ASYMPTOTIC VALIDITY OF A WHITE NOISE TEST UNDER WEAK

CONDITIONS: A CUMULANTS APPROACH

MonNIkKA BHATTACHARIJEE Arup Bosg ™ RADHENDUHSKA SRIVASTAVA i
Stat.-Math. Unit Stat.-Math Unit Department of Mathematics
Indian Statistical Institute Indian Statistical Institute ~ Indian Institute of Technology
Kolkata, India Kolkata, India Mumbai, India
monaiidexp.gamma@gmail.com bosearu@gmail.com rsrivastava22 @ gmail.com

Submitted August 04, 2014

Abstract

[Shaol [2011]] proposed a test for white noise under unknown dependence and
the assumption of Geometric Moment Contraction of order 8 (GMC(8)). This
assumption often makes the parameter space additionally restrictive. Moreover,
the infinite order linear process with polynomially decaying coefficients does not
satisfy the GMC condition of any order. [Hong, [1996] and [Hong and Lee, [2003]]
suggested the same test respectively for the IID process and stationary martingale
differences, and respectively under the finiteness of the 4-th and 8-th moment of
the process.

We take a cumulants approach. Under assumption of summability of the cu-
mulants of the process, we prove that the above test remains valid. While this
in itself requires all moments to be finite, we show, by an appropriate truncation
argument, that for specific models, the test remains valid when the 4-th moment
is finite. These include many non-linear models such as various GARCH models,
stochastic autoregressive volatility model and autoregressive conditional duration
model.

Under alternative hypotheses [Hong and Lee, [2003]] and [Shaol 2011]] showed
probability convergence of the test statistic when the 8-th moment of the process is
finite. We additionally prove distribution convergence of the suitably standardized
test statistic. We also reduce the moment condition for some specific models such
as infinite order moving average, non-linear moving average and bilinear models.
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1 Introduction

Tests for white noise in time series analysis are based on the sample autocovariances
and use various degrees of assumptions so as to be asymptotically valid under the null
hypothesis. Let {X;} be a zero-mean stationary process with finite variance Var(X;) =
0. Then the autocovariance and the autocorrelation function of the process are respec-
tively defined as

y(i) = Cov(X,, X1hi),  p(i) = 0 2Cov(Xy, Xiii), Yi=0,+1,+2,.... (1.1)
Note that y(0) = o%. Therefore, the null and alternative hypothesis to be tested are
Hy:y({) =0 Vi#0 against H;:y(i)# 0 for somei # 0. (1.2)
Equivalently,
Hy:p(i)=0 Vi#0 against H; :p(i) # 0 for somei # 0.

For a sample of size n, the i-th empirical autocovariance and autocorrelation are given
by

Py =n" > XX,y and p(i) = %,

t=lil+1

Vi=0,%1,+2,...,£(n - 1). (1.3)

The widely used Box-Pierce ([Box and Piercel |1970]) portmanteau test statistic is
0. = > P,
j=1

where m is a fixed truncation number. When {X;} are independently and identically
distributed (i.i.d.), the asymptotic distribution of nQ, is y*(m). If X,’s are replaced by
the residuals from a fitted model with m’ parameters, then the limiting distribution is
x>(m — m’). Several modifications to this statistic have been suggested, see for exam-
ple [Ljung and Box, (1978]] and [Mc.Leod, [1978]], to overcome its conservative nature.
These statistics are well suited to deal with testing the adequacy of fitted standard linear
time series models such as the ARMA. One crucial assumption often made in their ap-
plication is that {X;} is Gaussian. Under Gaussianity, {X,} is a white noise if and only if
it is 1.i.d., and thus the null distributions for all the previous statistics are derived under



independence. But in general, {X;} may not be Gaussian and also the true model may
not be linear.

Since 1980, several classes of important non-linear models have been introduced.
These include the ARCH and GARCH models ([Englel |1982], [Bollerslev, 1986]), bi-
linear models ([[Subba Rao and Gabr, [1984], [Terdik, [1999]), RCA models ([Nicholls
and Quinn, 1982]) and threshold models ([Tong, |1983]]). The asymptotic null distri-
butions of the portmanteau statistics obtained under i.i.d. assumptions on {X;} may not
hold in the presence of non-linear dependence such as conditional heteroscedasticity.
[Romano and Thombs, [1996] showed that the Box-Pierce statistic with x> approxi-
mation may provide misleading inference for uncorrelated but dependent time series.
[Francq et al., 2005] also showed that the Box-Pierce test, without suitable modifi-
cation, applied to the residuals of an ARMA model with uncorrelated but dependent
errors performs poorly.

[Hong, |1996] proposed a test statistic based on a distance between a kernel based
spectral density estimator and the spectral density of the white noise. For the station-
ary process {X,} with autocorrelation function (I.I)), the normalized spectral density
function of X; is given by (assuming ;- [o(k)| < o0),

(o)

f(x) = %r Z (ke V¥ x € [-n, 7.

k=—0c0
When X, is a white noise, this reduces to
1
f(x) = =—, Vx¢€[-nn]
2r
The lag window estimator of f ([Priestley, 1981]) is given by
1 n—1 ]
:l = 5 K — | p(j ijxv
i@ = 5 j;l (m) pU)e

where K(-) is a non-negative symmetric kernel function and m, is the bandwidth that
depends on the sample size. With the quadratic distance, [Hong, |1996|] proposed the

2
. A 1 ) )
test statistic 7, = f ( fu(x) — 2—) dx which reduces to the equivalent form
. T

T, = Zl K’ (min)ﬁ%j). (1.4)

When {X;} is i.i.d. with finite 4-th order moment and 1/m, + m,/n — 0, [Hong, |1996]

showed that
nT,—-C,K) b

- 1 1.
VID. 5 N, 1) (1.5)



where C,(K) = Y2/ (1- j/m)K*(j/m,), Du(K) = X'Z3(1— j/n)(1=(j+1)/mK*(j/m,).
Under some additional conditions on K(-) and m,, (1.5) holds with C,(K) and D, (K)
replaced by m,C(K) and m,D(K), respectively, i.e.,

nT, —m,C(K) b

— N(@,1 1.6
D N, 1) (1.6)
where . .
C(K) = f K*(x)dx and D(K) = f K*(x)dx. (1.7)
0 0

Later [Hong and Lee], 2003]] established (I.5) assuming X, to be a stationary martingale
difference with finite 8-th order moment.

There are many white noise processes which are not martingale differences. For
examples, one can consider

X, = &_1&_ + & where g, ~ II1D(0, 1). (1.8)

[Shaol 2011]] showed that (1.6) is still valid under more general white noise assump-
tion. He assumed that {X,} is a mean zero stationary causal process of the form

Xt = F("'981‘—1581) Vt, (1.9)

where ¢, are i.i.d. random variables and F' is a measurable function for which X, is well
defined. Let {&, }tcz be an 1.i.d. copy of {&;}iez and

X =F(..,e ,€,&1,...,&) (1.10)

be a coupled version of X;. Say that {X,} satisfies the Geometric Moment Contraction
(GMC(a)) condition ([Hsing and Wu, 2004], [Shao and Wu, 2007], [Wu and Shao,
2004]]) for some a > 0, if there exists C > 0 and n = (@) € (0, 1) such that

E(X,-X|°)<Crq', neN.

[Shao, [2011]] established under H, and the assumption that {X,} satisfies GMC(8)
and logn = o(m,), m, = o(n'/?). Further, under H,, if GMC(8) holds and 1/m, +
m,/n — 0, then [Shao, 2011]] showed that

\/nTn(nT,,—mnC(K)) LA )
n \/WD(K) \/W Jj#0

[Hong and Lee, |2003]] showed the same probability convergence under a different set
of conditions but still assuming the finiteness of the 8-th moment of the process.

For many time series models, such as the bilinear model, various forms of GARCH
models, the non-linear moving average model and the ARMA model (see [Hsing and
Wu, |2005], [Shao and Wu, [2007], [Granger and Andersen, [1978]], [Breidt et al., [2001],
[Granger and Terasvirta, [1993]]), the GMC(8) condition holds if the 8-the moment of X,

(1.11)
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is finite. As pointed out by a referee of [Shao, |2011], this condition is fairly strong and
excludes some interesting GARCH models, such as the integrated GARCH model. In
addition, the permissible parameter space for the regular GARCH(r, s) model becomes
quite small under the 8-th moment assumption. Consider, for instance the ARCH model

)4
X, =08 and o =co+ ) biXZ, (1.12)

i=1

where ¢y > 0,b; > 0, Vi = 1,2, ..., p, are constants and {g,} ~ IID(0, 1). In this case,
for all 7, the 2i-th moment of X, exists if and only if

P
1
b)) < ——, Yk=1,2,...,i 1.13
;( P @ (19

Therefore, the finiteness of the 8-th moment imposes more restriction on the parameter
space than finiteness of the lower order moments.

