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Abstract

We propose a smoothed bootstrap estimator M, of the MISE M,, of a
kernel density estimator based on i.i.d. observations. Under broad assump-
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tions, we have obtained the rate of convergence of F [%—Z — 1} to zero. If

the bandwidth sequence {h,, } satisfies lim sup,, ., nh2* < oo, where s is the
kernel order, then M’ is shown to be more accurate than asymptotic approx-
imation to M,,. M} also compares well with a number of other estimators of
M,,. For large values of h,,, M, appears to be the only appropriate estima-
tor of M,,. Simulation reveals that the proposed method works well even for
small samples and is not sensitive to the structure of the underlying density.
In particular, if h,, satisfies log;yh, < 0 and the kernel K is the standard
normal density, then the proposed method provides excellent approximation
for any sample size and for a wide variety of underlying densities. However,
when log; h,, > 0, our estimator is sensitive to the choice of bandwidth \,,
of the bootstrap estimator and, contrary to the traditional belief, the choice of
An = hy (proposed by Taylor (1989)) leads to poor estimate of the MISE
when the value of h,, is large.
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1 Introduction

Given X, X5, ...., X,, i.i.d. random variables with density f(-), the kernel density
estimator (of f) based on the kernel K (-) and bandwidth h,, is defined as

) = i 3 (5

where h,, — 0 and nh,, — oo as n — oo. The mean integrated squared error
(MISE) of the kernel density estimator K, (+) is defined as

e}

M, = M, (K, h,) = /

—0o0

E[Ku(y)—f ()] dy = / V (5o (y)) dy+ / (Bu(y)2dy.

where

V [Ka(y)] = E[Ku(y) — E(K.(y))]” and Bu(y) = E[K.(y)] - f(y)

are the pointwise variance and bias of the estimator. The expectation £ is computed
with respect to the density f(-).

M, is a global measure of accuracy of K, (-). It has enjoyed great popularity,
especially in the context of optimal bandwidth selection of a kernel estimator. See
for instance, Taylor (1989), Jhun and Faraway (1990) and Hall, Marron and Park
(1992). The relatively recent approach to kernel density estimation is to produce
a family of density estimates based on a number of different choices of the band-
width, instead of estimating the density with an “optimal” bandwidth (see Marron
and Chung (1997), Sheather (2004)) and to learn about different features of the
density from the plots at different levels of h,,. This approach can be beneficial if
we can plot the MISE against different values of h,,. For instance, one can graph-
ically detect the values of h,, for which MISE is minimum or close to minimum.
These bandwidths are useful for estimating those parts of the density which are less
wiggly.

It is not possible to evaluate M,, since f is unknown. Among other estimates,
bootstrap based estimation of ), and its use in bandwidth selection has been pro-

posed by several authors such as Taylor (1989), Jhun and Faraway (1990), Hall
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(1990) and Hall, Marron and Park (1992). Hall (1990) proposed a bootstrap scheme,
where the size of the bootstrap resample is less than the size of the original sample,
and proved the theoretical validity of the bootstrap approximation (see his equation
(2.10), page 184). He assumed that K is compactly supported, Holder continu-
ous, f is compactly supported, has s bounded uniformly continuous derivatives,

—1/2s+1

E|X1|5 < oo and €Ny < h, < €—1n1—1/28+1

, for some ¢ > 0 and n; is the

re-sample size. These assumptions limit the choice of K, h,, and f.

More recently Delaigle and Gijbels (2004, Theorem 4.1, page 27) have proved
the validity of the smooth bootstrap approximation to )M, for deconvolution kernel
density estimators based on data contaminated by random noise. Their results also
imply the validity of smooth bootstrap approximation to M, for the ordinary kernel
density estimator, based on error free data, which we consider here. However they
assumed that the characteristic function, ¢ (t) = [ €K (x)dx, has a compact
support (see their condition B2, page 29) and K is of second order. Again, these as-
sumptions are restrictive in the context of ordinary kernel density estimation based
on error free i.1.d. observations.

In this paper we propose to study a smooth bootstrap method of estimating M,,,
for any given h,, and for the broadest class of kernels K . Let K%and )\, be another
kernel and bandwidth sequence, called the auxiliary kernel and auxiliary bandwidth

respectively. Let

K)(y) = nin é K°<y ;nX)

Let X{,X;,...., X} be 1.1.d. smooth bootstrap resample of size n with density

K°(). Let

Knl) = 1 K ()

be the smooth bootstrap version of K, (y). Given X1, X5, ..., X,,, the smooth boot-
strap estimator of M, is defined as
M; = MK KO At = [ By [Konly) = K20))d,

—00

where the expectation £, is computed with respect to the density K°(-).
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The idea of smooth bootstrap approximation to MISE is not new. For exam-
ple, Taylor (1989, equation (6), page 707) obtained a closed form expression for
the smooth bootstrap approximation to M,, for Gaussian kernel and obtained its
asymptotic variance. His estimator (we call it 7},) is actually a special case of our
proposed estimator M*, when we choose \,, = h,, and both K and K" are standard
normal density. Faraway and Jhun (1990) conducted a broad simulation study to

investigate the performance of M.

