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Abstract

We present a unified approach to limiting spectral distribution (LSD) of pat-
terned matrices via the moment method. We demonstrate relatively short proofs
for the LSD of common matrices and provide insight into the nature of different
LSD and their interrelations. The method is flexible enough to be applicable to
matrices with appropriate dependent entries, banded matrices, and matrices of
the form Ap = 1

n
XX ′ where X is a p× n matrix with real entries and p → ∞

with n = n(p)→∞ and p/n→ y with 0 ≤ y <∞.
This approach raises interesting questions about the class of patterns for

which LSD exists and the nature of the possible limits. In many cases the LSD
are not known in any explicit forms and so deriving probabilistic properties of
the limit are also interesting issues.
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1. Introduction

Consider a sequence of patterned matrices with random entries. Examples in-
clude Wigner, sample variance covariance, Toeplitz and Hankel matrices. Find-
ing the asymptotic properties of the spectrum as the dimension increases has
been a major focus of research. We concentrate on such real symmetric ma-
trices and provide an overview of a unified moment approach in deriving their
limiting spectral distribution (LSD). After developing a unified framework, we
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present selective sketches of proofs for a few of these matrices. We also discuss
extensions to situations where the entries come from a dependent sequence or
the matrix is of the form XX ′, thus generalizing the sample variance covariance
matrix. Finally we discuss in brief a few other matrices as well as methods for
deriving the LSD.

2. Moment Method

Suppose {Yn} is a sequence of real valued random variables. Suppose that
there exists some (nonrandom) sequence {βh} such that E[Y hn ]→ βh for every
positive integer h where {βh} satisfies Carleman’s condition:

∞∑
h=1

β
−1/2h
2h =∞.

Then there exists a distribution function F , such that for all h,

βh =
∫
xhdF (x) and Yn converges to F in distribution.

As an illustration, suppose {xi} are i.i.d. random variables with mean zero
and variance one and all moments finite. Let Yn = n−1/2(x1 + x2 + . . . + xn).
By using binomial expansion and taking term by term expectation and then
using elementary order calculations, E[Y 2k+1

n ] → 0 and E[Y 2k
n ] → 2k!

2kk!
. Using

Stirling’s approximation, it can be easily checked that {β2k = 2k!
2kk!
} satisfies

Carleman’s condition. Since β2k are the 2k-th moments of standard Normal
distribution, Yn

D→ N(0, 1).
This idea has traditionally been used for establishing the LSD for example

of the Wigner and the sample variance covariance matrices. There the trace
formula replaces the binomial expansion. However, the calculation/estimation
of the leading term and the bounding of the lower order terms lead to combi-
natorial issues which usually have been addressed on a case by case basis.

3. Limiting Spectral Distribution and Moments

For any random n× n matrix An, if λ1, λ2, . . . , λn are all its eigenvalues, then
its empirical spectral distribution function (ESD) is given by

FAn(x, y) = n−1
n∑
i=1

I{Reλi ≤ x, Imλi ≤ y}.

The expected spectral distribution function of An is defined as E[FAn(·)]. The
limiting spectral distribution (LSD) of a sequence {An} as n → ∞, is the
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weak limit of the sequence {FAn}, if it exists, either almost surely (a.s.) or
in probability. We shall deal with only real symmetric matrices and hence all
eigenvalues are real. The h-th moment of the ESD of An has the following nice
form:

h-th moment of the ESD of An =
1
n

n∑
i=1

λhi =
1
n

tr(Ahn) = βh(An) (say).

The following easy Lemma links convergence of moments and LSD. Consider
the following conditions:

(M1) For every h ≥ 1, E[βh(An)]→ βh and {βh} satisfies Carleman’s condition.

(M2) Var[βh(An)]→ 0 for every h ≥ 1.

(M4)
∑∞
n=1 E[βh(An)− E(βh(An))]4 <∞ for every h ≥ 1.

Lemma 1. If (M1) and (M2) hold, then {FAn} converges in probability to F
determined by {βh}. If further (M4) holds, then this convergence is a.s.

4. A Unified Approach

The sequence of variables which is used to construct the matrix will be called
the input sequence. It shall be of the form {xi; i ≥ 0} or {xij ; i, j ≥ 1}.

4.1. Link function. Let Z be the set of all integers and let Z+ denote
the set of all nonnegative integers. Let Ln : {1, 2, . . . n}2 → Zd, n ≥ 1 be a
sequence of functions such that Ln+1(i, j) = Ln(i, j) whenever 1 ≤ i, j ≤ n. We
shall write Ln = L and call it the link function and by abuse of notation we
write Z2

+ as the common domain of {Ln}. The matrices we consider will be of
the form ((xL(i,j))). Here are some well known matrices and their link functions:

(i) Wigner matrix W (s)
n . L : Z2

+ → Z2 where L(i, j) = (min(i, j),max(i, j)).

W (s)
n =


x11 x12 x13 . . . x1(n−1) x1n

x12 x22 x23 . . . x2(n−1) x2n

...
x1n x2n x3n . . . x(n−1)n xnn

 .
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(ii) Symmetric Toeplitz matrix T (s)
n . L : Z2

+ → Z+ where L(i, j) = |i− j|.

T (s)
n =


x0 x1 x2 . . . xn−2 xn−1

x1 x0 x1 . . . xn−3 xn−2

x2 x1 x0 . . . xn−4 xn−3

...
xn−1 xn−2 xn−3 . . . x1 x0

 .

(iii) Symmetric Hankel matrix H(s)
n . L : Z2

+ → Z+ where L(i, j) = i+ j.

H(s)
n =


x2 x3 x4 . . . xn xn+1

x3 x4 x5 . . . xn+1 xn+2

x4 x5 x6 . . . xn+2 xn+3

...
xn+1 xn+2 xn+3 . . . x2n−1 x2n

 .

(iv) Reverse Circulant R(s)
n . L : Z2

+ → Z+ where L(i, j) = (i+ j) mod n.

R(s)
n =


x2 x3 x4 . . . x0 x1

x3 x4 x5 . . . x1 x2

x4 x5 x6 . . . x2 x3

...
x1 x2 x3 . . . xn−1 x0

 .

(v) Symmetric circulant C(s)
n . L : Z2

+ → Z where L(i, j) = n/2− |n/2− |i− j||.

C(s)
n =


x0 x1 x2 . . . x2 x1

x1 x0 x1 . . . x3 x2

x2 x1 x0 . . . x2 x3

...
x1 x2 x3 . . . x1 x0

 .

(vi) Doubly symmetric Hankel matrix DHn. The symmetric circulant is also
a “doubly symmetric” Toeplitz matrix. The doubly symmetric Hankel matrix
DHn with link function L(i, j) = n/2− |n/2− (i+ j) mod n|, 1 ≤ i, j ≤ n is

DHn =



x0 x1 x2 . . . x3 x2 x1

x1 x2 x3 . . . x2 x1 x0

x2 x3 x4 . . . x1 x0 x1

...
x2 x1 x0 . . . x5 x4 x3

x1 x0 x1 . . . x4 x3 x2


.



Patterned Random Matrices and Method of Moments 5

(vii) Palindromic matrices PTn and PHn. For these symmetric matrices, the
first row is a palindrome. PTn is given below and PHn is defined similarly.

PTn =



x0 x1 x2 . . . x2 x1 x0

x1 x0 x1 . . . x3 x2 x1

x2 x1 x0 . . . x4 x3 x2

...
x1 x2 x3 . . . x1 x0 x1

x0 x1 x2 . . . x2 x1 x0


.

(viii) Sample variance covariance matrix: Often called the S matrix, is defined
as

Ap(W ) = n−1WpW
′
p where Wp = ((xij))1≤i≤p,1≤j≤n. (1)

It is convenient in this case to think of the link function as a pair, given by:

L1, L2 : Z2
+ × Z2

+ → Z2
+, L1(i, j) = (i, j), L2(i, j) = (j, i).

