MATRIX POLYNOMIAL GENERALIZATIONS OF THE SAMPLE

VARIANCE-COVARIANCE MATRIX WHEN pn_l — 0

MOoONIKA BHATTACHARJEE ARuP BOSE *
Statistics and Mathematics Unit Statistics and Mathematics Unit
Indian Statistical Institute Indian Statistical Institute
203 B.T. Road, Kolkata 700108 203 B.T. Road, Kolkata 700108
INDIA INDIA
monaiidexp.gamma@ gmail.com bosearu@gmail.com

March 2, 2015

Abstract

Let {Z, = ((&w,,j))pxn} be random matrices where {g,; ;} are independently
distributed. Suppose {A;}, {B;} are non-random matrices of order p X p and n X n
respectively. Consider all p X p random matrix polynomials constructed from the

above matrices of the form P = ( Hf/: 1 'ALZi B Z: )A’k1+1 and the corresponding

Si% i
centering polynomials G = (Hﬁ ) n~'Tr(By,) ) Hf:;l A,. We show that under
appropriate conditions on the above matrices, the non-commutative *- probability
space U, = Span {(n/ V2P - G)} with state p~'ETr converges.

As a consequence, the limiting spectral distribution (LSD) of any symmet-
ric polynomial from the above space exists almost surely and they are expressed
in terms of semi-circle families and limits of {A;}, {B;}. These LSD results gen-
eralize the results known for the two specific matrices \np~t(n~'ZZ* - I) and
\np= (' B,*ZB,Z* B)> — n” ' Te(B2)By).

As an application, we obtain the almost sure LSD of any symmetrized sample
autocovariance matrices for the infinite dimensional MA(g) process.
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1 Introduction

Suppose Z is a p X n matrix with i.i.d. entries which have finite moment of appropriate
order. Suppose further that p — oo and p/n — 0. In this regime, limiting spectral
distribution (LSD) (see Appendix) results for some specific polynomials in one or two
deterministic matrices (A and B) and the matrix Z are known. Here is a brief description
of these results that are relevant to this article. The precise conditions that are needed
for these results to hold are given in the later sections. All these results were established
by using the Stieltjes transformation method, unless otherwise mentioned.

(i) [Bai and Yin, |1988] proved that the almost sure LSD of /np~'(n"'ZZ* - I1,) is the
standard semi-circle law. [Bose et al., 2010] gave a moment method proof of this result.
Recall that the semi-circle law is also the almost sure LSD of the p X p matrix p~'?W,,
where W, is symmetric with i.i.d. entries whose second moment is finite.

(i) Let A be a p X p non-negative definite matrix whose LSD exists. Then [Pan and
Gao, 2009] and [Bao, 2012]] showed that the LSD of /np~1(n~'A'/2ZZ*A'/? — A) exists
and provided its Stieltjes transform (see Corollary [2.2] (d) (i)). It turns out that this
LSD coincides with the LSD of the generalized Wigner matrix A'/2p~'2W,A'/? stud-
ied by [Bai and Zhang, [2010]. In fact a free probability description of the limit is the
following: let @ and s be two free variables where a is distributed as the LSD of A and
s has the semicircular distribution. Then the LSD is identical to the distribution of the
self-adjoint variable a'/?sa'/? (see Corollary 2.2[(a) and (b)).

(iii) Suppose A is as in (ii) and B is an nxn symmetric matrix such that b = lim n~'Tr(B?)
exists. [Wang and Paul, 2014 derived the LSD of /np~'(n"'A'2ZBZ*A'?—n~'Tr(B)A),
which coincides with the distribution of Vba'/?sa'/? (for details see Corollary .

It may be noted that each of these results deals with one specific matrix polyno-
mial involving one random matrix and one or two deterministic matrices. It is very
natural to ask what happens when we allow several random and non-random matrices
and also seek the joint limit properties of their polynomials. Moreover, in many high
dimensional models, such matrices and polynomials arise quite naturally. Autocovari-
ance matrices of infinite dimensional linear processes is one such application that we
discuss later.

A clue for what to expect, not just for the LSD but more generally for the so called
*-algebra convergence, is that the matrix B appearing in between Z and Z* in (iii) above,
contributes in the limit only through n~'Tr(B*) and n~'Tr(B) whereas A, in (i) — (iii)
above is, in the limit free of the semicircle variable that arises via ZZ*. Our goal in
this article is to make this idea precise and provide a complete description of the joint
convergence.

So, suppose we have finitely many independent “data” matrices Z, = ((&4,;)) pxns U =
1 (say) (also called independent matrices), where {&,;; : u,i, j > 1} are independent.
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Also suppose {B;;_1}, { B;} are constant matrices of order p X p and n X n respectively.
Consider the p X p matrix polynomials

ki
—1 %
Pras sy = ( l—[ n Al,Zi—IZuL,-Al,ZiZu,_i)Al,2k1+1 ; (1.1)
i=1
ki

k;
( l_l n'Tr (Ar2i) ) H Apigr. (1.2)
i=0

i=1

G,

where, A1, Ajp and Z,,,, are matrices from the collections {By;_}, {By;} and {Z,}
respectively.

Under suitable assumptions discussed in Section [2] we study the joint behaviour
of the centered matrices {(n/ PP - Q)}. The most natural way to study the joint
convergence of these matrices is to consider them as elements of the *-sub-algebra of
the non-commutative probability space (see Definition of all p X p (say) matrices
with complex entries (see Example [T)) and with the state equal to normalized trace or
expected normalized trace. We show that the * -probability space

U, = Span ((p/m) ™y — G0 12 1) (1.3)

with the state p~'E Tr converges (see Definition [4.8| for notion of convergence of such
spaces). This convergence entails showing convergence of expected normalised traces
(moments). The joint moments of the polynomials in (I.3) are obtained using tech-
niques from free probability theory. We describe the limits in terms of a semi-circle
family (see (4.15))) and limits of the deterministic matrices (see Theorem [2.1](a)).

As a consequence, we show that the LSD of any symmetric polynomial in (I.3)
exists with probability 1 (see Theorem [2.1] (»)). In Remark [2.1f we provide Stieltjes
transformation of these LSDs. As corollaries we derive all the existing results cited
above in (i), (i1) and (ii1) (see Corollaries and [2.2)). For comparable results in the
case p/n — y # 0, see [Marcenko and Pastur, [1967], [Liu et al., 2013], [Jin et al.,
2014]], [Bhattacharjee and Bose, 2014]] and [Bhattacharjee and Bose, 2015].

As a specific application, consider the infinite dimensional vector linear process,

q
Xf’;,) = Z Vip€i—jp, Yt =1,2,... (almost surely), (1.4)

=0
where X,(f‘p) and &, = (&.1,&2,...,&p) are p-dimensional vectors. {y;,} are p X p

matrices. Often we will omit the suffix p. The population autocovariance matrices are
defined as

q
Trp = EXpXi) = Y Wi T=0,1,....

j=1+1

For each 7, the moment estimator of I';, is the sample autocovariance matrix,



f.,= % Z XpXiyp 0<T<n—L (1.5)
t=1+1

[Bhattacharjee and Bose, 2014|] studied the joint convergence of autocovariance
matrices when p/n — y € (0, 00).

For the case y = 0, [Wang et al.,[2014] provided the Stieltjes transformation for the
LSD of the scaled and centered symmetrized sample autocovariance matrix (I.6) under
quite strong conditions on {i;} matrices (see Corollary @[) However, unlike (7) — (iii),
they do not establish any connection of this LSD with the semicircle law.

q-T
Vnp |27 ey + 12, = > i, (1.6)
Jj=0

Note that the model, (I.4) can be written as

(n) _ ) (n) (1) *
X\ = o W WS e, S, Sy By, YEn 2L

Let {P;} be the sequence of n X n matrices where P; has upper j-th diagonal to be 1 and
0 otherwise. For example, P, = I, the identity matrix of order n. Then it is easy to see
that the LSD of and

q q-T
N O WZPk piZ Wy = Y W) (1.7)
j=0

Jj'=0

are identical (see Subsection [3.4)). Clearly is a symmetric polynomial in U, and
hence comes under the ambit of our main theorem.

In Corollary 2.3 we provide the LSD of (1.6)), for every 7, as a function of a semi-
circle variable s and other variables (depending on the limit of the matrices ;) which
are free of s. We also derive their Stieltjes transformation as given in [Wang et al.,
2014] but now under significantly weaker conditions on the ¢ ;. In particular, the LSD
of are same for 7 > ¢ and different for 0 < 7 < ¢g. We then discuss how this
observation can be used in model diagnosis.

Finally, it may be noted that due to the algebra convergence in our main theorem,
much more generally than the above corollary, we are also able to claim that the LSD of
any properly centered and scaled symmetric (additive, multiplicative or combinations
thereof) polynomial of autocovariance matrices exists with probability 1 (see Remark

).

2 Main results

We list below all the assumptions that are required for our main theorem. Let Z, =
((€wij))pxn> u = 1 be p X n random matrices which satisfy the following. Assumption



(A2) is replaced by an alternative assumption later for some corollaries and applica-
tions.

(A1) {g,;; : u,i,j > 1} are independently distributed with E(g,; ;) = 0, Ele,;j|* = 1
and sup,; ; Ele, ; jI* < co.

(A2) Forsomen >0, 0 <6 <2, P(lg,; ;| <nqn#) = 1,¥1 <i<2n, 1< j<p.

If U = 1, we will write ¢; ; and Z respectively for &, ; ; and Z;.

