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Abstract

The need for comparing two or more regression functions arises fre-

quently in statistical applications. Comparison of the usual regression

functions is not very meaningful in situations where the distribution and

the range of the covariates have changed for the populations. For in-

stance, in econometric studies, the prices of commodities and people’s

incomes observed at different time points may not be on comparable

scales due to inflation and other economic factors. In this paper we

describe, motivated by an idea of Mahalanobis (1960), a method of

standardizing the covariates and estimating the transformed regression

function, which now become comparable. We develop smooth estimates

of fractile regression function and study its statistical properties. We

prove the consistency and asymptotic normality of the estimated frac-

tile regression function defined through general weight functions. We

illustrate our method through analysis of three data sets: blood pres-

sure and related measurements of two tribes in India, profit and sales of
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private companies in India at two time points, and data on household

income and expenditure of two East European transitional economies.

KEY WORDS: Consistency and asymptotic normality, geometric quantile,

kernel smoothing, multivariate fractile, smooth estimates, transformation of

covariates.

1 Introduction

Comparison of two or more regression functions arise quite often. But the

comparison of usual regression functions can be very difficult when the covari-

ates for the two populations have different distributions. Let us consider a

couple of examples to illustrate this point, where nonparametric estimates of

regression functions are used.

Example 1: Data was collected on 258 individuals from the Bhutia tribe

and 305 individuals from the Toto tribe in India on blood pressure, height

and weight by the scientists of the Human Genetics Unit at Indian Statistical

Institute, Kolkata. It is of interest to compare the relationship of blood pres-

sure with the height and the weight of an individual for the two populations.

A common approach would be to compare the two regression surfaces as is

shown in Figure (1a). But the two regression surfaces are not comparable as

the covariates have very different distributions in the two populations. In fact,

the ranges of the covariates are quite different. Probably the simplest way to

standardize the covariates in order to make the regression functions compara-

ble would be to subtract the mean from each of the covariate values and divide
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by the standard deviation. The location and scale shifted regression surfaces

are shown in Figure (1b), whereas Figure (1c) shows the regression surfaces,

where we standardize each covariate vector by subtracting the sample mean

vector and multiplying by the inverse of the square-root of the observed dis-

persion matrix. But the surfaces are still not quite in comparable forms – the

ranges of the standardized covariates still tend to differ quite a bit. We have

used the Nadaraya-Watson smoother with the standard bivariate gaussian ker-

nel to produce the regression surfaces. For choosing the optimal smoothing

bandwidths, we have used the least squares cross validation method [see Wand

and Jones (1995)] and computation was done by using the “sm” package in R

developed by Adrain Bowman and Adelchi Azzalini.

A disturbing feature in the three figures is the crossing of the red surface

(for the Bhutia tribe). The Toto population is usually believed to have higher

blood pressure than the Bhutia population. An obvious question that arises is

whether the crossing is a real feature of the Bhutia population or not. Another

anomaly illustrated in the figures is the high peak of the blue surface (for the

Toto tribe) at large values of height and weight. A tall and heavy person

would not usually be expected to have a higher blood pressure than a short

and heavy (over-weight) person. As will be shown later, these two features

in the regression surfaces are indeed spurious and can be attributed to the

skewness of the covariates and a misleading comparison of the two regression

surfaces.

Example 2: The Reserve Bank of India keeps data on the sales (in Indian

rupees), paid-up capital (in Indian rupees) and profit (as a fraction of sales) for

3



20
40

60
80

100
120

130
140

150
160

170
180
110

120

130

140

150

160

170

180

Weight (in kg)

Regression Surfaces

Height (in cm)

B
lo

od
 P

re
ss

ur
e

!4
!2

0
2

4
6

!3
!2

!1
0

1
2

3
110

120

130

140

150

160

170

180

Weight

Standardized Regression Surfaces

Height

B
lo

od
 P

re
ss

ur
e

−3
−2

−1
0

1
2

3
4

−3
−2

−1
0

1
2

3
115

120

125

130

135

140

145

150

155

Weight

Σ−1/2 Standardized Regression Surfaces

Height

B
lo

od
 P

re
ss

ur
e

(a) (b) (c)

Figure 1: (a) Usual regression surfaces, (b) location and scale shifted regression
surfaces, and (c) regression surfaces when the covariates are standardized by
the inverse of the square-root of the dispersion matrix of blood pressure with
weight and height for the Bhutia (red) and Toto (blue) tribes.

non-government, non-financial public limited companies in India over differ-

ent years. They are interested in comparing the profitability of the companies

against measures like the sales and the paid-up capital, at two time points.

This gives rise to a regression problem where one regresses profit (as a frac-

tion of sales) against sales and paid-up capital. One would like to compare

the two regression surfaces for two time points. But the comparison of usual

regression surfaces is not meaningful as due to inflation and other economic

changes over time the covariate values at two different time points happen to

differ by several orders of magnitude. Figure (2a) shows the usual regression

surfaces for the year 1997 (red surface) and 2003 (blue surface) with 944 and

1243 data points respectively. Figure (2b) and Figure (2c) show the regression

surfaces with the covariate vector standardized by a simple coordinate-wise

location and scale change, and by the inverse of the square-root of the dis-

persion matrix respectively. We use similar non-parametric techniques as in

Example 1 to estimate the regression surfaces. The skewness of the covariates

causes distortion of the estimated regression surfaces, and the choice of the
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Figure 2: (a) Usual regression surfaces, (b) location and scale shifted regression
surfaces, and (c) regression surfaces when the covariates are standardized by
the inverse of the square-root of the dispersion matrix of profit (as a fraction of
sales) with sales and paid-up capital for the years 1997 (red) and 2003 (blue).

smoothing bandwidth also becomes very difficult. Besides, the large difference

in the covariate values for the years 1997 and 2003 makes the two regression

surfaces virtually incomparable in the figures.