Moreover, finiteness of the 8-th moment may not guarantee GMC(8) in other situa-
tions. For example, suppose {X;} is a stationary linear process

X, = Zeks,_k, Vi1, (1.14)
k=0

where {g} are i.i.d. with zero mean. Then (I.14) satisfies GMC(8) if and only if {6;}
are exponentially decaying (see Subsection 4.3)). Note that, any causal ARMA process
can be expressed as with exponentially decaying {6;} (see [Brockwell and Davis|,
2009]]) and hence GMC(8) holds provided E(sf) < oo. But if {6;}’s are polynomially
decaying, then does not satisfy GMC(8), even if E(sf) < oo, Therefore, the
results in [Shaol 2011]] are not applicable for these linear processes.

In this paper, we take a different approach. Unlike [Hong, [1996], [Hong and Lee,
2003]] and [Shao, 2011]], we do not use any martingale arguments. We first assume
the existence of all moments of X; and summability of the cumulants of all orders and
some mild conditions on the kernel. We use the fact that for any normal variable, all
cumulants of order greater thantwo vanish. We establish the convergence (L.6) (see
Theorem [2.1) by showing the convergence of all cumulants. In particular, the result is
applicable to some non-linear moving average models (for example (1.8)), ARCH and
various types of GARCH models and @-mixing stationary processes, with exponentially
decaying mixing coeflicient provided all moments are assumed to be finite.

We then focus on specific models and reduce the moment condition. By truncation
arguments, we show that the existence of the 4-th moment is enough to obtain (1.6)
for various types of GARCH and ARCH models, stochastic autoregressive volatility
model and autoregressive conditional duration model. also holds for the process
(1.8) provided E(&}) < co.

Next we move to the alternate hypothesis. As mentioned earlier, [Hong and Lee,
2003]] and [[Shao, [2011]] proved (I.11)) under the alternative hypothesis H,. We establish
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the joint distributional convergence of

Vi (7(0) = ¥(0)) and Va(T, ~ E(T,)

to a bivariate normal distribution under the alternative hypothesis H; (see Theorem[2.2)
and the same assumptions as in Theorem [2.1] Then again by truncating, we relax the
moment conditions and prove that the finiteness of the 4-th moment is enough for the
result to hold for ARMA, bilinear and non-linear moving average models. The result
also holds for the polynomially decaying linear process, provided E(&}) < 0.

Note that the convergence rates of 7T, are different under null and alternative hy-
potheses. Moreover, the test statistic in [Shaol 2011 is still valid for most of the com-
mon processes under the existence of the 4-th moment only.

The main results of this paper are stated in Section [2|and the proofs of the theorems
are given in Sectiond] There are some simulation results in Section

2 Main Results

In this section, we discuss joint convergence of suitably standardized %?(0) and T, under
the null and alternative hypothesis. First, we will discuss the necessary assumptions.

2.1 Assumptions

There are two main assumptions. One is on the cumulants of the process {X;} and the
other is on the kernel K(-).
For a random vector (Y1, Y, ..., Y)), its [-th order joint cumulant is given by

Cum(Yy,Ys,...,Y)) = Z(—l)p_l(p - I(E ]_[ Y)x- o x (E ]_[ ;). 2.1)
\%

JEVT JEVy
where the summation is over all partitions V = V,UV,U...UV,of size p = 1,2,...,],
of the index set {1,2,...,[}. Let us define, forall k= 1,2,...,
O(t1,tp,...1) = Cum (Xt’ Xistys Xivtys oo s Xt+tk) . (2.2)

Note that, Q(k) = y(k) and we use this notation for y(k) for all k = 0,1, £2,....
We consider the following assumption on the process {X;}.

Assumption 1. For any k£ > 1,

D10, b, )] < 00, (2.3)

Note that Assumption 1 implies »}72; |Q(j)| < co. That in turn implies the existence
of the spectral density. In the following remarks, we discuss models which satisfy
Assumption 1 if all moments of the process are finite. In particular the linear process,
defined in (I.14)), always satisfies Assumption 1 provided all moments are finite. In
Subsection 4.3| we will show that it does not necessarily satisfy the GMC condition.



Remark 2.1. For a stationary Gaussian process, as all the cumulants of order greater
than two are zero, Assumption 1 is trivially satisfied if 372, |0(j)] < oo.

Remark 2.2. If all moments of {g;} are finite, then the linear process satisfies
Assumption 1, if

[ee)

Z 6, < oo (2.4)

i=0
To see this, note that for0 < t; <t, < ... < t, we have

Q(tlatz""’tk) = Cum(XO?Xlla"'aXZ‘k)
log E(ei(SOX0+S1X,1 +"'+SkX’k)))

(ﬁskask_l ...08g
( 9 log E( ﬁ ei(mf)ﬁs.9,1+,4+...+sk9,k+,)g,))

ask(?sk_l e 850 =0

(o]
Z logE 1(509r+519t1+r+---+sk91k+r)8r))

r=0

so=51=...=5;=0

so=51=...=5;,=0

B (askask 1.

e 1M

log E(ei(s09,+sl 0,] +r+...+sk9,k+,-)s,))

s0=51=...=5;,=0

((9sk8sk_1 N 8S0

Cum (Hrsr’ 9t1+r‘9r’ R} Gtk+r8r)

‘
Il
(=]

K e D 0,8 bar - Br)

r=0

where K,(€)) is the r-th order cumulant of €,. Hence, for some C > 0, we have

0t ... 1) < C Zwﬂm Z|9tk+r|

Therefore, Assumption 1 holds, since
DD = D+ DIB] < oo,
u=0 r=0 r=0

Remark 2.3. A strictly stationary process {X; : t = 0,x1,£2,...}, is said to be a-
mixing if

a(n) = sup  |P(A)P(B) — P(AB)| — 0.
Ae?’f)m, BeF,>®

Here Tl’ denotes the o-algebra generated by {X; : i <t < j} and a(n) are called the
a-mixing coefficients. We show later in Lemma that, if a strictly stationary process
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is a-mixing with a(n) < ", for some 0 < a < 1, then it satisfies Assumption 1 provided
all moments are finite. An m-dependent process is a-mixing with finitely many non-zero
a(n)’s. In particular, the strictly stationary non-linear moving average processes,

X, =Be160+ &, & ~I1IDO0,0%), ¥Y1>0, BeR, (2.5)
X, =Be1& + &1 + &, & ~I1IDO,0%), Vt>0, BeR, (2.6)
satisfy Assumption 1 if all moments of {&,} are finite.

Remark 2.4. A strictly stationary process {X;} is called a -mixing process if

B(n) = E( sup |P(B) — P(B|Xo, X_1,X_5, .. .)|) - 0.
BeF,»°

B(n) are known as the B-mixing coefficients. A - mixing process is always an a-mixing
process with a(n) < B(n). The strictly stationary bilinear (p, q, P, Q) process,

P q P Q0
X, = Z biX_j+& + Z e s + Z Z CaX_j€rtn & ~1IDO,0%),  (2.7)
=1 k=1 j=1 k=1

is a B-mixing process with exponentially decaying B-mixing coefficient (see [|[Fan and
Yao| 2003]). Therefore, it satisfies Assumption 1 provided all its moments are finite.
Another important model in non-linear time series is the power GARCH (p, g, 9),

Vhe, t=0,1,2,..., & ~1ID(0,0?), (2.8)
q P

w+ Z @il g+ Zﬁjhfﬂ—j’
i=1 j=1

X;

s
ht+1
where 6 > 0 fixed. Let us consider the following condition for this process.
Condition : (i) {g,} are independent of hy with a positive continuous density,

(ii) E (&,)% < oo,

q p
(iil) > @i+ Y B <1and

i=1 =1
(iv) hg is initialized from the invariant measure.

[[Carrasco and Chen, 2002] showed that if Condition B holds, then {(X,, h,)} is
strictly stationary, 3-mixing with exponentially decaying B-coefficients. Therefore, {X,}
satisfies Assumption 1, provided all its moments are finite.

Now, we will discuss the assumptions on the kernel K(-).

Assumption 2. K(-) is continuous, even, non-increasing on [0, o), square integrable
with unique maximum value at 0 and K(0) = 1.



