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Abstract

We use the method of moments to study the spectral properties in the bulk for
finite diagonal large dimensional random and non-random Toeplitz type matrices via
the joint convergence of matrices in an appropriate sense. As a consequence we revisit
the famous limit theorem of Szeg6 for non-random symmetric Toeplitz matrices.
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1 Introduction

Suppose A,, is an n X n real symmetric matrix with eigenvalues A\, Ag, ..., A,. The Empirical
Spectral Distribution Function (ESD) of A,, is defined as

n

Fa,(x)=n""Y T\ <z}

=1

Let {A,}22, be a sequence of square matrices with the corresponding ESD {Fy4,}>° ;. The
Limiting Spectral Distribution (LSD) of {A,} is defined as the weak limit F' of the sequence
{F4,}, if it exists. We also identify F' with any random variable X with distribution F'.

When the elements of {A,} are defined on some probability space (€2, F,P), that is,
{A,} are random, then {F4, (-)} are random and are functions of w €  but we suppress
this dependence. Let F' be a non-random distribution function. We say the LSD of {4, }
exists (and equals F) almost surely if for almost every w € {2 and at all continuity points z
of F

Fa,(z) = F(x) asn — oc.

The expected spectral distribution function of A, is defined as E(F),(-)). This expectation
is always a distribution function.
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We shall be dealing with more than one sequence of non-cummutative matrices and
shall need an appropriate notion of joint convergence. We present this in brief. For a
comprehensive description of this notion, see |Anderson et al.| (2010).

A non-commutative probability space is a pair (A, ¢) where A is a unital algebral| (with
unity 1) and ¢ : A — C is a linear functional satisfying ¢(1) = 1. Elements of a non-
commutative probability space will also be called (non-commutative) random variables.

Let A,, be the space of n x n symmetric random matrices with elements which are random
variables with all moments finite. Then ¢, equal to £ E,[Tr(-)] or £[Tr(-)] both yield non-
commutative probability space.

For random variables {b; };c; C A, their joint moments is the collection {¢(b;, b, ... b;, ), k >
1}, where each b;; € {b;}ic.

Random variables {b; ,,}ics € (A,, @) are said to converge in law to {b;}ics € (A, @) (as
n — oo) if each joint moment of {b;,};c; converges to the corresponding joint moment of
{b;}ics. That is if
On|P(binsbons -y b5n)] = A[P(b1,ba, ..., by)]

for all polynomials P. If this happens, we write

(Brns bams - -1 bgm) 22 (b1, b, ..., by).

If the random variables by ,,...,b;, are n X n (non-random) matrices, then the above
convergence is assumed to be with respect to ¢, = % Tr. If instead they are random matrices,
then the above convergence is in one of the following two senses:

(i) We say that (by,,,b2,...,b;,) converges to (by,bs,...,b;) if the convergence holds
with respect to ¢, = + ETr.

(i) We say (b1, bop, . .., bjn) converges almost surely to (by, b, ..., b;) if the convergence
holds with respect to ¢,, = %Tr.

Consider a sequence of n x n symmetric matrices A,, = ((an;;))1<ij<n- For simplicity,
we write a; ; for a,; ;. For any k > 0, k < n, the k-th upper and lower diagonals of A,, are
defined as the finite sequence {a;;+x, @ = 1,...,n — k} and {aj1, ¢ =1,...,n —k}. A
sequence of matrices A,, with increasing dimension is said to be finite diagonal if there is a
k such that a; ; = 0 whenever |i — j| > k.

One particular case of the famous Szegd’s theorem says that if {a;} is square summable
and T, = ((aji—j|))1<i,j<n, then the LSD of T), exists as n — oo and is the distribution of
f(U) where f is the Fourier function of {a;} defined on the unit interval and U is uniformly
distributed on this interval. There are well-known generalisations of this result. In particular,
the results of Kac et al. (1953) gives the limiting spectral distribution of A,, when for each
k the elements on the k-th diagonal come from a given function hy and {h;} satisfy some
suitable condition. As suggested in [Kac et al.| (1953)), if hj are continuous then the (i, j)-
th entry of A, can be defined equal to hj;_;((i + j)/2n + 2), or hj;_;(min(i, j)/n + 1), or
hjj—i(max(i,j)/n+ 1). Later Trotter| (1984) generalized this result for normal matrices with
some suitable assumptions on the entries. In Section [2| we briefly describe the essence of
their results.

1Since we shall be dealing with only real symmetric matrices, all our algebras are real.



In this article we look at the spectral properties in the bulk for finite diagonal large
dimensional Toeplitz type matrices, which may or may not be random. We study this using
the joint convergence and method of moments. In the process we revisit the above results,
but restricting ourselves only to symmetric matrices.