(ix) Taking a cue from (viii), one may consider XX ′ where X is a suitable
nonsymmetric matrix.

All the link functions above possess Property B given below with f(x) = x.
Unless otherwise specified, we shall always assume that f(x) = x. The general
form for f is needed to deal with matrices with dependent entries.

Property B: Let f : Zd+ → Z. Then (L, f) is said to satisfy Property B if

∆(L, f) = sup
n

sup
t∈Zd+

sup
1≤k≤n

#{l : 1 ≤ l ≤ n, f(|L(k, l)− t|) = 0} <∞. (2)

4.2. Scaling. Assume that {xi} have mean zero and variance 1. Let Fn
denote the ESD of T (s)

n and let Xn be the corresponding random variable.
Then

E(Xn) =
1
n

n∑
i=1

λi,n =
1
n

Tr(T (s)
n ) = x0 and E[E(Xn)] = 0,

E(X2
n) =

1
n

n∑
i=1

λ2
i,n =

1
n

Tr
(
T (s)
n

2
)

=
1
n

[nx2
0 + 2(n− 1)x2

1 + . . .+ 2x2
n−1]] and E[E(X2

n)] = n.

Hence, it is appropriate to consider n−1/2T
(s)
n . The same holds for all matrices

except XX ′, for which the issue is more complicated.
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4.3. Trace formula and circuits. Let An = ((aL(i,j))). Then the h-th
moment of Fn

−1/2An is given by

1
n

Tr
(
An√
n

)h
=

1
n1+h/2

∑
1≤i1,i2,...,ih≤n

aL(i1,i2)aL(i2,i3) · · · aL(ih−1,ih)aL(ih,i1).

(3)
Circuit: π : {0, 1, 2, · · · , h} → {1, 2, · · · , n} with π(0) = π(h) is called a
circuit of length l(π) := h. The dependence of a circuit on h and n will be
suppressed. Clearly, (M1), (M2) and (M4) may be written in terms of circuits.
For example,

(M1) E[βh(n−1/2An)] = E[ 1
n Tr

(
An√
n

)h
] = 1

n1+h/2

∑
π: π circuit E Xπ → βh

where

Xπ = xL(π(0),π(1))xL(π(1),π(2)) · · ·xL(π(h−2),π(h−1))xL(π(h−1),π(h)).

Matched Circuits: For any π, any L(π(i − 1), π(i)) is an L-value. If an
L-value is repeated exactly e times, we say that it has an edge of order
e (1 ≤ e ≤ h). If π has all e ≥ 2, then it is called L-matched (in short
matched). For any nonmatched π, E[Xπ] = 0 and hence only matched π are
relevant. If π has only order 2 edges, then it is called pair matched.

To verify (M2), we need multiple circuits: k circuits π1, π2, · · · , πk are
jointly matched if each L-value occurs at least twice across all circuits. They
are cross matched if each circuit has at least one L-value which occurs in at
least one of the other circuits.

To deal with dependent inputs, we need the following: a π is
(L, f)-matched if for each i, there is at least one j 6= i such that
f
(∣∣L(π(i − 1), π(i)) − L(π(j − 1), π(j))

∣∣) = 0. The earlier L matching is
a special case with f(x) = x. The concepts of jointly matching and cross
matching can be similarly extended.

Equivalence of circuits: The following defines an equivalence relation be-
tween the circuits: π1 and π2 are equivalent if and only if˘
L(π1(i−1), π1(i)) = L(π1(j−1), π1(j))⇔ L(π2(i−1), π2(i)) = L(π2(j−1), π(j))

¯
.

4.4. Words. Any equivalence class induces a partition of {1, 2, · · · , h}. To
any partition we associate a word w of length l(w) = h of letters where the
first occurrence of each letter is in alphabetical order. For example if h = 5
then the partition {{1, 3, 5}, {2, 4}} is represented by the word ababa.



Patterned Random Matrices and Method of Moments 7

The class Π(w): Let w[i] denote the i-th entry of w. The equivalence class
corresponding to w will be denoted by

Π(w) = {π : w[i] = w[j]⇔ L(π(i− 1), π(i)) = L(π(j − 1), π(j))}.

The number of partition blocks corresponding to w will be denoted by |w|. If
π ∈ Π(w), then clearly, #{L(π(i− 1), π(i)) : 1 ≤ i ≤ h} = |w|.

The above notions carry over to words. For instance ababa is matched, and
abcadbaa is nonmatched with edges of order 1, 2 and 4 and the corresponding
partition is {{1, 4, 7, 8}, {2, 6}, {3}, {5}}.

For technical reasons it becomes easier to deal with a class bigger than Π.
Let

Π∗(w) = {π : w[i] = w[j]⇒ L(π(i− 1), π(i)) = L(π(j − 1), π(j))}.

4.5. Reduction to bounded case. We first show that in general, it
is enough to work with input sequences which are uniformly bounded. The
proof of the following lemma is available in Bose and Sen (2008)[21].

Assumption I {xi, xij} are independent and uniformly bounded with mean
zero and variance 1.

Assumption II {xi, xij} are i.i.d. with mean zero and variance 1.

Let {An} be a sequence of n × n random matrices with link function Ln.
Let

kn = #{Ln(i, j) : 1 ≤ i, j ≤ n}, αn = max
k

#{(i, j) : Ln(i, j) = k, 1 ≤ i, j ≤ n}.

Lemma 2. Suppose kn → ∞ and knαn = O(n2). If {Fn−1/2An} converges to
a nonrandom F a.s. when the input sequence satisfies Assumption I, then the
same limit holds if it satisfies Assumption II.

4.6. Only pair matched words contribute. From the discussion
in Section 4.3 it is enough to consider matched circuits. The next lemma shows
that we can further restrict attention to pair matched words. Its proof is easy
and is available in Bose and Sen (2008)[21].

Let Nh,3+ be the number of (L, f) matched circuits on {1, 2, . . . , n} of length
h with at least one edge of order ≥ 3.

Lemma 3. (a) If (L, f) satisfies Property B, then there is a constant C such
that

Nh,3+ ≤ Cnb(h+1)/2c and as n→∞, n−(1+h/2)Nh,3+ → 0. (4)



8 Arup Bose, Rajat Subhra Hazra, and Koushik Saha

(b) Suppose {An} is a sequence of n× n random matrices with input sequence
{xi} satisfying Assumption I and (L, f) with f(x) = x satisfying Property B.
Then

if h is odd, lim
n

E[βh(n−1/2An)] = lim
n

E

[
1
n

Tr
(
An√
n

)h]
= 0 (5)

and if h = 2k, then
∑

w has only
order 2 edges

lim
n

1
n1+k

|Π∗(w)−Π(w)| = 0 (6)

and provided the limit in the right side below exists,

lim
n

E[β2k(n−1/2An)] =
∑

w has only
order 2 edges

lim
n

1
n1+k

|Π(w)|. (7)

Define, for each fixed matched word w of length 2k with |w| = k,

p(w) = lim
n

1
n1+k

|Π(w)| = lim
n

1
n1+k

|Π∗(w)| (8)

whenever the limit exists. This limit will be positive and finite only if the number
of elements in the set is of exact order nk+1. In that case, Lemma 3 implies
that the limiting (2k)-th moment is

β2k =
∑

w:|w|=k, l(w)=2k

p(w).

The next Lemma verifies (M4). Its proof is easy and is available in Bose and
Sen (2008)[21]. Let Qh,4 be the number of quadruples of circuits (π1, π2, π3, π4)
of length h which are jointly matched and cross matched with respect to (L, f).

Lemma 4. (a) If (L, f) obeys Property B, Qh,4 ≤ Kn2h+2 for some constant
K.

