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Abstract

The goal of this article is to extend some results of Popescu (2009, Prob. Theory.
Rel. Fields) in several directions. We establish the limiting spectral distribution for
r-diagonal matrices under reduced moment conditions compared to those required by
Popescu. We also deal with the joint convergence of several sequences of such matrices.
In particular, we show that there is a large class of such matrices where the joint limit
is not free while the marginals are semicircular. We also consider matrices of the form
XnX

T
n where Xn is a sequence of nonsymmetric r-diagonal random matrices and

establish their LSD.

AMS 2010 Subject Classification Primary 60B20, Secondary 60B10, 46L53, 46L54.

1 Introduction

Suppose �1, �2,...., �n are the eigenvalues of a real symmetric matrix Mn×n then its
Empirical Spectral Distribution (ESD) is defined as,

FMn(x, y) = n−1

n∑
i=1

I(�i ≤ x). (1.1)

The Limiting Spectral Distribution (or measure) (LSD) of the sequence is defined as the
weak limit of the sequence {FMn}, if it exists, either almost surely or in probability.

LSD of various random matrices have been studied in the literature. See for example
Bose, Hazra and Saha (2010) for a list of common symmetric patterned matrices and their
LSD. More examples of LSD may be found in Bai (1997).
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Tridiagonal matrix models are heavily used in numerical recipes. Popescu (2009) dis-
cussed an interesting class of symmetric tridiagonal matrix models under some nonstandard
conditions on the entries. He proved the convergence of the ESD and computed the limiting
distributions in some particular cases. He also obtained the limit of the trace of mono-
mials formed by several such independent matrices. Extensions were also provided for the
r-diagonal model where the k-th superdiagonals and subdiagonals are zero for k > r.

The goal of this article is to extend some of Popescu’s results in several directions. First,
we relax some of the moment conditions that are required by Popescu. We also deal with the
joint convergence of sequences of such matrices. In particular, we show that the joint limit
need not be free while the marginals may still be semicircular. Matrices of the form XnX

T
n

are generalizations of the sample variance covariance matrix. We also consider such matrices
where Xn is a sequence of nonsymmetric r-diagonal random matrices and establish their
LSD.

2 Main results

2.1 Popescu’s result and an extension

We first restate Popescu’s main result in a convenient manner and then state an extension.
Let {bij} be a sequence of random variables. Further conditions on this sequence shall be
imposed as needed. Consider for any fixed r, the sequence of r-diagonal symmetric random
matrices {An} given by

(An)ij =

⎧⎨⎩
bj−i,i, if i ≤ j ≤ r + i
0, if r + i < j ≤ n
(An)ji, if j < i

(2.1)

and let for some � > 0,

Xn =
An
n�
. (2.2)

Let

Γk = {
 = (j0, . . . , jk)∣j0 = jk, max 
j = 0, ∣ji+1 − ji∣ ≤ r}
li,s(
) = #{u : 0 ≤ u ≤ k − 1 such that either ju = i, ju+1 = s or ju = s, ju+1 = i}.

Theorem 1. (Popescu(2006)). Suppose {bi,j}, j ≥ 0, r ≥ i ≥ 0 are independent and for
some � > 0,

lim
n→∞

E

(
bj,n
n�

)k
= mjk, ∀ k = 1, 2, . . . .

(a) Then as n→∞, for all k = 1, 2, . . .,

E
Tr(Xk

n)

n
→ Lk and

Tr(Xk
n)

n
→ Lk, almost surely,

where

Lk =
1

�k + 1

∑

∈Γk

∏
0≤i≤r, j≤0

mi,lj,j+i(
). (2.3)
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(b) Further if for every 0 ≤ j ≤ r, {mjk}k≥0 are the moments of a compactly supported
measure �j, then there exists a unique measure �, which is compactly supported and has
moments {Lk}k≥0. Hence FXn −→ � almost surely.

(c) If further mjk = akj , ∀ k ≥ 0, 0 ≤ j ≤ r, then � is the distribution of

U�
1 [a0 + 2

r∑
k=1

ak cos(2�kU2)] where U1 and U2 are i.i.d. uniformly distributed on [0, 1].

