
− 1

2h
2h =∞.

Then we have the following lemma. We omit its proof. For more details, see for

example Bai and Silverstein [2009] and Bose et al. [2010].

Lemma 4.2.1. If (M1), (M4) and (C) hold, then the ESD of Rp converges almost

surely to the distribution F determined uniquely by the moments {βh}.

(M1) is the most crucial condition in this method as it identifies the moments

of the LSD. Later in Section 4.3, we shall see that the (M1) condition for Rp is

ensured by the convergence of an appropriate sequence of NCP generated by Rp.

This will be more clear in Section 4.3 after Definition 4.3.4.

The following lemma is relevant to us.

Lemma 4.2.2. (a) Let {µp} be a sequence of probability measures on R. Suppose

for all k ≥ 1 and for some C > 0,

lim
p→∞

∫
R
xkdµp = mk and |mk| ≤ Ck. (4.2)

Then {mk} is a moment sequence and there is a unique probability measure µ on

R such that

mk =

∫
R
xkdµ, ∀k ≥ 1. (4.3)

and as p→∞, {µp} converges weakly to µ.

(b) Let Ap be a real symmetric matrix of order p. Suppose for all k ≥ 1 and for
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some C > 0,

lim
p→∞

1

p
ETr(Akp) = mk and |mk| ≤ Ck. (4.4)

Then there is a unique probability measure µ on R such that (4.3) holds.

Proof. (a) follows as by (4.2), {mk} is a moment sequence and
∑∞

k=1m
−1/2k
2k =∞.

(b) follows from (a) by observing that

1

p
ETr(Akp) =

∫
R
xkdµp, ∀k ≥ 1, (4.5)

where µp is EESD of Ap.

Stieltjes transformation method. Another widely used method to establish

the LSD is the Stieltjes transformation method. The Stieltjes transformation for

any random variable X or its probability measure µ on R equals

mX(z) = mµ(z) =

∫
1

x− z
µ(dx), z ∈ C+ := {x+ iy : x ∈ R, y > 0}. (4.6)

Note that the integral above is always finite for z ∈ C+. Pointwise convergence

of Stieltjes transforms to a Stieltjes transform implies the convergence of the

corresponding distributions. This convergence is usually proved for ESD by linking

the Stieltjes transform of the ESD to the resolvent and showing convergence by

martingale convergence methods.

Let µ be a compactly supported probability measure on R with µ(−K,K) = 1

for some K > 0. Then we have the following formal power series expansion of the

Stieltjes transformation m(z) for |z| > K and z ∈ C+,

mµ(z) = −1

z
Eµ

(
1

1− X
z

)
= −1

z
− Eµ(X)

z2
− Eµ(X2)

z3
− · · · . (4.7)

This relation is crucial in linking the moment approach and the Stieltjes transform
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approach. Since mµ(z) is analytic for z ∈ C+, in principle it suffices to identify it

only for large enough z ∈ C+.

The following observation is useful.

Lemma 4.2.3. Suppose a random variable X has Stieltjes transformation mX(z).

Then for any σ > 0, the Stieltjes transformation mσX(z) of σX is given by

mσX(z) = σ−1mX(zσ−1), ∀z ∈ C+. (4.8)

Proof. Let the distribution function of X be F . Then by the definition of Stieltjes

transformation given in (4.6), we have

mσX(z) =

∫
dF (x)

σx− z
=

∫
σ−1dF (x)

x− zσ−1
= σ−1mX(zσ−1). (4.9)

Hence the proof is complete.

Two specific random matrices play a central role in RMT.

Definition 4.2.2. (Wigner matrix) For our purposes a Wigner matrix is a square

symmetric random matrix with independent mean 0 variance 1 entries on and

above the diagonal. We denote a Wigner matrix of order p by Wp.

Definition 4.2.3. (Independent matrix) An independent matrix is a rectangu-

lar matrix with all independent mean 0 and variance 1 entries. We denote an

independent matrix of order p× n by Zp×n.

We shall often write W and Z respectively for Wp and Zp×n, if there is no confusion

about the dimension of the matrices. As we proceed, further restrictions will be

imposed on the entries of these matrices as required.

4.2.1 Existing results on W

Wigner [1958] derived the weak limit of the EESD of p−1/2Wp when the entries

are i.i.d. Gaussian. The limiting distribution has p.d.f.
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f(x) =


1

4π

√
4− x2, if −2 < x < 2

0, otherwise

(4.10)

with the moment sequence

βh =


h!

(h/2)!(1+h/2)!
, if h is even

0, if h is odd.

(4.11)

This is known as the standard semi-circle law. Its Stieltjes transformation m(z)

satisfies the quadratic equation (only one solution yields a valid Stieltjes trans-

form)

m2(z) + zm(z) + 1 = 0, ∀z ∈ C+. (4.12)

It can be shown easily that if {βh} satisfies (4.11), then

∞∑
h=1

β
−1/2h
2h =∞. (4.13)

We shall need the above facts later in Chapters 5 and 6.

Arnold [1967] and Arnold [1971] showed that the ESD of p−1/2Wp almost surely

converges in distribution to the standard semi-circle law, when the entries of Wp

are i.i.d. with finite 4-th moment. There has been much subsequent develop-

ment on the necessary and sufficient conditions for the convergence of the ESD

of p−1/2Wp. The following theorem (see for example Anderson et al. [2009]) is

relevant for us.

Consider the following classes of independent random variables.

Lr = set of all collections of independent random variables (4.14)
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{εi,j : i, j ≥ 1} such that sup
i,j

E|εi,j|r <∞,

L =
∞⋂
r=1

Lr, (4.15)

C(δ, p) = set of all collections of random variables {εi,j : i, j ≥ 1} such that

P (|εi,j| ≤ ηpp
1

2+δ ) = 1, ∀i, j and for some ηp ↓ 0 as p→∞. (4.16)

Theorem 4.2.4. Let Wp = ((ωi,j)) be a Wigner matrix of order p. Suppose

{ωi,j : 1 ≤ i, j ≤ p} ∈ L ∪C(0, p) ∀p ≥ 1. Then, as p→∞, the LSD of p−1/2Wp

is the standard semi-circle law.

Next we consider a very specific polynomial in a Wigner and a deterministic

matrix considered by Bai and Zhang [2010]. To state their theorem, we need the

following class of independent random variables. Let

U(δ) = set of all collections of independent random variables {εi,j : i, j ≥ 1}

such that lim
η−(2+δ)

np

p∑
i=1

n∑
j=1

E(|εi,j|2+δI(|εi,j| > ηp
1

2+δ ) = 0

for all η > 0. (4.17)

By a sequence of nested matrices {Br}, we mean that for each r ≥ 1, the sub-

matrix constructed by the first r rows and columns of Br+1 is Br. Consider the

following class of matrices:

NND = set of all sequences of non-negative definite symmetric (4.18)

nested matrices {Br} whose LSD exists.

Theorem 4.2.5. (Bai and Zhang [2010]) Let Wp = ((ωi,j)) be a Wigner matrix

of order p and Ap be a non-random square matrix of order p. Suppose {ωi,j :

1 ≤ i, j ≤ p} ∈ L ∪ C(0, p) ∀p or {ωi,j : i, j ≥ 1} ∈ U(0) and {Ap} ∈ NND.

Let FA denote the LSD of Ap. Then, as p → ∞, the ESD of p−1/2A
1/2
p WpA

1/2
p

converges weakly (almost surely) to a non-random probability distribution whose
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Stieltjes transform m(z) uniquely solves the following system of equations

m(z) = −z−1 − z−1g2(z), (4.19)

g(z) =

∫
t

−z − tg(z)
dFA(t), ∀z ∈ C+. (4.20)

Note that Theorem 4.2.5 assumes weaker conditions on W than Theorem 4.2.4.

(4.12) can be derived from (4.19) and (4.20) by putting Ap = Ip, where Ip is as in

(2.8). Therefore, by Example 4.2.1, FA is degenerate at 1. Hence, by (4.20)

g2(z) = −(zg(z) + 1). (4.21)

Therefore, substituting (4.21) in (4.19), we have

zm(z) = −1 + (zg(z) + 1) =⇒ m(z) = g(z). (4.22)

Hence, by (4.21), m(z) satisfies (4.12).

Now we shall consider the existing results on the independent matrix Zp×n. The

classical RMT model for Zp×n assumes p = p(n)→∞ as n→∞ and

p

n
→ y ∈ [0,∞). (4.23)

The LSD results for the cases y > 0 and y = 0 are significantly different. Hence we

discuss them separately. Note that for the y > 0 case, as p and n are comparable,

it does not really matter whether we are assuming ‘p = p(n)→∞ as n→∞’ or

‘n = n(p) → ∞ as p → ∞’. But for the case y = 0, to be technically correct we

shall assume the latter.
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4.2.2 Existing results on Z when p/n→ y > 0

The well known Wishart matrix (without centering) of order p can be written

as Sp = n−1ZZ∗. Marčenko and Pastur [1967] derived the LSD of Sp when the

entries of Z are i.i.d. and have finite fourth moment. For y ∈ (0, 1], the limiting

distribution has p.d.f.

fy(x) =


√

(b+(y)−x)(x−b−(y))

2πyx
, if b−(y) < x < b+(y)

0, otherwise.

(4.24)

where b±(y) = (1 ±√y)2. If y ∈ (1,∞), the limiting distribution is a mixture of

a point mass at 0 and the p.d.f. f1/y with weights 1− y−1 and y−1, respectively.

It is known as the Marčenko-Pastur law with parameter y, say, MPy, 0 < y <∞.

This law has the moment sequence

βh =
h∑
k=1

1

k

(
h− 1

k − 1

)(
h

k − 1

)
yk−1, ∀h ≥ 1. (4.25)

Its Stieltjes transformationm(z) satisfies the quadratic equation (only one solution

yields a valid Stieltjes transform)

yz(m(z))2 + (y + z − 1)m(z) + 1 = 0, ∀z ∈ C+. (4.26)

Over the years several researchers reduced the moment assumptions in Marčenko

and Pastur [1967]. For examples, one can consult Wachter [1978] and Yin [1986].

The version of the Marčenko-Pastur law with minimal moment conditions appears

to be the following.

Theorem 4.2.6. (Bai and Silverstein [2009]) Let Zp×n = ((zi,j)) be an indepen-

dent matrix of order p × n and let Sp = n−1ZZ∗ be the Wishart matrix of order

p. Suppose {zi,j : i, j ≥ 1} ∈ U(0). Then, as n, p(n)→∞ and p/n→ y > 0, the

ESD of Sp almost surely converges in distribution to MPy.
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The following theorem discusses the convergence of the ESD of A
1/2
p SpA

1/2,

where Ap is as in Theorem 4.2.5. Recall the class of matrices NND in (4.18).

Theorem 4.2.7. (Bai and Silverstein [2009]) Let Zp×n = ((zi,j)) be an indepen-

dent matrix of order p × n and Sp = n−1ZZ∗ be the Wishart matrix of order p.

Suppose {zi,j : i, j ≥ 1} ∈ U(0). Let {Ap} ∈ NND with LSD FA. Then, as

n, p(n) → ∞ and p/n → y > 0, the ESD of A
1/2
p SpA

1/2 almost surely converges

in distribution to the probability distribution with Stieltjes transformation m(z)

which uniquely solves

m(z) =

∫
dFA(t)

t(1− y − yzm(z))− z
. (4.27)

Note that Theorem 4.2.6 is a particular case of Theorem 4.2.7. (4.26) can be

derived from (4.27) once we put Ap = Ip, where Ip is as in (2.8). Then, by

Example 4.2.1, FA is degenerate at 1. Now, by (4.27) we have

m(z) =
1

1− y − yzm(z)− z
⇒ m(z)(1− y − yzm(z)− z)− 1 = 0

⇒ yzm2(z) + (y − 1 + z)m(z) + 1 = 0. (4.28)

Hence, (4.26) is established from (4.27).

4.2.3 Existing results on Z when p/n→ 0

The LSD results for the case y = 0 are quite different from the case y > 0. This is

because if we put y = 0 in the results obtained for y > 0, we obtain a degenerate

distribution. For example, if we put y = 0 in (4.25), βh will be 1 for all h ≥ 1.

Therefore, LSD of Sp turns out to be degenerate at 1. Hence we need appropriate

centering and scaling on Sp. Some of the existing results in this regime are given

below. Moreover, as mentioned just before Section 4.2.2, to be technically correct,

all the results below assume p→∞, n = n(p)→∞ as p→∞.

Theorem 4.2.8. (Bai and Yin [1988]) Let Zp×n be an independent matrix whose



107 LSD and related discussions

entries are i.i.d. and have finite fourth order moment. Then, as p/n → 0, the

almost sure LSD of
√
np−1(n−1ZZ∗−Ip) exists and it is distributed as the standard

semi-circle variable with pdf (4.10).

Theorem 4.2.9. (Bao [2012]) Let Zp×n be an independent matrix whose entries

are i.i.d. and have finite fourth moment. Suppose {Ap} ∈ NND with LSD FA.

Then as p/n → 0, the almost sure LSD of
√
np−1(n−1A1/2ZZ∗A1/2 − A) exists

and its Stieltjes transform m(z) uniquely solves the system of equations (4.19) and

(4.20).

Remark 4.2.10. Consider all the assumptions in Theorems 4.2.5 and 4.2.9.

Then the almost sure LSD of p−1/2A1/2WA1/2 and
√
np−1(n−1A1/2ZZ∗A1/2 −A)

are identical.

Recall the notation (2.4). Next, we consider the following class of r× r determin-

istic matrices:

N = set of all sequences of symmetric non-negative definite nested (4.29)

matrices {Br} such that sup
r
||Br||2 <∞ and lim r−1tr(Bi

r) exists

for i = 1, 2.

Theorem 4.2.11. (Wang and Paul [2014]) Let Zp×n be an independent ma-

trix whose entries are i.i.d. and have finite fourth moment and, Ap and Bn

be two deterministic matrices. Suppose {Ap} ∈ NND with LSD FA. Suppose

{Bn} ∈ N and limn−1tr(B2
n) = d2. Then as p/n → 0, the almost sure LSD

of
√
np−1(n−1A

1/2
p ZBnZ

∗A
1/2
p − Apn−1Tr(Bn)) exists and its Stieltjes transform

m(z) uniquely solves the system of equations

m(z) = −
∫

dFA(t)

z + d2tg(z)
(4.30)

g(z) = −
∫

tdFA(t)

z + d2tg(z)
, ∀z ∈ C+. (4.31)
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Note that,

zm(z) = −
∫

zdFA(t)

z + d2tg(z)
= −1 + d2g(z)

∫
tdFA(t)

z + d2tg(z)
= −1− d2g

2(z).

Therefore, an equivalent way to write (4.30) is,

m(z) = −z−1 − z−1d2g
2(z), ∀z ∈ C+. (4.32)

Corollary 4.2.12. Theorem 4.2.9 follows immediately from Theorem 4.2.11 by

putting Bn = In and d2 = 1.

Corollary 4.2.13. Consider all the assumptions in Theorems 4.2.5 and 4.2.11.

Then the almost sure LSD of
√
d2p
−1/2A1/2WA1/2 and

√
np−1(n−1A1/2ZBZ∗A1/2−

An−1Tr(B)) are identical.

Proof. Suppose LSD of p−1/2A1/2WA1/2 is distributed as the random variable X.

Therefore, LSD of p−1/2
√
d2A

1/2WA1/2 is distributed as
√
d2X. By Theorem 4.2.5,

the Stieltjes transformation of X is given by

mX(z) = −z−1 − z−1g2
X(z), (4.33)

gX(z) =

∫
t

−z − tgX(z)
dFA(t), ∀z ∈ C+. (4.34)

Therefore, by Lemma 4.2.3, the Stieltjes transformation of
√
d2X is

m√d2X(z) = d
−1/2
2 mX(d

−1/2
2 z) = −z−1 − z−1g2

X(d
−1/2
2 z), where

gX(d
−1/2
2 z) =

∫ √
d2t

−z − t
√
d2gX(d

−1/2
2 z)

dFA(t). (4.35)

Let us define

g√d2X(z) = d
−1/2
2 gX(d

−1/2
2 z).
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Therefore,

g√d2X(x) =

∫
tdFA(t)

−z − t
√
d2gX(d

−1/2
2 z)

=

∫
tdFA(t)

−z − td2g√d2X(z)
.

Hence,

m√d2X(z) = −z−1 − z−1d2g
2√
d2X

(z), where

g√d2X(z) =

∫
t

−z − td2g√d2X(z)
dFA(t).

This agrees with (4.19) and (4.20). Hence it completes the proof.

4.3 Free probability and related notions

This section will serve as a brief introduction to free probability and related notions

that will be used in later chapters. The material of this section is mostly taken

from Nica and Speicher [2006], unless otherwise mentioned. As mentioned in

Section 4.1, a most natural way to study the joint convergence of several matrices

is through the convergence of the non-commutative ∗-probability space (NCP)

generated by the matrices. As matrices are non-commutative objects, appearance

of non-commutative spaces is not surprising. As we know, commutative (classical)

random variables are attached to a probability space (S, E), which consists of a

σ-field S and an expectation operator E. Similarly, non-commutative variables

are attached to an NCP. In the following subsection, we shall define NCP, its

convergence and some related notions.
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4.3.1 NCP and its convergence

Definition 4.3.1. A non-commutative ∗-probability space (NCP), (A, ϕ), consists

of a unital ∗-algebra A over C and a unital linear functional

ϕ : A → C such that ϕ(1A) = 1.

Thus, ϕ is the analogue of the (classical) expectation operator and is called a

state of the algebra A. The elements a ∈ A are called non-commutative random

variables in (A, ϕ). If a = a∗, then a is called self-adjoint. The state ϕ is tracial

if

ϕ(ab) = ϕ(ba), ∀a, b ∈ A. (4.36)

The state ϕ is positive if

ϕ(a∗a) ≥ 0, ∀a ∈ A. (4.37)

In this thesis, ϕ will always be tracial and positive.

The following are some examples of non-commutative ∗-probability spaces.

Example 4.3.1. Let (Ω,F , P ) be a probability space in the classical sense, i.e.

Ω is a non-empty set, F is a σ-algebra of subsets of Ω and P : F → [0, 1]

is a probability measure. Let A = L∞(Ω, P ) = set of all measurable functions

a : Ω→ C such that P (w : supω∈Ω |a(ω)| <∞) = 1 and let ϕ be defined by

ϕ(a) =

∫
Ω

a(ω)dP (ω), a ∈ A.

Then (A, ϕ) is an NCP.

Example 4.3.2. Let d be a positive integer. Let Md(C) be the algebra of

d × d matrices with complex entries and usual matrix multiplication, and let
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tr :Md(C)→ C be the normalized trace,

tr(a) =
1

d

d∑
i=1

αii ∀a = ((αij))
d
i,j=1 ∈Md(C).

Then (Md(C), tr) is an NCP, where the ∗-operation is to take both the transpose

of the matrix and the complex conjugate of the entries.

Also let M(d)(C) be the ∗-algebra of all d × d random matrices with usual

matrix multiplication, then (M(d)(C), Etr) forms an NCP.

The following lemma provides two inequalities. Proof of this lemma is trivial and

hence we omit it (see Nica and Speicher [2006] for part (a)).

Lemma 4.3.1. Suppose (A, ϕ) is an NCP. Let a, b, a1, a2, . . . , ak ∈ A and ϕ be

positive. Then the following results hold.

(a) |ϕ(ab)| ≤
√
ϕ(a∗a)ϕ(b∗b).

(b) Moreover, if ϕ is tracial, then there exists h1, h2, . . . hk ≥ 1 such that

|ϕ(a1a2 . . . ak)| ≤
k∏
i=1

(ϕ(a∗i ai)
hi)1/2hi .

Since we shall always work with ϕ which is tracial and positive, Lemma 4.3.1 (a)

and (b) shall hold.

Often we deal with ∗-sub-algebras of Md(C) and M(d)(C).

Definition 4.3.2. (∗-sub-algebra and span) Let B be a unital ∗-sub-algebra of A.

Then (B, ϕ) also forms an NCP. Let 1A be the identity element of A. Consider

t ≥ 1. Let Π(1A, ai, a
∗
i : 1 ≤ i ≤ t) ∈ A be any polynomial of {1A, ai, a∗i : 1 ≤ i ≤

t} ⊂ A. Then

Span{ai, a∗i : 1 ≤ i ≤ t} = {Π(1A, ai, a
∗
i : 1 ≤ i ≤ t) : Π is a polynomial}. (4.38)
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Span{ai, a∗i : 1 ≤ i ≤ t} is called the ∗-algebra generated by {ai, a∗i : 1 ≤ i ≤

t}. Equipped with ϕ, it is a unital ∗-algebra and is called the NCP generated by

{ai, a∗i : 1 ≤ i ≤ t}.

By span of a collection of infinitely many non-commutative variables {ai, a∗i :

i ≥ 1}, we mean

Span{ai, a∗i : i ≥ 1} = {Π(1A, aik , a
∗
ik

: 1 ≤ k ≤ t) : ik, t ≥ 1, Π is a polynomial}

and (Span{ai, a∗i : i ≥ 1}, ϕ) again forms an NCP.

For example, consider a class of d× d (random) matrices {Mi : 1 ≤ i ≤ r}. Then

(Span{Mi,M
∗
i : 1 ≤ i ≤ r}, Etr) is an NCP.

The distribution and moments of non-commutative variables are defined as fol-

lows.

Definition 4.3.3. (Distribution and moments) Let (A, ϕ) be an NCP. Let

Π(a, a∗) ∈ A be any polynomial in a, a∗ ∈ A. Then {ϕ(Π(a, a∗)) : Π is a polynomial}

is called the ∗-distribution of a or a∗. In particular, if a ∈ A is self-adjont, then

{ϕ(ak)}∞k=1 is called the distribution of a.

Consider t ≥ 1. Let Π(ai, a
∗
i : 1 ≤ i ≤ t) ∈ A be any polynomial in {ai : 1 ≤

i ≤ t} ⊂ A. Then {ϕ (Π(ai, a
∗
i : 1 ≤ i ≤ t)) : Π is a polynomial} is called the joint

distribution of {ai : 1 ≤ i ≤ t}.

For a collection of infinitely many non-commutative variables {ai : i ≥ 1},

{ϕ
(
Π(aik , a

∗
ik

: 1 ≤ k ≤ t)
)

: ik, t ≥ 1, Π is a polynomial} is its joint distri-

bution. Likewise we can also define the distribution in all the above cases. For

simplicity we shall write “distribution” for “∗-distribution”.

Now we shall define convergence of NCP.

Definition 4.3.4. (Convergence of NCP) Let AN = Span{a(N)
i , a

∗(N)
i : i ≥

1}, ∀ N ≥ 1 and A = Span{ai, a∗i : i ≥ 1}. We say that the sequence of NCP
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{(AN , ϕN)}∞N=1 converges to (A, ϕ) if for any polynomial Π and t ≥ 1

lim
N→∞

ϕN

(
Π(a

(N)
i , a

∗(N)
i : 1 ≤ i ≤ t)

)
= ϕ (Π(ai, a

∗
i : 1 ≤ i ≤ t)) . (4.39)

This is also described as the joint convergence of {a(N)
i , a

∗(N)
i : i ≥ 1} to

{ai, a∗i : i ≥ 1}. If {ϕN} are tracial and positive, then ϕ is also so (see (4.36) and

(4.37)). For a fixed i ≥ 1, we say that aNi converges in distribution to ai if for

any polynomial Π,

limϕN(Π(a
(N)
i , a

(N)∗
i )) = ϕ(Π(ai, a

∗
i )). (4.40)

Remark 4.3.2. Suppose we are given a unital ∗-sub-algebra AN as above and the

left side of (4.39) exists for all polynomial Π. Then we can construct a polynomial

algebra A of indeterminates {ai, a∗i } which also includes an identity 1A. We can

define ϕ on A by the equation (4.39). Then (A, ϕ) is an NCP and (AN , ϕN) →

(A, ϕ) in the above sense.

Let Ap be a square real symmetric random matrix of order p. Note that the

convergence of (Span{Ap}, p−1ETr) guarantees the (M1) condition in the moment

method (see Lemma 4.2.1). The following lemma connects LSD and NCP conver-

gence. Proof of this lemma follows immediately from Lemma 4.2.1.

Lemma 4.3.3. Let Ap be a square real symmetric random matrix of order p.

Suppose (Span{Ap}, p−1ETr)→ (Span{a}, ϕ). Moreover suppose (M4) holds and

{ϕ(ak)} satisfies (C). Then as p→∞, the almost sure LSD of Ap exists and it is

uniquely determined by the moment sequence {ϕ(ak)}.

The following theorem (see for example Anderson et al. [2009]) is relevant in

this context and shall be used later in Chapter 5.

Theorem 4.3.4. Let Wp be a Wigner matrix of order p. Then under the same
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assumptions as in Theorem 4.2.4,

(Span{p−1/2Wp}, Etr)→ (Span{s}, ϕ), (4.41)

where s is the standard semi-circle variable with ϕ(sh) = βh, ∀h and {βh} is as

in (4.11).

Often the limit of random matrices (in the sense of Definition 4.3.4) can be

expressed in terms of some freely independent variables. Free variables in the

non-commutative world, is the analogue of independent random variables in the

commutative world. In the next few sections, we develop the basics of free prob-

ability.

In the commutative case, random variables (say with bounded support) are

independent if and only if all joint moments obey the product rule. It is well known

that the cumulants and moments are related via the Möbius transformation on

the partially ordered set (POSET ) of all partitions. Using this it can be shown

that independence is also equivalent to the vanishing of all mixed cumulants.

In the non-commutative case, we also have the notion of joint cumulants,

called free cumulants. These can be uniquely obtained from the moments and

vice-versa via a different Möbius transformation and its inverse on the POSET of

all non-crossing partitions. Non-commutative variables are said to be free (freely

independent) if and only if all their mixed free cumulants vanish.

All the technicalities and definitions are given in Section 4.3.3. Before that, we

need some notions from the theory of partitions, specially non-crossing partitions.

4.3.2 Möbius function, non-crossing partitions and Krew-

eras complement

We first define the Möbius function which will be useful in the next section to

define free cumulants.
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Let P be a finite POSET with the partial order ≤. We also assume that P is a

lattice. Let us denote

P (2) := {(π, σ)|π, σ ∈ P, π ≤ σ}. (4.42)

For F,G : P (2) → C, their convolution F ∗G is the function from P (2) to C defined

by:

(F ∗G)(π, σ) =
∑
ρ∈P

π≤ρ≤σ

F (π, ρ)G(ρ, σ). (4.43)

G is called the inverse of F , if

(F ∗G)(π, σ) = (G ∗ F )(π, σ) = I(π = σ), ∀π ≤ σ ∈ P. (4.44)

It is easy to show that any F : P (2) → C is invertible with respect to the above

convolution if and only if F (π, π) 6= 0 for every π ∈ P (see Proposition 10.4 in

Nica and Speicher [2006])

The Zeta function of P , ξ : P (2) → C is defined by

ξ(π, σ) = 1, ∀ (π, σ) ∈ P (2). (4.45)

The inverse of ξ under the above convolution is called the Möbius function of P

and is denoted by µ(·, ·). Therefore,

(ξ ∗ µ)(π, σ) = (µ ∗ ξ)(π, σ) = I(π = σ), ∀π ≤ σ ∈ P. (4.46)

Now we shall define non-crossing partitions and the related notions.

Let S be a finite totally ordered set. We call π = {V1, V2, . . . , Vr} a partition of

the set S if and only if Vi (1 ≤ i ≤ r) are pairwise disjoint, non-void subsets of S

such that V1 ∪ V2 ∪ . . .∪ Vr = S. We call V1, V2, . . . , Vr the blocks of π. Given two
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elements p, q ∈ S, we write p ∼π q if p and q belong to the same block of π.

A partition π is called a pair partition if each block of π contains exactly two

elements.

Let π = {V1, V2, . . . , Vr} and σ = {U1, U2, . . . , Uk} be two partitions of S. Then

we call π ≤ σ if for any fixed 1 ≤ i ≤ r there exists a 1 ≤ j ≤ k such that Vi ⊂ Uj.

Therefore, the set of all partitions of S forms a POSET.

A partition π of the set S is called crossing if there exists p1 < q1 < p2 < q2

in S such that p1 ∼π p2 and q1 ∼π q2 but (p1, p2) and (q1, q2) are not in the same

block. If π is not crossing, then it is called non-crossing.

Consider the following sets:

NC(n) = set of all non-crossing partitions of {1, 2, 3, . . . , n}, (4.47)

NC2(2n) = set of all non-crossing pair partitions of {1, 2, 3, . . . , 2n}, (4.48)

NCE(2n) = set of π ∈ NC(2n) such that every block of π has even cardinality.

(4.49)

Note that the above sets of partitions are all POSET and have smallest and

largest elements. For example, in NC(n), the smallest element is 0n =

{{1}, {2}, . . . , {n}} and the largest element is 1n = {1, 2, . . . , n}. Moreover,

NC2(2n) ⊂ NCE(2n) ⊂ NC(2n).

It can be shown that {βh} given in (4.11) satisfies

β2h = #NC2(2h), ∀h ≥ 1. (4.50)

Thus the semi-circle law is intimately connected to non-crossing partitions.

Later we shall need the Möbius function on the POSET NC(n). It can be shown
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that

µ(0n, 1n) = (−1)n−1Cn−1, where Cn =
1

n+ 1

(
2n

n

)
, ∀n ≥ 1. (4.51)

µ(π, σ) for other pair π ≤ σ ∈ NC(n) can be obtained as follows. it is known

that the interval [π, σ] has the canonical factorization

[π, σ] ≡ NC(1)k1 ×NC(2)k2 ×NC(n)kn . (4.52)

Let sn = µ(0n, 1n),∀n. Then it can be proved that

µ(π, σ) = sk11 s
k2
2 . . . sknn . (4.53)

For details, see Chapter 10 in Nica and Speicher [2006].

Next we define a useful notion of partition theory, called Kreweras complement.

Kreweras complement. The complementation map K : NC(n) → NC(n) is

defined as follows. We consider additional numbers 1̄, 2̄, . . . , n̄ and interlace them

with 1, 2, . . . , n in the following alternating way:

1, 1̄, 2, 2̄, . . . , n, n̄.

Let π be a non-crossing partition of {1, 2, . . . , n}. Then its Kreweras complement

K(π) ∈ NC(1̄, 2̄, . . . , n̄) ≡ NC(n) is defined to be the biggest element among

those σ ∈ NC(1̄, 2̄, . . . , n̄) which have the property that

π ∪ σ ∈ NC(1, 1̄, 2, 2̄, . . . , n, n̄).

Let π be a partition of the set S and A ⊂ S. Then by Kπ|A we mean the restriction

of Kπ on A. The following properties of Kreweras complement are useful. See

Chapter 9 of Nica and Speicher [2006] for details.
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Property 1: K : NC(n)→ NC(n) is a bijection.

Property 2: K(NCE(2n)) is in bijection with the set of all such π in

NC(2n) such that every block of π is contained either in {1, 3, . . . , 2n − 1} or

in {2, 4, . . . , 2n}.

Property 3: NC2(2n) 3 π → (Kπ|{1, 3, . . . , 2n− 1}) is a bijection between

NC2(2n) and NC(1, 3, . . . , 2n− 1).

Property 4: Let |π| be the total number of blocks in any partition π. Then

for any π ∈ NC(n), we have |π|+ |K(π)| = n+ 1.

4.3.3 Free cumulants and free independence

We first present the notion of free cumulants and then use it to define free in-

dependence. Let (A, ϕ) be an NCP. Define a sequence of multilinear functionals

(ϕn)n∈N on An via

ϕn(a1, a2, . . . , an) := ϕ(a1a2 . . . an). (4.54)

Define recursively a family of multilinear functionals ϕπ(n ≥ 1, π ∈ NC(n)) by

the following formula. If π = {V1, V2, . . . , Vr} ∈ NC(n), then

ϕπ[a1, a2, . . . , an] := ϕ(V1)[a1, a2, . . . , an] · · ·ϕ(Vr)[a1, a2, . . . , an], (4.55)

where ϕ(V )[a1, a2, . . . , an] := ϕs(ai1 , ai2 , . . . , ais) = ϕ(ai1ai2 . . . ais) for V = (i1 <

i2 < . . . < is). Observe the use of ( ) and [ ] in (4.54) and (4.55). Define the joint

free cumulant of order n of (a1, a2, . . . , an) as

κn(a1, a2, . . . , an) =
∑

σ∈NC(n)

ϕσ[a1, a2, ..., an]µ(σ, 1n), (4.56)

where µ is the Möbius function on NC(n). κn(a1, a2, . . . , an) is called a mixed

cumulant if at least one pair ai, aj are different and ai 6= a∗j . For any εi =
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1, ∗, ∀1 ≤ i ≤ n, κn(aε1 , aε2 , . . . , aεn) is called a marginal free cumulant of order

n of {a, a∗}. For a self-adjoint element a, κn(a, a, . . . , a) is called the n-th free

cumulant of a. We denote it by κn(a). Note that mixed/marginal free cumulants

are all special cases of joint free cumulant.

Just as in (4.55), {κn(a1, a2, . . . , an) : n ≥ 1} has a multiplicative extension

{κπ : π ∈ NC(n)}. It is known that (see Proposition 11.4 in Nica and Speicher

[2006])

κπ[a1, a2, ..., an] :=
∑

σ∈NC(n)

σ≤π

ϕσ[a1, a2, . . . , an]µ(σ, π), (4.57)

where µ is the Möbius function on NC(n). Note that

ϕ1n [a1, a2, . . . , an] = ϕn(a1, a2, . . . , an) = ϕ(a1a2 . . . an),

κ1n [a1, a2, . . . , an] = κn(a1, a2, . . . , an).

Moreover, it can be shown that

ϕ(a1a2 . . . an) =
∑
π≤1n

κπ[a1, a2, · · · , an]. (4.58)

Therefore, there is a one-to-one correspondence between free cumulants and mo-

ments.

Also, it is known that a self-adjoint variable s is the standard semi-circle if and

only if

κn(s) =

1, if n = 2

0, if n 6= 2.

(4.59)

The free cumulant generating function C(z) of a self-adjoint random variable a is

defined as

C(z) = 1 +
∞∑
n=1

κn(a)zn ∀z ∈ C and when the series is defined. (4.60)
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C(z) satisfies the relation

C(−m(z)) = −zm(z), (4.61)

where m(z) is the Stieltjes transformation defined in (4.6). If there exist a C > 0

such that |κn(a)| ≤ Cn ∀n, Then (4.60) exists for all |z| < C−1. In that case

(4.61) makes sense ∀z ∈ C+, |z| large, since m(z)→ 0 as |z| → ∞.

The free cumulant generating function C(z) and relation (4.61) are useful to derive

Stieltjes transformation of a random variable from its free cumulant generating

function. We shall use it later.

The following classes of non-commutative variables will be useful in Chapter 6.

Definition 4.3.5. {s1, s2, . . . , sk} is called a semi-circle family if for each i, si is

self-adjoint and all their joint free cumulants vanish except for order 2.

Definition 4.3.6. {c1, c2, . . . , ck} is called a circular family if all their joint free

cumulants vanish except of order 2 and κ2(ci, cj) = κ2(c∗i , c
∗
j) = 0 for all i, j.

Now we are ready to define free independence of random variables and free product

of NCP.

Definition 4.3.7. (Free independence) Let (A, ϕ) be an NCP. Consider uni-

tal ∗-sub-algebras (Ai)i∈I of A. Then (Ai)i∈I are freely independent (strictly

speaking ∗-free) if for all n ≥ 2 and for all ai ∈ Ai(j) (j = 1, 2, . . . , n) with

i(1), i(2), . . . , i(n) ∈ I, we have κn(a1, a2, . . . , an) = 0 whenever there exist

1 ≤ l, k ≤ n with i(l) 6= i(k). In short, all mixed cumulants of (a1, a2, . . . , an)

are zero whenever at least two of them are from different Ai.

Suppose (Span{a(n)
ij , a

(n)∗
ij : i ≥ 0, 1 ≤ j ≤ k}, ϕn) converges to (Span{aij, a∗ij :

i ≥ 0, 1 ≤ j ≤ k}, ϕ). Then {a(n)
ij , a

(n)∗
ij : i ≥ 0}, 1 ≤ j ≤ k, are said to be

asymptotically free if Span{aij, a∗ij : i ≥ 0} are free across 1 ≤ j ≤ k.
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Definition 4.3.8. (Free product) Let (Ai, ϕi)i∈I be a family of NCP. Then there

exists an NCP (A, ϕ), called free product of (Ai, ϕi)i∈I , such that Ai ⊂ A, i ∈ I

are freely independent in (A, ϕ) and ϕ|Ai = ϕi.

A consequence of freeness is that all joint moments of free variables are com-

putable in terms of the moments of the individual variables. Of course, the algo-

rithm for computing moments under freeness is different from (and more compli-

cated than) the product rule under usual independence. In the following Section

we shall discuss such an algorithm.

4.3.4 Algorithm to compute moments of free variables

Let s be the standard semi-circle variable. Recall that κr denotes the r-th order

free cumulant defined in (4.56). Let {wi : 1 ≤ i ≤ k} be a family of non-

commutative variables which is closed under ∗ operation and satisfies

κr(wl1 , wl2 , . . . , wlr) = 0, ∀r 6= 2, l1, l2, . . . , lr ≥ 1. (4.62)

Moreover, s, {w1, w2, . . . , wk}, {bi, b∗i } and {di, d∗i } are free. Later in Chapters 5

and 6, we shall encounter moments of the form

ϕ(d0sb1sd1sb2sd2 . . . sbnsdr) and ϕ(wl1bl1wl2bl2wl3bl3wl4bl4 . . . wlrblr). (4.63)

For all l1, l2, . . . , lr, r ≥ 1. In this section, we shall discuss an algorithm for

computing the expressions in (4.63) in terms of the moments of s, {w1, w2, . . . , wk},

{bi, b∗i } and {di, d∗i }. The following lemma is useful for this purpose.

Lemma 4.3.5. Let (A, ϕ) be an NCP and consider random variables a1, a2, . . . an,

b1, b2, . . . , bn ∈ A such that Span{ai, a∗i : 1 ≤ i ≤ n} and Span{bi, b∗i : 1 ≤ i ≤ n}
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are freely independent. Then we have

ϕ(a1b1a2b2 . . . anbn) =
∑

π∈NC(n)

κπ[a1, a2, . . . , an]ϕK(π)[b1, b2, . . . , bn],

where K(π) is the Kreweras Complement of π defined in Section 4.3.2.

The next lemma is useful to compute the first term of (4.63).

Lemma 4.3.6. Suppose ϕ is tracial. Then the following holds.

(a)

ϕ(d0sb1sd1sb2 . . . sdn)

=
∑

π∈NC2(2n)

ϕK(π)[b1, d1, b2, d2, . . . , bn, dnd0] (4.64)

=
∑

π∈NC(n)

ϕπ[b1, b2, . . . , bn]ϕK(π)[d1, d2, . . . , dnd0] (4.65)

=
∑

π∈NC(n)

ϕπ[d1, d2, . . . , dnd0]ϕK(π)[b1, b2, . . . , bn]. (4.66)

(b) Fix 1 = k0 < k1 < . . . < kt ≤ n and let S ⊂ NC2(2n) be given by

S = {π ∈ NC2(2n) : {2ki, 2ki+1 − 1} ∈ π, 0 ≤ i ≤ t, kt+1 = k0}.

Then

∑
π∈S

ϕK(π)[b1, d1, b2, d2, . . . , bn, dnd0] (4.67)

= ϕ(
t∏

s=0

bks)
t+1∏
s=1

ϕ(dks−1sbks−1+1sdks−1+1 . . . sdks−1),

where k0 = 1, dkt+1−1 = dnd0.

Proof. Relation (4.64) follows from Lemma 4.3.5. By freeness of {bi} and {di},

and by Properties 1 − 3 of K(π) in Section 4.3.2, (4.65) and (4.66) follow from
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(4.64). We now prove (4.67).

Consider the following subsets of {1, 2, . . . , 2n} as

S0 = {2ki − 1, 2ki : 1 ≤ i ≤ t},

Si = {2ki−1 + 1, 2ki−1 + 2, . . . , 2ki − 2}, 1 ≤ i ≤ t+ 1, kt+1 = n+ 1.

By NC(Si) and NC2(Si), respectively, we mean the sets of all non-crossing and

non-crossing pair partitions of indices in Si. Let

σ0 = {{2ki, 2ki+1 − 1} : 0 ≤ i ≤ t, kt+1 = 1} ∈ NC2(S0). (4.68)

Note that, as S contains only non-crossing partitions, we have

S = {σ0 ∪ σ1 ∪ . . . ∪ σt+1 : σi ∈ NC2(Si), ∀1 ≤ i ≤ (t+ 1)}. (4.69)

Now to understand the nature of the Kreweras complement K(π) for π ∈ S,

consider the following subsets of {1, 2, . . . , 2n}. For all 1 ≤ i ≤ t+ 1,

Wi = {2ki−1, 2ki−1 + 1, . . . , 2ki − 2},

W−
i = {2ki−1 + 1, 2ki−1 + 2, . . . , 2ki − 3},

1Wi
= {2ki−1, 2ki−1 + 1, . . . , 2ki − 2},

0W−i = {2ki−1 + 1}, {2ki−1 + 2}, . . . , {2ki − 3}.

Since the Kreweras complement K(π) is non-crossing, it will be of the following

form,

K(π) = τ0 ∪ τ1(σ1) ∪ τ2(σ2) ∪ . . . ∪ τt+1(σt+1), (4.70)
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where the blocks {τ0, τi(σi)} satisfy

τ0 = {2ki − 1 : 0 ≤ i ≤ t}

{{2ki−1, 2ki − 2}, 0W−i } ≤ τi(σi) ≤ 1Wi
, ∀1 ≤ i ≤ t+ 1.

Note that τi(σi) depends only on σi ∈ NC2(Si) but no other σk, k 6= i. Hence, by

multiplicative property (4.55) of ϕ,

∑
π∈S

ϕK(π)[b1, d1, b2, d2, . . . , bn, dnd0] (4.71)

= ϕ(
t∏
i=0

bks)

( t+1∏
i=1

∑
σi∈NC2(Si)

ϕτi(σi)(bki−1+1, dki−1+1, . . . , bki−1, dki−1dki−1
)

)
.

Now, note that the set of blocks Gi = {τi(σi) : σi ∈ NC2(Si)} has one-to-one

correspondence with the set of Kreweras complements

{K(π) : π ∈ NC2(2ki − 2ki−1 − 2)}.

This one-to-one correspondence is obvious when one sets 2ki−1 + j = j, ∀1 ≤ j ≤

2ki − 2ki−1 − 3, and {2ki−1, 2ki − 2} = 2ki − 2ki−1 − 2.