(b) If {An} is a sequence of n × n random matrices with the input sequence
{xi} satisfying Assumption I and (L, f) with f(x) = x satisfying Property B,
then the following holds. As a consequence, (M4) holds.

E

[
1
n

Tr
(
An√
n

)h
− E

1
n

Tr
(
An√
n

)h]4

= O(n−2). (9)

4.7. Vertex, generating vertex and Carleman’s condition.
Any π(i) is a vertex. It is generating if either i = 0 or w[i] is the first
occurrence of a letter. For example, if w = abbcab then π(0), π(1), π(2), π(4) are
generating. By Property B a circuit is completely determined, up to a finitely
many choices, by its generating vertices. The number of generating vertices is
|w| + 1 and hence |Π∗(w)| = O(n|w|+1). The following result is due to Bose
and Sen (2008)[21].
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Theorem 4.1. Let {An = ((xL(i,j)))ni,j=1} with the input sequence satisfying

Assumption I and (L, f) satisfying Property B with f(x) = x. Then {Fn−1/2An}
is tight a.s. Any subsequential limit G satisfies, for all nonnegative integers k,
(i) β2k+1(G) = 0 and (ii) β2k(G) ≤ (2k)!∆(L,f)k

k!2k
. Hence G is sub Gaussian. The

(nonrandom) LSD exists for {n−1/2An} iff for every h, a.s.,

limβh(n−1/2An) = βh (say). (10)

In particular, {βh} automatically satisfies Carleman’s condition.

5. The LSD for Some Specific Matrices

To derive any LSD, it is enough to obtain (10) or (8). It turns out that
for C

(s)
n , PTn, PHn and DHn, p(w) = 1 for all w. For other matrices only

certain words contribute in the limit. Properties of p(w) for different matrices is
given in Tables 1 and 2. Two special type of words which arise are the following:

Symmetric and Catalan words: A pair matched word is symmetric if each
letter occurs once each in an odd and an even position. A pair matched word
is Catalan if, sequentially deleting all double letters leads to the empty word.
For example, abccbdda is a Catalan word whereas abab is not. The following
result gives the count of these words. The proof of the first part of (a) is also
available in Chapter 2 of Anderson, Guionnet and Zeitouni (2009)[3] and Bose
and Sen (2008)[21].

Lemma 5. (a) The number of Catalan words and symmetric words of length
2k are respectively, (2k)!

(k+1)!k! and k!.

(b) Let Mt,k= #{ Catalan words of length 2k with (t + 1) even generating
vertices and (k − t) odd generating vertices}. Then

Mt,k =
(
k − 1
t

)2

−
(
k − 1
t+ 1

)(
k − 1
t− 1

)
=

1
t+ 1

(
k

t

)(
k − 1
t

)
.

Proof. (a) For any Catalan word, mark the first and second occurrences of
a letter by +1 and −1 respectively. For example, abba and abccbdda are
represented respectively by (1, 1,−1,−1) and (1, 1, 1,−1,−1, 1,−1,−1). This
provides a bijection between the Catalan words of length 2k and sequences
{ul}1≤l≤2k satisfying: each ul = ±1, Sl =

∑l
j=1 uj ≥ 0 ∀ l ≥ 1 and S2k = 0.

By reflection principle, the total number of such paths is easily seen to be
(2k)!

(k+1)!k! . We omit the details. The proof of the second part is trivial.

(b) We know from part (a) that,

#{Catalan words of length 2k} = # {{ul}1≤l≤2k : ul = ±1, Sl ≥ 0, S2k = 0} .
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Note that the conditions {Sl ≥ 0 and S2k = 0} imply u1 = 1 and u2k = −1.
Define

Ne,1 := #{l : ul = 1, l even} and No,−1 := #{l : ul = −1, l odd}.

Clearly, Ne,1 ≤ k − 1 and No,−1 ≤ k − 1. Define

C0 = {{ul} : S2k−1 = 1, Ne,1 = t, No,−1 = t} ,
C1 = {{ul} : Sl < 0 for some l, S2k−1 = 1, Ne,1 = t, No,−1 = t} ,
C2 = {{ul} : S2k−1 = −3, Ne,1 = t− 1, No,−1 = t+ 1} .

Then it is easy to see that

#C0 =
(
k − 1
t

)2

and #C2 =
(
k − 1
t− 1

)(
k − 1
t+ 1

)
,

Mt,k = # {{ul} : Sl ≥ 0 ∀l and S2k−1 = 1, Ne,1 = t, No,−1 = t}
= #C0 −#C1.

Now we will show #C1 = #C2. Note that for {ul} ∈ C1 there exist l, such that
Sl−1 = −1. Similarly for {ul} ∈ C2 there exist l, such that Sl−1 = −1. Let

l1 = sup{l : Sl−1 = −1, {ul} ∈ C1},
l2 = sup{l : Sl−1 = −1, {ul} ∈ C2}.

Then
ul1 = ul1+1 = 1 and ul2 = ul2+1 = −1.

Now define a map f : C1 → C2 as follows: f({ul}) = {u′l} where

u′l = ul ∀ l 6= l1, l1 + 1 and u′l1 = −ul1 , u′l1+1 = −ul1+1.

Similarly define g : C2 → C1 as g({ul}) = {u′l} where

u′l = ul ∀ l 6= l2, l2 + 1 and u′l2 = −ul2 , u′l2+1 = −ul2+1.

It is easy see that f and g are injective. Hence #C1 = #C2. Therefore

Mt,k = #C0 −#C1 = #C0 −#C2 =
(
k − 1
t

)2

−
(
k − 1
t+ 1

)(
k − 1
t− 1

)
.

We now provide brief sketches of the steps verifying the existence of the
limit (8) for different matrices.
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5.1. Wigner matrix: the semicircular law. The semi-circular
law LW arises as the LSD of n−1/2W

(s)
n . It has the density function

pW (s) =


1

2π

√
4− s2 if |s| ≤ 2,

0 otherwise.
(11)

All its odd moments are zero. The even moments are given by

β2k(LW ) =
∫ 2

−2

s2kpW (s)ds =
(2k)!

k!(k + 1)!
. (12)

Wigner (1958)[47] assumed the entries {xi} to be i.i.d. real Gaussian and es-
tablished the convergence of E[Fn

−1/2W (s)
n (·)] to the semi-circular law (11).

Subsequent improvements and extensions can be found in Grenander (1963,
pages 179 and 209)[26], Arnold (1967)[2] and Bai (1999)[6].

Theorem 5.1. Let W (s)
n be the n × n Wigner matrix with the entries {xij :

1 ≤ i ≤ j, j ≥ 1} satisfying Assumption I or II. Then with probability one,
{Fn−1/2Wn} converges weakly to the semicircular law LW given in (11).

Proof. By Lemma 3, Lemma 5 and Theorem 4.1, it is enough to show that for
pair matched word w,

1
n1+k

|Π∗(w)| → 1 or 0 according as w is or is not a Catalan word. (13)

Note that if π ∈ Π∗(w), w[i] = w[j] ⇒ L(π(i − 1), π(i)) = L(π(j − 1), π(j)).
Then

(π(i− 1), π(i)) =

{
(π(j − 1), π(j)) (constraint C1) or
(π(j), π(j − 1)) (constraint C2).

For any matched word w, there are k such constraints. Since each constraint
is either C1 or C2, there are at most 2k choices in all. Let λ be a typical choice
of k constraints and Π∗λ(w) be the subset of Π∗(w) corresponding to λ and so,

Π∗(w) =
⋃
λ

Π∗λ(w), a disjoint union. (14)

Fix w and λ. For π ∈ Π∗λ(w), consider the graph with vertices
π(0), π(1), · · · , π(2k) Vertices within the following pairs are connected with a
single edge:

(i) the pairs (π(i−1), π(j−1)) and (π(i), π(j)) if w[i] = w[j] yields constraint
C1.

