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ABSTRACT. Formula for the eigenvalues of circulant matrices with general shift by k places
is available in the literature. Under suitable restrictions on {k = k(n)}, the limiting spectral
distribution (LSD) of suitably scaled eigenvalues is known when the input sequence of the
matrix are i.i.d. with finite variance. We derive the LSD of the k-circulant matriz when the
input sequence is a stationary, two sided moving average process of infinite order.
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1. INTRODUCTION

If A1, Ao, ..., A, are the eigenvalues of an n x n matrix A, then the empirical spectral distri-
bution function (ESDF) of A,, is defined as

n
Fa,(z,y) =0y I{Re\; < @, ImX; < y}.
i=1
Let {A,}2°, be a sequence of square matrices with the corresponding ESDF {F}y,}2°,. The

Limiting Spectral Distribution (or measure) (LSD) of the sequence is defined as the weak limit

o
n=1»

of the sequence {F4,} if it exists. If {A,} are random, the limit is in some probabilistic
sense, such as “almost surely” or “in probability”. Suppose elements of {4, } are defined on
some probability space (2, F,P), that is {A,} are random. Let F' be a distribution function.
We say the ESD of A,, converges in probability to F' if for every ¢ > 0 and at all continuity
points (z,y) of F,

P(|Fa, (z,y) — F(z,y)| > €) — 0 as n — oc.

For detailed information on LSD of large dimensional random matrices see [Bai(1999)] and
[Bose and Sen (2008)].
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2 A. BOSE AND K. SAHA

In this article we focus on the LSD of k-circulant matrices. Suppose {z;, i = 0,1,2,...} is a
sequence of numbers (called the input sequence). For positive integers k and n, define the n x n

square matrix

Zo T Tro ... Tp—2 Tn—1
Tn—k Tp—k+1 T1 ... Tp—k-2 Tp—k—1
Ak n

M7 Tpe2k Tp-2k+1 X0 ... Tp—2k—2 Tp—2k—1
: nxn

We emphasize that all subscripts appearing in the entries above are calculated modulo n. The
first row of Ay, is (zo,x1, 22, ...,2p—1) and for 1 < j <n —1, its (j + 1)-th row is obtained by
giving its j-th row a right circular shift by k positions (equivalently, £ mod n positions).
Establishing the LSD for general k-circulant matrices appears to be a difficult problem. For
certain combinations of n and k, a large proportion of eigenvalues are zero and the limit dis-
tribution is point mass at zero. For instance, [Bose, Mitra and Sen (2008)] show that if {z;}
are i.i.d N(0,1), & = n°) (> 2) and ged(k,n) = 1 then the LSD of Fo 12y, is degen-
erate at zero, in probability. Nondegenerate LSD in a few special cases are also derived in
[Bose, Mitra and Sen (2008)]. In particular, suppose {z;} are i.i.d. with mean zero and vari-
ance one and El|z1|?*® < oo for some § > 0. Let {F;} be ii.d. Exp(1), U; be uniformly
distributed over (2g)-th roots of unity, Us be uniformly distributed over the unit circle where

{U;}, {E;} are mutually independent. Then

(i) for k9 = =1+sn, g > 1, s = o(nl/g), F,-12,, =~ converges weakly in probability to

U(TT2_, Ei)Y/?9 as n — o0,

(ii) for k9 =1+ sn, g > 1 and

[u

o(n) if g is even
o= o(ng—l) if g is odd,

E 1/ Ay, converges weakly in probability to Ua([[7_, E;)'/?9,

Now let {z,;n > 0} be a two sided moving average process,

S
Tn = E Aj€n—j

1=—00

where {a,;n € Z} € 1, that is ) |an| < oo, are nonrandom and {¢;i € Z} are
iid. random variables with mean zero and variance one and consider the matrix Ay, with
these {zx}. If E(|e;|>T%) < oo for some § > 0 then the following results are known (see
[Bose and Saha (2008)(a)] and [Bose and Saha (2008)(b)]).



3

(i) If k =n — 1, the LSD of the k-circulant (which is also known as the reverse circulant),
when scaled by n=1/2 is
z2
1— [) e >@dw  if 2>0
22
OW ﬁe_%f(w) dw if z<0.
(ii) If & = 1 or equivalently k¥ = n + 1, the LSD of the k-circulant (which is also known

H(z) =

simply as the circulant), when scaled by n~'/2? (assuming inf,,e0,27) f(w) > 0) is

! 1 _ vl
F(x,y) = //]I{(vl,vg)<(:(:,y)}[/0 WG 2nf(27s) ds | dvidus.

In this paper we extend the above result to show that the LSD of n=Y/ 2Ak7n continues to exist
in this dependent situation when n = k9 + 1 or n = k9 — 1 for ¢ > 2. See Theorems 2.1 and
2.5. The proofs exploit known eigenvalues formulae and their properties as well as appropriate

normal approximations.

2. MAIN RESULTS AND PROOFS

The structure of eigenvalues of a k-circulant matrix is already known, see for example Zhou
(1996). More detailed analysis of eigenvalues and related properties of Ay, ,,, useful in the present
context, have been developed in Section 2 of [Bose, Mitra and Sen (2008)]. We use some of their

development. Let

n—1
(2.1) v = vy, = cos(21/n) +isin(2n/n), i = —1 and N\, = lel/kl, 0<j<n.
1=0

For any two positive integers k and n, let p1 < pa < ... < p be all their common prime factors

so that,
c C
n= n’Hpqq and k= k/Hpgq.
g=1 q=1
Here oy, B, > 1 and n/, k', p, are pairwise relatively prime. For any positive integer s, let
Zs=1{0,1,2,...,s — 1}. Define the following sets
S(x) = {zk® mod n’ : b >0}, 0<z <n'.
Let g, = |S(z)|. Define
Ukn' = Hz € Zps 2 ge < g1}]-

We observe the following about the sets S(x).

