TAIL BEHAVIOR OF RANDOMLY WEIGHTED SUMS

RAJAT SUBHRA HAZRA AND KRISHANU MAULIK

ABSTRACT. Let {X¢,t > 1} be a sequence of identically distributed and pair-
wise asymptotically independent random variables with regularly varying tails
and {©¢,t > 1} be a sequence of positive random variables independent of
the sequence {X;,t > 1}. We shall discuss the tail probabilities and al-
most sure convergence of Xy = > 72 0:X;" (where X+ = max{0, X})
and max; < <oo Zle O+ Xt and provide some sufficient conditions motivated
by |Denisov and Zwart| (2007)) as alternatives to the usual moment conditions.
In particular, we illustrate how the conditions on the slowly varying function
involved in the tail probability of X; helps to control the tail behavior of the
randomly weighted sums.

Note that, the above results allow us to choose X1, X2, ... as independent
and identically distributed positive random variables. If X has regularly vary-
ing tail of index —a, where o > 0, and if {O¢,¢t > 1} is a positive sequence
of random variables independent of {X:}, then it is known, which can also
be obtained from the sufficient conditions above, that under some appropri-
ate moment conditions on {O¢,t > 1}, X(o) = Y72 O X converges with
probability 1 and has regularly varying tail of index —«a. Motivated by the
converse problems in |Jacobsen et al.| (2009) we ask the question that, if X ()
has regularly varying tail, then does X1 have regularly varying tail under some
appropriate conditions? We obtain appropriate sufficient moment conditions,
including nonvanishing Mellin transform of }_7° , ©; along some vertical line in
the complex plane, so that the above is true. We also show that the condition
on the Mellin transform cannot be dropped.

1. INTRODUCTION

Let {X:,t > 1} be a sequence of identically distributed, pairwise asymptotically
independent, cf. , random variables and {©;,t > 1} be a sequence of positive
random variables independent of the sequence {X¢,t > 1}. We shall discuss the tail
probabilities and almost sure convergence of X(oo) = Y 1o; 0 X" (where X =

max{0, X}) and maxi<p<oo Zle 0:X;, in particular, when X;’s belong to the
class of random variables with regularly varying tail and {©;,¢ > 1} satisfies some
moment conditions. We shall say that a random variable X with distribution
function F has regularly varying tail of index —a, if F(z) := 1 — F(z) is a regularly
varying function of index —a, that is, for any ¢ > 0, as x — oo, F(tx) ~ t~“F(z).
Here and later, for two positive functions a(z) and b(x), we write a(z) ~ b(z) as
x — 00, if limy o a(z)/b(x) = 1. For a > 0, the convergence in the limit of the
ratio of the tail probabilities is uniform in ¢ on the intervals of the form [a, c0) with
a > 0. Note that, we require the upper endpoint of the support of X to be co. In
recent times, there have been quite a few articles devoted to the asymptotic tail
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behavior of randomly weighted sums and their maxima, (see, for example, |(Chen

et all [2005] [Hult and Samorodnitsky] [2008], [Resnick and Willekens|, [1991], [Wang]
and Tang), 2006, Zhang et al., 2009).

The question about the tail behavior of the infinite series X (o) with non-random
O, and i.i.d. X; having regularly varying tails has been studied well in the literature,
as it arises in the context of the linear processes, including ARMA and FARIMA
processes. We refer to Jessen and Mikosch| (2006) for a review of the results. The
case, when ©,’s are random, arises in various areas, especially in actuarial and
economic situations and stochastic recurrence equation. For various applications,
see [Hult and Samorodnitsky| (2008), Zhang et al.| (2009)).

[Resnick and Willekens| (1991) showed that if {X;} is a sequence of i.i.d. non-
negative random variables with regularly varying tail of index —a, where o > 0
and {©,} is another sequence of positive random variables independent of {X;},
the series X () has regularly varying tail under the following conditions, which we
shall call the RW conditions:

(RW1) If 0 < a < 1, then for some € € (0,a), > oo, E[O8T + 097 < .
(RW2) If 1 < a < 00, then for some € € (0,a), 3252, (B[O§ € + 7)) 7 < oo.
In this case, we have P[X () > x| ~ 3,2, E[O¢] P[X > 2] as © — oo.

Remark 1.1. Each of the RW conditions implies the other for the respective ranges
of a.. In particular, if 0 < a < 1, choose ¢’ < € such that a + ¢’ < 1. Note that

STEO T + 077 <2) E[Of T L, 51 + 05 L, <1)]
t=1 t=1

<2 B0} Le,z1 + 07 Le,<1] <2 B[O+ 677 < oo
t=1 t=1

Further, since a + € < 1, we also have Z;’il(E[Gf“l + @f‘sl})ﬁ < 00. On the
other hand, if @« > 1 and € > 0, then o + € > 1 and the condition (RW2) implies
> B[O+ 677 < o0

Zhang et al| (2009) considered the tails of >, ; ©, X, and the tails of their
maxima, when {X;} are pairwise asymptotically independent and have extended
regularly varying and negligible left tail and {©;} are positive random variables
independent of {X;}. The sufficient conditions for the tails to be regularly varying
are almost similar.

While the tail behavior of X () requires only the a-th moments of ©;’s, we
require existence and summability of some extra moments in the RW conditions.
Note that ©¢"¢ acts as a dominator for [©; > 1] and ©Y ¢ acts as a domina-
tor for [0; < 1]. In some cases, the assumption of existence and summability
of extra moments can become restrictive. For example, consider {©;} such that
Y2 E[071] = oo for all € > 0 but Y ;2 E[O2] < co. (A particular choice of
such {6}, for a < 1 is as follows: ©; takes values 2!/t?/* and 0 with probability
27t and 1 — 2% respectively.) Also let {X;} be i.i.d. Pareto with parameter
a < 1, independent of {©;}. Then it turns out, after some easy calculations, that
o2, ©: Xy is finite almost surely and has regularly varying tail of index —a. This
leads to the question whether we can reduce the moment conditions on ©; to obtain
the regular variation of the tail for X(.).
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The situation becomes clearer when we consider a general term of the series. It
involves the product ©;X;. Using Breiman’s theorem (cf. Breiman, 1965, (Cline and
Samorodnitsky|, [1994]), the tail behavior of the product depends on the moments
of ©;. Breiman’s theorem states that, if X is a random variable with regularly
varying tail of index —a for some o > 0 and is independent of a positive random
variable © satisfying E[©“"¢] < oo for some € > 0, then,

wli_)rroloP[@X > z] ~ E[@Y P[X > z]. (1.1)
Note that, in this case, we work with a probability measure P[©, € -], unlike in the
problem of the weighted sum, where a o-finite measure -, P[O© € -] is considered.
In this case, we can consider the dominator as 1 on [© < 1] instead of ©*~¢, since
1 is integrable with respect to a probability measure.