It appears that there has been no significant theoretical study on the validity and
accuracy of M under reasonably broad assumptions on K or h,,. We focus on this
in Section 2. The basic idea of our proposal is to impose conditions only on K and
A, but not on K and h,,. There are some conditions on K and h,,. But these condi-
tions are quite general and do not limit the choice of either K or h,,. Consequently
we do not favour the automatic use of X = K° or \,, = h,,. This approach appears
to be new in the theory of smooth bootstrap. Our theoretical results and simulation
provide some useful guidelines for choosing K and ),, and also demonstrate the
drawback of some of the traditional ideas, for example, Taylor’s (1989) suggestion

to choose \,, = h,, for MISE estimation.

In Section 2, we establish the validity of our method and obtain the rates at
which E(M; — M.,,)? (the Ly error or Mean square error) converge to zero, in terms
of n and h,, for a wide class of kernels and underlying densities. In particular

E([57

M,
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—1]*) = O(h,) as n — oo and this provides insight into the accuracy
of M. This result seems to be new. Our proposed estimator M* compares well
with the bootstrap approximation of Delaigle and Gijbels (2004). For second or-
der kernel density estimators, the bias and variance of M are 0(% + h4+%) and
0(% + hff‘sl), 0 < 0,0" < 1, respectively, whereas the bias and variance of the
smooth bootstrap approximation proposed by Delaigle and Gijbels (2004, Theorem
4.1, page 27)) are O(=) + o(hz) and o(=5 + h¥) + 0(%) respectively. Moreover,
if lim sup,,_,,, nh** < 00, 0 < § < 1, then Var(M})/Var(T,) — 0. M;
also compares well with the unbiased cross-validation estimator (we call it UCV},)

and the biased cross-validation estimator (we call it BC'V,,), see Scott and Terrell



(1987), of M,. We find that the bias of M, converges to zero faster than that
of BC'V,, whereas UC'V,, has a constant bias. Further M has infinite asymp-
totic relative efficiency in comparison to both UC'V,, and BCV,, for h,, satisfying
limsup,,_,., nh**t < oo and limsup,_ ., nh2**® < oo respectively, for some
0 < 6,0" < 1. So for large n, M is expected to be a more stable (less sampling
fluctuation) than both UC'V,, or BC'V,, in high variance region, that is, for small

values of h,, and less biased as well for any A,,.

In Section 3, we compare the accuracy of M, with that of the plug-in method
based asymptotic approximation. If h,, satisfies lim sup,, .. nh?® < oo, where s is
the kernel order, then M is more accurate asymptotically than the plug-in estimate.

In Section 4, we obtain a closed form expression for M for the kernel density
estimators based on any Gaussian based kernel of order p = 2r, 7 > 1 (p = 2 yields
the standard Gaussian kernel). This formula makes the bootstrap implementation
straightforward, bypassing the Monte-Carlo step.

Simulations in Section 5 reveal that M) works well even for small samples and is
not sensitive to the structure of f. In particular, if log,, h,, < 0 and K is the standard
normal density, then M provides excellent approximation to M,, for a wide variety
of f and it is not affected much by the choice of \,,. However, if log,, i, > 0, then
M is sensitive to the choice of \,,, and Taylor’s (1989) choice \,, = h,, can lead to
poor estimation (with substantial negative bias) of M,,. Nevertheless the minima of

M closely approximates the minima of )/, even for small samples.

2 Main results

We first collect below all the assumptions on the two kernels and the bandwidths.
Not all of them will be used in all the results.
Assumption A. (Assumptions on density f).
(i) The density f(-) is bounded, and for some s > 2, the sth derivative f(*) is

bounded and square integrable.



(ii) There exists M, such that | ) (z) — f©)(y)| < M|z — y|, for all z, .

(iii) There exists p > 1, such that (s + p) th derivative f(**P)(.) exists, is integrable
and is also square integrable.

Assumption B. (Assumptions on kernel K'). The kernel K (-) is square integrable
and is of sth order, that is f K (x)dx = 1 and there exists an integer s > 1 such that
[ K(z)alde =0, j =1,2,..,s — land [ |K(x)z®|dx < oco. Further we assume
that K (—z) = K(z) and [ |K(z)z*t|dx < oc.

Assumption C. (Assumption on auxiliary kernel K°).

(i) The auxiliary kernel K°(-) is a probability density function such that

(a) K°(+) is continuous and bounded.

(b) K%(z) — 0 as |z| — oo.