Let 2ki − 2ki−1 − 2 = ωi (say). Hence, by (4.71), we have

∑
π∈S

ϕK(π)[b1, d1, b2, d2, . . . , bn, dnd0] (4.72)

= ϕ(
t∏
i=0

bks)

( t+1∏
i=1

∑
σi∈NC2(ωi)

ϕ(bki−1+1, dki−1+1, . . . , bki−1, dki−1dki−1
)

)

= ϕ(
t∏
i=0

bks)

( t+1∏
i=1

ϕ(dki−1
sbki−1+1sdki−1+1 . . . sdki−1

)
.

Hence (4.67) is justified.

Next we shall see how to compute the second term of (4.63). By Lemma 4.3.5,
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we have for all m ≥ 1,

ϕ(wl1bl1wl2bl2 . . . wlrblr) =



0, if r = 2m− 1

∑
π∈NC2(2m)

ϕK(π)[bl1 , . . . , bl2m ]κπ[wl1 , . . . , wl2m ],

if r = 2m.

(4.73)

Note that π ∈ NC2(2m) can be expressed as {(t1, t2), (t3, t4), . . . , (t2m−1, t2m)},

where t1 < t2, t3 < t4, . . . , t2m−1 < t2m. Hence, by (4.73), we have

ϕ(wl1bl1wl2bl2 . . . wlrblr) =



0, if r = 2m− 1,∑
π={(t1,t2),...,(t2m−1,t2m)}

(∏m
i=1 κ2(wlt2i−1

, wtl2i )
)

ϕK(π)[bl1 , bl2 , . . . , blk ], if r = 2m.

(4.74)

The last equality holds due to multilinear property of κπ.

4.3.5 Some existing results on the joint convergence of

random matrices

The following theorem states the joint convergence of several Wigner and deter-

ministic matrices. See for example Anderson et al. [2009].

Theorem 4.3.7. Let W
(1)
p ,W

(2)
p , . . . ,W

(r)
p be r independent Wigner matrices of

order p such that each matrix individually satisfies the assumptions of Theorem

4.2.4. Let D
(1)
p , D

(2)
p , . . . , D

(2q)
p be 2q constant matrices of order p with bounded

norm such that, for ε = 0, 1, (Span{D(2i−ε)
p , D

(2i−ε)∗
p : 1 ≤ i ≤ q}, p−1Tr) converges.

Then the following statements hold. As p→∞,

(a) p−1/2W
(1)
p , p−1/2W

(2)
p , . . . , p−1/2W

(r)
p are asymptotically free.
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(b) For ε = 0 or 1, the collections {p−1/2W
(i)
p } and {D(2i−ε)

p , D
(2i−ε)∗
p } are asymp-

totically free.

(c) The collections {p−1W
(i)
p D

(2j)
p W

(i)
p , p−1W

(i)
p D

(2j)∗
p W

(i)
p : i, j ≥ 1} and {D(2i−1)

p ,

D
(2i−1)∗
p } are asymptotically free.

(d) Let εi = 1, ∗, ∀1 ≤ i ≤ 2k. To compute lim p−1ETr(p−k
∏K

i=1D
(2i−1)ε2i−1
p W

(i)
p D

(2i)ε2i
p W

(i)
p )

one can assume that the collections {W (i)
p }, {D(2i−1)

p , D
(2i−1)∗
p } and {D(2i)

p , D
(2i)∗
p }

are asymptotically free.

Proof. For (a) and (b) see Anderson et al. [2009]. (c) follows from (a), (b) and

Theorem 11.12, Page 180 of Nica and Speicher [2006]. (d) is immediate from (a),

(b) and (c).

Next we define the compound free Poisson distribution. This will be useful in

Chapters 5 and 6 to describe the LSD of {1
2
(Γ̂u + Γ̂∗u)}u≥0 when the coefficient

matrices ψj = λjIp, for all j ≥ 0 and Ip is as in (2.8). For any measure µ, let

mn(µ) =
∫
xndµ(x), n ≥ 1 be its moments (assumed to be finite). Let {kn(µ)}

denote the corresponding free cumulants.

Definition 4.3.9. (Compound free Poisson distribution) A probability measure µ

on R with free cumulants

kn(µ) = λmn(ν), ∀n ≥ 1,

for some λ > 0 and some compactly supported probability measure ν on R with

moments {mn(ν)}, is called a compound free Poisson distribution with rate λ and

jump distribution ν.

Let (A, ϕ) be a non-commutative probability space. Let s, a ∈ A be such that

s is a semi-circle variable with moment sequence (4.11), and moreover s and a are

free. Then the free cumulants of sas are given by

kn(sas, sas, . . . , sas) = ϕ(an) ∀n ≥ 1. (4.75)
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In particular, if a is self-adjoint with distribution ν, then sas is a compound free

Poisson random variable with rate λ = 1 and jump distribution ν.

Recall the classes of independent random variables L and C respectively from

(4.14) and (4.16). It can be shown that the limiting free cumulants of n−1ZAZ∗,

for any p× n independent matrix Z = ((zi,j))p×n such that {zi,j : 1 ≤ i ≤ p, 1 ≤

j ≤ n} ∈ L ∪ C(δ, p), ∀p ≥ 1 and for some δ > 0 and for any self-adjoint matrix

A of order n with compactly supported LSD a, is given by

lim
n
kr(n

−1ZAZ∗, n−1ZAZ∗, . . . , n−1ZAZ∗) = yr−1ϕ(ar), ∀r ≥ 1. (4.76)

Here p = p(n) is such that pn−1 → y ∈ (0,∞). Therefore, LSD of n−1ZAZ∗ is

the compound free Poisson distribution with rate y−1 and jump distribution ya.



Chapter 5

Joint convergence of generalized dispersion

matrices when p/n→ y > 0

5.1 Introduction

We can now put to use the machinery developed in Chapter 4 to study the LSD

of any symmetric polynomial in the sample autocovariance matrices {Γ̂u}, along

with their joint convergence.

For that we first need to express these matrices in a suitable form. Recall the

independent matrix Z in Definition 4.2.3 and the sequence of coefficient matrices

{ψj} in (3.2). Let {Pj : j = 0,±1,±2, . . .} be a sequence of n× n matrices where

Pj has entries equal to one on the j-th upper diagonal and 0 otherwise. Note that

P0 = In where In is the n× n identity matrix, and Pj = P ∗−j, ∀j. Define

∆u =
1

n

q∑
j,j′=0

ψjZPj−j′+uZ
∗ψ∗j′ , ∀u = 0, 1, 2, . . . . (5.1)

In Chapter 7, we shall prove that {∆u} approximates {Γ̂u} as far as the LSD and

joint convergence are concerned. With this in mind, first we study the matrices

{∆u} in this chapter and Chapter 6 respectively for the cases p/n → y > 0 and

p/n→ 0.

Indeed we broaden our scope significantly and deal with a more general set up

128
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where we have

1. more than one independent matrices,

2. any n× n matrices between Z and Z∗ instead of typical matrices {Pj} and

3. polynomials which contain several (possibly independent) (Z,Z∗) pairs.

Suppose we have matrices Zu = ((εu,t,i))p×n, 1 ≤ u ≤ U , where {εu,t,i :

u, i, j ≥ 0} are independent with mean 0 and variance 1. Note that each Zu is an

independent matrix and moreover, they are independent among themselves.

Also suppose {B2i−1 : 1 ≤ i ≤ K} and {B2i : 1 ≤ i ≤ L} are constant matrices

of order p× p and n× n respectively.

Consider all p× p matrices

Pl,(ul,1,ul,2,...,ul,kl ) =

kl∏
i=1

(
n−1Al,2i−1Zul,iAl,2iZ

∗
ul,i

)
Al,2kl+1, (5.2)

where {Al,2i−1}, {Al,2i} and {Zul,i} are matrices from the collections {B2i−1, B
∗
2i−1 :

1 ≤ i ≤ K}, {B2i, B
∗
2i : 1 ≤ i ≤ L} and {Zi : 1 ≤ i ≤ U} respectively. As the

sample variance-covariance matrix (without centering) is a special case of the

above matrices, we call them generalized dispersion matrices.

Consider the sequence of NCP (Up, p−1ETr), where

Up = Span
(
Pl,(ul,1,...,ul,kl ) : l, kl ≥ 1

)
. (5.3)

Note that Up forms a ∗-algebra. Here we are interested in the convergence of

(Up, p−1ETr).

As {Zu}, {B2i−1} and {B2i} are all of different orders, it is not possible directly

to define an algebra of these matrices. Therefore, it becomes difficult to describe

the limit of (Up, p−1ETr) directly in terms of the limits of {Zu}, {B2i−1} and

{B2i}. The solution is to embed all these matrices into matrices of order (n+ p).
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Recall the Wigner matrix in Definition 4.2.2. We first embed Zu into a Wigner

matrix Wu of order (n+ p). Thus

Wu =

(
W

(1u)
p×p Zu

Z∗u W
(2u)
n×n

)
, (5.4)

where {W (iu) : i = 1, 2, u ≥ 1} are independent Wigner matrices and are inde-

pendent of {Zu}.

For any matrices B and D of order p and n respectively, let B̄ and D of order

(n+ p) be the matrices

B̄ =

(
B 0

0 0

)
, D =

(
0 0

0 D

)
. (5.5)

It is easy to see that

P̄l,(ul,1,ul,2,...,ul,kl ) =

kl∏
i=1

(
n−1Āl,2i−1Wul,iAl,2iW

∗
ul,i

)
Āl,2kl+1. (5.6)

Note that the right side of (5.6) is a polynomial in Wigner and deterministic

matrices.

Consider the sequence of NCP (Ūp, (n+ p)−1ETr), where

Ūp = Span
(
P̄l,(ul,1,...,ul,kl ) : l, kl ≥ 1

)
. (5.7)

Note that Ūp also forms a ∗-algebra. Convergence of (Ūp, (n + p)−1ETr) is easy

to describe by using Theorem 4.3.7. Then we express the limit of (Up, p−1ETr) in

terms of the limit of (Ūp, (n+ p)−1ETr).

In Section 5.2.2, we provide the idea behind the limit. Then in Theorem 5.3.1

we state the result on convergence of (Ūp, (n+ p)−1ETr) and (Up, p−1ETr). The

limiting NCP can be expressed in terms of some free variables.

As discussed in Lemma 4.3.3 of Chapter 4, NCP convergence with some ad-
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ditional effort guarantees existence of the LSD. Theorem 5.4.1 states that the

LSD of any symmetric polynomial in {Pl,(ul,1,ul,2,...,ul,kl )} exists and the limit can

be expressed in terms of some freely independent variables.

As we have seen in Chapter 4, most of the existing LSD results are obtained

using the Stieltjes transformation method. It is not clear how this method could be

used for any arbitrary symmetric polynomial. We fall back on the moment method

to derive LSD of such polynomials. To link these two methods, in Theorem 5.4.5,

we derive the Stieltjes transformation of the LSD of some specific matrices. In

Section 5.4.2, we show how the existing LSD results in the literature follow as

special cases of our LSD results. The main material of this chapter is taken from

Bhattacharjee and Bose [2015a].

5.2 Preliminaries

5.2.1 Assumptions

We first list all the assumptions that are required.

First, let us describe our assumption on {Zu}. Recall the independent matrix in

Definition 4.2.3. Let Zu = ((εu,i,j))p×n, 1 ≤ u ≤ U be p×n independent matrices.

Therefore, {εu,i,j : u, i, j ≥ 1} are independently distributed with E(εu,i,j) = 0,

E|εu,i,j|2 = 1. Recall the classes L and C respectively in (4.14) and (4.16). We

assume that

(A1) {εu,i,j : 1 ≤ i ≤ p, 1 ≤ j ≤ n} ∈ L ∪ C(δ, p) ∀p ≥ 1 for some δ ∈ (0, 2] and

for all 1 ≤ u ≤ U .

If there is only one u i.e., if U = 1, we will write εi,j and Z respectively for ε1,i,j and

Z1. Assumption (A1) will be weakened later for some corollaries and applications

by means of truncation techniques.

Now we move to the assumptions on the deterministic matrices {Bi}.
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(A2) {B2i−1 : 1 ≤ i ≤ K} are norm bounded p×pmatrices and (Span(B2i−1, B
∗
2i−1 :

1 ≤ i ≤ K), p−1Tr) converges.

(A3) {B2i : 1 ≤ i ≤ L} are norm bounded n × n matrices and (Span(B2i, B
∗
2i :

1 ≤ i ≤ L), n−1Tr) converges.

Note that we do not assume the joint convergence of {Bi : i ≥ 1}.

5.2.2 Idea behind the limit of (Up, p−1ETr)

To see how freeness comes into the picture and hence how it motivates the limiting

NCP of (Up, p−1ETr), let us focus on a particular element of Up:

P = n−1(B1Z1B2Z
∗
1B3 +B5Z1B4Z

∗
1B7 +B9Z1B6Z

∗
1B11 +B13Z1B8Z

∗
1B15).

In this section, we consider appropriate conditions on {B4i−j : 1 ≤ i ≤ 4, j = 1, 3}

and {B2i : 1 ≤ i ≤ 4} so that P is self-adjoint. For illustration we consider only a

self-adjoint polynomial. Similar idea works for non-self-adjoint polynomials also.

Our primary goal is to show that for all r ≥ 1, lim p−1ETr(P r) exists.

We embed Z1 into the Wigner matrix W1 as given in (5.4). For any matrices

B and D of order p and n respectively, recall the matrices B̄ and D in (5.5).

Note that for any integer r, if the right/left side limits below exist, then

lim(n+ p)−1Tr(B̄r) = y(1 + y)−1 lim p−1Tr(Br), (5.8)

lim(n+ p)−1Tr(Dr) = (1 + y)−1 limn−1Tr(Dr), and (5.9)

lim p−1Tr(P r) = y−1(1 + y) lim(n+ p)−1Tr(P̄ r). (5.10)

Thus to deal with P , we consider the corresponding matrix P̄ . Note that

nP̄ = B̄1W1B2W1B̄3 + B̄5W1B4W1B̄7 + B̄9W1B6W1B̄11 + B̄13W1B8W1B̄15.

Thus P̄ r involves polynomials in these enlarged matrices. So it is a question of
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computing the limiting trace of such polynomials. Note that by (A2) and (A3),

for any monomial m,

(1) lim(n+p)−1Tr(m({B̄2i−1, B̄
∗
2i−1 : 1 ≤ i ≤ 8})) and lim(n+p)−1Tr(m({B2i, B

∗
2i :

1 ≤ i ≤ 4})) exist.

Therefore, as p(n), n → ∞, (Span{B̄2i−1, B̄
∗
2i−1 : 1 ≤ i ≤ 8}, (n + p)−1ETr)

and (Span{B2i, B
∗
2i : 1 ≤ i ≤ 4}, (n + p)−1ETr) converge respectively to

(Span{b̄2i−1, b̄
∗
2i−1 : 1 ≤ i ≤ 8}, ϕ1) and (Span{b2i, b

∗
2i : 1 ≤ i ≤ 4}, ϕ2), say.

(2) Recall the class of independent variables L and C respectively in (4.14) and

(4.16). By Theorem 4.3.4, if {ε1,i,j} ∈ L ∩ C(0, p), then limE(n + p)−1Tr((n +

p)−1/2W1)r = E(sr) i.e. (Span{(n + p)−1/2W1}, (n + p)−1ETr) converges to

(Span{s}, ϕ3), say, where s is a standard semi-circle variable with the moment

sequence (4.11).

(3) Finally, by Theorem 4.3.7 (d) and for the polynomial P̄ , in the limit, the

matrices (n + p)−1/2W1, {B̄2i−1, B̄
∗
2i−1 : 1 ≤ i ≤ 8} and {B2i, B

∗
2i : 1 ≤ i ≤ 4} are

free variables.

Recall the free product of NCP in Definition 4.3.8. By (3), s, {b̄2i−1, b̄
∗
2i−1 : 1 ≤

i ≤ 8} and {b2i, b
∗
2i : 1 ≤ i ≤ 4} are free in some NCP (A, ϕ).

Thus using the above observations (1)-(3) in conjunction with equations (5.8)-

(5.10), we can conclude that lim(n+ p)−1Tr(P̄ r) and lim p−1Tr(P r) exist and

lim
1

n+ p
Tr(P̄ r) = lim

(
n+ p

n

)r(
1

n+ p
Tr(

4∑
i=1

B̄4i−3
W1√
n+ p

B2i

W1√
n+ p

B̄4i−1)r
)

= ϕ

(
(1 + y)

4∑
i=1

b̄4i−3sb2isb̄4i−1

)r
and (5.11)

lim p−1Tr(P r) = y−1(1 + y)ϕ

(
(1 + y)

4∑
i=1

b̄4i−3sb2isb̄4i−1

)r
. (5.12)

The right side of (5.12), involving free variables, are then the limit moments of P

and can be computed using Lemma 4.3.6.
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This is the idea we implement for the general matrices (5.2). To embed {Zu}, we

need independent Wigner matrices {Wu} and by Theorem 4.3.7 (a), these yield

U many free semi-circle variables. The limits can then be expressed in terms of

polynomials in the free semi-circle variables, and the limits of (Span{B̄2i−1, B̄
∗
2i−1 :

1 ≤ i ≤ 8}, (n+p)−1ETr) and (Span{B2i, B
∗
2i}, (n+p)−1ETr), where the two limit

collections are free.

5.3 NCP convergence result

Now we rigorously state our result for the joint convergence of the general matrices

(5.2). To describe the limits, consider (S = Span{su : u ≥ 1}, ϕs) to be an NCP

of free standard semi-circular variables {su}. Suppose that

(Span{B2i−1, B
∗
2i−1 : 1 ≤ i ≤ K}, 1

p
Tr) →

(Aodd = Span{b2i−1, b
∗
2i−1 : 1 ≤ i ≤ K}, ϕodd), (5.13)

(Span{B̄2i−1, B̄
∗
2i−1 : 1 ≤ i ≤ K}, 1

n+ p
Tr) →

(Āodd = Span{b̄2i−1, b̄
∗
2i−1 : 1 ≤ i ≤ K}, ϕ̄odd), (5.14)

(Span{B2i, B
∗
2i : 1 ≤ i ≤ L}, 1

n
Tr) →

(Aeven = Span{b2i, b
∗
2i : 1 ≤ i ≤ L}, ϕeven). (5.15)

(Span{B2i, B
∗
2i : 1 ≤ i ≤ L}, (n+ p)−1Tr) →

(Āeven = Span{b2i, b
∗
2i : 1 ≤ i ≤ L}, ϕ̄even). (5.16)

Therefore, for any polynomial Π,

ϕodd(Π(b2i−1, b
∗
2i−1 : 1 ≤ i ≤ K)) = y−1(1 + y)ϕ̄odd(Π(b̄2i−1, b̄

∗
2i−1 : 1 ≤ i ≤ K)),(5.17)
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ϕeven(Π(b2i, b
∗
2i : 1 ≤ i ≤ L)) = (1 + y)ϕ̄even(Π(b2i, b

∗
2i : 1 ≤ i ≤ L)). (5.18)

Recall the free product of NCP in Definition 4.3.8. Let

(A, ϕ̄) = free product of (S, ϕs), (Āodd, ϕ̄odd) and (Āeven, ϕ̄even). (5.19)

Consider the subalgebra Ū of A as

Ū = Span

(
p̄l,(ul,1,ul,2,...,ul,kl ) := (1 + y)kl

kl∏
i=1

(
āl,2i−1sul,ial,2isul,i

)
āl,2kl+1 : l ≥ 1

)
(5.20)

where āl,2i−1 ∈ {b̄2i−1, b̄
∗
2i−1}, al,2i ∈ {b2i, b

∗
2i} and sul,i ∈ {su}. Note that Ū forms

a ∗-algebra.

Then we have the following Theorem. This result may not be available in the

literature in exactly this form. However, the ideas are already available in the free

probability literature. For example see Benaych-Georges [2009], Benaych-Georges

[2010] and Benaych-Georges and Nadakuditi [2012].

Theorem 5.3.1. Suppose Assumptions (A1)−(A3) hold and n, p(n)→∞, p/n→

y > 0. Then

(a) (Ūp, (n+ p)−1ETr)→ (Ū , ϕ̄), and

(b) for any polynomial Π,

lim
1

p
ETr(Π(Pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1)) =

1 + y

y
ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1)). (5.21)

Hence, (Up, p−1ETr) converges. The limit NCP may be denoted as (U :=

Span(pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1), ϕ), say, where

ϕ(Π(pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1)) =
1 + y

y
ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1)).
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Proof. (a) By Definition 4.3.4, it is enough to show that for any polynomial Π,

lim
1

n+ p
ETr(Π({P̄l,(ul,1,ul,2,...,ul,kl )})) = ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ))). (5.22)

For this, we first embed {Zu} into the Wigner matrices {Wu} of order (n+ p) as

given in (5.4). Recall B̄ and D respectively for the matrices B and D of orders p

and n in (5.5). Therefore,

Π({P̄l,(ul,1,ul,2,...,ul,kl )}) = Π

(
{
kl∏
i=1

(
n−1Āl,2i−1Wul,iAl,2iW

∗
ul,i

)
Āl,2kl+1}

)
. (5.23)

By using (5.14), (5.16) and Theorem 4.3.7 (a), (d), the NCP (Span({B̄2i−1, B̄
∗
2i−1 :

i ≥ 1}, (n + p)−1Tr), (Span{B2i, B
∗
2i : i ≥ 1}, (n + p)−1Tr) and (Span{(n +

p)−1/2Wu : 1 ≤ u ≤ U}, (n + p)−1ETr) respectively converge to (Āodd, ϕ̄odd),

(Āeven, ϕ̄even) and (S, ϕs) and they are asymptotically free. Note that {B̄2i−1, B̄
∗
2i−1}

and {B2i, B
∗
2i} are not in general asymptotically free. They are asymptotically

free in polynomials where {B2i−1, B
∗
2i−1} and {B2i, B

∗
2i} are respectively enclosed

within (Z∗, Z) and (Z,Z∗). Therefore, observing (5.19), (5.22) holds.

(b) Note that for any polynomial Π,

lim p−1ETr(Π({Pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1}))

= lim
n+ p

p
(n+ p)−1ETr(Π({P̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1}))

= y−1(1 + y) lim(n+ p)−1ETr(Π({P̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1}))

= y−1(1 + y)ϕ̄(Π({p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1}))

= ϕ(Π({pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1})), (say).

This completes the proof of Theorem 5.3.1 (b).

Remark 5.3.2. It is easy to see that ϕ̄ and ϕ both are tracial and positive (see

(4.36), (4.37) and (4.40)).
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5.4 LSD of symmetric polynomials in {Pl,(ul,1,ul,2,...,ul,kl)}

The following Theorem guarantees the existence of the LSD of any symmetric

polynomial in {Pl,(ul,1,ul,2,...,ul,kl}.

Theorem 5.4.1. Suppose (A1)-(A3) hold and n, p(n)→∞, p/n→ y > 0. Then

the LSD of any symmetric polynomial Π(Pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1) exists almost

surely and it is uniquely determined by the (usual) moment sequence

lim
1

p
ETr(Π(Pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))k (5.24)

= ϕ(Π(pl,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))k

= y−1(1 + y)ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))k, ∀k ≥ 1.

Proof. By Lemma 4.2.1, we need to establish (M1), (M4) and (C) as described in

the moment method in Section 4.2. The (M1) condition is nothing but (5.21) in

Theorem 5.3.1 (b). Now we shall establish (M4) and (C).

Proof of (M4). To establish (M4), we need the following lemma, whose proof is

very technical and is deferred to Section 5.5.

Lemma 5.4.2. Suppose (A1)-(A3) hold and n, p(n) → ∞, p/n → y > 0. Let

Pu ∈ Span{Pl,(ul,1,ul,2,...,ul,kl )}, u ≥ 0. Let for 1 ≤ i ≤ T , mi(Pu,P∗u : u ≥ 0) be

polynomials. Let

Pi = Tr(mi(Pu,P∗u : u ≥ 0)) and P0
i = EPi.

For d ≥ 1, define

Sd = set of all pair partitions {(i1, i2), (i3, i4), . . . , (i2d−1, i2d)} of {1, 2, . . . , 2d}.
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Then, for all d ≥ 1,

limE
[
ΠT
i=1

(
Pi − P0

i

)]
(5.25)

=

0 if T = 2d− 1,∑
Sd

∏d
k=1 limE

[(
Pi2k−1

− P0
i2k−1

)(
Pi2k − P0

i2k

)]
, if T = 2d.

For any polynomial Π(Pu,P∗u : u ≥ 0), taking T = 4 and Pi = Tr (Π(Pu,P∗u : u ≥ 0))h

in Lemma 5.4.2, we have,

E

[
1

p
Tr (Π(Pu,P∗u : u ≥ 0))h − E

(
1

p
Tr (Π(Pu,P∗u : u ≥ 0))h

)]4

= O(p−4) = O(n−4)

and hence (M4) is established.

Proof of (C). We have to show, for any symmetric polynomial Π,

∞∑
k=1

(
y−1(1 + y)ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))2k

)−1/2k

=∞. (5.26)

Now note that

∞∑
k=1

(
y−1(1 + y)ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))2k

)−1/2k

≥ y

1 + y

∞∑
k=1

(
ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))2k

)−1/2k

.

Therefore, to prove (5.26), it is enough to show that

∞∑
k=1

(
ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))2k

)−1/2k

=∞. (5.27)

Moreover, to prove (5.27), it is enough to show that for some C > 0,

ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))2k ≤ C2k, ∀k ≥ 1. (5.28)
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The following lemma is useful in this proof.

Lemma 5.4.3. Let s be a standard semicircle variable. For all {ā2i−1} ∈

{b̄2i−1, b̄
∗
2i−1}, {ā2i} ∈ {b̄2i, b̄

∗
2i}, h ≥ 1 and for some C1 > 0, we have

|ϕ̄(ā1sa2sā3 . . . a2hs)| ≤ C2h
1 .

Proof. Recall || · ||2 defined in (2.4). By Assumptions (A2) and (A3), there exists

C > 0 such that

sup
1≤i≤K

sup
p
||B2i−1||2 = sup

1≤i≤K
sup
p
||B̄2i−1||2 ≤ C, and (5.29)

sup
1≤i≤L

sup
n
||B2i||2 = sup

1≤i≤L
sup
n
||B̄2i||2 ≤ C. (5.30)

Therefore,

ϕ̄(b̄∗2i−1b̄2i−1)h = lim
1

n+ p
Tr(B̄∗2i−1B̄2i−1)h

≤ sup
p
||B̄∗2i−1B̄2i−1||h2 ≤ C2h, ∀h ≥ 1, 1 ≤ i ≤ K. (5.31)

Similarly,

ϕ̄(b∗2ib2i)
h ≤ C2h, ∀h ≥ 1, 1 ≤ i ≤ L. (5.32)

Also note that, for all ā2i−1 ∈ {b̄2i−1, b̄
∗
2i−1 : 1 ≤ i ≤ K}, a2i ∈ {b2i, b

∗
2i : 1 ≤ i ≤ L}

and h ≥ 1, by Lemma 4.3.1 (b), there exists {hi : 1 ≤ i ≤ 2h} such that

|ϕ̄(ā1a2ā3 . . . ā2h−1a2h)| ≤
h∏
i=1

(
ϕ̄(ā∗2i−1ā2i−1)h2i−1

)1/h2i−1

h∏
i=1

(
ϕ̄(a∗2ia2i)

h2i
)1/h2i

.

Hence, by (5.31) and (5.32)

|ϕ̄(ā1a2ā3 . . . ā2h−1a2h)| ≤ C2h, ∀h ≥ 1. (5.33)
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Therefore, applying (4.50) and (4.64) and using the fact that #NC2(2h) ≤

22h, ∀h ≥ 1,

|ϕ̄(ā1sa2sā3 . . . a2hs)| ≤ C2h(#NC2(2h)) ≤ (2C)2h.

Hence the proof of Lemma 5.4.3 is complete.

Now by (5.20), note that

Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1) =
T∑
i=1

gi, where

gi = ā1,isa2,is · · · a2li,i
s, ∀i ≥ 1, (5.34)

ā2j−1,i ∈ {b̄2i−1, b̄
∗
2i−1 : i ≥ 1} and a2j,i ∈ {b2i, b

∗
2i : i ≥ 1}. Now, by Lemmas 4.3.1

(b) and 5.4.3, there is a C1, C2 > 0 such that

ϕ̄(Π(p̄l,(ul,1,ul,2,...,ul,kl ) : l ≥ 1))2k = ϕ̄

(
T∑
i=1

gi

)2k

=
∑

1≤i1,i2,...,i2k≤T

ϕ̄(gi1gi2 . . . gi2k)

≤
∑

1≤i1,i2,...,i2k≤T

|ϕ̄(gi1gi2 . . . gi2k)|

≤ C
2
∑2k
j=1 lij

1 T 2k ≤ C2k
2 . (5.35)

Hence, (5.28) is proved and (C) follows. This completes the proof of Theorem

5.4.1.

5.4.1 Stieltjes transform

We enlarge the collections {B2i−1} and {B2i} so that they are closed under ∗ oper-

ation. All results proved so far continue to remain valid. Consider the polynomials
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∆ ∈ Up of the form

∆ =
1

n

q∑
i=1

B4i−3ZB2iZ
∗B4i−1. (5.36)

We assume appropriate conditions on {Bi} so that ∆ is symmetric.

Note that all the existing LSD results in the literature, discussed in Chapter

4, are for random matrices which are special cases of ∆. Moreover, the matrices

{∆u}, which are defined in (5.1) and which will approximate the sample autoco-

variance matrices, are also special cases of ∆. By Theorem 5.4.1, under (A1)-(A3),

the almost sure LSD of ∆ exists and it is characterized by the moment sequence

lim
1

p
ETr(∆)k =

1 + y

y
ϕ̄(δ̄)k, ∀k ≥ 1, (5.37)

where

δ̄ = (1 + y)

q∑
i=1

b̄4i−3sb2isb̄4i−1. (5.38)

Recall that {b̄2i−1} and {b2i} are respectively limits of {B̄2i−1} and {B2i}. More-

over, s, {b̄2i−1} and {b2i} are free (by Theorem 5.4.1, as far as computing limits

of polynomials of the form (5.36) is concerned).

However, most of the existing LSD discussed in Chapter 4 are in terms of the

Stieltjes transform. Therefore to show how these results follow from Theorem

5.4.1, we need to study the Stieltjes transform of the LSD of ∆. The following

theorem provides this Stieltjes transform.

Note that δ̄ is self-adjoint and ϕ̄ is positive. By (A2) and (A3), there is

C > 0 such that |φ̄(δ̄k)| ≤ Ck, ∀k. Hence, by Lemma 4.2.2 (b), there is a unique

probability measure on R, say µ̄, characterized by the moment sequence {φ̄(δ̄k)}.

Let µ be the probability measure on R corresponding to the LSD of ∆. Note that
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by (5.37),

∫
R
xkdµ =

1 + y

y

∫
R
xkdµ̄, ∀k ≥ 1. (5.39)

Let mµ̄(z) and mµ(z) be respectively the Stieltjes transforms of µ̄ and µ. We first

describe mµ̄(z). Then it is easy to express mµ(z) in terms of mµ̄(z).

To describe mµ̄(z), we write infinite sums of the form
∑

1≤i1,i2,...,ik<∞ ai1ai2 . . . aik

in the sense that

ϕ(
∑

1≤i1,i2,...,ik<∞

ai1ai2 . . . aik) =
∑

1≤i1,i2,...,ik<∞

ϕ(ai1ai2 . . . aik),

whenever

∑
1≤i1,i2,...,ik<∞

|ϕ(ai1ai2 . . . aik)| <∞. (5.40)

Moreover, we write (1− a)−1 :=
∑∞

i=0 a
i.

Let,

d = {b̄4i−3 : 1 ≤ i ≤ q}, e = {b̄4i−1 : 1 ≤ i ≤ q}, and (5.41)

f = {b2i : 1 ≤ i ≤ q}, h(d, e, f) = (1 + y)

q∑
i=1

b̄4i−3b2ib̄4i−1. (5.42)

Define

Rj(f) = ϕ̄
(
h(d, e, f)δ̄j−1|f

)
:= (1 + y)

q∑
i=0

ϕ̄(b̄4i−3b̄4i−1δ̄
j−1)b2i. (5.43)

Note that Rj(f) ∈ A, ∀j ≥ 1. Let,

K(z, f) =
∞∑
i=1

z−iRi(f) (5.44)

B(d, e, z) = ϕ̄
(
h(d, e, f)(1 +K(z, f))−1|d, e

)
, (5.45)
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:= (1 + y)

q∑
i=1

ϕ̄
(
b2i(1 + yK(z, f))−1

)
b̄4i−3b̄4i−1 (5.46)

= (1 + y)
∞∑
j=0

q∑
i=1

ϕ̄(b2i(−K(z, f))i)b̄4i−3b̄4i−1. (5.47)

G(d, e, z) = (B(d, e, z)− z)−1 = z−1

∞∑
i=0

z−i(B(d, e, z))−i. (5.48)

The following lemma guarantees the existence of K(z, f), B(d, e, z) and G(d, e, z).

Lemma 5.4.4. K(z, f), B(d, e, z) and G(d, e, z) exist for all sufficiently large |z|,

in the sense of (5.40).

Proof. Note that there is a C > 0 such that for any {ā2i−1} ∈ {b̄2i−1, b̄
∗
2i−1},

{a2i} ∈ {b2i, b
∗
2i} and h ≥ 1, we have

|ϕ̄(ā1ā3 . . . ā2h−1)| ≤ Ch, |ϕ̄(a2a4 . . . a2h)| ≤ Ch and |ϕ̄(δ̄)h| ≤ Ch. (5.49)

Proof of (5.49) is along the same lines as the proof of Condition (C) in Theorem

5.4.1. Hence we omit it.

We first show that

(K(z, f))r =
∑

1≤j1,j2,...,jr<∞

z−
∑r
k=1 jkϕ̄(

r∏
k=0

Rjk(f)) (5.50)

exists. For this, we have to show

∑
1≤j1,j2,...,jr<∞

|z|−
∑r
k=1 jk |ϕ̄(

r∏
k=0

Rjk(f))| <∞, ∀r ≥ 1. (5.51)

Now, note that, by (5.43)

Rj(f) = ϕ̄(h(d, e, f)δ̄j−1|f) =

q∑
i=0

ϕ̄(b̄4i−3b̄4i−1δ̄
j−1)b2i.
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Therefore,

|ϕ̄(
r∏

k=0

Rjk(f))| ≤
q∑

i1,i2,...,ir=0

(
r∏

k=1

|ϕ̄(b̄4ik−3b̄4ik−1δ̄
jk−1)|

)
|ϕ̄(

r∏
k=1

b2ik
)|

≤
q∑

i1,i2,...,ir=0

(
r∏

k=1

(
ϕ̄(b̄4ik−3b̄4ik−1b̄

∗
4ik−1b̄

∗
4ik−3)ϕ̄(δ̄)2jk−2

)1/2

)
|ϕ̄(

r∏
k=1

b2ik
)|

≤ (q + 1)rC2r+
∑r
k=1 jk , by (5.49)

≤ C
∑r
k=1 jk

1 , for some C1 > C > 0. (5.52)

Therefore, for |z| > ηC1, η > 1, (K(z, f))r in (5.50) exists and moreover, for all

r ≥ 1, we have

ϕ̄(K(z, f))r = ϕ̄

( ∞∑
j=1

Rj(f)

zj

)r
=

( ∞∑
j1,j2,...,jr=1

ϕ̄(Rj1(f)Rj2(f) . . . Rjr(f))

zj1zj2 . . . zjr

)
.

Therefore,

|ϕ̄(K(z, f))r| ≤
( ∞∑
j1,j2,...,jr=1

|ϕ̄(Rj1(f)Rj2(f) . . . Rjr(f))|
|z|j1|z|j2 . . . |z|jr

)

≤
∞∑

j1,j2,...,jr=1

C
∑r
k=1 jk

1

|z|j1|z|j2 . . . |z|jr
, by (5.52)

≤

(
∞∑
j=1

Cj
1

(ηC1)j

)r

≤
(

1

η − 1

)r
, as η > 1. (5.53)

Note that by (5.47), (we shall show below that this infinite sum in (5.54) exists)

B(d, e, z) =
∞∑
i=0

q∑
j=0

ϕ̄(b2j(−K(z, f))i)b̄4j−3b̄4j−1 =
∞∑
i=0

Ai, say. (5.54)

Now, for all |z| > ηC1, η > 1,

|ϕ̄(Ai1Ai2 . . . Air)| =

q∑
j1,j2,...,jr=0

(
r∏

k=1

|ϕ̄(b2jk
(−K(z, f))ik |

)
|ϕ̄(

r∏
k=1

b̄4jk−3b̄4jk−1)|
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≤
q∑

j1,j2,...,jr=0

(
r∏

k=1

(
ϕ̄(b2jk

b∗2jk)ϕ̄(K(z, f))2ik
)1/2

)
|ϕ̄(

r∏
k=1

b̄4jk−3b̄4jk−1)|

≤
q∑

j1,j2,...,jr=0

(
r∏

k=1

C2

(
1

η − 1

)2ik
)1/2

C2r

by (5.49) and (5.53)

≤ (q + 1)rC3r

(
r∏

k=1

(
1

η − 1

)ik)
(5.55)

Therefore,

∑
1≤i1,i2,...,ir<∞

|ϕ̄(Ai1Ai2 . . . Air)| ≤ (q + 1)rC3r

(
∞∑
i=0

(
1

η − 1

)i)r

, (by (5.55))

≤
(

(q + 1)C(η − 1)

(η − 2)

)r
, as η > 2

≤ Cr
2 , for some C2 > C1 > C > 0. (5.56)

Therefore, observing (5.54), (B(d, e, z))r exists for all |z| > ηC1, η > 2. Now,

using the same arguments as in the existence of K(z, f) above, it is easy to see

that G(d, e, z) defined in (5.48) exists for all |z| > C2. This completes the proof

of Lemma 5.4.4.

The following Theorem provides mµ̄(z) and mµ(z).

Theorem 5.4.5. Suppose (A1)-(A3) hold and n, p(n)→∞, p/n→ y > 0.

(a) Then for z ∈ C+, |z| large, mµ̄(z) is given by

mµ̄(z) = ϕ̄(G(d, e, z)), (5.57)

where G(d, e, z) satisfies (5.44), (5.45) and (5.48). Moreover, K(z, f) in (5.44)

also satisfies

K(z, f) = ϕ̄(h(d, e, f)(B(d, e, z)− z)−1|f) (5.58)
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:= (1 + y)

q∑
i=1

ϕ̄(b̄4i−3b̄4i−1(B(d, e, z)− z)−1)b2i. (5.59)

(b) For z ∈ C+, mµ(z) is given by

mµ̄(z) =
y

1 + y
mµ(z)− 1

1 + y

1

z
. (5.60)

To prove Theorem 5.4.5, we shall prove a lemma that provides a recursion

formula for the moments of µ̄. For convenience of writing, let us denote Di =

B̄4i−3, Ei = B̄4i−1, di = b̄4i−3 and ei = b̄4i−1, fi = b2i for all 1 ≤ i ≤ q. For

any polynomial Π = Π(Dj, D
∗
j , Ej, E

∗
j : j ≥ 0), let Π0 = Π(dj, d

∗
j , ej, e

∗
j : j ≥ 0).

Recall {Rj(f)} defined in (5.43). For all j ≥ 0, let

Sj(f,Π) = ϕ̄
(
Π̄0h(d, e, f)δ̄j−1|f

)
:=

q∑
i=0

ϕ̄(Π̄0b̄4i−3b̄4i−1δ̄
j−1)b2i. (5.61)

Lemma 5.4.6. Suppose (A1)-(A3) hold and n, p(n) → ∞, p/n → y > 0. Then

for any polynomial Π = Π(Dj, D
∗
j , Ej, E

∗
j : j ≥ 0), we have

lim(n+ p)−1ETr(Π∆̄r) =
r∑
t=1

ϕ̄

[ ∑
1≤i1,i2,...,it≤r∑t

j=1 ij=r

Si1(f,Π)
( t∏
k=2

Rik(f)
)]
.

Proof. By Theorem 5.4.1, it is immediate that

lim(n+ p)−1ETr(Π∆r) = ϕ̄(Π0δ̄r) = (1 + y)r
q∑

jk=1

1≤k≤r

ϕ̄

(
Π0

r∏
k=1

djksfjksejk

)

=
∑

σ∈NC2(2r)

τσ, by (4.64) (5.62)

where

τσ = (1 + y)r
q∑

jk=1

1≤k≤r

ϕ̄K(σ)[fj1 , ej1dj2 , fj2 , ej2dj3 , . . . , ejrdj1Π
0],
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and K(σ) is the Kreweras complement of σ defined in Section 4.3.2. Now to

compute (5.62), we consider the decomposition of NC2(2r) = ∪rt=1P2r
t , where

P2r
1 = {σ ∈ NC2(2r) : {1, 2} ∈ σ} and for all 2 ≤ t ≤ r,

P2r
t = {σ ∈ NC2(2r) : {2k0 − 1, 2kt}, {2k0, 2k1 − 1}, {2k1, 2k2 − 1}, . . . ,

{2kt−2, 2kt−1 − 1} ∈ σ, 1 = k0 < k1 < k2 < . . . < kt−1 ≤ r}.

Hence, (5.62) is equivalent to

lim(n+ p)−1ETr(Π∆̄r) =
r∑
t=1

Tt, (5.63)

where for all 1 ≤ t ≤ r,

Tt =
∑
σ∈P2r

t

τσ =
∑

1=k0<k1<k2<...<kt−1≤r

g(t, k1, k2, . . . , kt−1), (5.64)

and

(1 + y)−t−1g(t+ 1, k1, k2, . . . , kt) (5.65)

=
∑

1≤jks≤q

ϕ̄(
t∏

s=0

fjks )
t∏

s=0

ϕ̄
(
ejks δ̄

ks+1−ks−1djk(s+1)

)
,

(by Lemma 4.3.6 (b) and where kt+1 = r + 1 and djkt+1
= djk0Π0) .

Therefore, (5.65) is equal to

=
∑

1≤jks≤q

ϕ̄(
t∏

s=0

fjks )
t∏

s=0

ϕ̄
(
ejks δ̄

ks+1−ks−1djk(s+1)

)
= ϕ̄

( ∑
jks ,jks+1

t∏
s=0

fjks ϕ̄
(
ejks δ̄

ks+1−ks−1djk(s+1)

))
,

where jkt+1 = jk0 .
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Note that

∑
j′ks ,jks+1

fjks ϕ̄
(
ejks δ̄

ks+1−ks−1djk(s+1)

)
=

(1 + y)−1R(ks+1−ks)(f), 1 ≤ s ≤ t− 1

(1 + y)−1S(r+1−kt)(f,Π), s = t.

.

Hence for all 1 = k0 < k1 < k2 < . . . < kt ≤ r, we have

g(t+ 1, k1, k2, . . . , kt) = ϕ̄(S(r+1−kt)(f,Π)
t−1∏
s=0

R(ks+1−ks)(f)).