(1) S(z) = {xkb mod n’ : 0 < b < |S(2)|}.
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(2) For x # u, either S(z) = S(u) or, S(x) N S(u) = ¢. As a consequence, the distinct sets
from the collection {S(x) : 0 < & < n’} forms a partition of Z,,.
We shall call {S(z)} the eigenvalue partition of {0,1,2,...,n — 1} and we will denote the

partitioning sets and their sizes by
{Po,P1,...,Pi_1}, and n; =|P;|, 0 <i <.
Define

yj = H My, 7=0,1,...,1—1 where y=n/n.
teP;
Then the characteristic polynomial of Ay ,, is given by
(-1

(2.2) X (Akn) =N T O =),
j=0

and this provides a formula solution for the eigenvalues.
Now we turn to the process {z,}. Define 75, = Cov (x4yp,x¢). Then it is easy to see that

> jez 17| < oo and the spectral density function of {x,} is given by

1 . 1
flw) = > E*yk exp(ikw) = Py [0 + 22% cos(kw)] for w € [0,2n].
keZ E>1
Let

d
Gy(z) = IP)(HEZ < z),
=1

where {E;} are i.i.d. Exp(1). For any integer d > 1, define Hy(x,w1,...,wq) on Rxg x [0, 27]¢

as
Ga( o) i TIy fwi) #0, 2 £0
i B @M1, (@)
d(@,w1,.. . wa) =9 4 £ H?:1 Flw) =0, #0
0 if x=0.

Since Gy is continuous on R and f(w) is uniformly continuous on [0, 27], it is easy to see that
for fixed z, Hy(z,w1,...,wq) is uniformly continuous on [0,27]¢. Tt then easily follows that Fy

defined below is a valid distribution function.
1 1 d
(2.3) Fy(z) = / / Hy(z,t, ... tg) [ ] dti.
0 0 i=1

Theorem 2.1. Suppose {¢;} is an i.i.d. sequence with mean zero, variance 1 and El¢;|*t° < oo

[e.e]
j=—o0

n — 00, Fj 124, ~converges weakly in probability to the LSD Ul(H?:1 E;)Y/%9 where {E;}

for some 6 > 0. Suppose Y laj| < co. Suppose n = k9 + 1 for some g > 2. Then as

are i.i.d. with distribution function F, and U; is uniformly distributed over the (2¢)th roots of

unity, independent of the {E;}.
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Remark 2.1. Using the expression (2.2) for the characteristic polynomial, it is then not difficult
to manufacture {k = k(n)} such that the LSD of n~'/24,, has some positive mass at the
origin. For example, suppose the sequences k and n satisfy k9 = —1 + sn where g > 1 is fixed
and s = o(n'/3). Fix primes p1, pa, ..., ps and positive integers 31, Bo, ..., B;. Define

n —p?lpg2 ) ptﬁt n.

Suppose k = p1p2 ... pym — oo. Then the ESD of 671/214’% converges weakly in probability to

-1
the LSD which has 1— <Ht 1Ps ) mass at zero, and rest of the probability mass is distributed
as U1 ([T{_, Ei)'/?9 where Uy and {E;} are as above.

Remark 2.2. If {z;} are i.i.d, then f(w) = 1/27 for all w € [0, 27| and the LSD is Uy (7, E;)'/29
where {E;} are ii.d. FExp(l), U; is as above and independent of {E;}. This agrees with
[Bose, Mitra and Sen (2008)].

The proof of the theorem draws substantially from the method of [Bose and Mitra (2002)]
and mainly depends on following two lemmas. The proof of Lemma 2.2 is given in
[Fan and Yao (2003)] (Theorem 2.14(ii), page 63). The proof of Lemma 2.3 follows easily from
[Bhattacharya and Ranga Rao (1976)] (Corollary 18.1, page 181).

Lemma 2.2. Let x4 = Z;’ifoo are,—j for t > 0, where {¢ } are i.i.d. with mean zero and variance

one and > [a;| < oo. Then for k=1,2,--- ,n,
27k
Wp === and —\)\k| L, (wi) + Ry (wg)
where .
27rkl 1« 2wkz
Ly (wg) =27 f(wg) €1 cos( € sin(——
\f Z (2 )’]
and max; < o1y E| Ry (wg)| — 0 as n — oo.
SRS
Lemma 2.3. Let X1,..., X, be independent random vectors with values in R?, having zero

means and an average positive-definite covariance matrix V; = k1 Z?:l Cov(Xj). Let G
denote the distribution of k:_l/sz(Xl + ...+ X%), where T}, is the symmetric, positive-definite
matrix satisfying T2 = Vk_l, n > 1. If for some § > 0, F||X,||?T9) < oo, then there exists
C4, Cy > 0 (depending only on d), such that for any Borel set A,

k
Gr(A) = ®a(A)] < Cik P E | TeX; |PF) ] + 2 sup ®q((04)" — ),
j=1 yE]Rd
< Ok i (Vi)™ pays + 2 sup @4((0A4)" — y),

yeRd

where poy 5 =k~ 2?21 E || X; |#9) and n = Capaysn=/2.
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Proof of Theorem 2.1: For simplicity we first prove the result when g = 2. Note that ged(k,n) =
1 and hence in this case n’ = n in (2.2). Thus the index of each eigenvalue belongs to eractly
one of the sets P; in the eigenvalue partition of {0, 1,2,...,n — 1}. Recall that vy, is the total
number of eigenvalues ; of Ay, such that j € P; and |P;| < ¢1. In view of Lemma 7 of
[Bose, Mitra and Sen (2008)], we have vy ,/n < 2/n — 0 and hence these eigenvalues do not
contribute to the LSD.