Note that in the above result, convergence of the ESD is guaranteed if {Lk} determines
a distribution uniquely. The compact support assumption on {�j} achieves this. To state
our extension of this result, let {ain}, 0 ≤ i ≤ r, n ≥ 1 be a sequence of real numbers and
let {xin}, 0 ≤ i ≤ r, n ≥ 1 be a sequence of independent random variables.

Theorem 2. Let An and Xn be as in (2.1) and (2.2) with bin = ainxin.

(a) Suppose for some � > 0, and for 0 ≤ i ≤ r,

ain
n�

n→∞−→ ai. (2.4)

Suppose that either (a1) for each 0 ≤ i ≤ r, {xin}n≥1 is i.i.d with finite second moment or
(a2) there exists a sequence of positive numbers {cn} increasing to infinity such that:

(i)
∞∑
j=1

E(x4
ij)

j2
<∞ for 0 ≤ i ≤ r,

(ii) lim
n

E(xin1(∣xin∣ < cl))
k exists for each k, l ≥ 1 and 0 ≤ i ≤ r,

(iii) lim
l→∞

lim sup
n→∞

∑n
j=1 E(x2

ij1(∣xij∣ ≥ cl))

n
= 0 for 0 ≤ i ≤ r.

Then almost surely, Xn has a nonrandom limiting spectral distribution, say 
.

(b) Suppose E(∣xkin∣) < ∞, ∀ i, n, k and limn E(n−�bin)k = aki limn E(xin)k exists and equals
mik. Then Lk in (2.3) are the moments of 
.
Further if for some 0 ≤ i0 ≤ r, {mi0k}k≥1 are moments of some distribution having noncom-
pact support and either mik are nonnegative ∀i, k or mik = 0 whenever i ∕= 0, i0 (i.e. all the
diagonals except the main diagonal and the i0-th diagonal are “switched off”), then 
 also
has noncompact support.

Remark 1.

(a) Note that condition (ii) in part (b) holds whenever there exists random variables xi for
0 ≤ i ≤ r such that xin

w→ xi as n→∞.

(b) In Theorem 2 we have managed to remove the compactness assumption of Theorem
1 in exchange for some other conditions on the entries. As a consequence the LSD can
have noncompact support. For instance, if for at least one j, the moment sequences {mjk}
corresponds to a measure �j with noncompact support then the LSD also has noncompact
support.
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2.2 r-diagonal covariance type matrix

Suppose that An is a sequence of nonsymmetric square matrices and consider the symmetric
matrix AnA

T
n . If An is the i.i.d. matrix (all entries are i.i.d.), then n−1AnA

T
n is the well

studied sample variance covariance matrix; it is known that under appropriate conditions
F n−1AnATn converges to the Marčenko-Pastur law. Moreover the LSD of the symmetric version
of n−1/2An is the semicircular law and distribution of the square of a semicircle random
variable is the Marčenko-Pastur law. As observed in Bose, Gangopadhyay and Sen (2010),
this phenomenon of squaring may or may not hold for general patterned matrices.

Now let An be the nonsymmetric square r-diagonal matrix defined as

(An)ij =

{
bj−i,i, if ∣j − i∣ ≤ r
0, otherwise.

(2.5)

Let

Sn =
AnA

T
n

n2�
. (2.6)

Then under suitable conditions, F Sn converges almost surely (see Theorem 3). The moments
of the LSD are equal to the moments of a trigonometric polynomial of a uniform random
variable. Further, under suitable conditions, the squaring relation mentioned above holds.
See Corollary 3.1.

We need the following notation to state our next theorem. Define

li→s,R(
) = #{u : 1 ≤ u ≤ k, u is odd ju−1 = i, ju = s}, and similarly

li→s,B(
) = #{u : 1 ≤ u ≤ k, u is even ju−1 = i, ju = s}.

