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Abstract

The empirical spectral distribution (ESD) of the sample variance covariance ma-
trix of i.i.d. observations under suitable moment conditions converges almost surely as
the dimension tends to infinity. The limiting spectral distribution (LSD) is universal
and is known in closed form with support [0, 4]. In this article we show that the
ESD of the sample autocovariance matrix converges as the dimension increases, when
the time series is a linear process with reasonable restriction on the coefficients. This
limit does not depend on the distribution of the underlying driving i.i.d. sequence but
in contrast to the sample variance covariance matrix, its support is unbounded. The
limit moments are certain functions of the autocovariances. This limit is inconsistent
in the sense that it does not coincide with the spectral distribution of the theoretical
autocovariance matrix. However, if we consider a suitably tapered version of the au-
tocovariance matrix, then its LSD also exists and is consistent. We also discuss the
existence of the LSD for banded sample autocovariance matrices. For banded matri-
ces, the limit has unbounded support as long as the number of nonzero diagonals in
proportion to the dimension of the matrix is bounded away from zero. If this ratio
tends to zero, then the limit has bounded support. Finally we also study the LSD
of a naturally modified version of the autocovariance matrix which is not nonnegative
definite.
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1 Introduction

Let X = {X;} be a stationary process with E(X;) = 0 and E(X?) < oo. The autocovariance
function ~yx(-) and the autocovariance matriz 3,(X) of order n are defined as:

’yx(k’) = COU(X(),Xk), k= O, ]_, ... and En(X) = ((Wx(l _j)))lgi,jgn-

These quantities appear frequently in time series analysis. From the spectral representation
of autocovariances, there is a distribution Fy, called the spectral distribution of {vx(h)}
that satisfies

fyX(h):/ exp(2mihz)dFx(x) for all h. (1.1)
(0, 1]

This correspondence between v(-) and F is one to one. It is also known that if > ;- | |vx (k)| <
oo then the density (also known as the spectral density of X or ~(-)) of Fx is given by

fx(t) =Y exp(—2mitk)yx(k), t € (0, 1]. (1.2)
k=—o00
Now suppose that A, ., is any real symmetric matrix. Let Aj, Aa,..., A, be its eigenvalues.

The Empirical Spectral Distribution (ESD) of A,, is defined as,
Fh(x)=n""> TN < x). (1.3)
i=1

The Limiting Spectral Distribution (or measure) (LSD) F is defined as the weak limit of the
sequence {F4n}, if it exists. We write F4» % . The entries of A, may be random. In
that case, the limit is taken to be either in almost sure or in probability sense. There is a
growing literature on the study of spectral distribution of random matrices. See Bose, Hazra
and Saha (2010) for a recent but restricted review of this area.

Any matrix 7,, of the form ((t;_;))1<ij<n is & Toeplitz matrix and hence ¥, (X) is a
Toeplitz matrix. For simplicity suppose that 7T,, is symmetric (that is ¢, =t_, for all k)

and Z |tr| < co. From Szego’s theory of Toeplitz operators (see for example Bottcher

k=—o00

and Silberman (1998)), the LSD of T,, exists and may be described as follows. Define
f(z) = Z tr exp (—2mizk), x € (0, 1].

Then the LSD is the distribution of f(U) where U is uniformly distributed on (0, 1]. In
particular if » 7 |yx (k)| < oo, then the LSD of ¥,(X) exists and equals the distribution
of fx(U). It is interesting to note that

B = E[ux(0) + 3 w(b{e + 2oy annyX b(L4)

Shoo



where

Sh,m:{(ko...kd,...>Zk‘jZOfOIaHj, /€0+"'+k5d—|—"':h}. (15)

and 7y is number possible ways of choosing b € {—1,1}" such that Y, bin; = 0 and b; = 1
whenever n; = 0, where k; = #{i : n; = j}, n, € N.

Now let us turn to the sample autocovariance matrix. This is the usual nonnegative definite
estimate of ¥, (X) and equals

n—|k|
Ln(X) = ((Gx (i = J))1<ij<n where Ax(k) =n"" Z XiXiq) (1.6)

It is also a Toeplitz matrix. Sen (2006) raised the natural question whether the LSD of
[, (X) exists and if so, whether there is any type of universality of the limit with respect
to the distribution of the process that drives X. His simulations suggested that there
is convergence as well as universality. Basak (2009) made an initial study in the special
case where X is an i.i.d. process. Sen (2010) has some results for the case where X is
an MA(1) process. Our primary goal is to study the LSD of this matrix and some of its
variants (described later) in the general setup where

Xt = Zekgt_k (17)
k=0

is a linear process and {g;, t € Z} is a sequence of independent random variables with
appropriate conditions.

When {g} isii.d., for every fixed k, yx(k) = vx(k) and this is the basis for the ex-
tensive use of the sample autocovariance sequence {9x(k)} in time series analysis. However,
this convergence does not yield the LSD of I',,(X) to be fx(U). This is because there is no
uniformity in the above convergence. Indeed, ¥, (X) — I',(X) does not converge to zero in
any reasonable norm. In particular, it is known that the largest eigenvalue or the operator
norm of this matrix does not converge to zero. See for example Wu and Pourahmadi (2009),
McMurray and Politis (2010) and Xiao and Wu (2011). This suggests that even when the
LSD of TI',(X) exists, it may not be the same as the LSD fx(U) of X,(X).

Incidentally, I',,(X) reminds us of the sample variance covariance matrix, S, whose spec-
tral properties are well studied. We refer to Bai (1999) for some of the basic references.
In particular the LSD of S (with ii.d. entries) under suitable conditions is given by the
Marcenko Pastur (1967) law which is supported on the interval [0, 4]. Obtaining any result
on the limiting spectrum of I',,(X) does not appear to be easy.

Other random Toeplitz matrices have been studied recently in the probability literature.
Bai (1999) posed the question of the existence of the LSD for T,,. = ((g—;|)) where {e}
is i.i.d. with mean zero variance 1. Bryc, Dembo and Jiang (2006) and Hammond and
Miller (2005) showed that then the LSD exists and is universal (does not depend on the
underlying distribution of £1). Bose and Sen (2008) showed that the LSD of the Toeplitz
matrix T, x = ((X;—;|)) exists when X satisfies (1.7) with some additional assumptions.

However, none of the above two results for random Toeplitz matrices are applicable to
I',,(X) due to the nonlinear dependence of 4x(k) on {X;}. We prove that under reasonable
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conditions on {6} and {e;} the LSD of T',(X) exists (see Theorem 1). In particular,
this LSD is universal when {e;} have mean zero and variance 1, are independent and, are
either uniformly bounded or identically distributed. Further, in sharp contrast to the LSD

of the S matrix, it has unbounded support. Moreover, it does not coincide with the LSD of
Y (X).

Note that the LSD of 3,(X) depends on the parameters {6} but there is no one to one
correspondence between {6} and the LSD. For example the LSD is same when X is AR(1)

with parameter 6 or —f. The same situation persists for the LSD of T',,(X) (see Theorem
5).

Incidentally, the only properties known for the LSD of T),. are that it is symmetric and
has unbounded support. The moments of the LSD of T, x when X; is asin (1.7), may be
written in a nice form involving {6} and the moments of the LSD of T}, .. Unfortunately, a
similar expression eludes us for the LSD of I',,(X), primarily due to the nonlinear dependence
of the autocovariances {7(k)} on the driving {¢;}. We are thus unable to provide any explicit
or implicit description of the LSD.

When {X,} is a finite order linear process, the limit moments in our case can be written as
multinomial type sums of the autocovariances (see expression (2.4)). When X is of infinite
order, the limit moments are the limiting values of these multinomial expressions as the
order tends to infinity. Some additional properties of the limit moments are developed in
Section 4. Apart from providing more information on the nature of the limit, some of these
results are used crucially in the proof of Theorem 5.

The matrix I',,(X) can be modified appropriately to rectify the facts that the matrices
[, (X) and X,(X) have different LSD. This is based on the well known idea of kernel density
estimate. For a sequence of integers m = m,, — 0o, and a kernel function K(-) define

m

fx(t) =Y K(k/m)exp (—2mitk)yx(k), t € (0, 1]. (1.8)

k=—m

as the kernel density estimate of fx(-). It is known that under suitable conditions fx is
a pointwise almost surely consistent estimate of fx. Considering this as a spectral density,
the corresponding autocovariance function is given by:

vx(h) = /(0 l]exp(QWihx)fX(x)dx

= Z K(k;/m)/ exp{2mihx — 2mizk}Ax (k)dx
E——m (0, 1]

= K(j/m)yx(j) forall —m <j<m.
This motivates the consideration of the tapered sample autocovariance matrix
Lo w (X) = (K ((0 — 5)/m)¥x (0 = 5)))1<ij<n- (1.9)

It may be noted that if K is a nonnegative definite function then I',, (X)) is also nonnegative
definite. Otherwise it may not be nonnegative definite.
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Among other results, Xiao and Wu (2011) also showed that under the growth condition
m, = o(n?) for a suitable 7 and suitable conditions on K, the largest eigenvalue value of
[k (X) —3,(X) tends to zero. We show that (see Theorem 4) under the minimal condition
m/n — 0, if K is bounded, symmetric and continuous at 0 and K (0) = 1, then the LSD
of T, k(X) isindeed fx(U).

To deal with the inconsistency of the sample autocovariance matrix, the other idea in time
series literature is to use banding. McMurray and Politis (2010) use such banded matrices
while developing their bootstrap procedures. We study two such banded matrices. Let
{my}nen — o0 be such that a,, := m,/n — a € [0,1]. Then the Type I banded sample
autocovariance matriz T®!(X) is same as [',(X) except that we substitute 0 for Yy (k)
whenever k& > m,,. This is the same as the matrix I', x with the choice K(z) = If<13-
The Type II Banded Autocovariance Matriz T (X) is the m, x m,, principal sub matrix of
I',,(X). Theorem 3 states our results on these banded autocovariance matrices. In particular,
the LSD exists for all « and is unbounded when « # 0. When « =0, the LSD is fx(U).