Hence it remains to consider only the eigenvalues corresponding to the sets P; which have
size exactly equal to g1. It also follows from the argument in the proof of Lemma 3(i) of
[Bose, Mitra and Sen (2008)] that g; = 4.

Recall the quantities n; = |P;|, y; = HtePl A, where \j = Z?:_ol zit, 0 < j < n. Also, for
every integer t > 0, tk? = —t mod n, so that, \; and \,_; belong to same partition block
S(t) = S(n —t). Thus each y; is real. Let us define

I, ={l:|P] =4}.

It is clear that n/|I,| — 4. Without any loss, let I, = {1,2,..., |I,|}.

Let 1,w,w? w3 be all the fourth roots of unity. Note that for every j, the eigenvalues of Ay,
corresponding to the set P; are: Y; 1/4 ,yjl/ tw yjl/ 2 y]/ 3. Hence it suffices to consider only
the modulus of eigenvalues yjl-/ ! as j varies: if these have an LSD F', say, then the LSD of the
whole sequence will be (7, 6) in polar coordinates where 7 is distributed uniformly across all the
fourth roots of unity and r are 6 are independent. With this in mind, and remembering the

scaling \/n, we consider, for z > 0,
[7n|

1
|I| IZH<|:y]}4 )
Since the set of A values corresponding to any P; is closed under conjugation, there exists a set
A; C P; of size 2 such that
Pi={z:xe€ A orn—xc A}

Combining each \; with its conjugate, we may write y; in the form,

Yj = H (bin + CtQ,n)

tE.Aj

where {bt,} and {c,} are of the form

ks 2mtl = 2mtl
bty = cos | — |, cin= sin| — |, te A, 1<j5< |,
= meos (T0)eta = Smsin (1) ve 1< <10

We show that for every z,
E[F,(z)] — Fa2(xz) and Var[F,(z)] — 0.



This will prove that the ESD converges to the required LSD in probability when g = 2.
Note that for z > 0,

Define

[In|

E[F,(z) |1|12ny<x)

_ -2 _ .
Y = H (bt,n + c?,n): 1<;< |I7L|7
tEA;

2rt .
wy = 7 wat 1<) < |y
teA;

Let Aj = {j1,72}. From Lemma 2.2, it is intutively clear that for large n,

first we show that for large n,

L L]

1 2P =~ g P07 <)

Let 477?}‘}% =Ly ;+ Ry for 1 < j <|I,|, where

[ In

e

where

Ty =

y
L =47"f; 3,

Yi

n2

Ryj = Ly (Wﬁ)Rn (wjz) + Ly, (wjz)Rn(wﬁ) + Ry, (Wj1)Rn(wj2)>

Lo(wi) = 20 f(wi) I 05 + 0]y Lal(wis) = 27 f(wi)[n (85, 0 + 5, 0))-

Without loss we may choose € small enough such that x — e > 0. Then

[1n]

Lnj+ Ry <3*) —P(Lp; < 964)} ‘ < ZP |R,j| =€)

=1

n! 2rtl n! 2rtl
bin = ;qcos (n) , Ctm = ;qsin <n) , te Ay, 1< <

g.
~ 4m*fi=%. So

IIn
+ Z‘P nj ST P(Ln7j§x4i6)|
< LT+ To4 Ty + T, say,
L ||
g &P 2 T |f|ZI sl
1 ] |
WZ |P(Ln; < a'+e) — 4(A5 )|, Ta= !I | £ Z |24(Ang) = Ba(A75));
nli
2 4
B ) —1,.2 | 12
An,j = {(a1,bl;a2’b2) . H[2 (a’Z + b’L )] S 47r2f] }’
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x4 ie}

b2
a+ _42f3

Ew

€
Ay = {1, b1, a2,b0) -
z:l

Note that > 0 and without loss we may choose € small enough such that z* — e > 0. It may
be note that if f; = 0 for any j, then A} ; and A, ; are the whole spaces. We first show that

Ty — 0 as n — 0o. Now

P(|Bnjl =€) < P(|Ln(wj)Bn(wj,)| = €/3) + P(|Ln(wj,) Bn(w), )| = €/3)
+P(|Rn(wj1)Rn(wj2)’ > 6/3)'

and

P(| Rn(wjy) Bn(wj,)| = €/3) < P(|Rn(w),)| = €/3) + P(|Rn(wjy)| = 1)
3
< B Ba(wi)l) + E(1Ba(wi)])
Now by Lemma 2.2 as n — oo
g 3
T Y P Ra(wjy) Ba(wpn)| > ¢/3) < [Z + 1] sup  E|Ry(w))| — 0.
1l <= € gy

eM 1
P(|Ln(wji) Bnlwjo)l 2 €/3) < P(|Ln(wj)l > =) + B(1Ba(wip)| = 57)
3
< mE(Ln(wﬁ)) + M E|Rn(wj2)|
Note that supy <<, E[Ln(wj,)] < 47 max,e(o 24] f(w) < co. Hence

|In|
S P(| (i) Ba(wiy) > €/3) < ——dx max f@)+ M sup  E|Ru(wy)]
| 1| = n(Wj jo Me " welo,2n] 1<) n(Wj

Now as n — oo, the right side of the above expression can be made smaller than any given

positive number by choosing M large enough. Similarly

can be made arbitrarily small. Therefore 77 — 0 as n — oo.