So we think of this as if every path 
 is being colored using colors R and B, the segment
(ju−1, ju) is colored R if u is odd and is colored B if u is even.

Theorem 3. (a) Let r be a positive integer, � > 0 and let {bi,j} be independent such that
for some � > 0,

lim
n→∞

E

(
bj,n
n�

)k
= m′jk, ∀ k ≥ 0, ∣j∣ ≤ r.

Then as n→∞,

E
Tr(Skn)

n
→ L′k and

Tr(Skn)

n
→ L′k, almost surely,

where

L′k =
1

2�k + 1

∑

∈Γ2k

∏
∣ℎ∣≤r, i≤0

m′ℎ,li→i+ℎ,R(
)+li+ℎ→i,B(
). (2.7)

(b) If {m′jk}k≥0 are the moments of compactly supported measures �′j, then there exists a
compactly supported measure �′ whose moments are {L′k}k≥0. Hence F Sn → �′ almost surely.
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(c) If m′jk = akj , ∀ k ≥ 0, ∣j∣ ≤ r, then �′ is the distribution of U2�
1 [c0 + 2

r∑
k=1

ck cos(2�U2)]

where U1 and U2 are i.i.d. uniformly distributed on [0, 1] and

cℎ = 2
r−ℎ∑
i=−r

aiai+ℎ if 1 ≤ ℎ ≤ 2r and c0 =
∑
∣i∣≤r

a2
i .

From this the following corollary follows.

Corollary 3.1. If m′jk = ak∣j∣, ∀ k ≥ 0, ∣j∣ ≤ r, then L′k = L2k, ∀ k ≥ 0, where {Lk} are as

in Theorem 1 obtained from mjk = akj , 0 ≤ j ≤ r, k ≤ 0 and hence if the random variable Z
is distributed as �, then Z2 is distributed as �′.

Remark 2.

(a) It is clear from the expressions for the moments that in general we cannot say that �′

is the “folded” distribution corresponding to �.

(b) In Theorem 1 (resp. Theorem 3) we can set mjk = 0, ∀ k ≥ 0 (resp. m′jk = 0, ∀ k ≥ 0)
to “switch off” the j-th diagonal and we can get different patterns in the matrix models. The
corresponding LSDs will be given by the moments {Lk} (resp. {L′k}) by plugging in zeros in
(2.3) (resp. (2.7)) in place of mjk (resp. m′jk) in the paths 
 ∈ Γk (resp. Γ2k).

We can relax the assumption of existence of all moments as we did in Theorem 2. This
is done in the following

Corollary 3.2. Let An and Sn be as in (2.5) and (2.6) with bin = ainxin.

(a) Suppose for some � > 0, (2.4) holds for ∣i∣ ≤ r, and either (a1) of Theorem 2 holds for
∣i∣ ≤ r or conditions (i), (ii) and (iii) of (a2) of Theorem 2 hold for ∣i∣ ≤ r.
Then almost surely, Xn has a nonrandom limiting spectral distribution, say 
′.

(b) Suppose E(∣xkin∣) < ∞, ∀ i, n, k and limn E(n−�bin)k = aki limn E(xin)k exists and equals
mik. Then L′k in (2.7) are the moments of 
′.
Further if for some 0 ≤ i0 ≤ r, {mi0k}k≥1 are moments of some distribution having noncom-
pact support and mik are nonnegative ∀i, k then 
′ also has noncompact support.

2.3 Joint convergence

Suppose now that we have J independent sequences of r-diagonal random matrices. The
appropriate notion of joint convergence now is the convergence of the trace of all monomials
formed from this sequence. We make this precise in the following.

A noncommutative probability space is a pair (A, �), where A is an algebra over ℂ having
a unit and � : A → ℂ is a linear functional such that �(1) = 1. Elements of the algebra A
are called noncommutative random variables.

Let A be the space of n×n complex random matrices with entries being random variables
defined on a fixed probability space and having all moments finite. We can define two
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functionals on A as

�1(a) =
1

n
Tr(A) and �2(a) =

1

n
E(Tr(A)).