Finally, a related matrix is,
L5 (X) = (Vx(li = 1)) i<ijen where 75 (k) =n"" Y XX , k=0,1,.... (1.10)
i=1

Note that I'*(X) is not nonnegative definite. This implies that many of the techniques
applied to I',(X) are not available for I'}(X). However, we are able to show that its LSD
also exists but under stricter conditions on {X;} (see Theorem 2). Interestingly, simulations

show that this LSD has significant positive mass on the negative axis. However, its moments
dominate those of the LSD of I',,(X) when 6; > 0 for all i (see Theorem 2(c)).

To illustrate our results, we provide a few simulation results for different choices of {6y}.
It would be nice to obtain additional theoretical properties of the ESD and the LSD of these
matrices. For instance, the distribution of maximum eigenvalue of S has been studied in the
literature. However, it does not seem to be at all easy to obtain similar results for I';,(X).

Now a few words about the proofs. When o = 1, then without loss of generality for
asymptotic purposes, we assume that m, = n. The full autocovariance matrix I',,(X) may
without loss of be visualised as a special case with & = 1. The proof of Theorem 1(a) is
quite long, primarily due to the nonlinear dependency of 4x(-) on {¢}. See Section 3.3 for
an outline description of the steps involved. In a nutshell, when {X;} is a finite order moving
average process with bounded {e;}, we use the method of moments to establish the result.
The assumption of boundedness is removed by the use of the bounded Lipschitz metric of
convergence. We deal with the general case of infinite order by another use of this metric.
Easy modifications of these arguments yield the existence of the LSD when 0 < o < 1. As
we shall see later on, the case of & = 0 is argued in a similar way. The proof of Theorem 4
is based on the arguments used in the proof of Theorem 1 and the ideas developed in Basak
and Bose (2010) in the context of the study of weighted Toeplitz and Hankel matrices. The
proof of Theorem 2 is a byproduct of the arguments in the proof of Theorem 1. However,
due to the matrix now not being nonnegative definite, we impose the restriction that the
random variables {e;} are uniformly bounded.
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2 Main results

We shall assume that X = {X;},cz is a linear process (moving average process of possibly

infinite order)
Xt = Zekgt_k (21)
k=0

where {g;, t € Z} is a sequence of independent random variables. A special case of this
process is the so called MA(d) where 6, =0 for all k£ > d. We denote this process by

) = (X0 =00, + 0161+ -+ Oagr_q,t € 7}

where without loss we assume that 6y # 0.

It may also be mentioned that working with two sided moving average entails no difference.
The conditions on {e;} and on {6} that will be used are:
Assumption A.
(a) {e;} are i.i.d. with E[;] =0 and E[e}] = 1.
(b) {e;} are independent, uniformly bounded with E[e;] =0 and E[e?] = 1.
Assumption B.
(a) 6; >0 for all j.
(b) Z;io 10;] < oo.

It may be noted that the series in (2.1) converges almost surely under Assumption A(a)
(or A(b)) and Assumption B(b). Further, X and X are strongly stationary and ergodic

under Assumption A(a) and weakly (second order) stationary under Assumption A(b) and
Assumption B(b).

The autocovariance of X and X4 are given by

d—j

Y@ (J Zek ik and yx(j ngz itk (2.2)
k=0

We now state our main results. We shall use the following notation: let {k;} stand for
suitable integers.

kz(k’o...kd), Shd:{klk?o,...,kdZo,ko—f—"'—l—k‘d:h}. (23)

Theorem 1. (Sample autocovariance matriz) Suppose Assumption A(a) or A(b) holds.

(a) Then almost surely, Frn(X@) % Fy which is nonrandom and does not depend on the
distribution of {e;}. Further, for some sequence of constants {pl({d)},

d
Bh.a = / 2" dFy(x Zp N H vy ()]F (2.4)

Sh.d =0

6



(b) Under Assumption B(b), almost surely, F'»X) 5 F which is nonrandom and indepen-
dent of the distribution of {e:}. Further as d — oo,

Fy ﬂ) F and Bh,d — ﬁh = /l’h dF(.T)

(¢) Under Assumption B(a), Fy has unbounded support and Bpa—1 < Pra if d>1. Asa
consequence, if Assumption B(a) and B(b) hold, then F has unbounded support.

We now state an LSD result for I'f(X). As mentioned before, this matrix is not non-
negative definite and this creates technical difficulties. We deal with only the case when
Assumption A(b) holds and for simplicity we further assume that « = 1.

Theorem 2. Suppose Assumption A(b) holds.

a) Then almost surely, FURXD) 2 pxibich is nonrandom and does not depend on the
d
distribution of {e:}. For some constants {pl*((d)}7

d

Sra= [ 2di (@) = Y5 Tl 0. 25)

Sh.,d =0

(b) Under Assumption B(b), almost surely F*»X) 5 F* which is also nonrandom and does
not depend on the distribution of {e;}. Further as d — oo,

Fy 5% F* and B;’d—>ﬂ;;:/xh dF*(z).

(¢) Under Assumption B(a), Fj has unbounded support and Bha1 < Bha and Bna < B 4
Under Assumption B(a) and B(b), F* has unbounded support. Moreover B, < B for all h.

Remark 1.

(i) Observe that the expressions for moments in (2.4) and (2.5) are similar to the moments
of fx(U) given in 1.4. However, while the former two variables have unbounded support
the latter has support contained in [—> > |yx(k)|, > |vx(k)[].

(i1) Simulations show that the LSD of T'%(X) has positive mass on the negative real azis.
Even then, By < B for all h.

(iii) Incidentally, the above results are in sharp contrast to the LSD of the S matriz whose
LSD is supported on the interval [0, 4]. See Bai (1999). See Remark 7 at the end of the proofs
for a discussion on the assumptions required in different parts of the above two theorems.
It turns out that the proof of the above theorem for d = oo is different from the proof of
the previous theorem. This is because since there is no nonnegative definiteness, the bounded
Lipschitz argument of Lemma 1 (b) cannot be used. The Assumption of all finite moments
1s also needed for the same reason.

(iv) In the course of the proof of the above theorems, we shall show that {pl({d)} of Theorem 1
satisfies

h | |
< 4 COINI
B kol kg



As a consequence,

h!

h(2h)! & h(2h) &
ual < EPE S g ana () < EE S gy
k=0 ’

which are the even moments of a Gaussian random variable. Hence the limits have subexpo-
nential tails. The same is true for the LSD of T'f(X).

Theorem 3. (Banded sample autocovariance matriz) Suppose Assumption A(b) holds.

(a) Let 0 < a < 1. Then all the conclusions of Theorem 1 hold for T%!(X@) and

ret(X @) with some modified constants {pﬁ’l’(d)} and {pﬁ’H’(d)} respectively in (2.4).

Same conclusions continue to hold also for d = co.

(b) When o = 0, and Assumption B(b) holds, the LSD of T'®!(X) and T>HM(X) are
fx(U).

In addition all the above remains true for To(X@) and T (X) under the relaved

Assumption A(a).

Theorem 4. (Tapered sample autocovariance matriz) Suppose Assumption A(a) or A(b)
holds and Assumption B(b) holds. If K is bounded, symmetric and continuous at 0, K(0) =
1, K(z) =0 for |x| > 1 and m,, — oo such that m,/n — 0. Then the LSD of T, x(X) is
the same as that of %,(X) which equals fx(U) for d < co.

Remark 2.

(i) If K is nonnegative definite, then the theorem holds under Assumption A.

(i1) Xiao and Wu (2011) show that under the assumption m, = o(n?) (for a suitable =)
and other conditions, the mazimum eigenvalue of %,(X) — ', (X) tends to zero.

The following result shows that different values of {f;} may give rise to the same LSD.

Theorem 5. Under the conditions of the above Theorems, the LSD of T',(X@) (or T, (X)
as the case maybe) are identical for the combinations (0y,01,6s,...), (6o, —01,02,...) and
(=00, 01, =05, ...). The result continues to hold for T (X).

Remark 3. From the proof of Theorem 5 it will also be evident that the LSD of I',(X4) are
identical for the processes which have autocovariances (Yo, V1, - - -, %a) and (Yo, =1, ..., (—1)%4).
Same remark holds for Theorems 3 and 4. It may be noted that the LSD fx(U) of ¥,(X)
has the same property.

The following Figures 1 and 2 show the result of some simulation from the AR(1) and
AR(2) models respectively.

3 Proofs

This section is structured as follows: in Section 3.1 we outline the so called Moment Method
of establishing an LSD. This method is widely used in the random matrix literature and which
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entails verifying three conditions which we label as (C1), (C2) and (C3). In Section 3.2 we
introduce the well known bounded Lipschitz metric that metrizes the weak convergence of
distribution functions and which will be crucially used in the proofs. In Section 3.3 we
provide the proof of Theorem 1 (a). This proof is split up into the following parts: in
Section 3.3.1 we show how to reduce the unbounded case of {¢;} to the bounded case by
using the bounded Lipschitz metric; in Section 3.3.2 we develop a manageable expression for
the moments of the empirical spectral distribution with a view to using the moment method;
in Section 3.3.3 we show that only “matched” terms remain in the empirical moments from
the asymptotic point of view. These moments are then written as an iterated sum, where
one summation is over finitely many terms (each of which is called a “word”). Then in
Section 3.3.4 we verify the crucial condition (C1) by showing that each one of these finitely
many terms has a limit. This is the longest and hardest part of the proof. In Section 3.3.5
we verify (C2). In Section 3.3.6 we verify Carleman’s condition (C3) and that finishes the
proof of Theorem 1 (a). In Section 3.4 we provide the proof of Theorem 1 (b). In Section
3.5 we provide a proof of Theorem 1 (c) of the moment ordering (Section 3.5.1) and of the
unbounded support (Section 3.5.2). In Section 3.6, we provide an outline of the proof of
Theorem 3. In Section 3.8 we outline the proof of Theorem 2. Section 4 states and proves
some properties of the limit moments. Recall that the limit moments equal Zpkd). In
Lemma 6 and Lemma 7 several sufficient conditions are given for pl(id) to equal 0. Lemma 6
is used in the proof of Theorem 3. Lemma 7 provides a result which is parallel to a similar
result proved by Bryc Dembo and Jiang (2006) that had turned out to be a crucial element
in the proof of their main theorem. Lemma 9 shows that pl({d) =0 when k; + k3 +--- = odd
and this is used in the proof of Theorem 5. This theorem is proved in Section 4.1.