Many standard kernels, for example the well known kernels of Hamming, Hann and
Bartlett, satisfy Assumption 2. [Shaol 2011] assumed differentiability of K(-) except at
finite number of points on its support. Here, we do not need this assumption. Note that
as K(-) is non-increasing, we have,

n/my n . n/my, 1
f K*(x)dx < —ZKz(i) < f K2 (x)dx + K*(0)—. (2.9)
0 =0 0 m

1
mn — mn n

Therefore, if m;' + n"'m, — 0, then
1 < *
lim — Z K*(j/my,) = f K*(x)dx. (2.10)
n=eo My 4= 0
We will need this later in the proof of the Theorems.

2.2 Null Distribution

The following theorem provides us the joint convergence of suitably standardized $%(0)
and T, under the null hypothesis.

Theorem 2.1. If Assumptions 1 and 2 hold and m;;' + n~'m, — 0 then under H,

(Vr(3(©0) — EGA(0), \/im_(n - E(T,))) 5 Na(0. ). 2.11)
where .
2 2
% = Q*(0) 4;;0 CoviX, %) 0 (2.12)
0 2072(0)D(K)

and C(K), D(K) are as in ((I.7).
Remark 2.5. By (2.9), if the kernel K(-) is compactly supported, then we have
‘I/ZE( KZLAZ'): ! KAL) E(X, Xy X X
mn n ]Z:; (mn)y (]) (n \/nTn) HZ; ZJ: (mn) ( A+ t2+])
= Vm,Q*(0)(C(K) + O(m, ")) = \m,Q*(0)C(K) + O(m,,'?),
where C(K) is given by ((I.7). Also, by Assumption 1, we have,

VRE#*(0))

Y Cov(X?, X2) + VnQ*(0)

1.1

n~'? Z (n _ u)Q(O, u,u) +n>"? Z Var(Xg) + VnQ*0)

u#0 n

= 0(n™'?) + VnQ*(0).
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Therefore, by , we have

(VRG(0) = Q(0)), —=(nT,, — m,C(K))) > Na(0. o). (2.13)

1
an
The asymptotic distribution of the second component agrees with that in [Shao| 2011]].
Remark 2.6. Consider the power GARCH model ([2.8) for which Condition B holds.
If all moments are finite then Theorem applies and holds. [Shao, |2011]]
required only the 8-th moment to be finite for to hold. However, in Subsection
(a), we show that continues to hold if only 4-th moment is assumed to be
finite. This reduction in moment is important, since as discussed in Section|[l} finiteness
of 8-th moment restricts the parameter space.

Remark 2.7. Consider any process {X,} of the form
X, = o8, & ~I1ID0,0%), t>0 (2.14)

where o is F'! = o{X; : i < t—1} measurable. The truncation argument in Subsection
(a), used for power GARCH model also works here. Therefore, (2.13) holds if
{X:} is exponentially decaying a-mixing and has finite 4-th moment. There are widely
used non-linear time series models, such as other GARCH models, stochastic volatility
models and autoregressive conditional duration models, which are of the form ([2.14).
We discuss a few such models and their mixing properties below, following [|(Carrasco
and Chenl 2002)].

Example 1. Stochastic Autoregressive Volatility Model: Cnsider alog AR(1) version
of the stochastic autoregressive volatility model introduced by [Anderson, 1994]]:

X, = o0&,
logo;, = w+pBlogo, 1+ (y+alogo,_1)u;, Yt=>0. (2.15)

where {&;} and {u,} are mutually independent, i.i.d. random variables with zero means
and unit variances, @ + 8 > 0and @ +y > 0. If @ = 0 and if & and u, are i.i.d. normally
distributed, then (2.15]) becomes the lognormal stochastic volatility model. Assume that
(a) (i) of Condition S holds,

(b) 1Bl < 1,

(c) there 1s an integer s > 1 such that E|u,|* < oo, E|B + au,|® < 1,
(d) {0} 1s initialized from its stationary distribution.

Then {(X;, o)} is strictly stationary and exponential S-mixing.

Example 2. (Autoregressive Conditional Duration) This model was proposed by [En-
gle and Russell, 1998] for high frequency data from financial markets:

X, = o0&, & ~I1IDO,d%), Yt>0,

10



q p
g; = w+Za,-X,_,-+Z,BjO',_j (216)
i=1 j=1

withw > 0,0, 20,i=1,2,...,9,6; 20, j =1,2,..., p. Consider the following
conditions:

(i) & has density with support [0, co0),

q P
(i) Y i+ Y Bi<1,
i=1 j=1
(iii) (Xo,07) is initialized from its stationary distribution.

Then {(X;, o)} is strictly stationary and exponential S-mixing.

Example 3. (LGARCH and NGARCH) Linear GARCH model of [Bollerslev, |1986]]
and non-linear asymmetric GARCH model of [Engle and Ng, |1993] are given by

X, = +he, &~I1D0,0%), t>0,
hy = w+phy +ae —c)hey, (2.17)

with w > 0, 8 > 0 and @ > 0. Here ¢ = 0 corresponds to the linear GARCH(1, 1)
model. Suppose (i) of Condition  holds and there is an integer s > 1 such that

either E(B+ae-c?) <1

or Elg|* <o, and B+ a < -
(El(e — ey 1)

Further suppose that A is initialized from its stationary distribution. Then {(X,, &)} is
strictly stationary and exponential S-mixing.

Example 4. (MGARCH) This model of [Geweke, 1986] is defined as

X, = e, &~I1D0,0%), t>0,
logh, = w+,810ght_1+alogsf_1. (2.18)

Consider (i) of Condition 8 and suppose that there is an integer s > 1 such that || < 1
and E|log 6t2|“' < oo. Moreover, hg is initialized from its invariant measure. Then

{(X}, h,)} is strictly stationary and exponential S-mixing.

Example 5. (EGARCH model) This model of [Nelson, 1991]] is defined as

X, = he, &~1ID0,07%), 1>0,
logh, = w+plogh i +a (e 1| +ye 1), (2.19)

where vy # 0. Consider (i) of Condition  and suppose that there is an integer s > 1
such that |8| < 1 and El|g,|* < co. Moreover, hj is initialized from its invariant measure.
Then {(X;, h,)} is strictly stationary and exponential S-mixing.

11



Example 6. (VGARCH) This model of [Engle and Ng,|1993] is defined as

X, = +he, & ~IIDO,05%), t>0,
hy w+Bhy +a(le ] - o), (2.20)

where w > 0,8 > 0 and @ > 0. Consider (i) of Condition  and suppose that there is

an integer s > 1 such that || < 1 and Elg,[** < co. Moreover, hj is initialized from its
invariant measure. Then {(X}, h;)} is strictly stationary and exponential S-mixing.

Example 7. (GJR-GARCH) This model of [Glosten et al., [1993]] is defined as

X, = he, &~1ID0,0%), t>0,
hy = w+pBh_+ ale,z_lh,_l + ap (max 0, —&,_1)* h,_1, (2.21)

where w > 0,8 > 0, @; > 0 and a; + @, > 0. Consider (i) of Condition  and suppose
that there is an integer s > 1 such that

E (,8 + C¥18,2_1 + ap (max 0, —8,_1)2)S < 1.

Moreover, hy is initialized from its invariant measure. Then {(X,, &)} is strictly station-
ary and exponential S-mixing.

2.3 Alternative distribution

Next, we will discuss the joint convergence of suitably standardized $*(0) and T, under
alternative hypothesis. Let us define,

U=—00 1

Q+ Q) = 2Q(j)Q(u+j),
T = 40°0)(2 i Q*(u) + i Q(0, u, u)),
oo = 40(0)(3 i Q)Q * Ou) + i Qu)Q * O(-u)
+i] i Q()Q(O, u,u + j) +2 i QNG u, w)),
o o= 2 i [Q % Qu) + 0 Q(-w)]* +4 i i i Q)N u,u+ j),

=—00

<

J=1

T00 0~ 2(0)oo: ] . (2.22)

21 = [ 02O Q*O)or,
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Theorem 2.2. Suppose Assumptions 1 and 2 hold and m;' + n"'m, — 0. Then

D
(v (570 - EG*0)), Va(T, - E(T,))) > Na(0,%0). (2.23)
Remark 2.8. Theorem[2.2implies (I.11)), given in [[Shao| 2011] since

E(T,) = n?Q70) )] K%i)(Qu, h—th=t+ )+ Q)+ Q- 1)
Jitit M
+0(2— 11+ DO~ 1 - )
= 0™+ )] K%ml)p%j) + 0™ m,) + O(n™") — % D) @24
j=1 " Jj#0
and hence,

\/nTn(nTn—mnC(K))_L B _m, IR 1 2
. N = (\/E(T,, E(T,,))) + E(T)) ” C(K) 2 Jzﬂ;p -
(2.25)

Remark 2.9. Also, observe that

E@3*(0))

n? Y EXCX) =n7 ) (Q(o, f=tin =)+ 00 + 200 - 1)

1n,n n,n

0*(0) + O(m™). (2.26)

Hence, from (2.24) and (2.26)), if m, = o(~\/n), then we have

(Va (320 = QX)) Va(T, = > KAL) (1)) S Na(0. ). (2.27)
=
Remark 2.10. We have already shown that the process (I.14)), satisfies Assumption 1 if
all moments of &, are finite and condition holds. Hence holds. In Subsection
(b), we show that if E(s‘l‘) < oo, m, = O(+/n) and condition holds, then m
continues to hold for the process (I.14)). In Section4.4|(c) we show that, under the same
conditions, (2.23) holds for the non-linear moving average processes ([2.5)) and ([2.6)).