Therefore, by (5.64), for all 1 ≤ t ≤ r,

Tt =
∑

1=k0<k1<...<kt≤r
kt+1=r+1

ϕ̄
[
S(r+1−kt)(f,Π)

t−1∏
s=0

R(ks+1−ks)(f)
]

=
∑

1≤i1,i2,...,it≤r
i1+i2+...+it=r

ϕ̄(Si1(f,Π)
t∏

s=2

Ris(f)).

Hence, by using (5.63) and (5.64), Lemma 5.4.6 follows.

Now we are ready to prove Theorem 5.4.5.

Proof of Theorem 5.4.5. (a) Define

D =
∞∑
i=1

z−iδ̄i. (5.66)

Note that by the last part of (5.49), D exists for sufficiently large |z|. Moreover,

by (4.7), ϕ(D) = mµ̄(z).

To establish (5.58), note that

K(z, f) =
∞∑
i=1

z−iϕ̄(h(d, e, f)δ̄i−1|f), by (5.43) and (5.44) (5.67)

= −z−1ϕ̄(h(d, e, f)|f)− z−1ϕ̄(h(d, e, f)D|f)
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where for f ′ with same property as in f , we have

ϕ̄(h(d, e, f)D|f)

=
∞∑
r=1

z−r
r∑
t=1

ϕ̄

[( ∑
1≤i1,i2,··· ,it≤r
i1+i2+···+it=r

Si1(f
′, h(d, e, f))

t∏
s=2

Ris(f
′))

)
|f
]

(by Lemma 5.4.6)

=
∞∑
t=1

ϕ̄

[ ∞∑
r=t

z−r
( ∑

1≤i1,i2,··· ,it≤r
i1+i2+···+it=r

Si1(f
′, h(d, e, f))

t∏
s=2

Ris(f
′))

)
|f
]

=
∞∑
t=1

ϕ̄

[
(K(z, f ′))t−1

(
∞∑
r=1

z−rSr(f
′, h(d, e, f))

)
|f
]

= ϕ̄

[
(1 +K(z, f ′))−1

(
∞∑
r=1

z−rSr(f
′, h(d, e, f))

)
|f
]

= ϕ̄

(
∞∑
r=1

z−rδ̄r−1h(d, e, f)ϕ̄

[
h(d, e, f)(1 + yK(z, f ′))−1

]
|f

)
= z−1ϕ̄(h(d, e, f)B(d, e, z)|f) + z−1ϕ(Dh(d, e, f)B(d, e, z)|f).

In a similar fashion, using h(d, e, f)B(d, e, z) instead of h(d, e, f) in the above

steps,

ϕ̄(Dh(d, e, f)B(d, e, z)|f) = z−1ϕ̄(h(d, e, f)B2(d, e, z)|f) + z−1ϕ̄(Dh(d, e, f)B2(d, e, z)|f).

Finally iterating we have

ϕ̄(h(d, e, f)D|f) =
∞∑
r=1

z−rϕ̄(h(d, e, f)Br(d, e, z)|f). (5.68)

Hence,

K(z, f)

= −z−1ϕ̄
( ∞∑
r=0

h(d, e, f)z−rBr(d, e, z)|f
)

= ϕ̄(h(d, e, f)(B(d, e, z)− z)−1|f),(5.69)
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which is (5.58) in Theorem 5.4.5.

Note that the above steps from (5.67) leading to (5.69) remain valid if we

replace h(d, e, f) by 1 in (5.67). This yields (instead of (5.69)),

mµ̄(z) = −z−1

∞∑
i=0

(
B(d, e, z)

z

)i
(5.70)

= ϕ̄((B(d, e, z)− z)−1), (5.71)

which is (5.57) in Theorem 5.4.5. Hence the proof of Theorem 5.4.5 (a) is complete.

(b) Let δ0 be the degenerate probability measure at 0. Then (5.60) follows imme-

diately by noting that

µ̄ =
y

1 + y
µ+

1

1 + y
δ0. (5.72)

Hence the proof of Theorem 5.4.5 is complete.

5.4.2 Corollaries

This section collects corollaries of three kinds. Corollaries 5.4.7, 5.4.8 and 5.4.9

will be useful later when we deal with LSD of sample autocovariance matrices.

Corollaries 5.4.10 and 5.4.11 show how the existing LSD results in the literature

can be quickly derived using Theorem 5.4.5. Finally, Corollary 5.4.12 provides

completely new results.

Recall {∆u} defined in (5.1) and the coefficient matrices {ψj} in (3.2). Suppose

{ψj} ⊂ {B2i−1, B
∗
2i−1} i.e. we assume:

(B) {ψj} are norm bounded and they jointly converge.

Suppose

(Span{ψj, ψ∗j : j ≥ 0}, p−1Tr) → (Span{ηj, η∗j : j ≥ 0}, ϕodd), (5.73)
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(Span{ψ̄j, ψ̄∗j : j ≥ 0}, (n+ p)−1Tr) → (Span{η̄j, η̄∗j : j ≥ 0}, ϕ̄odd). (5.74)

Recall the NCP (Aodd, ϕodd) and (Āodd, ϕ̄odd) respectively defined in (5.13) and

(5.14). Clearly the NCP in the right side of (5.73) and (5.74) are ∗-sub-algebras

of (Aodd, ϕodd) and (Āodd, ϕ̄odd), respectively. Recall that ϕ̄ is the state corre-

sponding to the free product given in (5.19). Therefore, by Definition 4.3.8, the

restriction of ϕ̄ on Āodd is ϕ̄odd. Also note that for any polynomial Π

ϕ̄(Π(η̄j, η̄
∗
j : j ≥ 0)) = ϕ̄odd(Π(η̄j, η̄

∗
j : j ≥ 0))

=
y

1 + y
ϕodd(Π(ηj, η

∗
j : j ≥ 0)). (5.75)

Now we have the following corollary. This corollary will be useful later in Chapter

7, when we deal with the Stieltjes transform of the LSD of Γ̂u + Γ̂∗u.

Corollary 5.4.7. Suppose (A1), (B) hold and n, p(n)→∞, p/n→ y > 0. Then

the almost sure LSD of 1
2
(∆u + ∆∗u) exists and its Stieltjes transform mu(z), for

z ∈ C+ and |z| large, is given by

mu(z) = ϕodd((Bu(λ, z)− z)−1), where (5.76)

Ku(z, θ) = ϕodd(h(λ, θ)(Bu(λ, z)− z)−1), (5.77)

:=

q∑
j,k=0

ϕodd(ηjη
∗
k(Bu(λ, z)− z)−1)ei(j−k)θ

h(λ, θ) = (

q∑
j=0

eijθηj)(

q∑
j=0

e−ijθη∗j ), λ = {ηj, η∗j : j ≥ 0}, (5.78)

Bu(λ, z) = Eθ
(
cos(uθ)h(λ, θ)(1 + y cos(uθ)K(z, θ))−1

)
, (5.79)

:=

q∑
j,k=0

ηjη
∗
kEθ

(
cos(uθ)ei(j−k)θ(1 + y cos(uθ)K(z, θ))−1

)
.

and θ is a U(0, 2π) random variable.

Proof. First note that {∆u} satisfy the form (5.2). Moreover, under (B) and

(5.73), {ψj} satisfy (A2) and (5.13). Also note that the matrices {Pu : u =
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0,±1,±2, . . .} satisfy (A3). Suppose,

(Span{P u : u = 0,±1, . . .}, (n+ p)−1Tr)→ (Span{cu : u = 0,±1, . . .}, ϕ̄).(5.80)

Then for any polynomial Π

ϕ̄(Π({cu : u = 0,±1, . . .})) = lim
1

n+ p
Tr(Π({P u : u = 0,±1, . . .}))

=
1

1 + y
Eθ(Π({eiuθ : u = 0,±1, . . .})), (5.81)

where θ ∼ U(0, 2π).

Now applying Theorem 5.4.5, (5.38), (5.41) and (5.42) reduce to

δ̄ =
1 + y

2

q∑
j,k=0

η̄js(cj−k+u + cj−k−u)η̄
∗
k,

d = (η̄j : 0 ≤ j ≤ q), e = (η̄∗j : 0 ≤ j ≤ q),

f = (cj−k+u : 0 ≤ j, k ≤ q),

h(d, e, f) =
1 + y

2

q∑
j,k=0

η̄j(cj−k+u + cj−k−u)η̄
∗
k. (5.82)

Also define

g = (ei(j−k+u)θ : 0 ≤ j, k ≤ q).

Now, (5.45) reduces to

B(d, e, z) = ϕ̄(h(d, e, f)(1 +K(z, f))−1|d, e)

=
1 + y

2

q∑
j,k=0

η̄j η̄
∗
kϕ̄((cj−k+u + cj−k−u)(1 +K(z, f))−1),

=
1 + y

2

q∑
j,k=0

η̄j η̄
∗
k

1

1 + y
Eθ
(
ei(j−k)θ(2 cos(uθ))(1 +K(z, g))−1

)
, by (5.81)

= Eθ
(
h(d, θ)(cos(uθ))(1 +K(z, g))−1

)
. (5.83)
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Let λ = (ηj : 0 ≤ j ≤ q). Then (5.58) reduces to

K(z, f) = ϕ̄(h(d, e, f)(B(d, e, z)− z)−1|f)

=
1 + y

2

q∑
j,k=0

(cj−k+u + cj−k−u)ϕ̄(η̄j η̄
∗
k(B(d, e, z)− z)−1),

=
1 + y

2

q∑
j,k=0

(cj−k+u + cj−k−u)
y

1 + y
ϕodd(ηjη

∗
k(B(λ, λ∗, z)− z)−1),

by (5.75)

=
y

2

q∑
j,k=0

(cj−k+u + cj−k−u)ϕodd(ηjη
∗
k(B(λ, λ∗, z)− z)−1). (5.84)

Let B(λ, λ∗, z) = B(λ, z), say. Therefore,

K(z, g) = y cos(uθ)ϕodd(h(λ, θ)(B(λ, z)− z)−1) = y cos(uθ)K(z, θ), where

K(z, θ) = ϕodd(h(λ, θ)(B(λ, z)− z)−1). (5.85)

This establishes (5.77). Now, by (5.83), we have

B(λ, z) = Eθ
(
h(d, θ)(cos(uθ))(1 + y cos(uθ)K(z, θ))−1

)
. (5.86)

This establishes (5.79). Now, (5.57) reduces to

mµ̄(z) = ϕ̄((B(d, e, z)− z)−1) =
y

1 + y
ϕodd(B(λ, z)− z)−1)− 1

1 + y

1

z
.

Therefore, by (5.60), we have

mu(z) = ϕodd(B(λ, z)− z)−1), (5.87)

where B(λ, z) satisfies (5.83) and (5.85). This establishes (5.76) and completes

the proof of Corollary 5.4.7.

Apart from the cumbersome expressions (5.76)-(5.79) of the Stieltjes transfor-
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mation, in general, there is no further simplified form of the LSD of ∆u + ∆∗u.

We have a better description of the LSD of ∆u + ∆∗u in the special case ψ0 = Ip,

ψj = λjIp, λj ∈ R, for all j ≥ 1. The following corollary will be useful later in

Chapter 7 and there we shall also obtain the limit Stieltjes transform. Recall the

compound free Poisson distribution in Definition 4.3.9.

Corollary 5.4.8. Suppose (A1) holds and n, p(n) → ∞, p/n → y > 0. Let

ψ0 = Ip, ψj = λjIp, 1 ≤ j ≤ q. Then the LSD of 1
2
(∆u + ∆∗u) is the compound

free Poisson whose r-th order free cumulant equals

κur = yr−1Eθ(cos(uθ)h̃(λ, θ))r, ∀i ≥ 0, (5.88)

where

h̃(λ, θ) = |
q∑
j=0

eijθλj|2, λ0 = 1, λ = (λ1, λ2, . . . , λq) and θ ∼ U(0, 2π). (5.89)

Proof. Note that we can write

n∆u = Z

(
q∑
j=0

q∑
j′=0

λjλj′Pj−j′+u

)
Z∗, n∆∗u = Z

(
q∑
j=0

q∑
j′=0

λjλj′P
∗
j−j′+u

)
Z∗

and hence

1

2
(∆u + ∆∗u) = n−1Z

(
1

2

q∑
j=0

q∑
j′=0

λjλj′(Pj−j′+u + P ∗j−j′+u)

)
Z∗.

Note that by (5.81) and for all r ≥ 1,

limn−1Tr

(
1

2

q∑
j=0

q∑
j′=0

λjλj′(Pj−j′+u + P ∗j−j′+u)

)r

= Eθ

(
1

2

q∑
j=0

q∑
j′=0

λjλj′(e
(j−j′+u)θ + e−(j−j′+u)θ)

)r

= Eθ(cos(uθ)h̃(λ, θ))r.
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Therefore, invoking the discussion around (4.76), the LSD of 1
2
(∆u + ∆∗u) is a

compound free Poisson with the r-th order free cumulant

yr−1 lim
1

n
Tr
(1

2

q∑
j,j′=0

λjλj′(Pj−j′+u + P ∗j−j′+u)
)r

= yr−1Eθ(cos(uθ)h̃(λ, θ))r,

where h̃ is as given in (5.89) and θ ∼ U(0, 2π). Hence, the proof of Corollary 5.4.8

is complete.

The following corollary will be invoked later in Chapter 7, when we deal with the

Stieltjes transform of the LSD of Γ̂u + Γ̂∗u for the MA(0) process.

Corollary 5.4.9. Suppose (A1) holds and n, p(n) → ∞, p/n → y > 0. Then

for each u ≥ 1, LSD of (2n)−1Z(Pu + P ∗u )Z∗ exists almost surely and its Stieltjes

transform m(z) is given by the solution (only one solution is a valid solution) of

(1− y2m2(z))(yzm(z) + y − 1)2 = 1, z ∈ C+. (5.90)

Proof. By Theorem 5.4.1, LSD of (2n)−1Z(Pu + P ∗u )Z∗ exists almost surely. To

obtain the Stieltjes transform, we now use Corollary 5.4.7. So assume z ∈ C+ and

|z| large. Note that (2n)−1Z(Pu + P ∗u )Z∗ = ∆u, ∀u ≥ 1 with

ψ0 = Ip, ψj = 0, ∀j ≥ 1. (5.91)

By (5.91) and (5.73), η0 = 1Aodd
(the identity element of Aodd) and ηj = 0, ∀j ≥ 1.

Therefore, (5.78) reduces to

λ = 1Aodd
, h(λ, θ) = 1Aodd

. (5.92)

By (5.76) and (5.77), we have (z ∈ C+, |z| large)

Ku(z, θ) = ϕodd(1Aodd
(Bu(1Aodd

, z)− z)−1) = ϕodd(Bu(1Aodd
, z)− z)−1), (5.93)
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mu(z) = ϕodd((Bu(1Aodd
, z)− z)−1). (5.94)

Therefore, by (5.93) and (5.94), we have (z ∈ C+, |z| large)

mu(z) = Ku(z, θ). (5.95)

By (5.79) and (5.95), we have (z ∈ C+, |z| large)

Bu(1Aodd
, z) = Eθ(cos(uθ)1Aodd

(1 + y cos(uθ)mu(z))−1)

= Eθ(cos(uθ)(1 + y cos(uθ)mu(z))−1)1Aodd

=

(
1

2π

∫ 2π

0

cos(uθ)

1 + y cos(uθ)mu(z)

)
1Aodd

. (5.96)

Hence, by (5.94) and (5.96) and, for z ∈ C+ and |z| large, the Stieltjes trans-

form of the LSD of 1
2n
Z(Pu + P ∗u )Z∗ satisfies,

mu(z) = ϕodd(B(1Aodd
, z)− z)−1

= −ϕodd

(
z − 1

2π

∫ 2π

0

cos(uθ) dθ

1 + ymu(z) cos(uθ)
1Aodd

)−1

= −
(
z − 1

2π

∫ 2π

0

cos(uθ) dθ

1 + ymu(z) cos(uθ)

)−1

. (5.97)

Now by contour integration, it can be shown that

1

2π

∫ 2π

0

cos(uθ) dθ

1 + ymu(z) cos(uθ)
=

1

ymu(z)
− 2

y2m2
u(z)

1

ω1 − ω2

where ω1 and ω2 are two roots of ω2+2(ymu(z))−1ω+1 = 0 with |ω1| > 1, |ω2| < 1

and (ω1 − ω2)−2 = y2m2
u(z)

4(1−y2m2
u(z))

. Therefore, by (5.97), for z ∈ C+ and |z| large, we

have

−1

mu(z)
= z − 1

ymu(z)
+

2(ω1 − ω2)−1

y2m2(z)
=⇒ ((1− y)− zymu(z))2(1− y2m2

u(z)) = 1.
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Hence, (5.90) is established for z ∈ C+ and |z| large. Using analyticity of mu(z),

(5.90) continues to hold for all z ∈ C+.

Recall that in Theorems 4.2.6 and 4.2.7, we stated the LSD of n−1ZZ∗ and

n−1A1/2ZZ∗A1/2 where A is a p × p symmetric, non-negative definite matrix.

Recall the class U(δ) in (4.17). Among other things, there we assumed that

{εi,j : i, j ≥ 1} ∈ U(0).

Now if we are willing to work under the stronger assumption (A1) and norm

bounded A, then those conclusions follow from Theorems 5.4.1 and 5.4.5. If one

carefully follows the existing proofs of Theorems 4.2.6 and 4.2.7 given in Bai and

Silverstein [2009], he/she can see that these are first proved under (A1) and when

A is norm bounded. Then to relax these assumptions, appropriate truncations on

the entries of Z and on the ESD of A are used. The same truncation arguments

can also be used for the following two corollaries. Recall the class of matrices

NND in (4.18).

Corollary 5.4.10. Suppose (A1) holds and n, p(n)→∞, p/n→ y > 0. Suppose

{Ap} ∈ NND, norm bounded and has LSD FA. Then the almost sure LSD

of n−1A
1/2
p ZZ∗A

1/2
p is given by (4.27). The same LSD result continues to hold

if we relax the norm bounded assumption on A and, instead of (A1), assume

{εi,j : i, j ≥ 1} ∈ U(0).

Proof. We shall prove only the first part. Since the proof of the second part

involves standard truncation as discussed, we shall omit it.

To prove the first part, we again use Corollary 5.4.7. So assume z ∈ C+ and

|z| large. Note that n−1A
1/2
p ZZ∗A

1/2
p = ∆0 with

ψ0 = A1/2
p , ψj = 0, ∀j ≥ 1. (5.98)

Let a ∼ FA. As Ap is symmetric and non-negative definite, a1/2 is meaningful.
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By (5.98) and (5.73), η0 = a1/2 and ηj = 0, ∀j ≥ 1. Therefore, (5.78) reduces to

λ = a1/2, h(λ, θ) = a1/2a1/2 = a. (5.99)

By (5.76) and (5.77), we have for z ∈ C+, |z| large (since u = 0),

K0(z, θ) = ϕodd(a(B0(a1/2, z)− z)−1)

=

∫
adFA(a)

B0(a1/2, z)− z
= K(z), say, (5.100)

m0(z) = ϕodd((B0(a1/2, z)− z)−1) =

∫
dFA

B0(a1/2, z)− z
. (5.101)

Now by (5.79) and (5.100), we have for z ∈ C+, |z| large (since u = 0),

B0(a1/2, z) = Eθ(cos(0θ)a(1 + y cos(0θ)K(z)−1)

= Eθ(a(1 + yK(z))−1) =
a

1 + yK(z)
. (5.102)

Hence, by (5.100), (5.101) and (5.102), we have for z ∈ C+, |z| large,

zm0(z) =

∫
zdFA

B0(a1/2, z)− z
=

∫
B0(a1/2, z)dFA

B0(a1/2, z)− z
− 1

=
1

1 + yK(z)

∫
adFA

B0(a1/2, z)− z
− 1 =

K(z)

1 + yK(z)
− 1.

=
1

y

yK(z)

1 + yK(z)
− 1 = −1

y

1

1 + yK(z)
+

1

y
− 1. (5.103)

Therefore, by (5.103) and (5.102), we have for z ∈ C+, |z| large,

a(zym0(z) + y − 1) = − a

1 + yK(z)
= −B0(a1/2, z). (5.104)

Now substituting the value of B0(a1/2, z) obtained in (5.104) into (5.101), we have

m0(z) = −
∫

dFA

z − a(zym0(z) + y − 1)
z ∈ C+, |z| large.
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Therefore, for z ∈ C+ and |z| large, (4.27) is proved. Using analyticity, (4.27)

continues to hold for all z ∈ C+.

We now give an alternative free probability proof of Theorem 4.2.6. Recall the

well known Marčenko-Pastur law MPy with parameter y in Section 4.2.2.

Corollary 5.4.11. Suppose (A1) holds and n, p(n)→∞, p/n→ y > 0. Then the

almost sure LSD of n−1ZZ∗ exists and it is distributed as MPy where the moment

sequence and the Stieltjes transform respectively satisfy (4.25) and (4.26). The

result continues to hold if instead of (A1), we assume {εi,j : i, j ≥ 1} ∈ U(0).

Proof. Again we shall prove only the first part. We have already established (4.27)

for general Ap in corollary 5.4.10. Put A
1/2
p = Ip, where Ip is as in (2.8). Then

(4.26) follows immediately.

Next we show (4.25) using Theorem 5.4.1. Let B1 = Ip and B2 = In. Then

note that n−1ZZ∗ = n−1B1ZB2Z
∗B1. Moreover, B̄1 → a0, B2 → c0, where a0

and c0 are both Bernoulli random variables with success probabilities y(1 + y)−1

and (1 + y)−1 respectively. Let s be a semi-circle variable and suppose s, a0 and

c0 are free. Observe that, by (5.24),

lim p−1ETr(n−1ZZ∗)h = y−1(1 + y)ϕ̄ ((1 + y)a0sc0sa0)h ,∀h ≥ 1.

Hence, by (4.66), the h-th moment of the LSD of n−1ZZ∗ is given by

(1 + y)h+1

y

∑
π∈NC(h)

ϕ̄π[a2
0, a

2
0, . . . , a

2
0]ϕ̄K(π)[c0, c0, . . . , c0]. (5.105)

Note that if π ∈ NC(h) has k blocks, then

ϕ̄π[a2
0, a

2
0, . . . , a

2
0] = ϕ̄π[a0, a0, . . . , a0] = yk(1 + y)−k,

ϕ̄π[c0, c0, . . . , c0] = (1 + y)−k.

By Property 4 of Kreweras complement in Section 4.3.2, if π ∈ NC(h) has k
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blocks then K(π) has (h− k + 1) many blocks. Therefore, (5.105) equals

h∑
k=1

#{π ∈ NC(h) : π has k blocks} yk−1 =
h∑
k=1

1

k

(
h− 1

k − 1

)(
h

k − 1

)
yk−1,

which is the h-th moment of the Marčenko-Pastur law (see (4.25)). For the last

equality see page 144 of Nica and Speicher [2006]. This completes the proof of

Corollary 5.4.11.

The following corollary does not seem to be known in the literature.

Corollary 5.4.12. Suppose (A1) and n, p(n) → ∞, p/n → y > 0 hold. Then

for each u ≥ 1, LSD of p−2ZPuZ
∗ZP−uZ

∗ exists almost surely and is the

Bessel(2, y−1) (see Banica et al. [2011]) law whose hth moment satisfies

βh =
h∑
k=1

1

k

(
h− 1

k − 1

)(
2h

k − 1

)
y−k, h ≥ 1. (5.106)

Proof. To establish (5.106), we again use Theorem 5.4.1. Let B1 = Ip and B2 =

Pu. Then note that p−2ZPuZ
∗ZP−uZ

∗ = (n/p)2n−2B1ZB2Z
∗B1ZB

∗
2Z
∗B1. Note

that B̄1 → a0 where a0 is the Bernoulli random variables with success probability

y(1 + y)−1. Also (B2, B
∗
2)→ (c, c∗), where c and c∗ commute and

ϕ̄(ckc∗l) =
1

1 + y
I(k = l). (5.107)

Let s be the semi-circle variable and suppose s, a0 and {c, c∗} are free. Observe

that, by (5.24),

lim p−1ETr
(
p−2ZPuZ

∗ZP−uZ
∗)h = lim

(
n

p

)2h

p−1ETr
(
n−2ZPuZ

∗ZP−uZ
∗)h

= y−(2h+1)(1 + y)ϕ̄((1 + y)2a0scsa
2
0scsa0),∀h ≥ 1.

Recall NCE(2n) in (4.49). By (4.66), the h-th moment of the LSD of
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p−2ZPuZ
∗ZP−uZ

∗ is given by

(1 + y)2h+1

y2h+1

∑
π∈NC(2h)

ϕ̄K(π)[a0, a0, . . . , a0]ϕ̄π[c, c∗, c, c∗ . . . , c, c∗]. (5.108)

Note that ϕ̄π[c, c∗, c, c∗ . . . , c, c∗] = 0 if π ∈ NC(2h)−NCE(2h). If π ∈ NCE(2h)

has k many blocks, then ϕ̄π[c, c∗, c, c∗ . . . , c, c∗] = (1 + y)k. Note that by Property

4 of Kreweras complement in Section 4.3.2, K(π) has 2h+ 1− k blocks and hence

ϕ̄K(π)[a0, a0, . . . , a0] = y2h+1−k(1 + y)2h+1−k. Therefore (5.108) equals

y−2h

h∑
k=1

#{π ∈ NCE(2h) : π has k blocks} y2h+1−k−1,

=
h∑
k=1

1

k

(
h− 1

k − 1

)(
2h

k − 1

)
y−k,

where the last equality follows from Lemma 4.1 of Edelman [1980]. The final

expression is indeed the h-th moment of the free Bessel(2, y−1) law. This proves

Corollary 5.4.12.

5.5 Proof of Lemma 5.4.2

We first prove the result for monomials {mi} in {Pu,P∗u} involving one independent

matrix Z. Once the result is proved for monomials, it is easy to see that it

continues to hold for polynomials (see Step 1 below). Moreover it will also be clear

that the arguments continue to hold when more than one independent matrices

{Zu} are involved. The proof is completed in two steps.

Step 1. First we show that it is enough to prove the lemma for monomi-

als. Consider arbitrary p × p matrices {Aik, Cik : 1 ≤ k ≤ ri, 1 ≤ i ≤ T}

⊂ Span{B2i−1, B
∗
2i−1} and n × n matrices {Bik : 1 ≤ k ≤ ri, 1 ≤ i ≤ T} ⊂
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Span{B2i, B
∗
2i}. Define

πi = n−riTr(

ri∏
k=1

AikZBikZ
∗Cik) and π0

i = Eπi, 1 ≤ i ≤ T. (5.109)

For all d ≥ 1, consider the equations

limE
[
ΠT
i=1

(
πi − π0

i

)]
(5.110)

=

0 if T = 2d− 1,∑
Sd

∏d
k=1 limE

[(
πi2k−1

− π0
i2k−1

)(
πi2k − π0

i2k

)]
, if T = 2d.

We now prove that (5.110) =⇒ (5.25) i.e. it is enough to prove Lemma 5.4.2 for

monomials only.

In the next step, we prove (5.110).

Note that for some matrices {Aiks, Ciks} ∈ Span{B2i−1, B
∗
2i−1} and {Biks} ∈

Span{B2i, B
∗
2i}, we can write

Pi =

ti∑
k=1

Tr

(
n−rk

rk∏
s=1

AiksZBiksZ
∗Ciks

)
=

ti∑
k=1

Sik, (say).

P0
i =

ti∑
i=1

E(Sik) =

ti∑
i=1

S0
ik, (say).

Therefore,

limE(
T∏
i=1

(Pi − P0
i )) = limE(

T∏
i=1

ti∑
k=1

(Sik − S0
ik)) = limE(

T∏
i=1

ti∑
k=1

Tik), (say)

= limE(
∑

1≤ki≤ti

T∏
i=1

Tiki) =
∑

1≤ki≤ti

limE(
T∏
i=1

Tiki)

=

0, if T = 2d− 1∑
1≤ki≤ti

∑
Sd

∏d
s=1 limE(Ti2s−1ki2s−1

Ti2ski2s ), if T = 2d.



163 Proof of Lemma 5.4.2

The last equality holds by (5.110). Therefore, (5.25) follows from (5.110) when T

is odd.

When T is even, we have

∑
Sd

d∏
s=1

∑
k2s−1,k2s

limE(Ti2s−1ki2s−1
Ti2ski2s )

=
∑
Sd

d∏
k=1

limE
[(
Pi2k−1

− P0
i2k−1

)(
Pi2k − P0

i2k

)]
.

Therefore, (5.25) follows from (5.110) for all T ≥ 1.

Step 2. Proof of (5.110). Let A(i, j) be the (i, j)-th element of the matrix A.

Note that, for all 1 ≤ i ≤ T ,

nriπi = Tr(

ri∏
k=1

AikZBikZ
∗Cik) (5.111)

=
∑

1≤u(i)t ≤p, 1≤v(i)s ≤p
1≤t≤3ri, 1≤s≤2ri

ri∏
k=1

u
(i)
3ri+1=u

(i)
1

Aik(u
(i)
3k−2, u

(i)
3k−1)ε

u
(i)
3k−1,v

(i)
2k−1

Bik(v
(i)
2k−1, v

(i)
2k )

ε
u
(i)
3k ,v

(i)
2k
Cik(u

(i)
3k , u

(i)
3k+1).

For fix 1 ≤ i ≤ T , we define

Ui = {(u(i)
3k+δ, v

(i)
2k+δ) : 1 ≤ k ≤ ri, δ = −1, 0, u

(i)
3ri+1 = u

(i)
1 }. (5.112)

Note that Ui is the set of all indices attached with ε’s in the expansion of πi

given in (5.111). An index (u
(i)
3k+δ, v

(i)
2k+δ) is said to be matched if there is at

least one (k′, δ′, i′) 6= (k, δ, i) with (u
(i)
3k+δ, v

(i)
2k+δ) = (u

(i′)
3k′+δ′ , v

(i′)
2k′+δ′). Now note

that E
[
ΠT
i=1 (πi − π0

i )
]

involves all indices in ∪Ti=1Ui (if we expand {πi} using the

last equality of (5.111)). As {εi,j} are independent and have mean 0, all indices

in ∪Ti=1Ui need to be matched to guarantee a non-zero contribution. For each
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1 ≤ i ≤ T , consider the following sets of matched indices.

Bi = set of all matchings where for each (k, δ), there is at least one

(k′, δ′) 6= (k, δ) with (u
(i)
3k+δ, v

(i)
2k+δ) = (u

(i)
3k′+δ′ , v

(i)
2k′+δ′) and for i 6= i′,

there is no (k′, δ′, i′) such that (u
(i)
3k+δ, v

(i)
2k+δ) = (u

(i′)
3k′+δ′ , v

(i′)
2k′+δ′) .

Consider the disjoint decomposition ∪T+1
i=1 Ci of all possible matchings of indices

in ∪Ti=1Ui, where

C1 = B1, Ci = (∩i−1
j=1B

c
j) ∩Bi ∀2 ≤ i ≤ T, CT+1 = ∩Ti=1B

c
i . (5.113)

Let for any set A, EA be the usual expectation restricting on the set A. We shall

first show that

E
[
ΠT
i=1

(
πi − π0

i

)]
= ECT+1

(ΠT
i=1πi). (5.114)

For this purpose, we need more analysis for the set Ci. Define

Si = set of all matchings of indices in Ui, and

S−i = set of all matchings of indices in ∪j 6=iUj such that for each 1 ≤ j < i

there is at least one index in Uj which matches with some index

in Uk, k 6= j, i.

Note that

Ci = (∩i−1
j=1B

c
j) ∩Bi = {(σ1 ∪ σ2) : σ1 ∈ Si, σ2 ∈ S−i}. (5.115)

Also note that

E(ΠT
i=1(πi − π0

i )) = ECi((Π
i
j=1πj)Π

T
j=i+1(πj − π0

j )) + other terms.
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Then for all 2 ≤ i ≤ T , we have

ECi(Π
i
j=1πjΠ

T
j=i+1(πj − π0

j )) =
∑
σ∈Ci

Eσ(Πi
j=1πjΠ

T
j=i+1(πj − π0

j )) (5.116)

=
∑

σ1∈Si, σ2∈S−i

Eσ1(πi)Eσ2(Π
i−1
j=1πjΠ

T
j=i+1(πj − π0

j ))

[as Ci ⊂ Bi and under Bi, {εu,v : (u, v) ∈ Ui} are

independent of {εu,v : (u, v) ∈ ∪j 6=iUj}]

=

( ∑
σ1∈Si

Eσ1(πi)

)( ∑
σ2∈S−i

Eσ2(Π
i−1
j=1πjΠ

T
j=i+1(πj − π0

j ))

)
= π0

i

(
E∩i−1

j=1B
c
j
(Πi−1

j=1πjΠ
T
j=i+1(πj − π0

j )))

)
.

Similarly,

EB1(π1ΠT
i=2(πi − π0

i )) = π0
1E(ΠT

i=2(πi − π0
i )). (5.117)

Now, the left side of (5.114) equals,

E
[
ΠT
i=1

(
πi − π0

i

)]
= EB1(π1ΠT

i=2(πi − π0
i )) + EBc1(π1ΠT

i=2(πi − π0
i ))− π0

1E(ΠT
i=2(πi − π0

i ))

= EBc1(π1ΠT
i=2(πi − π0

i )),

= EBc1∩B2(π1π2ΠT
i=3(πi − π0

i )) + EBc1∩Bc2(π1π2ΠT
i=3(πi − π0

i ))

−π0
2EBc1(π1ΠT

i=3(πi − π0
i ))

= EBc1∩Bc2(π1π2ΠT
i=3(πi − π0

i )), (by (5.116), for T = 2)

...

= EBc1∩Bc2∩...∩BcT (ΠT
i=1πi), by repeated application of (5.116) for 3 ≤ i ≤ T .

= ECT+1
(ΠT

i=1πi).

Therefore, (5.114) is established.

Next we shall analyze the set CT+1 and identify the set of matchings which
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contribute in the limit.

Two index sets Ui and Ui′ are said to be connected if there is (k, δ) and

(k′, δ′) with (u
(i)
3k+δ, v

(i)
2k+δ) = (u

(i′)
3k+δ, v

(i′)
2k′+δ′). Also a collection of index sets

{Ui1 ,Ui2 , . . . ,Uis}, s ≥ 2, is said to form a connected group if for each 1 ≤ k ≤ s−1,

Uik and Uik+1
is connected. Note that, in a typical matching in CT+1, for each

i, Ui is connected with some other Ui′ , i′ 6= i. Therefore, each matching in CT+1

corresponds to some disjoint connected groups each of length at least 2. Consider

the following disjoint decomposition of CT+1.

CT+1 =
⋃

2≤g1,g2,...,gR≤T∑R
j=1 gj=T, R≥1

G(g1, g2, . . . , gR), where

G(g1, g2, . . . , gR) = set of all such matchings in CT+1 which form exactly

R connected groups of length g1, g2, . . . , gR.

Hence, by (5.114), we have

E
[
ΠT
i=1

(
πi − π0

i

)]
= ECT+1

(ΠT
i=1πi) (5.118)

=
∑

2≤g1,g2,...,gR≤T∑R
j=1 gj=T, R≥1

EG(g1,g2,...,gR)(Π
T
i=1πi).

Consider a typical matching σ inG(g1, g2, . . . , gR) with connected groupsGσ1, Gσ2, . . . ,

GσR respectively of lengths g1, g2, . . . , gR. Note that, for a fixed σ, {Gσk : 1 ≤ k ≤

R} forms a partition of {Uk : 1 ≤ k ≤ T}. Also note that, if i 6= j, then no index

in Gσi matches with any index in Gσj. Hence, by independence of {εi,j},

EG(g1,g2,...,gR)(Π
T
i=1πi) =

∑
σ

R∏
k=1

EGσk(π1, π2, . . . , πT ), where (5.119)

EGσk(π1, π2, . . . , πT ) = EGσk

( ∏
ij : Uij∈Gσk

1≤j≤gj

πij

)
, ∀1 ≤ k ≤ R,
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and EGσk is the usual expectation restricting on the matchings in Gσk. For the

time being assume that the following claim is true. We shall prove the claim later.

Claim. EGσk(π1, π2, . . . , πT ) = O(n−gk+2), ∀σ, k.

Therefore, for all σ ∈ G(g1, g2, . . . , gR),

R∏
k=1

EGσk(π1, π2, . . . , πT ) = O(n−
∑

(gj−2)) = O(n−T+2R) (5.120)

As G(g1, g2, . . . , gR) is a finite set, by (5.119), we have

EG(g1,g2,...,gR)(Π
T
i=1πi) = O(n−T+2R). (5.121)

Note that as g1, g2, . . . , gR ≥ 2, the maximum possible value of R is [T/2], the

greatest integer ≤ T/2.

First suppose T is odd. Then we always have T − 2R > 0 and hence, using

(5.121), limEG(g1,g2,...,gR)(Π
T
i=1πi) = 0. As a consequence, using (5.118), we have

limE
[
ΠT
i=1

(
πi − π0

i

)]
= 0, if T is odd, (5.122)

proving (5.110) when T is odd.

Now suppose T is even, say T = 2d. Then note that

T − 2R

= 0, for G(2, 2, . . . , 2), R = d

> 0, otherwise.

(5.123)

Therefore, by (5.121),

limEG(g1,g2,...,gR)(Π
T
i=1πi) = 0, if G(g1, g2, . . . , gR) 6= G(2, 2, . . . , 2), (5.124)
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and hence by (5.118), we have

limE
[
ΠT
i=1

(
πi − π0

i

)]
= limEG(2,2,...,2)(Π

T
i=1πi). (5.125)

It remains to identify the right side of (5.125) as the right side of (5.110). Note

that a typical matching in G(2, 2, . . . , 2) involves d groups each with length 2.

Hence, there is a one-to-one correspondence of G(2, 2, . . . , 2) and Sd, set of all

pair partitions of {1, 2, . . . , 2d}. The one-to-one correspondence is as follows.

Consider σ = {(i1, i2), (i3, i4), . . . , (i2d−1, i2d)} ∈ Sd, then for every 1 ≤ k ≤ d,

{Ui2k−1
,Ui2k} forms a connected group. Therefore, by (5.119), we have

EG(2,2,...,2)(Π
T
i=1πi) =

∑
σ∈Sd

d∏
k=1

E{Ui2k−1
, Ui2k}(π1, π2, . . . , πT ). (5.126)

Let D be the set of all such matchings of indices in Ui2k−1
∪ Ui2k such that

{Ui2k−1
,Ui2k} are connected. Note that

E{Ui2k−1
, Ui2k}(π1, π2, . . . , πT ) (5.127)

=
∑
σ∈D

Eσ(πi2k−1
πi2k)

= E
((
πi2k−1

− π0
i2k−1

) (
πi2k − π0

i2k

))
, by (5.114) for T = 2.

Therefore, by (5.126) and (5.127), we have

EG(2,2,...,2)(Π
T
i=1πi) =

∑
σ∈Sd

d∏
k=1

E
((
πi2k−1

− π0
i2k−1

) (
πi2k − π0

i2k

))
.(5.128)

Now substituting (5.128) in (5.125), we have established (5.110) for T = 2d.

Therefore, by Steps 1 and 2, proof of (5.25) and hence of Lemma 5.4.2 is complete

when one independent matrix is involved, provided the claim is true.
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Proof of claim. As {πi} are commutative, it is enough to show that

EC(π1π2 . . . πg) = O(n−g+2), (5.129)

where C is the set of all matchings of indices in ∪gi=1Ui such that {Ui : 1 ≤ i ≤

g} forms a connected group. Recall {πi} from (5.111). Consider the following

decomposition of C.

C =
⋃

1≤tj≤kj≤rj

C(kj, tj : 1 ≤ j ≤ g), where

C(kj, tj : 1 ≤ j ≤ g) = set of all matchings (may be pair, non-pair, (5.130)

crossing, non-crossing) in C such that

(u
(i)
3ki
, v

(i)
2ki

) = (u
(i+1)
3ti+1−1, v

(i+1)
2ti+1−1), ∀1 ≤ i ≤ g − 1.

Therefore,

EC(π1π2 . . . πg) =
∑

1≤tj≤kj≤rj

EC(kj ,tj :1≤j≤g)(π1π2 . . . πg). (5.131)

Now for convenience of writing, let us denote, for all 1 ≤ i ≤ g,

Di = (Πti−1
k=1Aik(Z/

√
n)Bik(Z

∗/
√
n)Cik)Aiti ,

Ei = Biti(Z
∗/
√
n)Citi(Π

ki−1
k=ti+1Aik(Z/

√
n)Bik(Z

∗/
√
n)Cik)AikiZBiki ,

Fi = Ciki(Π
ri
k=ki+1Aik(Z/

√
n)Bik(Z

∗/
√
n)Cik), and

hence,

nπi = Tr(DiZEiZ
∗Fi), ∀1 ≤ i ≤ g. (5.132)
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Therefore,

ngEC(kj ,tj :1≤j≤g)(π1π2 . . . πg)

= EC(kj ,tj :1≤j≤g)
(
Πg
i=1Tr(DiZEiZ

∗Fi)
)
, (by (5.132))

=
∑

{uij ,vik, 1≤i≤g}
j=1,2,3, k=1,2

EC(kj ,tj :1≤j≤g)
(
Πg
i=1Di(ui1, ui2)εui2,vi1Ei(vi1, vi2)εui3,vi2Fi(ui3, ui1)

)
=

∑
σ∈C(kj ,tj :1≤j≤g)

∑
{uij ,vik, 1≤i≤g}
j=1,2,3, k=1,2

Eσ
(
Πg
i=1Di(ui1, ui2)εui2,vi1Ei(vi1, vi2)εui3,vi2Fi(ui3, ui1)

)
.

Now by (5.130), we have (ui3, vi2) = (u(i+1)2, v(i+1)1), ∀1 ≤ i ≤ g−1 and therefore,

∑
{uij ,vik, 1≤i≤g}
j=1,2,3, k=1,2

Eσ
(
Πg
i=1Di(ui1, ui2)εui2,vi1Ei(vi1, vi2)εui3,vi2Fi(ui3, ui1)

)
= Eσ

(
Tr(Z(Πg

i=1EiZ
∗Z)Z∗(Πg

i=1Fg+1−iDg+1−i))
)
.

Hence,

ngEC(kj ,tj :1≤j≤g)(π1π2 . . . πg) (5.133)

=
∑

σ∈C(kj ,tj :1≤j≤g)

Eσ
(
Tr(Z(Πg

i=1EiZ
∗Z)Z∗(Πg

i=1Fg+1−iDg+1−i))
)
.

Using the same idea as in the proof of (M1) condition for Theorem 3.1, one can

show that

limn−2EσTr(Z(Πg
i=1EiZ

∗Z)Z∗(Πg
i=1Fg+1−iDg+1−i))

=

O(1), if σ is non-crossing pair matching

o(1), if σ is not non-crossing or pair matching.