Let D, be the n x n matrix whose (i, j)-th entry is given by

Dy (i, 3) = gr (mindi, j} /n) I(|i — j| =)

where g, is a real valued function on [0, 1] and for every r < n, let

be a finite diagonal matrix.

Let U, Uy, Uy denote i.i.d. random variables distributed uniformly on the interval [0, 1].
Assuming that {g,} are continuous, we first prove by using the moment method that for any
fixed r > 0, (Do, Din,---,Dyp) converge in distribution to

(90(U1),2¢1(Uy) cos(2mU3), . . ., 2g,.(Uy) cos(2mrls)) . (1.1)

The convergence of the ESD of T, follows as a consequence. See Theorem As a special
interesting case, if g1 (x) = x%, then ESD of D, ,, converges to the well-known semi circle law.
See Corollary This raises the natural question: for which symmetric random matrices is
the LSD equal to the LSD of a tri-diagonal non-random matrix D, ,, for an appropriate choice
of ¢17 For symmetric circulant random matrices with i.i.d. entries having finite variance, it
is known that the LSD is the normal distribution. We show that this is also the LSD of D, ,,
for a suitable choice of g;. The problem for other suitable patterned random matrices (such
as the Toeplitz or Hankel) leads to a Hamburger moment problem which does not seem to
yield a quick resolution. See Section (3.4

Then we move from finite diagonal matrices to the full matrix T,, = Z:f:_g D, , by an
application of the Mallows metric. Under a mild uniformity condition on the sequence {gx},
we show that the ESD of T, converges to the distribution of

Goo = go(U1) +2 ) _ g;(Un) cos(2mjUs). (1.2)

Jj=1

See Corollary 3.2l Thus we get the result of [Kac et al| (1953).
Finally in Section [3.3] we deal with finite diagonal matrices but with possibly unbounded
{9} . Suppose {F,} are distribution functions such that

/ |z|*dF,.(z) < co for all 7 > 0 and k > 0. (1.3)

[e.e]

Now let g,(z) = F7(z) for 0 <z < 1 and g,(x) = 0 for z = 0, 1. Then for fixed r > 0,

r

-
=

(DO,TM Dl ny .- 7Dr,n)

)

(Fy H(Uh), FyH(U)2cos(2nUy), . . ., 1 (U)2 cos(2mrls)),

i:
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and as a consequence we get the LSD of 7, ,. See Theorem . As a corollary of this
theorem, we derive the LSD of T, ,, where T, , is a random version of 7, ,. See Corollary
[3.4f The monotonicity of F, is crucial.

All our proofs are based on the elementary moment method and the use of Mallows
metric.

2 Kac-Murdock-Szego’s and Trotter’s results

Suppose {h;} is a sequence of real-valued continuous functions on [0, 1]. Consider the n x n
matrix A, = ((a;;)) whose k-th upper and lower diagonals are given by

ai,z‘+k=az‘+k,¢=hk(i/n)7 i=1,...,n—k 0<k<n.

The results of |[Kac et al.| (1953) imply that if

00 1 00
Z/o hi(x)dx < oo and ngx |h;(z)| < o0
j=0 Jj=0

then the ESD of A, converges to (the distribution of) the random variable

> hy(Uh) exp(2mijUy) (2.1)

j=—o00

where h_; = h;. As suggested in [Kac et al.| (1953)), if the (7, j)-th entry of A, is equal to
hij—i((i +7)/2n42), or hjj_;(min(s, j)/n+ 1), or hy;_;(max(i, j)/n + 1), then also the LSD
of A, will be given by (2.1)). For detail on this see Chapter II of [Kac et al.| (1953).

Trotter| (1984) extended this result as follows. Suppose that {A4,, n > 1} is a sequence
of normal matrices. For each n, define a sequence of functions on [0, 1] as follows

n(A);(z) =0 Vxe[0,1], if |j| > n,

and for 0 < 7 < n,

and for —n < 5 <0

Qi—ji V$€[i_71,%},i:1,...,n—j7
n(An);(2) = |
0 Ve (%, 1} )
Suppose {h;, —oo < j < oo} is a sequence of functions defined on [0, 1] such that

o0

Z /0 h?(&?)d&? < oo and Z /O [hj<l’> _ H(An)J(x)]Q de — 0.



Then again the ESD of A, converges to the random variable (2.1). But here h_; is not
necessarily h;.

Note that we can write A,, as a sum of matrices where only the kth diagonal is possibly
non-zero, 1 < k < n. We may then consider the joint convergence of such matrices and
establish a connection with Kac-Murdoch-Szegd’s result.