Remark 2.11. As discussed in Remark a strictly stationary bilinear model is a
B-mixing process with exponentially decaying mixing coefficient (see [Fan and Yao,
2003]). In general, all processes of the form are not strictly stationary. For the
process (2.7), it is known that ([Pham, [1985]], [[Fan and Yao, 2003)])

X, = hTZt—l + &, 2 =AE)Zi- + (&),

where Z; is a random vector, h is a constant vector, and A(+) and c(-) are constant matrix
and vector functions, respectively. Then has a unique strictly stationary solution
if (see [[Fan and Yao, |12003])
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(i) the upper Lyapunov exponent of the sequence {A(g,)} is negative,
(i) E (llc(s,)llz) < oo, where || - || is the usual Euclidean norm of a vector.

Therefore, if (i) and (ii) hold and all order moments of the process (2.7) are finite, then
holds for the process (2.7). Also, under strict stationary, {X,} can be expressed as
an ARMA(p, q') process (see [Fan and Yao, 2003|]), where ¢ = max(q, Q). Therefore,
by Remark if (i) and (ii) holds and E(Xf) < oo, then holds for the process

2:7).

3 Simulation

We report simulations for six different time series models, whose 4-th moment is finite
but 8-th moment does not exist. In all these cases, simulations strongly support the joint
asymptotic normality stated in Theorems[2.T|and[2.2] We also present empirical powers
nT, — m,C(K)

\2m, D(K)

consistency of the test.

for the test statistic at 5% level of significance which demonstrate the

Asymptotic Normality: We choose the Hamming kernel (see [Harris, |1978]])
1
K(x) = 5 (1 + cos(mx)) I[_l’l](X)

and consider 5000 runs each with sample size n = 1000 and relatively small m,, = +/n.
In each case, we present the bivariate kernel density estimate of the bivariate statistic
and its contours.

Null hypothesis. We consider two models as follows.

(1) IID process: X, = 8;1, where €, ~ Beta(5, 1). Note that E(g]) < oo if and only if
r < 4. Figure 4.1 (a) and (b) respectively represent the bivariate kernel density estimate
of the bivariate statistic given in (2.T1) and its contours for model (1). The eilliptic
contours and the bell shaped density estimate clearly indicate asymptotic normality.
Moreover, the axes of the elliptical contours are parallel to the X and Y-axes, indicating
the asymptotic independence between $%(0) and T,. The empirical product moment
correlation coefficient was 0.002 and the empirical level at 5% level of significance
turned out to be 0.0489.

(2) ARCH process: X, = 0,&, 02 =1+0.5X>

-1’

where g, ~ N(0, 1).

Note that in this case, by (1.13)), as (E(esf))_l/4 <0.5< (E(gf))_l/z, the 4-th moment of
the process is finite whereas the 8-th moment is not. Figure 4.2 (a) and (b) respectively
represent the bivariate kernel density estimate of the bivariate statistic given in (2.11)
and its contour for model (2). Similar to (1), these plots also indicate the asymptotic
normality and asymptotic independence of $*(0) and 7,. The empirical correlation
coefficient was 0.006 and the empirical level at 5% level of significance was 5.8%.
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Alternative hypothesis. We consider the following four models:

(3) ARMA process: X; —0.89X,_; —0.49X,, + 045X, 5 = & — 0.23¢,_; + 0.25¢,_,,
(4) Non-linear Moving Average process: X, = 0.8¢,_1&, + &_1 + &,

(5) Bilinear process: X, = 0.2X, &, + &,

(6) AR(1)-ARCH(1) process: X; = 0.8X,_ + 0&,, 07 = 1 + 0.7X7

where in all cases, {&,} is as (1). In all cases, the elliptical contours and bell shaped
density estimates indicate asymptotic normality. However, unlike (1) and (2), the axes
of the elliptical contours are not parallel to the X and Y axes. This indicates that $2(0)
and T, are not asymptotically independent. Empirical correlation coeflicients for these
models were 0.34, 0.2, 0.29 and 0.38 respectively.

D

Figure 4.1 (a): IID process: density estimate (b) IID process: contour plot

Figure 4.2 (a): ARCH process: density estimate (b) ARCH process: contour plot

Figure 4.3 (a): ARMA process: density estimate (b) ARMA process: contour plot

15



Figure 4.4 (a): Non-linear MA: density estimate

\

Figure 4.5 (a): Bilinear process: density estimate

\ /

Figure 4.6 (a) AR(1)-ARCH(1): density estimate

16

(b) Non-linear: contour plot

(b) Bilinear process: contour plot

(b) AR(1)-ARCH(1): contour plot



nT, — m,C(K)
V2m, D(K)

at 5% level of significance for models (3)—(6). For each model, we consider two cases:
(a) & asin (1) and (b) &, ~ N(0,1). Note that in (@), moments of order greater than

4 do not exist but in (b), all moments of the process exist except in model (6). We
choose the same kernel as before. We consider 10000 runs each with sample size

n = 100, 500, 1000, 5000 and choose m, = n'/3. The following table presents the em-
pirical powers. Figures in brackets are for ().

Empirical power: We now present the empirical powers of the test statistic

Table 1: Empirical power of the test based on 10000 simulation runs

Model | n=100 | n=500 | n=1000 | n=5000
(3) | 0.41(0.38) | 0.84(0.79) | 0.99 (0.96) | 1(I)
@) | 0.49(0.54) | 0.89(0.79) | 0.95(0.97) | 1(1)
) | 0.33(0.29) | 0.75(0.79) | 0.97 (0.94) | 1(1)
6) | 0.38(0.32) | 0.96(0.92) | 0.97(0.98) | 1(1)

For each model the power gets close to 1 as the sample size increases. This indicates
the consistency of the test. Also, the test performs equally good in cases (a) and (b).

Remark 3.1. While our results are asymptotically valid, the finite sample accuracy
of the test is influenced by the choice of the kernel K and the bandwidth {m,}. In
probability density estimation, generally, the flat-top kernels e.g. trapezoid lag window,
have the best rate of convergence and also appropriate bandwidths are determined in
[Politis, 2003]. These choices may continue to perform well in the present case. This
needs detailed investigation.

Acknowledgement. We thank Yoon-Jin Lee for providing us with a copy of their un-
published technical report [Hong and Lee, [2003] and Dimitris Politis for his comments.

4 Appendix

In this section, we will discuss all the necessary lemmas and proofs. In Section 4.1} we
prove Theorems|2.1{and In Section 4.2} we discuss a lemma which is used to show
that Assumption 1 holds for many time series models. In Section 4.3] we show that
{X,} defined in (I.14), has the GMC property only if {6} is exponentially decreasing,
as pointed out in Section|[I] Finally, in Section[4.4]we present the truncation arguments
for various models to reduce the moment condition.
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4.1 Proofs of Theorem 2.1 and 2.2

We will prove the theorems using Cramer-Wold device. Let us define

03 = 4R0%0) Y Cov(X3, X2) + 2504 0)D(K), (4.1)
0'% = l‘%o‘oo + 2111001 + l§0'11, (4.2)

where ooy, 091 and o7 are as in (2.22). Note that 1D and 1| imply $(0) 5 0(0)
under null and alternative hypothesis respectively. Therefore, by Slutsky’s theorem, it
is enough to prove

Ay

1 VR (570) - EGA(0))) + 1

\/_(y (OT, = EGXO)T,)) > N(0,52)(4.3)
B, = 1 vu(§3(0) = EGXO0)) + 1o Va($*O)T, - EGO)T,)) = N(O.0%), (4.4)

respectively for Theorems[2.1)and [2.2] Let us define, for all k = 2, 3,.