Denisov and Zwart| (2007)) relaxed the existence of (a4 €) moments in Breiman’s
theorem to E[©%] < oco. They also made the further natural assumption that
P[© > z] = o(P[X > z]). However, to obtain (L.I]), the weaker moment assumption
needed to be compensated. They obtained some sufficient conditions for (L.1]) to
hold. We would like to find conditions similar to those obtained by |Denisov and
Zwart| (2007), which will guarantee the regular variation of X (o).

In the above discussion, we considered the effect of the tail of X in determining
the tail of X (). However, the converse question is also equally interesting. More
specifically, let {X;} be a sequence of identically distributed, asymptotically inde-
pendent, positive random variables, independent of another sequence of positive
random variables {©;}. As before, we define X (o) = > ;2 ©,X; and assume that
X (o) converges with probability one and has regularly varying tail of index —«
with o > 0. It is interesting to obtain sufficient conditions which will ensure that
X4 has a regularly varying tail of index —« as well.

Similar converse questions regarding Breiman’s theorem have recently been
considered in the literature. Suppose X and Y are positive random variables with
E[Y*"¢] < oo and the product XY has regularly varying tail of index —a, o > 0.
Then it was shown in [Jacobsen et al.|(2009) that X has regularly varying tail of
same index and hence holds. They have also obtained results for the weighted
series, when the weights {©,} are nonrandom. We shall extend this result for
product to the case of randomly weighted series under appropriate conditions.

In Section [2] we first describe the various classes of heavy tailed distributions and
describe the conditions imposed by |Denisov and Zwart| (2007). We study the tail
behavior when finite weighted sums are considered. In Section [3| we describe the
tail behavior of the series of randomly weighted sums. In Section [4 we consider the
converse problem described above. We prove the converse result is true under the
RW conditions and the extra assumption of nonvanishing Mellin transform. We
also show the necessity of this extra assumption.

2. NOTATIONS AND PRELIMINARY RESULTS

We first introduce a few classes of random variables, which will be required for
the rest of the discussion. A random variable X with distribution function F' is
called long tailed, if for any fixed y € R and as z — oo, we have F(z — y) ~ F(z).
The class of long tailed distribution is denoted by L. Observe that for F' € L, we
need F(z) > 0 for all z > 0. The class £ is related to the class of distributions
with regularly varying tail by the fact that F € £ if and only if F(log(-)) is slowly
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varying, that is, regularly varying of index 0. Equivalently, the random variable X
has distribution function in the class £ if and only if exp(X) has a regularly varying
tail of index 0.

A nonnegative function f, which does not vanish for all large z, is in the class
of subexponential densities (denoted by Sy), if it satisfies the property

. “flx—-y) o [T < o
xh_{go/o TN f(y)dy—2/O f(u)du < oo.

If, for some random variable X, the tail probability distribution function F(z) =
P[X > z] is in the class of subexponential densities, we say that X is in S*. Again,
if I € 8*, we need F(x) > 0 for all z > 0.

A distribution function F' belongs to the class S(y) with « > 0 if, for all real u,

F(x — FxF e
lim M =™ and lim ji(x) = 2/ e F(dy) < oo
The class S := S(0) is called the class of subexponential distribution functions. See
Embrechts et al.| (1997)), Klippelberg| (1988 [1989) for properties of these classes.
We call two random variables X; and X5 to be asymptotically independent if

. P[Xl >1‘,X2 >I]
lim
z—00 P[X; > z]

See |Ledford and Tawn! (1996} /1997 or Chapter 6.5 of Resnick| (2007) for discussions
on asymptotic independence. Note that, we require Fyy(x) > 0 for all z > 0 and t =
1,2. Observe that if X7 and X, are independent, then they are also asymptotically
independent. Thus the results under pairwise asymptotic independence condition
continue to hold in the independent setup.

A random variable X is said to have negligible left tail with respect to the right
one, if

=0, for t =1,2. (2.1)

. P[X < —1]
mh_)rr;o PIX >l 0. (2.2)
Note that we require P[X > z] > 0 for all z > 0.

The random variables with regularly varying tails will play a central role in this
article. Note that, if X has a regularly varying tail of index —a, then x® P[X > z]
is a slowly varying function, that is, a regularly varying function with index 0. By
Karamata’s representation, a slowly varying function L can be one of the four types
(cf. Denisov and Zwart}, 2007, Lemma 2.1), namely,

(1) L(z) = c(x),
(2) L(z) = c(x)/ P[V > log ],
(3) L(z) = c(x) P[U > log z],
(4) L(z) = c(z) P[U > logx]/ P[V > log z].
In the above representations, c¢(x) is a function converging to ¢ € (0,00), and U
and V are two long-tailed random variables with hazard rates converging to 0. We
shall refer to a slowly varying function L as of type 1, type 2, type 3 or type 4,
according to the above representations.

Denisov and Zwart| (2007)) introduced the following sufficient conditions on the
slowly varying part L of the regularly varying tail of index —a of a random variable
X with distribution function F(x) = 2~*L(z) for Breiman’s theorem to hold:

(DZ1) Assume limg o SUpyep1 41 L(y)/L(7) := D1 < o0.
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(DZ2) Assume L is of type 3 or type 4 and L(e*) € Sy.

(DZ3) Assume L is of type 3 or type 4, U € §* and P[© > z| = o(z~*P[U >
log z]).

(DZ4) When E[U] = oo or equivalently E[X*] = oo, define m(z) = [, v*F(dv) —
00. Assume limsup,_, .. SUp z<, <, L(y)/L(x) :== Dy < oo and P[© > z] =
o(P[X > z]/m(x)).