(ii) the pairs (π(i′ − 1), π(j′)) and (π(i′), π(j′ − 1)) if w[i′] = w[j′] yields
constraint C2.
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(iii) the pair (π(0), π(2k)), ensuring that π is indeed a circuit.

So, the graph has a total of (2k + 1) edges. These may include loops and
double edges. By abuse of notation, π(i) thus denotes both, a vertex and its
numerical value. One shows by an easy argument that the graph has (k + 1)
connected components if and only if w is Catalan and all constraints are C2. See
Bose and Sen (2008)[21] for details. Denote by λ0 the case when all constraints
are C2. Note that

|Π∗λ0
(w)| = nk+1. (15)

If w is Catalan and not all constraints are C2, or, w is not Catalan and λ is
arbitrary, then the corresponding graph has at most k connected components
and hence |

⋃
λ6=λ0

Π∗λ(w)| ≤ 2knk implying

1
nk+1

|
⋃

Π∗λ6=λ0
(w)| → 0. (16)

Now (13) follows by combining (14), (15) and (16), and the proof is complete.

Remark 1. Robustness of the semicircle law:

(i) For the Wigner matrix, ∆(L, f) = 1 with f(x) = x and αn = 2. The
following can be proved using the approach described here: If An is symmetric
where L satisfies ∆(L, f) = 1 with f(x) = x and αn = O(1) and the input
sequence satisfies Assumption I or II, then Fn

−1/2An converges a.s. to the
semicircle law. This and other related results on the Wigner matrix may be
found in Bannerjee (2010) [4].

(ii) Consider Wigner matrices with the input random variables having possibly
different variances which repeat periodically modulo some integer mn. Then
the LSD turns out to be a scaled semicircular distribution. The details are
available in Sen (2010) [43].

(iii) Anderson and Zeitouni (2006)[1] considers an n × n symmetric random
matrix with on-or-above-diagonal terms of the form 1√

n
f( in ,

j
n )ξij where ξij are

zero mean unit variance i.i.d. random variables with all moments bounded and f
is a continuous function on [0, 1]2 such that

∫ 1

0
f2(x, y)dy = 1. They show that

the empirical distribution of eigenvalues converges weakly to the semi-circular
law.

5.2. Toeplitz and Hankel matrices.

5.2.1. Standard Toeplitz and Hankel. Their LSD were established by
Bryc, Dembo and Jiang (2006)[22] and Hammond and Miller (2005)[28].
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Theorem 5.2. If {xi} satisfies Assumption I or II then a.s., {Fn−1/2T (s)
n } and

{Fn−1/2H(s)
n } converge to symmetric distributions, LT and LH respectively.

LT ,LH have unbounded support. Their moments may be expressed as vol-
umes of certain subsets of hypercubes. Obtaining further properties of the LSD
is an open problem.

Proof of Theorem 5.2. We sketch the main steps in the proof for the Toeplitz
matrix. Since the L-function satisfies Property B with f(x) = x, it is enough to
obtain lim

n→∞
1

n1+k |Π∗(w)|. From Bryc, Dembo and Jiang (2006)[22], this limit is

equal to limn→∞
1

n1+k |Π∗∗(w)|, where

Π∗∗(w) =
{
π : w[i] = w[j]⇒ π(i− 1)− π(i) + π(j − 1)− π(j) = 0

}
.

Let vi = π(i)/n and Un = {0, 1/n, 2/n, . . . , (n−1)/n}. The number of elements
in Π∗∗(w) then equals

#
n

(v0, v1, · · · , v2k) : v0 = v2k, vi ∈ Un and vi−1−vi+vj−1−vj = 0 if w[i] = w[j]
o
.

Let S = {0} ∪ {min(i, j) : w[i] = w[j], i 6= j} be the set of all indices cor-
responding to the generating vertices of word w and clearly, |S| = k + 1.
If {vi} satisfy k equations then each vi is a unique linear combination of
{vj} where j ∈ S and j ≤ i. Denoting {vi : i ∈ S} by vS , we write
vi = LTi (vS) ∀ i = 0, 1, · · · , 2k. Note that these linear functions {LTi } also
depend on the word w. Clearly, LTi (vS) = vi if i ∈ S and also summing the k
equations would imply LT2k(vS) = v0. So

|Π∗∗(w)| = #
{
vS : LTi (vS) ∈ Un for all i = 0, 1, · · · , n

}
. (17)

Since 1
n1+k |Π∗∗(w)| is nothing but the (k+1) dimensional Riemann sum for the

function I(0 ≤ LTi (vS) ≤ 1, ∀ i /∈ S ∪ {2k}) over [0, 1]k+1,

lim
n→∞

1
n1+k

|Π∗∗(w)| =
∫ 1

0

· · ·
∫ 1

0︸ ︷︷ ︸
k+1

I(0 ≤ LTi (vS) ≤ 1, ∀ i /∈ S∪{2k})dvS := pT (w)

(18)
and β2k(LT ) =

∑
w matched,

l(w)=2k,|w|=k
pT (w).

Similarly β2k(LH) =
∑

w matched,
l(w)=2k,|w|=k

pH(w), where pH(w) is given by

∫ 1

0

· · ·
∫ 1

0︸ ︷︷ ︸
k+1

I(0 ≤ LHi (vS) ≤ 1, ∀ i /∈ S ∪ {2k}) I(v0 = LH2k(vS))dvS (19)
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5.2.2. Balanced Toeplitz and Hankel matrices. Excluding the diagonal,
each variable in the Wigner matrix appears equal number of times (twice). The
Toeplitz and Hankel matrices do not have this property and it seems natural
to consider the following balanced versions, first considered by Sen (2006)[42].
For proof of the next theorem, see Basak and Bose (2009)[12]. Let

BHn =



x1√
1

x2√
2

x3√
3

. . . xn−1√
n−1

xn√
n

x2√
2

x3√
3

x4√
4

. . . xn√
n

xn+1√
n−1

x3√
3

x4√
4

x5√
5

. . . xn+1√
n−1

xn+2√
n−2

...
xn√
n

xn+1√
n−1

xn+2√
n−2

. . . x2n−2√
2

x2n−1√
1

 .

BTn =



x0√
n

x1√
n−1

x2√
n−2

. . . xn−2√
2

xn−1√
1

x1√
n−1

x0√
n

x1√
n−1

. . . xn−3√
3

xn−2√
2

x2√
n−2

x1√
n−1

x0√
n

. . . xn−4√
4

xn−3√
3

...
xn−1√

1

xn−2√
2

xn−3√
3

. . . x1√
n−1

x0√
n

 .

Theorem 5.3. If {xi} satisfies Assumption I or II then {FBTn}, {FBHn}
converge a.s. to symmetric distributions having unbounded support and finite
moments.

5.3. The reverse circulant and the palindromic matrices.
Bose and Mitra (2002)[18] studied the LSD of n−1/2R

(s)
n under finiteness of

the third moment. Massey, Miller and Sinsheimer (2007)[34] established the
Gaussian limit for Fn

−1/2PTn and Fn
−1/2PHn . The following result may be

proved using arguments similar but simpler than those given earlier for the
Wigner and Toeplitz matrices. See Bose and Sen (2008)[21] for details. Let LR
be the distribution with density and moments

fR(x) = |x| exp(−x2), −∞ < x <∞, β2k+1(LR) = 0 and β2k(LR) = k! k ≥ 0.

Theorem 5.4. If {xi} satisfies Assumption I or II, then a.s., {Fn−1/2R(s)
n }

converges to LR and {Fn−1/2An} for An = PTn, C
(s)
n , PHn and DHn, converge

to the standard Gaussian distribution.