Hence by (5.133), EC(kj ,tj :1≤j≤g)(π1π2 . . . πg) = O(n−g+2). Therefore, by (5.131),

(5.129) follows and the claim is established.
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This completes the proof of Lemma 5.4.2 for one independent matrix Z. Note that

if we have more than one independent matrix {Zi}, then also the above proof will

remain unchanged except εu,v (the (u, v)-th element of Z) will be replaced by εi,u,v

(the (u, v)-th element of Zi).



Chapter 6

Joint convergence of generalized dispersion

matrices when p/n→ 0

6.1 Introduction

In this chapter, we are interested in the joint convergence of the class of matrices

{Pl,(ul,1,ul,2,...,ul,kl )} defined in (5.2) as p, n(p) → ∞, p/n → 0. In Chapter 5,

we dealt with the same problem when n, p(n) → ∞, p/n → y > 0. There we

used asymptotic freeness of Wigner and deterministic matrices after embedding

matrices of different orders into larger square matrices of same order. For example

see (5.4) and (5.5) and the proof of Theorem 5.3.1. The embedding technique that

we used in Chapter 5, does not work in this case as here the growth of p and n are

not comparable. Moreover, recall the statements of Theorems 4.2.8-4.2.11. There

we saw that very different centering and scaling on {Pl,(ul,1,ul,2,...,ul,kl )} are needed,

to get non-degenerate limits. Define the centered and scaled matrices

Rl,(ul,1,...,ul,kl )
= (n/p)1/2(Pl,(ul,1,ul,2,...,ul,kl ) −Gl,kl), where (6.1)

Gl,kl =

( kl∏
i=1

n−1Tr (Al,2i)

) kl∏
i=0

Al,2i+1 (6.2)

172
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are the centering matrices. We then consider the convergence of the sequence of

NCP (Vp, p−1ETr) as p, n(p)→∞, p/n→ 0, where

Vp = Span{Rl,(ul,1,...,ul,kl )
: l, kl ≥ 1}. (6.3)

Note that Vp forms a ∗-algebra. In Section 6.2.2, we show why {Gl,kl} is the correct

centering and
√
np−1 is the correct scaling. In Section 6.2.3, we discuss the idea

behind the limit. Then in Theorem 6.3.1, we state the result on convergence of

this sequence of NCP. The limiting NCP can be expressed in terms of some free

variables. Theorem 6.4.1 states that the LSD of any symmetric polynomial in

{Rl,(ul,1,...,ul,kl )
} exists and can be expressed in terms of free variables. In Section

6.4.1, Theorem 6.4.2, we derive the Stieltjes transform of this LSD. We also show

how the existing LSD results in the literature follow as special cases of our LSD

results. In Chapters 7 and 8, we will use these results for statistical inference

in high-dimensional time series. The main material of this chapter is taken from

Bhattacharjee and Bose [2015b].

6.2 Preliminaries

6.2.1 Assumptions

We first list all the assumptions that are required for the convergence of

(Vp, p−1ETr) as p, n(p) → ∞, p/n → 0. Some of these have already appeared

in Chapter 5. For convenience of the reader, we state them again.

Recall the independent matrix in Definition 4.2.3. Let Zu = ((εu,i,j))p×n, 1 ≤

u ≤ U be p×n independent matrices. Therefore, {εu,i,j : u, i, j ≥ 1} are indepen-

dently distributed with E(εu,i,j) = 0, E|εu,i,j|2 = 1. Recall the classes L and C

respectively in (4.14) and (4.16). We assume that

(A1) ((εu,i,j)) ∈ L ∪ C(δ, p) for some δ ∈ (0, 2] and for all 1 ≤ u ≤ U .
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Recall that (A1) was also assumed in Chapter 5. It will be weakened later for

some corollaries and applications. If there is only one u i.e., if U = 1, we will

write εi,j and Z respectively for ε1,i,j and Z1.

Now we move to the assumptions on the deterministic matrices {Bi}. The follow-

ing assumption on {B2i−1} was also made in Chapter 5.

(A2) {B2i−1 : 1 ≤ i ≤ K} are norm bounded p×pmatrices and (Span(B2i−1, B
∗
2i−1 :

1 ≤ i ≤ K), p−1Tr) converges.

Recall the following convergence in (5.13),

(Span{B2i−1, B
∗
2i−1 : 1 ≤ i ≤ K}, p−1Tr) →

(Aodd = Span{b2i−1, b
∗
2i−1 : 1 ≤ i ≤ K}, ϕodd). (6.4)

Recall that in Chapter 5, we assumed (A3) for {B2i}. That assumption is now

replaced by the following:

(A3a) {B2i : 1 ≤ i ≤ L} are n × n matrices with bounded spectral norms. For

all 1 ≤ i, i′ ≤ L, ε1, ε2 = 1 or ∗, we assume

(a) −∞ < lim
n→∞

n−1Tr(Bε1
2i ) <∞, (b) −∞ < lim

n→∞
n−1Tr(Bε1

2iB
ε2
2i′) <∞. (6.5)

Thus {B2i} may not converge jointly. Only moments of polynomials of degree 1

and 2 are assumed to converge.

6.2.2 Centering and Scaling

To see the necessity of the appropriate centering and scaling on matrix polynomi-

als, let us consider the following example.

Example 1. Let H = n−1A1Z1A2Z
∗
1A
∗
1 , where A1, A

∗
1 ∈ {B2i−1, B

∗
2i−1},

A2 ∈ {B2i, B
∗
2i} and A2 = A∗2. Recall the convergence in (6.4). Let {a1, a

∗
1} ∈



175 Preliminaries

{b2i−1, b
∗
2i−1} denote the limits of {A1, A

∗
1}. Let

d0 = limn−1Tr(A2). (6.6)

By (A3a), the right side of (6.6) exists and is finite. Using simple algebra, under

(A1), it is easy to see that

lim
1

p
ETr(H) =

(
lim

1

p
Tr(A1A

∗
1)

)(
lim

1

n
Tr(A2)

)
= ϕodd(d0a1a

∗
1), by (A2), (A3a) and (6.6), (6.7)

and

lim
1

p
ETr(H2) =

(
lim

1

p
Tr(A1A

∗
1)2

)(
lim

1

n
Tr(A2)

)2

+
(

lim
p

n

)(
lim

1

p
Tr(A1A

∗
1)

)2(
lim

1

n
Tr(A2

2)

)
= ϕodd(d0a1a

∗
1)2,

by (A2), (A3a) and (6.6) and, as p/n→ 0. (6.8)

Similarly, under (A1), (A2), (A3a) and if p/n→ 0, we have

lim
1

p
ETr(Hh) = ϕodd(d0a1a

∗
1)h, ∀h > 2. (6.9)

Therefore, H converges to d0a1a
∗
1. Consider the matrix G = n−1Tr(A2)A1A

∗
1.

Note that by (A2) and (A3a), G also converges to d0a1a
∗
1. Therefore, there is no

contribution of the random matrix Z1 in the limit of H. This is not desirable

because such results cannot be used in any statistical application.

To get a non-trivial limit of H, we need appropriate centering and scaling. By

(6.7) and as G → d0a1a
∗
1, the appropriate centering for H is G. Now to find the
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suitable scaling, consider the following computation.

lim p−1ETr((H −G)2)

= lim p−1ETr(H)2 + lim p−1Tr(G)2 − 2 lim p−1ETr(HG). (6.10)

Now, under (A1), it is easy to see that

1

p
ETr(H2) =

(
1

p
Tr(A1A

∗
1)2

)(
1

n
Tr(A2)

)2

+
(p
n

)(1

p
Tr(A1A

∗
1)

)2(
1

n
Tr(A2

2)

)
+O(1/n),

p−1Tr(G2) =

(
1

n
Tr(A2)

)2(
1

p
Tr(A1A

∗
1)2

)
,

p−1Tr(HG) =

(
1

n
Tr(A2)

)2(
1

p
Tr(A1A

∗
1)2

)
.

(6.11)

Therefore, by (6.10), we have

p−1ETr((H −G)2) =
(p
n

)(1

p
Tr(A1A

∗
1)

)2(
1

n
Tr(A2

2)

)
+O(1/n).

Hence, an appropriate scaling for (H−G) is
√
np−1 and under (A1), (A2), (A3a)

and p/n→ 0, we have

lim p−1ETr(
√
np−1(H −G))2 = d1ϕodd(a1a

∗
1)2, where d1 = lim

1

n
Tr(A2

2).

Moreover, under (A1), (A2), (A3a) and p/n→ 0, one can easily see that

lim p−1ETr(
√
np−1(H −G))4 = 2d2

1ϕodd(a1a
∗
1)2(ϕodd(a1a

∗
1))2. (6.12)

Therefore, the limit of
√
np−1(H −G) is not trivial. For more precise description

of the limit see the next two examples where we shall see the contribution of Z1
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in the limit via freeness. In general (Vp, p−1ETr) is the appropriate NCP to work

with.

6.2.3 Idea behind the limiting NCP of (Vp, p−1ETr)

To see how freeness comes into the picture and hence how it motivates the limiting

NCP of (Vp, p−1ETr), let us focus on the following two examples.

Example 2. Consider the following three polynomials

π1 =
√
np−1

(
n−1A1Z1A2Z

∗
1A3 − n−1Tr(A2)A1A3

)
, (6.13)

π2 =
√
np−1

(
n−1A1Z2A2Z

∗
2A3 − n−1Tr(A2)A1A3

)
, (6.14)

π3 =
√
np−1

(
n−1A5Z1A6Z

∗
1A7 − n−1Tr(A6)A5A7

)
, (6.15)

where A1, A3, A5, A7 ∈ {B2i−1, B
∗
2i−1 : i ≥ 1} and A2, A6 ∈ {B2i, B

∗
2i : i ≥ 1}.

Suppose {Ai} are norm bounded matrices. Let us first focus on the marginal

convergence of any πi, say π1.

As discussed in Definition 4.3.4, convergence of π1 is equivalent to the conver-

gence of p−1ETr(Π(π1, π
∗
1)) for all polynomial Π. Using simple matrix algebra,

under (A1), one can easily see that

lim
1

p
ETr(π1) = 0, lim

1

p
ETr(π2

1) =
(

lim
1

n
Tr(A2

2)
)(

lim
1

p
Tr(A1A3)

)2
, (6.16)

lim
1

p
ETr(π1π

∗
1) =

(
lim

1

n
Tr(A2A

∗
2)
)(

lim
1

p
Tr(A1A

∗
1)
)(

lim
1

p
Tr(A3A

∗
3)
)
.(6.17)

By (A2), lim 1
p
Tr(A1A

∗
1), lim 1

p
Tr(A3A

∗
3), lim 1

p
Tr(A1A3) < ∞ and by (A3a),

lim 1
n
Tr(A2

2), lim 1
n
Tr(A2A

∗
2) <∞.

Recall (6.4). Let {a1, a3, a
∗
1, a
∗
3} ∈ Span {b2i−1, b

∗
2i−1 : i ≥ 1} denote the limit

of {A1, A3, A
∗
1, A

∗
3}. Also by (A3a),

limn−1Tr(Aε12 A
ε2
2 ) <∞, ∀ε1, ε2 = 1, ∗. (6.18)
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Recall the free cumulant κl of order l in (4.56). By enlarging the NCP of

{b2i−1, b
∗
2i−1} if necessary, let w1 be a variable which is free of {a1, a3, a1, a

∗
3} and

whose all marginal free cumulants of order greater than two are 0 and the first

two free cumulants satisfy

κ1(wε11 ) = 0, k2(wε11 , w
ε2
1 ) = limn−1Tr(Aε12 A

ε2
2 ), ∀ε1, ε2 = 1, ∗. (6.19)

Denote the state of the above enlarged NCP by ϕ0. Therefore, the restriction of

ϕ0 on {b2i−1, b
∗
2i−1} is ϕodd. Using the algorithm for computing moments of free

variables given in Section 4.3.4, one can easily see that

ϕ0(a1w1a3)
by (4.64)

= 0 and (6.20)

ϕ0(a1w1a3)2 by (4.64)
= (ϕodd(a1a3))2k2(w1, w1)

by (6.19)
= (ϕodd(a1a3))2

(
lim

1

n
Tr(A2

2)
)

=
(

lim
1

n
Tr(A2

2)
)(

lim
1

p
Tr(A1A3)

)2
,

ϕ(a1w1a3a
∗
3w
∗
1a
∗
1)

by (4.64)
= (ϕodd(a1a

∗
1))(ϕodd(a3a

∗
3))k2(w1, w

∗
1)

by (6.19)
= (ϕodd(a1a

∗
1)ϕodd(a3a

∗
3))
(

lim
1

n
Tr(A2A

∗
2)
)

=
(

lim
1

n
Tr(A2A

∗
2)
)(

lim
1

p
Tr(A1A

∗
1)
)(

lim
1

p
Tr(A3A

∗
3)
)
. (6.21)

Therefore by (6.16), (6.17) and (6.20)-(6.21),

lim
1

p
ETr(π1) = ϕ0(a1w1a3), (6.22)

lim p−1ETr(π1)2 = ϕ0(a1w1a3)2 and (6.23)

lim p−1ETr(π1π
∗
1) = ϕ0((a1w1a3)(a1w1a3)∗). (6.24)

Similarly, one can also show that, for all T ≥ 1 and ε1, ε2, . . . , εT = 1, ∗, we have

lim p−1ETr(πε11 π
ε2
2 . . . πεTT ) = ϕ0((a1w1a3)ε1(a1w1a3)ε2 . . . (a1w1a3)εT ). (6.25)
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Therefore,

(Span{π1, π
∗
1}, p−1ETr)→ (Span{α1, α

∗
1}, ϕ0), where α1 := a1w1a3. (6.26)

Note that the right side of the above equations (6.22), (6.23) and (6.25) can be in

principle computed by using the distribution of {a1, a3, a
∗
1, a
∗
3}, the distribution of

w1 and, the freeness of these two collections.

Moreover by (A3a),

limn−1Tr(Aε16 A
ε2
6 ) <∞, ∀ε1, ε2 = 1, ∗. (6.27)

Then under (A1), (A2) and (A3a), one can similarly see that,

(Span{π2, π
∗
2}, p−1ETr) → (Span{α2, α

∗
2}, ϕ0), α2 := a1w2a3, (6.28)

(Span{π2, π
∗
2}, p−1ETr) → (Span{α3, α

∗
3}, ϕ0), α3 := a5w3a7 (6.29)

where {a5, a7, a
∗
5, a
∗
7} is the limit of {A5, A7, A

∗
5, A

∗
7} and w2, w3 have exactly the

same free cumulants given in (6.19) as w1 except A2 is replaced by A6 for w3.

Now we shall discuss the convergence of (Span{π1, π2, π3, π
∗
1, π

∗
2, π

∗
3}, p−1ETr).

By (A3a),

limn−1Tr(Aε12 A
ε2
6 ) <∞, ∀ε1, ε2 = 1, ∗. (6.30)

Suppose the marginal cumulants of {w1, w2, w3} are as before and the joint cu-

mulants are as follows.

κr(w
ε1
i1
, wε2i2 , . . . , w

εr
ir

) = 0, ∀r > 2, i1, i2 . . . ir = 1, 2, 3, ε1, ε2, . . . , εr = 1, ∗.

κ2(wε11 , w
ε2
2 ) = κ2(wε12 , w

ε2
3 ) = 0 and κ2(wε11 , w

ε2
3 ) = limn−1Tr(Aε12 A

ε2
6 ). (6.31)

Using arguments similar to those in the marginal cases, under (A1), (A2) and
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(A3a), one can show that

lim p−1ETr(π1π2) = lim p−1ETr(π2π3) = 0 = ϕ0(α1α2) = ϕ0(α2α3) and

lim p−1ETr(π1π3) =
(
limn−1Tr(A2A6)

) (
lim p−1Tr(A1A7)

) (
lim p−1Tr(A3A5)

)
= ϕ0(α1α3).

Moreover, one can indeed show that for T ≥ 1, ε1, ε2, . . . , εT = 1, ∗ also

lim p−1ETr(πε1i1π
ε2
i2
. . . πεtiT ) = ϕ0(αε1i1α

ε2
i2
. . . αεTiT ), i1, i2, . . . ∈ {1, 2, 3}.

Hence,

(Span{π1, π2, π3, π
∗
1, π

∗
2, π

∗
3}, p−1ETr) → (Span{α1, α2, α3, α

∗
1, α

∗
2, α

∗
3}, ϕ0).

(6.32)

Example 3. This example is on a larger sized polynomial. Let

S1 = A1Z1A2Z
∗
1A3, S2 = A5Z1A6Z

∗
1A7,

G1 =
(
n−1Tr(A2)

)
A1A3, G2 =

(
n−1Tr(A6)

)
A5A7,

g1 = limn−1Tr(A2)a1a3, g2 = limn−1Tr(A6)a5a7.

Consider the polynomial

π4 =
√
np−1(S1S2 −G1G2) (6.33)

(which corresponds to the case kl = 2 in Vp). Now

(Span{G1, G2, G
∗
1, G

∗
2}, p−1ETr)→ (Span{g1, g2, g

∗
1, g
∗
2}, ϕodd). (6.34)
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Recall π1 and π3 respectively in (6.13) and (6.14). Note that

π1 =
√
np−1(S1 −G1) and π3 =

√
np−1(S2 −G2).

To understand the convergence of π4, observe that

π4 = π1G2 +G1π2 +
√
pn−1π1π2. (6.35)

Hence, by the previous example,

π4 → α1g2 + g1α2 + 0.α1α2 (since p/n→ 0)

= a1w1a3g2 + g1a5w3a7

= a1w1a3

(
limn−1Tr(A6)

)
a5a7 +

(
limn−1Tr(A2)

)
a1a3a5w3a7 (6.36)

where (w1, w3) are as in the previous example.

As a prelude to using the argument in the above example more generally, note

that each summand has only one w variable. The expression in (6.36) can be

visualized as follows.

π4 ≈ S1S2 ≈ A1(Z1A2Z
∗
1)A3A5(Z1A6Z

∗
1)A7. (6.37)

Each pair (Zi, Z
∗
i ) gives rise to a w variable. For example, the first pair gives a w1

and it contributes a1w1a3

(
limn−1Tr(A6)

)
a5a7. Similarly, the second pair gives a

w3 and it contributes
(

limn−1Tr(A2)
)
a1a3a5w3a7. Then the limit is the sum of

these two (see (6.36)). Later we shall refer to variables on the left and right of

any w as a and c variables respectively. For example (6.36) can be written as

π4 → a−1w1c−1 + a−2w3c−2 (say),
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where a−1 = a1, c−1 = a3

(
limn−1Tr(A6)

)
a5a7, a−2 =

(
limn−1Tr(A2)

)
a1a3a5,

c−2 = a7. Moreover, from the above examples it is intuitively clear why the

centered polynomials {
√
np−1(P − G) = R} should also converge jointly and

what would be their limits. We make these ideas precise in the next section.

6.3 NCP convergence result

To describe the limit, define a family of variables T = {wu,l,i : u, l, i ≥ 1} (note

that wu,l,i is attached to the matrixAl,2i and Zu-index u), where for all lj, uj, ij ≥ 1,

εj = 1, ∗, ∀j ≥ 1,

κr(w
εj
uj ,lj ,ij

: 1 ≤ j ≤ r) =


limn−1Tr(Aε1l1,2i1A

ε2
l2,2i2

), if r = 2 and u1 = u2

0, if r 6= 2 or u1 6= u2,

and they are free of {b2i−1, b
∗
2i−1 : 1 ≤ i ≤ K}. In the language of free probability,

Au = {wu,l,i : l, i ≥ 1}, 1 ≤ u ≤ U are free. The above sequence of free cumulants

naturally defines a state on Span{wu,l,i : u, l, i ≥ 1}, say ϕw.

Two special cases are worth mentioning. Recall Definitions 4.3.5 and 4.3.6 of

the semi-circle family and the circular family of non-commutative variables. If

B2i, i ≥ 1 are self-adjoint, then each wu,l,j can be taken to be self-adjoint and T

is a semi-circle family. On the other hand, if limn−1Tr(B2
2i) = limn−1Tr(B∗22i ) =

0, ∀i ≥ 1, then T is a circular family.

Now we formalize the definition of the left and the right variables a and c.

Motivated by the ideas given towards the end of Section 6.2.3, in general, for Vp,

let for all l ≥ 1 and 1 ≤ j ≤ kl,

al,−j =

( j−1∏
i=1

lim
1

n
Tr(Al,2i)

)( j−1∏
i=0

al,2i+1

)
, (6.38)

cl,−j =

( kl∏
i=j+1

lim
1

n
Tr(Al,2i)

) kl∏
i=j

al,2i+1, (6.39)
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αl,(ul,1,ul,2,...,ul,kl ) =

kl∑
j=1

al,−jwul,j ,l,jcl,−j. (6.40)

Let,

(B, ϕ0) = free product of (Aodd, ϕodd) and (Span{wu,l,i : u, l, i ≥ 1}, ϕw). (6.41)

Consider the following ∗-sub-algebra of B,

V = Span
(
αl,(ul,1,ul,2,...,ul,kl ) : ∀ul,j ∈ {1, 2, 3 . . .}, l ≥ 1

)
.

Now we have all the ingredients to state the following joint convergence theorem

(see Bhattacharjee and Bose [2015b]). Proof of this theorem is very technical. We

provide the proof later in Section 6.6. This result is the corner stone to obtain

the LSD of symmetric polynomials in {Rl,(ul,1,...,ul,kl )
} in the next section.

Theorem 6.3.1. Suppose Assumptions (A1), (A2) and (A3a) hold and p, n(p)→

∞, p/n→ 0. Then

(a) (Vp, Ep−1Tr)→ (V , ϕ0).

(b)
(
Span{

√
np−1(n−1ZujB2jZ

∗
uj
− n−1Tr(B2j)) : uj ∈ {1, 2, . . .}, j ≥ 1}, p−1ETr

)
and (Span(B2i−1 : 1 ≤ i ≤ K), p−1Tr) are asymptotically free.

Remark 6.3.2. It is easy to see that ϕ0 is tracial and positive (see (4.36), (4.37)

and (4.40)).

6.4 LSD of symmetric polynomials in {Rl,(ul,1,...,ul,kl
)}

The following theorem (see Bhattacharjee and Bose [2015b]) guarantees the exis-

tence of the LSD of any symmetric polynomial in {Rl,(ul,1,ul,2,...,ul,kl )
}.

Theorem 6.4.1. Suppose Assumptions (A1), (A2) and (A3a) hold and p, n(p)→

∞, p/n → 0. Then the LSD of any self-adjoint polynomial P(Rl,(ul,1,ul,2,...,ul,kl )
:
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1 ≤ l ≤ r) in Vp exists with probability 1 and it is given by P(αl,(ul,1,ul,2,...,ul,kl ) :

1 ≤ l ≤ r).

Proof. To prove the theorem, by Lemma 4.2.1, we need to establish the conditions

(M1), (M4) and (C) as described in the moment method in Section 4.2. The (M1)

condition is immediate from Theorem 6.3.1. Proof of (M4) and (C) go through

the same lines as the proof of (M4) and (C) in the proof Theorem 5.4.1. We omit

the similar and tedious technical details. Hence the proof of Theorem 6.4.1 is

complete.

6.4.1 Stieltjes transform of the LSD

By utilizing Assumptions (A2) and (A3a), we can verify that the self-adjoint

elements in V have moments with nice bounds. Hence they uniquely define proper

probability distributions of usual bounded random variables. In principle we know

how to calculate the moments of these variables.

On the other hand, the existing LSD results in the literature are mostly in

terms of the Stieltjes transform. To show how these existing results follow from

Theorem 6.4.1, we need to express our LSD results in terms of Stieltjes transforms.

So we first establish a general Stieltjes transform result.

Let

γ =
r∑
j=1

(ajwjcj + c∗jw
∗
ja
∗
j), (6.42)

where {wj, w∗j} ⊂ {wu,l,i : u, l, i ≥ 1} is a family of non-commutative variables

which satisfy

κr(w
εi
ji

: 1 ≤ i ≤ r) =

bj1,j2,ε1,ε2 , if r = 2

0, if r 6= 2,

(6.43)

for all ji ≥ 1, εi = 1, ∗, i ≥ 1, {aj, cj} ⊂ {b2i−1} and {aj} is some permutation of

{cj}. Further {wj, w∗j} and {aj, a∗j} are freely independent. Recall the state ϕ0 in
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(6.41), whose restriction on Aodd is ϕodd.

The general Stieltjes transform formula given below looks messy. However,

when we specialize to specific choices of elements in {Rl,(ul,1,...,ul,kl )
}, their limit γ

have specific form and the formulae will be significantly simplified. We shall deal

with some special cases in the next section.

Theorem 6.4.2. For z ∈ C+, |z| large, the Stieltjes transform of γ is given by

mγ(z) = −ϕ0((z + β(z, a))−1), (6.44)

= −ϕodd((z + β(z, a))−1), where (6.45)

β(z, a) = −
r∑

j1,j2=1

(
bj1,j2,1,1cj1aj2ϕ0(

aj1cj2
z + β(z, a)

) + bj1,j2,1,∗cj1c
∗
j2
ϕ0(

aj1a
∗
j2

z + β(z, a)
)

)

−
r∑

j1,j2=1

(
bj1,j2,∗,1a

∗
j1
aj2ϕ0(

c∗j1cj2
z + β(z, a)

) + bj1,j2,∗,∗a
∗
j1
c∗j2ϕ0(

c∗j1a
∗
j2

z + β(z, a)
)

)
(6.46)

= same expression with ϕ0 replaced by ϕodd.

Here (z + β(z, a))−1 = z−1
∑∞

i=0 z
−i(−β(z, a))i.

Using the same arguments as in Lemma 5.4.4, it is easy to see that the power

series above are all meaningful for large |z|.

Proof of Theorem 6.4.2. Throughout, |z| is assumed to be sufficiently large

for any relevant expression to be meaningful.

For all i ≥ 1, define

Ri =
r∑

j1,j2=1

bj1,j2,1,1cj1aj2ϕ0(aj1cj2γ
i−1) +

r∑
j1,j2=1

bj1,j2,1,∗cj1c
∗
j2
ϕ0(aj1a

∗
j2
γi−1)

+
r∑

j1,j2=1

bj1,j2,∗,1a
∗
j1
aj2ϕ0(c∗j1cj2γ

i−1) +
r∑

j1,j2=1

bj1,j2,∗,∗a
∗
j1
c∗j2ϕ0(c∗j1a

∗
j2
γi−1),(6.47)

β(z, a) = −
∞∑
i=1

z−iRi. (6.48)
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Note that ϕ0(γ2h−1) = 0 and ϕ0(R2h) = 0, ∀h ≥ 1. By (4.73), we have

ϕ0(γ2h) =
∑

ε1,ε2,...,ε2h

∑
j1,j2,...,j2h

ϕ0(
2h∏
k=1

aεkjkw
εk
jk
cεkjk)

=
∑

ε1,ε2,...,ε2h

∑
j1,j2,...,j2h

∑
π∈NC2(2h)

ϕ0K(π)(cj1aj2 , cj2aj3 , . . . , cj2haj1)kπ(wj1 , . . . , wj2h).

(6.49)

For any subset A of NC(n), by contribution of A in ϕ0(γ2h), we mean

∑
ε1,ε2,...,ε2h

∑
j1,j2,...,j2h

∑
π∈A

ϕ0K(π)(cj1aj2 , cj2aj3 , . . . , cj2haj1)kπ(wj1 , . . . , wj2h).

To simplify (6.49), consider the following decomposition of NC2(2h).

NC2(2h) = ∪hi=1Ci,h, where

Ci,h = set of all σ ∈ NC2(2h) such that {1, 2i} ∈ σ.

Note that the contribution of {{1, 2h}, {2, 3}, {4, 5}, . . . , {2h− 2, 2h− 1}} ∈ Ch,h
to right side of (6.49), is ϕ0(Rh

1). Now,

ϕ0(γ2) = contribution of C1,1 in ϕ0(γ2)

= ϕ0(R1).

Again,

ϕ0(γ4) = contribution of C1,2 in ϕ0(γ4) + contribution of C2,2 in ϕ0(γ4)

= ϕ0(R3 +R2
1).

Next,

ϕ0(γ6) = contribution of C1,3 in ϕ0(γ6) + contribution of C2,3 in ϕ0(γ6)
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+contribution of C3,3 in ϕ0(γ6)

= ϕ0(R5 +R1R3 + (R3R1 +R3
1)).

Now, let us define the set of all ordered partitions of the integer K into t blocks

as follows,

SK,t = {(i1, i2, . . . , it) : i1, i2, . . . , it ∈ N,
t∑

j=1

ij = K}, ∀K ≥ 1, 1 ≤ t ≤ K.

Then, one can show easily by induction on h that

ϕ0(γ2h) = ϕ0

 h∑
t=1

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

Rij

 ,∀h ≥ 1.

We omit the tedious details. Hence, using the power series expansion (4.7) for

Stieltjes transformation, we have

mγ(z) = ϕ0((γ − z)−1) = −z−1

∞∑
h=0

z−2hϕ0(γ2h) (6.50)

= −ϕ0

(
z−1

∞∑
h=0

z−2h

h∑
t=1

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

Rij

)

= −ϕ0

(
z−1

∞∑
t=0

z−t
∞∑
h=t

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

z−ijRij

)

= −ϕ0

(
z−1

∞∑
t=0

z−t
( ∞∑

i=1

z−iRi

)t)

= −ϕ0

(
z−1

∞∑
t=0

z−t(−β(z, a))t

)
= −ϕ0((z + β(z, a))−1). (6.51)

Similarly, one can easily show by induction on h and the assumption {aj : j =
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1, 2, . . . , r} = {cj : j = 1, 2, . . . , r}, that

R2h+1 =
r∑

j1,j2=1

bj1,j2,1,1aj1cj2ϕ0

(
cj1aj2

h∑
t=1

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

Rij

)

+
r∑

j1,j2=1

bj1,j2,1,∗aj1a
∗
j2
ϕ0

(
cj1c

∗
j2

h∑
t=1

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

Rij

)

+
r∑

j1,j2=1

bj1,j2,∗,1c
∗
j1
cj2ϕ0

(
a∗j1aj2

h∑
t=1

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

Rij

)

+
r∑

j1,j2=1

bj1,j2,∗,∗c
∗
j1
a∗j2ϕ0

(
a∗j1c

∗
j2

h∑
t=1

∑
i1,i2,...,it∈S2h−t,t

t∏
j=1

Rij

)
.

Now (6.46) is immediate from the power series expansion of β(z, a) in (6.48) and

using calculations similar to (6.50)-(6.51). Hence the proof of Theorem 6.4.2 is

complete.

6.4.2 Corollaries

The next corollaries and remarks discuss some special cases, which follow from

Theorems 6.3.1, 6.4.1 and 6.4.2. Some of them imply the existing results stated

in Theorems 4.2.8-4.2.11 while others are new results. Recall the classes NND

and N respectively in (4.18) and (4.29).

Corollary 6.4.3. Let Zp×n be an independent matrix whose entries satisfy (A1).

Let Ap and Bn be norm bounded deterministic matrices. Suppose {Ap} ∈ NND

with LSD FA. Suppose {Bn} ∈ N and limn−1Tr(B2) = d2. Let (a, s) be free in

some NCP (B, ϕ0) where a ∼ FA and s is a standard semi-circle variable. Suppose

p, n(p)→∞, p/n→ 0. Then

(a)

(
Span

{√
n
p
( 1
n
A1/2ZBZ∗A1/2 − 1

n
Tr(B)A)

}
, 1
p
ETr

)
→
(
Span{a1/2

√
d2sa

1/2}, ϕ0

)
(b) The LSD of

√
np−1(n−1A1/2 ZBZ∗A1/2 − n−1Tr(B)A) exists almost surely

and it is distributed as a1/2
√
d2sa

1/2 whose Stieltjes transform satisfies the pair of

equations (4.30) and (4.31). Here (a, s) is as in (a) above.



189 LSD of symmetric polynomials in {Rl,(ul,1,...,ul,kl )
}

Proof. As the assumptions on Ap and Bn in the above corollary respectively satisfy

(A2) and (A3a), (a) follows immediately from Theorem 6.3.1 (a). Also the first

part of (b) follows from Theorem 6.4.1.

To derive the Stieltjes transform, note that by (6.42), we have a1/2
√
d2sa

1/2 =

γ, where

a1 = a∗1 = c1 = c∗1 =
1√
2
a1/2, w1 = w∗1 = s, aj = cj = wj = 0 ∀j > 1. (6.52)

Also by (6.43)

bj1,j2,ε1,ε2 = κ2(wε1j1 , w
ε2
j2

) =

κ2(
√
d2s,
√
d2s) = d2, ∀ε1, ε2 = 1 or ∗, j1 = j2 = 1

0, otherwise.

Therefore, for z ∈ C+ and large |z|, (6.46) reduces to

β(z, a) = −4

[
d2
a

2
ϕ0

(
a

2
(z + β(z, a))−1

)]
= −d2aϕ0(a(z + β(z, a))−1) = d2ag(z), say, (6.53)

where

g(z) = −ϕ0(a(z + β(z, a))−1) = −ϕ0(a(z + d2ag(z))−1) = −
∫
R

tdFA(t)

z + d2tg(z)
.

Hence, (4.31) is established. Now, for z ∈ C+ and large |z|, (6.44) reduces to

mγ(z) = −ϕ0((z + β(z, a))−1) = −ϕ0((z + d2ag(z))−1) = −
∫
R

dFA(t)

z + d2tg(z)
.

This established (4.30) for large |z|. Now note that both sides of (4.30) are

analytic. Hence, using analyticity, (4.30) continues to hold for all z ∈ C+.

Recall the classes L4 and U(δ) respectively in (4.14) and (4.17). Consider the

following weak assumptions on the entries of the independent matrix Z.
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(A4) {εi,j : i, j ≥ 1} ∈ L4 ∩ U(δ) for some δ ∈ (0, 2].

(A5) {εi,j : i, j ≥ 1} are i.i.d. with mean 0, variance 1 and E|εi,j|4 <∞.

Remark 6.4.4. The LSD result in Corollary 6.4.3 continues to hold if we replace

(A1) by (A4) or (A5). This relaxation is possible by first observing that Theorem

6.4.1 is applicable to appropriately truncated variables and then using a suitable

metric to estimate the distance between the ESD of the original and the truncated

version. We omit the tedious details of this argument, specially because the proof

of Corollary 7.3.18 (c) given later is also along the same lines. In addition, we

can drop the norm boundedness assumption on Ap by truncating the ESD of the

matrix A. For details of this argument see Section 3.1 of Wang and Paul [2014].

Thus we have proved Theorem 4.2.11 (Wang et al. [2015]) as a special case

of our results. If B is taken to be the identity matrix, this implies Theorem 4.2.9

(Bao [2012]). Of course, if both A and B are taken to be the identity matrices,

this implies Theorem 4.2.8 (Bai and Yin [1988]).

Recall the compound free Poisson distribution in Definition 4.3.9.

Corollary 6.4.5. Suppose all the assumptions in Corollary 6.4.3 hold. Then

the LSD of
√
np−1(n−1ZB Z∗ − 1

n
Tr(B))A

√
np−1(n−1ZBZ∗ − 1

n
Tr(B)) is the

compound free Poisson distribution with rate 1, and jump distribution same as the

distribution of d2a.

Proof. From the discussions around Definition 4.3.9, it is clear that if a semi-circle

variable s and another variable a are freely independent, then for any constant

c > 0,
√
csa
√
cs has the compound free Poisson distribution with rate 1 and

jump distribution ca. Therefore, Corollary 6.4.5 is immediate since by Theorem

6.3.1 (a),
√
np−1(n−1ZBZ∗− 1

n
Tr(B)) converges to

√
d2s, where s is the standard

semi-circle variable and by Theorem 6.3.1 (b), s and a are freely independent.

The following corollary will be used later in Chapter 7, when we shall deal with

the LSD of Γ̂u + Γ̂∗u. Recall {∆u} in (5.1). We consider the same assumptions on
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}

{ψj} as in Corollary 5.4.7. For convenience of the reader, we state it again.

Suppose {ψj} ⊂ {B2i−1, B
∗
2i−1} i.e. we assume:

(B) {ψj} are norm bounded and

(Span{ψj, ψ∗j : j ≥ 0}, p−1Tr)→ (Span{ηj, η∗j : j ≥ 0}, ϕodd) (say). (6.54)

Recall the NCP (Aodd, ϕodd) in (6.4). Clearly the NCP in the right side of

(6.54) is a ∗-sub-algebra of (Aodd, ϕodd). Recall that ϕ0 is the state corresponding

to the free product given in (6.41). Therefore, by Definition 4.3.8, the restriction

of ϕ0 on Aodd is ϕodd.

To describe the Stieltjes transform below, for x = (x1, . . . , xq), xl ∈ Aodd ∀l,

we define

Ψ(x, θ) = (

q∑
l=0

xle
ilθ)(

q∑
l=0

x∗l e
−ilθ) =

q∑
l1,k1=0

xl1x
∗
k1
ei(l1−k1)θ. (6.55)

For x = (x1, . . . , xq), y = (y1, y2, . . . , yq), xl, yl ∈ Aodd ∀l, we define

Ru(x, y) =
1

2π

∫ 2π

0

cos2(uθ)Ψ(x, θ)Ψ(y, θ)dθ (6.56)

=

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
yl2y

∗
k2

1

2π

∫ 2π

0

cos2(uθ)ei(l1−k1+l2−k2)θdθ.

= 0.5

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
yl2y

∗
k2
I(l1 − k1 + l2 − k2 = 0)

+0.25

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
yl2y

∗
k2
I(l1 − k1 + l2 − k2 = 2u)

+0.25

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
yl2y

∗
k2
I(l1 − k1 + l2 − k2 = −2u).

For x = (x1, . . . , xq), xl ∈ Aodd ∀l and η = (η1, η2, . . . , ηq) ({ηj} are as in (6.54)),
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we define

βu(z, x) = −ϕ0(Ru(x, η)(z + βu(z, η))−1|x) (6.57)

:= −0.5

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
ϕ0(ηl2η

∗
k2

(z + βu(z, η))−1)I(l1 − k1 + l2 − k2 = 0)

−0.25

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
ϕ0(ηl2η

∗
k2

(z + βu(z, η))−1)I(l1 − k1 + l2 − k2 = 2u)

−0.25

q∑
l1,l2,k1,k2=0

xl1x
∗
k1
ϕ0(ηl2η

∗
k2

(z + βu(z, η))−1)I(l1 − k1 + l2 − k2 = −2u).

Now we are ready to state the following corollary. Recall {Γu} in (3.3).

Corollary 6.4.6. Suppose (A1), (B) and (6.54) hold and p, n(p)→∞, p/n→ 0.

Then the almost sure LSD of 1
2

√
np−1(∆u + ∆∗u−Γu−Γ∗u) exists and its Stieltjes

transform is given by

mu(z) = −ϕ0((z + βu(z, η))−1), z ∈ C+, |z| large, (6.58)

where βu(z, η) satisfies (6.57).

Proof. First note that {1
2

√
np−1(∆u + ∆∗u−Γu−Γ∗u)} satisfy the form (6.1) with

{B2i} = {Pi}. Moreover, under (B) and (6.54), {ψj} satisfy (A2) and (6.4). Also

note that the matrices {Pu : u = 0,±1,±2, . . .} satisfy (A3a) and (5.81). Hence,

by Theorem 6.4.1, the LSD of {1
2

√
np−1(∆u + ∆∗u − Γu − Γ∗u)} is given by

γ =

q∑
j,k=0

ηjwu,j,kη
∗
k, where w∗u,j,k = wu,k,j, and

κr(wu,jl,kl : 1 ≤ l ≤ r)

=

lim 1
n
Tr
(

(Pj1−k1+u+Pj1−k1−u)

2

(Pj2−k2+u+Pj2−k2−u)

2

)
, if r = 2

0, r 6= 2



193 A necessary lemma

by (5.81)
=


1

8π

∫ 2π

0
ei(j1−k1+j2−k2+2u)θ + 1

8π

∫ 2π

0
ei(j1−k1+j2−k2−2u)θ

+ 1
4π

∫ 2π

0
ei(j1−k1+j2−k2)θ, if r = 2

0, r 6= 2,

and, {ηj} ({ηj} are as in (6.54)) and {wu,j,k} are free.

Now Theorem 6.4.2 can be applied to get the Stieltjes transform of γ. By

(6.46), −βu(z, x) equals

1

8π

∫ 2π

0

e2iuθ

q∑
j1,j2,k1,k2=1

ei(j1−k1+j2−k2)θx∗j1xk1ϕ0

(
ηj2η

∗
k2

(z + β(z, η))−1
)
dθ

+
1

8π

∫ 2π

0

e−2iuθ

q∑
j1,j2,k1,k2=1

ei(j1−k1+j2−k2)θx∗j1xk1ϕ0

(
ηj2η

∗
k2

(z + β(z, η))−1
)
dθ

+
1

4π

∫ 2π

0

q∑
j1,j2,k1,k2=1

ei(j1−k1+j2−k2)θx∗j1xk1ϕ0

(
ηj2η

∗
k2

(z + β(z, η))−1
)
dθ

=
1

8π

∫ 2π

0

(e2iuθ + e−2iuθ + 2)Ψ(x, θ)ϕ0

(
Ψ(η, θ)(z + β(z, η))−1

)
dθ

= ϕ0

(
1

2π

∫ 2π

0

cos2(uθ)Ψ(x, θ)Ψ(η, θ)(z + β(z, η))−1dθ|x
)

= ϕ0

(
Ru(x, η)(z + β(z, η))−1|x

)
.

Hence, (6.57) is proved. Now by (6.44), (6.58) holds for large |z|.

6.5 A necessary lemma

To prove Theorem 6.3.1, we will frequently need to calculate expressions of the

form

1

p
ETr

(
A1

Z√
n
A2

Z∗√
n
A3

Z√
n
. . .

Z∗√
n
A2k+1

)
. (6.59)

Recall the classes L and C respectively in (4.14) and (4.16). Note that in (A1)

we assume one of the following.
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(A1a) ((εi,j)) ∈ C(δ, n) for some δ ∈ (0, 2].

(A1b) ((εi,j)) ∈ L.

Under (A1a) for some C > 0,

E|εa,b|r ≤ (
√
n)r−4E|εa,b|4 ≤ Cnr/2−2, ∀r ≥ 4. (6.60)

Under (A1b) too, for some C > 0,

E|εa,b|r ≤ C ≤ Cnr/2−2, ∀r ≥ 4. (6.61)

Recall || · ||2 in (2.4). Let A(i, j) be the (i, j)-th element of the matrix A. Note

that, as {Ai} are norm bounded matrices (by (A2) and (A3a)), for some C > 0

and for all a, b,

|Ai(a, b)| ≤
√

(AiA∗i )(a, a), by Cauchy-Schwartz inequality

≤ ||Ai||2 < C, ∀1 ≤ i ≤ 2k + 1. (6.62)

We shall use (6.60), (6.61) and (6.62) to prove Lemma 6.5.1. Now,

1

p
ETr

(
A1

Z√
n
A2

Z∗√
n
A3

Z√
n
. . .