Both the preceding examples demonstrate the need for a methodology to

appropriately standardize the covariates before comparing the regression func-

tions. In this paper we propose a method for standardizing the covariates by

using a multivariate transformation, which is derived from their multivariate

distribution. We also discuss the estimation of the corresponding regression

functions based on the transformed covariates. Let us first look at the prob-

lem when there is just one covariate. Consider two bivariate random vectors

(X1, Y1) and (X2, Y2) and the associated regression functions µ1 and µ2 where

µ1(x) = E(Y1|X1 = x) and µ2(x) = E(Y2|X2 = x). Then the fractile

regression functions are defined as

m1(t) = E{Y1|F1(X1) = t} and m2(t) = E{Y2|F2(X2) = t}
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Figure 3: (a) Usual regression curves, (b) location and scale shifted regression
curves, and (c) fractile curves of blood pressure with weight for the Bhutia (in
red, solid line) and Toto (in blue, dashed line) tribes.

for t ∈ (0, 1), where F1 and F2 are the distribution functions of X1 and

X2 respectively [see Mahalanobis (1960)]. Note that the transformed covari-

ates F1(X1) and F2(X2) both have a uniform distribution on (0, 1). This

distribution-free nonparametric standardization of the covariates makes com-

parison of the regression functions meaningful even when the real valued covari-

ates have very different distributions in the two populations. The comparison

of m1(t) and m2(t) amounts to comparing the means of the responses Y1 and

Y2 at the t’th quantile of the covariates rather than the same value of the

covariates, as is done in usual regression. Also, this standardization makes the

fractile regression functions invariant under all strictly increasing transforma-

tions of the covariate. In other words, if X2 = φ(X1), where φ is any strictly in-

creasing transformation, then E{Y1|F1(X1)} = E{Y2|F2(X2)}. Fractile regres-

sion has been considered earlier in Mahalanobis (1960), Sethuraman (1961),

Parthasarathy and Bhattacharya (1961), Bhattacharya and Muller (1993) and

Sen (2005).

In Figure (3), we have plotted the usual regression curves, regression curves
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Figure 4: (a) Usual regression curves, (b) location and scale shifted regression
curves, and (c) fractile curves of profit (as a fraction of sales) against sales
for the years 1997 (in red, solid line) and 2003 (in blue, dashed line).

with covariates standardized for location and scale and the smooth estimates

of fractile curves with blood pressure as the response and body weight as the

predictor for the two populations discussed in Example 1. Figure (4) shows the

corresponding three plots for the data set in Example 2 with profit on sales

as the response and sales as the predictor. We used the Nadaraya-Watson

smoother with the standard normal kernel to estimate the regression func-

tions [see Sen (2005) for more details on estimating the fractile curves]. The

highly irregular regression curves obtained in Figures (4a) and (4b) is due to

the skewness of the data. The performance of data driven bandwidths for

the regression curves in this example was very poor. We made a subjective

choice of the smoothing parameter after observing several plots with differ-

ent bandwidths. In all the other plots we used the direct plug-in bandwidth

estimator developed by Ruppert, Sheather and Wand (1995). Bandwidth se-

lection is a relatively simpler problem for fractile regression as the transformed

covariate values are uniformly spaced over the interval (0, 1). In each of the

Figures (3a), (3b), (4a) and (4b) there is a serious lack of comparability be-

tween the two regression curves, which is adequately resolved in Figures (3c)
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and (4c).

In this paper, we develop and investigate fractile regression when the di-

mension of covariates might be more than one. The first hurdle in defining

fractile regression with multiple covariates is the absence of a straight-forward

notion of multivariate quantiles, because of the lack of natural ordering of

points in Rd for d > 1. In Section 2, we discuss two suitable notions of multi-

variate quantiles and use it to define the fractile regression function. Section 3

discusses nonparametric smooth estimation of the fractile regression function

from a sample of data points. We investigate asymptotic properties of such

estimates in Section 4. The fractile surfaces for Examples 1 and 2 are pre-

sented in Section 5 followed by a brief discussion. Section 6 provides another

application of fractile regression techniques on real data, namely, Household

Survey data for Transitional Economies. In Section 7, the Appendix, we give

the proofs of the main results and state the necessary conditions on the weight

functions required for Theorem 4.2.