Cr = Cum(X; Xll+IIX Xlz+j1’ X; Xl%+12X Xl4+]2’ v Xi Xle 1+iji2kXi2k+jk)’

2k-1

and

., x=0
4 it x=0, soy=4"
Oon(x) = t, x>0.

n|Zx if x>0,
By (2.1)), for k > 2, the k-th order cumulant of A, and B, respectively as,

n. - n—ji n—j
1

DI | ﬂKZ( )60 |Cr (4.5)

Ji=0 iy =1liy=1 I=1
1<i<k

n  n—j n—j

I k K2(L)ootin|c (4.6)
15,

Ji=0 iy 1=1iy=1" I=
1<i<k

As all Gaussian cumulants of order greater than two vanish, to prove the theorems, it is
enough to show

(a) lim &, = o (b) lim K, = 0, Vk >3,
(c) lim &, = =di,  (d) lim =0, Vk23. (4.7)

To calculate these cumulants, we need some analysis on indecomposable partitions.
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Indecomposable partitions: Consider a two-way table

(1,1) (1,2) ... (1,J)
2, 1) 2,2) ... 2,J)

. . (A)
@y 1,2) ... (I,))

and a partition Py U P, U ... U Py of its entries. Two sets P,, and P,, of the
partition, are called hooked if there exist (ij, j;) € P, and (i, j») € P, such that
i = ip. Two sets P,y and P,,» commmunicate if there exists a sequence of sets P,, =
Py,Pu,,Ppys....Py, = Py, N < M, such that P,, and P,,,, are hooked for i =
1,2,...,N — 1. A partition is called indecomposable if all sets communicate.

We need the following lemma to compute joint cumulants of polynomials of random
variables.

Lemma 4.1. [Brillinger, 2001]] Consider a two-way array of random variables X, j =
1,2,...,Jandi=1,2,...,1. Consider I random variables,

~

V=] | Xy i=1.2,...1
j=1

The joint cumulant Cum (Y1, Y>,...,Y;) is then given by

p

Z[nCum(Xij:(i,j)EVk)]

Vo k=1
where the sum is over all indecomposable partitions V = U!_, V; of Table (A).

{Vi:i=1,2,..., p}are called blocks of the partition V. Now to compute cumulants
(4.5)) and (@.6)), Table (A) reduces to

(L) (Lia+jy (L) i+ j)
(2,3) 23+ 2ds)  2is+ j2)
: : (B)
(K, ig—1) (kg i1 + i) (ks i) (K, ok + k)
Let D, be the set of all indecomposable partitions of Table (B) and let D be the set of
derived partitions after dropping the first index. Then by Lemma 4.1}

Ci = Z [ﬁCum(Xt:teVi)]. (4.8)
V:VlL‘J/‘gg...uv,, i=1

Provided the limits exist, for all V € D, let us define,

n n—j k . p
T = lim —n31k/2 Z]) | Z | [l:[ K 0o ]—1[ Cum(X,: 1€ V)], (4.9)
Ji1=0 iag-1,02= = i=
1<I<k
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n I’l][

Ty = }Lr?on%kxzz > ]_[KZ( )(50(],) nCum(Xt.tEV)] (4.10)

Ji=0 ipp-1,i=1  I=1
1<i<k

Let, O’ be the set of all partitions having at least one singleton block. Since {X;} has
zero mean, Ty, = 0, YV € D'. Then, by (4.5), (4.6) and {.8), for all k > 2, we have

lim k,; = Ty (4.11)
n—o00
V=V1UV,U..UV,
VeD-D’
— /7
limk,, = > (4.12)
n—oo
V=V1UV2U...UVP
VeD-9’

Next, our goal is to find out V € D — 9 such that 7y, # 0.
First, let us consider an example. For k = 2, consider the pair partition from D—-92,

(Pl) (il9i3) (ll +jlai3+j2) (iZ’ l4) (i2+jl’i4+.j2) = (V15V29 V39 V4)’ (SaY)-
Then for (P1),

rhal = ,}gglgz ) (]_[K%i)(so(jl))ﬂcbtm(x:rev,->|

JUsJ2 11,502,034 =1

Oy —)Qis —ix + o — j1) |
lim = (! ZKZ TL)C S 1 Q)0 + 100 0z + 1) 1) =

n—oo

IA

Uy,uz,u

Note that, H?:l Cum(X, : t € V;)is independent of i, i, and j;. An index x is called free
in a partition V = U?_ V,, if [T}_, Cum(X, : t € V;) does not depend on x. In the partition
(P1), iy, i, and j, are free indices. The number of free indices vary from partition to
partition. Let f(V) be the total number of free indices in the partition V. For example,
f(P1) = 3. The above calculations for partition (P1) clearly indicate that |ry;| may
be oo, 0 or non-zero finite constant depending on the value of f(V). Therefore, it is
important to know f(V) for different partitions in V € D — 9’. We will actually find an
upper bound for f(V). Later, we will see that this upper bound serves our purpose.
Consider the partition

(P2) (i1, i3, 01 + j1) (2,1, 03 + j2) (D2 + Ji,ia + j2) = (V1, V2, V3), (say).
3
Therefore, 1—[ Cum(X; 1t € Vi) = Our, j1)Ous, ur + uy + j2) Quz + ja = Ju),
i=1

which is independent of i;. Hence, f(P2) = 1. Note that in (P1), it is enough to know
iz —i; and iy — i, instead of individual iy, i,, i3 and i,. But in (P2) as block sizes increase,
we also need to know i; — i, together with i3 — i; and iy — i. Therefore only one index
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can be free among iy, i, i3 and iy. Again in (P1), it is enough to know j, — j; instead
of individual j; and j,. But in (P2), as the block (i; + ji, i3 + j») splits up, we need to
know j; and j, individually. Therefore if we consider any partition and split a block to
increase other block sizes, then the indices which are free in the previous partition, may
not remain free in the new partition and as a consequence the number of free indices
gets reduced. In general, let V = Uf:] Viand V' = Uiy U V! be two partitions from D
such that p” < p. V is called a generator of the partition V’, if for each V; there exist
Vk],sz,...Vk,l_,l <l <p,i=1,2,...,p such that

V;QVkIUVkZU...UVkli, Vi:1,2,...,p’.

For example the partition (P1) is a generator of the partion (P2). In general,

fV) < f(V). (4.13)

Now, as pair partitions are generators of all the partitions in D — 2, to get an up-
per bound for f(V), by (4.13), it is enough only to consider the indecomposable pair
partitions from 9. Consider any pair partition V. Clearly, in this case, p = 2k and
cardinality of each V; is 2. For any subset of blocks {V;,,V,,,...,V,}, 1 < s < 2k,
we say that it forms an i-chain of length s if each (Vi,, Vi, 00 »)» N = 1,2,..., 5, has
exactly one i-index in common. For example consider the following partition from D
for k = 4:

(P3) (i1,i3) (i1+j1, i3+ )2) (i2,0a) (st )2, ie+j3) (s, ig) (ig+ja,is) (is+j3, i+ j1) (i7, 17+ ja).

In this case, we have three i-chains: {(iy, i3), (i; + ji,i3 + j2)} of length 2, {(is, iy), (is +
J2,16 + J3), (e, i), (ig + ja, i5), (is, i + j1)} of length 5 and {(i7, i7 + j4)} of length 1.

For general &, each i-chain involves different i-indices. Moreover, only one i-index
can be free from each i-chain and, other i indices involved in that chain can never be
free for the entire partition. Similarly, one can define j-chains and the same facts hold
for j-chains also. Let f;(V) and f;(V) be respectively the number of free i and j-indices
in the partition V. Then clearly we have

fi(V) = total number of i—chains in V, fi(V) = total number of j—chains in V.

Hence, f(V) = fi(V) + f;(V) = total number of chains in V. We will actually find an
upper bound for f;(V) and then use it to get upper bounds for f(V).