Z∗√
n
A2k+1

)
(6.63)

=
1

nkp
E
∑
u,v

(
k∏
i=1

A2i−1(u2i−1, u2i)εu2i,v2i−1
A2i(v2i−1, v2i)εu2i+1,v2i

)
A2k+1(u2k+1, u1).

Let

T = {(u2, v1), (u3, v2), (u4, v3), (u5, v4), . . . , (u2k, v2k−1), (u2k+1, v2k)}. (6.64)

Note that T is the set of all indices attached with ε’s. In (6.59), (Z,Z∗) appear

alternately and there are k such (Z,Z∗). When δ = 0, (u2i+δ, v2i+δ−1) is attached

with the i-th Z. Similarly, when δ = −1, (u2i+δ, v2i+δ−1) is attached with the i-th
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Z∗. Pairs of indices (u2i+δ, v2i+δ−1) and (u2i′+δ′ , v2i′+δ′−1) are said to be matched if

(i′, δ′) 6= (i, δ) and (u2i+δ, v2i+δ−1) = (u2i′+δ′ , v2i′+δ′−1). As {εi,j} are independent

with mean 0, only matched indices in T need to be considered.

Consider the natural bijection between T in (6.64) and {1, 2, . . . , 2k}. A

matching in T forms a partition of T , where the matched indices form blocks.

Since we have ruled out singleton blocks, the relevant set of matchings of T is in

bijection (induced by the above bijection) with

P2k = set of all partitions of {1, 2, . . . , 2k} having no singleton block. (6.65)

Let for any set A, EA be the usual expectation restricting on the set A. Then

from the above discussions,

ETr

(
A1

Z√
n
A2

Z∗√
n
A3 . . .

Z∗√
n
A2k+1

)
= EP2k

Tr

(
A1

Z√
n
A2

Z∗√
n
A3 . . .

Z∗√
n
A2k+1

)
=

∑
σ∈P2k

EσTr

(
A1

Z√
n
A2

Z∗√
n
A3 . . .

Z∗√
n
A2k+1

)
. (6.66)

Now to compute (6.66), let us first concentrate on σ ∈ P2k ∩ NC(2k), where

NC(2k) is as in (4.47). Lemma 6.5.1 provides an upper bound for the terms in

(6.66). This will be useful in the proof of Theorem 6.3.1.

Lemma 6.5.1. Suppose (A1) holds and the matrices {Ai} are all norm bounded.

Suppose σ ∈ NC(2k)∩P2k has Ki,σ blocks of size i ≥ 2 of which Ki,1,σ and Ki,2,σ

start with odd and even indices respectively. Then for some C > 0,

(a) |1
p
EσTr(A1

Z√
n
A2

Z∗√
n
. . .

Z∗√
n
A2k+1)| ≤ CyK2,2,σ

n (ynp
−1)

∑
i≥2(0.5K2i−1,σ+K2i,σ).(6.67)
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(b) The upper bound in (6.67) also holds for

|Eσ(A1
Z√
n
A2

Z∗√
n
A3

Z√
n
. . .

Z∗√
n
A2k+1)(u, u′)|, ∀1 ≤ u, u′ ≤ p. (6.68)

Proof. We shall prove (a) and (b) simultaneously and use induction on k. Let

k = 1. Note that NC(2) ∩ P2 = {{1, 2}}. By (6.63), for some C > 0, we have

|1
p
ETr

(
A1

Z√
n
A2

Z∗√
n
A3

)
| = | 1

np
E{1,2}

∑
u1,a,b,c,d

A1(u1, a)εa,bA2(b, d)εc,dA3(c, u1)|

= | 1

np
E{a=c,b=d}

∑
u1,a,b

A1(u1, a)εa,bA2(b, d)εc,dA3(c, u1)|

= | 1

np

∑
u1,a,b

A1(u1, a)A2(b, b)A3(a, u1)E(ε2
a,b)|

= |1
p

(
Tr(A1A3)

)
|| 1
n

Tr(A2)|, as E(ε2
a,b) = 1

≤
√

1

p

(
Tr(A∗1A1)

)1

p

(
Tr(A∗3A3)

)
| 1
n

Tr(A2)|

≤ ||A1||2 ||A2||2 ||A3||2

≤ C, as {Ai} are norm bounded.

Therefore, as K2,1,{1,2} = 1, K2,2,{1,2} = 0 and Ki,{1,2} = 0 ∀i ≥ 3, (a) is proved for

k = 1. Next, again for some C > 0,

|E
(
A1

Z√
n
A2

Z∗√
n
A3

)
(u1, u2)|

= | 1
n
E{1,2}

∑
a,b,c,d

A1(u1, a)εa,bA2(b, d)εc,dA3(c, u2)|

= | 1
n
E{a=c,b=d}

∑
a,b

A1(u1, a)εa,bA2(b, d)εc,dA3(c, u2)|

= | 1
n

∑
a,b

A1(u1, a)A2(b, b)A3(a, u2)E(ε2
a,b)|

= |
(
(A1A3)(u1, u2)

)
| | 1
n

Tr(A2)|, as E(ε2
a,b) = 1

≤ C, by applying (6.62) on A1A3 and A2.
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Hence, (b) is proved for k = 1.

Suppose (a) and (b) hold for all k ≤ m− 1. Now we shall show that they are

true for k = m also.

Since σ is non-crossing, it always has at least one block B with adjacent indices.

If we drop any one of those blocks, then again we have a non-crossing partition,

say σ∗, of the remaining indices. Note that σ∗ ∈ NC(2k)∩P2k for some k ≤ m−1.

Therefore, (6.67) holds for σ∗. Then four situations can arise depending on the

length of B (even/odd) and the index of the starting element of B (even/odd).

Here we shall show the details for the case where B is of even length and starts

with an odd index. Similar argument works for other cases.

Now, σ has a block B = {2j−1, 2j, . . . , 2s}. Then there exists (a, b) such that

(u2i+δ, v2i+δ−1)

= (a, b),∀j ≤ i ≤ s, δ = 0, 1

6= (a, b),∀i < j or i > s, δ = 0, 1.

Moreover, note that σ∗ ∈ NC(2(m− s+ j − 1)) ∩ P2(m−s+j−1) and

K2i−1,1,σ∗ = K2i−1,1,σ, K2i−1,2,σ∗ = K2i−1,2,σ, K2i,2,σ∗ = K2i,2,σ, ∀i ≥ 1,

K2i,1,σ∗ = K2i,1,σ, ∀i 6= s− j + 1, K2(s−j+1),1,σ∗ = K2(s−j+1),1,σ − 1. (6.69)

LetD1 = A1
Z√
n
A2

Z∗√
n
A3 . . .

Z∗√
n
A2j−1, D2 = A2s+1

Z√
n
A2s+2

Z∗√
n
A2s+3 . . . A2k

Z∗√
n
A2k+1.

Case I. Let s− j = 0. Then by (6.63), for some C1, C2 > 0, we have

|1
p
EσTr

(
A1

Z√
n
A2

Z∗√
n
A3

Z√
n
. . .

Z∗√
n
A2k+1

)
|

= | 1

np
Eσ
∑
u1,a,b

D1(u1, a)εa,bA2s(b, b)εa,bD2(a, u1)|

= | 1

np

∑
u1,a,b

Eσ∗(D1(u1, a)A2s(b, b)D2(a, u1))E(ε2
a,b)|

= |1
p
Eσ∗
(
Tr(D1D2)

)
|| 1
n

Tr(A2s)|, as E(ε2
a,b) = 1
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≤ C1|
1

p
Eσ∗
(
Tr(D1D2)

)
|, by applying (6.62) on A2s

≤ C2y
K2,2,σ∗
n (ynp

−1)
∑
i≥2(0.5K2i−1,σ∗+K2i,σ∗ )

by applying (a) on k = m− 1

= C2y
K2,2,σ
n (ynp

−1)
∑
i≥2(0.5K2i−1,σ+K2i,σ), by (6.69).

Hence, (a) is proved for k = m and s− j = 0.

Case II. Let s− j > 0. Then by (6.63), for some C1, C2, C3, C4 > 0, we have

|1
p
EσTr

(
A1

Z√
n
A2

Z∗√
n
A3

Z√
n
. . .

Z∗√
n
A2k+1

)
|

= | 1

ns−j+1p
Eσ
∑
u1,a,b

D1(u1, a)

( s−1∏
i=j

εa,bA2i(b, b)εa,bA2i+1(a, a)

)
εa,bA2s(b, b)εa,bD2(a, u1)|

= | 1

ns−j+1p

(∑
a,b

( s−1∏
i=j

A2i+1(a, a)
s∏
i=j

A2i(b, b)

)
Eσ∗

(∑
u1

D∗1(a, u1)D∗2(u1, a)

)
E(ε2s−2j+2

a,b )

)
|

≤
[

1

np

∑
a,b

( s−1∏
i=j

A2
2i+1(a, a)

s∏
i=j

A2
2i(b, b)

)(
Eσ∗

(∑
u1

D∗1(a, u1)D∗2(u1, a)

))2]1/2

1

ns−j

[
1

np

∑
a,b

(E(ε2s−2j+2
a,b ))2

]1/2

, (by Cauchy-Schwartz inequality on Σa,b)

≤
[

1

np

∑
a,b

( s−1∏
i=j

A2
2i+1(a, a)

s∏
i=j

A2
2i(b, b)

)(
Eσ∗

(∑
u1

D∗1(a, u1)D∗2(u1, a)

))2]1/2

1

ns−j

[
1

np

∑
a,b

(C1n
s−j−1 sup

a,b
E(ε4

a,b))
2

]1/2

, (by (6.60) and (6.61))

≤
[

1

np

∑
a,b

( s−1∏
i=j

A2
2i+1(a, a)

s∏
i=j

A2
2i(b, b)

)
(
Eσ∗

(∑
u1

D∗1(a, u1)D∗2(u1, a)

))2]1/2

C2
ns−j−1

ns−j
, (as sup

a,b
E(ε4

a,b) <∞)
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≤ C3

n

[
1

np

∑
a,b

(
Eσ∗

(∑
u1

D∗1(a, u1)D∗2(u1, a)

))2]1/2

,

by applying (6.62) on

( s−1∏
i=j

A2
2i+1(a, a)

s∏
i=j

A2
2i(b, b)

)

≤ C3

n

[
1

p

∑
a

(
Eσ∗
(
D∗1D

∗
2(a, a)

))2]1/2

=
C3

p
yn

[
1

p

∑
a

(
Eσ∗
(
D∗1D

∗
2(a, a)

))2]1/2

≤ C4
yn
p
y
K2,2,σ∗
n (ynp

−1)
∑
i≥2(0.5K2i−1,σ∗+K2i,σ∗ )

by applying (b) on σ∗ for k = m− s+ j − 1

= C4
yn
p
yK2,2,σ
n (ynp

−1)
∑
i≥20.5K2i−1,σ(ynp

−1)
∑
s−j+16=i≥2K2i,σ+(K2(s−j+1),1,σ−1)+K2(s−j+1),2,σ ,

(by (6.69))

= C4y
K2,2,σ
n (ynp

−1)
∑
i≥2(0.5K2i−1,σ+K2i,σ).

Therefore, (a) is proved for k = m and s−j > 0 and hence proof of (a) is complete.

One can similarly prove (b).

This completes the proof of Lemma 6.5.1.

6.6 Proof of Theorem 6.3.1

(a) Here we prove the theorem only for U = 1. Similar argument works for

U > 1. Note that for U = 1, we have only {Pl,(1,1,...,1)}, {Rl,(1,1,...,1)}, {w1,l,j} and

{αl,(1,1,...,1)}. Let us denote them respectively by {Pl}, {Rl}, {wl,j} and {αl}. Let

us write {Gl} for {Gl,kl}.

Let π be any polynomial. Then by Definition 4.3.4, it is enough to prove

lim p−1ETr(π(Rl : l ≥ 1)) = ϕ(π(αl : l ≥ 1)). (6.70)

Note that, for some {Rlti} from {Rl} and constants {ci}, we can write π(Rl : l ≥
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1) =
∑T

i=1 ci
∏Ti

t=1Rlti . Therefore, it is enough to establish, for each 1 ≤ i ≤ T

lim p−1ETr(

Ti∏
i=1

Rlti) =

0, if Ti is odd

ϕ(
∏Ti

i=1 αlti), if Ti is even.

(6.71)

For simplicity of notation, we prove only

lim p−1ETr(
T∏
l=1

Rl) =

0, if T is odd

ϕ(
∏T

t=1 αl), if T is even.

(6.72)

Similar argument works to prove the more general (6.71).

Let A(i, j) be the (i, j)-th element of the matrix A. For convenience we write

Tr(
∏T

l=1Rl) in the form

Tr(
T∏
l=1

Rl) =
∑

ul,3kl+1=ul+1,1
uT+1,1=u11

T∏
l=1

Rl(ul,1, ul,3kl+1), where (6.73)

Rl(ul,1, ul,3kl+1) =

√
n

p

(
Pl(ul,1, ul,3Kl+1)−Gl(ul,1, ul,3Kl+1)

)
, and (6.74)

Pl(ul,1, ul,3kl+1) = n−kl
∑

ul,j ,vl,j

ul,j 6=ul,1,ul,3Kl+1

∏
i:ul,3i=ul,3i+1

1≤i≤kl−1

(
Al,2i−1(ul,3i−2, ul,3i−1)

εul,3i−1,vl,2i−1
Al,2i(vl,2i−1, vl,2i)εul,3i,vl,2i

)
Al,2kl+1(ul,3kl , ul,3kl+1).(6.75)

For each 1 ≤ l ≤ T , we define

Il = {(ul,3i+δ, vl,2i+δ) : δ = −1, 0, 1 ≤ i ≤ kl}. (6.76)

Note that Il is the set of all indices attached with ε’s in the expansion of Rl given
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in (6.73)-(6.75). An index (ul,3k+δ, vl,2k+δ) is said to be matched if there is at least

one (k′, δ′, l′) 6= (k, δ, l) with (ul,3k+δ, vl,2k+δ) = (ul′,3k′+δ′ , vl′,2k′+δ′). Now note that

E
(

Tr(
∏T

l=1Rl)
)

involves all indices in ∪Tl=1Il. As {εi,j} are independent and

have mean 0, all indices in ∪Tl=1Il need to be matched to guarantee a non-zero

contribution. For each 1 ≤ l ≤ T , consider the following sets of matched indices.

Bl = set of all matchings where for each (k, δ), there is at least one

(k′, δ′) 6= (k, δ) with (ul,3k+δ, vl,2k+δ) = (ul,3k′+δ′ , vl,2k′+δ′) and for l 6= l′,

there is no (k′, δ′, l′) such that (ul,3k+δ, vl,2k+δ) = (ul′,3k′+δ′ , vl′,2k′+δ′). (6.77)

Consider the disjoint decomposition ∪T+1
l=1 Cl of all possible matchings of indices in

∪Tl=1Il, where

C1 = B1, Cl = (∩l−1
j=1B

c
j) ∩Bl ∀2 ≤ l ≤ T, CT+1 = ∩Tl=1B

c
l . (6.78)

Let for any set A, EA be the usual expectation restricting on the set A. Then we

have the following lemma.

Lemma 6.6.1. Suppose Assumptions (A1), (A2) and (A3a) hold. Then

(i) E(y
−1/2
n Pl(u2, u3)) = y

−1/2
n Gl(u2, u3) +O(y

1/2
n ).

(ii) lim 1
p
EClTr

(
y
−l/2
n

∏l
i=1 Pi

∏T
i=l+1Ri

)
= lim 1

p
E∩l−1

i=1B
c
i
Tr
(
y
−l/2
n

∏l−1
i=1 PiGl

∏T
i=l+1Ri

)
.

(iii) lim 1
p
ETr(

∏T
l=1Rl) = lim 1

p
ECT+1

Tr(y
−T/2
n

∏T
l=1Pl).

Proof. (i) Recall that Pl = Al,1
Z√
n
Al,2

Z∗√
n
Al,3

Z√
n
. . . Z

∗
√
n
Al,2kl+1. Consider the parti-

tion σ∗ = {{1, 2}, {3, 4}, . . . , {2kl − 1, 2kl}}. Note that

Eσ∗(y
−1/2
n Pl(u2, u3)) = y−1/2

n Gl(u2, u3). (6.79)

Recall P2k in (6.65). Let Pc2k = set of all partitions of {1, 2 . . . , 2k} − P2k. Note
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that,

E(y−1/2
n Pl(u2, u3)) = Eσ∗(y

−1/2
n Pl(u2, u3)) +

∑
σ∈Pc2kl

Eσ(y−1/2
n Pl(u2, u3))

+
∑

σ∈NC(2kl)∩P2kl
−{σ∗}

Eσ(y−1/2
n Pl(u2, u3))

+
∑

σ∈P2kl
−NC(2kl)

Eσ(y−1/2
n Pl(u2, u3))

= T1 + T2 + T3 + T4, (say). (6.80)

As each partition in Pc2kl has at least one singleton block, T2 = 0. Also a partition

in NC(2kl) ∩ P2kl − {σ∗} contains either a block of length 2 and starts with an

even index or a block of length longer than 2. Hence, by Lemma 6.5.1 (b), T3 =

O(y
1/2
n ). Moreover, crossing partitions in P2kl−NC(2kl) have more restrictions on

indices than that of partitions in P2kl ∩NC(2kl)− {σ∗}. Therefore contribution

of P2kl − NC(2kl) in E(y
−1/2
n Pl(u2, u3)) is smaller than the contribution of the

latter. Therefore, T4 = O(y
1/2
n ). Hence, by (6.79) and (6.80), the proof of Lemma

6.6.2 (i) is complete.

(ii) To prove (ii), we need more analysis for the set Cl. Define

Sl = set of all matchings of indices in Il, and

S−l = set of all matchings of indices in ∪j 6=lIj such that for each 1 ≤ j < l,

there is at least one index in Ij which matches with some index

in Ik, k 6= j, l.

Note that

Cl = (∩l−1
j=1B

c
j) ∩Bl = {(σ1 ∪ σ2) : σ1 ∈ Sl, σ2 ∈ S−l}. (6.81)
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Let us denote

WP,l := (np−1)l/2
l∏

i=1

Pi, WR,l :=
T∏

i=l+1

Ri.

Then for all 2 ≤ l ≤ T , we have

p−1EClTr(WP,lWR,l) =
∑
σ∈Cl

p−1EσTr(WP,l−1

√
np−1PlWR,l) (6.82)

=
∑
σ∈Cl

p−1
∑
u

Eσ

(
WP,l−1(u1, u2)

√
np−1Pl(u2, u3)WR,l(u3, u1)

)
=

∑
σ1∈Sl, σ2∈S−l

p−1
∑
u

Eσ1(
√
np−1Pl(u2, u3))Eσ2(WP,l−1(u1, u2)WR,l(u3, u1))

[as Cl ⊂ Bl and even under Bl, {εu,v : (u, v) ∈ Il} are

independent of {εu,v : (u, v) ∈ ∪j 6=lIj}]

= p−1
∑
u

( ∑
σ1∈Sl

Eσ1(
√
np−1Pl(u2, u3))

)( ∑
σ2∈S−l

Eσ2(WP,l−1(u1, u2)WR,l(u3, u1))

)
= p−1

∑
u

E(
√
np−1Pl(u2, u3))

( ∑
σ2∈S−l

Eσ2(WP,l−1(u1, u2)WR,l(u3, u1))

)
(
E∩l−1

i=1B
c
i
(WP,l−1(u1, u2)WR,l(u3, u1))

)
, [by (a)]

= p−1E∩l−1
i=1B

c
i
Tr
(
WP,l−1

√
np−1GlWR,l

)
+O((p/n)1/2).

Hence, the proof of (ii) is complete.

(iii) lim p−1ETr
[
ΠT
i=1Ri

]
= lim p−1EB1Tr(

√
np−1P1WR,1) + lim p−1EBc1Tr(

√
np−1P1WR,1)

− lim p−1ETr
(√

np−1G1WR,1

)
= lim p−1EBc1Tr(

√
np−1P1WR,1), (by (ii) for l = 1)

= lim p−1EBc1∩B2Tr(WP,2WR,2) + lim p−1EBc1∩Bc2Tr(WP,2WR,2)

− lim p−1EBc1Tr(WP,1

√
np−1G2WR,2)

= lim p−1EBc1∩Bc2Tr(WP,2WR,2), (by (ii), for l = 2)
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...

= lim p−1EBc1∩Bc2∩...∩BcTTr(ΠT
i=1Pi), by repeated application of (ii) for l ≥ 3.

= lim(np−1)T/2p−1ECT+1
Tr(ΠT

i=1Pi).

Therefore, (iii) is established.

Thus proof of Lemma 6.6.1 is complete.

Now we get back to the proof of the Theorem. Therefore, by Lemma 6.6.1 (iii),

we have

lim p−1E

(
Tr(

T∏
l=1

Rl)

)
= lim

(
n

p

)T/2
p−1ECT+1

Tr(ΠT
l=1Pl). (6.83)

Next we shall analyze the set CT+1 and identify the set of matchings which con-

tribute in the limit.

Two index sets Ii and Ii′ are said to be connected if there is (k, δ) and

(k′, δ′) with (ui,3k+δ, vi,2k+δ) = (ui′,3k′+δ′ , vi′,2k′+δ′), where (ui,3k+δ, vi,2k+δ) ∈ Ii and

(ui′,3k′+δ′ , vi′,2k′+δ′) ∈ Ii′ . Also a collection of index sets {Ii1 , Ii2 , . . . , Iis}, s ≥ 2,

is said to form a connected group if for each 1 ≤ k ≤ s − 1, Iik and Iik+1
is

connected. Note that, in a typical matching in CT+1, for each i, Ii is connected

with some other Ii′ , i′ 6= i. Therefore, each matching in CT+1 corresponds to

some disjoint connected groups each of length at least 2. Consider the following

disjoint decomposition of CT+1.

CT+1 =
⋃

2≤g1,g2,...,gR≤T∑R
j=1 gj=T, R≥1

G(g1, g2, . . . , gR), where (6.84)

G(g1, g2, . . . , gR) = set of all such matchings in CT+1 which form exactly

R connected groups of length g1, g2, . . . , gR. (6.85)

Note that R ≤ T/2 and equality holds if T is even and gi = 2,∀i. Now we have
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the following lemma.

Lemma 6.6.2. Suppose Assumptions (A1), (A2) and (A3a) hold. Then

lim
1

p
EG(g1,g2,...,gR)Tr(nT/2p−T/2

T∏
i=1

Pi) = O(yT/2−Rn ).

Proof. Let D(g1, g2, . . . , gR) be the set of all non-crossing pair matchings in CT+1

which form exactly R connected groups of lengths g1, g2, . . . , gR. Note that

D(g1, g2, . . . , gR) ⊂ G(g1, g2, . . . , gR). We shall first show that

lim
1

p
ED(g1,g2,...,gR)Tr(nT/2p−T/2

T∏
i=1

Pi) = O(yT/2−Rn ). (6.86)

Under D(g1, g2, . . . , gR), to connect two index sets Il and Il′ , there must be a

matching of the type (ul,3i, vl,2i) = (ul′,3i′−1, vl′,2i′−1) for some i and i′. Note that

they respectively correspond to the i-th Z∗ in Pl and i′-th Z in Pl′ . Therefore,

under D(g1, g2, . . . , gR), to connect Il and Il′ , there must be a block which starts

with an even index. Now to form a connected group of length g (say), we need to

connect g many index sets Il1 , Il2 , . . . , Ilg (say) and hence there must be (g − 1)

matchings of the form (ulk,3i′k , vlk,2i′k) = (ulk+1,3ik+1−1, vlk+1,2ik+1−1) for some ik ≤ i′k

and for all 1 ≤ k ≤ g− 1. Therefore, under D(g1, g2, . . . , gR), to form a connected

group of length g, there must be (g − 1) blocks which start with an even index.

Hence by Lemma 6.5.1, as we have R connected groups of lengths g1, g2, . . . , gR,

lim
1

p
ED(g1,g2,...,gR)Tr(nT/2p−T/2

T∏
i=1

Pi)

= O(y−T/2+
∑

(gi−1)
n ) = O(y−T/2+T−R

n ) = O(yT/2−Rn ). (6.87)

Let

F (g1, g2, . . . , gR) = G(g1, g2, . . . , gR)−D(g1, g2, . . . , gR).
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Then, by Lemma 6.5.1 and (6.87),

lim
1

p
EF (g1,g2,...,gR)Tr(nT/2p−T/2

T∏
i=1

Pi) = o(yT/2−Rn ). (6.88)

Hence, by (6.87) and (6.88), proof of Lemma 6.6.2 is complete.

Getting back to the proof of the theorem, by (6.83) and Lemma 6.6.2, we have

lim p−1ETr
[
ΠT
i=1Ri

]
= lim p−1ECT+1

Tr(nTp−TΠT
i=1Pi)

=
∑

2≤g1,g2,...,gR≤T∑R
j=1 gj=T, R≥1

lim p−1EG(g1,g2,...,gR)Tr(nTp−TΠT
i=1Pi)

=

0, if T is odd

lim p−1EG(2,2,...,2)Tr(nT/2p−T/2ΠT
i=1Pi), if T is even.

(6.89)

Therefore, (6.72) is proved for odd T .

It remains to show that (6.72) and (6.89) are equivalent when T is even.

Let T = 2m and D(2, 2, . . . , 2) be the set of all non-crossing pair matchings in

G(2, 2, . . . , 2). Then from the proof of Lemma 6.6.2, it is obvious that

lim p−1EG(2,2,...,2)Tr(nmp−mΠ2m
i=1Pi) = lim p−1ED(2,2,...,2)Tr(nmp−mΠ2m

i=1Pi).(6.90)

Note that D(2, 2, . . . , 2) is the set of all non-crossing pair matchings each of which

has T/2 many connected groups of length 2. Moreover, observe that we need

at least one block start with even index to get a connected group of length 2.

Hence, each matching in D(2, 2, . . . , 2) has at least T/2 blocks start with even

index. Now consider C ⊂ D(2, 2, . . . , 2) of matchings which have exactly T/2

many blocks starts with even index.

C = {στ,(i1,i2,...,i2m) : τ ∈ NC2(2m)}, (6.91)
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where for each τ = {(l1, l2), (l3, l4), . . . , (l2m−1, l2m)} ∈ NC2(2m), l2k−1 < l2k for

all k, we have

στ,(i1,i2,...,i2m) = {(ul2k−1,3i2k−1
, vl2k−1,2i2k−1

) = (ul2k,3i2k−1, vl2k,2i2k−1),∀1 ≤

k ≤ m, (ul,3i−1, vl,2i−1) = (ul,3i, vl,2i), ∀i 6= il, 1 ≤ l ≤ 2m}.(6.92)

Note that D(2, 2, . . . , 2) − C has more than T/2 blocks that start with an even

index. Therefore, by Lemma 6.5.1,

lim p−1ED(2,2,...,2)−CTr(nmp−mΠ2m
i=1Pi) = 0. (6.93)

Hence by (6.89), (6.90) and (6.93), we have

lim p−1ETr
[
Π2m
i=1Ri

]
= lim p−1ECTr(nmp−mΠ2m

i=1Pi). (6.94)

Hence, it remains to show that the right sides of (6.72) and (7.119) match for

T = 2m. Now it is easy to show that

∑
τ∈NC2(2m)

lim p−1Eστ,(i1,i2,...,i2m)
Tr(nmp−mΠ2m

i=1Pi) (6.95)

=
∑

τ∈NC2(2m)

[
ϕ0K(τ)(ck,−ika(k+1) mod 2m,−i(k+1) mod 2m

: 1 ≤ k ≤ 2m)

κτ (wk,ik : 1 ≤ k ≤ 2m)

]
= ϕ0(

2m∏
k=1

ak,−ikwk,ikck,−ik).

Now lim p−1ECTr(nmp−mΠ2m
i=1Pi)

=
∑

i1,i2,...,i2m

∑
τ∈NC2(2m)

lim p−1Eστ,(i1,i2,...,i2m)
Tr(nmp−mΠ2m

i=1Pi)
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=
∑

i1,i2,...,i2m

ϕ0(
2m∏
k=1

ak,−ikwk,ikck,−ik) = ϕ0(
2m∏
k=1

∑
ik

ak,−ikwk,ikck,−ik)

= ϕ0(
2m∏
l=1

αl). (6.96)

Hence, by (7.119) and (6.96), lim p−1ETr [Π2m
i=1Ri] = ϕ(

∏2m
l=1 αl). Therefore, proof

of Theorem 6.3.1 (a) is complete.

(b) Proof of (b) is immediate from Theorem 6.3.1 (a) by observing the fact that

proof of (a) will go through if instead of {Al,2i−1} ⊂ {B2i−1, B
∗
2i−1}, we assume

{Al,2i−1} ⊂ Span{B2i−1, B
∗
2i−1}.

Hence the proof of Theorem 6.3.1 is complete.



Chapter 7

Limiting spectral distribution of sample

autocovariance matrices

7.1 Introduction

This chapter focuses on the LSD of symmetric polynomials in sample autocovari-

ance matrices {Γ̂u} for the infinite dimensional moving average processes. In the

literature, such results are known only for the particular polynomial {Γ̂u+Γ̂∗u} and

under quite restrictive assumptions on the coefficient matrices {ψj}. In Section

7.2, we collect all the existing results in the literature.

We make use of the general results developed in Chapters 5 and 6 to deal

with all symmetric polynomials in {Γ̂u}. In Theorems 7.3.1, 7.3.4, 7.3.15 and

7.3.17, we show that under significantly weaker conditions on {ψj}, the LSD of

any symmetric polynomial in {Γ̂u} exists for both the cases p/n → y > 0 and

p/n → 0. Moreover, apparently for the first time in the literature, we describe

the limits in terms of some free variables. Finally we show how the existing LSD

results follow from our result.

In the next chapter we will see some statistical applications of these results.

The main material of this chapter is taken from Bhattacharjee and Bose

[2015a] and Bhattacharjee and Bose [2015b].

209
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7.2 Existing results and motivation

First consider the simplest case, the MA(0) process, defined in (3.5):

Xt,p = εt, ∀t. (7.1)

For convenience, let us write Xt for Xt,p. Let εt,i be the i-th element of εt. Consider

the following assumption

(B1) {εi,j} are independently distributed with mean 0 and variance 1.

Recall the class of independent random variables defined in (4.17):

U(δ) = set of all collections of independent random variables {εi,j : i, j ≥ 1}

such that lim
η−(2+δ)

np

p∑
i=1

n∑
j=1

E(|εi,j|2+δI(|εi,j| > ηp
1

2+δ ) = 0

for all η > 0. (7.2)

Also recall the Marčenko-Pastur law MPy with parameter y > 0 satisfying the

moment sequence (4.25). The following results are known in the literature

Theorem 7.2.1. (Bai and Silverstein [2009]) Consider the model (3.5) (or (7.1)).

Suppose (B1) holds and {εi,j : i, j ≥ 1} ∈ U(0). Let n, p(n) → ∞, p/n → y > 0.

Then the almost sure LSD of Γ̂0 is the MPy law.

Theorem 7.2.2. (Jin et al. [2014]) Consider the model (3.5) (or (7.1)). Suppose

(B1) holds and {εi,j : i, j ≥ 1} ∈ U(δ) for some δ ∈ (0, 2]. Let n, p(n) → ∞,

p/n→ y > 0. Then the almost sure LSD of 1
2
(Γ̂u + Γ̂∗u) are identical for all u ≥ 1

and the common limiting Stieltjes transformation satisfies (5.90).

Next consider the infinite dimensional MA(∞) process defined in (3.2):

Xt =
∞∑
j=0

ψjεt−j, ∀t. (7.3)
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Consider the following assumption.

(B2) {εi,j} are i.i.d. random variables with mean 0, variance 1 and E|εi,j|4 <∞.

Recall Ik in (2.8). Then the following results are known.

Theorem 7.2.3. (Pfaffel and Schlemm [2011]) Consider the model (3.2) (or

(7.3)) with ψj,p = λjIp, λj ∈ R, λ0 = 1 and
∑∞

j=1 |λj| < ∞. Suppose (B2) holds

and n, p(n) → ∞, p/n → y > 0. Then for each u ≥ 1, the LSD of 1
2
(Γ̂u + Γ̂∗u)

exists almost surely and the limiting Stieltjes transformation mu(z) satisfies the

following equations (only one solution yields a valid Stieltjes transform)

z = − 1

mu(z)
+

1

2π

∫ 2π

0

dθ

ymu(z) + f−1(θ)
, z ∈ C+ where (7.4)

f(θ) = cos(uθ)|
∞∑
k=0

λke
ikθ|2. (7.5)

Now let us consider general {ψj} which satisfy the following assumption.

(WAP) {ψj} are Hermitian, simultaneously diagonalizable and norm bounded.

There are continuous functions fj : Rm → R and a p × p unitary matrix U such

that UψjU
∗ = diag(fj(α1), fj(α2), . . . , fj(αp)), αj ∈ Rm for all j and some positive

integer m. The distribution which puts mass 1/p at each αi, converges weakly to

a compactly supported probability distribution F on Rm.

Then the following results are known.

Theorem 7.2.4. (Liu et al. [2015]) Consider the model (3.2) (or (7.3)). Suppose

(B2) and (WAP) hold,
∑∞

j=0 |fj(α)| < ∞, ∀α ∈ Rm and n, p(n) → ∞, p/n →

y > 0. Then for each u ≥ 1, the LSD of 1
2
(Γ̂u + Γ̂∗u) exists almost surely and the

limiting Stieltjes transformation mu(z) satisfies

mu(z) =

∫
Rm

(
1

2π

∫ 2π

0

cos(uθ′)h1(α, θ′)dθ′

1 + y cos(uθ′)Ku(z, θ′)
− z
)−1

dF (α), z ∈ C+ where (7.6)
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Ku(z, θ) =

∫
Rm

(
1

2π

∫ 2π

0

cos(uθ′)h1(α, θ′)dθ′

1 + y cos(uθ′)Ku(z, θ′)
− z
)−1

h1(α, θ)dF (α), z ∈ C+ (7.7)

h1(α, θ) = |
∞∑
j=0

eijθfj(α)|2, α ∈ Rm. (7.8)

Theorem 7.2.5. (Wang et al. [2015]) Consider the model (3.2) (or (7.3)). Sup-

pose (B2) and (WAP) hold,
∑∞

j=0 |fj(α)| < ∞ ∀α ∈ Rm and p, n(p) → ∞,

p/n → 0. Then for each u ≥ 1, the LSD of 1
2
(Γ̂u + Γ̂∗u) exists almost surely and

the limiting Stieltjes transformation mu(z) satisfies

mu(z) = −
∫
Rm

dF (α)

z + βu(z, α)
, z ∈ C+, where (7.9)

βu(z, x) = −
∫
Rm

Ru(x, α)dF (α)

z + βu(z, α)
, z ∈ C+, x ∈ Rm, (7.10)

Ru(x, y) =
1

2π

∫ 2π

0

cos2(uθ)h1(x, θ)h1(y, θ)dθ, x, y ∈ Rm, (7.11)

and h1(·, ·) is as in (7.8).

The assumption (WAP) on {ψj} made by Liu et al. [2015] and Wang et al. [2015]

is however, quite restrictive. Later Liu et al. [2015] replaced (WAP) by the as-

sumption that {ψj} are Toeplitz matrices with suitable decay conditions on their

entries. Even so, this excludes many interesting linear processes. For example,

consider the following MA(2) process

Xt = εt + Cεt−1 +Dεt−2, ∀t, (7.12)

and C and D are respectively as in Examples 4.2.3 and 4.2.4:

C = ((I(1 ≤ i = j ≤ [p/2])− I([p/2] + 1 ≤ i = j ≤ p))), D = ((I(i+ j = p+ 1))),

and [x] is the largest integer in x. Note that for the above model (7.12), the

coefficient matrices C and D are neither simultaneously diagonalizable (as CD 6=

DC) nor are they Toeplitz matrices. Hence Theorems 7.2.4 and 7.2.5 are not
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applicable for the model (7.12).

To indicate another limitation of (WAP), suppose further that εt ∼ N (0, Ip).

Let U be a unitary matrix such that UψjU
∗ =: Λj (say) are diagonal matrices.

Since Uεt and εt are identically distributed and UU∗ = Ip, as far as the LSD of

Γ̂u + Γ̂∗u is concerned, (3.2) (or (7.3)) is equivalent to the model

Xt,i (i-th component of Xt) =
∞∑
j=0

ψj,(i,i)εt−j,i,∀i ≥ 1 (7.13)

where Λj = diag(ψj,(1,1), ψj,(2,2), . . . , ψj,(p,p))} for every j. Hence this model does

not exhibit spatial dependence or dependence among the components.

First note that all the existing works concentrate on Γ̂u + Γ̂∗u. We may be

interested in other functions of Γu. For example, if we wish to study the singular

values of Γ̂u, we need to consider Γ̂uΓ̂
∗
u. This gives rise to a completely different

LSD problem. Indeed, one may consider more general symmetrizations that in-

volve several Γ̂u. As we may recall, in the one dimensional case, all tests for white

noise are based on quadratic functions of autocovariances. See for example Shao

[2011] and Xiao and Wu [2014]. The analogous objects in our model are quadratic

polynomials in autocovariances. Thus we are naturally led to the consideration of

matrix polynomials of autocovariances.

Second, as we have seen above, the (WAP) condition is fairly strong. We

shall replace this condition by a more natural and much weaker joint convergence

assumption (Assumption (B) in Section 7.3).

Finally, all the above results are derived using Stieltjes transformation method.

While it is conceivable that this method can be potentially used to tackle these

cases, it seems to be rather cumbersome and needlessly lengthy to do so and shall

at best be a case by case study.

In the next section, we provide a unified method to study the LSD of symmet-

ric polynomials of the autocovariance matrices using the tools and results from

Chapters 4-6. We do not use Stieltjes transforms at all except to cross-check our
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results with the existing results, all of which follow as special cases. In the next

chapter, we shall use these results in statistical applications.

7.3 LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u}

We first list the assumptions. Recall the following classes of independent random

variables in (4.14), (4.15) and (4.16):

Lr = set of all collections of independent random variables (7.14)

{εi,j : i, j ≥ 1} such that sup
i,j

E|εi,j|r <∞,

L =
∞⋂
r=1

Lr, (7.15)

C(δ, p) = set of all collections of random variables {εi,j : i, j ≥ 1} such that

P (|εi,j| ≤ ηpp
1

2+δ ) = 1, ∀i, j and for some ηp ↓ 0 as p→∞. (7.16)

Consider the following assumption on {εi,j}.

(B3) {εi,j : 1 ≤ i ≤ p, 1 ≤ j ≤ n} ∈ L ∪C(δ, p) for all p ≥ 1 and for some δ > 0.

Later we relax (B3) for specific polynomials.

We consider the same assumption on {ψj} as in Corollaries 5.4.7 and 6.4.6. For

convenience of the reader, here we state it again. Recall the collection of some

p× p matrices {B2i−1} satisfying Assumption (A2) in Chapters 5 and 6.

Suppose {ψj} ⊂ {B2i−1, B
∗
2i−1} i.e. we assume:

(B) {ψj} are norm bounded and converge jointly.

Suppose

(Span{ψj, ψ∗j : j ≥ 0}, p−1Tr)→ (Span{ηj, η∗j : j ≥ 0}, ϕodd), (7.17)

(Span{ψ̄j, ψ̄∗j : j ≥ 0}, (n+ p)−1Tr)→ (Span{η̄j, η̄∗j : j ≥ 0}, ϕ̄odd). (7.18)
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Recall the NCP (Aodd, ϕodd) and (Āodd, ϕ̄odd) respectively in (5.13) and (5.14).

Clearly the NCP at right side of (7.17) and (7.18) are sub-algebras of (Aodd, ϕodd)

and (Āodd, ϕ̄odd). Moreover, for any polynomial Π,

ϕodd(Π(ηj, η
∗
j : j ≥ 0)) =

1 + y

y
ϕ̄odd(Π(η̄j, η̄

∗
j : j ≥ 0))

=
1 + y

y
ϕ̄(Π(η̄j, η̄

∗
j : j ≥ 0)).

7.3.1 LSD for p/n→ y > 0

To describe the LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u}, we need the ma-

trices {Pi} defined at the beginning of Section 5.1. This is because, later we shall

see that for LSD purposes, {Γ̂u} can be approximated by {∆u} (see (5.1)) where

{∆u} is of the form (5.2) with {B2i} = {Pi : i = 0,±1,±2, . . .}. Hence by (5.16),

(5.81) and (5.80), we now have

Āeven = Span{cu, c∗u = c−u : u = 0,±1, . . .}, and

(Span{P u, P
∗
u : u = 0,±1, . . .}, (n+ p)−1Tr)→ (Āeven, ϕ̄even),

where for all T ≥ 1 and i1, i2, . . . , iT = 0,±1,±2, . . ., we have

ϕ̄even(
T∏
j=1

cij) = lim
1

n+ p
Tr(

T∏
j=1

P ij
) =

1

1 + y
I(

T∑
j=1

ij = 0). (7.19)

Recall the NCP (Span{su}, ϕs) of free semicircle variables, defined at the begin-

ning of Section 5.3. Let s ∈ {su} be any typical standard semi-circle variable and

(Span{s}, ϕs) be the NCP generated by s with moment sequence {ϕs(sk) = βk}

where {βk} is given in (4.11).

Recall the NCP (A, ϕ̄) defined in (5.19), where {η̄j, η̄∗j}, {cj, c∗j} and s are free.
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Consider the following polynomials in A

γ̄uq = (1 + y)

q∑
j,j′=0

η̄jscj−j′+usη̄
∗
j′ , ∀u, q ≥ 0. (7.20)

Then we have the following Theorem (see Bhattacharjee and Bose [2015a]).

Theorem 7.3.1. Consider the model (3.7) given by

Xt =

q∑
j=0

ψjεt−j, ∀t. (7.21)

Suppose (B1), (B3) and (B) hold and n, p(n)→∞, p/n→ y > 0. Then the LSD

of any symmetric polynomial Π(Γ̂u, Γ̂
∗
u : u ≥ 0) in {Γ̂u, Γ̂∗u} exists almost surely

and it is uniquely determined by the moment sequence

lim p−1ETr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0))k =

1 + y

y
ϕ̄(Π(γ̄uq, γ̄

∗
uq : u ≥ 0))k ∀k ≥ 1. (7.22)

Proof. To prove the above theorem, we use the moment method and Lemma 4.2.1

as described in Section 4.2. Recall {∆u} in (5.1):

∆u =
1

n

∑
j,j′

ψjZPj−j′+uZ
∗ψ∗j′ . (7.23)

The following lemma describes the approximation of {Γ̂u} by {∆u} and is useful

to establish (M1) and (M4). Proof of this lemma is very technical and is presented

in Section 7.4.

Lemma 7.3.2. Consider the model (3.7) (or (7.21)). Suppose (B1), (B3) and

(B) hold and n, p(n)→∞, p/n→ y > 0. Then the following statements are true.