2 Fractile regression function

The lack of objective basis for ordering multivariate observations is a major

problem in extending the notion of quantiles to multi-dimensions. For a d-

dimensional random vector X = (X1, X2, . . . , Xd) with probability distribution

P on Rd, we define a multivariate analogue RP : Rd 7→ [0, 1]d of the univariate

distribution function [i.e., x 7→ FX(x)] as

RP(x1, x2, . . . , xd) =
(
F1(x1), F2|1(x2|x1), . . . , Fd|1,2,...,d−1(xd|x1, x2, . . . , xd−1)

)
, (1)

8



where F1(x1) = P (X1 ≤ x1), F2|1(x2) = P (X2 ≤ x2|X1 = x1), . . . , Fd|1,2,...,d−1(xd)

= P (Xd ≤ xd|X1 = x1, X2 = x2, . . . , Xd−1 = xd−1). The quantile map ob-

tained by inverting this transformation can be taken as a version of multivari-

ate fractile map, and it is expressed as

GP(u) =
(
F−1

1 (u1), F
−1
2|1 (u2|u1), . . . , F

−1
d|1,2,...,d−1(ud|u1, u2, . . . , ud−1)

)
(2)

for u = (u1, u2, . . . , ud) ∈ (0, 1)d [see Bhattacharya (1963)]. We index d-

dimensional multivariate quantiles by points in the open unit cube (0, 1)d.

Points close to (0.5, 0.5, . . . , 0.5) correspond to the central quantiles whereas

points close to the boundary of the cube would correspond to extreme quan-

tiles. Suppose that X and Z are two random vectors having distributions P1

and P2 respectively on Rd with continuous density functions. If RP1(x) =

RP2(x) for all x ∈ Rd then P1 = P2. Thus the above notion of multivariate

distribution transform characterizes the distribution of the random vector.

An interesting invariance property shared by any continuous univariate

distribution function F is that F (X) ∼ Uniform(0, 1), where X has dis-

tribution function F . A similar result holds for RP. Suppose that X =

(X1, X2, . . . , Xd) ∼ P, then it can be easily shown that RP(X) ∼ Uniform(0, 1)d,

if X has a density on Rd.

As we have discussed in the previous section, we need some nonparametric

standardization of the covariates to make meaningful comparison of the two

regression functions for the two populations. In the single covariate setup, the

usual location and scale standardization of the covariate will make the regres-

sion curve invariant under any linear transformation of the covariate. For two
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real populations, the covariates might be related by a complicated monotonic

transformation. We would still like to compare the regression functions and if

the distribution of the response remains the same, we may like to conclude that

the transformed regression functions have not changed. The standardization

X 7→ F (X), F being the distribution function of X, makes the transformed

regression curves invariant under any increasing transformation of the covari-

ate. In fact, it can be shown that any transformation of the covariate X that

makes the regression curves invariant under all increasing transformations will

necessarily be a function of F . So, in a sense, the fractile transformation is a

very strong notion of standardization.

In the multiple covariate setup, we use RP, the multivariate distribution

transform discussed above, to standardize the covariates and regress Y on

RP(X) (where X ∼ P). In other words, we define the fractile regression func-

tion obtained by using the multivariate distribution transform RP as

m(t) = E{Y |RP(X) = t} for t ∈ (0, 1)d.

We now state a result on the invariance of this fractile regression function

under any coordinate-wise strictly increasing transformation of the covariate

vector that justifies the use of RP as a nonparametric standardization tool for

the covariates.

Theorem 2.1 Let (X, Y ) ∈ Rd+1 be a random vector such that X = (X1, X2,

. . . , Xd) ∼ P1 has a density on Rd. Also, let Z = (Z1, Z2, . . . , Zd) ∼ P2, where

Zj = φj(Xj) ∀ j = 1, 2, . . . , d, and each φj is a strictly increasing function on

R. Then RP1(x) = RP2(Φ(x)) where Φ(x) = (φ1(x1), φ2(x2), . . . , φd(xd)). In

10



particular,

E{Y |RP1(X) = t} = E{Y |RP2(Z) = t} for all t ∈ (0, 1)d.

The above theorem says that even if each covariate gets transformed by an ar-

bitrary strictly increasing transformation, the fractile regression function will

not change. This property is quite desirable when we would like to standardize

the covariates and compare two regression functions, where the distribution of

the covariates might be very different. Note that the transformed covariates

will always have the same Uniform(0, 1)d distribution, making the fractile re-

gression functions comparable.

The transformation RP standardizing the covariates is invertible and de-

pends on the distribution P of the covariates. The transformed vector of

covariates RP(X) always has a fixed distribution irrespective of P. Let P

be the class of all distributions on Rd having a density. Suppose now that

T : P×Rd → E ⊂ Rd is another transformation such that x 7→ T(P,x) is an

invertible map from Rd onto E for every P ∈ P . Then, the transformed regres-

sion function can be defined as E{Y |T(P,X) = t} for t ∈ E. The following

theorem shows that if the transformed regression function does not change for

any coordinate-wise increasing transformation of the covariates then T(P,X)

must necessarily have a fixed distribution, like RP(X), for all P ∈ P .

Theorem 2.2 Let X, Y,Z,P1 and P2 be as in Theorem 2.1, and suppose that

there exists a transformation T : P×Rd → E ⊂ Rd as described above such

that E{Y |T(P1,X) = t} = E{Y |T(P2,Z) = t} for all t ∈ E, and equality

holds for all joint distributions (X, Y ), with X ∼ P1 ∈ P. Then T(P,X)

11



must have a fixed distribution, i.e., we must have T(P,X)
d
= V, for some

fixed random vector V, for all X ∼ P ∈ P.