We shall refer to these conditions as the DZ conditions. For further discussions

on the DZ conditions, we refer to [Denisov and Zwart| (2007). Denisov and Zwart

proved the following lemma:

Lemma 2.1 (Denisov and Zwart], 2007}, Section 2). Let X be a nonnegative random
variable with reqularly varying tail of index —a,, a > 0 and © be a positive random
variable independent of X such that E[©%] < co and P[© > z] = o(P[X > z]). If
X and © satisfy any one of the DZ conditions, then holds.

The next result shows that asymptotic independence is preserved under multi-
plication, when the DZ conditions are assumed.

Lemma 2.2. Let X1, Xo be two positive, asymptotically independent, identically
distributed random variables with common reqularly varying tail of index —o, where
a > 0. Let ©1 and B4 be two other positive random variables independent of the
pair (X1,X2) satisfying E[OF] < oo, t = 1,2. Also suppose that P[O, > z] =
o(P[X71 > z]) fort = 1,2 and the pairs (01, X1) and (02, X2) satisfy any one of
the DZ conditions. Then ©1X; and ©3X5 are asymptotically independent.

Proof. Here and later G will denote the joint distribution function of (01, ©2) and
G; will denote the marginal distribution functions of ©;.

[@X1>:z:®2X2>x // // P[X; > z/u, Xo > x/v]
G(du,d
P[Xl > {L‘ <wv u>v X1 > l‘] ( U7 U)

</ PX1 > z/v,Xo > x/v] P X1 > z/v]
~—Jo P[X1 > z/v] P[X: > z]
The integrand converges to 0. Also, the first factor of the integrand is bounded by
1 and hence the integrand is bounded by the second factor, which converges to v®.
Further, using Lemma[2.I] we have

*© P[X; > z/v] _ P[O©1X) > 2]+ P[0 X > x]
/0 PIX, > 4 (01 G2 = P[X, > x]2 :

(G1 + G2)(dv).

~E[69]+E[0g] = / v (G1 + Ga)(dv).
0
Then the result follows using Pratt’s lemma, cf. [Pratt| (1960)). O

The next lemma shows that if the left tail of X is negligible when compared to
the right tail then the product has also such a behavior.

Lemma 2.3. Let X have reqularly varying tail of index —«, for some a > 0
satisfying and O be independent of X satisfying E[©%] < co and P[© > z] =
o(P[X > z]). Also suppose that (0, X) satisfy one of the DZ conditions. Then, for
any u > 0,

PlOX < —ux]

lim o > T
ILOO P[@X > JI} 0
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The proof is exactly similar to that of Lemma [2.2] except for the fact that the
first factor in the integrand is bounded, as, using (2.2), P[X < —z]/P[X > 1] is
bounded. We skip the proof.

The following result from Davis and Resnick| (1996) considers a simple case of
tail of sum of finitely many random variables.

Lemma 2.4 (Davis and Resnick, 1996, Lemma 2.1). Suppose Y1,Ya,..., Yy are
nonnegative, pairwise asymptotically independent (but not necessarily identically
distributed) random variables with regularly varying tails of common index —a,
where a > 0. If, fort =1,2,...,k, P[Y; > z]/ P[Y1 > 2] — ¢, then

Py, Y > 7]
P[Y; > 1]

We have the following corollary by applying Lemma with Y; = ©,X;" and
the modified Breiman’s theorem in Lemma 2.1l under the DZ conditions.

—cC1t+C2+ -+

Corollary 2.1. Let {X;} be a sequence of pairwise asymptotically independent,
identically distributed random variables with common reqularly varying tail of index
—a, where a > 0, which is independent of another sequence of positive random
variables {©:} satisfying E[O] < oo, for allt. Also assume that, for all t, P[©; >
x] = o(P[X71 > z]) and the pairs (O, X;) satisfy one of the DZ conditions. Then
we have

k k
Z@tX >x1 ~P[X; >z ZE@O‘
=1 t=1

Using Lemmas and Corollary 2.1 and arguing as in Theorem 3.1(a) of
Zhang et al. (2009), we have the following result. (Note that the proof of Theo-
rem 3.1(a) ofZhang et al.| (2009)) require only the results obtained in Lemmas
and Corollary [2.1])

Proposition 2.1. Let {X;} be a sequence of pairwise asymptotically independent,
identically distributed random variables with common reqularly varying tail of index
—a, for some o > 0 satisfying , which is independent of another sequence
of positive random variables {©:}. Further assume that, for all t, P[O; > z] =
o(P[X;1 > z]) and E[Of] < co. Also assume that the pairs (O, X;) satisfy one of
the DZ conditions. Then,

max 0:X; >x
1<k<nZ Lt

3. THE TAIL OF THE WEIGHTED SUM UNDER THE DZ CONDITIONS

P ~ P

Z@X >

t=1

~P[X; > ] ZE@C“

t=1

In Proposition we saw that the conditions on the slowly varying function
helps us to reduce the moment conditions on {©;} for the finite sum. However
we need some additional hypotheses to handle the infinite series. To study the
almost sure convergence of X(oo) = Yo ; ©;X;", observe that the partial sums S,, =
i ©¢ X, increase to X (o). We shall show in the following results that P[X () >
z] ~ P[X1 > 2] > 2, E[O¢] under suitable conditions. Thus if >~ E[0%] < oo,
then lim, o P[X(Oo) > z] =0 and X (o0 1s finite almost surely.

To obtain the required tail behavior, we shall assume the following conditions,
which weaken the moment requirements of {O;} assumed in the conditions
and given in Resnick and Willekens| (1991)):
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(RWY1') For 0 < a < 1, Y72, E[O§] < 0.
(RW2') For 1 < a < oo, for some ¢ > 0, 322, (E[O%]) 5% < oo.

We shall call these conditions modified RW moment conditions.