3 Results
Recall that D,.,, is given by
0 ... 0 g9 (1) 0o ... 0
0o ... 0 0 g (3 .. 0
0 0 0 0 o g (1)
Dr,n:
9 (1) 0 0 0 0
0 gr (=21 0 0 0
0 0 g- (=) 0 0 |

3.1 Finite diagonal matrices
For every r, define the random variable

r—1

Gy = go(U1) + 2 g;(Un) cos(2mjUs), (3.1)

j=1
and let Fr be its distribution function.

Theorem 3.1. Suppose {g,(-)} are continuous functions on [0,1]. Then for any fized r > 0,

(Dons D1y -y Dyy) converge in distribution to
(90(U1),291(Ur) cos(2nUs), . . ., 2g,(Uy) cos(2mrUs)) . (3.2)
r—1 ~
As a consequence the ESD of T, ,, := Z D, converges weakly to F.
§=0

Note that the limit in (3.2) is a commutative object.

Proof of Theorem[3.1. We first prove the theorem for » = 2. Consider first the particular
monomials Dé“'f’nle}nDé’fn where ko, ki, ko > 1. Then

1 1
ko pk1 pka ) _ E
E Tr (DO,TLDI,TLDQ,TL) = ﬁ Q149 Aigig -+ - - aik0+1ik0+2 c. aik0+k1+k21’1, (33)

1<1,82,50 stk kq +hg ST



where first ky many factors in each product are from Dy ,, second k; factors are from Dy,

and last ky factors are from D, ,,. So for example a;,,, . .. s Wig iy 11 AT€ elements of Dy, and
they will be non-zero if 41 =iy = -+ - = 9j,41.
Similarly, Qi 41ving 20 -+ Vi sy vikg 1hy 11 A€ elements of D; and they will be non- zero if

they satisfy the condition

Tkot2 = ko1 EL, T3 = fkgr2 £ 1,0 lkgtky+1 = Tk, T 1.

Similarly, for non-zero contribution from the last £, many a; ;, we must have

Uhothi+1 = hothky £ 25 ooy Uk thythy = Thothn+ho—1 £ 2 a0d 41 = Ggg ik 4k, £ 2.

Hence ({3.3)) reduces to

l k k1 ko
n Tr (DO,OnDLnDQ,n)

1 n i i ko+k1 i ko+ki+k2 i
- - N el i 3.4
nzgo (n) H 91(n> H g2 (n) ( )

i1=1 j=ko+1 j=ko+k1+1
lij=tj+11=1, kg 41=i1 |35 =45 —11=2/ikg+ by +ho+1=01

Since |iggss — ikgris1]| = 1 for I = 1,2,...,ky, suppose the difference is +1 in j many
places and it is —1 in (k; — 7) many places. So we have (kjl) many arrangements for j many
+1 in £y many places and possible values of j are 0,1,2,..., k;.

Similarly, %k, 4k +j41 — tkotki+s| = 2 for j = 1,2,..., ky. Suppose the difference is +2 in
j" many places and it is —2 in (k2 — j’) many places. So for each j' =0,1,2,..., ks, we have
(';?) many arrangements.

Since 91 = i1k, +ky+1 We must have

j— (ki —j)+25" —2(ks — j') = 0. (3.5)

Since g,,r > 0 are assumed to be continuous on [0, 1], for any £ > 0, for large n,
g1 (i/n) — g1 (j/n)| <& if [i = j[ < ki and [g2 (i/n) — g2 (j/n)| < eif |i—j] <k (3.6)
Now using (3.4)—(3.6|), we have

1 k k1 k
E Tr (DO,OnDl,nD2,2n)

LS (R LG nr-nmo

11=1 j=0 =0
k1 ko " . ' '
k1Y (ko . y 1 v (N k(1N w0

Now consider,

B 90(U1) gl (171) (208 270)" g42(U1) (2 cos dnT)"|
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1 1
g5 ()9 (2) gk () da / (2 cos 2my)** (2 cos dmy)™ dy
0

1 1
ge0 () gt () gh? (x)dx/ (e®™ + e*Z'Q’W)k1 (e + 67’4”3”)’62 dy
0

1 1 kl k2 k k . . . -/ -/
95° ()9 (2)g5* () da / 2.2 (j) ( j) P a2 20k gy

I
S— S —

j=0 j'=0
: X~ (k) (R
-/ g§0<x>g’fl<x>g§2<x)dxzz(.)(‘,)H<2j—k1+4f—2k2:o> (35)
0 =0 =0 N /N
since,
1 ifk=0

1
/ ezQWQ:kdI _
0

The expression in (3.7)) is a Riemann sum which converges to that in (3.8)). This proves the
moment convergence for the monomial Df° D¥t D5 .
Any other monomial in {Dy,,, D1, D2,} may be considered and convergence can be
shown. For instance, to see how commutativity arises in the limit, consider the monomial
k1 ko ke .
Dy}, Dy, Ds3,. Then, for sufficiently large n,

e (Db, D D)

0 otherwise.

ko

n . kl . k2 )
1 ko [ 1 ki\ k(1 e » .
= g _ E T 2 (05 _ g Lo —
i [go (n) (j)gl n jZ_;) 35! 92\ 3, (2 1+ 4) »=0)],

j=0

and the last expression also converges to that in . This completes the proof of the
theorem for r = 2.