The computation of RP from a sample of data points X1,X2, . . . ,Xn ∼ P

in Rd requires the estimation of the conditional distribution functions as the

exact distribution will be unknown for almost all practical problems. We might

use a kernel estimate of the multivariate density of Xi, and then use it to get

various marginal and conditional densities. Let Rn be the estimated distribu-

tion transform obtained from the sample. For the examples used in this paper,

we have used a gaussian kernel with smoothing bandwidths chosen by cross

validation. Under appropriate conditions on the kernel and the smoothing pa-

rameter(s), it can be easily shown that Rn is a uniformly consistent estimator

of RP, i.e.,

sup
x∈Rd

‖Rn(x)−RP(x)‖ P→ 0.

Mahalanobis (1988) (pages 68-71) and Bhattacharya (1963) suggested an al-

ternative method for computing the conditional quantiles of the covariates

which essentially consists of nested binning of the covariates.

2.1 An alternative to RP: geometric quantile and re-

lated distribution transform

Though the multivariate transform RP has nice invariance properties and sim-

ple probabilistic interpretations, sometimes it can be difficult to estimate, as

it requires estimation of the conditional distribution functions. As the dimen-

sion d increases, the density estimation becomes more difficult and the com-

putational complexity increases at an exponential rate. Also note that RP

depends on the ordering of the coordinates of the covariate vector. Changing

12



the order of the coordinate variables would change the transformation. In this

subsection, we discuss another notion of multivariate quantile, which is com-

putationally simpler and does not depend on the ordering of the co-ordinate

random variables. This concept of multivariate quantile, called the geomet-

ric quantile (or spatial quantile), was introduced and studied by Chaudhuri

(1996) and Koltchinskii (1997).

Suppose that we have a sample X1,X2, . . . ,Xn ∼ P in Rd. We index

d-dimensional multivariate quantiles by points in the open unit ball B(d) =

{u : u ∈ Rd, ‖u‖ < 1}. For any u ∈ B(d) and t ∈ Rd, the geometric quantile

Q̂n(u) corresponding to u and based on the d-dimensional sample is defined as

Q̂n(u) = arg minQ∈Rd

∑n
i=1 Φ(u,Xi −Q), where Φ(u, t) = ‖t‖ + 〈u, t〉. Here

〈·, ·〉 and ‖ · ‖ denote the usual Euclidean inner product and norm. A u for

which ‖u‖ is close to 1 corresponds to an extreme quantile whereas a u for

which ‖u‖ is close to zero corresponds to a central quantile. For a random

vector X ∼ P on Rd, we can define the geometric quantile QP(u), for u ∈ B(d)

as QP(u) = arg minQ∈Rd E{Φ(u,X−Q)− Φ(u,X)}.

It is known that the solution QP(u) of the above minimization problem

always exists for any u. The geometric quantile function QP(u) characterizes

the associated distribution in the sense that QP1 = QP2 ⇒ P1 = P2. Compu-

tation of the sample geometric quantile function is simple and the asymptotic

properties are known [see Chaudhuri (1996) and Koltchinskii (1997) for more

details]. But the geometric quantile is not equivariant under arbitrary increas-

ing transformations, like GP.
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We define the geometric distribution function SP corresponding to the

geometric quantile map QP as SP(x) = EP

(
x−X
‖x−X‖

)
∀ x ∈ Rd, where X ∼ P.

Note that SP and QP are invertible functions, and one is the inverse of the

other. The geometric distribution function can also be viewed as an extension

of the usual distribution function in the univariate case. Unlike RP(X),SP(X)

does not have a fixed distribution for all X ∈ P . The empirical geometric

distribution function is defined as

Sn(x) =
1

n

n∑
i=1

x−Xi

‖x−Xi‖
.

From Theorem (5.5) in Koltchinskii (1997), it follows that Dn = supx∈Rd ‖Sn(x)−

SP(x)‖ → 0 a.s. as n →∞.

3 Smooth estimation of fractile regression

In this section, we define smooth estimates of the fractile regression function.

As pointed out by Stone (1977), most nonparametric regression estimates can

be expressed as a weighted sum of the response values. We develop a similar

kind of theory by using general weight functions satisfying some regularity

conditions. Suppose that we have a sample {(Xi, Yi)}n
i=1 from a population

in Rd+1 with a continuous density function, where Xi ∼ P. Let (X, Y ) be a

generic random vector having the same joint distribution. The methodology

is described with a general version of multivariate distribution transform H :

Rd → E ⊂ Rd (which may or may not be RP or SP). We want to estimate

the fractile regression function

m(t) = E{Y |H(X) = t} for t ∈ E.

14



We define the smooth estimated fractile regression function as

m̂n(t) =
n∑

i=1

YiWn,i(t) for t ∈ E, (3)

where Wn,i(t) is the weight function, which might depend on Hn, the empir-

ical or estimated value of H. If we use kernel based weights, one common

choice of weight function is the Nadaraya-Watson type weight function, i.e.,

Wn,i(t) =
K

“
t−Hn(Xi)

hn

”
Pn

j=1 K

„
t−Hn(Xj)

hn

« , where K is a density function defined on Rd,

t = (t1, t2, . . . , td) ∈ E, t−Hn(Xi)
hn

=
(

t1−Hn,1(Xi)

hn,1
, t2−Hn,2(Xi)

hn,2
, . . . ,

td−Hn,d(Xi)

hn,d

)
,

and hn,1, hn,2, . . . , hn,d are the smoothing bandwidths.