Remark 3.1. As observed in Remark [I.1] for o > 1 and € > 0, the finiteness of the
sum in (RW2)) implies Y, (E[©%]) < oo. Thus to check the almost sure finiteness
of X(«), it is enough to check the tail asymptotics condition:

P[X(x) > 2] ~ P[X; > 2] ) E[Of
t=1

We shall prove it under the above model together with the assumption that
P[©; > z] = o(P[X; > z]) and one of the DZ conditions. We need to as-
sume an extra summability condition for uniform convergence, when the condi-
tions (DZ2f), (DZ3]) or (DZ4) hold.

Further note that ©1 X < maxi<n<oo 1y O+ X; < X(o) and hence the almost
sure finiteness of X () guarantees that max;<n<oo Z?:l ©;X; is a valid random
variable.

Theorem 3.1. Suppose that {X:} is a sequence of pairwise asymptotically indepen-
dent, identically distributed random variables with common reqularly varying tail of
indexr —a, where o > 0, satisfying , which is independent of another sequence
of positive random variables {©;}. Also assume that P[O; > x] = o(P[X1 > z]), the
pairs (O, Xy) satisfy one of the four DZ conditions (DZ1)-(DZ4) and, depending
on the value of a, the modified RW moment conditions (RW1')) or (RW2') holds.
If the pairs (04, X;) satisfy DZ condition (DZ2), (DZ3) or (DZ4), define

SUD,, pix-oa when (DZZ) holds,
Cp = §sup, %, when (DZ3) holds, (3.1)

sup, PP[[;O(’;i]]m(m), when (DZ4)) holds,

and further assume that

Z Cy < 00, when a < 1, (3.2)
Z C/F < o0, when o > 1. (3.3)

t=1
Then
1<n<oo

P[max Z@txt>x]~P[X(oo)>x] P[X; > 2] ) E[Of
t=1

and X (o) is almost surely finite.

Proof. For any m > 1, we have, by Proposition

P Lg;ixm;@t)ﬁ >x] >P LglnagcmZ@tXt >z| ~P[X; > 1] ;E CH
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leading to

. Pmaxicnc 2oy 00X > 1] .
lim inf = =1 > ) E[©
im P = 1] =

Similarly, comparing with the partial sums and using Proposition 2.1} we also get

N P[X(oo >x - @
i inf P, = oy 2 2 PO

For the other inequality, observe that for any natural number m, 0 < 6 < 1 and
z >0,

[12)5?00 Z 0:X; > x]

L%&sz@ﬂft (=)

For the first term, by Proposition and the regular variation of the tail of X7,
we have,

i @tXt"' >5$] .

t=m+1

lim P [maxlgngm E?:l 0,X; > (1 — 6).1?]
z—00 P[X; > z]

m oo

=(1-0)*> EOf]<(1-6 O‘ZE@Q

Also, for X (), we have,

P [Xo)>2] < P> 0,X > (1-0)x
t=1

i 01X, > 54

t=m+1

and a similar result holds for the first term.
Then, as X7 is a random variable with regularly varying tail, to complete the
proof, it is enough to show that,

P i1 X" > af

lim li =0. 3.4
mgnoo IJICIi)Sip P[Xl > x] ( )
Now,
oo
P Z @tXt+ > J;|
t=m-+1
<P| \/ X/ >zl +P| Y X >z \/ 6X; <x]
t=m+1 t=m-+1 t=m+1

< Z @tXt>(E +P
t=m+1

We bound the final term of (3.5 separately in the cases @« < 1 and @ > 1. In
the rest of the proof, for o > 1, we shall choose € > 0, so that the condition (RW2')

Z @tX ]]'[@ X+<ZL’] >x
t=m+1
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holds. We first consider the case a < 1. By Markov inequality, the final term
of (3.5) gets bounded above by

o0

1 ® 1
> -E [etxjn[@txjgz]} > / mE [X Lyt cap|Geldv)  (3.6)
t=m+1 t=m+1 0

- Z / X <o P[X, > z/v]Gy(dv).

W /v P[X;" > x/v]

Now, using Karamata’s theorem (cf. [Resnick, 2007, Theorem 2.1), we have

B[ X ] a
lim T =
z—oo g P[X;" > z] 1-a
and, for o < 1, we have E[X; 1+, ]/(zP[X;" > z]) < 1/P[X;" > 1]. Thus,
E[X:r]l[Xj<l,/”]]/(x P[X;" > z]) is bounded on (0,00). So the final term of (3.5
becomes bounded by a multiple of }2,2 . P[0, X; > z].

When « > 1, using Markov inequality on the final term of (3.5)), we get a bound
for it as

00 a+e
1
gote P ( > GtXﬂ[etXJSmO 7

t=m-+1

and then using Minkowski’s inequality, this gets further bounded by

> 1y ate
{ Z 1 <E |: ate (etX+)a+€ ]l[etX:r<f}]> }
t=m+

. *° Lyt

- {t=2+1 [/0 (z/v)~(+IE [(X+)a+6 [Xj<x/v]}Gt(dv)] } (3.7)
1 a+e€

0 o~ E X;"aJre]l Fen/n ate

B t:;rl /0 (x[/(v)aLP[X?;_x//;]} PIX, > z/v]Gi(dv)

Then, again using Karamata’s theorem, the first factor of the integrand converges
to /e and, arguing as in the case a < 1, is bounded. Thus the final term of
is bounded by a multiple of [}_;2 . (P[0;X; > x])!/(eFe)jote,

Combining the two cases for «, we get, for some L; > 0,

P[O. X >x]
L1y i WLJ, when o < 1,
PR 0: X, > 1] PO, X, >x]
Zt m+1l “P[X;>a]

<

P[X > z] - bonon L
t Xe>x] | €

+Ly |:Zt—m+1 (W) } , when a > 1.

To prove (3.4]), we shall show
P[@tXt > LL']

P[X| > 1] < B (38)
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for all large values of z, where

oo
ZBt < oo, for a < 1,
t=1

(3.9)

. 1
ZB{“" < o0, for a > 1.
t=1

As mentioned in Remark fora > 1and e >0, ,2, Btl/aJrE < oo will also
imply > .2, By < co. Thus, for both the cases of @ < 1 and a > 1, the sums
involved will be bounded by the tail sum of a convergent series and hence will
hold.

First observe that

P[O:X; > x] _ /Oo P[X; > z/v]
0

P[X; > 7] PIX, > a] OtV (3.10)

We break the range of integration into three intervals (0, 1], (1, 2] and (z, 00), where
we choose a suitably large = greater than 1.