Proof. First consider R(s)
n . It is enough to show that

(i) If w is pair matched and not symmetric then limn→∞
1

nk+1 |Π∗(w)| = 0.

(ii) If w is symmetric then for every choice of the generating vertices there is
exactly one choice for the nongenerating vertices.
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Proof (i) Since w is pair matched, let {(is, js), 1 ≤ s ≤ k} be such that
w[il] = w[jl] and js, 1 ≤ s ≤ k, is in ascending order and jk = 2k. We use the no-
tation from the proof of Theorem 5.2. So, |Π∗(w)| =

∑
ν=(ν1,ν2,...,νk)∈{−1,0,1}k

#
{

(v0, v1, · · · , v2k) : v0 = v2k, vi ∈ Un, and vis−1 + vis − vjs−1 − vjs = νs

}
.

Observe that vi = LHi (vS) + a
(ν)
i , i 6∈ S for some integer a(ν)

i . As in the Hankel
case, we easily reach the following equality (compare with (19)),

limn→∞
1

nk+1 |Π∗(w)| =

∑
ν

∫ 1

0

· · ·
∫ 1

0︸ ︷︷ ︸
k+1

I(0 ≤ LHi (vS)+a(ν)
i ≤ 1, ∀ i /∈ S∪{2k}) I(v0 = LH2k(vS)+a(ν)

2k )dvS .

For the integral to be non zero, we must have v0 = LH2k(vS) + a
(ν)
2k .

Let ti = vi−1 + vi. From the definition of Π∗(w), v2k =
v2k +

∑k
s=1 αs(tis − tjs − νs) for some {αi}. We choose them as follows:

Let αk = 1. Having fixed αk, αk−1, . . . , αs+1, we choose αs as follows: (a) if
js + 1 ∈ {im, jm} for some m > s, then set αs = ±αm according as js + 1
equals im or jm, (b) if there is no such m, choose αs arbitrarily. By this
choice of {αs}, v2k = v2k +

∑k
s=1 αs(tis − tjs − νs) = LH2k(vS) + a

(ν)
2k . Hence

v2k +
∑k
s=1 αs(tis − tjs) + a

(ν)
2k − v0 = 0 and thus coefficient of each vi in the

left side has to be zero including the constant term. This implies that w is
symmetric, proving (i).

(ii) First fix the generating vertices. Then we determine the nongenerating
vertices from left to right. Consider L(π(i− 1), π(i)) = L(π(j − 1), π(j)) where
i < j and π(i− 1), π(i) and π(j − 1) have been determined. We rewrite it as

π(j) mod n = Z where Z = (L(π(i− 1), π(i))− π(j − 1)) mod n ∈ {0, 1, . . . , n}.

This determines π(j) uniquely, since 1 ≤ π(j) ≤ n. Continuing, we obtain the
whole circuit uniquely and the result is proved for {n−1/2R

(s)
n }.

For other matrices, similar arguments show that (ii) holds for all pair-
matched words. We omit the details. This completes the proof.

Remark 2. In a recent paper, Jackson, Miller and Pham (2010) [29] studied
the situation when there is more than one palindrome in the first row of a
symmetric Toeplitz matrix and used method of moments to show that under
certain moment assumptions, the limiting spectral distribution exists and has
an unbounded support.

5.4. XX ′ matrices.
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Table 1. Words and moments for symmetric X.

MATRIX w Cat.
w sym.

not Cat. Other w β2k or LSD

C
(s)
n 1 1 1

(2k)!

2kk!
, N(0, 1)

PTn 1 1 1 ditto
PHn 1 1 1 ditto
DHn 1 1 1 ditto

R
(s)
n 1 1 0 k!, LR

T
(s)
n 1 0 < pT (w) < 1 0 < pT (w) < 1

(2k)!
k!(k+1)!

≤ β2k ≤ (2k)!

k!2k

H
(s)
n 1 0 < pH(w) = pT (w) < 1 0

(2k)!
k!(k+1)!

≤ β2k ≤ k!

W
(s)
n 1 0 0

(2k)!
k!(k+1)!

, LW

5.4.1. Sample covariance matrix. For historical information on the LSD
of S = Ap(W ), see Bai and Yin (1988)[9], Marčenko, and Pastur (1967)[33],
Grenander and Silverstein (1977)[27], Wachter (1978)[46], Jonsson (1982)[30],
Yin and Krishnaiah (1985)[49], Yin (1986)[48] and Bai and Zhou (2008)[7].

We first describe the Marčenko-Pastur law denoted by LMPy: It has a pos-
itive mass 1− 1

y at the origin if y > 1. Elsewhere it has a density:

pMPy(x) =


1

2πxy

√
(b− x)(x− a) if a ≤ x ≤ b,

0 otherwise
(20)

where a = a(y) = (1−√y)2 and b = b(y) = (1 +
√
y)2.

Moments of LMPy are (see Bai (1999)[6] or Bai and Silverstein (2006)[8]):

βk(LMPy) =
k−1∑
t=0

1
t+ 1

(
k

t

)(
k − 1
t

)
yt, k ≥ 1.

Theorem 5.5. (a)Suppose {xij} satisfy Assumption I or II and p → ∞. If
p/n→ y ∈ (0,∞), then {FAp(W )} converges to LMPy a.s..

(b) Suppose {xij} satisfy Assumption I or they are i.i.d. with mean 0, variance

1 and bounded forth moment and p→∞. If p/n→ 0, then {F
√

n
p (Ap(W )−Ip)}

converges to LW a.s. where Ip is the identity matrix of order p.

Proof. (a) We apply mutas mutandis the proof given for the Wigner matrix.

βk(S) = p−1n−k
∑
π

xL1(π(0),π(1))xL2(π(1),π(2))xL1(π(2),π(3)) · · ·xL2(π(2k−1),π(2k)).
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A circuit π now has the non uniform range 1 ≤ π(2m) ≤ p, 1 ≤ π(2m+1) ≤ n.
It is said to be matched if it is matched within the same Li, i = 1, 2 or across.
For any w, let Π̃(w) be the possibly larger class of circuits with the range
1 ≤ π(i) ≤ max(p, n), 1 ≤ i ≤ 2k. Likewise define Π̃∗(w).

Lemma 3 remains valid in the present case. See Bose and Sen (2008)[21].
Hence only the pair matched circuits potentially contribute and we need to
calculate

lim
n

X
w

X
π∈Π(w)

1

nkp
E[xL1(π(0),π(1)) · · ·xL2(π(2k−1),π(2k))] = lim

n

X
w: matched,
|w|=k

|Π∗(w)|
nkp

.

We need exactly (k+1) generating vertices (hence k nongenerating vertices) for
a contribution. There is an obvious similarity between the matching restrictions
here and the ones we encountered for the Wigner link function. Note that
L1(π(i − 1), π(i)) = L2(π(j − 1), π(j)) for i 6= j implies a C2 constraint. On
the other hand, Lt(π(i− 1), π(i)) = Lt(π(j − 1), π(j)), t = 1 or 2, yields a C1
constraint. However, unlike the Wigner matrix, w[i] = w[j] implies exactly one
of the constraints is satisfied (C1 if i and j have same parity and C2 otherwise).
Hence there is a unique λ̄ (depending on w) such that Π∗(w) = Π∗

λ̄
(w).

As before, let λ0 be the index when all constraints in Π∗λ0
(w) are C2. Let

Π̃∗
λ̄
(w) denote the class Π∗λ(w) but where 1 ≤ π(i) ≤ max(p, n), i = 0, 1, . . . 2k.
If w is not Catalan then it is easy to see that λ̄ 6= λ0. Hence it follows that

n−kp−1|Π∗λ̄(w)| ≤ C[max(p, n)]−(k+1)

∣∣∣∣∣∣
⋃
λ 6=λ0

Π̃∗λ(w)

∣∣∣∣∣∣→ 0.