As discussed in Section (1} depending on where the matrices appear in the polynomial,
we need different sets of assumptions. Assumption (A3) ensures that {B;;_;} converge
as elements of the non-commutative *-probability space of matrices with the state as
the normalised trace. Assumption (A4) requires the matrices {B,;} to converge only in
the first and second (joint) moments.

(A3) {B,;_; : i > 1} are p X p matrices which are compactly supported and jointly *-
converge.

(A4) {By; : i > 1} are n X n matrices with bounded spectral norms. For all i,i" > 1, we
have
lim n7'Tr(By;) < o0, lim n™ ' Tr(By;Bay) < 0. (2.1)

(A5) p,n(p) — oo such that y, = pn~! — 0.
Consider the free product of the non commutative *-probability spaces,
A = Span{by_,,by;_,: i > 1}, and (2.2)
Tu = {Spju:j=12,....k,1=12,....r}, u>1 (2.3)
with state ¢ such that, by Assumption (A3), for any monomial m(By;_;, B, | : Vi > 1),
@ (m(by—1,b5;_, = Yi>1)) lim p~'Tr (m(Bai_1, By, , : Yi>1)), (2.4)
O(Styjvas Stjps) = Hmn ' Tr(Ay 25, Ab2py)s Vit joslis b (2.5)

Recall U, defined in (1.3) and {A;p;-1 : 1 < i<k + 1,0 > 1} € {Byi_1}in1 , {Aj2i i 1 <
i <k,l>1}€{By}i». Let,forall/ > 1and 1 < j <k,

ki -1
.
a.-j = (nhmn Tr(Al.Zi))( az,2i+1),
i=1 i=0
1#]
ki
Ci—j = ﬂaz,zm,
=]
ki
U = span(za,,_js,,j,m‘jc,,_j: Vi € (1,2,3..0, 1> 1).
J=1

Now we state our main theorem on convergence of the non-commutative *-probability
space U, and on existence of LSD of any symmetric polynomials in U,,.
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Theorem 2.1. Suppose Assumptions (A1) — (AS) hold. Then

(@) (U, Ep~'Tr) = (U, ¢) and

(b) LSD of any self adjoint polynomial P(y,"* (i, uyp.ay = G 1 1 < 1< 1) in U,
exists with probability 1 and it is given by IP’(ZI;.’:1 1St juy Cl—j - Yurj, 1< 1<)
Proof of Theorem [2.1]is given in Subsection[3.1]

Note that, by Assumptions (A3) and (A4), the self-adjoint elements in U are all bounded
random variables and characterized by their moment sequences (see Definition 4.2)).

The Stieltjes transform (see (#.3))) of the random variables in U can be described in
terms of certain formulae.

Remark 2.1. Let y = 3, a;s;c; be self-adjoint, where {s; : j = 1,2,...,r}is a
semi-circle family (see ) with covariances

@(sj,55) = bjijps Vi1 2 =1,2,...,r (2.6)

and{a;: j=1,2,...,r} is some permutation of {c; : j=1,2,...,r}. Further{s;: j=
L,2,...,r} and {aj, a;‘., cj, cj. . j=1,2,...r} are freely independent. Then the Stieltjes
transformation of vy is given by

Gy(2)

B(z,a) = - Z bj j,ciajplajci(z +,8(z,a))_1), Yz e C*. (2.8)

Jisj2=1

We now give some corollaries which follow from Theorems and Remark In
particular, they verify some existing results. In the following corollaries, we relax
Assumption (A2) and instead consider that for some 7 > 0,0 < ¢ < 2,

—p((z + B(z,a))™"), Vz € C*, where (2.7)

1 L& 246 i
p > . E (le*1 (jegl > ™)) = o(1). (2.9)
i=1 j=1
This relaxation of assumption is not for all polynomials in U, but only for some spe-
cific cases as considered in following corollaries.

Assumption (2.9) holds for i.i.d. random variables {g; ;} with 0 < 6 < 2/3 as for

some C,C;,C, > 0, we have

L5 Bl (e %) < L1 )

246 2-6

CZE(|8,-J|4)“ (Pleijtt > n7o) ©

IA

n

3(2-6)
pn ¢

= o(1). (2.10)

IA

n 4 e
Cl; (P(|8i,j| > n)) <G



Corollary 2.1. (a) Suppose Assumptions (A1), (AS) and (2.9) hold. Then LSD of
\np~N(n~'ZZ* - 1) exists almost surely and is given by the standard semi-circle law.

(b) Suppose {e;j : i,j = 1,2,...} are independently and identically distributed with
mean 0, variance 1 and Elg;, j|4 < oo, Then LSD of \np~'(n"'ZZ* — 1,) exists almost

surely and is given by the standard semi-circle law. This verifies the Theorem given on
page 864 of [Bai and Yin, |[1985].

In Corollary we have stated a result more general than Corollary Therefore,
the proof of Corollary 2.1| follows from the proof of Corollary

Corollary 2.2. Consider the following assumptions.

(A) Let A be a pXx p compactly supported positive semi-definite Hermitian matrix whose
LSD exists. Suppose (Span{A''*}, p~'Tr) — (Span{a'/?}, ¢).

(B) Let B be an nxn Hermitian matrix with bounded spectral norm and d;. := limn~' Tr(B*) <
oo, Yk =1,2.

(a) Suppose Assumptions (A), (B), (A1), (A5) and hold. Then

(Span{ Nnp='(n'A'?ZBZ*A"* — n ' TH(B)A)}, p—‘Tr) - (Span{al/zsal/z}, 90),
(2.11)
where s is a semi-circle variable, Span{a} and Span{s} are freely independent and
@(s%) = dy.
(b) Suppose {e;j : i,j = 1,2,...} are independently and identically distributed with
mean 0, variance 1 and Elg;, j|4 < oo. We also assume (A) and (B). Then also (m)
holds.

(c) Suppose all the assumptions in (a) or (b) hold. Then the LSD of \np~'(n"'A'?ZBZ*A'/>—
n~'Tr(B)A)} exists almost surely. It is distributed as a''*sa'/* with Stieltjes transforma-
tion

—o((z + adyB(2))™"), Yz € C*, where
—p(a(z + adyB(z))™"), Yz € C*.

G y1125q12(2)
B(2)

(d) If d> = 1, then a'*sa'? can be described in the following equivalent ways:

. _ 1 Z
() Gazsa(2) = \/—1—ZGa1/25,,1/2(Z)Ga ( \/—1—ZG,11/2W1/2(Z))
(i) Rar2sa12(z) = (Ry B R, B Zeta) o Sq)(z)

(i) S grgararsa2(2) = (S 4(2))2S 2(z) = (1 + 2)71(S o(2))%
See H.17), (4-8), @.19), and respectively for the definitions of the trans-

forms R, S, Zeta, B, Sq and the composition o.

Theorem 2.1 of [Wang and Paul| 2014] is precisely Corollary [2.2](c) under the assump-
tions given in Corollary 2.2 (b).



2.1 Application in high-dimensional time series

As an application of Theorem [2.1] in high-dimensional statistics, we consider the in-
finite dimensional vector linear process of order g defined in (I.4). The sequence of
autocovariance matrices {I';},»o, defined in (I.5)), is crucial in time series analysis. In
this subsection, we study the joint large sample behaviour of the autocovariance ma-
trices when p/n — 0. Similar results in the case p/n — y € (0,00) are given in
[Bhattacharjee and Bosel [2014].

Consider the following assumptions.

(T) Suppose (Span{y;, tpj :j=0,1,2,...,q}, p 'Tr) — (Span{yj,y;". :j=0,1,2,...,9},¢)
i.e., for any monomial m(y, wj :j=0,1,2,...), we have

lim p~ ' Tr(m(y, 45 0 j = 0,1,2,...,9) = e(m(y;, ;- j=0,1,2,...,9)). (2.12)
Let {sj, j,r : J1,j2=1,2,...,q} be a semicircle family (see (4.15))) with covariances

1 27 ‘ .
QO(S]‘I,]‘Z,TS](I’](LT) = Z_{f COS(]] -2+ T)e COS(kl - kz + T)@ do
0

05,if j1— jo =k —k W — jo+ki—ky=-2
1 ' J2 1 =k Or J1 = Jo+ K — K2 T (2.13)
0, otherwise.
Moreover, {s;, ;,-} and {y;} are free.
Corollary 2.3. Suppose Assumptions (A1), (AS), (T) and hold. Then
(a) the LSD g of \[np~1(2"'(['; +1%) — Z;’;g Y5, ) exists almost surely, and
(b) (i) and (ii) are equivalent ways of describing the LSD g-.
(D)
y &
g, 2 Z YirSipdY - (2.14)
Ji,j2=1
(ii) Stieltjes transformation of g is given by,
dF(x)
GgT(Z) = - f m, Z € C+, where (215)
R:(x,y)dF(y) +
(z,x) = - | ————~,7zeC",xeCl, 2.16
B(z, x) f B (2.16)
1 2
R.(x,y) = 7 f cos*(10)¥(x, O)F(y, )db, x,y € C, and 2.17)
T Jo
q .
W(x,0) = | ) xe"P, x=(x,...,x)€C,0<0<2m, (2.18)
1=0

where F is the joint distribution function of {y;,y; : 1=0,1,2,...}.

(c) Suppose {g;; : i,j = 1,2,...} are independently and identically distributed with
mean 0, variance 1 and El|g;, j|4 < oo. Then (]2.]4|) and (]2.] 5]) continue to hold.

8



Proof of Corollary [2.3]is given in Subsection

It may be noted that [Wang et al., 2014] established (2.15)-(2.18)), under the same
assumptions on {g; ;} as considered in Corollary (c) and the following assumption
on {y):

(A) There exists U such that Uy, U = diag(fi(« j));’:l, where fi, f>,..., f, are bounded
continuous functions. As p — oo, the ESD of {a, a», ..., a,} converges to a compactly
supported distribution F.