For r > 2, instead of Dé“OD’f1 Dé‘” one can consider a monomial f in {Dg ., D1y, ..., Dyyt
and following similar arguments as above it can be shown that % Tr f(Don, ..., Dy) converges
to E(f(g90(U1), 91(Ur)2cos2nls, . .., g-(U1)2cos2nrUs). Hence (Dy,, ..., D,p,) converges in
law to (go(U1), g1(Uy)2cos 2wUs, . . ., g-(Uy)2 cos 2mrUs).

It remains to establish the LSD of T, ,,. For this, we again use the method of moments
and use the following well known fact.

Suppose {Y,} is a sequence of real valued random variables with distributions {F,}.
Suppose that there exists some sequence {m;} such that as n — oo, E[Y}"] = [ 2"dF,(z) —
my, for every positive integer h. Suppose that there is a unique distribution ' whose moments
are {my}. Then Y,, (or equivalently F,) converges to F' in distribution.

Now let [, be the ESD of T,.,, and S, denote the k-th moment of F,,. Then

Bn = ~Te(Y Dy

1
= Z - Tr (Dil,nDiQ,n T le,’ﬂ)

i;€{0,1,2,....,r—1}



- Z E(fi,fi,- - fi.) as n— oo (by Theorem [3.1))

i;€{0,1,2,...,r—1}

= E(fo+fi+t -+ fr—l)k = myg, say,

where (f(], fl, c. 7f'r—1> = (go(Ul), 291((]1) COS(27TU2), c. 729r—1(U1) COS(ZTFT’UQ)) and E is ex-
pectation with respect to the distribution of U; and Us. Since {|g;|; 0 < j < r} are bounded
(by say M), it follows that m; < [(r + 1)M]* for all k > 1. Therefore they determine a
distribution (namely Fr) uniquely. Hence F, converges to F, weakly. O

Corollary 3.1. If gi(z) = x%, then LSD of Dy, equals 2v/Uy cos(2wUs) which has the
semi-circular distribution with density

f(x) = %\/4 —22[(-2 < x < 2).

Proof. This is easily proved by showing that for all non-negative integers k,

2k __ (2k)' _ 1 ? 2k ./ 2
E[Q U1 COS(27TU2)] = m = % _QLU 4 — x2%dx
and )
1
E[21/U; cos(2rUs)]* ' =0 = 7 p? /4 — 2.
TJ-2
Since these moments determine the distribution uniquely, the results follows. O

Remark 3.1. Let for r > 0, D,,, be an n x n matrix with (i, j)-th element

Drn(iy ) = g (U)I(J0 = 5| = 7). (3.9)

Suppose ¢,(+) are continuous functions on [0, 1]. Following arguments similar to that given
in the proof of Theorem [3.1] one can show that

(i) For fixed r > 0,

1

~ ~ ~ =ETr
(DO,H,DM, . Dm) 5 (go(UL), g1 (U1)2 o8 21U, . . . g (U4)2 cos 2rUs)
and as a consequence the expected ESD of Tm => 0 [?m converges weakly to go(Uy) +

> i1 95(U1)2 cos(2mjUs).
(ii) For almost every value of U,

- ~ ~ 1y
(Do,n, D Dm> "3 (go(U), g1(U)2 cos 210s, . . ., g, (U)2 cos 27U

and hence for fixed r > 0, the ESD of T, »n converges weakly almost surely to go(U) +
i1 95(U)2 cos(2mjUy). Note that in this limit U is a bounded constant.



3.2 When all diagonals are present

We now deal with matrices which may have all diagonals non-zero. To do this we need an
appropriate metric which will allow such matrices to be approximated by k-diagonal matrices
with finite but large k.

The Mallows metric (also known as Wasserstein metric) is defined on the space of all
probability distributions with finite second moment. Let F' and G be two distribution func-
tions with finite second moment. Then the Mallows distance between F' and G is defined
as

d*(F,G) = inf GE]X—Y|2. (3.10)

~

It is known that d(F,, F) — 0 if and only if F},, converges to F' weakly and /a:zan(x) —

22dF(z).