3.1 Moment method

The moment method which may be described in brief as follows. Suppose {A,,} is a sequence
of n x n symmetric random matrices. Let ,(A,) be the h* moment of its ESD. It has the
following nice form:

Z)\h——Tr (AD).

Suppose

(C1) E[Bn(An)] — By for all h (convergence of the average ESD).
(C2) 320 E[Bu(An) — E[Bu(An)]]" < 0.

(C3) {Bn} satisfies Carleman’s condition: Zﬁ_l/zh

h=1

Then LSD of {A,} exists almost surely and the limit distribution is uniquely identified
by its moments {3, }.
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3.2 Bounded Lipschitz metric, dg;,

The bounded Lipschitz metric dgr, is a complete metric defined on the space of probability
measures on any Polish space (X,d) , topologising the weak convergence of probability
measures (see Dudley (2002)):

Aoz, v) = supd / fdu — / fdv < |[fllso + /12 < 1}

where

[1flloe = sup (@), [If]l. = sup [f(x) = f(y)l/d(z,y).

This metric will be used to estimate the distance between spectral measures via the following
Lemma. Its proof may be found in Bai and Silverstein (2006) or Bai (1999) and uses Lidskii’s
theorem (see Bhatia, 1997, page 69).

Lemma 1. (a) Suppose A and B are n xn real symmetric matrices. Then
1
d%, (FA FP) < - Tr(A — B)2 (3.1)
(b) Suppose A and B are pxn real matrices. Let X = AAT and Y = BBT. Then

A (FX, FY) < S Te(X +Y) Tr[(A — B)(A - B)"]. (3.2)

2
p
3.3 Proof of Theorem 1 (a)

A detailed proof will be provided only of Theorem 1 (a). We also note that if & = 1 without
loss of generality we can take m,, = n. The proof for a € (0,1) is quite similar to proof of
Theorem 1 and hence we will provide a brief outline for that. The case a = 0 will be a bit
different and therefore we will give a somewhat detailed proof of that.

3.3.1 Reduction to bounded case using the metric dp;,

To use the moment method we need all moments to be finite. So the first step will be to
show that we may without loss of generality, assume that {e;} are uniformly bounded. For
convenience, we will write

(XD =T,.4.

Lemma 1. If for every {g} satisfying Assumption A(b), T,,(X¥) has the same LSD
almost surely, then the same LSD continues to hold if {e;} satisfies Assumption A(a).

Proof. Suppose that for every {e;} satisfying Assumption A(b), I',(X@) has the same
LSD almost surely. Now suppose that {e;} satisfies Assumption A(a). Define the bounded
variables:

g = &llig<co, Xiaq=0ogr + 0161+ -+ OqEt—q,

11



. g, — Elg > ~ ~ ~
Er = \}Tégé]) and Xt,d = 90575 + 91815_1 + -+ Qdét_d.

Let fn,d and fmd be the sample autocovariance matrices corresponding to Xud and Xt,d'

Let

0 Xig Xoa .. Xoota Xoa 0 ... 0
A 1 0 0 Xl,d Xn—2,d Xn—l,d de 0
n,d_ \/ﬁ
000 0 ... 0 Xy Xog . Xea]
so that
(And) j—i,d> 1f1<]—z<n

=0, othewise.

Define A, 4 and A, 4 in a similar way, using X;4 and X ..
Then
- o ~ ~
Fn,d = An dAn s n d = An,dAmd and Fn,d = An,dAn7d~

Note that by Lemma 1 (b),
&2, (FFma, Flua) 242, (FFma, Flna) 4 242 (FTna FTna) and
~ 2 ~ ~ ~
dzBL(FF"’d7 Frn’d) S E Tr[Fn,d + Fn,d] Tr[(An,d - An,d)(An,d - An,d)T]~

IA

Now
1 ~ 1/ = o ",
STl Do) = Z X2, + Z X2) (3.3)
n d
< 1+d [ZZ@ sfk+229,§gf_k] (3.4)
t=1 k=0 t=1 k=0
2(1 +d) d
< > 0l S 201+d))> 6} (3.5)
t=1 k=0 k=0
and
L (A A (g — )] = L3 (K Ko)?
n n,d n,d n,d n,d n t,d t,d
14+d ~
< 2(5t—k - €t—k)2
t=1 k=0
d
% 1+ d) OB, ).
k=0
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Hence

d 2
limsup d%; (F'mwd, Find) < 4(1 + d)? (Z 9,3) Elefe,>c] a-s. (3.6)

Similarly,

By of 1L\ #(0)
li da, (Frmd Frnd) < B {1 — ——
msup i, (F70, F2) < [( a(c)) T 520

where k& is a constant, u(C) = Elei].,~c] and ¢*(C) = Var(&).

From the hypothesis, LSD of F’ I exists and is free of C. On the other hand, as C' — oo,
u(C) =0 and o(C) — 1. It follows from (3.6) and (3.7) that

lim limsup dQBL(FF"»d,Ff"vd) =0 as..
C—o00 pnoco

The Lemma then follows immediately. O]

Thus from now on we assume that Assumption A(b) holds.

3.3.2 Manageable expression for 5, (I, 4)

Recall from Section 3.1 condition (C1), that we need to prove the convergence for every
moment. Thus, fix any arbitrary positive integer h and consider the A" moment. We note
that,

Tng = —((V)ijet.n, where Y1) = > XiaXiriizjdlie+i—ji<n)- (3.8)

t=1

Brn(Cna) = ETF(FZ,d)

h n
1
- nh+1 Z [H ( Z thvdthHﬂj*ﬂjflLdﬂ(tﬁ\ﬂrﬂj—llﬁn))} . (39)

1<mo,....,mp<n j=1 ;=1

To express the above in a neater and more amenable form, define

t = (t1,...,tn), ™= (70, ,Th_1),
A = {(t,w):1§t1,...,th,7ro,...,7rh_1Sn,whzwo},
a(t,m) = (t1,...,tp,t1+|mo —mly- .o tn + [T — ml)

2h h
a = (ala s 7a2h) € {17 27 s 72n}2h7 Xa = H(Xaj7d> and I[a(t,ﬂ') = HI[(tj+|7rj—1_7Tj‘§n)'
j=1

J=1
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Then using (3.9) we can write the so called trace formula,

1
ElBn(Tna)] = nhHE[ Z Xat,mlam |- (3.10)
(t,m)eA

3.3.3 Matching and negligibility of certain terms

Note that by independence of {e;}, E[Xq,]| = 0 if there is at least one component of the
product that has no ¢; common with any other component. Motivated by this, we introduce
a notion of appropriate matching and then show that certain higher order terms can be
asymptotically neglected in the trace formula (3.10).

We say

e a is d-matched (in short matched) if Vi < 2h,3j # ¢ such that |a; — a;| < d. Note
that when d = 0 this means a; = a;.

e a is minimal d-matched (in short minimal matched) if there is a partition P of
{1,...,2h}, such that

{17 s 72h} - UZ:I{ik‘ajk}a i < jk
such that
lay, —ay| < d << {z,y} = {iy, ji} for some k.

For example, for d = 1, h = 3, (1,2,3,4,9,10) is matched but not minimal matched and
(1,2,5,6,9,10) is both matched and minimal matched.

Lemma 2.
#{a: a is matched but not minimal matched } = O(n"™). (3.11)

Proof. Consider the graph with 2h vertices {1,2,...,2h} where we join vertices ¢ and j
with an edge if |a; — aj| < d. Let k = # connected components. Suppose a is matched
but not minimal matched. Let

l; = # vertices in the j-th component.

Since a is matched, [; > 2 forall j and [; > 2 for at least one j. Hence

k
2h = le > 2k which implies k£ < h — 1.

J=1

Also if i and j are in the same component then |a; — a;| < 2dh. Hence for each
connected component, there are O(n) many choices for the a;’s for which i belongs to
that component. Hence the result follows. O

Now we can rewrite (3.10) as
1

1 1
E[Bn(Tna)] = WE[Z Xatmlaem] + WE[Z Xae,mlam] + WE[Z Xatmla.m)]
1 2 3

14



= T1 + T2 + T3 (say).

where Z, i = 1,2,3 are summations taken over all (t,7) € A such that a(t,n) is respec-

tively, (i) minimal matched, (ii) matched but not minimal matched and (iii) not matched.

By mean zero assumption, 75 = 0. Since X;’s are uniformly bounded, by using Lemma
2,71, < % for some constant C. So provided the limit exists,

n—00 et nh+1

El ). Xagmlaen): (3.12)
(t,m)eA:a(t,) is
minimal matched

Hence, from now our focus will be only on minimal matched words.

3.3.4 Verification of (C1) for Theorem 1 (a)

As mentioned earlier, this is the hardest and lengthiest part of the proof. One can give a
separate and easier proof for the case d = 0. However, the proof for general d and the
simpler case of d = 0 are developed in parallel since this helps us to relate the limit for
general d to limit for d = 0.

The idea behind the proof of (C1) is as follows. Our starting point is equation (3.12). We
first define an equivalence relation (see below) on the set of minimal matched a = a(t, )
which gives rise to finitely many equivalence classes (see (3.14)). Using this, we write the
sum in (3.12) as an iterated sum where the outer sum is over the finite number of equivalence
classes (see (3.15)). Then we show that for every fixed equivalence class, the inner sum has
a limit.

To define the equivalence relation, consider the collection of (2d+ 1)h symbols (letters)
Wh={wry, ... wk, ... wk: k=1,... h}.

Suppose a = (aj,...,as,) is minimal d matched. Then it induces the corresponding
partition
P =Ur_ {ir,jry with i < jr of {1,...,2h}

where the {ix} are arranged in ascending order. With this a, associate the word
w = w[lw[2]...w[2h] of length 2h where

wliy]) = wl, wljy] = wf if a, —a;, =1, 1 <k<h. (3.13)

As an example, consider d =1,h =3 and a = (ay,...,a6) = (1,21, 1,20,39,40). Then the
unique partition of {1,2,...,6} and the unique word associated with a are {{1,3},{2,4},{5,6}}

and [whwiwiw?wiw? ] respectively.