(ii) K°(-) has s continuous derivatives on (—oo, oo) and the sth derivative K°)(.)
of K9(-), satisfies the above conditions (a) and (b) and the following assumptions
©) [ |K°®)(z)|dz < oo.

(d) [[K°®)(2)zidz =0, where j = 0,1,2,...,s — 1, s+ 1,....,s +p— 1,

% [ K% (2)z*dz =1 and [ |K°CHP)(2)z5+P|dz < oo.

Assumption D. (Assumptions on auxiliary bandwidth A, ) The sequence )\, satisfies
AN, >0Vn>1and A\, — 0,as n — oc.

(i) nA2T! — oo as n — oo.

(iii) lim sup,,_, ., nA*?% < .

(iv) lim inf,, o nA2h, > 1.

Assumption E. (Assumptions on given bandwidth h,,) The sequence h,, satisfies
) h,>0Vn>1.

@i1) h, — 0 as n — oo.

(>iii) nh,, — oo asn — oo.

Remark 1(i) The number p, in Assumptions A and C, depends on K°. If KV is
standard normal density then we recommend p = 2. With this choice of K and p,

Assumption C' are satisfied for any value of s.



(ii) Assumptions A(i) — (éi7) on f are valid for a wide class of densities which
include mixed normal, Cauchy, beta(m,n) (m, n>2) and gamma(n) (n>2) among
others. In contrast, the assumption that f has compact support or the assumption
E(X$) < 00,€ > 0 (see page 184, Hall (1990)) precludes the mixed normal distri-
butions or the heavy tailed distributions which have no moments.

(i11) Assumption B on K is quite common in density estimation context and does
not limit the choice of /K. On the other hand, the assumptions by Hall (1990) or De-
laigle and Gijbels (2004) on K prevent the use of a number of popular kernels such
as the Gaussian or Gaussian type kernel, as they are neither compactly supported
nor do their characteristic functions vanish outside any compact subset of the real
line.

We now state our main results. The proofs are given later.

Theorem 1 Under Assumptions A — E, as n — oo,
(i) E[M;—M,)* =o0(%) + O (hst).

.. M* 2
(i) E [v _ 1] — O (hy).

Remark 2 (i) In absence of condition D(iv), M remains an asymptotically valid
estimate and under Assumptions A — F,

1 M 2 !
:o(ﬁ)%—O(hi‘srn) and E{Mn —1} :O(W+h”)’

n

2

E[M; — M,]

where r,, = ﬁ + hy,.
(i1) Theorem 1(i1) implies that % converges to 1 (in L, sense) at a rate not slower
than {h,}. Consequently, 1(ii) ensures the validity of M and provides an answer
to the question: “ how large should the sample size be in order that the bootstrap
approximation M is close to M,,? . Theorem 1(i1) also implies that for any fixed

sample size n, M is expected to be more accurate for smaller values of h,,.

Comparison with other estimators. There are several estimators of MISE

available. Here we compare discuss a few of those in relation to our estimator.



(i) Delaigle and Gijbels’ (2004) estimator: The bias and variance of the Delaigle
and Gijbels’ estimator for second order deconvolution kernel density estimator are
O(2) + o(hy) and o(5 + h%) + 0( ) respectively (see their Theorem 4.1, page
27) which continue to hold good for their smooth bootstrap estimator of ), in the
i.id. set up. Let the bias and variance of A be denoted by B,, and Var(M)
respectively. Since |B,,| < \/E — M2)? and Var(M?*) < E[M: — M,]’, it

immediately follows from Theorem 1 (i) that, for any 0 < 0,0’ < 1, B,, = 0(% +
h2+9) and Var(M;) = o (2 + hi+9") . While the difference of orders, O(-) and
o(+) may seem insignificant from a theoretical point of view, it may translate into
significant gains in finite samples, just as in the usual bootstrap theory of sample

mean type statistics.

(ii) Taylor’s T,,: For Taylor’s estimator 7,,, Var(T,) = th + O(%2), where

C > 0. Note that if for some 0 < § < 1, limsup,_, nh?*° < oo, then
Var(M;)/Var(T,) — 0 and hence M has infinite asymptotic relative efficiency
in comparison to 7;,.

(iii) Unbiased and biased cross validation estimators UC'V,, and BC'V,,: These
are well known estimators for M,, (see Scott and Terrell (1987)). It is known that

(see Theorem 3.1, Scott and Terrell (1987)), Var(UCV,) = £ + O(—— + ﬁ)

n2hy n

where C' is a constant. If for some 0 < 6 < 1, limsup,,_, nhff” < oo then
Var(M})/Var(UCV,) — 0 and hence M} has infinite asymptotic relative effi-

ciency in comparison to UC'V,.