As an example, we demonstrate our smooth estimate of fractile regression

surface, along with the actual fractile regression surface, using the multivariate

distribution transform RP in Figure (5), where we have a tri-variate normal

population (X1, X2, Y ) ∼ N(0, Σ) with Σ = (σi,j)3×3 such that σi,i = 1 and

σi,j = 0.5 ∀ i 6= j. We have generated a sample of size 200 to construct

the smooth estimated fractile regression surface. For choosing the optimal

bandwidths for the weight functions, we used the least squares cross validation

method [see Wand and Jones (1995)] and computation was done using the

“sm” package in R developed by Adrain Bowman and Adelchi Azzalini. The

transformed vector of covariates RP(X) has a uniform distribution on (0, 1)d,

which makes the choice of bandwidths easier and more stable. We use the

standard multivariate gaussian density as the kernel K and the Nadaraya-

Watson type weight function in our examples.
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Figure 5: (a) Usual mean regression surface for Y |X1, X2, (b) actual fractile
regression surface for Y |X1, X2, and (c) estimated fractile regression surface
for Y |X1, X2 using smooth estimates for gaussian data.

4 Asymptotic properties of estimated fractile

regression

In this section, we prove the consistency and asymptotic normality of the

smooth estimated fractile regression function. The following theorem gives

the asymptotic distribution of m̂n(t) when we center it around its conditional

mean.

Theorem 4.1 Fix t ∈ E. Suppose that Yi = g(Xi) + ei, where the ei’s are

i.i.d. with E(ei) = 0 and V ar(ei) = σ2 and independent of the Xi’s. Under the

assumption s2
n

max1≤i≤n W 2
n,i(t)

−→∞ a.s., where s2
n = σ2

∑n
i=1 W 2

n,i(t), we have

m̂n(t)− E{m̂n(t)|X1,X2, . . . ,Xn}
sn

d−→ N(0, 1) (4)

conditional on the Xi’s, for almost all sequences X1,X2, . . . ,Xn.

The following theorem shows that the estimated fractile regression function is

a consistent estimator of m(t).
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Theorem 4.2 Fix t ∈ E. Suppose that m(t) = E{Y |H(X) = t} is con-

tinuous on E and |m(t)| ≤ M ∀ t ∈ E; the conditional variance of Yi

given H(Xi) is bounded, i.e., v(t) = V ar {Yi|H(Xi) = t} ≤ K0 ∀ t ∈ E;

and supx∈Rd ‖Hn(x) − H(x)‖ P→ 0. Also assume conditions (W1)-(W4) on

the weight functions, described in the appendix. Then, the conditional mean

squared error of m̂n(t) approaches 0 in probability. As a consequence,

m̂n(t)
P−→ m(t). (5)

Recall that the estimated multivariate distribution transforms Rn and

Sn are uniformly consistent estimators of RP and SP respectively. For the

Nadaraya-Watson type weight function, conditions (W2) and (W4) are imme-

diate. For compactly supported kernels, which are nonzero and bounded in a

neighborhood of 0, and also the standard gaussian kernel, (W3) follows easily

if ‖hn‖ −→ 0. Under the additional assumptions (i) nhn,1hn,2 . . . hn,d −→ ∞,

(ii) the uniform consistency of the estimated multivariate transform Hn and

(iii) the existence of a non-vanishing density of H(X) in E, we can verify con-

dition (W1). The condition on the weight function in Theorem 4.1 can also

be verified under the above mentioned assumptions. Thus the conclusions of

Theorems 4.1 and 4.2 hold for estimates based on the Nadaraya-Watson type

weight function defined using the multivariate transforms RP and SP.

5 Fractile regression surfaces in examples

Example 1: On an average, individuals in the Toto tribe are heavier than

those of the Bhutia tribe, and this makes the comparison of the usual regres-

sion surfaces difficult. Figure (6) shows the fractile regression surfaces for the
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Figure 6: Smooth fractile surfaces for comparing Y = blood pressure in the
Bhutia (red) and Toto (blue) tribes in Example 1 (a) using the transformation
RP with X1 = weight and X2 = height, (b) using the transformation RP with
the order of the covariates reversed, and (c) using the transformation SP.
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Figure 7: Smooth fractile surfaces for comparing Y = ratio of profit to sales
for the years 1997 (red) and 2003 (blue) in Example 2 (a) using the trans-
formation RP with X1 = sales and X2 = paid-up capital, (b) using the trans-
formation RP with the order of the covariates reversed, and (c) using the
transformation SP.
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Bhutia and Toto tribes using the multivariate distribution transforms RP and

SP. The two surfaces do not cross any longer because of the proper comparison

of the regression surfaces. While comparing the regression surfaces, it is more

meaningful to compare blood pressure of individuals in the same fractile group

of height and weight for the two tribes rather than their actual covariate val-

ues. The multivariate distribution transform RP exactly achieves this purpose.