Since F is regularly varying of index —a with a > 0, P[X; > x/v]/P[X; > 7]
converges uniformly to v® for v € (0,1) or equivalently 1/v € (1,00). Hence the
integral in over the first interval can be bounded, for all large enough x, as

1
P[X1 > z/v]
————————Gy(dv) < 2E[0F]. 3.11
| o= Gilar) < 2187 (3.11)

For the integral in (3.10]) over the third interval, we have, for all large enough x,
by (3.1) (for the conditions (DZ2)), (DZ3|) and (DZ4)) only),

/°° P[X; > x/v]Gt(dv) < PO, > z]

P[X1 > z] ~ P[X1 >z
EL[(ZS] < 2D, EL[?S], by Markov’s inequality, when holds,
< Ct, bor ) when holds,
e Poeloga = ¢Ct,  when holds,
Ct, as m(x) — oo, when holds.
(3.12)

Note that, when the condition holds and L is of type 4, we can ignore the
factor P[V > log z], as it is bounded by 1.

Finally, we consider the integral in over the second interval separately for
each of the DZ conditions. We begin with the condition . In this case, we
have, for all large enough =z,

“PlX1 > x/v v wvaL(x/v) .
| St < [ G (dv)
L(y)

< sup ——= E[Of] <2D,E[O7]. (3.13)
yell ] L(SC) [ t] 1 [ t] (

Next we consider the condition (DZ2). Integrating by parts, we have

/f mm(dm < PO, > 1] +/1“ mdvmxl > 2]
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Using Markov’s inequality and (3.1]) respectively in each of the terms, we have

wP[X1>£L'/’U} o xP[X1>’U}
/1 MGt(dv)SE[@t]JrCt/l mva[X1>$/’U].

Substituting « = log v, the second term becomes, for all large x,

82 Pllog X > u]
C dy P [log X1 >1 —
t/o Pllog X7 > log z] [log X1 > log —u]

< 2C; Elexp(a(log X;)T)] < 2C; E[X{],
where the inequalities follow, since L(e”) € S; implies (log X;)T € S(a), cf.
Kliippelberg] (1989)). Thus,

/j mGt(dv) < E[6¢] 4 2C, E[XT]. (3.14)

Next we consider the condition (DZ3). In this case, we have
T P[X “L
/ PIX > 2/v) 6 gy = / (@/0) o, )
1 1

P[X; > z] L(z)
c(x/v) /z P[U > logz — logv]
< sup vYGy(dv).
BT N R VAT R

If L is of type 4, the ratio L(xz/v)/L(x) has an extra factor P[V > logz]/P[V >
log z — logv], which is bounded by 1. Thus the above estimate works if L is either
of type 3 or of type 4. Since c(z) — ¢ € (0,00), we have sup, ¢y, c(z/v)/c(z) ==
Ly < 00. Integrating by parts, the integral becomes

“P[U > logx —logv]
/1 P[U > log x] VG (dv)

av®tdv

“P[U > logx — logv] P[©; > v]
<PE:>1
< Plo: ]Jr/l P[U > log z]
PO > v]v®
——————d, P[U > 1 —1 .
+/1 P[U > log ] [ ogx —log?]
The first term is bounded by E[O¢] by Markov’s inequality. By (3.1), the second
term gets bounded by, for all large enough =,
/z P[U > logx — logv] P[U > logv]
ozC't
1 P[U > log z]
as U belongs to S*. Again, by (3.1)), the third term gets bounded by, for all large
enough z,

d(logv) < 2aC E[U],

S 4Ct7

/I P[U > logv]d, P[U > logx — log v]
Cy

1 P[U > log«]

as U belongs to §* and hence is subexponential, cf. [Klippelberg (1988). Combining
the bounds for the three terms, we get

*P[X1 > z/v] N
/1 mGt(dv) < Lo{E[02] + 2(a E[U] 4+ 2)C,}. (3.15)

Finally we consider the condition (DZ4)). In this case, we split the interval (1, x]
into two subintervals (1,+/z] and (y/z,z] and bound the integrals on each of the
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subintervals separately. We begin with the integral on the subinterval (1, /x].

FL@f) oo L) [ )
/1 T " G(d )Sveu}?/a () /1 Gy(dv) < D, E[O].

For the integral over (\/x,x], we integrate by parts to obtain
L L  PlO©
/ (x/wvo‘Gt(dv) < PO, > x]z*/? (V) —|—/ Mdv(vo‘L(m/v)).
vz L) L) Jyz L)
By Markov’s inequality, the first term is bounded by Ds E[©%]. The second term
becomes, using (3.1)),

) Mﬂf& z/v : an /v
/\/5 @) dy(P[X1 < z/0]) < C /ﬁ @m0 dy(P[X; < z/v])

C T L(v) fz\«
<t o) () e(PL <)
< DQCt
< nvm)

Combining the bounds for the integrals over each subinterval, we get

VT
/ yady(P[Xl S y]) S DQCt.
1

T P[Xy > z/v]
——————=Gy(dv) < Dy(2E[O% Cy). 3.16
| et ) < Daf2Elef]+ C) (3.16)

Combining all the bounds in ([3.11)—(3.16)), for some constant B, we can choose
the bound in (3.8]) as

_ | BE[©f], when the condition (DZ1)) holds,
L B(E[6%] + C}), when the conditions (DZ2)), (DZ3) or (DZ4) hold.

Then, for a < 1, the summability condition follows from the condition (RW1
alone under the condition (DZ1)) and from the condition (RW1’]) together with (3.2
under the conditions , DZ3|) or . For @ > 1, under the condition (DZ1J),
the summability condition (3.9)) follows from the condition . Finally, to

check the summability condition (3.9)) for & > 1, under the condition (DZ2)), (DZ3)
or (DZ4)), observe that as a > 1 and € > 0, we have

(B[OF] + Co) = < (B[OF]) = + C7F
and we get the desired condition from the condition (RW2')), together with (3.3). O

4. THE TAILS OF THE SUMMANDS FROM THE TAIL OF THE SUM

In this section, we address the converse problem of studying the tail behavior
of X7 based on the tail behavior of X (). For the converse problem, we restrict
ourselves to the setup where the sequence {X.} is positive and pairwise asymp-
totically independent and the other sequence {©;} is positive and independent of
the sequence {X;}, such that X, is finite with probability one and has regularly
varying tail of index —a. Depending on the value of «, we assume the usual RW
moment conditions or for the sequence {©,}, instead of the modi-
fied ones. Then, under a further assumption of the non-vanishing Mellin transform
along the vertical line of the complex plane with the real part «, we shall show that
X, also has regularly varying tail of index —a.