(a) For any polynomial Π,

lim p−1ETr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0)) = lim p−1ETr(Π(∆u,∆

∗
u : u ≥ 0)). (7.24)
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(b) Let, for 1 ≤ i ≤ T , mi be polynomials. Let for all 1 ≤ i ≤ T ,

Pi = Tr(mi(∆u,∆
∗
u : u ≥ 0)), P0

i = EPi,

P̃i = Tr(mi(Γ̂u, Γ̂
∗
u : u ≥ 0)), P̃0

i = EP̃i.

Then we have

limE(
T∏
i=1

(P̃i − P̃0
i )) = limE(

T∏
i=1

(Pi − P0
i )). (7.25)

Now to continue the proof of the theorem, by Theorem 5.3.1, for any polynomial

Π,

lim p−1ETr(Π(∆u,∆
∗
u : u ≥ 0))k =

1 + y

y
ϕ̄(Π(γ̄uq, γ̄

∗
uq : u ≥ 0))k ∀k ≥ 1. (7.26)

Hence by Lemma 7.3.2 (a),

lim p−1ETr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0))k =

1 + y

y
ϕ̄(Π(γ̄uq, γ̄

∗
uq : u ≥ 0))k ∀k ≥ 1. (7.27)

This establishes (M1).

By Lemmas 5.4.2 and 7.3.2 (b), we have for any polynomial Π

E

[
1

p
Tr
(

Π(Γ̂u, Γ̂
∗
u : u ≥ 0)

)h
− E

(
1

p
Tr
(

Π(Γ̂u, Γ̂
∗
u : u ≥ 0)

)h)]4

= O(p−4).

(7.28)

and hence (M4) is established.

Proof of (C) follows the same arguments as in the proof of (C) in Theorem 5.4.1.

This completes the proof of Theorem 7.3.1.

Now we move to the case q = ∞. Recall || · ||2 defined in (2.4). Consider the

following assumption on {ψj}.

(B4)
∑∞

j=0 supp ||ψj||2 <∞.
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To describe the LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u} for the MA(∞)

process defined in (3.2) (or (7.3)), we need the following lemma.

Lemma 7.3.3. Suppose (B4) holds. Let εi = 1, ∗ ∀i ≥ 1. Then we have the

following result.

(a) For all K ≥ 1, we have

∑
1≤ji,j′i≤∞
1≤i≤K

|ϕ̄

(
K∏
i=1

η̄jisc
εi
ji−j′1+ui

sη̄∗j′i

)
| ≤ (2C)2K , where C =

∞∑
j=0

sup
p
||ψj||22.(7.29)

(b) For any polynomial Π(γ̄uq, γ̄
∗
uq : u ≥ 0), limq→∞ ϕ̄(Π(γ̄uq, γ̄

∗
uq : u ≥ 0)) exists

and is finite.

Proof. (a) By Lemma 4.3.6,

ϕ̄

(
K∏
i=1

η̄jisc
εi
ji−j′i+ui

sη̄∗j′i

)
=

∑
π∈NC2(2K)

ϕ̄K(π)[η̄j1 , c
ε1
j1−j′1+u1

, η̄∗j′1 , . . . , η̄jk , c
εk
jk−j′k+uk

, η̄∗j′k ].

Therefore, by Lemma 4.3.1 (b) and as #NC2(2K) ≤ 22K , we have some hi, ri ≥ 1

such that

|ϕ̄

(
K∏
i=1

η̄jisc
εi
ji−j′i+ui

sη̄∗j′i

)
| ≤ 22k

K∏
i=1

(ϕ̄(η̄∗ji η̄ji)
hi)1/hi

K∏
i=1

(ϕ̄(c∗ji−j′i+uicji−j′i+ui)
ri)1/ri . (7.30)

Now, by (7.19),

ϕ̄(c∗ucu)
r ≤ 1, ∀r, u ≥ 1. (7.31)

Also , for all j ≥ 1, we have

ϕ̄(η̄∗j η̄j) = lim p−1Tr(ψ̄∗j ψ̄j) ≤ sup
p
||ψj||22. (7.32)
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Hence, by (7.30), (7.31) and (7.32), we have

|ϕ̄

(
K∏
i=1

η̄jisc
εi
ji−j′i+ui

sη̄∗j′i

)
| ≤ 22K

K∏
i=1

sup
p
||ψji ||22. (7.33)

Hence, under Assumption (B4), Lemma 7.3.3 (a) holds by summing both sides of

(7.33) over ji, j
′
i for all 1 ≤ i ≤ K.

(b) Note that without loss of generality, we can take

Π(γ̄uq, γ̄
∗
uq : u ≥ 0) =

r∑
j=1

mlj , where mlj =

lj∏
i=1

γ̄εj,iuj,iq
, εj,i = 1, ∗. (7.34)

Now, by (7.20)

ϕ̄(Π(γ̄uq, γ̄
∗
uq : u ≥ 0)) =

r∑
j=1

∑
1≤ki,j ,k′i,j≤q

1≤i≤lj

ϕ̄

( lj∏
i=1

η̄
εj,i
kj,i
sc
εj,i
kj,i−k′j,i+uj,i

sη̄
∗(1−εj,i)
k′i,j

)
.

Hence, by Lemma 7.3.3 (a), under Assumption (B4), we have

lim
q→∞

ϕ̄(Π(γ̄uq, γ̄
∗
uq : u ≥ 0)) =

r∑
j=1

∑
1≤ki,j ,k′i,j≤∞

1≤i≤lj

ϕ̄

( lj∏
i=1

η̄
εj,i
kj,i
sc
εj,i
kj,i−k′j,i+uj,i

sη̄
∗(1−εj,i)
k′i,j

)
,

which is finite. This completes the proof of Lemma 7.3.3 (b).

Now consider the NCP (A∞, ϕ̄∞) where

A∞ = Span{γ̄u∞, γ̄∗u∞ : u ≥ 0} (7.35)

and for any polynomial Π(γ̄u∞, γ̄
∗
u∞ : u ≥ 0),

ϕ̄∞(Π(γ̄u∞, γ̄
∗
u∞ : u ≥ 0)) = lim

q→∞
ϕ̄(Π(γ̄uq, γ̄

∗
uq : u ≥ 0)). (7.36)
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The existence of the limit at right side of (7.36) is guaranteed by Lemma 7.3.3

(b). Now we have the following theorem (see Bhattacharjee and Bose [2015a]).

Theorem 7.3.4. Consider the model (3.2) (or (7.3)). Suppose (B1), (B3), (B)

and (B4) hold and n, p(n)→∞, p/n→ y > 0. Then the LSD of any symmetric

polynomial Π(Γ̂u, Γ̂
∗
u : u ≥ 0) in {Γ̂u, Γ̂∗u} exists almost surely and it is uniquely

determined by the moment sequence

lim p−1ETr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0))k =

1 + y

y
ϕ̄∞(Π(γ̄u∞, γ̄

∗
u∞ : u ≥ 0))k ∀k ≥ 1. (7.37)

To prove the above theorem, we need the following Lemmas.

Lemma 7.3.5. Suppose (B4) holds. Then we have the following results.

(a) For any symmetric polynomial Π(γ̄uq, γ̄
∗
uq : u ≥ 0), there exists a unique

probability measure Fq on R such that

∫
xKdFq =

1 + y

y
ϕ̄(Π(γ̄uq, γ̄

∗
uq : u ≥ 0))K , ∀K ≥ 1. (7.38)

(b) For any symmetric polynomial Π(γ̄u∞, γ̄
∗
u∞ : u ≥ 0), there exists a unique

probability measure F on R such that

∫
xKdF =

1 + y

y
ϕ̄∞(Π(γ̄u∞, γ̄

∗
u∞ : u ≥ 0))K , ∀K ≥ 1. (7.39)

(c) Fq converges weakly to F as q →∞.

Proof. First note that by (7.22), the right side of (7.38) is a moment sequence. By

using (7.20) and Lemma 7.3.3 (a), it is easy to see that for all u1, u2, . . . , uk ≥ 0,

ε1, ε2, . . . , εk = 1, ∗ and K ≥ 1, we have

|ϕ̄
( K∏

i=1

γ̄εiuiq

)
| ≤ (2C)K , (7.40)

where C is as in Lemma 7.3.3 (a).



221 LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u}

Therefore, expressing Π in the form (7.34), we have

|ϕ̄(Π(γ̄uq, γ̄
∗
uq : u ≥ 0))K | =

∑
1≤j1...jK≤r

|ϕ̄(
K∏
u=1

mlju
)| ≤

∑
1≤j1...jK≤r

(2C)
∑K
u=1 lju ≤ (C ′)K ,

where C ′ > 0 does not depend on q. Hence, by Lemma 4.2.2 (b), proof of Lemma

7.3.5 (a) is complete.

Now note that by (7.36) and (7.38), the right side of (7.39) is a moment sequence.

As C ′ > 0 does not depend on q, by (7.36), we have

|ϕ̄∞(Π(γ̄u∞, γ̄
∗
u∞ : u ≥ 0))K | ≤ (C ′)K . (7.41)

Hence, by Lemma 4.2.2 (a), proof of Lemma 7.3.5 (b) is complete.

Lemma 7.3.5 (c) is trivial by (7.36).

Lemma 7.3.6. For any non-commutative variables {ai, bi : 1 ≤ i ≤ k} we have

k∏
i=1

ai −
k∏
i=1

bi =
k∑
j=1

(
j−1∏
i=1

ai

)
(aj − bj)

(
k∏

i=j+1

bi

)
, ∀k ≥ 2, a0 = bk+1 = 1.(7.42)

Proof. We prove this Lemma using induction on k. Note that (7.42) is true for

k = 2, as a1a2− b1b2 = (a1− b1)b2 + a1(a2− b2). Suppose (7.42) is true for k = m.

Then for k = m+ 1, note that(
m∏
i=1

ai

)
am+1 −

(
m∏
i=1

bi

)
bm+1

=

(
m∏
i=1

ai −
m∏
i=1

bi

)
bm+1 +

(
m∏
i=1

ai

)
(am+1 − bm+1), using (7.42) for k = 2

=
m∑
j=1

(
j−1∏
i=1

ai

)
(aj − bj)

(
m∏

i=j+1

bi

)
bm+1 +

(
m∏
i=1

ai

)
(am+1 − bm+1),

using (7.42) for k = m
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=
m+1∑
j=1

(
j−1∏
i=1

ai

)
(aj − bj)

(
m+1∏
i=j+1

bi

)
.

Hence, the proof is complete.

Let,

Fp,q = ESD of Π(Γ̂u, Γ̂
∗
u : u ≥ 0) for the MA(q) process, (7.43)

Fp,∞ = ESD of Π(Γ̂u, Γ̂
∗
u : u ≥ 0) for the MA(∞) process. (7.44)

Let L(F,G) be the Levy distance between distribution functions F and G.

Lemma 7.3.7. limq→∞ limp→∞ L(Fp,q, Fp,∞) = 0 almost surely.

Proof. For convenience, in this proof, let us denote Γ̂u for MA(q) and MA(∞)

processes respectively by Γ̂uq and Γ̂u∞. Let,

gq = Π(Γ̂uq, Γ̂
∗
uq : u ≥ 0), g∞ = Π(Γ̂u∞, Γ̂

∗
u∞ : u ≥ 0).

To prove Lemma 7.3.7, by Corollary A.41 in Bai and Silverstein [2009], it is enough

to show

lim
q→∞

lim
p→∞

1

p
Tr(gq − g∞)(gq − g∞)∗ → 0, almost surely. (7.45)

Let us first prove (7.45) in the simplest case when gq = Γ̂0q and g∞ = Γ̂0∞. Recall

the matrices {∆u} in (5.1). For convenience, in this proof, let us denote these

matrices respectively for q < ∞ and q = ∞ by {∆uq} and {∆u∞}. Note that

there is a C > 0 such that

1

p
Tr(Γ̂0q − Γ̂0∞)2 ≤ C

(
1

p
Tr(Γ̂0q −∆0q)

2 +
1

p
Tr(∆0q −∆0∞)2

+
1

p
Tr(∆0∞ − Γ̂0∞)2

)
. (7.46)
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Using similar techniques as in the proof of Lemma 7.3.2, it can be proved that as

p→∞ (to prove (7.48), we additionally need Assumption (B4)),

1

p
Tr(Γ̂0q −∆0q)

2 a.s.→ 0 ∀q ≥ 0, and (7.47)

1

p
Tr(∆0∞ − Γ̂0∞)2 a.s.→ 0. (7.48)

We omit the details. Therefore, by (7.46), (7.47) and (7.48), proof of (7.45) when

gq = Γ̂0q and g∞ = Γ̂0∞ will be completed if we can show

lim
q→∞

lim
p→∞

1

p
Tr(∆0q −∆0∞)2 a.s.

= 0. (7.49)

To show (7.49), now note that

1

p
Tr

[ ∞∑
j=0

∞∑
j′=0

ψjZPj′−jZ
∗ψ∗j′ −

q∑
j=0

q∑
j′=0

ψjZPj′−jZ
∗ψ∗j′

]2

=
1

p
Tr

[ ∞∑
j=q+1

∞∑
j′=q+1

ψjZPj′−jZ
∗ψ∗j′ +

∞∑
j=q+1

q∑
j′=0

ψjZPj′−jZ
∗ψ∗j′

+

q∑
j=0

∞∑
j′=q+1

ψjZPj′−jZ
∗ψ∗j′

]2

(7.50)

=
1

p
Tr

[
∞∑

j,j′=q+1

∞∑
k,k′=q+1

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗Z∗k′

+
∞∑

j,k=q+1

q∑
j′,k′=0

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′

+

q∑
j,k=0

∞∑
j′,k′=q+1

ψjZPj′−jZψ
∗
j′ψkZPk′−kZ

∗ψ∗k′

+
∞∑

j,k′=q+1

q∑
j′,k=0

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′

+

q∑
j,k′=0

∞∑
j′,k=q+1

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′
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+
∞∑

j,j′,k=q+1

q∑
k′=0

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′

+
∞∑

j,k,k′=q+1

q∑
j′=0

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′

+
∞∑

j,j′,k′=q+1

q∑
k=0

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′

+

q∑
j=0

∞∑
j′,k,k′=q+1

ψjZPj′−jZ
∗ψ∗j′ψkZPk′−kZ

∗ψ∗k′

]
.

=
9∑
i=1

Ti, say. (7.51)

Using the same technique as in the proof of Lemma 5.4.2, under (B4), it can be

shown that as p→∞,

E(Ti − ETi)4 = O(p−4), ∀ 1 ≤ i ≤ 9, q ≥ 1. (7.52)

Moreover, under (B4), one can easily show that

lim
q→∞

lim
p→∞

E(Ti)→ 0. (7.53)

For example, note that

lim
p→∞

E(T1) =

( ∞∑
j,j′,k,k′=q+1

lim
p→∞

1

p
Tr(ψjψ

∗
j′ψkψ

∗
k′)

)
+

( ∞∑
j,j′=q+1

lim
p→∞

1

p
Tr(ψjψ

∗
j′)

)2

≤ 2(
∞∑

j=q+1

sup
p
||ψj||2)4 → 0, (as q →∞) (7.54)

by (7.54) and (B4). Similar arguments work for 2 ≤ i ≤ 9.

Therefore, by Borel Cantelli Lemma, (7.52) and (7.53), Ti → 0 almost surely and

by (7.51), proof of (7.45) when gq = Γ̂0q and g∞ = Γ̂0∞, is complete. Using similar
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arguments as above, it is easy to prove for all u ≥ 0 and k ≥ 1,

lim
q→∞

lim
p→∞

1

p
Tr((Γ̂uq − Γ̂u∞)(Γ̂uq − Γ̂u∞)∗)k

a.s.
= 0. (7.55)

Now we prove (7.45) when gq and g∞ are monomials. Without loss of generality,

suppose for some k ≥ 1,

gq =
k∏
i=0

Γ̂uiq, g∞ =
k∏
i=0

Γ̂ui∞. (7.56)

Then by Lemma 7.3.6, we have

(gq − g∞)(gq − g∞)∗ =
k∑

j,j′=1

[(j−1∏
i=1

Γ̂uiq

)
(Γ̂ujq − Γ̂uj∞)

(
k∏

i=j+1

Γ̂ui∞

)
(
j′−1∏
i=1

Γ̂uiq

)
(Γ̂u′jq − Γ̂u′j∞)

(
k∏

i=j′+1

Γ̂ui∞

)]
.

Now, by Lemma 4.3.1 (b) and noting (7.55), to establish (7.45), it is enough to

prove for all u ≥ 0, k ≥ 1,

lim
q→∞

lim
p→∞

1

p
Tr(Γ̂uqΓ̂

∗
uq)

k <∞ a.s. and (7.57)

lim
q→∞

lim
p→∞

1

p
Tr(Γ̂u∞Γ̂∗u∞)k <∞ a.s.. (7.58)

Using the same arguments as in the proof of (7.28), it can be proved that

E

(
1

p
Tr(Γ̂uqΓ̂

∗
uq)

k − 1

p
ETr(Γ̂uqΓ̂

∗
uq)

k

)4

= O(p−4) and (7.59)

E

(
1

p
Tr(Γ̂u∞Γ̂∗u∞)k − 1

p
ETr(Γ̂u∞Γ̂∗u∞)k

)4

= O(p−4). (7.60)

To show (7.60), we additionally need Assumption (B4). We omit the details.

Hence, using (7.59), (7.60) and Borel Cantelli Lemma, we have for all u ≥ 0 and
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k ≥ 1,

lim
p→∞

(
1

p
Tr(Γ̂uqΓ̂

∗
uq)

k − 1

p
ETr(Γ̂uqΓ̂

∗
uq)

k) = 0, a.s. and (7.61)

lim
p→∞

(
1

p
Tr(Γ̂u∞Γ̂∗u∞)k − 1

p
ETr(Γ̂u∞Γ̂∗u∞)k) = 0, a.s.. (7.62)

Again by (7.22) and (7.36), we have for all u ≥ 0 and k ≥ 1,

lim
q→∞

lim
p→∞

1

p
ETr(Γ̂uqΓ̂

∗
uq)

k <∞ and (7.63)

lim
q→∞

lim
p→∞

1

p
ETr(Γ̂u∞Γ̂∗u∞)k <∞. (7.64)

Therefore, by (7.61) (7.62), (7.63) and (7.64), (7.57) and (7.58) hold.

Hence, (7.45) is proved for monomials.

Similar arguments work for polynomial also. For example, if gq = π1q + π2q and

gq = π1∞ + π2∞ where π1q, π2q, π1∞ and π2∞ are monomials. Then

|p−1Tr(gq − g∞)(gq − g∞)∗|

≤ p−1Tr(π1q − π1∞)(π1q − π1∞)∗ + p−1Tr(π2q − π2∞)(π2q − π2∞)∗

+2
√
p−1Tr(π1q − π1∞)(π1q − π1∞)∗p−1Tr(π2q − π2∞)(π2q − π2∞)∗

→ 0, as (7.45) holds for monomials (7.65)

Therefore, (7.45) is proved for any polynomial. This completes the proof of Lemma

7.3.7.

Proof of Theorem 7.3.4. Recall Fp,q and Fp,∞ respectively defined in (7.43) and

(7.44). Also recall Fq and F∞ in Lemma 7.3.5. Let L(F,G) be the Levy distance

between distribution functions F and G.

To prove this theorem, our goal is to show limp→∞ L(Fp,∞, F∞) = 0, almost surely.

All the inequalities, equalities and limits below are in almost sure sense.
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Note that

L(Fp,∞, F∞) ≤ L(Fp,∞, Fp,q) + L(Fp,q, Fq) + L(Fq, F∞). (7.66)

Now, taking limit as p→∞ on both sides of (7.66), by Theorem 7.3.1, we have

lim
p→∞

L(Fp,∞, F∞) ≤ lim
p→∞

L(Fp,∞, Fp,q) + L(Fq, F∞), ∀q ≥ 0. (7.67)

Finally taking limit as q →∞ on both sides of (7.67), by Lemmas 7.3.5 and 7.3.7,

lim
p→∞

L(Fp,∞, F∞) ≤ lim
q→∞

lim
p→∞

L(Fp,∞, Fp,q) + lim
q→∞

L(Fq, F∞) = 0.

Hence the proof of Theorem 7.3.4 is complete.

7.3.2 Consequences of Theorems 7.3.1 and 7.3.4, y 6= 0

We now list some consequences of Theorems 7.3.1 and 7.3.4. In particular we

also show how the existing results follow from these theorems under significantly

weaker conditions.

The following corollary describes the LSD of {Γ̂u+Γ̂∗u} and implies Theorem 7.2.4

(Liu et al. [2015]). Recall the class U(δ) of independent random variables defined

in (7.2).

Corollary 7.3.8. (a) Consider the model (3.7) (or (7.21)). Suppose (B1), (B3)

and (B) hold and n, p(n)→∞, p/n→ y > 0. Then the LSD of 1
2
(Γ̂u + Γ̂∗u) exists

almost surely and its Stieltjes transformation is given by (5.76)-(5.79).

(b) Under the additional assumption (B4), the above result in (a) holds for the

model (3.2) (or (7.3)) once we replace q by ∞.

(c) The above results in (a) and (b) hold if instead of (B3) we assume (B2) or

{εi,j : i, j ≥ 1} ∈ U(δ) for some δ ∈ (0, 2].
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(d) Consider the model (3.7) (or (7.21)). Then the almost sure LSD of 1
2
(Γ̂u+Γ̂∗u)

are identical whenever u > q and are different for u ≤ q.

Proof. (a) Existence of the LSD of 1
2
(Γ̂u + Γ̂∗u) is immediate from Theorem 7.3.1.

Recall the matrices {∆u} in (7.23). By Theorems 5.4.1 and 7.3.1, LSD of

1
2
(Γ̂u + Γ̂∗u) and 1

2
(∆u + ∆∗u) are identical and therefore their limiting Stieltjes

transformations are same. By Corollary 5.4.7, the Stieltjes transformation of the

LSD of 1
2
(∆u+∆∗u) is given by (5.76)-(5.79). Hence, the same is true for 1

2
(Γ̂u+Γ̂∗u)

and the proof of (a) is complete.

(b) This is immediate from Theorem 7.3.4.

(c) This proof needs appropriate truncation on the support of {εi,j} and is very

technical. We defer the proof to Section 7.5.

(d) By Theorem 7.3.1, the LSD of 1
2
(Γ̂u + Γ̂∗u) depends on u only through the

distribution of {cj1−j2+u, cj2−j1−u : 0 ≤ j1, j2 ≤ q}. Now by (7.19), note that

the distribution of {cj1−j2+u, cj2−j1−u : 0 ≤ j1, j2 ≤ q} are identical for u > q.

Therefore, the LSD of 1
2
(Γ̂u + Γ̂∗u) are identical for u > q. Moreover, by Theorem

7.3.1 and Lemma 4.3.6 (a), for u ≤ q we have

lim
1

p
ETr(Γ̂u + Γ̂∗u) = y−1(1 + y)ϕ̄(γ̄uq + γ̄uq∗)

= y−1(1 + y)2ϕ̄

(
q−u∑
j=0

η̄j η̄
∗
j+u +

q−u∑
j=0

η̄∗j η̄j+u

)
. (7.68)

These vary as u varies. Hence LSD of 1
2
(Γ̂u + Γ̂∗u) are different for 0 ≤ u ≤ q.

Remark 7.3.9. Under Assumption (WAP), the Stieltjes transform equations

given in (5.76)-(5.79) (with q = ∞) reduce to equations (7.6)-(7.8). This is

easy to see once we observe that under (WAP), ϕodd(·) in (5.76)-(5.79) reduces to∫
· dF . Thus Corollary 7.3.8 in conjunction with Corollary 5.4.7 implies Theorem

7.2.4 (Liu et al. [2015]).

The following corollary describes the LSD of Γ̂u + Γ̂∗u when ψj = λjIp, ∀j and
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implies Theorem 7.2.3 (Pfaffel and Schlemm [2011]).

Corollary 7.3.10. (a) Consider the model (3.7) (or (7.21)). Suppose (B1) and

(B3) hold and n, p(n) → ∞, p/n → y > 0. Let ψj = λjIp, ∀j and Ip is as in

(2.8). Then for each u ≥ 1, the almost sure LSD of 1
2
(Γ̂u + Γ̂∗u) exists and its

limiting Stieltjes transformation satisfies (only one solution yields a valid Stieltjes

transform)

z = − 1

mu(z)
+

1

2π

∫ 2π

0

dθ

ymu(z) + f−1(θ)
, z ∈ C+ where (7.69)

f(θ) = cos(uθ)|
q∑

k=0

λke
ikθ|2. (7.70)

(b) Under the additional assumption
∑∞

j=0 |λj| < ∞, the result in (a) holds for

the model (3.2) (or (7.3)) once we replace q by ∞.

(c) The results in (a) and (b) continue to hold if instead of (B3) we assume

{εi,j : i, j ≥ 1} ∈ U(δ) for some δ > 0.

Proof. (a) Recall the definition of free cumulant κ in (4.56). Note that by The-

orems 5.4.1 and 7.3.1, the LSD of 1
2
(Γ̂u + Γ̂∗u) and 1

2
(∆u + ∆∗u) are identical and

therefore, their free cumulants are also same. By Corollary 5.4.8, free cumulants

of the LSD of 1
2
(Γ̂u + Γ̂∗u) are given by

κur =
1

2yπ

∫ 2π

0

(yf(θ))rdθ, ∀r ≥ 1. (7.71)

Recall the free cumulant generating function C(·) in (4.60). Note that |κur| ≤

Cr, ∀r ≥ 1 and some C > 0. Therefore, for z ∈ C+ and |z| small,

C(z) = 1 +
∞∑
r=1

κurz
r = 1 +

1

2yπ

∫ 2π

0

yzf(θ)dθ

1− yzf(θ)
. (7.72)

Note that mu(z) → 0 as |z| → ∞. Hence, by (4.61), for some K > 0 and all
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|z| > K, z ∈ C+

−zmu(z) = C(−mu(z)) = 1− 1

2yπ

∫ 2π

0

ymu(z)f(θ)dθ

1 + ymu(z)f(θ)
. (7.73)

Upon simplifying, (7.73) reduces to (7.69) for large |z|. Using analyticity, (7.69)

continues to hold for z ∈ C+. We omit the details. Hence (a) is proved.

(b) follows from Corollary 7.3.8 (b) as under ψj = λjIp, ∀j, (B4) reduces to∑∞
j=0 |λj| <∞. (c) is immediate from Corollary 7.3.8 (c).

Remark 7.3.11. Corollary 7.3.10 (c) implies Theorem 7.2.3 (Pfaffel and Schlemm

[2011]) as (B2) imples {εi,j : i, j ≥ 1} ∈ U(δ) for some δ ∈ (0, 2].

The following corollary describes the LSD of Γ̂uΓ̂
∗
u. This result appears to be

completely new in the literature. Recall the classes U(δ) and L4 of independent

random variables respectively in (7.2) and (7.14).

Corollary 7.3.12. (a) Consider the model (3.7) (or (7.21)). Suppose (B1), (B3)

and (B) hold and n, p(n) → ∞, p/n → y > 0. Then the LSD of Γ̂uΓ̂
∗
u exists

almost surely.

(b) Under the additional assumption (B4), the above result in (a) holds for the

model (3.2) (or (7.3)) once we replace q by ∞.

(c) The above results in (a) and (b) hold if instead of (B3) we assume (B2) or

{εi,j : i, j ≥ 1} ∈ L4 ∩ U(δ) for some δ ∈ (0, 2].

(d) The almost sure LSD of Γ̂uΓ̂
∗
u (in (a)) are identical whenever u > q and are

different for u ≤ q.

Proof. (a) and (b) follow immediately from Theorems 7.3.1 and 7.3.4. To prove

(c) we need appropriate truncation on {εi,j} and the arguments are very technical.

We provide the details in Section 7.6. The first part of (d) i.e. ‘the LSD of Γ̂uΓ̂
∗
u

are identical whenever u > q’ is true for the same reason as given in the proof
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of Corollary 7.3.8 (d). For the second part of (d), by Theorem 7.3.1 and Lemma

4.3.6 (a), for all u ≤ q note that

lim
1

p
ETr(Γ̂uΓ̂

∗
u) =

1 + y

y
ϕ̄(γ̄uqγ̄

∗
uq) = y−1(1 + y)3

q−u∑
i,j=0

ϕ̄(η̄iη̄
∗
i+uη̄j η̄

∗
j+u)

+ y−1(1 + y)3
∑

0≤i,j,j′≤u
0≤i+j′−j≤q

ϕ̄(η̄j η̄
∗
i+j′−j)ϕ̄(η̄j′ η̄

∗
i ).

These expressions are different for different values of u. Therefore, the LSD of

Γ̂uΓ̂
∗
u are different for 0 ≤ u ≤ q. Hence, (d) is proved. This completes the proof

of Corollary 7.3.12.

The following corollary describes the LSD of Γ̂0, {Γ̂u + Γ̂∗u}u≥1 and {Γ̂uΓ̂∗u}u≥1 for

the MA(0) process and implies Theorems 7.2.1 (Bai and Silverstein [2009]) and

7.2.2 (Jin et al. [2014]). Recall the Marčenko-Pastur law MPy with parameter

y > 0 satisfying the moment sequence (4.25).

Corollary 7.3.13. Consider the model (3.5) (or (7.1)). Suppose (B1) holds and

n, p(n)→∞, p/n→ y > 0. Then the following statements are true.

(a) Suppose (B3) is satisfied or {εi,j : i, j ≥ 1} ∈ U(0). Then the almost sure

LSD of Γ̂0 is the MPy law.

(b) Suppose (B3) is satisfied or {εi,j : i, j ≥ 1} ∈ U(δ) for some δ ∈ (0, 2]. Then

for each u ≥ 1, the almost sure LSD of 1
2
(Γ̂u + Γ̂∗u) exists and its limiting Stieltjes

transformation is given by (5.90).

(c) Suppose (B3) is satisfied or {εi,j : i, j ≥ 1} ∈ L4 ∩ U(δ) for some δ ∈ (0, 2].

Then for each u ≥ 1, the almost sure LSD of Γ̂uΓ̂
∗
u exists and its moment sequence

is given by (5.106).

Proof. We prove all the above results under (B3). To prove the results under the

corresponding alternative assumptions, we need appropriate truncation on {εi,j}

and follow the same arguments as in the proof of Corollary 7.3.8 (c) given later
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in Section 7.5. We shall not provide the details of the truncation arguments.

Recall the matrix Z in (4.2.3). Now note that, under (B1) and (B3), by

Theorems 5.4.1 and 7.3.1, LSD of (a) n−1ZZ∗ and Γ̂0, (b) 1
2n
Z(Pu + P−u)Z

∗

and 1
2
(Γ̂u + Γ̂∗u) and (c) p−2ZPuZ

∗ZP−uZ
∗ and Γ̂uΓ̂

∗
u are identical. Therefore, by

Corollaries 5.4.9 , 5.4.11 and 5.4.12, Corollary 7.3.13 follows.

Remark 7.3.14. Corollary 7.3.13 (a) and (b) respectively imply Theorems 7.2.1

(Bai and Silverstein [2009]) and 7.2.2 (Jin et al. [2014]).

7.3.3 LSD for p/n→ 0

Now we shall discuss the LSD of any symmetric polynomial in {Γ̂u} for the case

p, n(p) → ∞ such that p/n → 0. Consider the collection of non-commutative

variables {wu,j1,j2}, whose free cumulants are as follows:

For all j1, j2, . . . ≥ 1 and u1, u2, . . . = 0,±1,±2, . . .,

w∗u,j1,j2 = w−u,j2,j1 , (7.74)

κ2(wu1,j1,j2 , wu2,j3,j4) =
1

2π

∫ 2π

0

ei(j1−j2+u1)θei(j3−j4+u2)θ dθ

=

1, if j1 − j2 + j3 − j4 = −(u1 + u2)

0, otherwise,

(7.75)

κr(wui,j2i−1,j2i : 1 ≤ i ≤ r) = 0, ∀r 6= 2. (7.76)

As mentioned in Section 6.3, the above sequence of free cumulants naturally define

a state, say ϕw, on Span{wu,l,i : u, l, i ≥ 1}. This is because, the moments and

free cumulants are in one-to-one correspondence (see (4.56) and (4.58) in Chapter

4).

Recall (Aodd, ϕodd) and {ηj, η∗j} respectively in (5.13) and (7.17). Also recall the

free product (B, ϕ0) of (Aodd, ϕodd) and (Span{wu,l,i : u, l, i ≥ 1}, ϕw) in (6.41).

Therefore, {wu,j1,j2} and {ηj, η∗j} are free in (B, ϕ0).



233 LSD of any symmetric polynomial in {Γ̂u, Γ̂∗u}

Consider the following polynomial in B

Suq =

q∑
j1,j2=0

ηj1wu,j1,j2η
∗
j2
, ∀u, q ≥ 0. (7.77)

Recall the population autocovariance matrices {Γu} defined in (3.1):

Γu =

q−u∑
j=0

ψjψ
∗
j+u, ∀u ≥ 0.

Note that, by (7.17),

(Span{Γu,Γ∗u : u ≥ 0}, p−1Tr)→ (Span{Guq, G
∗
uq : u ≥ 0}, ϕη), (7.78)

where

Guq =

q−u∑
j=0

ηjη
∗
j+u, ∀u, q ≥ 0. (7.79)

Now we shall state our LSD result for general self-adjoint polynomials Π(Γ̂u, Γ̂
∗
u :

u ≥ 0). To describe the limit write Π(Γ̂u, Γ̂
∗
u : u ≥ 0) in the form

Π(Γ̂u, Γ̂
∗
u : u ≥ 0) =

T∑
l=1

βl
( kl∏
i=1

Γ̂
εl,i
ul,i

)
, (7.80)

where εl,i ∈ {1, ∗} and ul,i ∈ {0, 1, 2, . . .}.

Then we have the following Theorem (see Bhattacharjee and Bose [2015b]).

Theorem 7.3.15. Consider the model (3.7) (or (7.21)). Suppose (B1), (B3) and

(B) hold and p, n(p)→∞, p/n→ 0. Then the LSD of the self-adjoint polynomial

√
np−1

(
Π(Γ̂u, Γ̂

∗
u : u ≥ 0)− Π(Γu,Γ

∗
u : u ≥ 0)

)
(7.81)
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exists almost surely and is distributed as

T∑
l=1

βl

( ∑
νl,i∈{0,1}∑
i νl,i=1

kl∏
i=1

G
εl,i(1−νl,i)
ul,iq S

εl,iνl,i
ul,iq

)
. (7.82)

where {Suq} and {Guq} are as in (7.77) and (7.79).

Proof. As in the proof of Theorem 7.3.1, to prove the above theorem, we use the

moment method and Lemma 4.2.1 as described in Section 4.2. Recall {∆u} given

in (5.1). The following lemma, describes the approximation of {Γ̂u} by {∆u} and

is an analogue of Lemma 7.3.2 given earlier for the p/n → y > 0 case. Proof of

this lemma follows the same arguments as the proof of Lemma 7.3.2 and therefore

we omit it.

Lemma 7.3.16. Consider the model (7.21). Suppose (B1), (B3) and (B) hold

and p, n(p)→∞, p/n→ 0. Then the following statements are true.

(a) For any polynomial Π,

lim p−1ETr
(√

np−1(Π(Γ̂u, Γ̂
∗
u : u ≥ 0)− Π(Γu,Γ

∗
u : u ≥ 0))

)
= lim p−1ETr

(√
np−1(Π(∆u,∆

∗
u : u ≥ 0)− Π(Γu,Γ

∗
u : u ≥ 0))

)
. (7.83)

(b) Let, for 1 ≤ i ≤ T , mi be polynomials. Let for all 1 ≤ i ≤ T ,

Pi = Tr
(√

np−1(mi(∆u,∆
∗
u : u ≥ 0)−mi(Γu,Γ

∗
u : u ≥ 0))

)
, P0

i = EPi,

P̃i = Tr
(√

np−1(mi(Γ̂u, Γ̂
∗
u : u ≥ 0)−mi(Γu,Γ

∗
u : u ≥ 0))

)
, P̃0

i = EP̃i.

Then we have

limE(
T∏
i=1

(P̃i − P̃0
i )) = limE(

T∏
i=1

(Pi − P0
i )). (7.84)

Now it is easy to see that, exactly like the proof of Theorem 7.3.1, here (M1),
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(M4) and (C) hold by application of Theorems 6.3.1, 6.4.1 and Lemma 7.3.16.

This completes the proof of Theorem 7.3.15.

We now consider the case q =∞ (see Bhattacharjee and Bose [2015b]). Proof of

Theorem 7.3.17 follows the same arguments as in the proof of Theorem 7.3.4 and

hence we omit the proof.

Theorem 7.3.17. Consider the model (3.2) (or (7.3)). Suppose (B1), (B3), (B)

and (B4) hold and p, n(p)→∞, p/n→ 0. Let Π(Γ̂u, Γ̂
∗
u : u ≥ 0) be as in (7.80).

Then LSD of the self-adjoint polynomial

√
np−1

(
Π(Γ̂u, Γ̂

∗
u : u ≥ 0)− Π(Γu,Γ

∗
u : u ≥ 0)

)
(7.85)

exists almost surely and is distributed as

T∑
l=1

βl

( ∑
νl,i∈{0,1}∑
i νl,i=1

kl∏
i=1

G
εl,i(1−νl,i)
ul,i∞ S

εl,iνl,i
ul,i∞

)
. (7.86)

7.3.4 Consequence of Theorems 7.3.15 and 7.3.17, y = 0

We now list some consequences of Theorems 7.3.15 and 7.3.17. In particular we

also show how the existing results follow from these theorems under significantly

weaker conditions. The last corollary is apparently new in the literature.

The following corollary describes the LSD of Γ̂u + Γ̂∗u and implies Theorem 7.2.5

(Wang et al. [2015]). Recall the class U(δ) of independent random variables given

in (7.2).

Corollary 7.3.18. (a) Consider the model (7.21). Suppose (B1), (B3) and (B)

hold and p, n(p) → ∞, p/n → 0. Then the LSD guq of
√
np−1

(
2−1(Γ̂u + Γ̂∗u) −
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2−1(Γu + Γ∗u)
)

exists almost surely and

guq
D
=

1

2

( q∑
j1,j2=0

ηj1wu,j1,j2η
∗
j2

+

q∑
j1,j2=0

ηj2w−u,j2,j1η
∗
j1

)
. (7.87)

The Stieltjes transformation of guq is given by (6.58)-(6.55).

(b) Under the additional assumption (B4), the above result in (a) holds for the

model (3.2) once we replace q by ∞.

(c) The above results in (a) and (b) hold if instead of (B3) we assume (B2) or

{εi,j : i, j ≥ 1} ∈ U(δ) for some δ ∈ (0, 2].

(d) Consider the model (3.7). Then the almost sure LSD of
√
np−1

(
2−1(Γ̂u +

Γ̂∗u)− 2−1(Γu + Γ∗u)
)

are identical whenever u > q and are different for u ≤ q.

Proof. (a) Existence of the LSD of
√
np−1

(
2−1(Γ̂u+Γ̂∗u)−2−1(Γu+Γ∗u)

)
and (7.87)

are immediate from Theorem 7.3.15 once we put T = 2, k1 = k2 = β1 = β2 = 1,

u1,1 = u2,1 = u, ε1,1 = 1, ε2,1 = ∗. Recall the matrices {∆u} in (5.1). By

Theorems 6.4.1 and 7.3.15, LSD of
√
np−1

(
2−1(Γ̂u + Γ̂∗u) − 2−1(Γu + Γ∗u)

)
and√

np−1
(
2−1(∆u + ∆∗u) − 2−1(Γu + Γ∗u)

)
are identical and therefore their limiting

Stieltjes transformations are same. By Corollary 6.4.6, the Stieltjes transformation

of the LSD of
√
np−1

(
2−1(∆u + ∆∗u) − 2−1(Γu + Γ∗u)

)
is given by (6.58)-(6.55).

Hence, the same is true for
√
np−1

(
2−1(Γ̂u + Γ̂∗u) − 2−1(Γu + Γ∗u)

)
and the proof

of (a) is complete.

(b) This is immediate from Theorem 7.3.17.

(c) This proof needs appropriate truncation on the support of {εi,j} and is very

technical. We provide the truncation arguments in Section 7.7.

(d) Note that for each fixed u, guq depends on the distribution of {wu,j1,j2 , w−u,j2,j1 :

1 ≤ j1, j2 ≤ q} only. By (7.75), the distribution of {wu,j1,j2 , w−u,j2,j1 : 1 ≤ j1, j2 ≤
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q} is characterized by the second order cumulants,

κ2(wv,j1,j2 , ww,k1,k2) =

1, if j1 − j2 + k1 − k2 = ±2u or 0; v, w = ±u,

0, otherwise.

Now note that for an MA(q) process, −2q ≤ j1 − j2 + k1 − k2 ≤ 2q. Hence,

for u > q, j1 − j2 + k1 − k2 = ±2u can never happen. Therefore, for u > q, the

distribution of {wu,j1,j2 , w−u,j2,j1 : 1 ≤ j1, j2 ≤ q} does not depends on u and hence

guq, u ≥ q, are identically distributed. Now, note that for u ≤ q

ϕ0(g2
uq) =

∑
0≤j1,j2,k1≤q

0≤j1+k1−j2−2u≤q

ϕ0(η∗j2ηk1)ϕ0(ηj1η
∗
j1+k1−j2−2u)

+
∑

0≤j1,j2,k1≤q
0≤j1+k1−j2+2u≤q

ϕ0(η∗j2ηk1)ϕ0(ηj1η
∗
j1+k1−j2+2u)

+
∑

0≤j1,j2,k1≤q
0≤j1+k1−j2≤q

ϕ0(η∗j2ηk1)ϕ0(ηj1η
∗
j1+k1−j2).

These are different as u varies. Therefore, the distribution of guq are different for

0 ≤ u ≤ q. Hence, (d) is proved.

Remark 7.3.19. Using Corollary 7.3.18 (b), it can be shown that under As-

sumption (WAP), ϕ0(·) in (6.58)-(6.55) reduces to
∫
· dF . Hence, the Stielt-

jes transform equations given in (6.58)-(6.55) (with q = ∞) reduce to equations

(7.8)-(7.11). Thus Corollary 7.3.18 in conjunction with Corollary 6.4.6 implies

Theorem 7.2.5 (Wang et al. [2015]).

Thus we have shown that the existing LSD results in the literature (Bai and

Silverstein [2009], Jin et al. [2014], Pfaffel and Schlemm [2011], Liu et al. [2015]

and Wang et al. [2015]) follow as special cases of our results.

The following result is apparently new in the literature.
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Corollary 7.3.20. Suppose Xt = εt + λεt−1, ∀t, λ ∈ R. Suppose (B1) and

(B3) hold. Then the almost sure LSD of
√
np−1(Γ̂1Γ̂∗1 − λ2Ip) is distributed as

√
2λ((1 + λ2)s1 + λs2 +

√
2λs3) where s1, s2 and s3 are free standard semicircle

variables.