We shall use this metric in the proof of our next results. For this, we need the following
upper bound of the Mallows metric distance between the ESD of two matrices: let A, B be
two n X n real symmetric matrices with eigenvalues A\ < Ay <--- < A\, and f; < Gy < --- <
Bn, respectively. Define a bivariate distribution function F' as follows

n

F(z,y) = %ZH(/\]‘ <z pB; <y).

j=1

Then the marginal distributions of F' are Fy and Fz. Let (X,Y) be a random vector whose
distribution function is F'. Then

n

d*(Fa, F) <E|X —Y|* = %Z(Aj — B)? < %Tr(A — B)% (3.11)

Jj=1

The last inequality above is a standard result in matrix algebra; one can see a proof of this
in Lemma 2.3 of Bai| (1999).

Assume condition (i) of Corollary holds. Then G is well defined. We can also
consider G, G, as random variables defined on the (same) probability space ([0, 1)%, B, P)
where P is the product measure on [0, 1] x [0,1] and G is the limit of {G,} in L?([0,1]?),

that is, |G, — G|l = 0 as r — oo. Let Fi, be the distribution function of G .

Corollary 3.2. Suppose {g.} are continuous functions on [0,1]. Suppose

(i) Z/o g3 (x)dz < oo and

n—1 n k
n k
y 2 2
(17) ZZ/IH (gj (ﬁ) —gj(x)) dr — 0 as n — oo.
j=0 k=1" "=
n—1 ~
Then LSD of T,, = Z D, ,, equals F.
r=0



Proof. Let F,, denote the ESD of T;, and F},, denote the ESD of T;.,,. Then we have
d(Fy, Fyo) < d(Fy, Frp) + d(Frp, B + d(Fy, Fig).
Now using Mallows metric and condition (i) of the Corollary, we have
d*(Fy, Foo) < |Gy = Goclly = 0.
Hence F, converges weakly to Fi.. So for a fixed € > 0, there exist an R € N such that
d(ﬁ’r,ﬁ’oo) <¢e forall »> R.

Now for a fixed » > R, by Theorem d(F,n, F,) = 0 as n — oo. Finally, using (3.11]) we
have

dz(va Fr,n) S

IA
S|~ 3|~
3
M1
3
3
“.
VR -
3|
N———

J=r k=1
n—1 1 n k 1 n—1 1
2 2 2
< X i3e () [ gwa+ ¥ [ g
j=r k=1 0 j=r+170

and due to conditions (7), (1), right side goes to zero as n — co. Hence d(F,, Fr) — 0 as
n — 00. This completes the proof of the corollary. O

Remark 3.2. Consider the symmetric Toeplitz matrix T, = ((a};—j|))nxn With Za? < 00,
i=0

then the LSD of T}, equals ag+2 Z ajcos(2mjUy) . This follows by taking g;(x) = a; for all
=0
x € [0,1] and for all j. This is the famous Szegd’s limit for non-random symmetric Toeplitz
matrices.
The next result is similar to Corollary . 2| for the matrices Dm Recall from ) that

Dr(is 5) = gr(U(|i = j| = 7).
© 1

Corollary 3.3. Suppose {g,} are continuous functions on [0,1]. If Z/ g3 (z)dr < oo,
— Jo

then expected ESD of T, = Z" ! Djn converges to Fx,

Proof. Idea of the proof of this corollary is similar to the proof of Corollary [3.2] with a
simple modification. Here we use notation similar to that in Corollary (3.2} - Let F,, and Frn
denote the ESD of T and Tm, and EF,,, EF,,, denote the expected ESD of T and Trn,
respectively. Now, using Mallows metric we have

d(EF,, Fy) <dEE, EF,,)+dEFE,,, E)+dFE., Fy).
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Now following similar arguments as given in the proof of Corollary and using Remark
3.1}, it can be shown that the second and the third term in the last expression goes to zero
as n,r — oo. To show that the first term goes to zero, we first prove that

1 - .
PEF, EF,,) < -ET(T, — T.,)>
n

Suppose A1(U) < Xa(U) < -+ < A (U) and Si(U) < Bo(U) < --- < B,(U) are the eigenval-
ues of 7T}, and 7T, ,, respectively. Then

Z]I <) and Fo(z) = %ZH(@»(U) <a).
Define .
5y) =+ Y HAU) < 0, 4(U) < ).

Then the marginals of F{, are F,, and F; ,. Let

n

Folasy) = BulFo(e,)) = 3 POU) < 2, 5(U) < )

=1

Then the marginals of FO are EF,, and EF, .
Define a transition probability measure on 2 x R x R by

pw,dx, dy) = ZH =z,5(U(w)) =y).