Note that Condition (A) trivially implies Condition (7).

Remark 2.2. Suppose (A1), (A2), (AS) and (T') hold. Then the limiting spectral dis-
tribution of any properly centered and scaled symmetric polynomial of autocovariance
matrices exists with probability 1.

Proof of Remark [2.2] is similar to the proof of Corollary and hence we omit the
details.

Model diagnostics Corollary can be used for diagnostics. While we hope to deal
with this elsewhere in details, we make some brief remarks.

There is a huge literature on diagnosis of the appropriate order of a univariate time
series model (see for example, Ljung and Box| [1978], McLeod| [1978]], Katayama
[2008]], [Hong| [[1996], Shao [2011]). The same problem in multivariate set up has also
been studied (see Francq and Raisi [2007], Hosking [1980], [Hosking| [1981al], Hosk-
ing| [1981b]], Lin and McLeod [1981]], Lin and McLeod [2006], Mahdi and McLeod
[2012]]). As the dimension of the autocovariance matrices increases with the sample
size, it is not possible to use the finite dimensional tests in the infinite dimensional
case. Here we provide a diagnostic method for identifying the appropriate order of the
moving average. Similar simulation results for the case p/n — 0 are given in Section 3
of [Bhattacharjee and Bose, 2014]].

If X, ~ MA(q) process, then g.’s are all identical for 7 > ¢. This follows from
the fact that no 0 < ji,ky, jo, ko < g satisfies j; — jo + ky —k, = -2t for 7 > ¢
(see (2.13)). Moreover, g.’s are all different for 0 < 7 < g. Therefore, for a given
large data set, we can check different even order moments of the ESD of +/np=1(2~'(I";
+I) - Z;’.;(T) Y, fort=1,2,3,.... If there is a ¢ > O such that for a fixed r > 1, the
r-th order moments are identical for all 7 > ¢ and this holds for all » > 1 (in application
for sufficiently many r’s), then g will be the appropriate order. Moreover, if there is
no such ¢ such that the above phenomenon holds, then the data set is either from an
MA(o0) process or it is not from any linear model.

To convince ourselves of the above diagnostic method, we consider a particular
MA(qg) process, for g = 0, 1,2, 3, where all the coefficient matrices are I, the identity
matrix of order p, i.e.,

q
X, = Zs,_k, g=0,1,2,3.
k=0

We also let p = +/n. For each fixed ¢ = 0,1,2,3 and r = 2,4, we plot the r-th order
moments of np~!(271(1; +I77) — ;Cg Y, fort=1,2,...,8. Itis observed from

9



the figures that, for each r = 2,4, the r-th order moments are more or less same for
eacht=qg+1,g+2,...,8, when X; is an MA(q) process, ¢ =0, 1,2, 3.

- P
£ 2 =
< B T T T T T T T T T T T T T T T T
i 2 s a4 s & 7 = i oz s a4 s s 7 s
order of autocovariance matrices order of autocovariance matrices
Figure 4.1:  MA(0) process: 2nd moment Figure 4.2 MA(1) process: 2nd moment
g = é s
= =
> T T T T T T T T T T T T T T T T
i 2 s a4 s & 7 = i 2 s a4 s & 7 =
order of autocovariance matrices order of autocovariance matrices
Figure 4.3:  MA(2) process: 2nd moment Figure 4.4 MA(3) process: 2nd moment
o= P
g s 2
i 2 s a4 s & 7 = i 2 s a4 s & 7 =
order of autocovariance matrices order of autocovariance matrices
Figure 4.5: MA(0) process: 4th moment Figure 4.6 MA(1) process: 4th moment

3 Proofs

In this section, we prove Theorem [2.1]and the remarks and corollaries stated in Section

2l
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4-th moment
600 700 800 900 1000 1100 1200

T T T
2 3 a 5 6 7 8 1 2 3 a s 6 k4 8

order of autocovariance matrices order of autocovariance matrices

Figure 47:  MA(2) process: 4th moment Figure 4.8 MA(3) process: 4th moment

3.1 Proof of Theorem 2.1]

Proof of Theorem (a): First assume U = 1. Then it is enough to show that, for
1ST§rand1Sll<lz<...<lTSr,

T Tk
limy,"?ETr (H(Pz, - Gl,)) — ¢ [H ( > az,,—jSl,,jCI,,—j)] : (3.1)

=1 =1 j=1

For convenience of notation, we verify (3.1 only for the case 7 = r. For other values
of T, the arguments are similar.

Fix k > 1. Let By, B3, ..., By41 be (k+ 1) matrices of order p X p, which are compactly
supported and jointly converge. Also let B, By, . . ., By, be k norm bounded matrices of
order n X n. Let B(i, j) be the (i, j)-th element of matrix B;. Then, we have

E
lim TTI'(B]ZBzz*B3Z N Z*B2k+l) (32)
n-p
= hmT Z Bl(ll’12)81‘2,le2(]1’]2)81'3,sz3(13,l4)---8i2k+],j2kBZk+l(le+l,ll)-
npil»!é ----- k+1
J1s2seees ok

Note that the left side of (3.I)) involves limits similar to (3.2). Lemma [3.1] provides an
upper bound for these limits.

To have a non-zero contribution from any summand, by independence, each index in
the set {(i2, j1), (i3, j2), - - - » (i2k+15 j2r)} must be matched. We thus need to study the
partitions of a set of size 2k, say, {1,2,...,2k}. For a particular partition, the in-
dices are matched within blocks and are not matched between blocks. For example,
{{1,2},{3,4},...,{2k—1, 2k}} indicates (i2, j1) = (i3, j2), (s, j3) = (s, ja)s - - - » (2ks J2k-1) =
(i2k+1, jox)- Let,

P, = setof all partitions of {1, 2,..., 2k} having no singleton block,
NC(2k) = setof all non-crossing partitions of {1,2, ..., 2k},
NC,(2k) = set of all non-crossing pair partitions of {1,2, ..., 2k}.

Note that, as E(g; ;) = 0 Vi, j, here only $ contributes. The following lemma provides

us an upper bound for the contribution of any partition in NC(2k) N #,;. Recall that

Yn = pn_l.

11



Lemma 3.1. Suppose Assumption (A2) holds. Consider any non-crossing partition o
in NC(2k) N\ Py having K; many blocks of size i > 2 of which let K; | and K;, start with
odd and even indices respectively. Then for some C > 0, C, | 0, we have

E
|Contribution of o in TTr(AlZAzZ*A3Z. LA
n-p

{Cy,’?ﬂ, ifK; =0, Vi>3

K>2+0.5 Y50 K2ic1,1+ 252 (K2i1 +K2i-12)+2 Yis0 Koi . (33)
Cnynz.z 2iz2 Koi 1,1+ 2i50(K2i 1+ K2i-12)+2 s 21,2’ otherwise.

Proof. Since o is a non-crossing partition, it always has a block with adjacent indices.
Further, if we drop that block and rename the indices to the right of the dropped block
by increment 1, then again we have a block with adjacent idices.

Case 1: Suppose o has at least one even sized block with adjacent elements. Note that
this summand is of either of the following forms:

(1) it starts with an odd index and is of size 2(s—j) i.e. of the form n~"""D,ZA,,Z* Ay ;11 Z
A2j+2Z* ce AZSZ*Dz, and

(11) it starts with an even index and is of size 2(s—j) i.e. of the form n~ " E|Z*Ay;.1Z Az 42
Z" ... Ay ZE>.

The matrices above satisfy the following condition:

(G) Dy, D, and E|, E, may involve Z, Z"’s. Al Z,Z*’s in ZAy;Z" A\ ZA2jn 27 .. . Ar 2"
and Z*Ayj11ZA2j0Z" . . . Ayg1 Z are matched with each other and are not matched with
any Zor Z" in Dy, D,, E, E,.

Now in (), by Assumptions (A2), (A3) and (A4),

- E * * *
n= /)|;Tr(D12A2jZ A2j112A2j0Z" . . . Ay Z™ D)

ns7]72

IA

ns—i-1

ClgTr(DlDz)l (I(s—j: 1)+ I(s—j> 1))

E : =
{C ETH(DyDy)l, if s —j =1 )

Cn |§Tr(D1D2)| Yns if s — .] > 1.

Also, in (II), similarly

=(s—)) E * *
n : |;TI' <E12 Azj_,.]ZAzj_'_zZ . .A25+12E2) |

s—j—2

IA

E . n
C|=Tr(E 1 E2)|yn (I(S —Jj=D+—=
p e

I(s—j> 1))

{c |ETH(E\ Ex)| yy, i s = j = 1 G33)

Co |5 TH(E\E)l vy, if s = j > 1.
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Case 2. Suppose o does not have any even sized block with adjacent elements. Since
it is non-crossing, it should have at least one odd sized block with adjacent elements.
These summands are of one of the following forms:

() 80D ZA) 7P Ay i Z . Ag ZD,
(1D n O 75 Ay 1 Z . . By Z7E,.