It is important to note that corresponding to any fixed partition P = {{ix, jx},1 < k < h},
there are several a associated with it and there are exactly (2d + 1)" words that can arise
from it. For example with d = 1,h = 2 consider the partition P = {{1,2},{3,4}}. Then

the nine words corresponding to P are wyw;wiw; where i,j = —1,0, 1.

15



By a slight abuse of notation we write w € P if the partition corresponding to w is same
as P. We will say that

e w[z] matches with wly] (denote by w(z] ~ w(y]) iff w[z] = wf and wly] = wk for some
kL.

e wis d pair matched if it is induced by a minimal d matched a (so w[z] matches with
wly] iff |a, —a,| < d).

Clearly this induces an equivalence relation on all d minimal matched a and the
equivalence classes can be indexed by d pair matched w. Given a d pair matched w, the
corresponding equivalence class is given by

Mw) = {(t,7) € A: wip] = wk, wli] =wf &
a(t,m); —a(t,m); =1 and Iy =1} (3.14)

Then we may rewrite (3.12) as (provided the second limit exists)

Jim B[B(Tng)] = > lim nhﬂ Y EXaenlagm)- (3.15)

P weP (t,m)ell(w)

By using the autocovariance structure, we further simplify the above as follows. Let

W(k) ={w: #{s:|wliy] —w[js]| =i} =k;, 1 =0,1,...,d}.
Using the definitions of yx@ (-) and of Sy 4 given in (2.3), we may rewrite (3.15) as

d
lim B0 =2 Y > lm i) [Joxe @ @16)
P Sh,a wePNW(k) i=0
provided
1
Pl = lim o [TT(w)| (3.17)

exists for every word w of length 2h.

To show that this limit exists, it is convenient to work with II*(w) O II(w) defined as

T (w) = {(t,7) € A: wlir] = wg, wlj] =w =
a(t,m); —a(t,m); =1 and Iy =1} (3.18)

By Lemma 2 we have for every w,

1 *

Thus it is enough to show that limy, . —rr [IT*(w)] exists.

For a pair matched w we divide the coordinates of w according to the position of the
matches as follows. Let

Si(w) = {i: w[i] matches with w[j] for some j, i < j < h}

16



So(w) = {j: w[i] matches with w[j] for some i, i < j < h}
Ss(w) = {i: wi] matches with w[j] for some j, i <h < j}
Sy(w) = {j: wli] matches with wj] for some i, i <h < j}
Ss(w) = {i: w[i] matches with w[j] for some j, h <i<j}
Se(w) = {j: w[i] matches with w[j] for some i, h <i < j}.
Let
E={ty,....th,m0,..., 7}
Let

Note that G C E. Elements in GG will be called the generating vertices. These are the indices
where the first occurrence of any matched letter happens. Note that G has (h + 1) elements
say uy,...,uy,; and for simplicity we will write

G=U"= (uf,...,up,y) and N, ={1,2,... n}.

Claim 1: Each element of E may be written as a linear expression, (say )\;) of the
generating vertices that are all to the left of the element.

Proof of Claim 1: We shall denote the constants in the proposed linear expressions by
{m;}.

(a) For those elements of E that are generating vertices, we take the constants as m; = 0
and the linear combination is taken as the identity mapping so that

for all i€ Si(w)USz(w), i = t,
Aht1 = T,
and for all i+ h € S5(w), Aijny1 = ™.

(b) Using the relations between Si(w) and Sy(w) induced by w, we can write
for all j € Sy(w), t; = A\j+nj,

for some n; such that |n;| < d and define m; = n; for j € Sy(w) and A\j = A;.
(c) It remains to write m;’s for j + h € Sy(w) U Se(w).

Note that for every m we can write
|7Ti—1 — 7Tz'| = bz‘<7Ti_1 — 7'('2') for some bz € {—]_, 1}

Consider the vector
b= (by,bs,....by) € {—1,1}".

Thus b will be a valid choice if we have
bi(ﬂ—i—l — 7Ti) Z 0 for all i. (319)

We then have the following two cases:

17



Case 1: w[i] matches with w[j + hl], j +h € Sy(w) and i € S3(w). Then we get
ti =t; + bj(mj_1 — 7j) + nj4n for some integer njip € {—d,...,0...,d}. (3.20)
Case 2: wl[i + h] matches with w[j + h], j + h € Sg(w) and i + h € S5(w). Then we have
ti + |mio1n — m| =t + |11 — 7| + njp where nj, € {—d,...,0,...,d}. (3.21)
So we note that inductively from left to right we can write
T = APy n + My, J+ h € Sy(w) U Sg(w). (3.22)

Hence we can inductively write 7; as a linear combination {)\}’} of the generating vertices
up to some appropriate constant. Here we used the superscript b to emphasize the fact that
the linear expression will depend on b. Also note that by construction, the linear functions
{/\}’} for any element depends only on the vertices present to the left of it. This proves our
claim. O

Now we are almost ready to write down an expression for the limit. If )\; were unique
for each b, then we could write the |II*(w)| as a sume of all possible choices of b and we
could tackle the expression for each b separately. However, \;’s may be same for several
choices b; € {—1,1}. For example, for the word wiwiwjw?, we may choose any b. We first
circumvent this problem in the following way: Let

T ={j+heSi(w)USs(w) | A}°+h — )\}D+h_1 =0 Vb;}.

Note that the definition of 7 depends on w only through the partition P it generates.
Suppose j + h € T. Then from (3.20) and (3.21) the region given by (3.19) is

bj()‘;rhq(Un) - >‘?+h(Un) + Mjyn-1 — mjyn) > 0.

Claim 2: The above expression is same for all choices of {b;}.

Proof of Claim 2: Here is a short proof of the claim. First we show that if j +h € T then
we must have
t; =t; + |mj_1 — mj| + n; for some integer |n;| < d. (3.23)

Suppose that this is not true.
So first assume that j + h € Sg(w). Then we will have a relation

ti + bi(ﬂ-i—l — 7Ti) = tj + bj(ﬂ-j—l — 7Tj) -+ ng, where 7 + h e S5(w)

Recall that any typical linear function, >\}O depends only the vertices present to the left of
it. Thus in the above equation coefficient of m; would be nonzero and hence we must have
/\})+h—1 - A?+h # 0.

Now assume j + h € Sy(w) and w[i] matches with w[j + h| for i # j then we can repeat
the argument above to arrive at a similar contradiction. This shows that if j +h € T then
our relation must be like (3.23). Now a simple calculation shows that for relations like (3.23)

we have
bj(A‘]iD%*h*l(Un) - )\‘:3+h<Un) + mj+h_1 - mj+h) = _nj

18



which is of course same across all choices of b. This proves our claim. O

Now note that if j + h € T and if nj;, # 0 then as we change b; it does change the
value of mgp41. Further, we can have at most two choices for 7; for every choices of m;_; if
nj+n 7 0 depending on b;.

However for j € 7 and n; = 0 we have only one choice for 7; given the choice for m;_4
for every choice of b;. On the other hand we know that b € {—1,1}" must satisfy (3.19).

Considering all this, let
Bw)={be{-1,1}"| bj=1 if n;=0 for j€ T}

where {n;} is as in Claim 2. Then we may write,

pld) = hgn nh+1 I (w)| = hin nh+1 Z Z I(AP2p41(U™) + mops1 = A1 (U™) + mpiq)
beB(w) yne Nt

XHH (U")+m; € Ny,)

xH]I i1 (U™) = Nea(U™) 4 Moy = my0) 2 0)

QT

X 1_[}1 (U™) + b;(An 1 (U™) = A5 n(U™) 4+ mjyn1 — myjn) <)
Note that the right side of (3.24) can be rewritten as

hmn Z ]Pn <)\]23h+1(Un) + maop+1 = )\E+1(Un) + mp+1; )\}’(Un) + m; € Nn, 1 S j S 2h,
beB(w)
bj()‘})+h—1(Un) - )‘})Jrh(U )+ M1 —mypn) 20,1 <5 <h, j¢T;
AU +bj(Aha (U™) = Ay (U™) + myjn—1 — myyp) <ny 1< j <My

where the probability is computed under the distribution P, of discrete uniform on N"+1,

Fix a partition P and b € {—1,1}*. If d = 0, then there is one and only one word
corresponding to it. However, across any d and any fixed ko, k1, ..., kg, the linear functions
Aj’s continue to remain same. The only possible changes will be in the values of m;’s. This
is why there is a relation between the limit for d =0 and d # 0.

We now identify the cases where the above limit is zero.

Claim: Suppose w is such that R := {)\Ethl(U”) + mopt1 = AP, (U™) + mh+1} is a lower

dimensional subset of N**1. Then the above limit is zero.
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Proof: First consider the case d = 0. Then m; = 0, Vj. So Note that R lies in a hypercube.
Hence the result follows by convergence of the Riemann sum to the corresponding Riemann

integral.
For any general d the corresponding region is just a translate of the region considered for
= 0. Hence the result follows. O

Hence for a fixed w € P, a positive limit contribution is possible only when R = N1,
This implies that we must have

)‘gh+1(Un) )\EH(U") = 0 (for d=0)
)\2h+1(U”) )\h+1(U”) = 0 and mopr1 — mpe1 =0 (for general d).

Note that the first relation depends only the partition P but the second relation is determined
by the word w.

Now note that )\}’ are linear forms with integer coefficients

n Un
AU +mje{l,...,n} < A}’(n)+7€(0,1].

Noting that £= = U following uniform distribution on [0,1]"!, LLnh*!|II*(w)| = P
equals
> POPU) €(0,1), 1< < 2k bj(Aby, 4 (U) = AP, (U) >0, 1<j<hj¢T;
beB(w)
A (U) 401 (U) = An(U) < L1 < < by A3y 1 (U) = A3 14(U))

X ]I(mgh_H = mh+1) X ]I(?’L] <0,5 € T) (325)
Let us denote
d
pet= Y ) and B = Pt (3.26)
wePNW(k) P

Thus the expression (3.16) becomes

lim E[f(Toa)] = Y D H Y (0))" (3.27)

P KkESH. .d
d

= > o [[w @ (3.28)

keSh q =0

So we have proved convergence of expected moments of the ESDs of I',, 4. Thus verification
of (C1) is complete. O

Remark 4. From the above discussion, observing that the indicators in (3.26) are one when
d =0, it follows that
pi < ph2t.