An increase in weight increases blood pressure (on an average) for both the

populations, though the relation is much more visible for the Toto tribe. The

large peak in the blue surface [see Figure (1)] for large values of weight and

height is absent in the fractile regression surfaces. On further investigation,

we see that the spike was a result of covariate skewness and data sparsity for

such large values of height and weight. We thus see that fractile regression

surfaces are robust to extreme values of covariates. Also, the transformed co-

variates are now approximately independent whereas the original covariates –

the height and the weight - are correlated. This is another interesting feature

of the transformation RP that can be exploited when dealing with correlated

covariates.

Example 2: In this example, we regress Y = ratio of profit to sales =
profit
sales

against X1 = sales and X2 = paid-up capital. We study data for the years

1997 and 2003. The fractile regression surfaces for the two samples are shown

in Figure (7). The estimated fractile surfaces (using both notions of multivari-

ate distribution transform RP and SP) for the year 2003 lie almost completely

below that of 1997 indicating a fall in profit to sales ratio over the years. This

decrease in profitability might be due to several reasons. One plausible reason

19



might be an increase in the number of companies (specially the emergence

of foreign multinational companies) – the competitiveness among the compa-

nies has decreased their profitability. The analysis also indicates that larger

companies (i.e., companies with large sales and paid-up capital) enjoy greater

profitability whereas, on an average, those with low sales and high paid-up

capital suffer the worst losses, as might be expected. These features are not

at all prominent in the usual regression surfaces. It is very difficult to com-

pare the usual regression surfaces as shown in Figure (2) because of the large

changes in the distribution of the covariates over the two time points.

6 A Further Example

The Household Expenditure and Income Data for Transitional Economies

(HEIDE) database contains data from household survey maintained by the

World Bank Group; and it includes four countries in Eastern Europe and

the Former Soviet Union (see http://www.worldbank.org/research/inequality/

data.htm for more information). It was created as part of a project analyzing

poverty and existing social assistance programs in the transitional economies.

What immediately arrests attention is the startling drop in income and in-

crease in inequality accompanying the transition of these countries to market

economies.

A simple measure of the economic well-being of a population can be taken

as the proportion of expenditure on food as a ratio of total expenditure per

capita per household (in USD). This proportion would be quite small for rich
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Figure 8: (a) Usual regression curves, (b) location and scale shifted regression
curves, and (c) fractile curves for proportion of expenditure on food with total
expenditure for Poland (in red, solid line) and Bulgaria (in blue, dashed line)
as discussed in Section 6.

and wealthy people, but for the poor it would be close to one. By regressing

this proportion on the total expenditure we can get a fair idea of the inequality

in income and the economic condition of the populations.

To illustrate our point, we consider data sets for two countries from the

HEIDE database, namely Poland (with 16051 data points) and Bulgaria (with

2466 data points), and estimate the regression functions. Figure (8) shows

the usual regression curves, regression curves with covariates standardized for

location and scale and the smooth estimates of fractile regression curves with

proportion of expenditure on food as the response and total expenditure per

capita per household (in USD) as the predictor. Both the regression curves in

Figure (8a) show an initial decreasing trend but become very wiggly as total

expenditure increases. Also the ranges of the covariates are quite different

in the two populations even though both of them are measured in USD. This

might be partly because the data for the two populations were collected at dif-

ferent time points (Jan-Jun 1993 for Poland and Jan-Jun 1995 for Bulgaria).
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It might also be partly due to the disparity in purchasing powers of 1 USD in

the two countries at two different time points. In Figure (8b), the two curves

are more aligned, but still the wigglyness for higher total expenditure values

is disturbing. To make the regression curves comparable, we need some stan-

dardization of the covariates.

We would really like to compare the mean proportion of food expenditure

for the poor (or the rich) in one population with that of the poor (or the

rich) in the other population. The fractile curves accomplish exactly this,

enabling us to compare the mean response values for fixed percentiles of total

expenditure. The transformed covariate values close to 0 correspond to the

very poor people and values close to 1 correspond to the richest people in the

populations if we take total expenditure as a measure of economic condition.

From Figure (8c), it appears that the condition of households in Poland is

uniformly economically better than those of Bulgaria. The standardization

of the covariate also eliminates of the wigglyness of the earlier curves, which

might be due to data sparseness for large covariate values.

As total disposable income is another financial indicator, our next step is

to compare the proportion of expenditure on food to the total expenditure

and the total disposable income. Figure (9a) shows the usual regression sur-

faces, while Figure (9b) shows the coordinate-wise location and scale shifted

regression surfaces. Figure (9c) shows the regression surfaces when we stan-

dardize the covariate vector by subtracting its mean vector and multiplying

by the inverse of the square-root of the dispersion matrix. It is important to

know whether the crossing of the two surfaces at high covariate values is a real
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Figure 9: (a) Usual regression surfaces, (b) location and scale shifted regres-
sion surfaces, and (c) regression surfaces when the covariates are standardized
by the inverse of the square-root of the dispersion matrix for proportion of ex-
penditure on food (as a fraction of total expenditure) on total expenditure and
total disposable income for the countries Poland (red) and Bulgaria (blue).
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Figure 10: Smooth fractile surfaces for comparing Y = proportion of expen-
diture on food for the countries Poland (red) and Bulgaria (blue) (a) using
the transformation RP with X1 = total expenditure and X2 = total dispos-
able income; (b) using the transformation RP and the order of the covariates
reversed; and (c) using the transformation SP.
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feature, as that would imply sharper economic inequality in Bulgaria (blue

surface). But Figure (10) shows that the fractile surfaces do not cross; they

rather share a very similar pattern over the entire domain of the covariates.