Similarly, (see Theorem 3.2, Scott and Terrell (1987)), Var(BCV,) = Qh +
O(%3), where C’ is a constant. If for some 0 < ¢’ < 1, limsup,,_,,, nh2 < oo
then Var(M;)/Var(BCV,) — 0 and hence M has infinite asymptotic relative

efficiency in comparison to BC'V,.

Further the bias of UC'V,, and BCV;, are — [ f*(z)dx and O(+ + h2*!) respec-
tively. Whereas the bias of M} is o(+ + h2*™?),is 0 < 6 < 1. So for large n, M



has smaller bias than both BC'V,, and UC'V,,.

(iv) Plug in estimator: Park and Marron (1990) compared several data-driven
methods for selecting the bandwidth of a kernel density estimator and have rec-
ommended the plug-in rule (see Sheather (1986)) to be the best among the methods
compared. How does M, compare with the plug-in rule? The basic idea of the
plug-in rule is to substitute data based estimates into the asymptotic approximation
to M,,. It is well known that if KX is of order s then

M, = A, (h,) + o(ﬁ + h?j) where A, (h,) = A, equals

U 2s & (2)Pdz and a = | 2°K(z)dx )
nh d+()h/[f()]dad /K()d;«éo

A, is referred to as the asymptotic mean integrated squared error. In the plug-in
method f x)]?dz is replaced by a suitable estimator to obtain the following

estimator An:

S S 2
n nh h2 /[Kg()(x)} dzx.

( 1)?
Theorem 2 Under Assumptions A(i) and C(i),
(i) If limsup,,_, . nh* < oo, then

liminf nE|A, — M,| > [ f*>>0 and liminf n®E(A, — 2> /f
(ii) If limsup,, ., nh2 = oo, then E(A, — M,)? = o(h%).

The following result on accuracy of A, and M follows from Theorems 1 and 2.

Theorem 3 Under Assumptions A — E, if s is the order of K, then

(i) lim,, .. nh?* < oo implies,

E(M; — M,)? E(3—1)?
limy,— oo ( L =0 and lim M = 0.
(A, — M, e D 1

(ii) lim,, . nh? = oo implies,

E(M* — M,)* = o(h¥*) and E(A, — M,)? = o(h%*).
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Marron and Wand (1992) provides important insight into the effect of h,, on A,,.
For fixed n, they plotted M,, and A,, (for Gaussian kernel) against different values
of log,, h,,. For a wide class of densities, including general normal mixtures, as the
value of log h,, is increased from —1 to 0 and beyond, A,, diverges to oo whereas
M, appears to level off. Moreover, M,, and A,, differ significantly for all values of
h., satisfying log,, h,, > 0. Consequently, for larger values of h,,, approximation of
M, by An, which in turn is an estimator of A,,, can be poor. Further, A, is sensitive
to the structure of f. In particular, for the double-claw density, which is the density
of the distribution 0.49.N (-1, (2/3)) +0.49.N (1, (2/3)%) +0.02. 35 55 N ((1—
3)/2,(0.01)%),! A, is a poor approximation to M,, (see page 725, Figure 4,loc. cit).
The plug-in estimator A, is not likely to improve these demerits of A,,. So we do
not recommend its use to estimate M,,, especially when f is believed to have com-

plicated structures such as multimodality, skewness and existence of spikes.

Fixed Sample performance of )/'. What are the effects of different possible
choices of h,, and A, on the bootstrap estimator M for fixed sample sample size n?

The following proposition provides some answers.

Proposition 1 Suppose f is bounded, continuous and K° is a bounded and contin-
uous probability density function. Then for any fixed sample size n, as h,, — o0,

(i) for any choice of A, M,, — [ f*(y)dy and M} — [(K2(y))*dy almost surely .
(ii) if f(z) — 0, as |x| — oo, and N\, — oo, then ,E(M}) — 0. Consequently
E(M}) — M, — — [ f*(y)dy and M} —£50.

(iii) for any choice of A\, A, — oo almost surely .

Remark 3 (i) Proposition 1(i) implies that for fixed n, M,* and M, level off and the
former succeeds in imitating the behavior of the latter for larger values of /,. On
the other hand, Proposition 1(iii) demonstrates that A,, explodes as h,, is increased,

thereby verifying the empirical observation of Marron and Wand (1992).

IN(x,4?) denotes the normal distribution with mean x and variance 2.
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(i1) Proposition 1(ii) implies that, for fixed n if h,, is large, M is likely to under-
estimate )M,, when ), is also large and the structure of f(-) is complicated so that
[ f*(y)dy is large. As a consequence, when h,, is large, Taylor’s (1989) choice of
An = h,, can produce an estimator 7}, with substantial negative bias. Proposition
1(ii) also explains the strange behavior of Taylor’s (1989) estimator 7}, (see Figure
1(a), page 710, loc. cit.). As the value of h,, was increased, 7, first decreased and

then remained constant, which is very unlikely for an MISE curve.