Here also Dl, Dz, El, Ez, ZAsz*Azj_HZ .. .A2S+1Z and Z*A2j+1Z . BQS_HZ* satisfy (G)
as in Case 1. Now note that

o 1) — E %
p~ (57703 |;Tr(D12A2 Z AL Z . . Are\ ZD)|

E .
< \/—TI'(DleD’lDlz)l’l_z“ﬁ'z]_lp_lTI‘(ZAsz* ce AZS_HZZ*A;H_I e A;]Z*), (36)
p s

and

—(5—7)— E * *
pn~(5=N-05 IETI'(ElZ A2j+1Z- A Z )|

E .
< \/ —TH(EE By Epn227 pTH(Z Agjr Z . . Agy Z°ZAS .. A3, 2). (3.7)
p

and both D,D DD, E;E|E|E], have at least one even sized block with adjacent ele-
ments. So we are back to Case 1. Now, the proof of the lemma is easily completed by

a repeated application of (3.4)- (3.7). O

To prove (3.1), One of the terms that we shall need to compute is lim y;’/ ngr(Hl’:1 P).
Therefore, we need to deal with set of all partitions of {1,2,...,2 3, k}. For this
purpose, we introduce some notation and terminology in the following subsection.

3.1.1 Useful discussion on partitions

For any poset S, let

NC(S) = setof all non-crossing partitions of S,
NC,(S) = setof all non-crossing pair partitions of S,
P(S) = setof all partitions of S having no singleton block.

Parts: We define
B, = 2ki_i+1,2kiy+2,...,2k}, kg =0, ¥YI=1,2,...r. (3.8)

We call B, to be the [-th part and there are r such parts.

13



Type 1, Type 2 partitions and disjoint decomposition of $(B;): We call a partition in
NC,(B)) to be of Type 1 if all its blocks are of the form (odd, even). Thus a typical Type
1 partition is of the form {(2k;—; + 1,2k;_y + 2), 2k;—y + 3,2ki_1 +4), ..., 2k, — 1, 2k))}.

(2k1_1 +1 2k1_1 + 2) (2]([_1 +3 2k1_1 + 4) ce (2k1 -1 2k[)

Figure 1: Type 1 partition in B,

It is denoted by 771(B;). Any partition in 7,(B)) := P(B;) — 71(B)) is called a Type 2
partition in B;. Clearly, P(B)) = 71(B;) U T,(B)) is a disjoint decomposition of P(B;).

Next we consider the disjoint decomposition of $(Uj_, B;). For this purpose, we con-
sider the following partitions.

P partitions: Forall 1 <T <rand 1</, <L <...<lIy <r,wedefine

P*(By,, By, ...,B,) = setof all partitions o € P(UtT:IB,,) such that
O-V{Bll’Blz»---»BlT} = 1U1T:|Blr (3.9

That means any partition in P*(B,,, By,, . . ., B;,) joins all the parts By, By, ..., By,.
For example, let [, = 1,/ = 2 and k; = k, = 4 and hence B, = {1,2,3,4},
B, ={5,6,7,8}. Then in Figure 2, o7 € P*(By, B,) whereas o, ¢ *(B1, B,).

G 1234 5678 ;1234 5678
L= L =7 [ ]

Figure 2: " partitions

Restricted partitions on parts: Let o be any partition in P(U_, B)). Let o°(B;) denote
the set of all such blocks in o~ which together form B;. This is called restricted partition
of o on the part B;,. Therefore, by definition, if there is at least one block in o which
consists of some elements from B, itself and some elements from By, then o(B)) = ¢.
For example, in Figure 2, 01(B;) = ¢,01(B;) = ¢ and 0»(B;) = {{1,4},{2,3}}, 02(B) =
{{5,8},{6,7}}.

G and G* partitions: Forall 1 <T <rand1 </, <l <...<lIy <r, wedefine

Gi .17/ (U B) = setofall partitions o € P(U,_, B)) such that
oV A{B,By,....B,} ={B),By,,.... B, 1y, 5}(3.10)

that means o € Gy, 4,1, (U_ B) < o(B,) € P(B,),Yt = 1,2,...,T and o(B)) =
oVl #1,t=1,2,...,T.

14



Here is an example. Letr =4 and k; = k; = k3 =k, = 4. Then B; = {4i — 3,4i —
2,4i—1,4i}, Vi=1,2,3,4. Consider the following partitions.

o3: 123 4 5678 9 10 11 12 13 14 15 16

r=Ju J s L

oy 1 23 4 5678 9 10 11 12 13 14 15 16

=70 =1 [“= |

os: 1 2 3 4 5678 9 10 11 12 13 14 15 16

=7 J b L= |

os: 1 2 3 4 5678 9 10 11 12 13 14 15 16

=1 =1 L1 L]

Figure 3: Some partitions in Gs 4 ,-4(U;_, B))

Here g; € g3’4,r:4(U?lel), Vi = 3, 4, 5, 6.
Next, we define QZ b (Vi_,B) € Giy .17,/ (Uj_ By) as follows.

lr,r

ceG . ., UuB) < oB,)€eT:B), Vt=1,2,....T and
oB)=¢, Yl #1,t=1,2,...,T. (3.11)

Also, the complement of G* is defined as
Gt VB = Gritr (Vs B) = Gy gy g (Ui B). (3.12)
In Figure 3, 04 € G, ,_,(U;_ B) and 073,05, 06 € G55, ,_4(U}_ B)).

Disjoint decomposition of (U;_, B)): Here, we have the following decomposition,

POLBY = | GV BO) P B 1=12, 1)
R

I<ly<lp<..<lp<r I<ly<ly<..<lp<r
1<T<r 1<T<r

Fi{UF,U Fj, (say).

15

(U Gsomm)U( U G0 Jre:i=12

ey ).

(3.13)



This decomposition will be used in the proof of (3.I). We will show that there are
respectively negligible and no contributions of F; and F, in v PETr (IT=,®; = GY)).
Moreover, the only partitions from F3 which contribute in y;r/ 2ETr (IT)=, (P, — Gy)), are
characterized by the following B*-partitions.

B*-partition: Forevery 1 </, <, <rand1<i<k,, 1< j<k,, wedefine
-1 L-1 L-1 L-1
B (I, b) = {{2Zk,+ 12> g+ 20 (2 k420 =3,2 )k + 2i -
I=1 I=1 I=1 I=1
L-1 h-1 L-1 h-1
{22k1+2i— I,ZZIQ+2j},{22kl+2i,22k1+2j— 1),
=1
22k1+21+122k1+21+2 {22/@—1,221@},

h-1 bh-1

{22k1+1,22k,+2},...,{22k,+2j—3,22k1+2j—2},

=1 =1
12 [ [

2> k+2j+1, 2Zk1+2]+2} {2Zk1—1,22k1}}

=1 =1 =1

Clearly, the first, third, fourth and fifth lines are empty respectively fori = 1,k;,,j =
1,k,. Forall 1 <[y <[, <r, we define

B(li,lh) = {Bijli,h):1<i<k,,1<j<k,).
For every o = {V|, V,,..., V, 2} € NCy(r), we define
Brr = B(V)XB(Vy)X...xB(V,p),
where “ X ” is the Cartesian product between sets and

B = UO’ENCz(ZT)BO' - P*(Bl = 1, 2, ey I’). (314)

r

Note that if r is odd, then NC,(r) = ¢ and hence 8. = ¢. We shall see that if r
is odd, limy,”?ETr (T, (P, = G;)) = 0 and if r is even, partitions from B are only
contributing partitions in lim y,"”’ 2ETr(le=1(P1 - G))).

The following observations are immediate from Lemma

(a) The partition, whose contribution is (1) EL has K;; =kand K,, =0,K; =0, Vi >
3. Note that the only such partition (and it is of 7Type 1) is the above one. Therefore, for
alll =1,2,...,r, 71(B;) contributes Q(1).

la, = Q,) = {Z—"} is bounded but does not tend to 0.
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(b) Also there is no partition in #»; which can contribute O(+/y,). This is because, to
get 1/2 in power of y,, we need partitions with Ky, = 1, K711, = 0 for some 7’
and Ky, 1 = 0,Vi # ', K5; = 0, Vi, but this is impossible. Therefore, contribution of
T2(B)) N NC(B)) in ETr ([].,(P; — G))) is O(y,) from I-th part B,. Now note that the
partitions in 7,(B;) — NC(B,) i.e. all crossing partitions in 7,(B;) can be obtained from
the partitions in 7,(B;)NNC(B;) by swapping indices. Swapping of indices raises power
of y, in the corresponding term. Hence, contribution of 7,(B;) in ETr ([]_,(P; — G))
is O(y,) from the /-th part B,.

(¢) Suppose o € P(U_, B,) be such that o V {By,, By,, ..., B;,} = UL B,,. To join any
two parts, at least one block must start with an even index. Hence the contribution of o
in ETr ([T).,(P; — Gy)) is O(yI ).

(d) Contribution of P*(B;,1 # I}, 1,,...,I7) in ETr ([T,(P; = Gy)) is Oy ""*) when
r—T is even and O "*P"?) when r — T is odd.

(e) Hence, by (b), (d), contribution of G; |, (U_, By in ETe( [}, (P~ G) is O 7).
As a consequence, the contribution of F is o(y;

(f)Leta-eSD*(Bl,l: 1,2,...,r) = ngeSUChtha[O'V{Bl,Bz,...,B } = {Vl,V2,...,Vk},

k
where V; # Bj, Vi, j. Then by (c), contribution of o is O(yf G=1AVil= 1)) = 0(y""). Here,
the maximum possible value of k is [r/2].

Therefore, if r is odd, the contribution of F3 in ETr ([]_,(P, - G))) is o(yi?). 1If
r is even, by Lemma the set of partitions in F3, which contributes Q(y,r/ 2) in

ETr([1,.,(®, — Gy)) is B* Clearly, contribution of F3 — B} is o(y!?).