As a consequence we have

h
'P,d< 2h P.,0 2
O U R T L (3.29)

since
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3.3.5 Verification of (C2) for Theorem 1 (a)

We state this formally in the following Lemma.

Lemma 3. .
1 1 1
E|-Tr(h,) —-ETxT, )| =0(=)-
St - emrt,)| =0 ()
Hence ~Tr(T ;) converges to Bya almost surely.

Proof. The proof of this Lemma uses ideas from Bryc, Dembo and Jiang (2006). However
one needs to argue slightly differently as the inputs of the matrix are no longer independent.
We note that

h h 4
B[ () — LB = et 30 (10~ E[ T[]
mTp=mo i=1 =1
4
= —n4i+4ﬂ"3[ > (X(aw)ﬂ(a(tm)) - E[X(a@,ﬂ)ﬂ(a(t,ﬂ))])]
(t,m)eA
4
=t ) E[H (X(a(ti,winﬂ(a(tawi)) - E[X<a(tawi>)]1(a<timi>>])]-
i i=1
z:tl’ ,,,,, 4
Suppose m’ = (m},..,mi,) € {1,...,2n}*"i=1,...,4. We say (m!,..., m?) are
e jointly matched if for any m’, (j < 2h,i < 4), Elmé-',, (4' < 2h,7" < 4) such that ]mj-—mg,l <

d.
e cross matched if for any (< 4),3j,7'(< 2h) and @ # ¢ such that |m} — m;/,| <d.
If m’= (mi,..,ms,) are not cross matched, say m* Nm! = ¢, Vi > 2, then

E[[Tim (Xmi — E(Xmi)] = I(E)‘?#[Xml ~ E(Xm))|E[[ T (Xt — E[Xw])]

If m’= (mi,..,mb,) are not jointly matched, say mi appears only once then

E[[Ti- (Xt = E(Xm))] = E[Xmt T (Xt — E(Xpms))]
= E[X, BT} Xt TTio(Xoms — E(Xpmi)]
= 0.

Hence,

4

1 1 1
E[~ Tr<FZ,d)_EE(Tr<FZ,d))]4 = > E[] [ (X Laeim) —EX @ Lag,m)-
(t',mh)eA =1
a(t’,x?) are jointly
and cross matched
=1l
Since X,’s are uniformly bounded, it is enough to show, #{(t*, 1), ..., (¢1, 1)} such that
(a(t!,71),..,a(t* 7)) are jointly matched and cross matched is O(n*+2).
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Fix {a(t’,7%)|1 < i < 4} and consider the graph with 8h vertices (u}, ..., ud,, ..., ui, ..., u3;,)
with edges ui, u, iff |a(t’,7"), —a(t’, 7" )y| < d.

Since {a(t’,n")}i<i<4 are jointly matched, number of connected components in such a
graph is at most 4h.

Claim 3. #{(t,7")|1 <i <4} which induces such graphs is O(n*"*+2).
Proof of Claim 3. We split the proof into three cases.

(a) First assume that the number of connected components is smaller or equal to (4h — 2).
For each connected component, there are at most O(n) many choices of selecting the
corresponding elements of a(t’, 7') and hence the number of ways to choose a(t’, 7%), (1 <
i < 4) is at most O(n?"~2). Hence the claim is proved for this case.

(b) Next assume that there are (4h — 1) many components in the induced graph. Then
there will be either one component with four vertices or there will be two components with
three vertices each. Upon reordering if necessary, it can be easily checked that a' = a(t!, ')
has an index aj, which does not match with any element in al.

Now if {uf,u,} is an edge, consider all possible relations of the form

!

a(tiu ﬂ-i)l - a(ti/77rZ )l’ - j:k7 |k| <d

and all possibilities o ‘ ' '

bi(mi_y —m5) = |m_y — 7.
We shall show that for every possible combination of relations #{a(t’,7*)[: < 4} inducing
the graph is O(n*"~2) and hence (since there are finitely many such combinations)

#{(t', 7)1 < i <4} = O(n*"*?).

By a slight abuse of notation let the generating vertices be a subset of {az-}, chosen
one from each connected component such that whenever a§ and aé-/, belong to the same

connected component, af belongs to the set of generating vertices iff either i =4’ and j < j’
or 7 > 4. Now let us choose the elements in a(t!, ') from left to right.

For i < i* if a} € G then we can choose it in O(n) ways and if a} ¢ G then we can choose
it in O(1) ways. Next move on to a; ;.

If it is a generating vertex we can choose it in O(n) ways and otherwise in O(1) ways. In
this way complete all the choices for a(t!, 7!) except a}..

Note that for a valid choice of a’ we must have Z?Zl bj(ajl. T a}) = 0. This restriction

automatically fixes a’. Thus number of free choices reduces by one, and that implies
#{a(t! 7))i <4} = O(n*"" 171 = O(n*"?).

(c) Finally assume that there are 4h many connected components. Upon reordering it can
be checked that there exists i* and j* such that a}. does not match with any element in a'
and a3. does not match with any element in a' and a®. Now arguing as above it can be seen
that number of free choices can be reduced by two and hence the claim is proved completely.

The Lemma follows immediately from this. O
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3.3.6 Verification of Carleman’s condition (C3) for Theorem 1 (a) (d finite)

Lemma 4. The sequence {Bha}n>0 satisfies Carleman’s condition and hence defines a
unique probability distribution on R.

Proof. We recall the formulae for pfcd) and 4 from (3.27) and (2.4). Now the number of

ways of choosing the partition {1,...,2h} = U/ {i;,5;} for a(t,7) is (22h—}2),' Hence

P < e T X Tl ST T T Rl

Hence we have,

m! Al
oal < YO k,Hm

Sh,d
4 2h 1
< ZZ| KOi])" (3.30)
7=0 k=0

1
The above bound easily implies that >, (35,2 = oo i.e. Carleman’s condition is satisfied.

This completes the proof of Theorem 1 (a). O

3.4 Proof of Theorem 1 (b) (infinite order case)

Fix € > 0. Choose d such that Z 10| < e.
k>d+1

First we assume {e;} is i.i.d. As earlier, define

0 X; Xo ... X1 X, 0 ... 0

1 0 0 X; ... Xn_g Xn—l X, ... 0
An —— .
vn :

0o 0 0 ... 0 Xy X9 ... X,

so that

(An)ij =X;_g, f1<j—i<n

= 0, otherwise.

For convenience we will write

Clearly, I',, = A, AL and we have
2
d%, (FFmd F') < —Tr [Cha+ ol Tr [(Ana — An)(Ana — 4)7]
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Now, by ergodic theorem, almost surely,

= E[X7,+ X7 <2) 62
k=0

1 n n
1 DR 387
t=1

t=1

Similarly, almost surely,

IT[(Ang — A)(Ana — A)T] =2 (Xpu— X)) 2 EXa - X7 < Y 6 <&

t=1 k=d+1
Hence almost surely

lim sup d,,, (F'¢, F™) < 20> |64])%”. (3.31)
" k=0

Now FTna & F, almost surely. Since dp; metrizes weak convergence of probability
measures (on complete separable metric spaces, in particular on R) we have as n — oo,

dpr(F', F;) — 0, almost surely.
Using
dpp(F' F') < dgp(F™, F'n) + dpp (F'»e, F'md) + dgp (FFme I,

the fact that {FTnd},5; is Cauchy with respect to dpr almost surely, and (3.31), we get

lim sup dpr,(F™, F') < 2V2(> " [6k])e.

m,n k=0

Hence {F F"}n21 is Cauchy with respect to dg; almost surely. Since dg; is complete,
there exists a probability measure F' on R such that

F' 5 F almost surely.

Further .
dpr(Fy, F) = limdp, (F"™, F™) < V2() " |6k|)e,

k=0
and hence
F,; 5% Fasd— oc.
Since {F;} are nonrandom, we conclude that F' is also nonrandom.

Now if {e;} is not i.i.d. but independent and uniformly bounded by some C > 0 then
the above proof is even simpler. One has to simply note that

1 n
lim sup — 2 < (%
Pnz t—k >

n t=1
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We omit the details. This completes the proof of the first part.

To show convergence of the moments {5, 4}, we note that under the assumption of summa-
bility of the coefficients, (3.30) yields

4h(2h)! &
st;p |Bhal < cp = ( ; ) (Z |0])*" < 0o, Vh > 0. (3.32)
k=0

h!

Thus we have uniform integrability of all powers of Ay ~ F,. Since F; - F, we thus
conclude

Bn = /xh dF = lim/xh dFy = lim By 4.
d d—o0

This completes the proof of (b). We note that |f,| < ¢, from which we can show that
{Brn}tn>o satisfies Carleman’s condition, hence the moment sequence {f,} uniquely deter-
mines the distribution F. O

3.5 Proof of Theorem 1 (c)
3.5.1 Proof of moment ordering
We first prove the following.

Lemma 5. For d >0 and ky,...,kq >0,

(d) _(d+1)
Pro,...skq = Pho,..ika 0"

Proof. Consider a graph G with 2h vertices with h connected components and two
vertices in each component. Let

M ={a: aisminimal d matched, induces G and |a, —a,| =d+1
for some z,y belonging to distinct components of G'}.

Then one can easily argue that |[M|= O(n""!) and consequently

#{(t,7) € Al alt, 1) € M} = O(nh).

1
— lim —#{(t, 7)€ A| a(t,n) is minimal d matched with partition {1,...,2h} = Ul {i, ji}

and there are exactly kymany [’s for which
|a(t7 ﬂ-)(ll) - a<t77r)(jl)| =s5,5=0,.. da ]Ia(tJr) =1 and
la(t, 7)(z) —a(t,m)(y)| > d+ 2 if z,y belong to

different partition blocks}
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When 6,...,0, >0 andd>1

d—1

d . .

> S o [Hxw @)
1=0

Sh,d—1
d—1
Ak
> > Py I n @1 = Bracr.
Shd 1 1=0

]

Remark 5. (Counter example for ordering of moments) If Assumption B(a) is violated, then
the moment ordering need not hold. Consider an M A(2) process with parameters 6y, 61, 0o
and an M A(1) with parameter set 0y, 01. Using Lemma 9 we note that

Bz = P59 0(02 + 02+ 603)% + pis o (6001 + 0162) + i 16263 (3.33)

and
/82 1= p2 0(92 + 02) + pO 28202 (334)

Using Lemma 5 we get p((f%o pélg Further, it is also not hard to verify that p((f()m = p((f%,o.