3 Implementing Smooth Bootstrap

M does not have a closed form expression in general and hence Monte-Carlo com-
putation is required for its implementation. Marron and Wand (1992) obtained an
exact and easily computable expression for MISE, assuming f to be a general nor-
mal mixture and Gaussian type kernels are used.

A kernel K is said to be a Gaussian-based kernel of order 2r if

R
K(z) = 2r=1(r — 1)z dam—!

¢()

where ¢(x) is standard normal density evaluated at x. Let ¢,2 () denote the normal

density with mean 0 and variance o2, evaluated at z, qﬁ[(fg) (z) = L. ¢,2(x) and

r—1 r—1

22 +2j

1030

Lemma 1 (Marron and Wand (1992)) If f(x) = Zle W;ipe, (x — ;) and if K is a

Gaussian-based kernel of order 2r, then M, equals

o) ( )i L n,i+j,2)—2§:(_1)SU(hn,s,1)+U(hn,O,0)

z+]l| s ¢l
nhy, P 21179191 — 25 sl

k k s 1(2s
where U(hp, $,q) =Y iy > 1y wiwh? ¢g#g§+qh% (i — puy)-

Now suppose that K is a Gaussian-based kernel of order 2r and K|, is the Gaussian

kernel. Since K is Gaussian,

n (y=X;)?

1 _ i
P p—
=1

V2TnA,
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This is really a mixed normal distribution. Thus, M is the MISE of the kernel
density estimator K,,5(y), where the underlying density K°(-) is a mixed normal
density with n components, w; = % w; = X;and o; = \,, 1 = 1,2,..,n. Hence,
using the above result, we obtain a closed expression for M’, provided that K is a

Gaussian-based kernel of order 27.

Theorem 4 If K(-) is a Gaussian-based kernel of order 2r and K, is the standard

normal density, then M equals

Ol( r—1 r—1 ( H.] ‘ - 27"71 (_1)5U h X . h 0o
nhn ZZ 21+]Z| l "’H_j’ )_ Sz; 2s gl ( ny S )+ ( nsy Yy )7
where U(hn,s,q) = nz D it 2ol h28¢2(,\ +qh%(Xi - Xy).

Remark 4 (i) The choice of K as the standard normal density trivially satisfies
Assumption C' of Section 2 and it also leads to closed form expression for M
when K is a Gaussian or Gaussian type kernel. So these are recommended choices.
(1) Taylor’s (1989) T,, is a special case of M, and is obtained by substituting = 1,

s = 0 and choosing K as the Gaussian density and A\,, = h,, in Theorem 4.

4 Simulation

To what extent does the nature of f and the value of h,, affect the performance
of M, specially when the sample size is small? We probe these questions with
simulation. Since any density may be approximated arbitrarily closely in various
senses by a normal mixture (see Marron and Wand (1992)), we choose f to be
mixed normal. We choose K to be Gaussian due to its wide popularity. Note that
a kernel density estimator is not that sensitive to the choice of the kernel. We also
choose K" to be Gaussian and hence closed form expression for computing M and

M, are available from Theorem 4 and Lemma 1.
Since K is standard normal density, s = 2. Assumption D in Section 2 provides

. . . . . . 1 0.2+6
criterion for choosing \,, and in our simulation we have used \,, = %, 1>
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d > 0, which satisfies Assumptions D (i) — (iii). Assumption D(iv) is ignored as
it is not a necessary condition for the validity of M and it need not hold for small

samples at all.

For n = 50, 500, we have plotted M and M,,, against log,, h,. Our choice
of log;, scale is motivated by its use by Marron and Wand (1992). For compar-
ison, we have also plotted Taylor’s (1989) 1;,, which is M with A\, = h,,. We
have ignored comparison of M, with UCV,, or BC'V,,, since the performance cross-
validation method in applications and simulations has been fairly disappointing (see
Hall (1992)) and for fixed n, BC'V,, converges to zero as h,, — oo (see Scott and
Terrell (1987)), that is, BCV/, fails to imitate M,,, which converges to [ f?(z)dz,
for large values of h,. The following conclusions may be drawn from these simu-

lations.

(1) Figures 1(a), 2(a), 3(a) reveal excellent performance of M even for small sam-
ples, especially for values of h,, satisfying log;, h, < 0 and for all types of f.

/5 where S is

If K is of second order, then natural choices for h, are 1.06S5/n
the standard deviation (Jones, Marron and Sheather (1996)) and 0.9A /n'/®, where
A = min{sample standard deviation, sample inter quartilerange/1.34} (Silver-
man’s rule of thumb) etc. All these bandwidths can satisfy log,, ~, < 0 even for
moderate sample size. For instance, log,, h,, < 0, where h,, = 1.06S/n!/°, for the
data set on three-month certificate of deposit rates (Simonoff 1996, page 1). Hence
for this data set we can expect M to be accurate for the Gaussian kernel.