Let
vldedy) = [ plw.d,dy)dP(o).
Q

Let (Zy, Z,) be a random vector whose cumulative distribution function is Fy(z,y). Now
E(Zl — ZQ)2 = / (21 — ZQ)QdF()(Zl, 22)
21,22
_ / (21— 2)20(dz, dzs)
21,22
= / (21 — 22)2/ p(w, dzy, dze)dP(w)
21,292

_ // (21 — 20)°plw, d=1, dz)dP(w)
- /= Z — (U (@)))? dP(w)

_ 1g [Z (N(U) = Bi(U))?

n
1=1

11



Now using Mallows distance and ((3.11))

f@ﬂ%EFﬁ)§E@fn%f:%E[§X&@U—@anf

=1

1 - -
< -ET(T, - T,,)*
n

Under the given condition, the last expression goes to zero as n — co. O]

3.3 Unbounded entries

One crucial aspect of the results established so far is that the entries are bounded and the
limit is also bounded. While general unbounded entries may be difficult to handle, we can
handle some specific unbounded cases.

Theorem 3.2. Suppose {F,} are distribution functions such that

/ |z[FdF,.(z) < 0o for all v >0 and k > 0. (3.12)

o0

Now let g.(x) = F. ' (x) for 0 <z <1 and g.(x) =0 for x =0,1. Then for fived r > 0,

1

(DO,Tw Dl,na c. 7D7“,n) LTr) (Foil(Ul), Flil(U1)2 COS(27TU2), ey Fril(U1>2 COS(27TTU2)).
As a consequence the LSD of T, := 37" Djn equals FyH(Uy) 42 > i Fj_l(Ul) cos(2mjUs).

Remark 3.3. In the proof of this theorem we will use the monotonicity of F,. crucially. One
can prove similar type of result with other appropriate, monotone {g,}.

Let for each » > 0, {z,,;n > 1} be an iid. sequence of random variables with

distribution function F,. For fixed n, let {x, 1), %, (2),...,%r@m} be the order statistic of
{r1,2r9, ..., Trn}. Let
[ 0 ce 0 QZT,(l) 0 . 0 i
0 ce 0 0 xn(g) . 0
0 0 0 0 T ,(n—r)
Dr,n =
l’r’(l) 0 0 0 0
0 .. Ty O 0 .0
L 0 ce 0 J/’r,(n_r) 0 . 0 i
If F)., denote the empirical distribution function of {z,1,%,2,...,2,,} then (i, j)-th entry

of D,,, is Frjnl (%) So for fixed » > 0, we have a triangular sequence of symmetric

random matrices {D,,;n > 1} and we have the following Corollary of the previous Theorem.

12



Corollary 3.4. If{F;r> 0} satisfy condztzon of Theorem- 3.9 then for fized r, the LSD of
= >0 Djn equals Fy YUy +2 > i1 1 (Uy) cos(2mjUs) almost surely.

Proof. Let Fr, ,, Fy, . be the ESDs of 7., and Tm respectively. If we can show that
d(Fr,,, Fr,,) — 0 as.,

then from Theorem [B.2] the result follows. Now

&(Fr,,, Fr.,) < —ZZ? “1(j/n) — FL(i/n)

=0 j=1
r 1 n—1 . L

< 23 |3 (FT /M)~ Bl )
1=0 j=1

Now fix 0 < i < r and consider

—Z “(i/n) — FLMG/m)’

n

=—Z G+ SFL G -2 ZF (3/m) Fiyd (/)

j=1
= ]1 —f- ]2 — 2[3, say.

By condition (3.12)) and DCT, I; converges to fol(Fi_l(x))zdx. Similarly

n

12:%2( in Y(j/n))? Zx”%/

J=1

almost surely (by SLLN). We shall show that I3 — fol(ﬂ_l(m))de a.s. Note that
1
Z FGMIFLNG/) = [ TnF; @
0
where J; () = F;'(j/n) if £ <t < 2. Now

/0 1 Tin(OF, (t)dt = /0 1 Jin(O)F7H(t)dt + ( /0 1 Jin(O)F, () dt — /0 1 Jin(t) F;l(t)dt)

and again using condition (3.12)) and DCT

/OJ W) F dt—>/ z))2dz.

Using Cauchy-Schwartz inequality we have

[ ratorzi o [ naE ] = | [ Eo - o)

13



Again using condition (3.12)) and DCT

1
/Jz()dt Z( Y(j/n)) —>/ )V2dx as n — oo.