We call a chain communicating if it is an i-chain and each row of Table B com-
municates with other rows in this chain. In (P1), there are two i-chains and both are
communicating. In (P3), the second i-chain with length 5 is communicating, whereas
the first and third i-chains are not communicating. As we are concerned with inde-
composable partitions, there must be at least one communicating chain in the partition.
Also, for k-many rows in Table B, as the communicating chain involves at least k i-
indices, the least possible length of a communicating chain is k. Therefore, (k — 1)
i-indices can never be free. As we have 2k many i-indices, f;(V) < k + 1 for all pair
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partitions V € 9. Also any j-index occurs twice with different i-indices. Therefore to
make a j-index free, we have to lose at least one i-index from being free. Also, if we
have r many j-indices free in some pair partition V € D, then at most (k + 1) — r many
i-indices can be free in V. Hence, for all pair partitions V € D, f(V) < k + 1. As pair
partitions are generators of other partitions in O — 2, by {.13))

WM <k+1VVeD-9D. (4.14)

Now, we will use this upper bound of f(V) to prove (.7). Suppose, fora Ve D — 2,
we have r many j-indices free. Therefore by (4.14), there are at most (k + 1 — r) many
i-indices that can be free. Also, let J and I be the set of all j and i-indices respectively
which are not free in V. By Assumption 1, for all V € D — 2, we have,

)4
lim Z | ﬂ Cum(X, : t € V})| < 0. (4.15)

1] k=1

Also by (2.10), we have
1 r
lim — " [] K2( ZKZ( Iy _(f Kz(x)dx) . (416)
e m:’ Je I j; free

Let us denote the number of zero j-indices by u. Therefore, by Assumption 2, as K(-)
is bounded, we have, by (4.9)

k+1+k/2 u/2 1

k/2-ul2 nn)r{%z 1—[ Kz( )50(]1)}

3k/2
n my noje L free

k
rul < Jim >
IJ

(1T Kz( )60 H|cum(x, re vyl

I: j; not free

k et 1+k/2-u/2 m,\" (1 ,
S I}I_)Igzo n3k/2mk/2 u/2 ( ) {ml’:l ; (l'meeK (_ )60(]1)}
(> ﬂ|cum(x, eV,
IJ i=0
Hence, by @.13) and #.16)),
Ty =0 unless r=1, k=2, u=0 or r=0, k=2u=k “4.17)

Therefore, (.7)(b) is proved.

Now we will prove (4.7)(a). Let us first consider the case r = 1, k = 2, and u = 0.
We need to find out partitions with one free j-index and two free i-indices. There are
two such partitions as follows.

(P4) (i1,13) (i1 + 1,53 + jo) (o, 1a) (2 + ji,1a + J2),
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(PS) ({1, 04) (i1 + Ji,ia + J2) (i2,03) (@2 + ji,13 + jo2).

Note that contribution of these two partitions are same and the total contribution is
. 1o '
22040 lim — " k(L) = 280*0)D(K),
n—oo N, = m,

where D(K) is given by (1.7). Next, for r = 0, k = 2 and u = k, the contributing
partitions are

(P6) (1, 01) (i3,13) (i2,ia) (i2,1a), (P7) (1, 0) (ia,ia) (i, i3) (i2,03),
(P8) (i2,12) (i3,13) (i1,1a) (i1, 1a), (P9) (@2, i2) (igsia) (i1,13) (i1,03),
(P10) (i1,01) (i3,13) (@2, 12,14, 1a), (P11)  (i1,11) (ias i) (@2, 00,03, 13),
(P12) (i2,12) (i3,83) (i1, 11,14, 1a), (P13) (i, 12) (ias i) (i1,01,103,13),

and the contribution is 477 Q*(0) Z Cov(X2, X?). Hence,

U=—00

lim &, = 482 0%(0) Z Cov(X3, X2) +2650*(0)D(K) = 0.

Therefore, (4.7)(a) holds. This completes the proof of (4.3)) and hence of Theorem 2.1]

Using the same arguments used to prove Theorem 2.1 we have

k+1

el < dim S (B ([ R )oot o) (4.18)

noge Ly free

Z nKz( )50(11) l—[|Cum(Xt teV)I}

nk+l m, 1 p
< limC—— ( ) —>(] KZ( )00 )| [1cumex, -t e v,
noee n n n, J¢  Lji free LJ i=0
Hence, by {#.15) and (.16),
Ty =0 unlessk =2 and r =0. 4.19)

Therefore, (4.7)(d) is proved.

To prove (@.7)(c), by @.19), we need to find out the contribution of the partition
Ve O -9 for k = 2 and having three i-indices free. First consider pair partitions
from D — 9’. To make three i-indices free, we need to construct three i-chains. As the
partitions are indicomposable, there is a communicating chain of length at least two.
Therefore, other two i-chains have to be of length one each. These partitions are

(P14) (@, 01+ j1) (3,03 + jo) (i2,0a) (2 + Ji,ia + jo),
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(P15) ({1, i1 + J1) (s, is + Jo) (2,03) (2 + j1, i3 + J2),

(P16) (i, 2+ J1) (3,03 + j2) (i1, 0a) (0 + J1,ia + J2),
(P17) (2,6 + j1) (4,14 + j2) (i1, 83) (i1 + j1, 83 + j2),
(P18) (i1, 01+ j1) (s,i3 + j2) (o, ia + Jo) (ia, B2 + j1),
(P19) (i + 1) (s is+ j2) (i3 + J2) (3,02 + J1),
(P20) (i, b + j1) (3,03 + j2) (i, 0+ J1) (s, ia + j2),
(P21) (i, B2 + j1) (a,ig + j2) (1,83 + Jo) (3,01 + j1)-

Then by Assumption 1 and DCT, for V € {(P14), (P15), (P16), (P17)}, the total contri-
bution is

[ee)

> (4RO ) + 45 (0 + 0w + 8110000 * 0w)).  (420)

U=—00

Similarly, for all V € {(P18), (P19), (P20), (P21)}, the total contribution is,

(9]

> (480*0)0%w) + 43(0 * Qu)(Q * Q)

u=—00

+416000)Q)Q * Q(=u) + 4111,(0)Q(u) O * Q(u))- (4.21)

Next consider the non-pair partitions from D — 9’ for k = 2 such that three i-indices
are free. Note that those partitions have to be generated from (P14) to (P21). The only
possible way to achieve this is to merge the last two blocks of (P14) to (P21) yielding
the partitions:

(P22) (1,0 + Jj0) (a0 + j2) (o2 + Jisdasia + J2),
(P23) (i + 1) (s is + j2) (2,02 + J1, 03,53 + o),
(P24) (2,00 + j1) (3,03 + j2) (i, 0+ Jislas 4 + J2),
(P25) (2,00 + j1) (ia,ia + j2) (1,0 + J1, 03,13 + o).

The total contribution of the partitions (P22) to (P25) is

> (420 000.uw+48 Y 0GNEUNCU 1w+ o)

U=—00 J1,j2=1

+405000) Y > QUNQO, 1+ )+ O u,w)). (4.22)

j=1 U=—00

Hence, by (]TZU[), (]21_2_1'[) and (]TZZ[), lim, . &, equals

420%0) " (20%w) + Q(0, u )

U=—00
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0

+48 ) [(0 Q@) +(Q + Q@)(Q * Q=) + > > QIO u, 1+ jo)]

u=-co J1=1 jo=1
+466000) > [3060Q % 0w) + Q)@ * Q(—u) + D Q) (QO, u, u + j) + QUj,u, w)) |
u=—co J=1
= 470°0) > (2Q°) + QO u, w)
28 3 [0+ 0w+ 0+ 0w +43 > DN 0WQ(HQU. . + j)
U=—00 i=1 j=0 u=—co

(o)

+466000) > [3060Q % Q) + Q)@ * Q(—u) + D Q) (QO, u, u + j) + QUj,u, w)) |
j=1

U=—00

_ 2
- 0-1-

Therefore, (4.7)(c) is proved and the proof of Theorem [2.2]is complete.

4.2 Verification of Assumption 1

We show how Assumption 1 in Section [2| may be verified for various non-linear time
series models and more generally for a-mixing strictly stationary processes with expo-
nentially decaying mixing coefficients. The following lemma is needed.

Lemma 4.2. (a) [Ibragimov, |1962|] Suppose {X,} is a strictly stationary a-mixing pro-
cess. If & and n are measurable with respect to ¥, and F,%, respectively, and if
|€] < Cy, Inl < Cy, then

| E(&n) = E(©E@) | < 4C,Cra(n).

(b) If {X,} is a uniformly bounded a-mixing stationary process with a(n) < a" for some
0<a<,then, fort; <t, <...<t, there exists C > 0 such that

0(t1, 12, ..., 1) < Ca™* V> 1. (4.23)
Proof. We will show that
|0(t1,tp, ..., 0| < Ca™'', V1< j<k, ty=0. (4.24)

Then (#.23)) follows by taking the geometric mean on both sides of (4.24).