Proof. Recall Π(Γ̂u, Γ̂
∗
u : u ≥ 0) in (7.80). Note that Γ̂uΓ̂

∗
u = Π(Γ̂u, Γ̂

∗
u : u ≥ 0)

with T = 1, β1 = 1, k1 = 2, ε1,1 = 1, ε1,2 = ∗, u1,1 = 1, u1,2 = 1. By (7.17),

η0 = 1Aodd
, η1 = λ1Aodd

, ηj = 0 ∀j > 1. Therefore, by (7.77),

S11 = w1,0,0 + λ2w1,1,1 + λw1,1,0 + λw1,0,1, (7.88)

where by (7.74), (7.75) and (7.76),

κ2(w1,0,0, w
∗
1,0,0) = κ2(w1,1,1, w

∗
1,1,1) = κ2(w1,1,0, w

∗
1,1,0) = κ2(w1,0,1, w

∗
1,0,1) = 1,

(7.89)

κ2(w∗1,0,0, w1,1,1) = κ2(w1,0,0, w
∗
1,1,1) = κ2(w1,1,0, w1,1,0) = κ2(w1,0,1, w1,0,1) = 1,

(7.90)

and all other joint free cumulants of (w1,0,0, w1,1,1, w1,1,0, w1,0,1) are zero.

By (7.79)

G11 = G∗11 = λ1Aodd
. (7.91)

Hence, by Theorem 7.3.15, the almost sure LSD of
√
np−1(Γ̂1Γ̂∗1 − λ2Ip) is dis-

tributed as

S11G
∗
11 +G11S

∗
11 (see (7.82))

= λ(w1,0,0 + λ2w1,1,1 + λw1,1,0 + λw1,0,1) + λ(w1,0,0 + λ2w1,1,1 + λw1,1,0 + λw1,0,1)∗

= g1 + g∗1, say (7.92)
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where g1 = λ(w1,0,0 + λ2w1,1,1 + λw1,1,0 + λw1,0,1). Let w1 and w2 be circular ele-

ments with κ2(w1, w
∗
1) = κ2(w2, w

∗
2) = 1 and s3 be a standard semicircle variable.

Moreover, suppose w1, w2 and w3 are free. Then by (7.89) and (7.90), g1 has same

distribution as λ(1+λ2)w1 +λ2w2 +λ2s3. Therefore, g1 +g∗1 has same distribution

as λ(1 + λ2)(w1 + w∗1) + λ2(w2 + w∗2) + 2λ2s3. Now, note that (w1 + w∗1) is a self-

adjoint element with all marginal cumulants zero except κ2(w1 +w∗1, w1 +w∗1) = 2.

Therefore, by Definition 4.3.5, (w1 +w∗1) is distributed as
√

2s1, where s1 is a stan-

dard semi-circle variable. Similarly, (w2 + w∗2) is distributed as
√

2s2, where s2

is a standard semi-circle variable. Therefore, g1 + g∗1 has same distribution as
√

2λ((1 + λ2)s1 + λs2 +
√

2λs3) where s1, s2 and s3 are free standard semicircle

variables. This completes the proof of Corollary 7.3.20.

7.4 Proof of Lemma 7.3.2

Here we shall only prove (a). We omit the proof of (b) as similar arguments will

go through for (b) also.

Note that, when Xt ∼MA(q) process, we have

Xt = (ψ0 ψ1 ψ2 . . . ψq)(ε
∗
t ε∗t−1 ε∗t−2 . . . ε

∗
t−q)

∗ ∀t, n ≥ 1.

Therefore, by the definition of autocovariance matrices, the sample autocovariance

matrix of order k is given by

nΓ̂k =

q∑
j,j′=0

ψj Γ̂j′−j+k(ε) ψ
∗
j′ −

q∑
j,j′=0

j−j′ 6=k

n∑
t=n−j+1

ψjεt,pε
∗
t−(j′+k−j)ψ

∗
j′

+

q∑
j,j′=0

j−j′ 6=k

j′+k−j∑
t=k−j+1

ψjεtε
∗
t−(j′+k−j)ψ

∗
j′ +

q∑
j=0

n∑
t=n−j+1

ψjεtε
∗
tψ
∗
j−k.p

+

q∑
j=0

0∑
t=k−j+1

ψ
(n)
j εtε

∗
tψ
∗
j−k
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= n∆k +R1n +R2n +R3n +R4n, (say). (7.93)

Note that, for any k matrices A1, A2, . . . , Ak of order p and for some integers

r1, p1, r2, p2 . . . , rk, pk ≥ 1,
∑k

j=1 r
−1
j = 2,

∑k
j=1 p

−1
j = 1, we have

1

p
ETr(A1A2 . . . Ak) ≤ E

[ k∏
j=1

(
1

p
Tr(A∗jAj)

rj

) 1
2rj

]

≤
k∏
j=1

[
E

(
1

p
Tr(A∗jAj)

rj

) pj
2rj

]1/pj

. (7.94)

Moreover, for any polynomial Π, (Π(Γ̂i, Γ̂
∗
i : i ≥ 0) − Π(∆i,∆

∗
i : i ≥ 0)) involves

monomials with at least one of R1n, R2n, R3n or R4n. Hence, to show (a), by

(7.94), it suffices to show, for all r, s ≥ 1 and i = 1, 2, 3, 4,

limE
(
p−1Tr (∆∗u∆u)

r)s < ∞, and (7.95)

E
(
p−1Tr

(
n−2R∗inRin

)r)s → 0. (7.96)

Now (7.95) follows as

E
(
p−1Tr (∆∗u∆u)

r)s ≤ E
(
p−1Tr (∆∗u∆u)

K
)rs/K

, where K > rs

≤
(
p−1ETr (∆∗u∆u)

K
)rs/K

and as lim p−1ETr (∆∗u∆u)
K < ∞, which we have already proved in the proof of

Theorem 5.3.1.

Now we shall prove (7.96). Note that

|E
(
Tr
(
n−2R∗inRin

)r)s | ≤ E
(
Tr
(
n−2R∗inRin

))rs
. (7.97)

Therefore, to prove (7.96), by (7.97), it is enough to show, for all r ≥ 1, there is



241 Proof of Lemma 7.3.2

Cr > 0, such that

|E
(
Tr
(
n−2R∗inRin

))r | < Cr, ∀n ≥ 1. (7.98)

Let us first prove (7.98) for i = 1. Similar idea will work to prove (7.98) for i > 1.

Recall the definition of R1n in (7.93). Note that to prove (7.98) for i = 1, it

suffices to show, for r ≥ 1, sk > 0 and {Ak} ∈ Span{ψj, ψ∗j : j ≥ 0}, there is

Cr > 0 such that for all n ≥ 1,

|E
r∏

k=1

(
n−2Tr(A2k−1εt2k−1

ε∗t2k−1−s2k−1
A2kεt2k−s2kε

∗
t2k

)
)
| < Cr. (7.99)

To prove (7.99), we use induction method on r. For r = 1, by Assumption (A3),

|E
(
n−2Tr(A1εt1ε

∗
t1−s1A2εt2−s2ε

∗
t2

)
)
|

≤ |
2∏
i=1

1

n
Tr(A1)| < C1, ∀n ≥ 1 and for some C1 > 0.

Suppose (7.99) is true for all r ≤ m. Now for r = m+ 1, consider

E
m+1∏
k=1

(
n−2Tr(A2k−1εt2k−1

ε∗t2k−1−s2k−1
A2kεt2k−s2kε

∗
t2k

)
)
. (7.100)

As {εi,j} are independent and of mean 0, {εt} has to be matched for a non-zero

contribution. Now the following two cases may happen.

Case 1. If matchings are such that no index in {t2ku−1, t2ku−1− s2ku−1, t2ku , t2ku−

s2ku : 1 ≤ u ≤ U < m+1} matches with any index in {t2k−1, t2k−1−s2k−1, t2k, t2k−

s2k : k 6= ku, ∀1 ≤ u ≤ U < m+ 1}, then (7.100) would become

|

(
E

U∏
u=1

(
n−2Tr(A2ku−1εt2ku−1

ε∗t2ku−1−s2ku−1
A2kuεt2ku−s2kuε

∗
t2ku

)
))
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(
E
∏
k 6=ku

(
n−2Tr(A2k−1εt2k−1

ε∗t2k−1−s2k−1
A2kεt2k−s2kε

∗
t2k

)
))
|

≤ C, using (7.99) for r = U ≤ m and r = m+ 1− U ≤ m.

Case 2. A typical matching which is not covered in Case 1, is of the following

form

t2k = t2k+1, s2k = s2k+1, ∀1 ≤ k ≤ m. (7.101)

Then (7.100) reduces to

n−2(m+1)ETr

[(m+1∏
k=1

At2kεt2k−s2kε
∗
t2k+1−s2k+1

)
(7.102)( m∏

k=0

A2(m−k)+1εt2(m−k)+1
ε∗t2(t−m)

)]
,

where t2m+3 − s2m+3 = t2m+2 and restriction (7.101) holds. Now, using the idea

as in the proof of (M1) condition for {∆i,∆
∗
i } in Theorem 5.3.1, it is easy to see

that (7.102) is bounded for all n ≥ 1. Hence (7.99) is established for r = m + 1.

Therefore, proof of (7.99) and hence Lemma 7.3.2 (a) is complete.

7.5 Proof of Corollary 7.3.8 (c)

This proof is similar to the truncation arguments given in Jin et al. [2014]. Let

Xt ∼ MA(q), q ≥ 1 process and suppose Assumptions (B1), (B4) hold, {εi,j} ∈

U(δ) and p/n→ y ∈ (0,∞). Let

ε̃t,i = εt,iI(|εt,i| < ηnn
1

2+δ ), ε̂t,i = ε̃t,i − E(ε̃t,i), ∀t, i and some ηn ↓ 0,

σ2
t,i = E|ε̂t,i|2, ∆ = n−

δ
4+2δ , Xt,i = 2Ber(0.5)− 1, i.i.d. for all t, i,
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ε̄t,i =

Xt,i, if σ2
t,i < 1−∆,

ε̂t,i
σt,i
, otherwise,

Γ̂i(ε), Γ̃i(ε),
ˆ̂
Γi(ε), Γ̄i(ε) = i-th order sample autocovariance matrix of

{εt,i}, {ε̃t,i}, {ε̂t,i}, {ε̄t,i}(respectively),

T̂i =

q∑
j,j′=0

ψjΓ̂j−j′+i(ε)ψ
∗
j′ , T̃i =

q∑
j,j′=0

ψjΓ̃j−j′+i(ε)ψ
∗
j′ ,

ˆ̂
Ti =

q∑
j,j′=0

ψj
ˆ̂
Γj−j′+i(ε)ψ

∗
j′ , T̄i =

q∑
j,j′=0

ψjΓ̄j−j′+i(ε)ψ
∗
j′ .

Let FA denote the ESD of the matrix A and L denote the Lévy metric on the

space of probability distribution functions. Existence of the LSD of {T̄i + T̄ ∗i }i≥0

follows by Theorem 7.3.1. We will actually show that the LSD of {Γ̂i + Γ̂∗i }i≥0 is

same as that of {T̄i + T̄ ∗i }i≥0 by showing that L(F Γ̂i+Γ̂∗i , F T̄i+T̄
∗
i )→ 0 ∀i ≥ 0 a.s..

Note that

L(F Γ̂i+Γ̂∗i , F T̄i+T̄
∗
i ) ≤ L(F Γ̂i+Γ̂∗i , F T̂i+T̂

∗
i ) + L(F T̂i+T̂

∗
i , F T̃i+T̃

∗
i )

+L(F T̃i+T̃
∗
i , F

ˆ̂
Ti+

ˆ̂
T ∗i ) + L(F

ˆ̂
Ti+

ˆ̂
T ∗i , F T̄i+T̄

∗
i )

= B1 +B2 +B3 +B4, (say). (7.103)

We will show that, for each 1 ≤ i ≤ 4, Bi → 0 almost surely.

Proof of B1 → 0. By Theorem A.43 in Bai and Silverstein [2009], we have

B1 ≤ 2p−1 (rank(R1n) + rank(R2n) + rank(R3n) + rank(R4n))

≤ 8q

p
→ 0 a.s.. (7.104)

where R1n, R2n, R3n and R4n are as in (7.93).

Proof of B2 → 0. By Theorem A.43 in Bai and Silverstein [2009], we have for
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some C > 0

B2 ≤
1

p
rank(T̂i + T̂ ∗i − T̃i − T̃ ∗i ) ≤ 2

p
rank(T̂i − T̃i)

≤ 1

p
rank

(
q∑

j,j′=0

ψj

(
Γ̂j−j′+i(ε)− Γ̃j−j′+i(ε)

)
ψ∗j′

)

≤ C

p
rank(Γ̂i(ε)− Γ̃i(ε))→ 0 a.s. (7.105)

(see page 1210 in Jin et al. [2014]).

Proof of B3 → 0. Recall || · ||2 in (2.4). By Theorem A.45 in Bai and Silverstein

[2009], we have for some C > 0,

B3 ≤ ||T̃i + T̃ ∗i −
ˆ̂
Ti − ˆ̂

T ∗i ||2

≤ C||Γ̃i(ε)− ˆ̂
Γi(ε)||2 → 0 a.s. (7.106)

(see page 1211 in Jin et al. [2014]).

Proof of B4 → 0. By Corollary A.41 in Bai and Silverstein [2009], we have

B3
4 ≤

1

p
Tr
(

(
ˆ̂
Ti +

ˆ̂
T ∗i − T̄i − T̄ ∗i )(

ˆ̂
Ti +

ˆ̂
T ∗i − T̄i − T̄ ∗i )∗

)
≤ 4

p
Tr
(

(
ˆ̂
Ti − T̄i)( ˆ̂

Ti − T̄i)∗
)

=
4

p

q∑
j,j′,k,k′=0

Tr

(
ψj

(
ˆ̂
Γj−j′+i(ε)− Γ̄j−j′+i(ε)

)
ψ∗j′

ψk′
(

ˆ̂
Γk−k′+i(ε)− Γ̄k−k′+i(ε)

)∗
ψ∗k

)
≤ 4

( q∑
j,j′=0

[
p−1Tr

(
ψj

(
ˆ̂
Γj−j′+i(ε)− Γ̄j−j′+i(ε)

)
ψ∗j′

ψj′
(

ˆ̂
Γj−j′+i(ε)− Γ̄j−j′+i(ε)

)∗
ψ∗j
)]1/2)2

.
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Therefore, it is enough to show that

p−1Tr(A(
ˆ̂
Γi(ε)− Γ̄i(ε))BB

∗(
ˆ̂
Γi(ε)− Γ̄i(ε))

∗A∗)→ 0, a.s., (7.107)

for any A,B ∈ Span{ψj, ψ∗j : j ≥ 0}. The proof of (7.107) given below goes along

the same lines as the proof of p−1Tr((
ˆ̂
Γi(ε)− Γ̄i(ε))(

ˆ̂
Γi(ε)− Γ̄i(ε))

∗)→ 0 given in

Jin et al. [2014]. In our case we have the extra factors of A, B etc. Let

α̂k = (2n)−1/2(ε̂k,1, ε̂k,2, . . . , ε̂k,p)
T , ᾱk = (2n)−1/2(ε̄k,1, ε̄k,2, . . . , ε̄k,p)

T ,

Û = (α̂1, α̂2, . . . , α̂n−i), Ū = (ᾱ1, ᾱ2, . . . , ᾱn−i),

V̂ = (α̂1+i, α̂2+i, . . . , α̂n), V̄ = (ᾱ1+i, ᾱ2+i, . . . , ᾱn).

Then,

p−1Tr(A(
ˆ̂
Γi − Γ̄i)BB

∗(
ˆ̂
Γi − Γ̄i)

∗A∗)

= p−1Tr(A(Û V̂ ∗ − Ū V̄ ∗)BB∗(Û V̂ ∗ − Ū V̄ ∗)∗A∗)

= p−1Tr(A((Û − Ū)V̂ ∗ + Ū(V̂ − V̄ )∗)BB∗((Û − Ū)V̂ ∗ + Ū(V̂ − V̄ )∗)∗A∗)

≤ 2p−1Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)

+2p−1Tr(AŪ(V̂ − V̄ )∗BB∗(V̂ − V̄ )Ū∗A∗).

Now, we have for some C > 0, with A = ((aij)) and B = ((bij)),

p−1Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)

≤ C

n3

∑
u,v

|
∑
l,k,j

aul(ε̂k,l − ε̄k,l)ε̂∗(k+i),jbjv|2

=
C

n3

∑
u,v

∑
l1,k1,j1

∑
l2,k2,j2

(
aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1

bj1vb
∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2

)
= J1 + J2 + J3 + J4 + J5,
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where,

J1 =
C

n3

∑
u,v

∑
l1,l2,j1,j2

k1>k2, k1 6=k2+i

(
aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1

bj1vb
∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2

)
,

J2 =
C

n3

∑
u,v

∑
l1,j1,l2,

j2,k2

(
aul1(ε̂(k2+i),l1 − ε̄(k2+i),l1)ε̂

∗
(k2+2i),j1

bj1vb
∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2

)
,

J3 =
C

n3

∑
u,v

∑
l1,l2,j1,j2

k2>k1, k2 6=k1+i

(
aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1

bj1vb
∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2

)
,

J4 =
C

n3

∑
u,v

∑
l1,j1,l2,

j2,k1

(
aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1

bj1vb
∗
j2v
ε̂(k1+2i),j2(ε̂(k1+i),l2 − ε̄(k1+i),l2)

∗a∗ul2
)
,

J5 =
C

n3

∑
u,v,l1,l2
j1,j2,k

[
aul1(ε̂k,l1 − ε̄k,l1)ε̂∗(k+i),j1

bj1vb
∗
j2v
ε̂(k+i),j2(ε̂k,l2 − ε̄k,l2)∗a∗ul2

]
.

Note that E(J1) = E(J2) = E(J3) = E(J4) = 0. Moreover for some C1, C2, C3 >

0,

Var(J1) = E(J2)2

≤ C1

n6

∑
u1,v1

∑
l1,l2,j1,j2

k1>k2, k1 6=k2+i

∑
u2,v2

∑
l3,l4,j3,j4

k3>k4, k3 6=k4+i

E

[
au1l1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1

bj1v1b
∗
j2v1

ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗u1l2au2l3(ε̂k3,l3 − ε̄k3,l3)ε̂
∗
(k3+i),j3

bj3v2b
∗
j4v2

ε̂(k4+i),j4(ε̂k4,l4 − ε̄k4,l4)∗a∗u2l4

]
≤ C2

n4

∑
u1,u2
v1,v2

∑
l1,l2
j1,j2

(
au1l1bj1v1b

∗
j2v1

a∗u1l2au2l1bj1v2b
∗
j2v2

a∗u2l2
)

≤ C3

n2
(n−1Tr(A2A∗2))(n−1Tr(B2B∗2)) = O(n−2).

Also for some C1, C2 > 0,

Var(J2) = E(J2)2
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≤ C1

n6

∑
u1,v1
u2,v2

∑
l1,j1,l2,

j2,k2

∑
l3,j3,l4,

j4,k4

E

[
au1l1(ε̂(k2+i),l1 − ε̄(k2+i),l1)ε̂

∗
(k2+2i),j1

bj1v1b
∗
j2v1

ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗u1l2au2l3(ε̂(k4+i),l3 − ε̄(k4+i),l3)ε̂
∗
(k4+2i),j3

bj3v2b
∗
j4v2

ε̂(k4+i),j4(ε̂k4,l4 − ε̄k4,l4)∗a∗u2l4

]
≤ C2

n4

∑
u1,v1
u2,v2

∑
l1,j1,l2,

j2

∑
l3,j3,l4,

j4

(
au1l1bj1v1b

∗
j2v1

a∗u1l2au2l3bj1v2b
∗
j4v2

a∗u2l2
)

= O(n−2).

Similarly one can show that Var(J3) = O(n−2), Var(J4) = O(n−2).

Let ˜̃εti = εtiI(|εti| > ηnn
1

2+δ ), ∀t, i. Therefore, as E(εti) = 0, note that

E(ε̃ti) = −E(˜̃εti), ∀t, i. Also note that

1 = Var(εt,i) = Var
(
ε̃t,i − E(ε̃t,i) + ˜̃εt,i − E(˜̃εt,i)

)
= σ2

t,i + Var(˜̃εt,i) + 2(E(˜̃εt,i))
2.

Therefore, as {εi,j} ∈ U(δ, p(n), n, n), for some C > 0

(1− σ2
t,i) ≤ 2E(˜̃ε2

t,i) ≤ 2C(P (|εt,i| > ηnn
1

2+δ ))
δ

2+δ ≤ 2Cη−δn n−
δ

2+δ (7.108)

Let E = {(t, i) : σ2
t,i < 1 −∆}. Then if (t, i) /∈ E, we have for some C > 0 (see

last line of page 1214 in Jin et al. [2014]),

(1− σ−1
t,i )2 ≤ Cη−2δ

n n−
2δ
2+δ . (7.109)

Moreover note that if (t, i) ∈ E, then
1−σ2

t,i

∆
> 1. Then by (7.108) and (7.109), we

have for some C1, C2 > 0,

E(J5) =
C

n3

∑
u,v,l1,j1,k

aul1E|ε̂k,l1 − ε̄k,l1|2E|ε̂(k+i),j1|2bj1vb∗j1va
∗
ul1

≤ C1

n3

∑
u,v,j1

(k,l1)∈E

aul1bj1vb
∗
j1v
a∗ul1

(
1− σ2

kl1

∆

)
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+
C2

n3

∑
u,v,j1

(k,l1)/∈E

aul1bj1vb
∗
j1v
a∗ul1

(
1− σ−1

kl

)2

= O(n
−δ

4+2δ ) +O(n
−2δ
2+δ ).

Therefore,

E(p−1Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗))→ 0.

Similarly one can show that for some ε > 0, Var(J5) = O(n−1−ε) and as a conse-

quence we have

Var(p−1Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)) = O(n−1−ε).

Hence,

p−1Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)→ 0, a.s.. (7.110)

Similarly,

p−1Tr(AŪ(V̂ − V̄ )∗BB∗(V̂ − V̄ )Ū∗A∗)→ 0, a.s.. (7.111)

Hence by (7.110) and (7.111), (7.107) is established and B4 → 0 almost surely.

Therefore, proof of Corollary 7.3.8 (c) is complete.

7.6 Proof of Corollary 7.3.12 (c)

Additionally if we assume supt,iE|εti|4 < M < ∞, then to show that the LSD

of {Γ̂iΓ̂∗i }i≥0 exists. Proof goes through exactly the same lines as Corollary 7.3.8

(c). Hence we omit the detailed calculations and briefly outline the steps. The

convergence below are all in the almost sure sense.

1. L(F Γ̂iΓ̂
∗
i , F T̂iT̂

∗
i ) ≤ p−1rank(Γ̂iΓ̂

∗
i − T̂iT̂ ∗i )

≤ p−1rank((Γ̂i − T̂i)Γ̂∗i + T̂i(Γ̂i − T̂i)∗)

≤ 2p−1rank(Γ̂i − T̂i)→ 0 (proof similar to B1 → 0).
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2. L(F T̂iT̂
∗
i , F T̃iT̃

∗
i ) ≤ 2p−1rank(T̂i − T̃i)→ 0 (proof similar to B2 → 0).

By Corollary A.42 of Bai and Silverstein [2009]

3. L4(F T̃iT̃
∗
i , F

ˆ̂
Ti

ˆ̂
T ∗i ) ≤ 2p−2Tr(T̃iT̃

∗
i +

ˆ̂
Ti

ˆ̂
T ∗i )Tr((T̃i − ˆ̂

Ti)(T̃i − ˆ̂
Ti)
∗)

≤ 2p−1Tr(T̃iT̃
∗
i +

ˆ̂
Ti

ˆ̂
T ∗i )||T̃i − ˆ̂

Ti||22,

→ 0 (proof similar to B3 → 0).

4. L4(F T̄iT̄
∗
i , F

ˆ̂
Ti

ˆ̂
T ∗i ) ≤ 2p−2Tr(T̄iT̄

∗
i +

ˆ̂
Ti

ˆ̂
T ∗i )Tr((T̄i − ˆ̂

Ti)(T̄i − ˆ̂
Ti)
∗)

→ 0 (proof similar to B4 → 0).

This completes the proof of Corollary 7.3.10 (c).

7.7 Proof of Corollary 7.3.18 (c)

Here we show that Corollary 7.3.18 (a) remains true even if we drop (B3) and

use the more relaxed Assumption {εi,j} ∈ U(δ, p, n(p), p) for some δ > 0. This is

achieved by truncation arguments similar to those given on pages 1210− 1217 of

Jin et al. [2014].

Let Xt ∼ MA(q) and suppose Assumptions (B1), (B4) hold, {εi,j} ∈ L4∩U(δ)

for some δ > 0 and p/n→ 0. Let

ε̃t,i = εt,iI(|εt,i| < ηn
1

2+δ ), ε̂t,i = ε̃t,i − E(ε̃t,i), ∀t, i and some η > 0,

σ2
t,i = E|ε̂t,i|2, ∆ = n−

δ
4+2δ , Bt,i = 2Ber(0.5)− 1, i.i.d. for all t, i,

ε̄t,i =

Bt,i, if σ2
t,i < 1−∆,

ε̂t,i
σt,i
, otherwise,

Cp = Γi + Γ∗i ,

Γ̂i(ε), Γ̃i(ε),
ˆ̂
Γi(ε), Γ̄i(ε) = i-th order sample autocovariance matrix of

{εt,i}, {ε̃t,i}, {ε̂t,i}, {ε̄t,i}(respectively),
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T̂i =

q∑
j,j′=0

ψjΓ̂j−j′+i(ε)ψ
∗
j′ , T̃i =

q∑
j,j′=0

ψjΓ̃j−j′+i(ε)ψ
∗
j′ ,

ˆ̂
Ti =

q∑
j,j′=0

ψj
ˆ̂
Γj−j′+i(ε)ψ

∗
j′ , T̄i =

q∑
j,j′=0

ψjΓ̄j−j′+i(ε)ψ
∗
j′ .

Since {ε̄t,i} satisfy the stronger assumption (B3), the existence of the LSD of√
np−1(T̄i + T̄ ∗i − Cp) is guaranteed by Corollary 7.3.18 (a).

We will actually show that the LSD of
√
np−1(Γ̂i + Γ̂∗i − Cp) is same as that

of
√
np−1(T̄i + T̄ ∗i − Cp). Let L be the Levy metric between two distribution

functions. For any matrix A, FA denotes the cumulative distribution function of

the ESD of A. Then note that

L(F
√
np−1(Γ̂i+Γ̂∗i−Cp), F

√
np−1(T̄i+T̄

∗
i −Cp)) ≤ L(F

√
np−1(Γ̂i+Γ̂∗i−Cp), F

√
np−1(T̂i+T̂

∗
i −Cp))

+L(F
√
np−1(T̂i+T̂

∗
i −Cp), F

√
np−1(T̃i+T̃

∗
i −Cp)) + L(F

√
np−1(T̃i+T̃

∗
i −Cp), F

√
np−1(

ˆ̂
Ti+

ˆ̂
T ∗i −Cp))

+L(F
√
np−1(

ˆ̂
Ti+

ˆ̂
T ∗i −Cp), F

√
np−1(T̄i+T̄

∗
i −Cp)).

= T1 + T2 + T3 + T4, (say). (7.112)

It is enough to show that Ti → 0 almost surely for all i = 1, 2, 3, 4.

To prove T1 → 0 almost surely, note that

nΓ̂i.p =

q∑
j,j′=0

ψ
(n)
j.p Γ̂j′−j+i(ε) ψ

(n)∗
j′.p −

q∑
j,j′=0

j−j′ 6=i

n∑
t=n−j+1

ψ
(n)
j.p εt,pε

∗
t−(j′+i−j)ψ

(n)∗
j′.p

+

q∑
j,j′=0

j−j′ 6=i

j′+i−j∑
t=i−j+1

ψ
(n)
j.p εt.pε

∗
t−(j′+i−j)ψ

(n)∗

j′.p +

q∑
j=0

n∑
t=n−j+1

ψ
(n)
j.p εt.pε

∗
t.pψ

(n)∗
j−i.p

+

q∑
j=0

0∑
t=i−j+1

ψ
(n)
j.p εt.pε

∗
t.pψ

(n)∗
j−i.p

= T̂i +R1p +R2p +R3p +R4p, (say). (7.113)

By Theorem A.43 in Bai and Silverstein [2009], we have for some C > 0, with
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R1n, R2n, R3n and R4n as in (7.113),

T1 ≤ p−1 (rank(R1p) + rank(R2p) + rank(R3p) + rank(R4p))

≤ 4Cq

p
→ 0 a.s.. (7.114)

By Theorem A.43 in Bai and Silverstein [2009], we have for some C,C1 > 0

T2 ≤
1

p
rank(T̂i + T̂ ∗i − T̃i − T̃ ∗i ) ≤ 2

p
rank(T̂i − T̃i)

≤ 1

p
rank

(
q∑

j,j′=0

ψj

(
Γ̂j−j′+i(ε)− Γ̃j−j′+i(ε)

)
ψ∗j′

)

≤ C

p
rank(Γ̂i(ε)− Γ̃i(ε))

≤ C1

p

p∑
j=1

n+i∑
t=1

I(|εt,j| ≥ ηp1/(2+δ)). (7.115)

Also, we have

E

(
1

p

p∑
j=1

n+i∑
t=1

I(|εt,j| ≥ ηp1/(2+δ))

)

≤ 1

η2+δp2

p∑
j=1

n+i∑
t=1

E
(
|εt,j|(2+δ)I(|εt,j| ≥ ηp1/(2+δ))

)
= o(1) (7.116)

and

Var

(
1

p

p∑
j=1

n+i∑
t=1

I(|εt,j| ≥ ηp1/(2+δ))

)

≤ 1

η2+δp3

p∑
j=1

n+i∑
t=1

E
(
|εt,j|(2+δ)I(|εt,j| ≥ ηp1/(2+δ))

)
= o(p−1). (7.117)

Applying Bernstein’s inequality and (7.116), (7.117), for all ε > 0 and large p, we
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have for some C,C1 > 0,

P

(
1

p

p∑
j=1

n+i∑
t=1

I(|εt,j| > ηp1/(2+δ)) ≥ ε

)
≤ Ce−C1p.

Therefore, by Borel-Cantelli lemma, we have

T2 → 0 a.s.. (7.118)

Let γ̂k = n−1/2(ε̂k,1, ε̂k,2, . . . , ε̂k,p)
′ and γ̃k = n−1/2(ε̃k,1, ε̃k,2, . . . , ε̃k,p)

′. By Theorem

A.45 in Bai and Silverstein [2009], we have for some C,C1 > 0,

T3 ≤
√
np−1||T̃i + T̃ ∗i −

ˆ̂
Ti − ˆ̂

T ∗i ||2 ≤ C
√
np−1||Γ̃i(ε)− ˆ̂

Γi(ε)||2

≤ C1

√
np−1||

n∑
k=1

(γ̂kEγ̃
∗
k+i + γ̂k+iEγ̃

∗
k)||2

+C1

√
np−1||

n∑
k=1

(Eγ̂kEγ̃
∗
k+i + Eγ̂k+iEγ̃

∗
k)||2. (7.119)

For the second part, we have for some C > 0,

√
np−1||

n∑
k=1

(Eγ̂kEγ̃
∗
k+i + Eγ̂k+iEγ̃

∗
k)||2

≤
√

(np)−1

n∑
k=1

p∑
j=1

|E(εk,jI(|εk,j| > ηp1/(2+δ)))E(εk+i,jI(|εk+i,j| > ηp1/(2+δ)))|

≤ C
p
√
np
p−2

n+i∑
k=1

p∑
j=1

E(|εk,j|2+δI(|εk,j| > ηp1/(2+δ))) = o(1). (7.120)

For the first part, note that

np−1||
n∑
k=1

(γ̂kEγ̃
∗
k+i + γ̂k+iEγ̃

∗
k)||22

≤ 2np−1

(
||

n∑
k=1

γ̂kEγ̃
∗
k+i||22 + ||

n∑
k=1

γ̂k+iEγ̃
∗
k||22

)
. (7.121)
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Now, for some C > 0, we have

np−1||
n∑
k=1

γ̂kEγ̃
∗
k+i||22 ≤ C(np)−1

p∑
j=1

p∑
l=1

(
n∑
k=1

ε̂k,jEε̃k+i,l

)2

= C(np)−1

p∑
j=1

p∑
l=1

n∑
k1=1

n∑
k2=1

(ε̂k1,jEε̃k1+i,lε̂k2,jEε̃k2+i,l)

= C(np)−1

p∑
j=1

p∑
l=1

( n∑
k1=1

ε̂2
k1,j

(Eε̃k1+i,l)
2 +

∑
k1 6=k2

ε̂k1,jEε̃k1+i,lε̂k2,jEε̃k2+i,l

)
= J11 + J12, (say). (7.122)

As E(ε̂4
t,i), E(ε̃4

t,i) <∞, there exists constant C1, C2 and C3 such that

EJ11 = C(np)−1

p∑
j=1

p∑
l=1

n∑
k1=1

ε̂2
k1,j

(Eε̃k1+i,l)
2

≤ C(np)−1

p∑
j=1

p∑
l=1

n∑
k1=1

(E(|εk1,l|I(|εk1,l| > ηp1/(2+δ))))2

≤ C(np)−1η−2(1+δ)p−2(1+δ)/(2+δ)

p∑
j,l=1

n∑
k1=1

E(|εk1,l|2+δI(|εk1,l| > ηp1/(2+δ))))2

= O(p−δ/(2+δ)). (7.123)

and

VarJ11 = C2(np)−2

p∑
j=1

n∑
k1=1

E(ε̂2
k1,j
− Eε̂2

k1,j
)2

(
p∑
l=1

(Eε̃k1+i,l)
2

)2

≤ C2(np)−2

p∑
j=1

n∑
k1=1

E(ε̃4
k1,j

)
(
pη−2(1+δ)p−2(1+δ)/(2+δ)

)2

= O(p−1−4δ/(2+δ)). (7.124)

Therefore, by (7.123), (7.124) and Borel-Cantelli Lemma, J11 → 0 a.s.. Further,



Chapter 7: LSD of sample autocovariance matrices 254

we have E(J12) = 0 and

VarJ12 = C(np)−2

p∑
j=1

∑
k1 6=k2

Eε̂2
k1,j

Eε̂2
k2,j

(
p∑
l=1

Eε̃k1+i,lEε̃k2+i,l

)2

≤ C3(np)−2

p∑
j=1

∑
k1 6=k2

(
pη−2(1+δ)p−2(1+δ)/(2+δ)

)2

= O(p−1−2δ/(2+δ)), (7.125)

which by Borel-Cantelli Lemma imply J12 → 0, a.s.. Hence, we have

||
∑n

k=1 γ̂kEγ̃
∗
k+i||22 → 0, a.s.. Similarly, ||

∑n
k=1 γ̂k+iEγ̃

∗
k||22 → 0, a.s.. Thus, by

(7.119)-(7.121)

T3 → 0, a.s.. (7.126)

We now finally prove T4 → 0 almost surely. By Corollary A.41 in Bai and Silver-

stein [2009], we have

T 3
4 ≤ n

p2
Tr
(

(
ˆ̂
Ti +

ˆ̂
T ∗i − T̄i − T̄ ∗i )(

ˆ̂
Ti +

ˆ̂
T ∗i − T̄i − T̄ ∗i )∗

)
≤ 4n

p2
Tr
(

(
ˆ̂
Ti − T̄i)( ˆ̂

Ti − T̄i)∗
)

=
4n

p2

q∑
j,j′,k,k′=0

Tr

(
ψj

(
ˆ̂
Γj−j′+i(ε)− Γ̄j−j′+i(ε)

)
ψ∗j′

ψk′
(

ˆ̂
Γk−k′+i(ε)− Γ̄k−k′+i(ε)

)∗
ψ∗k

)
.

Therefore, it is enough to show that

np−2Tr(A(
ˆ̂
Γi(ε)− Γ̄i(ε))BB

∗(
ˆ̂
Γi(ε)− Γ̄i(ε))

∗A∗)→ 0, a.s. (7.127)

for any A,B ∈ Span{ψj, ψ∗j : j ≥ 0}. The proof of (7.127) given below goes along

the same lines as the proof of p−1Tr((
ˆ̂
Γi(ε)− Γ̄i(ε))(

ˆ̂
Γi(ε)− Γ̄i(ε))

∗)→ 0 given in

page 1210− 1217 of Jin et al. [2014]. In our case we have the extra factors of A,
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B etc. Let

α̂k = (n)−1/2(ε̂k,1, ε̂k,2, . . . , ε̂k,p)
T , ᾱk = (n)−1/2(ε̄k,1, ε̄k,2, . . . , ε̄k,p)

T ,

Û = (α̂1, α̂2, . . . , α̂n−i), Ū = (ᾱ1, ᾱ2, . . . , ᾱn−i),

V̂ = (α̂1+i, α̂2+i, . . . , α̂n), V̄ = (ᾱ1+i, ᾱ2+i, . . . , ᾱn).

Then,

np−2Tr(A(
ˆ̂
Γi(ε)− Γ̄i(ε))BB

∗(
ˆ̂
Γi(ε)− Γ̄i(ε))

∗A∗)

= np−2Tr(A(Û V̂ ∗ − Ū V̄ ∗)BB∗(Û V̂ ∗ − Ū V̄ ∗)∗A∗)

= np−2Tr(A((Û − Ū)V̂ ∗ + Ū(V̂ − V̄ )∗)BB∗((Û − Ū)V̂ ∗ + Ū(V̂ − V̄ )∗)∗A∗)

≤ 2np−2Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)

+2np−2Tr(AŪ(V̂ − V̄ )∗BB∗(V̂ − V̄ )Ū∗A∗).

Now, we have for some C > 0, with A = ((aij)) and B = ((bij)),

p−1Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)

≤ Cn

p2n2

∑
u,v

|
∑
l,k,j

aul(ε̂k,l − ε̄k,l)ε̂∗(k+i),jbjv|2

=
Cn

p2n2

∑
u,v

∑
l1,k1,j1

∑
l2,k2,j2

(aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1
bj1v

b∗j2vε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2)

= J1 + J2 + J3 + J4 + J5, (7.128)

where,

J1 =
Cn

p2n2

∑
u,v

∑
l1,l2,j1,j2

k1>k2, k1 6=k2+i

(aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1
bj1vb

∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2),

J2 =
Cn

p2n2

∑
u,v

∑
l1,j1,l2,

j2,k2

(aul1(ε̂(k2+i),l1 − ε̄(k2+i),l1)ε̂
∗
(k2+2i),j1

bj1vb
∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2),
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J3 =
Cn

p2n2

∑
u,v

∑
l1,l2,j1,j2

k2>k1, k2 6=k1+i

(aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1
bj1vb

∗
j2v
ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗ul2),

J4 =
Cn

p2n2

∑
u,v

∑
l1,j1,l2,

j2,k1

(aul1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1
bj1vb

∗
j2v
ε̂(k1+2i),j2(ε̂(k1+i),l2 − ε̄(k1+i),l2)

∗a∗ul2),

J5 =
Cn

p2n2

∑
u,v,l1,l2
j1,j2,k

[
aul1(ε̂k,l1 − ε̄k,l1)ε̂∗(k+i),j1

bj1vb
∗
j2v
ε̂(k+i),j2(ε̂k,l2 − ε̄k,l2)∗a∗ul2

]
.

Note that E(J1) = E(J2) = E(J3) = E(J4) = 0.

Moreover for some C1, C2, C3 > 0,

Var(J1) = E(J2)2 ≤ C1n
2

p4n4

∑
u1,u2,v1,v2

∑
l1,l2,j1,j2

k1>k2, k1 6=k2+i

∑
l3,l4,j3,j4

k3>k4, k3 6=k4+i

E

[
au1l1(ε̂k1,l1 − ε̄k1,l1)ε̂∗(k1+i),j1

bj1v1b
∗
j2v1

ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗u1l2au2l3(ε̂k3,l3 − ε̄k3,l3)ε̂
∗
(k3+i),j3

bj3v2b
∗
j4v2

ε̂(k4+i),j4(ε̂k4,l4 − ε̄k4,l4)∗a∗u2l4

]
≤ C2n

2

p4n2

∑
u1,u2
v1,v2

∑
l1,l2
j1,j2

(
au1l1bj1v1b

∗
j2v1

a∗u1l2au2l1bj1v2b
∗
j2v2

a∗u2l2
)

≤ C3

p2
(p−1Tr(A2A∗2))(p−1Tr(B2B∗2)) = O(p−2).

Also for some C1, C2 > 0,

Var(J2) = E(J2)2 ≤ C1n
2

p4n4

∑
u1,v1
u2,v2

∑
l1,j1,l2,

j2,k2

∑
l3,j3,l4,

j4,k4

E

[
au1l1(ε̂(k2+i),l1 − ε̄(k2+i),l1)ε̂

∗
(k2+2i),j1

bj1v1b
∗
j2v1

ε̂(k2+i),j2(ε̂k2,l2 − ε̄k2,l2)∗a∗u1l2au2l3(ε̂(k4+i),l3 − ε̄(k4+i),l3)ε̂
∗
(k4+2i),j3

bj3v2b
∗
j4v2

ε̂(k4+i),j4(ε̂k4,l4 − ε̄k4,l4)∗a∗u2l4

]
≤ C2

p4

∑
u1,v1
u2,v2

∑
l1,j1,l2,

j2

∑
l3,j3,l4,

j4

(
au1l1bj1v1b

∗
j2v1

a∗u1l2au2l3bj1v2b
∗
j4v2

a∗u2l2
)

= O(p−2).

Similarly one can show that Var(J3) = O(p−2), Var(J4) = O(p−2).
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Let ˜̃εt,i = εt,iI(|εt,i| > ηnn
1

2+δ ), ∀t, i. Therefore, as E(εt,i) = 0, note that E(ε̃t,i) =

−E(˜̃εt,i), ∀t, i. Also note that

1 = Var(εt,i) = Var
(
ε̃t,i − E(ε̃t,i) + ˜̃εt,i − E(˜̃εt,i)

)
= σ2

t,i + Var(˜̃εt,i) + 2(E(˜̃εt,i))
2.

Therefore, using (A6), for some C > 0

(1− σ2
t,i) ≤ 2E(˜̃ε2

t,i) ≤ 2C(P (|εt,i| > ηnn
1

2+δ ))
δ

2+δ ≤ 2Cη−δn p−
δ

2+δ (7.129)

Let E = {(t, i) : σ2
t,i < 1 −∆}. Then if (t, i) /∈ E, we have for some C > 0 (see

last line of page 1214 in Jin et al. [2014]),

(1− σ−1
t,i )2 ≤ Cη−2δ

n p−
2δ
2+δ . (7.130)

Moreover note that if (t, i) ∈ E, then
1−σ2

t,i

∆
> 1. Then by (7.129) and (7.130), we

have for some C1, C2 > 0,

E(J5) =
Cn

p2n2

∑
u,v,l1,j1,k

aul1E|ε̂k,l1 − ε̄k,l1|2E|ε̂(k+i),j1|2bj1vb∗j1va
∗
ul1

≤ C1n

p2n2

∑
u,v,j1

(k,l1)∈E

aul1bj1vb
∗
j1v
a∗ul1

(
1− σ2

k,l1

∆

)

+
C2

n3

∑
u,v,j1

(k,l1)/∈E

aul1bj1vb
∗
j1v
a∗ul1

(
1− σ−1

k,l

)2

= O(p
−δ

4+2δ ) +O(p
−2δ
2+δ ).