To prove (3.1), we can now argue as follows. First, by (e), there is negligible contribu-
tion of F;. Second, by (f), there is negligible contribution of F3 — B;. Finally, there is
no contribution of F,. To see this, consider any o € F,, with exactly 1 < s < r many
parts having Type 1 partitions. Then the number of times the partition o~ appears in left
side of (3.1)) is Zj-zo(—l)j (S) = 0. Therefore, there is no contribution of F,.

Hence, by (3.13)), the proot of Theorem 2.1](a) is complete for U = 1.

Now assume U > 1. Then not all partitions in B contribute. By independence of
different Z,’s, a partition in B} contributes if the matched Z, Z* matrices have same u
indices. This immediately implies Theorem [2.1](a) for U > 1.

2ol ST

Proof of Theorem[2.1](b): First we prove a necessary lemma. Let

ti
M= p ([ 3717, - G, 0 = By, Vi=1,2,....T, (3.15)

J=1

and {i;: j=1,2,...,4;,i=1,2,...,T}e{1,2,...,r1}.

17



Lemma 3.2. Suppose (A1) — (AS) hold. Then

20" (ZzlfﬂE(]—[H%H(" )= Z( nee Y (]_[HEZ(HO“’) 0p ),

=01, Vi

>l &=a

Proof. Recall the definition of parts in . Let us call G; = U;f'le,-j to be the i-th
group, i = 1,2,...,T. Using the same arguments as above to show negligibility of F>,
any partition o of Ul.TzlGi with o(G;) = G; for at least one i has no contribution to the
above sum. Moreover, similar arguments as (f) above show that the contribution of the
partition o of U G; with o(G;) = ¢, Vi is O(p~"/?). Hence the proof of the lemma is
complete. O

To prove Theorem (b), we use the moment method ( see Lemma @.1)). Condition
(M1) follows from Theorem (a). Conditions (M?2) and (M4) follow by applying
Lemma 3.2/for T = 2 and 4 respectively. Condition (C) follows from the fact that, for
any bounded random variables a;, a,, . .. and semi-circle family {sy, 55, ..., s2,} and for
some C,C" >0

2h 2h -y 2h
|E(ay 51025203583, . .., axpsop)l < CE(s183 ... 52) < C""E(s7").

Therefore, Theorem [2.1] () is proved and hence the proof of Theorem [2.1]is complete.

3.2 Proof of Remark 2.1]

Let{b;,;,}} ;- be as (2.6). Let us define

Jij2=1

Rij, = @@cyy ™, Vi, jp=12,...,r,ix1,

)
E bj jcpapRij j, Yiz 1,

Ri =
J1.j2=1
Bz,a) = - Z 7 'R;,Vz € C*.
Note that ¢(y2h 1) =0and p(Ry;,) =0, Vh > 1. By Lemma. we have
2h
go(yZh) - Z (’D(l_[ ;i 8;Cji)
JtJzsesjon k=1

Z Z ‘pK(ﬂ)(cjlajz’ CjrQjzs s Cthafl)kﬂ'(Sjl’ R sth)' (316)

J1sJ25esj2n TENC2(2h)

To simplify (3.16), consider the following decomposition of NC,(2%).
NCy(2h) = UL,Cis where

18



Cin = setofall o € NCy(2h) such that {1,2i} € o

Note that the contribution of {{1,2h},{2,3},{4,5},...,{2h — 2,2h — 1}} € C, to right
side of (3.16)), is ¢(R}). Now,

¢(y?) = contribution of C;; = ¢(R)).
Again,
@(y*) = contribution of C, , + contribution of C,, = ¢(R; + R%).
Next,
©(y®) = contribution of C; 3+contribution of C, 3+contribution of C3 3 = ¢(Rs+R,R; +(R3R1+Rf ).

Now, let us define the set of all ordered partitions of K in ¢ blocks as follows,

t
Ske = Al iny i) i1y yi €N, Y iy =rh VK 2 1,1 <1< K.
j=1

Then, one can show easily by induction on /4 that
h t
e(y™") = sO[Z > ]—[R,-_,) Nh> 1
t=1 i1,i2,.. i €S 2p—ry j=1

We omit the tedious details. Hence, using the power series expansion (4.4]),

G, = ¢((y-27H)=-z" iz‘%so(y%) = - ( Zz # Z > HR,,J
= t=1 1,02, it €S op—ry j=1
oo 0 ) ) t
= —QD[Z IZZ IZ Z nz—z,Rl/]_ (Z lzz—z[zz—iRi]]
t=0 h=t i1,i2,....0,€S2p—1s j=1 t=0 i=1

8

= -y [Z‘l PR a))’] = —¢((z+ Bz, a) ™).
=0

Similarly, one can show easily by induction on 4 and the assumption{a; : j = 1,2,...,r} =
{c;j:j=1,2,...,r}, that

r h !
STSIES Z bjljzajlcjz‘p[cjlajzz Z l—[Rij)’

Ji,j2=1 t=1 i1,02,...[1€S 2p—ry j=1

- Z bjljZleajz‘p(ajlcjz(Z+ﬁ(z’a))_l)-

Jisj2=1

B(z,a)
Hence the proof of Remark [2.1]is complete.
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3.3 Proof of Corollary 2.2]

Corollary 2.2](a) follows trivially from Theorem[2.]and the truncation arguments given

in Subsection Corollary (b) follows easily from Corollary (a) and (2.10).
Corollary [2.2](c) follows from Theorem [2.1](b) and Remark 2.1} Proof of Corollary

(d) is as follows.
Proof of (d) (i): Note that by Corollary [2.2](c),

Gorwn(@) = —E((z+ap@)") = -B@) G-z, (3.17)
Also,

B(2)

—E (a(z+ ap@)™") = ~(B@)™E (ala + 2(Bz) ™))
~(B@)™" (1= 2B@) " Gul=2(B) ™)
_(B(Z))_l (1 + ZGal/zsal/z(Z)) .

Therefore, B(z) = — V-1 — zG124,2(2). We take the negative sign of the square root
because limy; o 78(z) = —E(a) and limy;,co V-1 — 2G4125,112(z) = E(a). Hence

1
Gal/zsa'/z(z) = G, ( < ) .
\/_1 - ZGal/zsal/z(Z) \/_1 - ZGal/zsal/z(Z)

Proof of equivalence of (i) and (iii) in (d):

S (@ = S 2(@S2(2) = (z+ 1)7'S3(2)

S 251 2a125012(2)

= Xer@ =22+ D782 = 7 WA by@E3) - @8))
— =Y (Z))_l)( i(T(sa)z(Z)) — W) = Xﬁ(\lj(sa)z ()
= P @) = Fap@ = Fap@ = Vo J2Fir @)
= —z‘lG(m)z (z_l) -1=Y, ( \/ —G<m>2(Z_l) - Z)
= -Gup@-1=Y, ( \/—G(m)z(z) - Z—l)
=  Gap(d) =2 (‘I’a ( \/ ~Gsap(2) = Z_l) + 1)
&  Gap(d) =7 [‘I’a[ ~Gar(@) - 1) + 1]
Vz

— G(sa)2 (Z) = _Z_] [_ \/z Ga( \/Z ]]

\/_ZG(sa)2(Z) -1 \/_ZG(sa)z (Z) -1
= G = ! ! Ga[ < )

< \/—ZZG(sa)Z(ZZ) -1 \/_ZQG(sa)Z(ZZ) -1
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1 1 < #.10)
rem G ¢
= 7 G = 2 "Gum@ -1 [\/—sz(z)—lJ R )

1
— Gal/zml/z (Z) = Ga ( £ ) .
\/_1 = 2G1124012(2) \/_1 = 2G11240112(2)

Proof of equivalence of (ii) and (iii) in (d) follows easily by Lemma (4.18)) and
(4.20). We omit the details.

Hence, the proof of Corollary [2.2](d) is complete.
3.4 Proof of Corollary 2.3|
(a) When X, ~ MA(q) process, we can write Model (1.4)) as
X(ﬂ) — (w(n) w(ﬂ) w(ﬂ) l//(n) )(Slp t l’p 8:(_2’1) o Sj_q’p)* Vt, n>1.

Let I',(g) be the k-th order sample autocovariance matrix of &. Therefore, by (1.3), the
sample autocovariance matrix of order k is given by

i _ (n) ( ) * * (L (n) ()
nl‘k,p = Z (wn " (n) )(St,p .. 'st—q,p) (Sl—k,p .. t . qp)(wn wn . l#(n))
t=k+1
q q q n
_ (RS (n)* (n) * (n)=
- Z Vip Li-it(&) ¥, _Z Z Vi Z Ep€ijrk—iy |¥p
J=0 =0 J=0 =0 t=n—j+1
Jj—J #k
7 +k=j n
(m) (n) (n) (n)*
+Z Z Vip Z ELpBL(j+h)) %HZ‘” Z Eip |Viokp
/= 1=k=j+1 t=n—j+1
j J #
(n) (n)*
+Z$ [ Z g’pgfl’]wj —k.p
t=k—j+1
= I’LAk + Ry, + Ry, + R3n + Ry, (say). (318)

Let F4 denote the ESD of the matrix A and L denote the Lévy metric between two
distribution functions. Let C,, = N2% “+r- By Theorem A.43 and Lemma B.18 in
[Bai and Silverstein, 2010]], we have for some C > 0,

L(F \/np’l(f;+f?—cn) F \/np’l(A,-+A:.‘—Cn))

IA

p_1 [rank(R;,) + rank(R,,) + rank(R3,) + rank(Ry,)]

4C
—q—>0as
p

Therefore, LSD of /np~I([’; + [ — C,) and y/np~1(A; + A7 — C,) are identical. Let P;
be the n X n matrix with upper i-th diagonal 1 and 0 otherwise. Note that Py = I, and
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P_; = P;. Then,

g 4 g 4
n) (n)* - n * n)x
A=) D U@ = Y Y W 2Pz W (3.19)
Jj=0j'=0 j=0 j'=0
Therefore, under Assumptions (A1), (A2) and (A5) and by Theorem (b), the LSD
of \np~I(A; + A = C,) exists. Clearly, this LSD is distributed as g; defined in (2.14).
Hence, Corollary [2.3](a) and (b) (i) are proved under Assumption (A2).