We will use induction on k to prove (#.24). Let P(k) be the set of all possible
partitions of {1, 2, ..., k}. We have to deal with P(k + 1) to compute Q(ty, 1, ..., ). Let
P’(k + 1) be the set of all possible partitions of {1,2,...,(k + 1)} such that there is no
partition with one block as {k + 1}. Therefore, |Q(t;, 12, . . ., t;)| equals

| Cum(XO, th,th, PPN ,th) |:| Cum(XO, th,th, “ e ,th - E(th)) |
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r

D> G- DE(xG - Ex)) [ ] x) [ ] E(]]X)

0P’ (k+1) 1jevTTk = i€V
1j#t Vi#V7k
,
-1

=1 3, enre=n(E( [T %) -exor( [1x)) T A([]x)

oeP’ (k+1) 1;EVTk 1€V = 1j€Vi

oy Vi#Vlk

=1 D> S Gay).

oeP’ (k+1)

where o = U7_, V;. By Lemma.2| (a), for some Cy, C, > 0 and for all o € #'(k + 1),

S, < CilCov([ | X, Xyl < Coa o, (4.25)

tjev’”k
tj#t

Therefore, (4.24]) holds for j = k. To prove other inequalities, we consider the disjoint
decomposition of P'(k + 1): P'(k+ 1) = Uf: S Ek), where

P = {oePhk+1):(k+1)e v

s = foe Py k+1evh)
SO = {oe(Us®) k+1)e v
$P = {oe(UlsP) k+ eV

and for alla = 1,2,3,...k, V7 is the block of the partition o~ with the element a. For
example,

S = {{1,2,3,4) {1,213, 4} {112, 3,4}, {1, 3, 4H2H1}{2}{3, 4}},
S = {{1,342,4),{1,2,4){3), {1}{3}{2.4}},

ST = {{1,442,3), {1, 44213}

and P'(4) = SP USSP USY. Let us also define, for 1 < s < £,

r

TOXo. X0 %) = > o= E(] ] %),

(rESE,k) i=1 ti€V;
o=V UV,U..UV,

T X0, Xys -, X,) = —EX)TY (X0, Xy, ..., 1),
TAgk)(XO, th LI Xlk) = Tillc)(XOa th LI th) + T;?(XO, Xfl IR th).

Then it is easy to see that |Q(ty, 12, . . . , ;)| equals
> -1

1

k
= 1) (TP X0 Xyo .. X)) = EXOT (X0, Xy Xy X0 D)
=1
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(Tl'(lk)(XO’th, R ] th) + Tl(éc)(XO’ th, XtZ’ s th—l s th)) |

T (X0, X5 -+ Xo). (4.26)

k
=12,
i=1
k
=12,
i=1
Now, note that, for some C;,C, > 0,

TP (X0, Xis -+, Xi)l < CHICov(Xo, X,)| < Cra™ < Crd' ™71, V1< j<k, t=0.
4.27)
Therefore, the proof will be complete if we show that, there exists C;j,, u=1,2, 1<
i<k-T1land1 < j<k—1such that

T (X0 Xy X - X, < Craf@™70, V1< j<k=1, 1= 0. (4.28)

To prove (4.28)), we use induction on k. First, let us see this for the lower order cumu-
lants. For k = 2,

TV (X0, Xy, X,y) = E(XoX,Xp,) — EXo)E(X, X,,) = Cov(Xo, X, X,,),
T (X0, Xy, X)) = —EXp)E(XoX,) + E(Xo)E(X,)E(X,,) = E(X,,)Cov(Xo, X,,).

Hence, by Lemma4.2|(a) and for some C > 0,

T (Xo, Xy, X))l < Ca™t, T2 (X0, X,,, X))l < Ca

Therefore, (4.28) is proved for k = 2.
Let us assume (4.28) is true for k. Also, note that, forall 1 < j <k,

J-1
k+1
TJ('I )(XO’ Xt| PRI Xlk+1) = Z TiZ(XO’ Xt| 9y o Xl‘k_j+2’ ] lk,th_j.*.]Xlk.H)
i=1

X

Te—j+1

X)) (4.29)

Tk—jy2o = = 00 o>

k
+ Z T® (X0, Xoys -+ Xip» X

i=j

Therefore, to prove for k + 1, it suffices to show that, forall 1 <i <k, 1 < j <k
and 1 <[ < k+ 1, there exists C > 0 such that

|Tl‘(lf)(XO9th’ R ’ij—l’thH’ R ’th’thXt/H.]) - E(thH)Tl‘(lf)(XO’th’ R ’th—l’thH’ R 9th’th|
< Ca"™', 1, =0. (4.30)

Now, note that as X, ,, and X, are in the same block, for some C; € R,

Tl'(L]f)(XO? th LI th_] ’ th+| EIL ,th7 leX[kH) - E(Xlkﬂ)Ti(L]f)(XO? XI] LI th_] s th+| EILR ,th7 le)
= CiCov(X, || XX,

1 evTlk+1

LiFL k1
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Also note that, if #; € V7" and t; # t},#;41, then 0 < i < j — 1. Therefore, by Lemma

4.2 (a), forall j+1 <I<k+1andsome C, >0,
|Tl(,f)(X0, Xl1 IR th_1 s Xt_,'+| 5o e ?Xlka Xt_,'Xlk+1) - E(thﬂ)Tl'(,f)(XO, Xl1 I th_1 ’ Xt_,'+| 5. e ?Xlka Xt_,')l
< Cza’tk“_tj < Cza’tl_tH.

Hence, (4.30) is proved for j+ 1 </ <k+ 1.

NOW? as Tf,f)(XO5 th LU le—l ’ th9 R th)3 Tf,f)(XO5 th LU le—l ’ th+l se ey Xl‘k5 Xl‘jXZ‘kH)
and T(k)(Xo,th, cos Xi s X5 - -5 Xy, Xi;) are same in their first j arguments and last
the k + 1 — j arguments are all ?' * measurable, by Lemma 4.2 (a) and the statement
(@.28) for k, forall u = 1,2, 1 <i<k, 1<l<]andsomeC>

|Tl(,f)(X09 tha L] ij—l’ ij+1 IR tha ththH)l S Ca/tl_t]il ’
ITOXo, Xoys ooy Xip s Xy X X))l < Ca"™ 1, 19 = 0.

Therefore, (4.30) is proved for 1 < [ < j. Therefore, by (#.26) and ({#.30), @

proved for k + 1 and the proof is complete

4.3 GMC for linear processes: Assumption 1, Section 2]

Consider the linear process {X;} defined in (1.14) where the {&;} have finite eighth mo-
ment. Let {¢/} be an i.i.d. copy of {&;}. Then from (1.10),

t—1 oo
’ ’
Xt = Ove_i + E 9k8[_k.
k=0 k=t

Note that, {(g, — &))};2_, are 1.i.d. and symmetric about zero. Hence, all their odd
moments are zero. Therefore, for some C; > 0,

E(X,- X))’ = E( Z O(&1k — 8§_k))8

k=t
6 "6 N2
E E 9/<19 E(st—at) E(e—¢)

Il
—~
ek
~
~—

S|
—

£°

k=t tklizqtliz
EOMLTACEEE RO WS LA )
b=t ot ity

\%
0
—
[1e
=
~—
o~

(o)

4
Similarly, for some C, > 0, E (X, — Xt')8 < CZ(Z 0,3) . Therefore, (1.14]) will have

k=t
GMC(8) property if and only if {6;} are exponentially decaying.
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4.4 Truncation arguments for Section 2]

In this subsection, we will discuss how to reduce the moment condition for some spe-

cific models (see Remarks and 2.11)). The following lemma is needed.
Lemma 4.3. [|Brockwell and Davis, 2009] Let {X,,} and {Y,;}, n > 1, j > 1, be random

variables such that

(i) Yyj 2 Yiasn — oo foreach j=1,2,...

(i) Y; 3 Y as j — oo, and

(ifi) lim lim P(lX,, =Y, > 6) =0 forevery € > 0.

Jj—0oo n—oo
D
Then X,, > Y as n — oo.

Now, we will discuss truncation arguments for specific models.

(a) Truncation for power GARCH model (see Remark [2.6). We show that (2.13)
holds for power GARCH model if Assumption 1 is replaced by E X? < co and Condition
B. We do this in three steps.

Step 1: First assume that all moments of the IID process {&;} exist. Define
X, = vV (k| < ) & V. (4.31)

We first show that Theorem holds for {X,}. Note that, all moments of the new pro-
cess {X,} exist. As discussed before, [Carrasco and Chen, [2002] showed that {(X,, VA,)}
is 8 mixing with exponentially decaying mixing coefficient under Condition . There-
fore, {X,} is also a S-mixing process with exponentially decaying mixing coefficient

under the same assumptions as before. Moreover, {X,} is a white noise. Therefore,
Theorem holds for {X,}.