(i1) When log,, h,, > 0, M can be sensitive to the choice of )\,,. For instance, from

Figures 1(a) to 3(b), we observe that for values h,, satisfying log,, h,, > 0, Taylor’s

T, (whichis M, with \,, = h,,) can be a terrible estimate of M,,.

Acknowledgement.. The authors gratefully acknowledge the detailed com-
ments of Dr. Anil Ghosh, Stat-Math Unit, Indian Statistical Institute. These com-

ments have been of significant help.
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5 Proof of Theorems

First we state and prove the following Lemmas which are used in the proof of

Theorem 1.

Lemma 2 Under Assumptions A(ii), C(ii) and D, as n — o0,
(i) B [f{KO(S) (v)Ydy — [{f9(y)}?dy)® } =0 <>\2—+1)>
(i) E(I{K )Yy — [{f9y }Qdy‘ = o(

Let us introduce the following notation. Let % denote convolution and let

s 1 s Yy s s
Kgi)(y):/\sﬂKO()()\_)’ Osn = ————3 n(n — 1) ZZK x )X X5);

s (n—1)
0= [(Owran 0. = [(KwYay = — [eyas Yo,
Proof of Lemma 2 With the above notation, for suitable constants, A;, As, A3,

E[ [{K2 (y)}2dy — f{f ()(y)}2dy)” equals

0(s 2
Wl [ty

+ Ay (1 — E)QE[em 0"+ =2

< G
Under Assumptions A(ii), C'(it), D(ii), it follows from Lemma 3.1 (b) and (d)
and Hall and Marron (1987) that as n — oo,

Therefore under the Assumptions A(ii), C(ii), D(ii) we get
1

B [ U wyay — [ (0w ) = 0 )

This proves (i). To prove (ii), note that

B (AR by~ [ {190} o] = E16, -0

and
1

E|9n_0|§W

1
/(K3<5>(v))2dv + B0y, — 0] + —E|fsy)|.
n
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Under Assumptions A(ii), C(i7) it follows from Lemma 3.1(d) of Hall and Marron
(1987) that E |65, — 0| = o(1). Now, using Assumption D(ii), part (ii) follows,
proving the Lemma completely. U

The following Lemma is used in the proof of Lemma 4. Let

ng/{f(s)(y)}Zdy and C) = é/]K(u)uﬂdu

Lemma 3 Under Assumptions A-C, as n — oo,

2

Proof of Lemma 3 Let

/ {/ / — 1) K () SE[KS(S)(y—thnu)]dtdude.

It is easy to see that for each y, ¢ and w,

E[K;®(y — thyu)] = ( ;J)S / K (2) fy — thyu — \22)dz.

n

Under the Assumptions C'(i7) (c) and (d) on K°) and Assumption A on f(-), using

Taylor’s expansion with integral remainder,

e = / (v | / 0 K () £y — thyu)didu
Her
= [ [ a0 K 0 i
+<<s+§p g ; [ sitwa
2 O [ [ K 19 — it )

= tip t+ton + 13, (Sa}’)

where g,,(y) equals

/K(u)us /01(1 —t)“{/KO(S)(v)vS*P/Olu ) ) () e do b

15



and y* = y — tuh, — t'\,v. Under Assumptions A(¢) on f (8), for suitable constants
1,4,

] < XOC! / 9n(9)|dy < NCL / £ (y)ldy = OO).

Using Cauchy-Schwartz inequality it is easy to see that, to, < CZAZP [{f(FP)(y)}2dy.
Using Assumptions A (1), (ii) on f(*), it is easy to see that ¢, = C?Ty + O(hy,).

Therefore, combining these estimates,
en = CiTy + O(hy) + ONP) + O(NP) = CiTy + O(hy, + NP).
Hence Lemma 3 is proved completely. U

Lemma 4 Under Assumptions A-D, as n — oo,

e / B{KY) () }2dy / (F9 () Y2dy — 2E(cn).dy = O ()

/ {// ) )SKB(S)(y—thnu)dtdu}Q]dy,
/{// — 1)K )Sf(s)(y—thnu)dtdu}zdy.

Proof of Lemma 4 Let

= [ messton-wean)

Using Cauchy-Schwartz inequality it is easy to see that

where

and

B, = 20;4/E{K2 (y)}dy /{f (y)Y2dy > 2Ec,.d,

Therefore 0 < B, —2E(¢,).d, < B, — 2e,.d,.