This possibly reconfirms the fact that the households in Poland were better

off than those of Bulgaria during the time of the survey.
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7 Appendix

Proof of Theorem 2.1 Suppose that RP1(x) = u, i.e., FP1,i|1,2,...,i−1(xi|x1, . . . , xi−1)

= ui ∀ i = 1, 2, . . . , d, where u = (u1, u2, . . . , ud). Note that,

FP1,i|1,2,...,i−1(xi|x1, . . . , xi−1) = ui

⇒ P (Xi ≤ xi|X1 = x1, X2 = x2, . . . , Xi−1 = xi−1) = ui

⇒ P (φi(Xi) ≤ φi(xi)|φ1(X1) = φ1(x1), . . . , φi−1(Xi−1) = φi−1(xi−1)) = ui

⇒ FP2,i|1,2,...,i−1(φi(xi)|φ1(x1), . . . , φi−1(xi−1)) = ui ∀ i = 1, 2, . . . , d

where FP2,i|1,2,...,i−1 is the conditional distribution function of Zi given Z1, Z2,

. . . , Zi−1, for i = 1, 2, . . . , d. Therefore, we have RP1(x) = u = RP2(Φ(x)).

Now, E{Y |RP1(X) = t} = E{Y |RP2(Φ(X)) = t} = E{Y |RP2(Z) = t} ∀ t ∈

(0, 1)d, which gives us the desired result. �
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Proof of Theorem 2.2 We will show that E{Y |T(P1,X) = t} = E{Y |T(P2,

Z) = t} for all t ∈ E, for all random vectors (X, Y ) with X ∼ P1 ∈ P

is equivalent to T(P1,x) = T(P2,Φ(x)) ∀ x ∈ Rd. Given that T(P1,x) =

T(P2,Φ(x)) ∀ x ∈ Rd it is trivial to see that E{Y |T(P1,X) = t} = E{Y |T(P2,

Z) = t}. The other part follows from choosing Y = Xi and simplifying the

conditional expectations on both sides, for i = 1, 2, . . . , d.

Note that T(P1,x) = T(P2,Φ(x)) ∀ x ∈ Rd implies that T(P1,X)
d
=

T(P2,Φ(X)). Let U ∼ λ, where λ is the Uniform(0, 1)d measure. Then

T(λ,U) ∼ V for some random vector V. As any continuous random vec-

tor X ∼ P can be constructed from U using a coordinate-wise increasing

transformation (which amounts to choosing suitable Φ), we conclude that

T(P,X)
d
= V for all X ∼ P ∈ P . �

Proof of Theorem 4.1 As in the proof of Theorem 4.2, all expectations and

variances denoted below are conditional on the Xi’s, i = 1, 2, . . . , n. Note that

m̂n(t)− E{m̂n(t)} =
n∑

i=1

Wn,i(t)ei.

To find the conditional limiting distribution of
∑n

i=1 Wn,i(t)ei given the Xi’s,

let us define Zn,i = Wn,i(t)ei for i = 1, 2, . . . , n. Let Sn =
∑n

i=1 Zn,i. We use

the Lindeberg-Feller Central Limit Theorem to find the asymptotic distribu-

tion of Sn.

Observe that E(Zn,i) = 0 and σ2
n,i = V ar(Zn,i) = σ2W 2

n,i(t). Let s2
n =∑n

i=1 σ2
n,i = σ2

∑n
i=1 W 2

n,i(t). For any η > 0 and nonzero W 2
n,i(t), the Lindeberg-
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Feller condition can be simplified as

n∑
i=1

1

s2
n

∫
|Zn,i|>ηsn

Z2
n,idP =

n∑
i=1

1

s2
n

∫
e2
i >η2 s2n

W2
n,i

(t)

W 2
n,i(t)e

2
i dP

≤
n∑

i=1

1

s2
n

∫
e2
i >η2 s2n

max1≤i≤n W2
n,i

(t)

W 2
n,i(t)e

2
i dP

≤ σ−2

∫
e2
1>η2 s2n

max1≤i≤n W2
n,i

(t)

e2
1dP −→ 0 as n →∞ (6)

by the assumption of the theorem. The result now follows from the Lindeberg-

Feller Central Limit Theorem, i.e.,
Pn

i=1 Wn,i(t)ei

σ
√Pn

i=1 W 2
n,i(t)

d−→ N(0, 1) conditional on

the Xi’s, for almost all sequences X1,X2, . . . ,Xn. �

The regularity conditions on the weight functions applicable for Theo-

rem 4.2 are described below.

(W1)
∑n

i=1 W 2
n,i(t)

P−→ 0 as n →∞.

(W2)
∑n

i=1 Wn,i(t)
P−→ 1 as n →∞.