Thus Bao > Po iff

P08 + 2065 + 07)65) + 02 [6763 + 260676, + 6363) > 0 (3.35)
Now taking 65 = —k6y where k > 0 and 0y, 0, > 0 after some simplification we get
Baz 2 Pon & KPao(s* +2) + p2)05 + 2050k +pia(r — )6 20 (3.36)

After solving a linear equation for k, it is easily seen that there exists a k* > 0 such that
if k € (0,K%), then coefficient of 61 will be negative. Hence fixing some arbitrary value of
6o > 0, and k € (0,K*) one can increase the value of 6, arbitrarily to get fao < Ba1.

3.5.2 Proof of unbounded support of Fj
We use the approach of Bryc, Dembo and Jiang (2006). Let

W ={w=wwsy: |w|=2h=|wsy|; w,wy,wy are zero pair matched; w;[z] matches with
wy [y] iff we[z] matches with ws[y]}.

Then
Bona > [rx@ (0" pano,..0 = Dyxe (0 Y limn~ EHIII (w)). (3.37)
wew
For w = wywy, € W, let {1,...,2h} = U (is,5,) be the partition corresponding to w.
Then

lim,, ‘S;éff' > lim, e #{(t,m) 0 b, =t;, and m, —m, = w1 —mj, for 1 <s < b

tj+ |mj — mj—1] <n, for 1 < j < 2h}.

(3.38)
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Using the relations
T, — Tiy—1 = Tj,—1 — T, 1 <s<h,

we can construct the generating vertices set

{Uo,...,Uh} - {7T0,...,7T2h}

and write

mi=N(v), (v=A{vg,...,vp}) fori=0,...,2h.

From the relations arising out of the word wj, construct a generating set {uy,...,up} C
{t1,...,tan} towrite t; = fB;(u) where u = (uy,...,up), (infact G;,(u) =G, (u) =u,, 1<
s < h).

It is easy to see that

h h
:Z)\iava where A\, € {—1,0,1} and Z)\iazl‘v’i.

a=0 a=0

From (3.38) we get for i.i.d Uniform random variables Uy, ..., Uy, Vo, ..., Vi,

lim E;Si”l)' > P((V) € (0,1), B:(U) + |N(V) = Ma(V)[ <1, i=1,...,2h)
> p(avie L aw el iz ,2h)

\Y

N}
-

=

h
1
Here A = ]Q{|YJ| < m}, e >0 being fixed and h is large so that e(h+ 1) > 1.

Conditional on A, Y; are i.i.d. Uniform|— Then

1 ;]
2e(h+1)’ 2e(ht1) )"

h
11
P (Z)\iaYa ¢ (_Z’ 4_1>’ for some 1 <17 < 2h‘A> < ZP <Z)\13Y ¢ (— ‘A)

a=0

( where k] = #{a\ Aia # 0})
e2(h+1)

< dhexp(———o—)
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where the second inequality follows from Hoeffding’s inequality.

Since the last expression tends to zero, we have for large enough h,

h 11 1
P inaYae(—Z,Z),z:o,...,zh’A =3
a=0

Since [W| = 2% from (3.37), we have for large enough h and constants C, C’, C"

hh

2h)
> 2h > 12h
Pana 2 C PA) =€ (e(h + 1))+t

S8 (by Stirling’s approximation)

and hence )
- % 1
limsup B3, > C"e™x.

. :

Letting ¢ go to zero we get unboundedness of the support of Fj.

1
Since {fnq} increases to [y, limsup, 5 = oo, and hence F also has unbounded

support.

3.6 Outline of the proof of Theorem 3

Here is an outline of the changes required to prove Theorem 1 for other values of a.

3.6.1 Proof of Theorem 3 for the case 0 < a < 1

Let Bh(Fgé) and ﬂh(FZ:él) be the h'" moments respectively of the ESD of Type I and Type
IT band autocovariance matrices with parameter . We begin by noting that the expression

h h

for these contain an extra indicator term H]I(\m-,l — ;| <m,) and H]I(l < m < my) re-

i=1 =1

spectively. For Type II band autocovariance matrices since there are m,, eigenvalues instead
of n, the normalising denominator is now m,,. Hence

and

h

1 n
a,l
Bn(Ta) = nh+l Z [H (ZthvdthJrlﬂj—ijlIﬁd]l(tjﬂﬂj—ﬂj—llSN))]

1<ng,....,mp<n j=1 ;=1
TR=T0

h
< [[1(mims — il < ma) (3.39)

=1

n

h
My oIl 1
WBh(Fn,d ) = i+l Z [H < Z th7dth+|7Tj*”j—1|7d]1(tj+‘77j*77j—1|§n)>:|

1<mg,...,mp<n  j=1 t;=1

< [T < m < my) (3.40)



It is thus enough to establish the limits on the right side of the above expressions. and we

can follow similar steps as in the proof of Theorem 1.

Since there are only some extra indicator terms, the negligibility of higher order edges and

verification of (C2) and (C3) needs no new arguments. By the same logic, verification of (C1)

is also similar except that there will be an extra term coming in the expression for p£5 ) now.
h+1

From (3.39) and (3.40) we note that the extra term H I( \)\ﬁh 1 )\}’+h| < «) will be inside

j=2
h+1

the expectation for T d and for Fal the corresponding term will be H]I AP € (0,a)).

7j=1
This would complete the proof for finite d.

To establish the result for d = oo, note that the Type II band autocovariance matrices
are m, X m, principal subminor of the original sample autocovariance matrices they are
automatically nonnegative definite and we can write

IR (X@) = (An (A"

where ACY is the first m,, rows of A, 4. Thus we can establish the connection between
the hrmtlng distribution between d finite and d = oo imitating the ideas in Theorem 1.
However to prove the same conclusion for Type I band autocovariance matrices we can not
apply Theorem 1 as these matrices may not be nonnegative definite. Thus here we proceed
similarly as in Theorem 2.

Proof of unbounded support needs only minor changes. We omit the details.

When the input sequence satisfy only Assumption A(a) noting that Fz él are nonnegative

definite and using the same technique as in Theorem 1 we can without of loss of generality
assume Assumption A(b) holds. This completes proof of this part. O

3.6.2 Proof of Theorem 3 for o = 0, Type I band autocovariance matrix

Existence: When « = 0, using (3.39) we note that we got the following expression instead

of (3.24) which we got for a = 1. Below T denote the limiting contribution of the word
w for Type I band autocovariance matrix with band parameter a = 0.

(d),O,I fp— 1
= 11m
Py " nh+1

% (w)| = hm i+ Z Z I(APon41(U™) + migpgr = APpgr (U™) + mig1)
beB(w) ynen !

XHI[ (U™) +mj e Ny,)

X H I(0 < b ()\_H-h 1(U") = )\,]-‘rh(Un) + Myjho1 = M) < 1)

é

ﬂ

X H]I APU™) + b (AP 1 (U™) = AP (U™) + Myt — myjin) < n)
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X H]I(—mn <n; <0).
JET

Note that if for a word w, )\}’+h_1 # )\}’Jrh for some j then the third indicator term in
(3.41) will go to zero as n — oo and thus limiting contribution from that word will be 0.
Thus only those words w for which A}, ; = /\}D+h for all j € {1,2,...,h + 1} may contribute
nonzero quantity in the limit. This condition also implies that, for such words no m; belongs
to the generating set except my. This observation together with Lemma 6 and the expression
for limiting moments for T',,(X) shows that w € W} may contribute nonzero quantity, where

WE={w: |w|=2h, wli] matches with w[i + h], n; <0, i =1,2,...,h}.

Now note that if w € W% then T = {h+ 1,h +2,...,2h} and thus third indicator term in
(3.41) vanishes. So we get a modified expression for the limiting contribution.

h

i 1
pgl),o,l = 117ILII il Z Z H(mth = mh+1) X H]I(—mn < n; < 0)
beB(w) yne Nt j=1
2h h
< [TIOPWU™) +my € No) x [TIAP(U™) = ny < ). (3.42)
j=1 Jj=1

For d = 0 note that [W}| = 1 for every h one can easily check that the contribution from
that word is 1. Thus ), = 65" and as a consequence, the LSD is dgz.
Now let us consider any 0 < d < oo. Note that for any d finite the last two indicators in the
h
above expression go to 1 as n — oo. The second indicator becomes H]I(nj <0)if m, >d
j=1
as |nj| < d. Thus for any w € W} the limiting contribution pg,i )07 will be the number of
b € B(w) such that ) n;b; = 0. Thus we obtain an expression for the limit moments.

Now assume d = oo. To prove the existence of LSD we proceed as earlier. We already noted
that Type I band autocovariance matrices need not be non negative definite. Thus to prove
the connection of limits for d finite and d = oo we again use the technique from Theorem 2.
Hence we have proved that the LSD exists.

Identification of the LSD: Now it remains to argue that the limit we obtained is same as
fx(U). For d = 0 we have already identified the limit for Type I autocovariance matrices
and it is trivial to check it is same as fx(U).

Now consider any 0 < d < co. Note that in the proof above we did not use the fact that
m, — oo and we further note that for any sequence {m,} the limit we obtained above will
be same whenever liminf,_,. m, > d. So in particular the limit will be same if we choose
another sequence {m/,} such that m/, = d for all n. Now we argue that limiting spectral
distribution of these sequence matrices is same as with that of ¥,,. To show this we make
another use of Bounded Lipschitz metric. Let F{u,d denote the Type I band autocovariance
matrix where we put 0 instead of 4y (k) whenever k > m/!, and let ¥, 4 be the n x n matrix
whose (i, 7)™ entry is the population autocovariance vy (|i — j|). Now from Lemma 1 (a)
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we get
I 1 R N
dpp (F ot o) < — Tl = Soa)® < 203x@(0) = 7x@(0)) + -+ 4 23 (d) — vxco(d))?

For any j as n — 00, Yxw@ (j) = vxw (j) almost surely. Using the fact that d is finite, the
right hand side of the above expression goes to 0 almost surely. This proves the claim for d
finite.