Step 2: Now we show that (2.13) holds for {X;} if all moments of {¢;} exist. Note that it
is enough to show

lim 1im nE( PO-EGO) %0 - EGA0) F=o
T 2o Y coxgxd]” 4220 Y conil x|

D RC(70 - EeGn) DR (520 - EGGD)
TR [ — SR =0,

c00 =200 111, V204 (0)D(K) V20!(0)D(K)

(4.32)

where 9.(-) is the sample autocovariances of the process {X,} and Q.(0) = Var(X,).
Now, for the first term T, ., say, since all limits below exist, by (4.7)(a) and Step 1,
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lim, e T €quals

~D N2 o2 s Y
= tim (nE( Y EOO) 0°(0) )2 + nE( VCEOO) 0:(0) )2)
[402(0) ) Cov(X3, XD [402(0) ) Cov(X3, XD
Cov (92(0), 720
—lﬁnZn( m<n(y< ), 9( 2
[1602(0)02(0) Z Cov(X2, X2) Z Cov(X2, X2)]'
21im, o n” Y Cov(XzXé,X2X2)
- 141- _ 1,02, 13,14 _
[1602(0)Q2(0) > Cov(X3,X2) > Cov(X3, X"
. B000:0) S Covith, X e san
[1602(0)Q2(0) Y Cov(X3,X2) > Cov(X3, X))

By the existence of 4-th moment of the process and DCT, as ¢ — oo, we have
Cov(X2,X?), Cov(X3,X?) — Cov(X3,X?) Vu.

Hence, Ty, = 2 — 2 = 0. Therefore, (4.32) is proved.
Similarly, for the second term 75, ., say, lim,—c T2, €quals

BN S 20 J1\ 2 J2 o v v @
2;}1—>rl;lon m, Z K (m_n)K (m_n)cov (X11Xt1+j1X12Xt2+j1’Xt3Xf3+j2Xt4X14+j2)
12

11,02,13,14

= 2

20%(0)0:(OD(K)

4 . \4
= 2 P OEGHE Ho( ZK4( )cov(x,,x,))

2 lim (m ‘ZK4 yms»MMAm<on
= 2—

w@»wm»wmmws@Wmm
:20_@%MMSOW
(E (h))?
since E X} < oo implies E h? < co. Therefore, is proved. Hence, (2.13) holds for
{X,} if all moments of {&;} are finite.

Step 3: Now we finally show that (2.13) holds if E X? < co and Condition 8 holds. We
define another IID process {&/} as &, = &1 (|&,| < ¢) and X! = Vh,&, for all t . Note that

)—)O as ¢ — oo,
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{X7} 1s not a power GARCH model but using the arguments as given in Step 1 and Step
2, we can say that holds for {X/}. Also, one can similarly show that holds
with %.(-) and Q.(0) replaced by ¥.(-) and Q.(0) respectively, where ¥.(-) is the sample
autocovariances of the process {X;} and Q.(0) = Var(X;). Hence, the result follows.
(b) Truncation for linear process (see Remark [2.10). For some ¢ > 0 and all i =
0,+1,+2,..., we define

g = &l(el<c)-E(el(le] <o),

g = &l(el>c)-E(&l(&l > 0).
Then, it is easy to see that g; = & + &7, Vi =0,+1,£2,.... As all the moments of &
is finite, Theorem [2.2] holds for
:Zkgtk,t>l c>0, (4.33)

k=0

with limiting variance ., obtained from X, by replacing each E (e{) by E (8”1”) for all
r=1,2,3,4. Also, as £ (s‘]‘) < oo, by DCT, it is easy to see that as ¢ — oo,

E(e)) > E(g]), Yr=1,2,3,4. (4.34)

Hence, hm Y1 = Xy (componentwise). Therefore, (i) and (ii) of Lemma@ are satis-
fied. To show (iii) of Lemma[4.3] we consider

n—i
92(0) Z YiYirper i= 0,212,
where {Y,.} is given by (4.33). Let,
i u3 im 1 > 3 m
4 (tl’ tz’ k]’ l/lj 1 2 3 4) k] € 1—k2+i812—k3812—k4+i —-E (811 —ki 8[1 —k2+i812—k38t2—k4+i) ’

where u; = % or = % and s is the number of j’s such that u; = #*. Therefore, on
simplification, we have

Ay

Vi 3SR (70 - B(F) - Vi 5 K60 (570 - £(570)

= n_3/zzz Z Kz(mi)9k|9k29k39k4 Z g(tlatbkj’ uj:j= 1’2’3’4)'

i=1 11,02 kyka.k3.ks "M2;413~"4
52

We split the above sum into several cases and deal with only three major cases. Similar
calculations hold for the other cases.
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Casel: t)—kj =t —ky+i=1, —ks =t —ky + i = v, (say). Then, by (2.4), for some
C>0,

Al < Cn™ 2 Z|e| S ST - B[ 1) o,

Uy U3 ”4 v Jos=1 Js=>1
s>1

as F | (Hj,le 8?) - E( [T gllfj) | < co.
Case2: 1) —ki =01 —ky+i=1,—ks=v# 1, —ky +1, (say). Then, by (2.4), for some
C>0,

P
ug
Ad<Cn N OO Y Z|g geelie, 1 >0,

i,k1,ko ,k3,ky uys “2>”f ”4
S

Uy Uy U3 U4

asElele’e el il <o

Case 3: 1 — k; tt—ky+i#1t —ky#1t,—ks+i. Then

5 mol o o, il o,
E(47) = 7(,,1—” ZK (m—n))(m—n ZK o) 2 [ e

ki, 1<i<8

gl g gh gl g g
t1 —ky t1 —ko+iTty—k3 T th—k4+i“t3—ks " 13 k6+] ty—k7 14— k3+J
uj,1<i<8, l‘l 12,13,14

s>1

Again, we can split the above sum into several cases. For example, consider t; — k; =
t3 — ks, 1 —k2+i:t3—k6+j, th—ky =ty — k7, t2—k4+i:l4—k3+j. Then,

E(x) = %ﬁ;zm—»( Ly ech) 3 [l

J=1 M ki ko k3 ks
u3 U4 us Ue u7 ug
: | : | k] tl k2+lgl‘2 k;gtz k4+1811 k18t| k2+l'8[2—k3812—k4+i)'
u;,1<i<8, 1,
s>1
Now, as s > 1, by @]) and (2.4), we have
. . us Ua us Ue u7z us —
Ch_)Ig ’}Ln; : i : | k1 l1 k2+lgl‘2 k3gt2 k4+18t1 k|8t1 k2+lglz k36t2 k4+l) - O
uj, l<:<8 1,02

sz]

Same argument holds for other terms. Hence, as m,, = O(+/n), we have lim lim £ (Ai) =
0. Therefore, for all € > 0, lim lim P (JA,| > €) =

Also, consider

B, = Vu(#(0) - E((0)) - Vr(37(0) - E(37%(0))).
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Then similar calculation as A, implies that, for all € > 0, lim lim P(|B,| > €) =

Cc—00 1— 00

Hence, condition (iii) of Lemma is satisfied and (2.13) holds for linear process
defined in (1.14), under the finiteness of the 4-th moment of the process and if m, =

O(+/n) and (2.4) holds.

(c) Truncation for non-linear moving average process (see Remark 2.10). As dis-
cussed in Remark2.3] non-linear moving average processes (2.5) and (2.6)are ¢-mixing
with finitely many non-zero mixing coefficient. Therefore, if all moments of {&;} are fi-
nite, Theorems [2.1and [2.2] hold respectively for the processes and (2.6). Here, we
will show truncation only for the process (2.5). Similar arguments hold for the process
(2.6). We define {&/} and {&;*} as in Section 4.4] (b). Then Theorem 2.2] holds for

Vie=Pel gl v el 121, ¢>0, (4.35)

Using the same arguments as in Section 4.4 (b), (i) and (ii) of Lemma [4.3] are satisfied
for the process (2.5). To show (iii) of Lemma[4.3] we consider (i) as in Section
(b) for the process ({.35). Then on simpliﬁcation we have

(P -EG )= ,Zl KCD(72(0-EG20)) = A= B,

where

_ /— 2 4 u1 U4 u7 ug
Al’l - ( n) ZK( )Z( Z B l 11 2+J8t1 1+}81‘2 28t2 18t2 2+J81‘2 1+j

Hotr 1 Mz us

ul uz u3 u4
+ Z &1 €1y €1 €y ]+0ther similar terms)

ul uz 144
s>1

where u; = = or #x for all i, and s is the number of i’s such that u, = #*. Now, using same
arguments as in Sectlonm (b), (iii) of Lemma“holds for . Hence, E(X4) < o0
and m, = O(~/n) is enough for Theorem [2. 1| - to hold for this process 12.5)).
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