Equivalence of (i) and (ii) in (b): Now we derive the Stieltjes transformation of g, and
establish (i7). In this case, applying Remark 2.1 we have

q 27
1 ) . _
~Bea) = ) & f cos(ji = jo + 1O costki — ky + DO ¥,y (¥ Va2 + Bz, @)™ ) db
Jriskida=1 <7 J0
1 Z 9q o
— § 6211'9 Z el(Jl—J2+k1—k2)9,yj2,ykl<p(,yjl,ykz(z +,3(Z, a))—l)dg
0 Jiujakike=1
1 7 4 o
+§ 6_2”9 Z el(—4/1+4/2—k1+k2)9,yj2,yk1‘P(,yjl,ykz(z +ﬁ(Z, a))_l)a’Q
0 Jtaki k=1
1 2 q o
+§ Z el(]]‘]z—k1+k2)9,yj2,ykl¢(,yjl,ykz(z +,3(Z, a))—])dg
0 jijrkike=1
1 Z q o
+§ 62179 Z el(—11+]2+k1—k2)9,yj2,yk190(,yjl,ykz(z +ﬁ(Z, a))—l)de
0

Jisj2.ki k=1
1 2

= — | @7+ +2)%(a, 000 (V(b.0)(z + Bz a)")do
8 0

21
= @ (% f COSZ(TQ)\P(CZ, Q)T(b, 9)(2 +ﬁ(Z, a))_lde |CZ)
0

¢ (Re(a,b)z + Bz, @) la).
Hence, Corollary [2.3](b) (ii) is proved.

Now we show that Corollary (a) and (b) remain true even if we drop (A2) and use
the more relaxed condition (2.9). This is achieved by truncation arguments similar to
those given in page 1210 — 1217 of [Jin et al.| 2014]. Let X, be as (1.4) and suppose
Assumptions (A1), (A5) and (2.9) hold. Let

1 .
& eil(leq| < qn>s), &; = &; — E(&;), ¥t,i and some 1 > 0,

o> Elg;2, A =n%5,X, = 2Ber(0.5) — 1, i.i.d. for all ¢, ,

i
_ Xi, if0'22i<1—A,
Ei =

Eti

, otherwise,
T4

f,-(s), Li(e), ﬁ(e), [i(e) = i-th order sample autocovariance matrix of {&,}, {&::}, (&}, {&4)
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(respectively)

q q

o= Y uilewy, Ti= YL wilipiow;.
§j'=0 J:J'=0

A g A _ 4 —
5.7'=0 5J'=0

Since {&,;} satisfy the stronger assumption (A2), the existence of the LSD of +/np~!(T;+
[7 — C,) is guaranteed by the previous arguments and it is distributed as g; defined in

2.14).
We will actually show that the LSD of \/np‘l(f"i + f;‘ — C,) is same as that of

\np~(T; + T; - C,). Note that

L(F \/rF(f",-Jrf";—c,,),F\/rF(T[+T;—Cn))

L(F \/rF(f",-Jrf";—c,,),F\/;F(T[ﬁ;—cn)) + L(F \/rF(f;+f";‘—C,,)’F\/IF(T&T?—C,,))
+L(F \/;F(T,-ﬁ;—cn)’F\/;F(f,-ﬁ;—c,,)) + L(F \/;F(fﬁﬁ*—cn)’F\/rF(T1+T;—C,,))_

= T+ T+ T5+ Ty, (say). (3.20)

IA

It is enough to show that 7; — 0 almost surely for all i = 1, 2, 3,4.

By Theorem A.43 and Lemma B.18 in [Bai and Silverstein, 2010], we have for some
C > 0, with Ry, R2,, R3,, and Ry, as in (3.18)),

T, < p’1 (rank(R,,) + rank(R,,) + rank(R3,) + rank(R4,))

4C
< 29 L 0as. (3.21)

P

By Theorem A.43 and Lemma B.18 in [Bai and Silverstein, 2010], we have for some
C,C >0

\S}

1
—rank(T; + T* ~-T,-T)H < —rank(

T, < ~-T)

p
1

< —rank[z z//] i€ =T ,+l(8) l/’,]
p 5J'=0
C ~ ~

< ;rank(ri(é‘)—ri(é‘))
C P n+i

< jzzl(lsml > np' /). (3.22)

j=1 t=1

Also, we have

sl > np”(z*‘”)]
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n+i

1 )4
e Z E |8 e (e, > npl/(2+§))) = o(1) (3.23)
=1

and

P n+i
> Iel = np" (M))J

SR
g

j=1 t=1
1 p  n+i
T 2 25 E (el eyl = npt ) = o7 324
j=1 t=1

Applying Bernstein’s inequality and (3.23)), (3.24), for all € > 0 and large p, we have
for some C,C; > 0,

1 p  n+i )
P(I—) Z Z I(g, | > np"/@®+9) > e] < Ce €,

=1 =1
Therefore, by Borel-Cantelli lemma, we have

T, - 0a.s.. (3.25)

Let 5/]( = I’L_l/z(ék’l, ék,Z, ey ék’p)l and )~/k = I’L_l/z(ék’l, ék,Z, ey ék,p)/- By Theorem A45
in [Bai and Silverstein, [2010]], we have for some C, C; > 0,

T; < ~Nup I+ T =T, - 171l < CVnpTIE(e) - Fuol
CiNnp 11 Y Gy + 71 TN + CLvnp || Y (EVET;; + ERci BT
k=1 k=1

IA

For the second part, we have for some C > 0,

Vnp-| Z(EnEm + B BRI

< Vo) Z Z |E(ex (i | > np"" @ ONE @i 1k 1 > np @)
k=1 j=1
n+i p
< 23N Ele P I ) > np' ) = o)),
k=1 j=1

For the first part, note that

np7 | Y hETis + i EVDIP < 2np™ [n D HETLAP + 1) Vi ETIP
k=1 k=1 =
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Now, for some C > 0, we have

n p p n 2
np Nl ) ETL P < Cpy ! D) (Z ék,jEék+i,l)
k=1 j=1 I=1 \k=1

n n

C(np)™ Zp: Zp: Z Z(b“kl FEEk i 1810, i EE +i))

j=1 1=l k=1 k=

14 )4 n
. ~ 2 A e A e
C(np) Z Z [Z 8k1,j(E8k1+i,z) + Z gkl,jE8k1+i,18k2,jE5k2+i,l]

j=1 =1 \k=1 ky#ky

= J]] + J12, (say). (326)

As E(éii), E(éi ;) < oo, there exists constant C;, C, and C3 such that

EJu = Clpy ZZZ% JE820)" < Clnp)” ZZZ(E(I% e > np!>0))?
Jj=1 1=l k= j=1 I=1 ky=
< C(np) 1,,-2(1+6) —2(1+(§)/(2+5) E‘(lgk1 ll I(lgkl ll > r]pl/(2+5)))) _ ( —5/(2+6))
j=1 =1 k=1
and
Varyy = Cnp)? ZZE<8ku E& [Z(Es,w ) )
J=1 k=

IA

2
Cy(np)” Z Z E(skl ; 2(1+5)p—2(1+5)/(2+5)) _ 0(p_1_4§/(2+6)).

=1 k=

Therefore, J;; — 0 a.s.. Further, we have

2
VarJ;, = C(np)” Z Z Esklj sk ](Z EsklﬂlEgsz,]
J=1 ki#ks I=1
< Cinp) Z Z g 21+) —2(1+5)/(2+5)) O(p~1-21C+0)y,

J=1 ky#ko

which implies J;, — 0, a.s.. Hence, we have || >};_, )A/kE)?ZHllz

| X5 Y EV;II* — 0, as.. Thus,

— 0, a.s.. Similarly,

T; — 0, a.s..

We now finally prove T4, — 0 almost surely. By Corollary A.41 in|Bai and Silverstein
[2010], we have

13 < Sre(da -1 - T4 F - T - 1)
p
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4 A - oA
< Zme(df - Toi - 7)
p
dn < 2 .
= 3 Z Tr(l/’j (rj j+l(8) j ]+l(8))
Jr’ kk'=0

Y (fk—k’+i(8) - fk—k’+i(8)) lﬁZ)
Therefore, it is enough to show that
np 2 Te(A(Ti(e) — Ti(e)) BB (Ti(s) - Ti(e))*A") — 0, as. (3.27)

for any A, B € Span{y/;,y; : j = 0}. The proof of li given below goes along the

same lines as the proof of p~' Tr((I'i(e) — Ti(e))([Ti(e) — Ti(€))*) — 0 given in page
1210 — 1217 of [Jin et al., 2014]. In our case we have the extra factors of A, B etc. Let

A -1/2/A A A T — -1/2/= = = T
v = WP E 8,8 = () (B B BT
U = (&1’ &2, D) &n—i)’ U= (6’1, C_YZ’ CIE) é’n_[),

V = (&1+i7 &2+i’ DRI &n)a V = (C_y]+i7 C_l,2+i’ LR ] C_y}’l)'

Then,

np > Tr(A( () — T(e)BB" (Ti(e) — Ti(e))"A")

np > Tr(A(OV* = VBB (UV* — OV*)*A*)

np 2 Te(A((U = O)YV* + UV = V))BB* (U - O)V* + UV — V)')*A%)
2np 2 Tr(A(U — O)V*'BB*V(U — U)*A*)

+2np 2 Tr(AU(V — V)'BB*(V — V)T A").