We now show Ty < Cye for any n, where C, is a constant depending only on z. It is

understood that if f; = 0 for any j, then in the string of equations and inequalities below, that



term 1is absent.

1]
T o3 ) e )
[7n|
1 *1 1
< — ‘/ et/Q[/ fe*S/st]dt’
mih 27 e
|I,
< i ‘/Oo ]' 725/2 27'r2f] —e 2#2?] dt
— |
||
*1 1
< - —t/2 27r2ft
= /0 2° uyze ]27r2ft
4
€ % 1 1
< . . 2mefit < .
= I'47 ( . |e J 2ﬂ_2fjt’ — l'4)

To show 15,75 — 0 we will use normal approximation. First note the following well known

trigonometric identities where 1 <1 <1’ < n,

n—1

27Tlt 2rl'ty, [0 if [+1U'#n,
ZCOS ) cos ( n )= n/2 if 1+ =n,

n—1

27Tlt .27l 0 if 14+ #n,
;sm n )sm( n )_ —-n/2 if 141 =n,

27Tlt . 2nl'ty
5o (1) (21

n—1
27rlt .o 2wty [ n/2 if 2l #n,
ZCOS =n—sin’ (57) = { noif 2=n.

Towards using an approprlate Berry-Esséen bound, define
2mtl 2mtl
X = 21/2 <elcos (W) , € sin <7T> , t€ .Aj) 0<l<n,1<j<|Ll
n n

Using the trigonometric identities we have
n—1
E(X;;)=0 and nt ZCOU(XZJ) =1y for 1<j<|I,|.
1=0
Note that

n—1
{4772fj Ui <t = {(n2Y X5 € Anjl.
=1

Now using Lemma 2.3 and Lemma 4 of [Bose, Mitra and Sen (2008)], we get for small ¢ > 0

and some constant C,

Yj _ _ e
IP)(47T2J‘}7,T]2 < at) = Dy(An )| < Cn P pays + Clpaysn )
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where
n—1
_ EIX 2446 d
prrs =n 'S B X,]2 and sup sup poss < oo,
=0 n 1<j<n
Therefore
[ 1|

L]~ 12‘1@ (Z <oty - q>4(An,j)‘ )

Hence 75 — 0 and similarly 75 — 0. Therefore

and also by similar argument as above

‘ In|

y.
‘|I | [ (47T2fjn42§$4)—¢4(14n,j)]’HOasn—>oo.

Now it remains to identify the limit

L]
e yI | Z(I"‘

To do so we recall the structure of the sets S(z),P;, A; and their properties. Since |I,|/n —
1/4, vg, < 2 and either S(z) = S(u) or S(z) N S(u) = ¢, we have

‘In n

. ) 1
4 i 3 i) = i D3 wd)
Also for n = k241 we can write {0,1,2,...,n—1} as {ak+b; 0 < a < k-1, 1 < b < k} and using
the construction of S(x) we have A; = {ak+b,bk—a} for j =ak+b; 0<a<k—-1,1<b<k
(except for atmost two values of j).

Recall that for fixed 2, Hy(z,w,w’) is uniformly continuous on [0, 27] X [0, 27], . Therefore given

any positive number § we can choose N large enough such that for all n = k> +1 > N,

2m(ak +b) 2mw(bk — 2 2mh
(2.5) sup ‘HQ( m(ak +b) 2 a)) —H (g;ﬂi)‘ <5
0<a<k—1, 1<b<k n n Vnl/n
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Finally using (1.3),(1.4) we have

[n| n
lim %Z@(An,j) = lim =S 0y(4,)
n—oo | n| = n—oo N =
. 1 — zt
- nILHSOEZGQ(M?f]—)
[f] [vn]
k+b) 2m(bk —a)
= lim —ZZHQ x, m(a ,
n—oon £~ = ( n n >
[f] [vn]
2wa 2mwh
= lim —ZZHQ x,
n—oon L~ L ( \f f)

1,1
= / / Hy(x,27s, 2nt)ds dt = Fa(x).
0o Jo

To show that Var[F,(x)] — 0, since the variables involved are all bounded, it is enough to
show that

_QZCOU( yj <x) H(y—ggx4)>—>0.

J#i’ "
Along the lines of the proof used to show E[F),(z)] — Fz(x), one may now extend the vectors
with 4 coordinates defined above to ones with 8 coordinates and proceed exactly as above to
verify this. We omit the routine details. This proves the Theorem when g = 2.
The above argument essentially can be extended to cover the general (g > 2) case. Here we
highlight only a few of the technicalities and omit the other details. We now have the following

lemma.
Lemma 2.4. Given any €,n > 0 there exist a N € N such that

s g
PATT Entwn) TT Rales)| > ) < T7(s-140) may f()+(M*+g—s—1) max Bl Ru(wi)] <

€’ 0<w<27

for all n > N, where L, (w;), Ry(w;) are as defined in Lemma 2.2.