TAIL BEHAVIOR OF RANDOMLY WEIGHTED SUMS 13

We use the extension of the notion of product of two independent positive random
variables to the product convolution of two measures on (0, 00), which we allow to
be o-finite. For two o-finite measures v and p on (0,00), we define the product
convolution as

vas) = [ " (e B pld),

for any Borel subset B of (0,00). We shall need the following result from [Jacobsen
et al.| (2009).

Theorem 4.1 (Jacobsen et al. 2009, Theorem 2.3). Let a non-zero o-finite measure
p on (0,00) satisfies, for some a >0, € € (0,«) and all B € R,

| e v ) pla) < oo (41)
and

/ 8 pldy) £ 0. (12)

Suppose, for another o-finite measure v on (0,00), the product convolution mea-
sure v ® p has a reqularly varying tail of index —a and

b
d
lim lim sup fo p(z/y, oo)v(dy)
b—0 gooo (¥ ® p)(x,00)

=0. (4.3)

Then the measure v has a reqularly varying tail of index —« as well and

. v®p(r,00 <
i ZEAE) [y,
0

z—oo  y(x,00)

Conversely, if (4.1) holds but (4.2)) fails for the measure p, then there exists
a o-finite measure v without regularly varying tail, such that v ® p has regularly
varying tail of index —« and (4.3]) holds.

Remark 4.1. [Jacobsen et al.| (2009) gave an explicit construction of the o-finite
measure v in Theorem above. In fact, if fails for 8 = By, then, for any real
number a and b satisfying 0 < a?+b? < 1, we can define g(x) = 1+acos(f log x) +
bsin(Gp log ) and dv = gdv,, will qualify for the measure in the converse part, where
Vo 18 the o-finite measure given by v, (z, 00) = 2~ for any x > 0.

It is easy to check that 0 < g(z) < 2 for all z > 0 and hence

v(z,00) < 2z7% (4.4)
Also, it is known from Theorem 2.1 of |Jacobsen et al.| (2009) that
v®p=|plava; (4.5)
where [|plla = [; y*p(dy) < oo, by (@&.1).
We are now ready to state the main result of this section.

Theorem 4.2. Let {X;,t > 1} be a sequence of identically distributed, pairwise
asymptotically independent positive random variables and {©¢,t > 1} be a sequence
of positive random variables independent of {X;}, such that X ) = Yoo, O Xy is
finite with probability one and has regularly varying tail of index —«, where a > 0.
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Let {©y,t > 1} satisfy the appropriate RW condition or , depending
on the value of a. If we further have, for all B € R,

f} E[©7 7] #£ 0, (4.6)

t=1
then X1 has regularly varying tail of index —« and, as T — oo,

P[X () > 2] ~ P[X] > 1] ZE[@?] as T — oo.
t=1
We shall prove Theorem in several steps. We collect the preliminary steps,
which will also be useful for a converse to Theorem into three separate lemmas.
The first lemma controls the tail of the sum X .

Lemma 4.1. Let {X;} be a sequence of identically distributed positive random
variables and {©.} be a sequence of positive random variables independent of {X;}.
Suppose that the tail of X1 is dominated by a bounded regularly varying function R
of index —«, where o > 0, that is, for all x > 0,

P[X: > z] < R(x). (4.7

Also assume that {©;} satisfies the appropriate RW condition depending on the
value of a. Then,

PR 41 O X > 4]

i lim sup R() =0
and
> X
i fimsup > W =0
t=m+1

Proof. From (3.5)), we have

Plz @tXt>x]§ > P[O:X;>a]+P

t=m-+1 t=m+1

Z etXt]l[(%tXt<az]>x .

t=m-+1

(4.8)
Using (4.7)), the summands of the first term on the right side of (4.8)) can be bounded
as

P[O.X, > 1] — /O TPIX, > a/u]Gy(du) < /0 T R(e/u)Goldu). (49

Before analyzing the second term on the right side of (4.8), observe that, for
v > «, we have, using Fubini’s theorem, (4.7)) and Karamata’s theorem successively

E [X]1[x,<4] < 'y/ u P[X > u)du < 'y/ " R(u)du ~ 2" R(x).
B 0 0 Toa
Thus, there exists constant M = M(~), such that, for all z > 0,
2 E [X] 1 x,<4] < MR(2). (4.10)

We bound the second term on the right side of (4.8)), using (4.10)), separately for
(3

the cases @ < 1 and o > 1. For o < 1, we use (3.6) and (4.10) with v =1, to get

l Z @tXt [©:X:<z] > x] < M Z / x/u Gt du) (4.11)

t=m-+1 t=m+1
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For @ > 1, we use (3.7) and (4.10) with v = o + ¢, to get

</ R(z/u) Gt(du)>ﬂ W.

(4.12)

Combining (4.9), (4.11) and (4.12) with the bound in (4.8]), the proof will be

complete if we show

R
lim hmsup Z / +(du) =0, for a < 1,

t=m+1

Z @tXt]]-[Gtthx] > ZL"| < M(O[+6

t=m+1

t=m+1

(4.13)

o0 e
and lim limsup Z (/ R(@/u) Gt(du)> =0, fora > 1.
0

m—0o0 z_i60 1 R(x)

Note that, for & > 1, as in Remark the second limit above gives the first one
as well.

We bound the integrand using a variant of Potter’s bound (see Resnick and
Willekens|, (1991, Lemma 2.2 ). Let € > 0 be as in the RW conditions. Then there
exists a xy and a constant M > 0 such that, for x > zy, we have

R(z/u) < Mu®*~c, ifu<1,
R(x) Muote, if 1 <u < x/xg.