(W3) The weights are asymptotically localized, i.e., there exists a sequence

{δn}∞n=1 with δn → 0 such that

n∑
i=1

|Wn,i(t)|1{‖t−Hn(Xi)‖>δn}
P−→ 0 as n →∞.

(W4) There exists D ≥ 1 such that P (
∑n

i=1 |Wn,i(t)| ≤ D) = 1 ∀ n ≥ 1.

Note that conditions (W1)-(W4) are and similar to those used by Stone (1977).

Proof of Theorem 4.2 In the following theorem, all expectations are condi-

tional expectations given the Xi’s, i = 1, 2, . . . , n. For t ∈ E, the conditional
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mean squared error can be decomposed as

E {m̂n(t)−m(t)}2 = E {m̂n(t)− E(m̂n(t))}2 + {E(m̂n(t))−m(t)}2 . (7)

The conditional variance term, E{m̂n(t)− E(m̂n(t))}2, can be simplified as

E

[
n∑

i=1

{Yi −m(H(Xi))}Wn,i(t)

]2

= E

[
n∑

i=1

n∑
j=1

{Yi −m(H(Xi))} {Yj −m(H(Xj))}Wn,i(t)Wn,j(t)

]

=
n∑

i=1

E {Yi −m(H(Xi))}2 W 2
n,i(t)

≤ K0

n∑
i=1

W 2
n,i(t)

P−→ 0 by assumption (W1) and the fact that v(t) is bounded.

To show that the conditional bias goes to 0 in probability, we decompose it as

n∑
i=1

m(H(Xi))Wn,i(t)−m(t)

=
n∑

i=1

{m(H(Xi))−m(t)}Wn,i(t) + m(t)

{
n∑

i=1

Wn,i(t)− 1

}
. (8)

Note that the second term in (8) goes to 0 in probability by assumption (W2).

We will show that
∑n

i=1 Vn,i
P−→ 0 as n →∞, where Vn,i = {m(H(Xi))−m(t)}

Wn,i(t). Let ε > 0 and η > 0 be given. To simplify writing, we denote the

event {‖t−Hn(Xi)‖ ≤ δn} as En,i. Therefore,

P

(∣∣∣∣∣
n∑

i=1

Vn,i

∣∣∣∣∣ > ε

)
≤ P

(∣∣∣∣∣
n∑

i=1

Vn,i1En,i

∣∣∣∣∣ > ε/2

)
+ P

(∣∣∣∣∣
n∑

i=1

Vn,i1Ec
n,i

∣∣∣∣∣ > ε/2

)

≤ P

(∣∣∣∣∣
n∑

i=1

Vn,i1En,i

∣∣∣∣∣ > ε/2

)
+ η/2 for all n ≥ N1 as (9)
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P
(∣∣∣∑n

i=1 Vn,i1Ec
n,i

∣∣∣ > ε/2
)
≤ P

(∑n
i=1 |Vn,i|1Ec

n,i
> ε/2

)
≤ P

(
2M

∑n
i=1 |Wn,i(t)|1Ec

n,i
> ε/2

)
≤ η/2 ∀ n ≥ N1 by the fact that m(t) is

bounded and (W3).

Let Bn = supx∈R ‖Hn(x)−H(x)‖. By assumption, we know that Bn
P−→

0. Observe that, ‖t−Hn(Xi)‖ ≤ δn and ‖H(Xi) − Hn(Xi)‖ ≤ Bn implies

that ‖H(Xi) − t‖ ≤ ‖Hn(Xi) − t‖ + ‖H(Xi) − Hn(Xi)‖ ≤ δn + Bn for all

i = 1, 2, . . . , n.

Also notice that as m(·) is continuous at t, there exists δ > 0 such that

‖H(Xi)− t‖ ≤ δ ⇒ |m(H(Xi))−m(t)| ≤ ε
2D

. Now,

P

(∣∣∣∣∣
n∑

i=1

Vn,i1En,i

∣∣∣∣∣ > ε/2

)
≤ P

(
n∑

i=1

|Vn,i|1En,i
> ε/2

)

≤ P

(
max
1≤i≤n

|m(H(Xi))−m(t)|1En,i

n∑
i=1

|Wn,i(t)| > ε/2

)

≤ P

(
max
1≤i≤n

|m(H(Xi))−m(t)|1En,i
>

ε

2D

)
≤ P (δn + Bn > δ) < η/2 ∀ n ≥ N2 (10)

as δn + Bn
P−→ 0. The last two inequalities follow because |m(H(Xi))−m(t)|

1En,i
> ε

2D
implies that ‖H(Xi) − t‖ > δ and ‖t−Hn(Xi)‖ ≤ δn, which in

turn implies that δn + Bn > δ.

Using (8), (9) and (10), we conclude P (|
∑n

i=1{m(H(Xi))−m(t)}Wn,i(t)| >

ε) < η for all n ≥ max {N1, N2}. Thus, the conditional mean squared error of

m̂n(t) approaches 0 in probability.
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Now, using Chebyshev’s inequality, we have

P (|m̂n(t)−m(t)| ≥ ε|X1,X2, . . . ,Xn)

≤ E[{m̂n(t)−m(t)}2|X1,X2, . . . ,Xn]/ε2 P−→ 0 as n →∞.

An application of the dominated convergence theorem completes the proof of

the Equation (5). �
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