Proof. Note
S g
P(| [[Ln(ws) J] Ralwj)|>€) < P(|Ln(wj)| > Me)
=1 i=s5+1

> 1/M),
1=2 i=s+1
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and iterating this argument,

P(|[]Lnlws) ] Rolws)| > 1/M)
i=2 i=s+1
< P(|Ln(wp)| = M)+ P(| [[ Ln(ws) [ Bolw;)] > 1/M?).
1=3 i=s+1
Continuing in this way we have
P(I T[] Lo(ws) T Balws)| >€) < B(|La(ws)| = Me) + > P(|Ln(w;,)| = M)
i=1 i=s+1 1=2
+P(| [ Rolws)| > 1/M°)

i=s+1
Also note that

g
P(| T Rnlws) > 1/M*) + P(|Rn(wjp,,)| > 1)

g
>1M%) < (| [ Ralws)

i=s+1 i=s+2
1
< B([Bulusy)] > 1) + 2P<|Rn<wﬁ> - 1)
< (MP+g—s—1) max PS—IRn(wk)\-
Combining all the above we get
P(TTates) TT Aol >9) < Bllton)| > 10+ 3Pl 2 00
1= 1=5+ i=
+(M*+g—s—1) lrélggnE\Rn(wk)]

1
< S —
(s—14+1/e)dr Ig{lg;{ﬂ flw)

M? —s—1 E|R .
+(M® +g —s—1) max E|Ry(w)

First term in the right side can be made smaller than 7/2 by choosing M large enough and
since maxj<g<n E|Rp(wg)| — 0 as n — oo, we can choose N € N such that the second term is

less than n/2 for all n > N, proving the lemma. O

For general g > 2, as before, n’ = n, the index of each eigenvalue belongs to one of the sets
P in the eigenvalue partition of {0,1,2,...,n — 1} and vy, /n — 0.
Hence it remains to consider only the eigenvalues corresponding to the sets P; which have

size exactly equal to g1 and it follows from the argument in the proof of Lemma 3(i) of
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[Bose, Mitra and Sen (2008)] that g; = 2g. We can now proceed as in g = 2 case. Now,

[1n| [1n| -
1 Yj 4 1 g y] 4
mZP(ﬁ <at) ~ WZP((%) fisg <),
=1 =1
where
Yj .
(zw)gfjnig = Lnj+ Ry for 1 <j<|L|, Lyj = [] Ln(w).
teA;
Note that
1 k] 1 IRl e o ety
mz |Pag(An,j) — Pag(AS )| < mz \/ h(t)le T — ¢ i
" =1 =1 V0
oo 1 Unl ot €
< h(t)—— Y e 0 dt
< [ wog 2. T g
€
S ga
24
since |e 2777t Zngfjt\ < %4 and h(t) is the density function of product of (¢ — 1) i.i.d. exp(1).

Now by previous observation and Lemma 2.4 and using normal approximation appropriately,

we can show as n — 0o

[n| [1n]
1 1
™ =1 k=1

Now note that for n = k9 +1 we can write {0,1,2,...,n—1} as {b1k9 +bok9 2+ -+ b, 1k +
bg; 0<b; <k—1, for1 <i<k-—1; 1 <b; <k}. So we can write the sets A; explicitly using
this decomposition of {0,1,2,...,n — 1} as done in g = 2 that is, n = k? + 1 case. For example
if g =3, A; = {b1k? + bok + b3, bok? +bgk — b1, bsk? — b1k — by} for j = bik? + bok + by (except
for finitely many j, bounded by vy, and they do not contribute to this limit). Using this fact
and proceeding as before we conclude that the LSD is now Fy(x). O

We now state and prove another result which also describes the LSD for k-circulant matrices

but where n = k9 — 1, g > 2. Define

Co={w € [0,27] : f(w) =0},

ar(e™t) —ag(e™t) 0 0
| as(e™) ai(e*r) 0 0 _( B O
B(wlaw2) - 0 0 al(e’L:LUQ) _aQ(eiWQ) - O B2 )
O 0 as (elwg ) a1 (ezwg )

where a1(e™) = R[a(e™)], az(e™) = Z[a(e™)], a(e™) is same as defined in Lemma 2.6 and for

z € C, R,Z denote the real and imaginary part of z respectively. It is easy to see that

la(e™)? = a1(e™)? + ap(e™)? = 2 f ().
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Define for {z;, w; € R} and (w1,ws) € [0,27]?,

]P’(B(wl,wQ) ~ \f(zl,wl,zQ,wg)’) if f(wl)f(L«JQ) 7& 0
HQ(LU' e i — 1 2) _ ]P)(B]_(N]_,NQ) S \/>(Zl,w1) ) (ZQ Z 0,’[1)2 Z O) if f(wl) 7é O,f((UQ) =0
B ’ P(B2(N3, N1)' < V2(z2,w2)")I(z1 > 0,w1 >0) if f(wa) #0, f(w1) =0
I(z; > 0,w; >0,i=1,2) if f(wr), f(w2) =0.