For any 0 ≤ t ≤ k − 1, if w is Catalan with (t + 1) generating even vertices
(with range p) and (k − t) generating odd vertices (with range n) then

lim
n→∞

n−kp−1|Π∗λ0
(w)| = lim

n→∞
n−kp−1(pt+1nk−t) = yt.

Hence lim E[βk(S)] =
∑k−1
t=0 Mt,ky

t and the result follows from Lemma 5 (b).

(b) We assume that the input sequence satisfy Assumption I. The proof when
they are i.i.d. with bounded forth moment is available in Bai (1999)[6]. We
now sketch briefly how the Wigner link function and hence the semicircle law
appears. The details can be found in Bose and Sen (2008)[21] Theorem 5. Note
that E

[
βk(
√

n
p (Ap(W )− Ip)

]
= 1

nk/2p1+k/2

∑
π E[Xπ], where Xπ is equal to

`
xπ(0),π(1)xπ(2),π(1)−δπ(0),π(2)

´
. . .
`
xπ(2k−2),π(2k−1)xπ(2k),π(2k−1)−δπ(2k−2),π(2k) ,́

with δij = I{i = j}. Now E[Xπ] = 0 if (π(2i), π(2i − 1)) or (π(2i), π(2i + 1))
occurs only once in the product and if for some j, the value of π(2j+1) does not
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occur at least twice among π(1), π(3), . . . , π(2k−1). Define a graph G = (V,E)
with V = V1∪V2 and V1 = {π(2j), 0 ≤ j ≤ k} and V2 = {π(2j−1), 1 ≤ j ≤ k}.
Let E = {(π(2l), π(2l + 1)), (π(2l + 2), π(2l + 1)) : 0 ≤ l ≤ k − 1} (multiple
edges count as one). Fix a matching (out of finitely many choices) among the
even vertices and one among the odd vertices, such that E[Xπ] 6= 0. There are
at most p|V1|n|V2| corresponding circuits. So the contribution of that term is

O

(
p|V1|n|V2|

pk/2+1nk/2

)
= O

(( p
n

)k/2−|V2|
)
. (21)

If k is odd then |V2| < k/2 and since p/n → 0, (21) immediately implies that
E[βk(Ap)]→ 0.

If k = 2m, we look for π which produce nontrivial contribution. From (21), we
must have |V | = 2m+ 1, |E| = 2m, |V2| = m and |V1| = m+ 1. Observe that:

(i) |V2| = m implies a pair partition of odd vertices. Denote it by a word w
of length k. So, π(2i− 1) = π(2j − 1) iff w[i] = w[j].

(ii) Each pair in E must occur exactly twice.

(iii) If (π(2l), π(2l+1)) = (π(2l+2), π(2l+1)) or equivalently π(2l) = π(2l+2),
then E[Xπ] = 0. So, consecutive even vertices cannot be equal.

(iv) Note that (ii) and (iii) together imply that E[Xπ] = 1. Suppose

w[i] = w[j] i.e. π(2i− 1) = π(2j − 1) (22)

and they are different from the rest of the odd vertices. If we fixed w,
then independent of w, there are exactly N1(n) = n(n−1) . . . (n−m+ 1)
choices of odd vertices satisfying the pairing imposed by w.

Consider the four pairs of vertices from E, (π(2i−2), π(2i−1)), (π(2i), π(2i−
1)), (π(2j − 2), π(2j − 1)) and (π(2j), π(2j − 1)).

By (22) and (ii), they have to be matched in pairs among themselves. Also,
(iii) rules out the possibility that the first pair is matched with the second and
the third is matched with the fourth. So the other two combinations are the
only possibilities. It is easy to verify that this is the same as saying that

L(π(2i− 2), π(2i)) = L(π(2j − 2), π(2j)) (23)

where L is the Wigner link function. Let π∗(i) = π(2i). Equation (23) im-
plies, π∗ is a matched circuit of length k. Let Π∗(w)= all circuits π∗ satisfying
Wigner link function. Then lim 1

pm+1 |Π∗(w)| = 1 or 0 according as w is or is
not Catalan. Hence, the following equalities hold and (M1) is established.

lim
n,p

E[βk(Ap)] = lim
n,p

1
pm+1nm

∑
w:matched, |w|=m

N1(n)|Π∗(w)|

= lim
p

1
pm+1

∑
w:matched, |w|=m

|Π∗(w)| = (2m)!
(m+ 1)!m!

.
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Remark 3. Simulated eigenvalue distribution of the sample autocovariance
matrix and a close cousin of it were given in Sen (2006)[42]. The former is
defined as Γn = n−1((

∑n−|i−j|
t=1 xtxt+|i−j|))i,j=1,...,n. This is also a Toeplitz

matrix but with a dependent input sequence. Assuming that {xt} satisfies As-
sumption II, Basak (2009)[10] showed that the LSD exists, and Basak, Bose
and Sen (2010)[14] showed that the LSD exists when xt =

∑d
j=0 ajεt−j with

{εt} satisfying Assumption II. They also showed that the modified matrix
Γ̄n = n−1((

∑n
t=1 xtxt+|i−j|))i,j=1,...,n which is not nonnegative definite also

has an LSD.

5.4.2. XX′ matrices with Toeplitz, Hankel and reverse circulant
structures. Let Lp : {1, 2, . . . , p} × {1, 2, . . . , n = n(p)} → Z be a sequence of
link functions. Define the following generalization of the S matrix:

Ap(X) = (1/n)XX ′, where X = ((xLp(i,j)))1≤i≤p, 1≤j≤n.

In particular, consider the following choices for X:

(Asymmetric) Toeplitz T = ((xi−j))p×n.

(Asymmetric) Hankel H with (i, j)th entry xi+j if i > j and x−(i+j) if i ≤ j.

(Asymmetric) reverse circulant R with L(i, j) = (i + j) mod n for i ≤ j and
−[(i+ j) mod n] for i > j.

(Asymmetric) circulant C where L(i, j) = (n− i+ j) mod n.

Also let H(s)
p and R

(s)
p be the p× n rectangular versions of H(s)

n and R
(s)
n .

Assumption III. {xi} are independent with mean zero and variance 1.
Further, λ ≥ 1 is such that p = O(n1/λ) and supi E(|xi|4(1+1/λ)+δ) < ∞ for
some δ > 0.

For a proof of the following theorem see Bose, Gangopadhyay and Sen
(2009)[20].

Theorem 5.6. (a) If Assumption I or II holds and p
n → y ∈ (0,∞), then

{FAp(X)}, where X is T, H, R or C, converge in distribution a.s. to
nonrandom distributions which do not depend on the distribution of {xi}.

(b) If Assumption III holds, p→∞ and p/n→ 0, then F
√

n
p (Ap(X)−Ip) → LT

a.s. for X equal to T, H, R, C, H(s)
p or R(s)

p .
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Table 2. Words and moments for XX ′ matrices.

MATRIX w Cat. Other w βk and LSD

p/n→ 0q
n
p

(S − Ip)

(S = n−1WpW ′p) 1 (Cat. in p) 0
(2k)!

k!(k+1)!
, LWq

n
p

(Ap(X)− Ip)

(X = T, H, R, C) LT

p/n→ y 6= 0,∞

S = n−1WpW ′p 1 0

k−1X
t=0

1

t+ 1

“k
t

”“k − 1

t

”
yt, LMPy

Ap(X)
(X = T,H,Rp, Cp) different, but universal

5.5. Band matrices. If the top right corner and the bottom left corner
elements of a matrix are zeroes, we call it a band matrix. The amount of
banding may change with the dimension of the matrix and may alter the LSD
drastically. See for example Popescu (2009)[41]. In this section we discuss the
Toeplitz, Hankel and circulant band matrices. Similar band matrices have been
considered by Kargin (2009)[31] and Liu and Wang (2009)[32]. Proofs of the
next two theorems are available in Basak and Bose (2009)[11]. Let {mn} be a
sequence of integers. For simplicity we write m for mn. Consider the following
assumptions.