We split the range of integration in into three intervals, namely (0, 1],
(1,z/x0] and (x/xzp,00). For x > xo, we bound the integrand over the first two
integrals using and hence the integrals get bounded by a multiple of E[@F ]
and E[©?7¢] respectively. As R is bounded, by Markov’s inequality, the third
integral gets bounded by a multiple of x5t E[@a+€]/{x°‘+eR( )}. Putting all the
bounds together, we have

o r/u a+€ i
/ R( / )Gt(du) <M (E[@?—e] +E[O77 + xaﬂ;z@()g

Then, - holds for @ < 1 using the condition and the fact that R is
regularly varying of index —a. For @ > 1, we need to further observe that, as
a+ € > 1, we have

(4.14)

() " <o [CERREC A -

xoteR(z)
1z (E[OSTE wre
< Mk (Blog | + Bjog ) 4 o EOT])
T R(x)a+e
and (4.13] - ) holds using the condition and the fact that R is regularly varying
of index —a. 4

The next lemma considers the joint distribution of (0;X7,02X5) and shows
they are “somewhat” asymptotically independent, if (X7, X3) are asymptotically
independent.

Lemma 4.2. Let (X1, X5) and (0©1,03) be two independent random vectors, such
that each coordinate of either vector is positive. We assume that X7 and X5 have
same distribution with their common tail dominated by a reqularly varying function
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R of index —« with o« > 0, as in (4.7)). We also assume that R stays bounded away
from 0 on any bounded interval. We further assume that both ©1 and ©2 have
(o + €)-th moments finite. Then

P[@le > I,@QXQ > l’]

li =0.
Proof. By asymptotic independence and (4.7]), we have
P[X1 >z, X5 > z] = o(R(2)). (4.15)

Further, since R is bounded away from 0 on any bounded interval, P[X; > z, X5 >
z] is bounded by a multiple of R( ). Then,

[@1X1>Qf @2X2>$ X1>x/u X2>$/1}]
R(2) / R(z) Gl dv)
P[X; > m/u Xo > m/v]
u/>/ /< = G (du, dv)
* PX1 > z/u, Xo > z/u]
:/ P[X:1 > z/u, Xo > x/u] Lio.a 001 (w)(G1 + Ga)(du)
0 R(z)
x5 (E[6T 7] + E[67 7))
xteR(x) ’

regular variation of R. Further choose g as in Potter’s bound (4.14). Then, the
integrand of the first term is bounded by a multiple of 14 u**¢, which is integrable
with respect to G; + G2. So, by Dominated Convergence Theorem, the first term
goes to 0. For this choice of z(, the second term also goes to 0, as R is regularly
varying of index —a. (I

The next lemma compares Y ;- P[0, X; > z] and P[Y.}" |, ©,X; > z|.

for any x¢g > 0. The integrand in the first term goes to 0, using (4.15) and the

Lemma 4.3. Let {X;} and {©:} be two sequences of positive random variables.
Then, we have, for any % <d<1andm > 2,

P Z@tXt>$ ZZ @tXt>1' ZZ @X >, @tXt>JU] (416)
t=1 1<s#t<m
and
P Z@tXt >x SZP[@tXt >IIJ]
t=1
1-4 5 1-9
1<s#t<m

Proof. The first inequality (4.16) follows from the fact that

li @tXt > x] U GtXt > ZL’
t=1 t=1
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and Bonferroni’s inequality.
For the second inequality (4.17)), observe that

Z 0,.X; > $‘| <
t=1

Next we estimate the second term as

P [i GtXt > Z, \7 @tXt S 5.%]

t=1 t=1

P

NE

P[@tXt > 51’} + P

k m
Y oX >\ 0% < 5:01 .

t=1 t=1 t=1

P [i @tXt >, \77 GtXt S 6.’E, \77 GtXt > 7’:7E’L‘|

t=1 t=1 t=1

Sip i@tXt >, \77 (_)tXt S §$,@SXS > Z]

s=1 Lt=1 t=1

<3P} O.X, > 2,0.X, < 62,0,X, > :1]

s=1 Lt=1

m k
<3 P[> X > (1-6)r,0.X, > %

s=1 t=1
Lt#£s
<3y P{@tXt> - x7@5XS>x}
- m
1<s#t<m
<> > Plox: > 0 0 0.X, > =0,
=~ tAt 1 y s 1 )
1<s#t<m
since 0 > 1/2 and m > 2 imply (1 —4¢)/(m —1) < 1/m. O

With the above three lemmas, we are now ready to show the tail equivalence of
the distribution of X and Y°,°, P[0:X; € -].

Proposition 4.1. Let {X;,t > 1} be a sequence of identically distributed, pairwise
asymptotically independent positive random variables and {©,t > 1} be a sequence
of positive random variables independent of {X;}, such that X ) = e, O Xy is
finite with probability one and has regularly varying tail of index —c, where o > 0.
Let {©,t > 1} satisfy the appropriate RW condition or , depending

on the value of a. Then, as T — oo,

> P[O:X; > 2] ~ P[X(s) > 2]

t=1
Proof. We first show that the tail of X; can be dominated by a multiple of the tail
of X (o), so that Lemmas [£.T) and [£.2) apply. Note that the tail of X (. is bounded
and stays bounded away from 0 on any bounded interval. As ©; is a positive
random variable, choose 1 > 0 such that P[©; > n] > 0. Then, for all z > 0,

P[X(x) > nz] > P[O©1 X1 > nz,01 > 1] > P[X1 > 2] P[O; > 1.
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Further, using the regular variation of the tail of X(..), X satisfies (4.7) with R as
a multiple of P[X (o) > -]. Thus, from Lemmas [4.1] and we have,

P41 O X > 4]

lim i =0, 4.18

M e P[X(a) > 4] (419
. . = PO, X, > x]

lim limsup =0, (4.19)
TS w—eo %‘:-1 P[X () > 7]

and, for any s # t,

. P[@SXS >, C"‘)tXt > $]
1 =0. 4.20
Choose any § > 0. Then

+P
t=1

P [X(OO) > (1 +5){E] <P [Z@tXt >z

i GtXt > (5.’E‘| y

t=m+1

and from (4.18)) and the regular variation of the tail of X (), we have

lim liminf P[Etzl 0:X; > x]

> 1.