From Lemma 2(i), under the Assumptions A(ii), C(ii) and D
1
T, = /E{KS(S)(y)de = /{f(s)(y)}zdy +0 (W)

1

16



Under Assumption A on f(-), d, = C?Ty + O(h,). Under the Assumptions
C(ii) (c) and (d) on K°® and Assumption A on f(-), from Lemma 3, e, =
C#Ty + O(h,, + AP). Substituting the above equations in right side of (1) and under

Assumptions D on \,, we get, as n — o0

0< B, —2E(c,)d, < 20%[Ty+ 0(#)}%

—2[C2T, + O (hn + N2)] [C3Ty + O(hy)]

1
_ 0 (m) 0 (h+ A) 4+ Olh) = O (ha)

Hence Lemma 4 is proved completely. U

Proof of Theorem 1 Recall that

M, = / V(K (y))dy + / [E(K)) — £(4)]

and M = [ ValKon)dy+ [ [B.(Kunlo) ~ K2 dy

V(Ku(y) = E[Ko(y)—E(K.(y))]” and V,(K.p(y) = Ea[Kap(y)—E(Kup(y))]”.

The expectations F and E,, are computed with respect to f(-) and the bootstrap

density K?(y) respectively. So, almost surely,

MM, < | / Vi (Kous () — V(Kn(y))] dy| (1)
4] [ 1B anto)) ~ K2y = [ (B0 - 1] dy]
= Ly, + Loy, (say). 2)

Squaring and taking expectation on either side of (1),
E|M; = M,[> < 2E(L%,) +2E(L3,,). 3)
Now under Assumptions A, B and F, from Rao (1983, pp. 45), we have

n}zn/[@(“)dv_ %/{/K(U)f(y—hnv)dv}Qdy. 4)

17
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Repeating those arguments, we have

/ V(Ko (y))dy = nzn / K2(fu)dv—% / { / K(U)Kg(y—hnv)dv}2dy. (a.5.)
)

Therefore from Equations (4) and (5) we get, almost surely,

L, = %|/{/K(U)K2(y—hnv)dv}zdy—/{/l((v)f(y—hnv)dv}zdy‘
< %/1{/K(U)K2(y—hnv)dv}2—{/K(v)f(y—hnv)dv}z\dy. ©)

Using |a? — b%| = (a + b)|a — b|, for a, b > 0, the right side of above inequality is

dominated by (writing y* = y — hno)
LK) + o na [ K@IKS) - 7)oy
— D,, say. We note that, almost surely
K3y — o) + £~ o) < K3y~ haw) = Fy — hao)] + 2111
Therefore, almost surely
D < ol [{] KWIKNy ~ hat) = Fly — huo)ldedy
sl [ K) [ 1K = hao) = g = hoo)ldyde]
L R = ) = 10— o) dody
211l [ 12w - £
= 1[40 - )y + 2111 [ 1K) - F)d).

n

IN

Hence from (6) we have, almost surely
L < o[ {520) = 1)y + 20111 [ 1K20) - Fwlas].
This implies
B3 < B[ 1K) - 1Yy + 21| [ 1K) - fwlay)’
< SB[ 1K) - @ ] + allf1PE] [ 1K) - Fwlas]’]. )

18



Since K" is a density function and nh, — oo, therefore if follows from Devroye
(1983) that, almost surely, [ |K(y) — f(y)|dy = o(1). Since both f and K° are
probability density functions, therefore | |K2(y) — f(y)|dy < 2V n. Therefore, by
DCT,

2
AP | [ 15200 - Flas] = o)
Further under Assumptions A, C'on f and K° E[ [{K(y) — f(y)}?dy] ? equals
Bl [y~ [ Pds+2 [ 100 - K]
< 2E[/{K2(y)}2dy - /{f(y)}2dy}2 + 8| f]] /E’{f(y) — K (y)}dy.
Under the Assumptions A(:), C(i), D(i), (ii), from Rao (1983, pp. 45),
[ B - K@y = o),
Under Assumptions A(7), (i7), C(ii) and D , from Hall and Marron (1987) we get

E [ Jiswya - [ {f(y)}zdyr —o(1).

Therefore under Assumptions A — F,

2] [t - swya] =)

Hence from (7) we find that, under Assumptions A — F,

1
B(Li,) = o (ﬁ) - 8)
So in view of equations (3) and (8), to prove Theorem 1(i), it is enough to show that
1 2
WE(L%) =0O(1). ©)

Now under the smoothness Assumptions A, C on f and K°, using Taylor’s expan-

sion with integral remainder we get

Lon = @ ﬁ21 /{// — 1) K ( )SK2<S>(y—thnu)dtdu}2dy
/{// LK () Sf<8>(y—thnu)dtdu}2dy}

19



W
((s—=1n>""

—d,] (say).