First note that we already have
LSD(T'yh) = LSD(S,,4) == Gq and LSD(I'y5) =% LSD(T%) as d — oo.
Now it remains to proof for the case d = co. Thus enough to prove that
Gy — G(= LSD(X,)) as d — oo

where Y, is the n x n matrix whose (4,7)" entry is yx(|i — j|). To prove the above we
make another use of Bounded Lipschitz metric. First let us define another sequence of n x n
matrices %, 4 whose (i, 7)™ entry is yx(|i — j|) if |i — j| < d and otherwise 0. Note

A3, (F5nd o) < 22 (Fnd | Fond) 4242, (Fnd Fon) (3.43)

2 2
Fix any € > 0. Fix dj such that (Z;io |6’j|> (Z;ﬁdﬂ |01|) < ;—; for all d > dy. Now using

Lemma 1 (a),

- 1 _
limsup d%, (F=»¢, F¥nd) < limsup — Tr(X,q — Sna)?
n n n

< 2 [(m (0) = 3 () + -+ + (e (d) = vx (@)
- (5 )
<o S 10)
I=d+1 =0
- 2(Z|0j|>2< Z |95> < 5—6 (3.44)
=0 I=d+1
and
A%, (Fomd Fon) < limsup%Tr(in,d—Zn)2 (3.45)
<23 ) —2(Z|ek|) (S e)<s e
j=d+1 Jj=d+1

Thus from (3.43), (3.44) and (3.46) for any d > dy, we have
limsup dpg (F>¢, F*") < ¢/2. (3.47)

n
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Since
dpr(FC, FO) < dp(FY, F*4) + dp(F>, F*") + dg (F*", F©)

we have for any d > dy,
dBL(FGd,FG) S g

This completes the proof. O

3.6.3 Proof of Theorem 3 for a = 0, Type II band autocovariance matrix

Part of this proof will be different from the corresponding proof for Type I band autocovari-
ance matrices, as the expressions for the h*" moment of the ESD of these matrices differ by
a factor «,, and here «,, — O.

First note that by Lemma 2 we need to consider only minimal matched terms. Let

Gy=A{t;: t; € G} and G, = {m; : m € G}.
Since 1 < m; < m,, for all ¢, by similar arguments as in Lemma 2 we get
number of choices of a(t,7) = O(n/%Im/9l).

Thus for any word w such that |G;| < h the limiting contribution will be 0. Hence only words
to contribute in this case will be those for which |S5(w)| = |Sy(w)| = h and from Lemma 6
we get that only words to contribute here are those belonging to WY. Therefore using same
arguments as in the proof of Theorem 3, for Type I band autocovariance matrices for « = 0
we obtain the same limit as we obtained there. All the remaining conclusions here follow
from the proof for Type I band autocovariance matrices with parameter @ = 0. But here
note that in order to achieve the same limit as obtained for Type I autocovariance matrices
we need m,, — oo even if d is finite.
To prove connection between the limiting distribution for d finite and d = oo we use same
arguments as in Theorem 1 as these matrices are nonnegative definite.

O

3.7 Proof of Theorem 4

We provide only an outline of the arguments. Parts of the proof will be borrowed from the
proof of Theorem 3 for the case a = 0. First fix any d fnite.

First note that since K is bounded, negligibility of higher order edges, verification of (C2)
and (C3) is same as before. Following same technique as before we can also verify (C'1) and

we note that for the tapered case the expression will be almost same as (3.41) but it will

(d),K

contain an extra factor here. Below p,,’~ denote the limiting contribution from a word w.

(d) K = 117ILIl nh1+1 |HK’* (w)| = hin nh-i-l Z Z )\ 2h+1 ) + mop+1 = )\bh+1<Un) + mh+1)
beB(w) yreNit?
2h
< [TIOP@™) +m; € No) x [ I(=m, <y <0)
7j=1 JET
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x HH (0 < 5,031 (U") = A (U") + s = mipn) < )

JéT

 TTEOR ™) 4y O s(07) = W0+ s — 710) < 1)

j=1
y HK bj (Ao (U™) = AP5n(U™) + M1 — myjin) (3.48)
o~ ) .
Following the arguments in Sectlon 3.6.2 and simplifying (3.48) as before we get
h
pq(lfl%K = 117rln nh+1 Z Z (Maps1 = Mmpi1) X H]I —m, <n; <0)
beB(w) yn e+ j=1
2h h h s
< JTIOP ) +m; € M) x TTIP ") =y <m) < [ K< o ) (3.49)
j=1 j=1 J=1
Since m, — oo, K(-) is continuous at 0, K(0) = 1 and arguing as in Section 3.6.2, we get
pz(f ol p(d for every word w and thus the limiting distributions are same in both the
cases.
For the case d = oo the arguments will be exactly similar as in Section 3.6.2. So we omit
the details. This completes the proof. ]

Remark 6. Basak and Bose (2010) deal with two matrices which are actually weighted
versions of the standard Toeplitz and Hankel matrices. The corresponding tapering function
K there was unbounded which necessitated some special arguments.

With the arguments of the above paper in mind, when K is unbounded, first one would
arque that the d-pair matched words are the only words which continue to contribute to the
limit. Then one needs appropriate generalizations of Lemma 5 and Lemma 6 of Basak and
Bose (2010). Then using a generalized Holder inequality, one can tackle the limit moments.
Finally using an approach similar to that in Section 2.6-2.8 of Basak and Bose (2010) one
may conclude the existence of the LSD. Using similar techniques one may also conclude the
limiting distribution will be fx(U) when m,, — oo but m,/n — 0. However the extent of
difficulty of carrying out these steps will depend on the conditions imposed on the function

K.

3.8 Proof of Theorem 2

We give a brief description and omit the details. Define
™ _\

Vi) =Y XeXigiy.
t=1

In this case, hm o |IT*(w)| 1is given by

S BP0 € 0.1), 15 <2 b0 (V) ~ N (V) 20, 15 <0 j £,
beB(w)
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Azh+1(V) )‘h—i-l(v):) X I(mpy1 = mops1) X I(n; < 0,5 € J).
Comparing this with the corresponding expression for the sequence I, 4, it follows that
Bha < Brq it 0,20, 0< 5 <d.

Relation (3.30) holds with S, 4 replaced by S} ;. We can use this to prove tightness of
{F;} under Assumption B(a) and then proceed to establish Carleman’s condition. We omit
the tedious details.

Since I';, and T', ; are no longer positive definite matrices we cannot imitate the idea used in
the proof of Theorem 1(b). We proceed as follows instead. Note that

E[Bn(I7)] = nh+1 [ Z HXt HXtJH”J 1= ”J'}

(t,m)eAd j=1 Jj=1

Write
Xy, = E Or,€t,—k, and Xy jni ) ny| = E 0, TS

k;>0 k>0

Then using the absolute summability Assumption B(b) and applying DCT we get

E[Bu(T7)] Z H (0,0 nh+1 [ Z H&?t] Sty =y |- ’“]

kwka()] 1 (t,m)ed j=1
j=1,sh

Then using the fact that {e;};°, are uniformly bounded and absolute summability of {6 }7,
we note that it is enough to show that the limit below exists.

h
liénn*(hH)E[ Z H(gtr’fjgtﬁlﬂrﬂjlek;)]'

(t,m)ed j=1
One can proceed as in the proof of Theorem 1 to show that only pair matched words con-

tribute and hence enough to argue that

limn~ DR (b, m) € A @ {t; —k;, t;+ |mj —mja| — k;-, j=1,... h} is pair matched}
exists. Now we again proceed as in the proof of Theorem 1 to show that the above limit

exists. Of course there is some compatibility needed among {k;, j, j=1,...,h}, the word
w and the signs b; (= £1) to ensure that the condition my = m, is satisfied. So the above
limit will actually depend on {kj, s J=1,...,h}.

We also note that
4h(2h)!
hl

o1 /
117an e E #{(t,m) e A+ (t; —ky, tj+|mj —mja| — kj)j=1,..0 € (w) } <
w pair matched,
|lw|=2h

From this it follows that F™* is uniquely determined by its moments and using DCT we get
that 8, — B. From which it also follows that F; = F*. Proof of part (c) is similar to
that of Theorem 1 (c). O
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Remark 7. We have not proved Theorem 2 under the condition of {e;} being i.i.d with
finite second moment. This is because there is now no straightforward way to apply (3.1).
We cannot apply (3.2) either since I':(X) is not nonnegative definite. Simulation results
indicate that the same LSD continues to hold for the i.i.d. finite second moment case. We
congjecture that the LSDs F; and F* exist under this condition. Moreover, F; should
converge weakly to F* under this condition.

4 Some properties of the limiting spectral distribu-
tions

It appears to be hard to find out pq(f,i ) for every w or even find out the limit moments. In this
section we provide a miscellany of properties on these. In particular, we give several sufficient
conditions for pfﬁl ) to be zero in Lemma 6, Lemma 7 and Lemma 8. Lemma 7 provides a result
which is parallel to a similar result proved by Bryc Dembo and Jiang (2006) that had turned
out to be a crucial element in the proof of their main theorem. The last Lemma (Lemma 9)
is used in the proof of Theorem 5. Fix any d and a finite partition P = Ug{ix, jr}, ix < Jk-
Let
R = {i € S3(w) : w[i] matches with w[j+ h], i # j}.

Lemma 6. Suppose P is such that S5 = ¢. If R # ¢ then for any w € P, pq(ﬁl) =0.

Proof. Note that Ss(w) = ¢ automatically implies Sg(w) = ¢. Thus
#95(w) = #S4(w) =h

which in turn implies
Hence whenever wli;] &~ w[iz] we must have i; € S3(w) and i5 € Sy(w).

Now note that if i € R and if w[i] ~ w[j + h], then j € R. This implies that we can write
R as a disjoint union of sets & = {Jji,, 11+ Jkn,,, J» 221 = #R such that any relation
between S3(w) and Sy(w) can be written as

1 (4.1)

jkni-&-p Jkni-HH—l ™ | ]kni+p+1 Jkni+p+1| - J’“ni+p

for some i and p=1,...,n,41 — n; (we take j = Jkn,+, iD the above relation).

ni41t+l
: e — : * _ ol 2030 404 302

Here is an example. Fix d = 1 and consider the word w* = wywywywyw,, w;, w;,_w, . Then

the relation set (4.1) turns out to be

t1 = ty+ |m3— my| +ng
ty = t3+|my—ms|+ny
ty = to+|m —m| +ne (4.2)
ty = t1+|mo— m|+ ns.