IA

Now, we have for some C > 0, with A = ((a;;)) and B = ((b;))),
p ' Te(A(U — U)V*BB V(U - U)*A")

< P n22|zaul(8k1 E)Esiy b ol

u,y  Lk,j

_ A - Ak % A A - Kk
= D n2 Z E Z au11(8k111 - 8k111)8(k1+i)j| bjlvbjzve(kzﬂ)jz(gkzlz - 816212) aulz)

wy kg ke, j2
= LW+ Lh+J3+Jd4+ s,

where
_ A - A kA N — * %
Jio= > n2 Z Z (aut, Brat, = a1 85,10, Dbtz o Bty = i)'l
u,v LRI
ki >ko, ki#ky+i
S = p I’L2 Z Z Ayl (8(k2+l)11 - 8(k2+1)11)8(k2+2z)jlbhvbjzvg(kzﬂ)]z(gkzlz Skzlz) aulz)
u,v 1y,j1.h,
Jask2
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_ A _— Ak 3k A A -_ £ *
J3 = p 1’12 Z Z (auh (8k111 - eklll)8(k1+i)j1bjlvbjzvg(kz*-i)jz(‘gkzlz - 8/6212) aulz) >

u,y l1:lpJ1002
ko>ky, kp#k+i

Cn
_ A - A * A A - %k
Jo = P Z Z (auh (Exypy — 8k111)8(k1+i)j1bj|vbjzvg(kl+2i)j2(8(k1+i)lz = Eky+iy) aulz)’
u,v 1.j1:h.
J2.ki
Cn
_ A - Ak E3 A A - k%
Js = 22 Z [aull (Erty = E)E iy jy DD Ekrinjo Bty — Eity) aulz]~
p vyl
J1sj2.k

Note that E(J,) = E(J,) = E(J3) = E(J4) = 0. Moreover for some C;,C,,Cz > 0,

C n’ A = A *
Var(]l) E(J2)2 ! Z Z Z Z E[aulll (gklll - 8k1[1 )8(k1+i)j1bjlvlbj2V]

up,vy I1.h.j1J2 uz,v2 Bilasjzeia
ky>ko, ki#ky+i k3>ka, kz#ks+i

EtrsinirEolr — o) A 1 Aot (Ekaly — Exain ) b.,b:
(k2+i)j2\ kol kaly) @y 1, Cua 3\ €kl k313)€ (k3 +i) j3 ¥ J3va Y java

A A - * %
Ey+irja gty = Eraty)" Ay,

IA

Czl’l
4]’12 E § aulllbjlvlbjzvl ullzauzllbjlvz Java uzlz)

upa 1yl
VOV2 i

< %(p1 Te(A’A)(p™' Te(B*B™) = O(p™).

Also for some C;,C, > 0,

Cin?
2 1
E()y)" < Z Z Z E[aum Elrrrirn = Ekarit JEay42i)j, Pivi v,

H1V1 ’2 13,]3:14.
u,v
22 o ky jasks

£
Eltyiyjs Braty = Ealy)" Aoy 1y Qunts (Bkgrivty, — Ehyrits)E 1y 4205

Var(J,)

A - * %
b 0,0, E ki s Braly = Ekuty) iy,

Z Z Z aulllb]lvlbjzvl ullzaMZISleVij4vz uzlz) = 0(p_2)-

”1 ‘1 Nt 13430145
22 s Ja

Similarly one can show that Var(J3) = O(p~2), Var(J;) = O(p~2).

Let & = e:1(e,] > nnnﬁ), Vt,i. Therefore, as E(g;) = 0, note that E(&;)
—E(&,;), Vt,i. Also note that

I = Var(e,) = Var (&; — E(Gy) + &i — EGy)) = oy + VarGy) + 2 EE)’.
Therefore, using (A6), for some C > 0

(1 - 02) < 2E(E) < 2C(P(le| > nn™))™ < 2Cn,°p~ 7 (3.28)
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Let E = {(z,i) : 0'[21. < 1= A}. Thenif (t,i) ¢ E, we have for some C > 0 (see last line
of page 1214 in Jin et al. [2014]),

(1—o;") < Cp¥p 75, (3.29)

2
1-oy;

Moreover note that if (7,i) € E, then —* > 1. Then by (3.28)) and (3.29), we have for
some Cy,C, > 0,

Cn
A — 2 N 2 *
E(Js) = o Z au, E\8u, — Ey | E|8 iy b D3, vany,
p u,v,ly,j1,k
2
Cln * * 1 - O-kll C2 * * 2
-1
2 =5 Z aullbjlvbjlvaull A +—= Z allllbjl\’bjlvaull (1 _U'kz)
p n uv,jq n uv,jy
(k,)EE (k,1)EE
= 0(p4+25) + 0(p2+o)_
Therefore,

Emp 2 Tr(A(U - O)V*BB V(U - U)*A*)) — 0.

Similarly one can show that for some € > 0, Var(Js) = O(p~'7¢) and as a consequence,

Var(np™> Te(A(U - O)*BB* V(U - U)'A*) = 0(p~'7°).

Hence,
np > Te(A(U = O)YV*BB* V(U - U)'A*) = 0,a.s.. (3.30)
Similarly,
np 2 Te(AU(V — VY'BB*(V = V)U*A™) = 0,a.s.. (3.31)
Hence by (3.30) and (3.31), (3.27) is proved. Also by (3.21), (3.22), (3.26) and (3.27),
T:— 0,a.s..

Hence, the proof of Corollary (a) and (b) is complete. Corollary (c) follows
trivially since (2.10) holds.

4 Appendix

In this section, we discuss the concepts and results from the literature of non-commutative
probability, Stieltjes and related transformations etc., which have been used in the proof
of Theorems and the remarks and corollaries in Section

Moment method. We begin with a result (see Bai and Silverstein [2010]), which
outlines the moment method for showing the existence of LSD. This was used in the

proof of Theorem [2.1](b).
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The empirical spectral distribution (ESD) of an n X n real symmetric matrix R, is
the probability distribution which puts mass 1/n at each of its eigenvalues. The h-th
order raw moment of the ESD is given by

1 < 1
BilRy) = ~ ; Al = - Tr(RY). 4.1

Consider the following conditions.

(M1) For every h > 1, E(By(R),)) — By

(M2) Var(B,(R,)) = 0, Yh>1.

(M4) 3521 E(Bu(R,) — EBuR))* < 00, VR 2 1.

(C) The sequence {8} satisfies Carleman’s condition,

> B = co. 4.2)

Lemma 4.1. If (M1), (M2) and (C) hold, then ESD of R, converges in probability to
a unique probability distribution F determined by the moment sequence {B;}. Further
the convergence is almost sure if (M4) holds.

Stieltjes and related transforms. We needed the Stieltjes and related transforms to
prove Corollary [2.2] (d). We provide a brief discussion on various transforms following
Couillet and Debbah|[2011]]. Let i be a probability distribution on the real line.

(a) The Stieltjes transformation of u is the function

1
G”(Z):fx_—z’u(dx)’ zeC, (4.3)

where C* := {x +iy : x € R,y > 0}. Pointwise convergence of the Stieltjes transform to
a Stieltjes transform implies the weak convergence of the corresponding distributions.
If i has compact support then we have the following formal power series expansion of
the Stieltjes transformation G,(z)

Sl (11 E® B
G,(2) = ZE,,(I_?)— -5 S (4.4)

(b) ¥ transformation. Y-transformation is defined by

zt
\PM(Z) = f?ztd'u(t) 4.5)
It is easy to see that
1
¥, (2) =—-2G,(z) - 1. (4.6)
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(c) y-transformation. y, is the unique function analytic in a neighbourhood of zero,
that satisfies
xu(¥,(2)) = z for |z] small enough. 4.7)

(d) S transformation. The § -transformation S, is given by

1
S.(2) = ;X,l(z). (4.8)

If u ® v is the free product of two measures  and v (see page 33 after Definition 4.4)),
then it is known that
Sy =SSy 4.9)

(e) Let X be a random variable symmetric about 0. Then Gx(z) = G_x(z). Therefore,
we have

G = E(@-X))= 2% (E(@-0™)+E(G+0™)
1
= G+ Gy = 22, (.10)
< Z

Now, we discuss the concepts and results of non-commutative probability space fol-
lowing [Nica and Speicher, 2006]. We needed these in Section [2}

Non-commutative probability space.

Definition 4.1. A non-commutative *-probability space (A, ¢) consists of a unital -
algebra A over C and a unital linear functional (state)

p: A-C, o(la) =1

The elements a € A are called non-commutative random variables in (A, ¢). More-
over, if a = a*, then a is said to be self-adjoint. The state ¢ is tracial if

p(ab) = p(ba), Ya,b e A.
The following example of a non-commutative *-probability space is relevant for us.

Example 1. Let d be a positive integer. Let M,(C) be the *-algebra of d X d matrices
with complex entries and with usual matrix multiplication, and let ¢t7 : M;(C) — C be
the normalized trace,

d
tra) = = > e Ya = (@) 12 € Ma(©).
i=1

SR

Then (M,(C), ¢4 = tr) is a *-probability space.