Therefore,

E(Lgn) < h4sC’4 /{KO }2dy /{f s) }Qdy) —2F¢,. dn]

3—1

hp? 1p () 9 (y))2
GomleE] [ wya - [ wya)’

201 / BRI w)Pdy [{£9w)Pdy - 2Bends].  (10)

Under the Assumptions A, C and D, from Lemma 2(i),

ol fuaomra - [uowyra] =o( ),

Under Assumptions A to D, from Lemma 4,

20! / E{K2(y))2dy / (F9 )Yy — 2Bendy = O (hy).

Therefore under Assumptions A to D, substituting the above equations in right side

of (10),

1 1

n

This establishes (9) and recalling (8) part (i) is proved.

We now prove part (ii). From Prakasa Rao (1983, pp. 45, Theorem 2.1.7), if
f(+) has bounded continuous derivatives of sth order, s > 2, the sth derivative f(*
is square integrable and K(-) bounded, symmetric (about zero), square integrable

and of sth order then

M, =

nh,

A [P +o (i),

where a = [ 2*K(z)dx # 0.
Using part (i) of Theorem 1,

M* 2 EIM* — M. 12 1 O h4s+1
E{M 1} _ £l e o _ _ oGe) + ("1) .an
n n W + D2h;1l5 +o0 (W + h%‘g>

where D, D, are positive constants, independent of n.
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If limsup,, ., nh2™ < oo then, dividing numerator and denominator on the
right side of (11) by (nh,,)? we get E(% —1)2=0(h?) + O(h,) asn — oo.

If lim,, ., nh?*! = oo then, dividing numerator and denominator on the right
side of (11) by h* we get E(% —1)2=o0(h?) + O(h,) asn — oo.

Hence, & (% —1)2 = O(h,) asn — oo. and Theorem 1 is proved completely.
0

Proof of Theorem 2 Recall that

w)du + —)h25 / (K9 ()} da (12)

where a = [ 2K (z)dz. Using Rao (1983, page 45),

_%/{/K(U)f(y_h"“)d”}zder/{E(Kn(y)—f(y)}zdy-

(13)

nnh

n p—
nh,

From (12) and (13),

Bl =,

(A, — = /{/K (y — hnv)dv}Qdy
h%E{/{Kﬁ Y| - [ (B0 - ) by 19

Now from Rao (1983, page 45),

[ B - 1) ay -

and from Lemma 2,

U{KOs) )} dm} -

At | [ {rewy @) - [ (B0, - 1Y =02, a9

/{f )}2d:c—|—0(hff).

/{f )}2 dx + o(h*).

Consequently

So if {h,} satisfies lim,,_,o, nh2* < oo, then from (14) and (15) we get

2
liminf nE|A, — M,| > hmlnf {/K(U)f(y— hnv)dv} dy

n—o0 n—

2
/hmmf{/K (y — hnv)dv} dy. (16)



Since under Assumptions A and B, f is bounded continuous and f K(x)dx = 1,
applying DCT to the right side of (16), the first part of Theorem 2 (i) is proved.
Since nQE(An — Mn)2 > (nE|fln — Mn|)2, the second part of Theorem 2 (i) is a
direct consequence. The proof of part (ii) is easy. U

Proof of Proposition 1 We recall that

E(OMZ) = / EVa(Kns(y)] dy + / E [E, (Kus() — Ko)]>dy

= a, + b, (say).

It is easy to see that V,,(K,5(y)) < Eu[K]p(y)] = - [ K*(u) K} (y — hyu)du.

Taking expectation on both sides,

E[Va(K,

< h /KO (y — hpu — A\v)dvdu.
n

Therefore, integrating (with respect to y) both sides of the above inequality, we get

Ap = /E[VR(KRB(y) dy <

Further by Cauchy-Schwartz inequality we get
) 2
[Bufnts) - K20)° = | [ K<u><K2<y—hnu>—K2<y>>du}
< [ 1K@ [ 1K@ (K2~ o) ~ K] du
So, writing 71 = [ | K (u)]|du,
b = [ BB (Kunl) - K2 dy

<7 / [ 1K E [y = ha) — 2] dudy

(v)}* dv + 277 (1——)/{/}(0 (y - )\nu)du}Zdy
o 01 [ (5 )

—211(1—5) / [ [ [ KR G100 f05)dndzadudy,

2T2

2T1

where 77 = [ |K(u)|du, yf =y — \yu — hyz1 and y5 = y — A\, 20.

22



Letting h,, — oo and A\, — o0, it is easy to see (using the condition that
|f(z)] — 0 as |z|] — oo and DCT) that a,,b, — 0 and hence E(M}) — 0,
proving first part of (ii). Since M is a nonnegative random variable, the second

part is immediate consequence. Parts (i) and (iii) are easy to prove. ]
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mise estimates

In figures 1(a) — 3(b) we plot T,, = T, (hy,), M} = M (hy) and M,, = M,,(h,,) against

Log(hy) = logighy, for double-claw, bimodal and normal distributions and for sample sizes
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n = 50 and 500. Both K and K are standard normal densities.
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