So here R = {1,2,3,4}, & = {1,4} and S, = {2, 3}.

35



Now taking sum over p =1,...,n,41 —n; — 1 in (4.1) we get

nj41—n;—1

. o+, > .
t]kni_H t]kni+1 = § LT

p=1

and for p = n;y1 — n; from (4.1) we get

; — 1 >n, .
Jkn;q Jkpsp1 = Tk

Combining the above two expressions we get that for some € and Cy which are functions
of n;’s,

t +C <t <t

]kni+l —

+ Ch. (4.3)

Jkn,ﬁ—l jkni+1

Note that ¢; € G for all i and |C4],|Cs| < dh. Thus if we integrate over the region described
by (4.3) the limiting contribution will be zero. To illustrate, consider the earlier example
again. Then we have

tl—t4 an and t4—t1 Zn5.

Thus combining the two we have
t4+n8 Stl §t4—n5.

Thus
pu(d) <TmE[I(ts/n +ng/n < t1/n <ty —ns/n)] = E[[(U; = Uy)] = 0

where Uy, Uy are i.i.d. U(0, 1) random variables. This completes the proof. ]

The next Lemma shows that if we have the relation ¢; + |m;_1 — ;| = t;+|mj_1 —7;| +7j4n,
then only those words contribute for which (m;_; — ;) and (7,1 — 7;) are of opposite sign.

This is identical to what happens for the Toeplitz matrix with i.i.d. input entries (see Bryc,
Dembo and Jiang (2006)). Let

M = {i: w[i+ h] matches with w[j + h], i +h € S5(w),j+ h € Sg(w) and bb; = 1}.
Lemma 7. If M # ¢, then for any w € P, pz(f;i) = 0. As a consequence {pl(cd)} = 0.

Proof. Consider i, j such that w[i + h| matches with w[j + h|, i + h € S5(w), j+ h € Sg(w).
Then if b; = b; then from (3.21) we get

(miy = mi) = (w1 — m5) = bj(t; — L) + bjnjpn. (4.4)
On the other hand, if b; = —b,
(M1 — i) + (w1 — m5) = bj(ti — t5) — bjnjsn. (4.5)

Now consider i, j such that w[i] matches with w[j +h], i € S3(w), j+h € Sy(w). Then from
(3.20),
M1 = = bj(ti —t;) = bjnjin. (4.6)
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Now using (4.4)—(4.6) we get

h
To — Th = Z(W¢—1 - 7Ti)
i=1
= ) (ma-m)+ Y 7T21—7Tz+ > (ma—m)
j+heSs(w) i+heSs(w j+heSe(w)
= ) blti—t) —bmpnt Y 2ma —m) + bt — 1) = by
wli]x=w[j+h] wli+h]=w[j+h]
€53 (w) i+heSs (w)NM
+ Y bt —ty) = b, (4.7)

wlit+h]~w[j+h]
i+h€Sy(w)NME

The right side of (4.7) is a linear combination of 7;’s and ¢;’s and by writing all nongenerating
vertices in terms of generating vertices, we can assume that the above is a linear combination
of only generating vertices.

Now we show that if M # ¢ then there exists at least one generating vertex such that its
coefficient in the above is nonzero. Let ¢* be the largest index such that i+ h € S5(w). Note
that {AP} depend only on the vertices which are to the left of it. Thus from (4.7) it is clear
that the coefficient of m;« is nonzero and hence it is a generating vertex. Now note that

b
To = Th = Apyq — )‘2h+1 + Mpt1 — Mapt1-

. . . b b — (d) _
Since coefficient of 7 is not zero, we cannot have Ay ; — A3, = 0. Hence py” = 0. O

Let us now investigate what happens if M = ¢. This development will be used in the
next two Lemmata. This implies

mo—mn= > bilti—t) —bmy Y bt — 1) = b (4.8)
wli]~w([j+h] wli+h]=w[j+h]
i€S3(w) i+h€Sg(w)
From our construction of /\}’ it follows that if d = 0 then the only changes in (4.8) will be
that n; = 0 for all j nongenerating vertices. Thus having Ap,; — A5, ; = 0 (for d = 0) will
imply
Sobilti—t)+ DY bilti—t;)=0 (4.9)

wlil~w(j+h] wli+h]aaw]j+h]
i€S5(w) i+heSs (w)

and for d > 0 the following will hold

donR-A)+ > (- =0 (4.10)

wlt]~w[j+h] wli+h]=w(j+h]
€53 (w) i+heSs(w)
b b
Lemma 8. Suppose \p q; — Agpyq = 0. Then mopp1 = Y cyn; where |c;| = 1 for all

nongenerating vertices j.
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Proof. Since b; € {—1, 1}, once we express mgp1 as a sum of ¢;n;, so whenever the coefficient
is nonzero, it has absolute value one. Note that if (i) ¢ € S3(w), w[i] = w[j + k| or if (i)
i+ h € S5(w), wli+ h] = w[j + h] then either j € Sy (w) or j € Sy(w) and for i + h € S5(w),
w(i 4+ h] = wlj + h], either i € Sy(w) or i € Sy(w). If j € Si(w) then we t; = AP and if
j € Sy(w) we have t; = AP + n;. Thus from (4.8) and (4.10) we have

_ E : b b § : b b
o — T = bj ()\1 — >\j ) — bjnj+h + bj()\i — )\j ) — bjanrh
wli]=w[j+h] wli+h]=w[j+h]
i€ Sg(w) i+heSs(w)
— E bjnj — E bjnj + E bjni
wli]~=w(j+h] wli+h]=w[j+h] wli+h]=w[j+h]
i€Sg (w),j€So (w) i+heS3(w),j€S2 (w) i+heS3(w),i€ S (w)
= = D by Y b= > by
wli]=w(j+h] wlit+h|~w[j+h] wli]~w(j+h]
i€S3(w) i+h€eS5(w) i€S3(w),j€Sy (w)
— E bjnj + E bjnz-
wli+h]mw[j+h] wli+h]zw(j+h]
i+h€S5(w),j €Sy (w) i+h€S5 (w),i€ Sy (w)
= Mpy1 — Mopr1 = —Mops1 (Mpr1 =0 by definition). (4.11)

Thus mgp1 is a linear combination of n;’s and all the coefficients have absolute value one.
In (4.11) we have expressed mop41 as a sum of five different quantities. Now it remains to
argue that for any j nongenerating, the coefficient corresponding to j is nonzero.

Fix any jo nongenerating. If jo € Sa(w) then jo + h € Sy(w) U Ss(w) U Sg(w). For jo+ h €
Sy(w), jo+h € Se(w) and jo+h € S5(w), nj, is present in respectively, the third, the fourth
and the last summation terms in (4.11). Likewise, if jo € Sy(w) or jo € Sg(w) then nj, is
present in the first and second summation terms respectively. This shows that whenever j
is nongenerating, the coefficient of n;, is nonzero in (4.11). This completes the proof of the
Lemma. 0

The following Lemma will be used in the proof of Theorem 5.

Lemma 9. Fiz any d finite and any sequence of nonnegative integers k;, 1 = 0,1,2,...,d
such that Z k; is odd. Then px = 0. As a consequence, when ky is odd pl(ct)’kl =0 and
i odd, i<d

p,ﬁ?kh@ = 0 for any choices of kg, k.

Proof. Fix any partition P and consider any word w € PN W(k). For pq(f ) to be positive we
must have
/\E+1 — )\th =0 and mopy1 = Mpy1.

Now from Lemma 7 and 8, we know that
M2ht1 — Mpt1 = Z Cjmj
JE€S2 (w)USs(w)USe(w)
where

lcjl =1 forall j, n; e {—d,...,0,...,d}.
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Let
ki = #{j : |’I’LJ| :Z}7Z :O,l,...,d.
Note that mop1 — mpy1 = 0 implies
E 7’Lj = E nj
Jj non generating, Jj non generating,

c;j=1 cj=-—1

which in turn implies that

g n; 1S even.

j non generating

Z k; is odd.

i odd i<d

But

This implies that
Z n; is also odd.

j non generating,

[nj| odd
Since for any choices of ko, k, k4, . .., k2(4/2),

E n; 1s even,

j non generating,
[nj| even

we arrive at a contradiction. Hence we must have mg, 1 — mp1 # 0 and thus pq(lfl ) — 0 for
any p € PN W(k). This completes the proof of the Lemma. ]

4.1 Proof of Theorem 5

We shall prove the result only for finite d and the matrix I',,(X). Same proof works for
I (X)) for finite d. Since, for d = oo, the LSD is the weak limit of the LSDs obtained for d
finite, the result continues to hold when d is infinite.

From (2.4) and using Lemma 9 we have

*

Bh.a = Z P H [yx (4)]*

i=0
where Z denotes summation over all kg, k1, ..., kg nonnegative integer such that
ki+ks+...+ k’2[(d71)/2j+1 is even. (4.12)

Let Bzvd, i =1,2,3, denote the A" moment of the LSD when X is MA(d) with parameters

respectively (0g,01,...,04), (0o, —01,...,(=1)0;, ..., (=1)%y) and (=0, 01, ..., (=1)""10;, ... (=1)+14,

respectively and denote the corresponding three sequence by T', Y and Z respectively. Note
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that pl((d) is same for every choices of 6y, 01, ...,6,; and the LSD here is uniquely determined

by its moments. Thus we only need to show that the coefficient of pl((d) is same for these
three choices of parameters whenever (4.12) holds. Now note that for any 7,

d—j
(i) = Zez"gi—l-j
i=0

— (_1)3" (=1)'0:(=1)" 0,45 = (1) (j). (4.13)
Thus

(O - [yr(d)]Fe = [H(—l)j’“] X [y (O)]F2 -« [y ()]

_ (j:>k1+k3+---+k2\_(d1)/2J+1 % fyy(o)k‘o'__%,(d)kd
= [ (O - v (@)]. (4.14)

Similarly one can show that whenever (4.12) holds then

() - yr(d)]* = [v2(0)]" - - [vz(d)]™.

Thus we have 3 ; = 0, ; = fj 4 for every h and the proof is complete. O
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