Since a(e™) is continuous on [0, 27], it is easy to verify that for fixed {z;,w;,i = 1,2}, Hy is

bounded continuous function in (w1,ws). Hence we may define

1,1
Fg(zl,wl,ZQ,wg):/ / H(2ms, 2mt, 21, wy, 22, wa)ds dt.
0

Fo is a proper distribution function.
For any Borel set B, let A\(B) denote the corresponding Lebesgue measure. It is easy to see
that

(i) if A(Cp) = 0 then F; is continuous everywhere and,
(ii) if A(Cp) # 0 then Fy is discontinuous only on Dy = {(z1, w1, 22, w2) : Hle ziw; =0} .

Extending the above concepts, define for any g > 2,

ar(e®1)  —ag(e™1) 0 0 0
az(e™t) ap(e“t) 0 0 0
0 0 a1(e™?) —ag(e™?) 0

B(wi, w2, ..,wy) = 0 0 az(e*?) ai(e™?) 0
0 0 0 0 0
0 0 0 ai(e™s) —ag(e™s)
0 0 0 az(e™s) ay(e™)

For {z;,w; e R;i=1,2,...,¢g}, define
Hy(ws, zi,wi,i=1,...,9) = P(B(wl,wg, o wq) (N1, ...,NQg)/ < (z,wi, i =1,2, ..,g)').

where Nj i.i.d. N(0,1).
As before, we can easily see that H is bounded continuous in (w1, . .., wy) for fixed {z;, w;,i =

1,...,g}. Therefore we can define F; as

Fylziswi, i =1,... / / H,(2mt;, 2, wi i = 1,. )Hdti

and F, is a proper distribution function. Again,

i) if A(C) = 0 then F, is continuous everywhere and,
(i) g

(i) if A(Cp) # 0 then F, is discontinuous on Dy = {(z1,w1,i =1,...,9) : [[{_; ziw; = 0}.
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Theorem 2.5. Suppose {¢;} is an i.i.d. sequence with mean zero and variance 1 and E|e;|*10 < oo

for some 6 > 0. Suppose Y % laj| < oco. Suppose n = k9 — 1 for some g > 2. Then

j=—00

as n — 00, F,_1/2, ~ converges weakly in probability to the LSD ([]{_, Gi)Y9 such that
(Re G, Im Gy; i=1,2,...g) has the distribution F, given by

1 1
Fylzi,wiyi=1,..,9) = / / H,(2mt;, z,wi i =1,...,9) Hdti.
0 0
Further, if A(Cp) = 0 then

Fy(ziywii=1,..,9)

411 £ 2mui)#0} g 181+t
/ /]I{t< (2 wg,k=1,..,9) } / / 27[_ gl—[ 3 7Tf 27Tul H 2 7wf(2muy;) Hduz :| Hdtz-

i=1

Remark 2.3. If inf ¢ 27 f(w) > 0, we can write F; in the following form

Fylzg, wr, k=1,2,...,9)

9 1313,
/ /H{t<(zk wg,k=1,. / / 2r gH 7rf 3] He 3 7 f(2mug) Hdul } Hdt1~

=1

Remark 2.4. If {z;} are i.i.d, then f(w) = 1/27 for all w € [0,27] and the LSD simplifies to
Us(TT4_, E:)/?9 where {E;} are i.i.d. Exp(1), U is uniformly distributed over the unit circle
independent of {E;}. This agrees with [Bose, Mitra and Sen (2008)].

Proof. First we assume A\(Cp) = 0. Note that ged(k,n) = 1. Since k9 = 1+ n = 1 mod n, we
have g1]g. If g1 < g, then g1 < g/a where @ = 2 if g is even and a = 3 if g is odd. In either

case, it is easy to check that
k9 < K9/ < (14 n)Ye = o(n).

Hence, g = g1 . By Lemma 3(77) of [Bose, Mitra and Sen (2008)] the total number of eigenvalues
7; of A, such that j € A; and |A;| < g is asymptotically negligible.

Unlike the previous theorem, here the partition sets .4; are not necessarily self-conjugate.
However, the number of indices | such that A; is self-conjugate is asymptotically negligible

compared to n. To show this, we need to bound the cardinality of the following set for 1 <[ < g:
Dy={te{1,2,...,n}:th' = =t modn} ={te{1,2,...,n}:nt(k" +1)}.

Note that tg = n/ged(n, k! + 1) is the minimum element of D; and every other element is a

multiple of tg. Thus
D)l < & < ged(n, K + 1),
0
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Let us now estimate ged(n, k! 4+ 1). For I > [g/2],
ged(n, k' +1) < ged(k? — 1,k' + 1) = ged (R97' (K + 1) — (k971 = 1), k" + 1) < k971,

which implies ged(n, k' + 1) < kl9/2] for all 1 <1 < g. Therefore,
ged(n, kKt + 1) klo/2 2 2

n (k9 —1) = kl(g+1)/2] = ((n)1/9)llg+1)/2] =o(1),

So, we can ignore the partition sets P; which are self-conjugate. For other P;,

xj = H (b +icen)

teP;

will be complex.
Now for simplicity we will provide the detailed argument assuming that g = 2. Then, n = k> —1
and we can write {0,1,2,...,n} as {ak+b; 0 <a < k-1, 0 <b<k—1} and using the
construction of S(x) we have P; = {ak + b,bk + a} and |Pj| = 2 for j = ak+b; 0 < a <
k—1,0<b<k—1 (except for finitely many j and hence such indices do not contribute to
the LSD).
Let us define

I, ={l:|P] =2}.