Assumption I* {xi} are independent with mean 0 and variance 1 and satisfy
(i) sup E[|xi|2+δ] <∞ for some δ > 0,
(ii) For all large t, limn−2

∑n
i=0 E[|xi|4I(|xi| > t)] = 0.

Assumption IV {mn} → ∞ and lim
n→∞

mn/n = α <∞ .

Assumption V
∞∑
n=1

m−2
n <∞. (Holds trivially when α 6= 0).

(i) Type I banding. For any An, the Type I band matrix Abn is the matrix
An with input {xiI(i ≤ m) + 0I(i > m)}.

Let N(0, 2) denote a normal random variable with mean zero and variance
2. Let ⇒ denote weak convergence of probability measures.
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Theorem 5.7. Suppose Assumption IV holds and one of the following holds:
(A) Assumption I, (B) Assumption II or (C) Assumption I*(i), (ii). Then in
probability,

(a) If mn ≤ n/2 then Fm
−1/2
n A ⇒ N(0, 2) for A = C

(s)b
n , DHb

n, PT
b
n and PHb

n.

(b) If mn ≤ n then Fm
−1/2
n R(s)b

n ⇒ LR.

(c) If mn ≤ 2n then Fm
−1/2
n H(s)b

n ⇒ Hb
α which is symmetric and Hb

0 is the
degenerate distribution at zero.

(d) If mn ≤ n then Fm
−1/2
n T (s)b

n ⇒ T bα which is symmetric and T0
b = N(0, 2).

If Assumption V holds, the convergence are a.s. in cases (A) and (B).

(ii) Type II banding. The Type II band version HB
n of H(s)

n is defined with the
input sequence {xiI(|i−n| ≤ m)+0I(|i−n| > m)}. The Type II band versions
RBn of R(s)

n and TBn of T (s)
n are defined with the input sequence {xiI({i ≤

m} ∪ {i ≥ n − m}) + 0I(m < i < n − m)}. Type II banding does not yield
any nontrivial situations for symmetric, doubly symmetric and palindromic
matrices.

Theorem 5.8. Suppose Assumption IV holds and any one of the following
holds: (A) Assumption I, (B) Assumption II or (C) Assumption I*(i), (ii).
Then in probability,

(a) If mn ≤ n/2 then F (2mn)−1/2RBn ⇒ LR.

(b) If mn ≤ n then F (2mn)−1/2HBn ⇒ HB
α which is symmetric and HB

0 = LR.

(c) If mn ≤ n/2 then Fm
−1/2
n TBn ⇒ TBα which is symmetric and TB0 = N(0, 2).

If Assumption V holds, the convergence are a.s. in cases (A) and (B).

5.6. Matrices with dependent entries. Let xt = εtεt+1 · · · εt+d−1

where {εi} are i.i.d. To deal with this kind of dependence between {xi}, we
extend the concept of matching.

Matched circuits: Let L be a link function. Let Mπ = ((mi,j)) be the d× h
matrix where mi,j = L(π(j − 1), π(j)) + i− 1. We say that π is d-matched if
every element of Mπ appears at least twice. This notion is extended to d-joint
matching and d-cross matching in the obvious way. Note the following facts:

1. No two entries belonging to the same column of Mπ can be equal.
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2. If some entry in the j1-th column of Mπ is equal to some entry in its j2-th
column then |L(π(j1 − 1), π(j1))− L(π(j2 − 1), π(j2))| ≤ d− 1.

Let NM
h,3+= Number of d-matched circuits of length h with at least one entry

of Mπ repeated at least thrice, and let QMh,4= Number of circuits (π1, π2, π3, π4)
of length h which are jointly d-matched and jointly d-cross matched. The fol-
lowing lemma was proved in Bose and Sen (2008)[21].

Lemma 5.9. Suppose (L, f) with f(x) = x satisfies Property B.
(a) There are constants Ch,d and Kh,d such that

NM
h,3+ ≤ Ch,dnb(h+1)/2c and QMh,4 ≤ Kh,dn

2h+2. (24)

(b) Suppose xt = εtεt+1 · · · εt+d−1 where {εi} satisfies Assumption I. Let An,d =
((xL(i,j)))n×n where (L, f) satisfies Property B with f(x) = x. Then for every
h

E

[
1
n

Tr
(
An,d√
n

)h
− E

1
n

Tr
(
An,d√
n

)h]4

= O(n−2). (25)

As a consequence (M4) holds too.

Lemma 5.10. Each d-matched circuit π with only pair matchings is also pair-
matched w.r.t. L and vice versa. Hence if l(π) = h is odd, then no d-matched
circuit π can be pair-matched.

Detailed proof of the following theorem is given in Bose and Sen (2008)[21].

Theorem 5.11. Let xt = εtεt+1 · · · εt+d−1 where {εi} satisfies Assumption I.
Let An,d = ((xL(i,j)))n×n where (L, f) satisfies Property B with f(x) = x. If
LSD of {Fn−1/2An,d} exists a.s. for d = 1, then the same LSD holds a.s. for
d ≥ 2.

Sketch of proof of Theorem 5.11. Let Fn,d denote the ESD of n−1/2An,d.
Lemma 5.9 and 5.10 imply that for every h, d,

βh(Fn,d)− E[βh(Fn,d)]→ 0 almost surely.

On the other hand

E[βh(Fn,d)] =
1
n

E
[
Tr(n−1/2An,d)h

]
=

1
n1+h/2

∑
π

E[Xπ]

=
1

n1+h/2

∑
π d-matched

E[Xπ]

where Xπ =
∏h
i=1 εL(π(i−1),π(i))εL(π(i−1),π(i))+1 · · · εL(π(i−1),π(i))+d−1.
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Lemma 5.9(a) and Lemma 5.10 imply that if h is odd then lim E[βh(Fn,d)] =
0, and hence for every d, limβh(Fn,d) = 0 a.s..

Now suppose h = 2k is even. Let Π(w) be as defined in Section 4 for ordinary
L-matching. From Theorem 4.1, a.s.,

limn−(k+1)
∑

w:|w|=k

Π(w) = limβ2k(n−1/2An,1) = lim E[β2k(n−1/2An,1)].

On the other hand, Lemma 5.9 and Lemma 5.10 imply that for all d

limn−(k+1)
∑

w:|w|=k

Π(w) = lim E[β2k(Fn,d)] = limβ2k(Fn,d), almost surely.

Here is another result in a dependent situation. For proof see Bose and Sen
(2008)[21].

Theorem 5.12. Let xt =
∑∞
j=0 ajεt−j with {aj} satisfying

∑
j |aj | <∞ and

{εi} satisfying Assumption I and
∑
j ja

2
j < ∞. Then with the input sequence

{xt}, {Fn
−1/2T (s)

n } and {Fn−1/2H(s)
n } converge weakly to nonrandom symmetric

probability measures Ta and Ha respectively. These LSD do not depend on the
distribution of ε1. The (2k)-th moment of Ta and Ha are given by

β2k(Ta) = A2kβ2k(LT ) and β2k(Ha) = A2kβ2k(LH)

where LT and LH are as in Theorem 5.2 and A2k =
∞∑
d=0

( ∑
m1,...,mk≥0:Pk

1 mi=d

k∏
j=1

amj

)2

.