Further, using the trivial bound P[>} ©;X; > z] < P[X () > z], we have
< lim limsup

| < lim liming D2em1 OXe >l P OXe>a g
m—oo T—00 P[X(OO) > a:] m—o0 g o0 P[X(oo) > .Z'}

(4.21)
We next replace P[>"}"; ©,X; > z] in the numerator by Y ,* P[0, X; > z]. We
obtain the upper bound first. From (4.16)), (4.20)) and (4.21)), we get
: Sie P[O:X, > a]
1 = <1
ey PX(o)y >2] —

and letting m — oo, we get the upper bound. The lower bound follows using
exactly similar lines, but using (4.17) and the regular variation of the tail of X

instead of (4.16]). Putting together, we get
m PO X, > m PO, X, >
1< lim liminf Zt:l [©:X: > 2] < lim limsup Zt:l [©: X > 7]

m—oo T—00 P[X(OO) > .T] m—oo g—oo P[X(oo) > JE}

<1.

(4.22)
Then the result follows combining (4.19) and - (I

We are now ready to prove Theorem [4.2]

Proof of Theorem[{.3. Let v be the law of X; and define the measure p(-) =
Yo, P[O; € -]. As observed in Remark under the RW conditions, for all
values of o, we have Y ;2 E[©f"] < co. Thus, p is a o-finite measure. Also,
by Proposition we have v @ p(z,00) = > 72, P[0 X; > ] ~ P[X(o) > x].
Hence v ® p has regularly varying tail of index —a. As v is a probability mea-
sure, by Remark 2.4 of |Jacobsen et al.| (2009), holds. The RW condition
implies . Finally, holds, since, for all 3 € R, we have, from ,
oyt Pp(dy) = Y02, E[021%] £ 0. Hence, by Theorem H X, has regularly
varying tail of index —a. O
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As in Theorem ([4.6) is necessary for Theorem [4.2 and we give its converse
below.

Theorem 4.3. Let {Oy,t > 1} be a sequence of positive random variables satisfying

the condition or (RW2)), for some o > 0, but 3_,° E[0)T) = 0 for some
Bo € R. Then there exists a sequence of i.i.d. positive random variables {X;}, such
that X1 does not have a regularly varying tail, but X is finite almost surely and
has regularly varying tail of index —a.

The proof depends on an analogue of Proposition .1}

Proposition 4.2. Let {X;,t > 1} be a sequence of identically distributed, pairwise
asymptotically independent positive random variables and {©;,t > 1} be a sequence

of positive random wvariables satisfying the condition (RW1|) or (RW2) for some
a > 0 and independent of {X,}. If Y_,2, P[0, X, > x| is regularly varying of index
—a, then, as T — o0,

> P[O:X; > 2] ~ P[X(s) > 7]

t=1

and X (o) is finite with probability one.

Proof. We shall denote R(z) = Y., P[©,X; > z]. As O is a positive random
variable, choose > 0 such that P[©; > 7] > 0. Then, for all x > 0, we have
R(z) > P[©1X1 > nz,01 > n] > P[X; > z]P[©1 > 7] and using the regular
variation of R, the tail of X; is dominated by a constant multiple of R. Also, note
that, R is bounded and stays bounded away from 0 on any bounded interval. Then,

from Lemmas and we have
P[Zz’rn-‘rl GtXt > ZL']

n}llgo ligrgrlsolip R() =0, (4.23)
o 2. P[O:X; > 7]
lim lim sup g ———— =0, (4.24)
m—o0 1 50 temt1 R({L‘)

and, for any s # t,

. P[@SXS >r,0:X; > $]
lim

lim ) = 0. (4.25)

Using (4.24)), we have

m m P
1< tim timing 2= POX Ty G 2 PO > 7]

As in the proof of Proposition using (4.16)), (4.17) and (4.25)), the above in-
equalities reduce to

<1

P>o1L, O X > a P>, 00X, > 1]

1< lim liminf < lim limsup

m—00 T—00 R(:E) m—o0 r—oo R((E) B
and the tail equivalence follows using (4.23)) and the regular variation of R. Since
R(z) — 0, the tail equivalence also shows the almost sure finiteness of X(,). O

Next, we prove Theorem using the converse part of Theorem [4.1
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Proof of Theorem[[.3. Define the measure p(-) = > =, P[©; € :|. By the RW
moment condition, the measure p is o-finite. Further, we have, fooo y*tiho p(dy) = 0.
Now by converse part of Theorem [4.1] there exists a o-finite measure v, whose tail is
not regularly varying, but v® p has regularly varying tail. Next, define a probability
measure 4 using the o-finite measure v as in Theorem 3.1 of|Jacobsen et al.| (2009)).
Choose b > 1, such that v(b,00) < 1 and define a probability measure on (0, c0) by
w(B) =v(BN(by,oo)) + (1 —v(b,o0))1p(1), where B is Borel subset of (0, c0).
First observe that
v(y,00), fory>b,
u(y,00) = q v(b,00), forl<y<b,

1 for y < 1.

)

Thus, p does not have a regularly varying tail and

@ p(o.00) = [ /s c)pla)

z/b
aA (i, 00)p(dus) + (b, 00)pli /b, ) + plt, )

=v ® p(x,00) — 2;10_"/ u®p(du)
z/b

+ v(b, 00)plz /b, x) + plz, 00).
Now, using the bound from (4.4) and (4.5, the second term is bounded by, for

x>0,

M OOUCH'E w) = o(v T, 00
o Lw p(du) = o(v ® p(x, 50))

as r — 00, since fooo u®*p(du) < oo by the RW conditions. The sum of the last
two terms can be bounded by
1+ v(b, c0)b*te
anre

2

Am”“www=ow®Mam»

as ¢ — 00, since v ® p(x, 00) is regularly varying of index —a.. Thus, u® p(x, 00) ~
v ® p(x,00) as x — oo and hence is regularly varying of index —a.

Let X; be an i.i.d. sequence with common law g. Then, X; does not have
regularly varying tail. Further, by Proposition X (o0 s finite with probability
one and P[X (o) > @] ~ u ® p(x, 00) is regularly varying of index —a. O
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