It is clear that n/|I,,| — 2. Without any loss, let I, = {1,2,...,|I,|}. Suppose P; = {j1,72}
We first find the limiting distribution of the empirical distribution of ﬁ(bjhm Civns Vs Ciin)
for those j for which |P;| = 2 and show the convergence in Ly. Let Fy,(z,y, 2, w) be the ESD

1 .
of %(bjl,n, Cjim» Djyns Cjyn), that is

g[
n 4

|3

]
Fo(21,y1,72,y2) = H(ib' n < Tg, <y, k=1,2).
- \/ﬁ Ik —= —

1
ﬁcjk,n

J

We show that for z1, w1, 20, ws € R,
(2.6) E[F, (21, w1, 22, w2)] — Fa(z1, w1, 22, w2) and Var|[F,(z1, w1, 22, w2)] — 0.

We state the following Lemma which is similar to Lemma 2.2. We omit the proof.

Lemma 2.6. Let ¢y = > 50

j=—oc

laj| < co. Then for k =1,2,--- ,n,

ager—j for t > 0, where {€;} are i.i.d random variables with mean

(o)
j=—00

1 . o 1 ~
(bjn +icjn) = a(e"?)[—=(bjn + iCjn)] + Yn(wy),

7 N

where a(e®i) =37° il and maxo<j<pn E|Yn(w;j)|?> — 0 as n — oc.

0, variance 1 and )
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Define for k =1,2,--- ,n,
I - _ 7 _ /
N = ﬁ(bjl,mcjl,mbj27mcj2,n) )
and let Yy, (w;) = Yin(wj) + iYon(w;), a(e™i) = a1(e™9) + iag(e™i), where a(e™7), Y, (w;) are
same as defined in Lemma 2.6 and a;(e™7), az(e™7), Y1, (wj), Yon(wj) are all real valued. Define
Yo, = (Yln(wjl)aYQn(‘”ﬁ)aYln(wjz)aYQn(wjz))a N = (NlaN27N37N4)/ and

ay (e’:‘“h ) —aQ(ei“jl ) 0O 0
B — az(e™n) ar(e™n) 0 0 ‘
N 0] 0 ai(e'“iz)  —ag(e™iz) |’
0 0 az(e™2) ap(e™iz)
where {N;} are i.i.d. N(0,1). Denote

’ij‘ = (‘Yln(wjl)’7 ‘YQn(wjl)L ’len(wjé)‘v |}/§n(w32)‘)
and
(Yol <€) = (Winlwin)] < € [Yan(w)y)] < € [Vin(w),)| < €, [Yon(w),)] < €).

Then ﬁ(bjhm Cj1ns bji s Cian) = Bimj + Y, ;. From Lemma 2.6, it is intuitively clear that for
large n, [bjn + icjn] ~ a(e™?)[bjn + i¢jn]. So first we show that for large n

1 1 1 1
mzp(ﬁbﬂmn < 2 %Cjk,n < Wk, k= 172) ~ WZP(B]T’] < (ZlawlaZQan)/)-
j=1 j=1

Note
1 [7nl 1 1 . Il
- ]P)ib7 §2k770-7 ka’ k‘:172 [ PBT]S Zl,wl,ZQ,'U)Q/
‘In‘j:1 (\/ﬁ]kn \/ﬁ]kn ) |In|]z::1 ( 7' ( ))
1 [1n]
= )\I\ P(Bjnj + Y, ; < (21, w1, 22, wa)") — P(Bjn; < (Zl,’UJl,ZQ,ZUQ)/)‘
n =1
1 [7n|
< m ZP((|Y1n(wj1)|7 [Yon (Wi, [Yin(wis)|, [Yon(wjy)|) > (€, €, €,€))
1 [
+ )\I\ P(Bjnj + Y, ; < (21,w1, 22,w2)', [V 5| <€) — P(Bjn; < (21, w1, 22, w2)')
= Ti+ 75, say.

Now using Lemma 2.6, as n — o0
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[1n|
T, < max{‘ 1, ’ ZIP) i+ Yo < (214 6w + 6,20 + 6wz 4 €)') — P(Byn; < (21,w1, 22, w2)")|,

‘|I | Z]P) ]77] = €, W1 — €22 — €, W2 — 6)/) —P(BjT/j S (Zl,wl,ZQ,’wg),)‘}

and

|In|
‘ 1, | ZIF’ i+ Y < (21 + €, wi + €22+ €,wa +€)) — P(Byn; < (zl,wl,ZQ,wg)’)‘

< T3+T4—|—T5.

where

[1n|

1
T5 = A Z [P(Bjn; < (21,01, 22,w2)') = P(BjN < (V221,V2w1, V222, V2uw»)')|,

In|

Z IP(Bjn; < (zk+e, wite, k=1,2)")—P(B;N < (V2z,4V2e, V2w +V2e, k =1,2))],

1
Ty=—

[In|

Z]P’B N < (V224+V26, V2w +V2¢, k =1,2))—P(B;N < (V22, V2wy, k =1,2)")|.

_’\I\

To show 13,74 — 0, define

. , . o
X, =212 (e, cos (2””),6, sin (2@11),6[ cos (271721)76[ - (271721)) |
n n n n

Note that

(2.7) E(Xi;)=0V [, j,n
n—1

(2.8) n_IZCov(lej) =1V jn
=0

Note that for

{Bjn; < (21,w1, 22,w2)"} = {By( _1/2ZX13 (V221,V2w1, V22, V2u»)'}.