0

Now it remains to show that almost surely
! 2
/ (F, (t) — F7H(t))"dt — 0 as n — oc.
0

Let € > 0. First observe that

/ 22dF,, (x le]%/ 2?dFy(x) as. (by SLLN)

and hence we can choose an 1 € N a.s. such that

/1 [(z«;;}(wt))2 - (F;l(t))Q] dt' <e foralln>n. (3.13)

Due to (3.12), we can have § = . such that

/ (F' (1) dt < e. (3.14)
[6,1—6]¢
F;}(-) and F;'(-) are bounded on [6,1 — 6] and F,'(t) — F; '(t) a.s., hence by DCT

1-5 ) )

/ [(FLh0) — (7 0)?) de <= (3.15)
5
and
1-5 )
/ (F () — F7'(t) dt <e. (3.16)
5

for all n > n’. Now

/[6 . (FH)? dt'
[ [(ﬂ;}(t)f - (o) al + [ (ﬂl(t))“’dt'

/01 (i) = (F7 dt‘ ‘/16 ) = (7))’ dt‘+
< 3¢ using(3.13), (3.14) and (3.17)

IA

IN

JRRGROR
[6,1—5]¢
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for all n > N = max{n/, n}. Finally using (3.17)
! —1 -1 2 =0 -1 -1 2 -1 -1 2
(Fin () = F7H(1) dt < (Fin (8) = FH(1)) " dt + (Fin (8) = FH(1) dt
0 5
< e+ / (FHt) — FL()* dt (3.17)
(5,1-5]°

for all n > n/ and since

[ /{5 o (ﬂfnl(t)—ﬂ_l(t))zdt]m < { /[5 . (ﬂi;@))?dtr/u[ /[5 L E)
< Vet e (3.18)

for all n > N, we have from (3.17)), (3.18]),

1/2

(2

1
/ (F 1 (t) — F._l(zf))2 dt < 9e for alln > N.
0

This completes the proof of the corollary. n

Proof of Theorem[3.3. For simplicity we shall prove the theorem for r = 1. For r > 1,
similar argument works.

We will consider three cases separately depending on the nature of the supports of Fjy
and Fj.

Case 1. Both Fjy and F; are supported on [0, 00). Consider the monomial D’ganf}n where
]{Zo,kl > 1. Then

1 1
ko pki) _ . . . . .
- Tr (Dg5, DY) = - E Qiyiy Qg - - - Qg 4 ving 4o - - - Vi pay i1 (3.19)
1<in igyeipg iy <0
where first ky many factors in each product are from Dy, and second k; entries are from
Dl,n- So
n r on~"1n) — n a1112a1213 s azk0+1zk0+2 ... alk0+klll — 41 29 SaY7 .
1<i1,82, )Tk +hqg ST

where

1 n—ki—1 Z ko+k1 /L /\Z
I —— ko _1 J 7+1
= () 11 o ()

Jj=ko+1
ikt 1 =01 =k kg +15] 8 —1541]=1

1 < i A i \ij
Iy=— ko (2L FEAR 2]
=0 > (%) 11 (2
i1=n—k1 j=ko+1

g +1=11= kg kg +1,] 8 —1j+1]=1
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Now due to condition (3.12)), I — 0, as n — oo and

1 n—ki—1 i ko+k1 i A
L = - > g°(= [] FRAR A1
! n “ 1 Jo (n) 9 < n
Q1=

j=kg+1
kgt 1=01 =l kg4 kq +1585 —1j+1]|=1

n—ki1—1 Wflﬂ Z ko+k1 ’L /\ Z
ko 1 J Jj+1
= § g - | | g\ — dr
[ﬁrkl 0 n n

i1=1 j=ko+1
kg1 =01 =Tkt kg +15] 15 —15+1]=1

1 n— kl 1 ko+k1 ’l /\Z
1 7 7+1
A ) LIE Il o (5)

11=1 j=kg+1

kg +1 =01 =Tkt ky +1,]15— 15 4+1|=1
1
/ fo(z)dz, say.
0

Since g and g; are continuous at almost all x € (0, 1), we have as n — oo,

k1
a.s. k k: . .
fal2) 3 gl () E ( 1>glf1(x) = gt () (k ;2> g1'(z), provided ki is even
. J
Jj=0
2§~ k1=0

and f,(z) = 0, otherwise. Note that since in this case |gol|, |g1| are non-decreasing in z €

(0,1), | fo(2)] < c1]go(z)]™|g1(x)|*, where ¢; is a constant and also/ lgo(x |k°|g1( )|k1dx <
00, due to condition ( - So using the DCT, as n — oo

lTr (Dko. DI ) /fn \dz %/ (k /2) ()dm—E[ggo(Ul)(gl(Ul)Qcos(QﬂUg))kl

Similarly we can consider a polynomial in Dy, D, and similar convergence can be shown.
This completes the proof of Case 1.

Case 2. F, and F} both are supported on (—o0, 0]. In this case, similar argument as in case
1 will work but one has to be more careful since |go| and |g;| are now non-increasing. As in

(3-20) L Tr (D’goanln) can be written as

n

k1
lTr(D’g’On kln _ Z Z coe= I, + L.
1=1 lekl—‘rl

Here I -+ 0 and I, = E [ggo(Ul) (91(U1)2 COS(27TU2))]€1:| as n — 0.