If the entries of M,(C) are random with all moments finite, then it is a non-commutative

x-probability spaced with ¢, = E tr.
Let M be any square self-adjoint matrix with a compactly supported LSD u on R.
Then for all k > 1, lim ¢,(M*) equals E,(a*).
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Let B be a unital *-sub-algebra of A. Then (B, ¢) also forms a non-commutative -
probability space. Consider 7 > 1. Let II(a;,a; : 1 <i < t) € A be any polynomial of
laj,a: : i€ Z} C A. Then

Span{a;,a; : i € Z} = {Il(a;,a; : i € Z) : I1is a polynomial} “4.11)

is the =-algebra generated by {a;,a’ : i € Z}. Clearly it is a non-commutative -
probability space.

For example, (A, ¢) and (D := Span({a;pis1,a;,,, : 1 <1 <10 <0< kU
(Uff:l‘i’ 1), @) (see and ) are non-commutative s-probability spaces. U in
Theorem is a non-commutative *-sub algebra of D. {U,},>; in Theorem is a
sequence of non-commut-ative *-probability spaces.

Definition 4.2. Let [1(a,a”) € A be any polynomial in a,a* € A. Then {¢(I1(a, a")) :
[(a,a*) € A} is called the *-distribution of a or a*. In particular, if a is self-adjont,
then the sequence {go(a")},‘j’:l, is called the distribution of the random variable a € A. It
often defines a unique probability measure on R with this as its moment sequence.

Consider 7 > 1. Let II({a;pi41, 4], : 1 <1< 1,0 <i < k}) € Abe any polynomial
in{ais1, a5, -1 <1<r0<i<k}CA Then {¢(H(a,,2i+1,a;f2i+1 :1<I<r0<i<
k;)) : TI polynomial} determines the joint distribution of {21,051 <1 <1,0<
i < k;}. For example, provides the joint distribution of {a;s1,4a),,, : 1 <1 <
r,0<i<kj.

Non-crossing partitions and Kreweras complement. Non-crossing partitions form
the core of the concept of free independence. Among other things, Kreweras comple-
ment serves as a useful tool to compute moments of polynomials of free variables (see
for example, Lemma [4.2). We provide a brief description of the main concepts and
results on these here.

A partition of a set say, {1,2,...n} is said to be non-crossing if for any two blocks
Vy and V, of the partition, there does not exist a;;,a;, € V;, i = 1,2 such that a;; <
ar) < ayp < ap. This is a POSET with the natural ordering which stipulates that the
one block partition (say 1,) is the largest element and the n bock partition (say 0,) is
the smallest. It is closed under the natural max and min operations. Let

NC(n) = {r : © is a non-crossing partition of {1,2,3,...,n}},

NC,(2n) = {m : m is a non-crossing pair partition of {1, 2,3,...,2n}},

NCEQ2n) = {mr € NC(2n) : every block of 7 has even cardinality}.

The Kreweras complementation map K : NC(n) — NC(n) is defined as follows. We
consider additional numbers 1,2, ..., 7 and interlace them with 1,2,...,n in the fol-
lowing alternating way:

1,1,2,2,...,n, 7.
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Let r be a non-crossing partition of {1, 2, ..., n}. Then its Kreweras complement K(r) €
NCQ,2,...,i) ~ NC(1,2,...,n) is defined to be the biggest element among those
o € NC(1,2,...,7) which have the property that

max(m, o) € NC(1,1,2,2,...,n,7).

Free cumulants and free independence.

Definition 4.3. Let (A, ¢) be a non-commutative *-probability space. Define multilin-
ear functionals (¢,),en On A via

onlay, az, ... a,) = pla1ay . ..ay).

Define recursively a family of multiplicative, multilinear functionals ¢,(n > 1,7 €
NC(n)) by the following formula. If 7 = {V|, V,,...,V,} € NC(n), then

erlar,as, ... a,] = (VDlay,az, ..., a,) - @o(V)lay, az, . .., a,],

where o(V)lay,az, ... ,a,] = ¢s(a;,, a;,,...,a;) for V.= (iy < i, < ... <i). Then the
free cumulants (ky)zencnyn=1 are the multiplicative, multilinear functionals defined by

kﬂ[al’a29“'7an] = Z goo'[alaaZa"'aan]#(o-’ﬂ-)’ (4'12)

deNC(n)
o<n

where u is the Mobius function on the POSET NC(n). Note that the Mobius function
depends only on partitions and ordering and not on the variables whose cumulants are
being calculated. For each n > 1, we put &, := k;,. (4.12) is equivalent to the statement

that, for all » € N and all a;, a», . .., a, € A, we have
k(@ an,..oa) = ) @olar,ar, . alu(o, 1,). (4.13)
geNC(n)
For any variable a, the numbers k,(a) = k,(a,a,...,a) Yn > 1 are called the free

cumulants of a.
If s is a semi-circular random variable, then it is well known that

ko (s) 1, ifn=2 4.14)
aSs) = . .
0, ifn>2.

{s; : i € I} is said to form a semi-circle family with the variance-covariance matrix
((bij)ix if

kz(Si,Sj) = bija Vl,] el and (415)
kn(Sis Siys oo 8,) = 0, VYn>2,01,0,...,0, €1.

Free independence of random variables and sub-algebras can be defined through
free cumulants.
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Definition 4.4. Let (A, ¢) be a non-commutative probability space. Consider unital
sub-algebras (A;);c; of A. Then (A;)ic; are freely independent if for all n > 2 and for
alla; € Ay (j=1,2,...,n) with i(1),i(2),...,i(n) € I, we have k,(a;,az,...,a,) =0
whenever there exist 1 < [,k < n with i(l) # i(k).

(4.13) in conjunction with Definition 4.4]is helpful for showing free independence
of two sub-algebras.

Let (A;, ¢:)ic; be a family of non-commutative probability spaces. Then there exists
a non-commutative probability space (A, ¢), called the free product of (A;, ¢;)ics, such
that A; C A, i € I are freely independent in (A, ¢) and ¢|A; = ¢;.

Let u and v be compactly supported probability measures on R* and R respectively.
Then their free product 4 ® v is defined as the distribution of +/xy /x, where x and y
have u and v respectively as their distribution and they are freely independent. This is
relevant in (4.9).

Next we state how to compute ¢ functions under free independence.

Lemma 4.2. Let (A, @) be a non-commutative probability space and consider random
variables{a,,a, ...a,} and {b,,b,,...,b,} which are freely independent. Then we have

plaibyaxb, .. .a,b,) = Z kn[al,az,---,Cln]fpk(n)[bl,bz,---,bn],

neNC(n)
where K(r) is the Kreweras complement of n.

Next we discuss some properties of power series and generating functions that we
needed in Corollary 2.2] (d) and its proof.

Power series and generating functions: Let s be a positive integer. We denote by O,
the set of all formal power series of the form

[Se] N
fGunz) =0 > @iz (4.16)
n=1 ip,...,.iy=1
withe;, ;, €C(Vn>1, V1 <i,...,i, <s),and where zj, . . ., z; are non-commutative
indeterminates.
Let f € O, be asin (4.16). Foreveryn > 1 and 1 <ij,...,i, < s we denote
a;,,..i, = Cf iy ().
Now let (A, ¢) be a non-commutative probability space and let ay, ..., a, be an s-tuple
of elements of A. Consider the family of all free cumulants of ay, ..., a;,
{kn(ai, ...a;) - n>1, 1<1y,...,i, < sh.
With these numbers we form the series R, ., called the R-transform of ay, . .., ay:
o] N
Rarva(@tn2) = D0 D ety i)z, 2 (4.17)
n=1 i1,in=



For s =1, let f(z) = ., @,2" € ©y. Then we define

(f 0 SA)@) = ) g™ (4.18)
n=1

It is easy to see that if a is an even element i.e. if all odd order cumulants are zero, then
Ra(z) = R2(2) 0 Sq

Definition 4.5. Zeta,: Zeta, € O, is defined as
Zetay(zi,. .20 = ) > gz, (4.19)

If s = 1, we simply write Zeta. Note that
Zeta = R, (4.20)
where s is a standard semi-circle variable.

Definition 4.6. ® convolution: On ®; we define a binary operation &, by the following

rule: for every f,g € O and foreveryn > 1, 1 < iy,i,...,i, < s, the coeflicient of
order (iy,...,i,) of f @ g is:
Cti,. iy(fEE) = Z Ctiir, i (CEG ik (8)- (4.21)
7eNC(n)

We then have the following Lemma.

Lemma 4.3. Let (A, ¢) be a non-commutative probability space and let {a,,...,a,}
and {by,...,b,} be free. Then the R-transform of the s-tuple (a,b, ..., ab;) is

Ralhl’--wasbs = Ralw---,as B Rbl’---,bx'

Definition 4.7. Convergence of NCP and freeness

Definition 4.8. Let {(Ay, ¢n)}y_, be a sequence of non-commutative *-probability
spaces. We say that this sequence converges to a non-commutative *-probability space
(A, @) if for each a®™ € Ay, there is a corresponding element (limit) a € A such that

Al’l_l‘)rolo oN (H(af.N), a:f(N) 1<i< t)) = ¢([I(a;,a; : 1 <i<1t)), for any polynomial IT and 7 > 1.
In particular, fora fixi > 1, we say that a?’ converges in distribution to a; if lim gpN(al(N )k) =
go(af.‘) Vk > 1. Moreover, for fixed ¢ > 1, by joint convergence of {aEN ), ;"(N Yil<i<
to {a;,a; : 1 < i < t}, we mean (Span{al(.N), a;."(N) : 1 < i < t},py) converges to
(Span{a;,a; : 1 <i<t},¢).

For example, Theorem says (U,, Ep~'Tr) converges to (U, ¢).

a
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