Since {(r1,re,rs,ra) : Bj(r1,r2,13,14) < (V221,V2w1, V222, v/2ws)'} is a convex set in
R? and {X;x, | = 0,1,...(n — 1)} satisfies (2.7) and (2.8), we can show using Lemma 1.4
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[Bose and Saha (2008)(a)] that T3, Ty — 0 as n — oo and hence

[1n|

lim 1, ‘ZPBN<(\f21;\[w17\[327\[w2))

n—00
= lim *ZP(BJ'N < (\/izl,\/iwl,\@z% \@’UJQ)/)
n—o00 N, £

n

= lim — § H wjuwjmzlywlaz%wQ)
n—oo N

J=1
[vn] [vn]
o1 Z Z 2r(ak +b) 2mw(bk + a)
- nh—{go n a=0 b=1 H n ’ n 21,1, 22, W2)
[vn] [v/n]
. 1 2wa 2wb
= nll_{{.lonag()bng(f \/» Z17w17227w2)

1
= //H(27rs,27rt,z1,w1,22,w2)dsdt.
0o Jo

Therefore

lim T5

n—oo

1,1 141
= ‘ / / H(2ms, 2mt, z1 + €, w1 + €, 20 + €, wa + €)ds dt — / / H(2ms, 2nt, z1, w1, 22, wa)ds dt
0 0

IN

/1 /1 }H(27rs,27rt,z1 + e, w1 + €, 20 + €, wy + €) — H(2ws, 27t zl,wl,zg,wg)‘ds dt.
Note that

‘H(27rs,27rt, 21+ €, wy + € 20+ €,we + €) — H(27T5,27Tt,21,w1,22,w2)| <2
and for fixed {z, wr; k =1,2} as e — 0,
(2.9) |H(2ms,2mt, 21 4 €, w1 + €, 22 + €, wa + €) — H(2mws, 2mt, 21, w1, 22, w2)| — 0.

Hence by DCT lim,_,¢ lim,, .o 75 = 0 and

| 1|
lim lim ’]I ’ ZIP’ Bini+Y, ; < (z1+€wi+¢€ zo+€,wate€)') —P(Bjn; < (zl,wl,zg,wg)’)’ =0.

e—0n—oo

Now note that for fixed {zx,wr; k = 1,2} as € — 0,

(2.10) ‘H(27r3, 27t, 21 — €, w1 — €, 29 — €, wy — €) — H(2mws, 2wt 21, wy, ZQ,TUQ)‘ — 0,
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outside the measure zero set {(27s, 27t) : f(27s) = 0or f(27t) = 0}. Using this fact, proceeding

as above we can show that
| 1n|
lim lim ‘|I | Z]P’ ]nj—i—Yé’j < (z1—€,w1—€,22—€,wa—e) ) —P(Byn; < (21,w1, 22, w2)")| =0

e—0n—oo

and hence lime_,o lim,, .00 75 — 0. Therefore as n — oo,

E[F, (21, w1, 22, w2)]  ~ P in < (21,w1, 22, w2)")
|I\

— / / H(27rs,27rt,zl,w1,zQ,w2)ds dt

and since A\(Cp) = 0, we have

1 p1
/ / H(27s, 2wt z1, w1, 22, wa)ds dt
0 Jo

= / / ]I{f@,rs)f(zﬂ.t)#o}H(QﬂS,27Tt, Zl,wl,ZQ,’wQ)dS dt

2'24 1 ’L
= / / ]I{f(Qﬂ'S (2mt)#0} //// {Bju/'<(V221,V2w1,v222,7/2w2)"} (27‘(‘ Hduz dsdt

2

: : . ~3 (B + T
- / / {f(2ns)f(2nt)#0} //// {v<(z1,w1,22,w2)} (271') 7Tf(27Tu)7Tf(27T’U Hdvz dsdt

12?12 24 2:|

1 1 e 2 [ wf(27s) + 7rf(27rt)
//// Liv<(erwn zo,u0)} [/0 /0 Lt f(2rs) p(2mt)20) (27)27 f (2mu)m f ( 27rv } Hde

= Folz,wii=1,2).

Similarly we can show Var(F,) — 0 as n — oo.

Hence the empirical distrubution of y; for those j for which |P;| = 2 converges to the distribution
of H?Zl G; such that (Re G;,Im G;; i = 1,2) has distribution F» in distribution. Hence the
LSD of n_1/2Ak7n is (H?:1 Gi)l/Q, proving the result when g = 2 and A\(Cp) = 0.

When A(Cy) # 0, we have to show (2.6) only at the continuity points of F. Recall that F>
is continuous on complement of Dsy. All the above steps in the proof will go through for all
{zi,wi;i = 1,2} except (2.9),(2.10) but on complement of Dy (2.9),(2.10) also holds. Hence if
A(Cp) # 0, we have our required LSD. This proves the Theorem when g = 2.

For general g > 2, note that we can write {0,1,2,...,n} as {b1k9™ 1 +bok9™2 4 -+ +by_1k +
bg; 0 < by < k—1, for 1 < i < k}. So we can write the sets A; explicitly using this
decomposition of {0,1,2,...,n} as done in n = k? — 1 case. For example if g = 3, A; =

{b1k2+b2k+b3, bok? 4+ b3k + b1, bgk2+b1k+b2} for j = b1k%+bok +b3 (except for finitely many
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Jj, bounded by vy, and they do not contribute to this limit). Using this fact and proceeding
as before we will have the LSD as ( 7 Gi)l/g such that (Re G;,Im G;; i = 1,2,...¢) has
distribution F,. ([l
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