Case 3. One of Fy and F} is supported on [0, 00) and the other on (—oo,0]. Without loss
of generality we assume that Fj is supported on [0, 00). We will just sketch the idea behind
the proof in this case.
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We divide [0, 1] into two parts J; := [0,1/2] and Jy := (1/2,1]. First we restrict the
sum in to Jy i.e i1 from 1 to m, where m, is the largest positive integer so that
my,/n < 1/2. We call this part S; and the remaining part S;. Observe that in Sj, go is
bounded and gy = |go| is non-decreasing and hence the factor involving gy can be bounded
by |go(3/4)*. But g; is unbounded near 0 and |g;| is non-increasing. In order to apply
the DCT we argue as in case 2 and make necessary adjustments for g; near 0 so that S is
dominated by ca|go(3/4)[*¥|g;(z)|¥*, where ¢, is a constant. For S, observe that now g, is
bounded and |g;| is non-increasing so that factors involving g; can be bounded by |g;(1/4)|*.
However gy is unbounded near 1 and gy = |go| is non-decreasing. So for gy we argue as in
case 1. Using the DCT we get the result.

The general case can be handled using appropriate combinations of Cases 1-3.

3.4 Tridiagonal matrices and LSD of random matrices

We have seen in Corollary [3.1] that the semi-circle law arises as the LSD of a tri-diagonal non-
random symmetric matrix. It is interesting to explore if other LSDs of random symmetric
matrices arise as the LSD of non-random tri-diagonal matrices.

Let {z;} be i.i.d. random variables with mean zero and variance one. Let Z denote the
random variable Z = 2cos(27U) where U is uniformly distributed on [0, 1]. Then observe

that E(Z%%+1) = 0, E(Z%) = Eiﬁ)g' and Z has the following density

1
Vi — 22’

(i) Symmetric Circulant matrix. Consider the n x n random Symmetric Circulant matrix
SC,, whose (i, j)-th entry is given by SC, (4, j) = ®n/2—jnja—ji—j) for 1 < 4,5 < n. Then it is
well known that almost surely, the LSD of n=/2SC,, is the standard normal distribution.
Let Fj be the distribution function of standard symmetrized Rayleigh random variable R
with density f(z) = |z|exp(—2?) where —oo < x < co. Then E(R**1) = 0 and E(R*) = k!.
Now consider D, , with \%Ff ! and then by Theorem , the ESD of D, , converges to

\%F{l(Ul)Z. It is easy to see that

1
fz(x) = — —2<r<2
T

1 1
ﬁFfl(Ul)Z)Qk“ =0 and E(EFl‘l(Ul)Z)% =

Thus LSD of D, ,, is the same as that of n='/25C,.

E(

(ii) Reverse Circulant matrix. Now consider the random Reverse Circulant matrix RC,
whose (i, j)-th entry is given by RC,(i,J) = (i4j—2) moan for 1 < 4,5 < n. Then almost
surely the LSD of n~Y/2RC,, is the symmetrized Rayleigh distribution given above.

Now let R = Y.Z where Y and Z are independent random variables and R is a sym-
metrized Rayleigh variable and Z = 2 cos 2nU. Then

E(Y?) = = ) = Moy, say.



Also mapy1 = E(Y#F1) = 0. It is easy to check that {m;} satisfies Carleman’s condition.
However we have been unable to resolve if it is a moment sequence. If it is indeed a moment
sequence then there is a unique distribution F' with this moment sequence. In that case, if
we take g1 = F'~1, then the LSD of D, is the same as that of n2RC,.

(iii) InBose et al.| (2008)), it is shown that under a mild condition on the pattern, any possible
LSD of patterned random matrices is symmetric about zero and its even moments { /s } are
bounded above by the moments of a Gaussian variable. Then to identify an appropriate

tri-diagonal matrix with the same limit, we may proceed as above. Now we need to solve
EX?E Z?f = By, or

52]@
E Z2k

EN?
= ﬁzkQ and mogy1 = 0.

Moy = E Xop = (2h)!

It is easy to see that
ARQ2K) (k1?2 2k
M2 = ToR (2k) T 2k
and hence satisfies Carleman’s condition. Hence if {m;} is a moment sequence, then there
is a unique distribution F' with these moments. In that case by choosing g; = F'~!, one can
get the desired limit. However, it is not clear when it will form a moment sequence.
In particular, the question remains open if the LSD of random Toeplitz matrix and
random Hankel matrix (which are not known in closed form) are the LSD of such non-
random tri-diagonal matrices.

!
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