6. Moment Method Applied to Other Matrices

6.1. Mod bnpc link functions. Recall that the Hankel and reverse
circulant link functions are respectively, L(i, j) = i + j and L(i, j) = i + j
mod n. Define a class of link functions {Lp : p ∈ (0, 2]}, where Lp(i, j) = i+ j
mod bnpc. Then the previous two link functions are special cases. Some results
on the LSD with i.i.d. inputs and link function Lp have been established by
Basak and Bose (2010)[13]. In particular, when p = 1

m for some integer m, the
LSD is (1−p)δ0+p

√
mR, where δ0 is the degenerate distribution at 0 and R has

distribution LR. Similar extensions were also obtained for mod bnpc versions
of Toeplitz and symmetric circulant link functions.
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6.2. Tridiagonal matrices. Let An be the tridiagonal random matrix

An =



dn bn−1 0 0 . . . 0 0
bn−1 dn−1 bn−2 0 . . . 0 0

0 bn−2 dn−2 bn−3 . . . 0 0
...

0 0 0 . . . b2 d2 b1
0 0 0 . . . 0 b1 d1


.

Popescu (2009)[41] used the trace formula and the moment method to ob-
tain many interesting limit distributions. It is also assumed that, the se-
quence {dj , bj} is independent, moments of dn are bounded uniformly in n and
E[(bn/nα)k] → mk for every k, as n → ∞. Let Xn = An/n

α and tr denotes
the normalized trace i.e., tr(I) = 1. He showed that E[tr(Xk

n)] → Lk for some
{Lk} which can be expressed in terms of {mi}. Moreover, if Xi,n are several
independent matrices, then the joint moments E[tr(Xk1

i1,n
· · ·Xks

is,n
)] converge

and the limits can be expressed in terms of the corresponding {mr}. For ex-
ample, if α = 1/2 and mk = 1 for all k, then the Lk, k ≥ 1 are moments of the
semicircle law. For other values of α, {Lk} determines probability distributions
whose densities are available in explicit forms.

6.3. Block Matrices. Oraby (2007)[37] discussed the a.s. limiting spec-
tral distributions of some block random matrices. Under the strong assumption
that the ESD of the blocks themselves converge a.s. to some limiting spectral
distribution, an easy consequence from the theory of polynomials is the a.s.
limiting behavior of the spectrum of the block matrix. The proof of the main
theorem involves the method of moments.

Let Bk be a block matrix with Hermitian structure of order k (fixed) with blocks
formed by independent Wigner matrices of size n. Oraby (2007)[38] showed that
its LSD exists and depends only on the structure of the block matrix. When the
block structure is circulant, the LSD is a weighted sum of two semicircle laws.
In particular, the LSD of a Wigner matrix with k-weakly dependent entries
need not be the semicircle law. Bannerjee (2010)[4] considered the case where
Bk is symmetric and derived an explicit formula for the moments in terms of
the link function L of Bk. In particular, only Catalan words contribute and the
support of the LSD lies within [−2

√
∆(L, f), 2

√
∆(L, f)] with f(x) = x.

7. Some Other Methods and Matrices

7.1. Normal approximation and the k circulant matrix. For
the circulant matrix, apart from conjugacy, the eigenvalues are asymptoti-
cally normal and asymptotically independent. LSD proofs can be developed
by appropriate usage of normal approximation methods. See for example, Bose
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and Mitra (2002)[18] (reverse circulant and symmetric circulant) and Meckes
(2009)[35]. Recently Bose, Mitra and Sen (2008)[19] and Bose, Hazra and Saha
(2009)[17] used normal approximation to establish LSD for some specific type
of k-circulant matrices with independent and dependent inputs respectively.

7.2. Stieltjes transform and the Wigner and sample covari-
ance matrices. Stieltjes transform plays an important role in the study of
spectral distribution. For any probability distribution G on the real line, its
Stieltjes transform sG is defined on {z : u+ iv, v 6= 0} as

sG(z) =
∫ ∞
−∞

1
x− z

G(dx).

If A has real eigenvalues λi, 1 ≤ i ≤ n, then the Stieltjes transform of the ESD
of A is

sA(z) =
1
n

n∑
i=1

1
λi − z

=
1
n

Tr[(A− zI)−1].

Let {An} be a sequence of random matrices with real eigenvalues and let the
corresponding sequence of Stieltjes transform be {mn}. If mn → m in some suit-
able manner, where m is a Stieltjes transform, then the LSD of the sequence
{An} is the unique probability on the real line whose Stieltjes transform is the
function m. It is shown that {mn} satisfies some (approximate) recursion equa-
tion. Solving the limiting form of this equation identifies the Stieltjes transform
of the LSD. See Bai (1999)[6] for this approach in deriving the LSD for the
Wigner and the S matrices and in studying the rate of convergence. Inciden-
tally, no Stieltjes transform based proof is available for the Toeplitz and the
Hankel matrices.

7.2.1. Wigner matrix with heavy tailed input. Consider the Wigner ma-
trix W

(s)
n with i.i.d. entries belonging to domain of attraction of an α-stable

law with α ∈ (0, 2). Ben Arous and Guionnet (2006)[16] prove that with an ap-
propriate slowly varying function l(·), {E[F (l(n)n1/α)−1W (s)

n ]} converges to some
law µα which depends only on α. This law is symmetric, heavy-tailed, and is
absolutely continuous with respect to the Lebesgue measure, except possibly
on a compact set of capacity zero. Some similar results for the S matrix and
band matrices can be found in Belinschi, Dembo and Guionnet (2009)[15].

7.2.2. I.I.D. Matrix and the Circular Law. Let An be the n×n random
matrix with mean 0 and variance 1 i.i.d. complex entries. Then {Fn−1/2An}
converges a.s., to the uniform distribution on the unit disk (called the circular
law). This was first established for Gaussian entries by Mehta (1967)[36]. Girko
(1984)[23] suggested a method of proof for the general case. Bai (1997)[5] con-
sidered smooth densities and bounded sixth moment of the entries and showed
the result to be true. Gotze and Tikhomirov (2007)[24] showed the result for
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subgaussian entries and the moment conditions were further relaxed by Pan and
Zhou (2010)[39], Gotze and Tikhomirov (2007)[25] and Tao and Vu (2008)[44].
The result in its final form was derived by Tao, Vu and Krishnapur (2009)[45].
The moment method fails for this matrix as all the moments of the circular
distribution are zero and they do not determine the distribution uniquely. The
Stieltjes transform method was used to show that the ESD converges. The laws
of the singular value distribution of n−1/2An − zI for complex z also played a
crucial role in determining the convergence of the ESD.

8. Discussion

(i) We have seen that under the boundedness property of the link function,
convergence of the moments is a necessary and sufficient condition for the
LSD to exist. Moreover, subsequential limits exist. It is not known if suitable
restrictions on the link function guarantees the existence of limits of moments.

(ii) Similarly, given a specific subclass of words, can an appropriate (bounded)
link function be devised for which the LSD contribution comes only from these
words?

(iii) Under what conditions on the link does the LSD have bounded or un-
bounded support? Bannerjee (2010)[4] has shown that if Property B is satisfied
with f(x) = x and αn = o(n), then only the Catalan words contribute to the
moments and the support of the LSD is a subset of [−2

√
∆(L, f), 2

√
∆(L, f)].

(iv) We have used the moment method only for real symmetric matrices. Using
the moment method for nonsymmetric matrices or for matrices with complex
entries does not appear to be convenient. However, more thought on this is
needed.

(v) The d-matching helped us to address linear dependence. One can also
think of extending the results to input sequences which admit other types of
dependence, for example for martingale differences.

(vi) Recall that for the S matrix, there is a positive mass equal to 1 − y−1

when p/n → y > 1. It is evident from simulations that a similar phenomenon
exists for general XX ′ matrices. See Bose, Sen and Gangopadhyay (2009)[20].
However, detailed information on the quantum of mass at zero and the gap
between 0 and the next point in the support of the LSD is not known.
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