Similarly one can show that for some ε > 0, Var(J5) = O(p−1−ε) Therefore, using

(7.128) and the estimate for E(Ji) and V (Ji),

E(np−2Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)) → 0, and (7.131)

Var(np−2Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)) = O(p−1−ε). (7.132)



Chapter 7: LSD of sample autocovariance matrices 258

Hence, by (7.131), (7.132) and Borel-Cantelli Lemma,

np−2Tr(A(Û − Ū)V̂ ∗BB∗V̂ (Û − Ū)∗A∗)→ 0, a.s.. (7.133)

Similarly,

np−2Tr(AŪ(V̂ − V̄ )∗BB∗(V̂ − V̄ )Ū∗A∗)→ 0, a.s.. (7.134)

Hence by (7.133) and (7.134), (7.127) is proved. Also by (7.114), (7.115), (7.119)

and (7.127),

T4 → 0, a.s.. (7.135)

Since we have shown Ti → 0 almost surely for all i = 1, 2, 3, 4 in (7.114), (7.118),

(7.126) and (7.135), the proof of Corollary 7.3.18 (c) is now complete.



Chapter 8

Inference in high dimensional time series: order

determination and testing

8.1 Introduction

In Chapter 7, we have established the LSD of any symmetric polynomial in sample

autocovariance matrices {Γ̂u}. These results have plenty of potential for applica-

tion in high-dimensional time series. Liu [2013] used Theorem 7.2.4 to estimate

the spectral distribution of the coefficient matrices {ψj} of the infinite dimensional

MA(q) process defined in (3.7). In this chapter, we shall discuss a couple of other

applications:

1. a model identification problem, namely determination of the unknown or-

der of infinite dimensional moving average (MA) and autoregressive (AR)

processes and,

2. testing of simple hypotheses by using asymptotic normality of traces of poly-

nomials.

In the univariate set up, a plot of the sample autocovariances provides a

method to identify the order of an MA process. If the sample autocovariances

are almost equal to zero for order u > q̂, then q̂ is taken to be an estimator of the

unknown order. Similar method is also applicable for AR processes. The only dif-

259
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ference is that for an AR process, the sample partial autocovariances are plotted

instead of the sample autocovariances. The theoretical support for this method is

the fact that the population autocovariances of order greater than q are all zero

for an MA(q) process. Similarly, for an AR(r) process, the population partial

autocovariances of order greater than r vanish. Moreover, since the sample au-

tocovariances are consistent for the population autocovariances, for large enough

sample size, the sample autocovariances are close to population autocovariances.

In the high-dimensional setting, no equivalent method seems to be available

in the literature to determine the unknown order of MA and AR processes. The

above method cannot be extended naively since, as we have seen in Chapter 3,

the sample autocovariance matrices {Γ̂u} are not consistent for the population

autocovariance matrices {Γu}. Nevertheless, {Γ̂u} provide a graphical method for

order determination of high-dimensional processes.

For the infinite dimensional MA(q) process, when p/n → y > 0, Corollary

7.3.12 (c) guarantees that for large sample size, ESD of Γ̂uΓ̂
∗
u would be close

for u > q and different for 0 ≤ u ≤ q. When p/n → 0, a similar result for√
np−1(Γ̂u + Γ̂∗u − Γu − Γu) is guaranteed by Corollary 7.3.18 (c). Clearly, this

property of sample autocovariance matrices provides a clue to identify graphically

the unknown order of an MA process. For more details see Section 8.2.

To apply a similar idea to an AR(r) process defined in (3.9) with unknown

parameter matrices, we first need consistent estimators of the parameter matrices

{Ai : 1 ≤ i ≤ r}. Note that we have already obtained such estimators in Chapter

3. Let us denote these consistent estimators by {Â(r)
i : 1 ≤ i ≤ r}. Now, suppose

r is unknown. Consider the residual process {ε̂(s)
t } after fitting the AR(s) process

using {Â(s)
i : 1 ≤ i ≤ s}. In Theorem 8.3.1 and Remark 8.3.2, we argue that the

residual process {ε̂(s)
t } behaves like an MA(0) process if and only if s = r, the true

order of the AR process. We use these results to identify the unknown order of

an AR processes.
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Linear spectral statistics of a random matrix M are of the form 1
n

∑n
i=1 f(λi)

where {λi} are eigenvalues of M and f is a “suitable” function. Such statistics

have been discussed in Diaconis and Evans [2001], Bai and Silverstein [2004] and

Bai et al. [2009]. Asymptotic normality of these statistics is extremely useful

in statistical inference. While we do not discuss these statistics in general in

this thesis, we deal with a specific spectral linear statistics, namely traces of

polynomials in sample autocovariance matrices. In Section 8.4, we establish the

asymptotic normality of these statistics and suggest how it may be used for testing

problems in high-dimensional time series.

The main material of this chapter is taken from Bhattacharjee and Bose

[2015a] and Bhattacharjee and Bose [2015b].

8.2 Order determination of an MA processes

Consider the infinite dimensional MA(q) process defined in (3.7) with unknown

coefficient matrices. Suppose {Xt,p : 1 ≤ t ≤ n} is a sample of size n from the

process (3.7), where q is unknown. Our problem is to estimate q. The graphical

method that we suggest to identify q is based on Corollaries 7.3.8 (d), 7.3.12 (d)

and 7.3.18 (d). For convenience of the reader, we collect those results along with

some more consequences in the following theorem. We omit its proof. Existence of

all the LSD below is guaranteed by Theorems 7.3.1 and 7.3.15. Recall the classes

Lr and U(δ) respectively in (4.14) and (4.17).

For future use, let us denote

Π1u = Γ̂uΓ̂
∗
u,

Π2u = Γ̂uΓ̂
∗
u + Γ̂u+1Γ̂∗u+1,

Π3u =
√
np−1(Γ̂u + Γ̂∗u − Γu − Γ∗u),

Π4u =
√
np−1(Γ̂uΓ̂

∗
u − ΓuΓ

∗
u).
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Theorem 8.2.1. Consider the model (3.7). Suppose {εi,j} are independently

distributed with E(εi,j) = 0, E|εi,j|2 = 1, ∀i, j and {εi,j} ∈ L4 ∩ U(δ) for some

δ ∈ (0, 2]. Further {ψj} are all norm bounded and converge jointly.

(a) If p/n→ y > 0, then

(i) the LSD of Π1u are identical for u > q and are different for 0 ≤ u ≤ q, and

(ii) the LSD of Π2u are identical for u > q and are different for 0 ≤ u ≤ q.

(b) If p/n→ 0, then

(i) the LSD of Π3u are identical for u > q and are different for 0 ≤ u ≤ q, and

(ii) the LSD of Π4u are identical for u > q and are different for 0 ≤ u ≤ q.

It may be noted that even though the above theorem is stated for four specific

polynomials of {Γ̂u, Γ̂∗u}, the conclusion of Theorem 8.2.1 holds true for other

polynomials if we are ready to make appropriate moment assumptions on {εi,j}.

We have restricted to the above polynomials only for illustrative purposes.

Identification of q. If p/n→ y > 0, we propose to plot the CDF of ESD (call it

ECDF) of Π1u (or Π2u) for first few sample autocovariance matrices in the same

graph. If p/n → 0, we propose to plot the ECDF of Π3u (or Π4u) for first few

sample autocovariance matrices in the same graph. We say that q̂ is an estimate

of q, if the ECDF of Πiu with order u > q̂ empirically coincide with each other.

Note that by Theorem 8.2.1, for large enough n, q̂ is a reasonable estimator of q.

8.2.1 Simulations

This section presents some simulation results on the above proposed method. As

we shall see, it works very well. First we define the models from where we simulate.

Models. Let Ip and Jp be respectively as in (2.8) and (2.9). Let

εt ∼ Np(0, Ip),∀t. (8.1)
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Suppose

Ap = 0.5Ip, Bp = 0.5(Ip + Jp),

Cp = ((I(1 ≤ i = j ≤ [p/2])− I([p/2] < i = j ≤ p))),

Dp = ((I(i+ j = p+ 1))).

We consider the following models.

Model 1 Xt = εt.

Model 2 Xt = εt + Apεt−1.

Model 3 Xt = εt +Bpεt−1.

Model 4 Xt = εt + Cpεt−1 +Dpεt−2.

By Examples 4.2.1-4.2.4, LSD of Ap, Bp, Cp and Dp exist. Moreover, it is easy

to see that {Cp, Dp} converge jointly. Hence, Theorems 7.3.1 and 7.3.15 are ap-

plicable for the above models whenever p/n → y > 0 and p/n → 0, respectively.

Incidentally, note that in Model 4, CpDp 6= DpCp, and therefore they are not si-

multaneously diagonalizable. Hence, Theorems 7.2.4 (Liu et al. [2015]) and 7.2.5

(Wang et al. [2015]) are not applicable for Model 4.

Case a: p/n→ y > 0.

Now suppose the original model is unknown to us. Suppose we have random

sample Si each from Model i, 1 ≤ i ≤ 4. For each i, we are asked to determine

the order of the corresponding moving average process. For each 1 ≤ i ≤ 4, we

plot the ECDF of Π1u for 1 ≤ u ≤ 4, based on sample Si, in the same graph. See

Figure 8.1 for the case n = 300 and p = n = 300.

Note that ECDF of Π1u coincide – for all u > 0 in Model 1, for u > 1 in Model

2 and 3 and for u > 2 for Model 4. Hence, q̂ is 0, 1, 1 and 2 respectively for

Models 1− 4. Thus the above method identified q accurately.
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We repeated the same process with n = 500, p = n = 500 and p = n = 1000.

See Figures 8.2 and 8.3. The following observations emerge.

(i) For each of the above models, the ECDF are nearly identical for n = 300, 500

and 1000 i.e. convergence has already occurred at n = 300. For smaller values of

n, convergence did not occur in our simulation. Some modification may improve

the situation for smaller sample sizes. We did not investigate such possibilities.

(ii) For the MA(1) process, LSD of Π1u depends on ψ1 only through its LSD.

Since LSD of Ap and Bp are identical (see Examples 4.2.1 and 4.2.2, both have

mass 1 at 0.5), the ECDF for Models 2 and 3 are almost identical.

(iii) As noted above, Theorems 7.2.4 and 7.2.5 are not applicable for Model 4.

However, by Theorems 7.3.1 and Examples 4.2.3, 4.2.4, the LSD of any self-adjoint

polynomial in {Γ̂u, Γ̂∗u} for Model 4 exists when p/n → y > 0. This is supported

numerically by Row 2 right panel of Figures 8.1-8.3.

We repeated the same process for the polynomial Π2u (see Figures 8.4-8.6) and

we came to the same conclusions as for Π1u.

Case b: p/n→ 0.

For each of the above models, we draw three random samples with n = 300,

p = n0.9 ∼ 170; n = 500, p = n0.9 ∼ 269 and; n = 1000, p = n0.9 ∼ 502.

For each sample, we plot ECDF of Π3u (and Π4u), for 1 ≤ u ≤ 4, in the same

graph. See Figures 8.7-8.12. We have the same conclusions as in Case a.
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Figure 8.1: ECDF of Π1u, 1 ≤ u ≤ 4, n = p = 300. For all the figures Gamma u = Γ̂u and
t(Gamma u) = Γ̂∗

u ∀u.
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Figure 8.2: ECDF of Π1u, 1 ≤ u ≤ 4, n = p = 500.
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Figure 8.3: ECDF of Π1u, 1 ≤ u ≤ 4, n = p = 1000.
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Figure 8.4: ECDF of Π2u, 1 ≤ u ≤ 4, n = p = 300.
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Figure 8.5: ECDF of Π2u, 1 ≤ u ≤ 4, n = p = 500.
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Figure 8.6: ECDF of Π2u, 1 ≤ u ≤ 4, n = p = 1000.



271 Order determination of an MA processes

−4 −2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

eigenvalues, Model 1

E
C

D
F

(Gamma1)+t(Gamma1)
(Gamma2)+t(Gamma2)
(Gamma3)+t(Gamma3)
(Gamma4)+t(Gamma4)

−4 −2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

eigenvalues, Model 2

E
C

D
F

(Gamma1)+t(Gamma1)
(Gamma2)+t(Gamma2)
(Gamma3)+t(Gamma3)
(Gamma4)+t(Gamma4)

−4 −2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

eigenvalues, Model 3

E
C

D
F

(Gamma1)+t(Gamma1)
(Gamma2)+t(Gamma2)
(Gamma3)+t(Gamma3)
(Gamma4)+t(Gamma4)

−10 −5 0 5 10

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

eigenvalues, Model 4

E
C

D
F

(Gamma1)+t(Gamma1)
(Gamma2)+t(Gamma2)
(Gamma3)+t(Gamma3)
(Gamma4)+t(Gamma4)

Figure 8.7: ECDF of Π3u, 1 ≤ u ≤ 4, n = 300, p = n0.9.
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Figure 8.8: ECDF of Π3u, 1 ≤ u ≤ 4, n = 500, p = n0.9.
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Figure 8.9: ECDF of Π3u, 1 ≤ u ≤ 4, n = 1000, p = n0.9.
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Figure 8.10: ECDF of Π4u, 1 ≤ u ≤ 4, n = 300, p = n0.9.
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Figure 8.11: ECDF of Π4u, 1 ≤ u ≤ 4, n = 500, p = n0.9.
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Figure 8.12: ECDF of Π4u, 1 ≤ u ≤ 4, n = 1000, p = n0.9.
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8.3 Order determination of AR processes

Now suppose we have an infinite dimensional AR process with unknown parameter

matrices. We wish to estimate the order of the process. Since the parameter

matrices are assumed to be unknown, we first obtain consistent estimators for

these. Then we use these consistent estimators in conjunction with the ideas of

the previous section.

First recall some results from Chapter 3. Consider the IVAR(r) process defined

in (3.9):

Xt,p =
r∑
i=1

Ai,pXt−i,p + εt, ∀t, (8.2)

where Xt,p and εt are p-dimensional vectors, {εt = (εt,1, εt,2, . . . , εt,p)
′} are i.i.d.

with mean 0 and variance-covariance matrix Ip and, {Ai,p : 1 ≤ i ≤ r} are the

p × p parameter matrices. For convenience, we write Xt and Ai respectively for

Xt,p and Ai,p. Consider the following assumption on {εi,j}.

(C1) εi,j
i.i.d.∼ N (0, 1), ∀i, j ≥ 1.

For any matrix M = ((mij)), recall the || · ||(1,1) norm in (2.26):

||M ||(1,1) = sup
j

∑
i

|mij|.

Recall the set of all matrices with polynomially decaying corners in (2.20):

X (α,C) = {M : T (M,k) ≤ Ck−α, ∀k ≥ 1}, ∀α,C > 0,

where for any matrix M , the corner measure T (M,k) is as given in (2.18):

T (M,k) = sup
j

∑
i:|i−j|>k

|Mij|.
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Let

||Ai,p||(1,1) = θi,n and ||A∗i,p||(1,1) = θ′i,n, 1 ≤ i ≤ r. (8.3)

Also let {αi,n : i = 1, 2, . . . , r} and {α′i,n : i = 1, 2, . . . , r} respectively be the

roots of the following polynomials.

1− θ1,nz − θ2,nz
2 . . . θr,nz

r = 0,

1− θ′1,nz − θ′2,nz2 . . . θ′r,nz
r = 0.

For each 1 ≤ i ≤ r, let Ai,∞ be the ∞×∞ extension of the sequence of matrices

{Ai,p(n)}n≥1. Consider the parameter space given in (3.30) for {Ai,∞}ri=1 as,

P(C, α, ε) =

{
{Ai,∞}ri=1 : inf

p
min

1≤i≤r
(|αi,p|, |α′i,p|) > 1 + ε, and Ai,∞ ∈ X (C, α) ∀i

}
.

We have the following assumption on the parameter matrices {Ai}.

(C2) {Ai,∞} ∈ P(C, α, ε) for some C, ε, α > 0.

For any matrix M = ((mij)), recall the k-banded version of M in (2.25):

Bk(M) = ((mijI(|i− j| ≤ k))).

Recall ||·||2 in (2.4). Also recall from (2.5) that by consistent estimator M̂n (based

on a sample of size n) of M , we mean

||M̂n −M ||2
P→ 0, as n→∞. (8.4)

By Theorem 3.5.6, we can say that if (C1) and (C2) hold, then Bkn(Γ̂u) with

kn = (n−1 log p)−1/4, is a consistent estimator of Γu for each u. Moreover, in

Section 3.5.1, we argued that (Bkn(Γ̂u))
−1 with kn = (n−1 log p)−1/4, is a consistent

estimator of Γ−1
u for each u, provided Γ−1

u exists.
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Let

Yr = (Γ1,Γ2, . . . ,Γr)
∗, Ar = (A∗1, A

∗
2, . . . , A

∗
r)
∗.

Let Gr be a block matrix with r2 many p × p blocks where the (i, j)-th block is

given by

Gr(i, j) = Γ|i−j|I(i < j) + Γ∗|i−j|I(i ≥ j), 1 ≤ i, j ≤ r. (8.5)

Consider the Yule-Walker equation,

Yr = GrAr. (8.6)

Consider the following assumption on {Ai}.

(C3) Γ0 is non-singular.

By Lemma 3.5.7, if (C1)-(C3) hold, then

Ar = G−1
r Yr (8.7)

i.e., each Ai is the finite sum of the finite products of {Γu,Γ−1
u ,Γ∗u,Γ

∗−1
u 1 ≤

u ≤ r}. Moreover, (8.7) provides consistent estimates of Ai, once we replace

the population autocovariance matrices {Γu} by their above mentioned consistent

estimates {Bkn(Γ̂u)} with kn = (n−1 log p)−1/4. Let us denote these estimators of

{Ai : 1 ≤ i ≤ r} by {Â(r)
i : 1 ≤ i ≤ r}.

We need the following assumption to guarantee the LSD of symmetric polynomials

in {Γ̂u, Γ̂∗u}.

(C4) {Ai} converge jointly.

Let

ε̂
(s)
t = Xt −

s∑
i=1

Â
(s)
i Xt−i, ∀t, s.
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Proof of the following theorem is given in Section 8.3.2.

Theorem 8.3.1. Consider the IVAR(r) process defined in (3.9) (or (8.2)). Sup-

pose (C1)-(C4) hold.

(a) Suppose p/n → y > 0. Then for each u ≥ 1, the LSD (almost sure) of

Π1u for the process {εt} (i.e. for the MA(0) process), coincides with the LSD (in

probability) of Π1u for {ε̂(s)
t } if s = r.

(b) Suppose p/n→ 0. Then for each u ≥ 1, the LSD (almost sure) of Π3u for the

process {εt}, coincides with the LSD (in probability) of Π3u for {ε̂(s)
t } if s = r.

It may be noted that even though the above theorem is stated for Π1u and Π3u,

the conclusion of Theorem 8.3.1 holds true for other polynomials if we are ready

to make appropriate moment assumptions on {εi,j}. We have restricted to the

above polynomials only for illustrative purposes.

Remark 8.3.2. Instead of r, if we use any other positive integer s < r, then

the residual process {ε̂(s)
t } does not behave like the MA(0) process. This can be

proved rigorously under appropriate assumptions. However in this thesis we limit

ourselves to a heuristic idea to show this, as follows. Suppose {Xt} is an IVAR(2)

process i.e.

Xt = A1Xt−1 + A2Xt−2 + εt, ∀t (8.8)

and we fit the IVAR(1) process using Â
(1)
1 . Let B̂ = A1 − Â(1)

1 . Therefore,

ε̂
(1)
t = Xt − Â(1)

1 Xt−1 = B̂Xt−1 + A2Xt−2 + εt. (8.9)

Let B = A1−Γ−1
0 Γ1. Using the fact that ||Â(1)

1 −Γ−1
0 Γ1||2

P→ 0 (by Theorem 3.5.6),

it is easy to see that the LSD of Π1u (for p/n → y > 0) and Π3u (for p/n → 0)

for the process {ε̂(1)
t } coincides with the corresponding LSD (in probability) for

ε̃
(1)
t = BXt−1 + A2Xt−2 + εt. (8.10)
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Note that under (C2), by Theorem 3.4.6, {Xt} can be expressed as

Xt = εt +
∞∑
j=1

φjεt−j, ∀t, (8.11)

where {φj} are functions of A2 and B. Therefore,

ε̃
(1)
t =

∞∑
j=0

θjεt−j, where θ0 = Ip, θ1 = B, θj+2 = Bφj+1 + A2φj, j ≥ 2. (8.12)

Note that {ε̃(1)
t } is an MA(∞) process. Then using similar idea as in the proofs

of Corollaries 7.3.12 (d) and 7.3.18 (d), if {θj} are norm bounded and converge

jointly, it is easy to prove that the LSD of Π1u (for p/n → y > 0) and Π3u (for

p/n → 0) for the process {εt} do not coincide with the corresponding LSD (in

probability) for {ε̃(1)
t }.

Under suitable conditions, {A1, A2} and {θj} do indeed converge jointly. This

needs more work and we did not pursue it in this thesis.

Therefore, for each u ≥ 0, the LSD of Π1u (for p/n → y > 0) and Π3u (for

p/n → 0) for the process {εt} coincides with the LSD (in probability) for {ε̂(r)
t }.

Instead of r, if we use any other positive integer s < r, then the residual process

{ε̂(s)
t } does not behave like the MA(0) process. As by Theorem 8.2.1, ECDF of

Π1u (for p/n→ y > 0) or Π3u (for p/n→ 0) for u = 1, 2 coincide (almost surely)

under MA(0) process, to determine the order of the IVAR process, it is enough

to check whether the ECDF of Π1u (for p/n → y > 0) or Π3u (for p/n → 0) of

{ε̂(r)
t } for u = 1, 2 coincide or not. Therefore, if we plot the ECDF of Π1u (for

p/n→ y > 0) or Π3u (for p/n→ 0), u = 1, 2 for the residual process {ε̂(s)
t } in the

same graph, the two distribution functions will coincide only when s = r. Hence,

we have the following method.
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Identification of unknown order r. Successively fit an IVAR(s) process for

s = 0, 1, 2, . . . and for each s, plot the ECDF of Π1u (for p/n→ y > 0) or Π3u (for

p/n→ 0), u = 1, 2 for residuals {ε̂(s)
t } in the same graph.

We say that r̂ is an estimate of the unknown order r of the IVAR process,

if the ECDF of Π1u (for p/n → y > 0) or Π3u (for p/n → 0), u = 1, 2 do not

coincide for all s < r̂ and coincide for s = r̂.

Note that the polynomial Π2u and Π4u could also be used instead Π1u and Π3u.

8.3.1 Simulations

Consider the following IVAR processes. Suppose {εt} is as in (8.1).

Model 5 Xt = εt + 0.5Xt−1.

Model 6 Xt = εt + 0.5Xt−1 + 0.2Xt−2.

Assuming that we do not know the parameter matrices, we use their consistent

estimators discussed above.

For Model 5, we plot the ECDF of Π1u (or Π3u), u = 1, 2 for the residual

process {ε̂(1)
t } and for n = p = 500 (or n = 500, p = n0.9 = 269) in the same graph

and observe that they coincide. See Row 1 left panel in Figure 8.14 (or Figure

8.13). Therefore, 1 is an estimate of the order of Model 5.

For Model 6, we do the same but the two ECDF do not coincide (see Row 1

right panel in Figures 8.14 and 8.13). In Row 2 of Figures 8.14 and 8.13, the same

two ECDF are plotted for {ε̂(2)
t } and they coincide and hence 2 is an estimate of

the order for Model 6.
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Figure 8.13: n = 500, p = n0.9. Row 1 left: ECDF of Π31 and Π32 for residuals after fitting
AR(1) in Model 5. Row 1 right: same after fitting AR(1) in Model 6. Row 2: same after fitting
AR(2) in Model 6.
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Figure 8.14: n = p = 500. Row 1 left: ECDF of Π11 and Π12 for residuals after fitting AR(1)
in Model 5. Row 1 right: same after fitting AR(1) in Model 6. Row 2: same after fitting AR(2)
in Model 6.
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8.3.2 Proof of Theorem 8.3.1

For simplicity, we consider only the IVAR(1) process. Let {Xt : 1 ≤ t ≤ n} be a

sample of size n from the IVAR(1) process satisfying

Xt+1 = εt + AXt−1, ∀t, (8.13)

where εt ∼ IID(0, I). Recall || · ||2 in (2.4). By Theorem 3.5.8, under (C2),

the consistent estimator Â of A satisfies

||Â− A|| P→ 0. (8.14)

Consider the process {ε̂(1)
t = Xt − ÂXt−1 = εt + (A − Â)Xt−1}. Let, for all

k ≥ 0,

Bk =
(
n−1

n−k∑
t=1

ε
(1)
t ε

(1)∗
t+k

)(
n−1

n−k∑
t=1

ε
(1)
t+kε

(1)∗
t

)
,

Dk =
(
n−1

n−k∑
t=1

εtε
∗
t+k

)(
n−1

n−k∑
t=1

εt+kε
∗
t

)
,

Ek =
(
n−1

n−k∑
t=1

ε̂
(1)
t ε̂

(1)∗
t+k

)
+
(
n−1

n−k∑
t=1

ε̂
(1)
t+kε̂

(1)∗
t

)
,

Fk =
(
n−1

n−k∑
t=1

εtε
∗
t+k

)
+
(
n−1

n−k∑
t=1

εt+kε
∗
t

)
.

In Theorem 8.3.1 (a) and (b), our two claims are respectively that, for any fixed

k ≥ 0, the LSD of (a) Bk and Dk, (b) Ek and Fk, are identical in probability. To

prove (a) and (b), By Corollary A.41 in Bai and Silverstein [2009], it is respectively

enough to show that

n−1Tr(Bk −Dk)
2 P→ 0, as p/n→ y > 0 and (8.15)

np−2Tr(Ek − Fk)2 P→ 0, as p/n→ 0. (8.16)
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Proof of (8.15). Note that

1

n

n−k∑
t=1

ε
(1)
t ε

(1)∗
t+k

=

(
1

n

n−k∑
t=1

εtε
∗
t+k

)
+ (A− Â)

(
1

n

n−k∑
t=1

Xt−1ε
∗
t+k

)
+

(
1

n

n−k∑
t=1

εtX
∗
t+k−1

)
(A− Â)∗

+(A− Â)

(
1

n

n−k∑
t=1

Xt−1X
∗
t+k−1

)
(A− Â)∗

=

(
1

n

n−k∑
t=1

εtε
∗
t+k

)
+ (A− Â)

(
1

n

n−k∑
t=1

Xt−1X
∗
t+k

)
− (A− Â)

(
1

n

n−k∑
t=1

Xt−1X
∗
t+k−1

)
A∗

+

(
1

n

n−k∑
t=1

XtX
∗
t+k−1

)
(A− Â)∗ − A

(
1

n

n−k∑
t=1

Xt−1X
∗
t+k−1

)
(A− Â)∗

+(A− Â)

(
1

n

n−k∑
t=1

Xt−1X
∗
t+k−1

)
(A− Â)∗

= G1 +G2 +G3 +G4 +G5 +G6, (say). (8.17)

Therefore, Bk =
∑6

j,l=1 GjG
∗
l . Note that Dk = G1G

∗
1. Hence, by Hölder’s inequal-

ity,

n−1Tr(Bk −Dk)
2 =

∑
1≤j1,j2,l1,l2≤6

(j1,l1),(j2,l2)6=(1,1)

n−1Tr(Gj1G
∗
l1
Gj2G

∗
l2

),

≤
∑

1≤j1,j2,l1,l2≤6

(j1,l1),(j2,l2) 6=(1,1)

(
2∏
s=1

1

n
Tr(G∗jsGjs)

2 1

n
Tr(G∗lsGls)

2

)1/4

. (8.18)

Therefore, to show (8.15), it is enough to prove

(i) 1
n
Tr(G∗1G1)2 = OP (1) and

(ii) 1
n
Tr(G∗iGi)

2 = oP (1), ∀i = 2, 3, 4, 5, 6.

To prove (i) and (ii), we need the following lemma.

Lemma 8.3.3. Consider MA(q) or MA(∞) processes respectively defined in (3.7)

and (3.2). Suppose (C1) and (C4) hold and p/n→ y > 0. Then for any symmetric
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polynomial Π,

1

n
Tr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0))

a.s.→ limE
1

n
Tr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0)), (8.19)

and hence

1

n
Tr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0)) = OP (1).

Proof. By (M1) and (M4) in the proof of Theorems 7.3.1 and 7.3.4, under (C1)

and (C4) and as p/n→ y > 0, we have

1

n
ETr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0))→ limE

1

n
Tr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0))

E(n−1Tr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0))− En−1Tr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0)))4 = O(n−4).

Hence, by Borel-Cantelli lemma, the first part of Lemma 8.3.3 follows. The second

part is trivial.

Note that G1 is Γ̂k for the MA(0) process {εt}. Therefore, (i) follows immedi-

ately by Lemma 8.3.3.

We now prove (ii), first for i = 6. Recall || · ||2 in (2.4). Note that for any

n× n matrix A,

n−1Tr(A∗A) ≤ ||A||22. (8.20)

Note that G6 = (A− Â)Γ̂k(A− Â)∗. Therefore, by Hölder’s inequality,

1

n
Tr(G∗6G6)2 ≤

(
1

n
Tr((A− Â)(A− Â)∗)8 1

n
Tr(Γ̂∗kΓ̂k)

8

)1/2

≤ ||A− Â||82
(

1

n
Tr(Γ̂∗kΓ̂k)

8

)1/2

, by (8.25). (8.21)

Now note that by (8.14), ||A− Â||2 = oP (1) and by Lemma 8.3.3, 1
n
Tr(Γ̂∗kΓ̂k)

8 =
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OP (1). Hence, 1
n
Tr(G∗6G6)2 = oP (1). therefore, (ii) is proved for i = 6.

Similar arguments will go through for i = 2, 3, 4, 5. Hence the proof of (8.16) is

complete. Therefore, (8.15) is proved and hence (a) is proved for the IVAR(1)

process. To prove (b), it remains to prove (8.16).

Proof of (8.16). Note that by (8.17), Ek =
∑6

j=1Gj+
∑6

j=1 G
∗
j and Fk = G1+G∗1.

Hence,

n

p2
Tr(Ek − Fk)2 =

6∑
j,l=2

n

p2
Tr(Gj +G∗j)(Gl +G∗l ). (8.22)

By Hölder’s inequality for all 2 ≤ j, l ≤ 6

| n
p2

Tr(Gj +G∗j)(Gl +G∗l )| ≤
4n

p

(
p−1Tr(G∗jGj)p

−1Tr(G∗lGl)
)1/2

. (8.23)

Now the proof of (8.16) for IVAR(1) is completed using similar arguments as in

the proof of (a) for IVAR(1). This establishes (b).

One can deal with the IVAR(r), r ≥ 2, using the exactly same idea as above.

8.4 Asymptotic normality of traces

Linear spectral statistics of a random matrix M are of the form 1
n

∑n
i=1 f(λi)

where {λi} are eigenvalues of M and f is a “suitable” function. Such statistics

have been discussed in Diaconis and Evans [2001], Bai and Silverstein [2004] and

Bai et al. [2009]. Asymptotic normality of these statistics is extremely useful in

statistical inference. While we do not discuss these statistics in general, in this

thesis, we deal with a specific class of spectral linear statistics namely traces of

polynomials in sample autocovariance matrices.

Consider the infinite dimensional MA process in (3.7). In this section, we

shall discuss asymptotic normality of the trace of any symmetric polynomial in

{Γ̂u, Γ̂∗u}. We will then show how this can be applied in statistical testing problems
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in high-dimensional time series.

Recall the assumptions (B1), (B3) and (B) which appeared in Chapter 7. For

convenience of the reader, we state them again. Recall the classes L and C(δ, p)

respectively in (4.14) and (4.16).

(B1) {εi,j} are independently distributed with mean 0 and variance 1.

(B2) {εi,j : 1 ≤ i ≤ p, 1 ≤ j ≤ n} ∈ L ∩ C(δ, p), for all p ≥ 1.

(B) {ψj, ψ∗j} are norm bounded and jointly converge.

Let Π := Π(Γ̂u, Γ̂
∗
u : u ≥ 0) be a symmetric polynomial in {Γ̂u, Γ̂∗u : u ≥ 0} and

RΠ =
√
np−1

(
Π(Γ̂u, Γ̂

∗
u : u ≥ 0)− Π(Γu,Γ

∗
u : u ≥ 0)

)
.

Let

σ2
Π = limE(Tr(Π)− ETr(Π))2, σ2

R = E(Tr(RΠ))2.

Note that σ2
Π and σ2

R are finite under our assumptions. Then we have the following

theorem

Theorem 8.4.1. Suppose (B1), (B3), (B) hold.

(a) Suppose p/n→ y > 0. Then Tr(Π)− ETr(Π)
D→ N (0, σ2

Π).

(b) Suppose p/n→ 0. Then Tr(RΠ)
D→ N (0, σ2

R).

Proof. (a) We use Lemmas 5.4.2 and 7.3.2. In these lemmas put

Pi = Tr(Π(∆u,∆
∗
u : u ≥ 0)), ∀i ≥ 1 and (8.24)

P̃i = Tr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0)), ∀i ≥ 1. (8.25)

Therefore,

P0
i = ETr(Π(∆u,∆

∗
u : u ≥ 0)), ∀i ≥ 1 and (8.26)

P̃0
i = ETr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0)), ∀i ≥ 1. (8.27)
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Also note that, by (8.25) and (8.27), we have

limE
[(
P̃i − P̃0

i

)(
P̃j − P̃0

j

)]
= σ2

Π, ∀i, j ≥ 1. (8.28)

Therefore,

limE(Tr(Π(Γ̂u, Γ̂
∗
u : u ≥ 0))− ETr(Π(Γ̂u, Γ̂

∗
u : u ≥ 0)))T

= limE(
T∏
i=1

(P̃i − P̃0
i )), (by (8.25) and (8.27)

= limE(
T∏
i=1

(Pi − P0
i )), (by Lemma 7.3.2(b))

=

0 if T = 2d− 1,∑
Sd

∏d
k=1 limE

[(
Pi2k−1

− P0
i2k−1

)(
Pi2k − P0

i2k

)]
, if T = 2d.

, (by Lemma 5.4.2)

=

0 if T = 2d− 1,∑
Sd

∏d
k=1 limE

[(
P̃i2k−1

− P̃0
i2k−1

)(
P̃i2k − P̃0

i2k

)]
, if T = 2d.

, (by Lemma 7.3.2 (b))

=

0, if T = 2d− 1

(#Sd)σ2d
Π , if T = 2d

, (by (8.28))

=

0, if T = 2d− 1

(total number of pair partitions of {1, 2, . . . , 2d})σ2d
Π , if T = 2d.

(8.29)

which is nothing but the T -th order raw moment of N (0, σ2
Π). This completes the

proof of (a).

(b) Similar arguments as in (a), works for (b) also. Hence we omit its proof.

Following are some examples and simulations to support Theorem 8.4.1.
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Example 8.4.1. Let Xt = εt, ∀t. We consider εt ∼ Np(0, Ip), where εt’s are

independent. Then using Theorem 8.4.1 (a), it is easy to see that, when p/n→ 1,

Tr(Γ̂0)− n D→ N (0, 2),

Tr(Γ̂1Γ̂∗1)− n+ 1
D→ N (0, 10),

Tr(Γ̂1 + Γ̂∗1)
D→ N (0, 4). (8.30)

Moreover, using Theorem 8.4.1 (b), it is easy to see that, when p/n→ 0, we have

Tr
√
np−1(Γ̂0 − I)

D→ N (0, 1),

Tr
√
np−1(Γ̂1 + Γ̂∗1)

D→ N (0, 2).

Simulation results given in Row 1 (left and right panels, Figure 8.15), Row 2 (left

panel Figure 8.15) and Row 1 (left and right panels, Figure 8.16) support the above

convergences.

Example 8.4.2. Let Xt = εt + εt−1. Then using Theorem 8.4.1 (a), it is easy to

see that, when p/n→ 1, we have

Tr(Γ̂0)− 2(n− 1)
D→ N (0, 8).

Moreover, using Theorem 8.4.1 (b), it is easy to see that, when p/n→ 0, we have

Tr
√
np−1(Γ̂0 − 2Ip)

D→ N (0, 6),

Tr
√
np−1(Γ̂1 + Γ̂∗1 − 2Ip)

D→ N (0, 12).

Simulation result given in Row 2 (right panel, Figure 8.15) and Row 2 (left and

right panels, Figure 8.16) support the above convergences.
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Figure 8.15: n = p = 500 and 500 replications. Row (1) left, Row (1) right and Row (2) left
represent respectively the histogram of (Tr(Γ̂0)− n), (Tr(Γ̂1Γ̂∗

1)− n+ 1) and Tr(Γ̂1 + Γ̂∗
1), when

Xt = εt. Row (2) right represents the histogram of (Tr(Γ̂0)− 2(n− 1)), when Xt = εt + εt−1.
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Figure 8.16: p = n0.9 and 500 replications. Row (1) left and Row (1) right represent

respectively the histogram of (Tr
√
np−1(Γ̂0 − I)) and Tr

√
np−1(Γ̂1 + Γ̂∗

1), when Xt = εt. Row

(2) left and Row (2) right respectively represent the histogram of (Tr
√
np−1(Γ̂0 − 2I)) and

Tr
√
np−1(Γ̂1 + Γ̂∗

1 − 2I), when Xt = εt + εt−1.
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Now we point out briefly how the above results can be used for testing.

Application to testing. Suppose we wish to test

H0 : Xt = εt, ∀t against H1 : Xt = εt + εt−1, ∀t.

If p/n→ 1, then by Example 8.4.1, under H0, (Tr(Γ̂0)− n)
D→ N (0, 2) and under

H1, (Tr(Γ̂0)− 2(n− 1))
D→ N (0, 8). Similarly, if p/n→ 0, then by Example 8.4.2,

under H0, Tr
√
np−1(Γ̂0 − Ip)

D→ N (0, 6) and under H1, Tr
√
np−1(Γ̂0 − 2Ip)

D→

N (0, 6).

Then (Tr(Γ̂0)−n) (when p/n→ 1) and Tr
√
np−1(Γ̂0−Ip) (when p/n→ 0) can

be used as test statistics and large value of the test statistic will indicate rejection

of H0. Clearly this idea can be extended to test other pairs of simple null and

alternative hypotheses for Model (3.7) and also when p/n→ y 6= 1.

We have not pursued this idea further in this thesis. We believe this idea can

be developed further and will be extremely useful in the statistical analysis of

high-dimensional time series.
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L. Saulis and V. A. Statulevičius. Limit Theorems for Large Deviations. Kluwer

Academic Publishers, Dordrecht, 1991.

X. Shao. Testing for white noise under unknown dependence and its application to

diagnostic checking for time series models. Econometric Theory, 27(2):312–343,

2011.

K. W. Wachter. The strong limits of random matrix spectra for sample matrices

of independent elements. Ann. probab., 6(1):1–18, 1978.

L. Wang and D. Paul. Limiting spectral distribution of renormalized separable

sample covariance matrices when p/n → 0. J. Multivariate Anal., 126:25–52,

2014.

L. Wang, A. Aue, and D. Paul. Spectral analysis of linear time series in moderately

high dimensions. (http://arxiv.org/abs/1504.06360), 2015.

E. P. Wigner. On the distribution of the roots of certain symmetric matrices.

Ann. Math., 67(2):325–328, 1958.

http://arxiv.org/abs/1504.06360


BIBLIOGRAPHY 300

H. Xiao and W. B. Wu. Portmanteau test and simultaneous inference for serial

covariances. Statist. Sinica, 24(2):577–600, 2014.

Y. Q. Yin. Limiting spectral distribution for a class of random matrices. J.

Multivariate Anal., 20(1):50–68, 1986.


	 Introduction and summary 
	Summary of Chapter 2
	Summary of Chapter 3
	Summary of Chapter 4
	Summary of Chapter 5
	Summary of Chapter 6
	Summary of Chapter 7
	Summary of Chapter 8

	Estimation of large dispersion matrix for dependent observations
	Introduction
	A brief literature review: some necessary results and motivation
	Covariance regularization by BL2008
	Covariance regularization by AT2010

	A more general model and some examples
	Weak dependence among observations

	Estimation of p for the weak model
	Banding
	Tapering


	Estimation of large autocovariance matrices for linear process
	Introduction
	Models and examples
	Estimation of 0,p using results of Chapter 2
	Parameter spaces
	Estimation of autocovariance matrices
	Estimation of parameter matrices for IVAR(r)
	Relaxing the Gaussian assumption

	Simulations

	Limiting spectral distribution and free probability
	Introduction
	LSD and related discussions
	Existing results on W
	Existing results on Z when p/n y >0
	Existing results on Z when p/n 0

	Free probability and related notions
	NCP and its convergence
	Möbius function, non-crossing partitions and Kreweras complement
	Free cumulants and free independence
	Algorithm to compute moments of free variables
	Some existing results on the joint convergence of random matrices


	Joint convergence of generalized dispersion matrices when p/n y>0
	Introduction
	Preliminaries
	Assumptions
	Idea behind the limit of (Up, p-1ETr)

	NCP convergence result
	LSD of symmetric polynomials in {Pl,(ul,1,ul,2,…,ul,kl)}
	Stieltjes transform
	Corollaries

	Proof of Lemma 5.4.2

	Joint convergence of generalized dispersion matrices when p/n 0
	Introduction
	Preliminaries
	Assumptions
	Centering and Scaling
	Idea behind the limiting NCP of (Vp, p-1ETr)

	NCP convergence result
	LSD of symmetric polynomials in {Rl,(ul,1,…, ul,kl)}
	Stieltjes transform of the LSD
	Corollaries

	A necessary lemma
	Proof of Theorem 6.3.1

	Limiting spectral distribution of sample autocovariance matrices
	Introduction
	Existing results and motivation
	LSD of any symmetric polynomial in {u,u*}
	LSD for p/n y>0
	Consequences of Theorems 7.3.1 and 7.3.4, y =0
	LSD for p/n 0
	Consequence of Theorems 7.3.15 and 7.3.17, y = 0

	Proof of Lemma 7.3.2
	Proof of Corollary 7.3.8 (c)
	Proof of Corollary 7.3.12 (c)
	Proof of Corollary 7.3.18 (c)

	Inference in high dimensional time series: order determination and testing
	Introduction
	Order determination of an MA processes
	Simulations

	Order determination of AR processes
	Simulations
	Proof of Theorem 8.3.1

	Asymptotic normality of traces

	