Then (A, �i), i = 1, 2 are noncommutative probability spaces.

Let {ai}i∈I be a set of elements in (A, �). Denote by ℂ[{Xi}i∈I ] the polynomial algebra
in the noncommutative indeterminates {Xi}i∈I . The joint law or distribution of {ai}i∈I is
given by the linear functional

� : ℂ[{Xi}i∈I ]→ ℂ
p 7→ �(p{ai}).

Let (An, �n)n≥1 and (A, �) be noncommutative probability spaces and let {ai,n}i∈I ∈ An
for each n, {ai}i∈I ∈ A. Then {ai,n}i∈I converges in law (or in distribution) to {ai}i∈I if
∀p ∈ ℂ[{Xi}i∈I ],

lim
n
�{ai,n}i∈I (p) = �{ai}i∈I (p).

To state our result on joint convergence, we first generalize the notation used in the proof of
Theorem 3. As before, our generic notation for a path (j0, . . . , jl) is 
. For a sequence of
“colors” c = {1, . . . , l}, let

Γcl = {
 ∈ Γl∣ ∀ u the segment (ju−1, ju) is colored by u} and for 
 ∈ Γcl let
lj→j+s;R,t(
) = #{u∣(ju−1, ju) = (j, j + s), u is odd and (ju−1, ju) is a t colored segment},
lj→j+s;B,t(
) = #{u∣(ju−1, ju) = (j, j + s), u is even and (ju−1, ju) is a t colored segment} and

lj,j+s;t(
) = #{u∣ either (ju, ju+1) = (j, j + s) or
(ju, ju+1) = (j + s, j) and (ju, ju+1) is a t colored segment}.

Let {b(i)
t,s} be random variables and define the following matrix sequences,

(A(n,i))st =

⎧⎨⎩ b
(i)
t−s,s, if s ≤ t ≤ r + s

0, if r + s < t ≤ n
(A(n,i))ts, if t < s,

X(n,i) = A(n,i)

n�i
.

(A
(n,i)

)st =

{
b

(i)
t−s,s, if ∣s− t∣ ≤ r

0, otherwise

S(n,i) = A
(n,i)

A
(n,i)t

n2�i
.

Theorem 4. Let r,m be positive integers, �i > 0 for 1 ≤ i ≤ m and let {b(s)
i,j }, be independent

such that for some {�i},

lim
n→∞

E

(
b

(i)
j,n

n�i

)k

= m
(i)
jk , ∀ k ≥ 0,−r ≤ j ≤ r, 1 ≤ i ≤ m.

(a) The joint law of {X(n,i)}1≤i≤m converges almost surely and in expectation to the joint
law of {ai}1≤i≤m whose joint distribution is given by

�(ai1 . . . ail) =
1

�i1 + . . .+ �il + 1

∑

∈Γcl

∏
1≤t≤m

0≤s≤r, j≤0

m
(t)
s,lj,j+s;t(
). (2.8)

where c is the sequence of colors (i1, . . . , il).
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(b) The joint law of {S(n,i)}1≤i≤m converges almost surely and in expectation to the joint law
of {a′i}1≤i≤m whose joint distribution is given by

�(a′i1 . . . a
′
il
) =

1

2(�i1 + . . .+ �il) + 1

∑

∈Γc2l

∏
1≤t≤m
∣s∣≤r, j≤0

m
(t)
s,lj→j+s;R,t(
)+lj+s→j;B,t(
). (2.9)

where c is the sequence of colors (i1, i1, i2, i2, . . . , il, il).

Suppose (A, �) is a noncommutative probability space. A family {Ai}i∈I of unital subal-
gebras of A are called freely independent (or simple free) if ∀n positive, indices k1, . . . , kn ∈ I
with kj ∕= kj+1 and aj ∈ Akj , 1 ≤ j ≤ n with �(aj) = 0, we have �(a1 . . . an) = 0. For positive
integers m, (mk)1≤k≤m, the sets {a1,p, . . . , amp,p}1≤p≤m are freely independent if the algebras
they generate are freely independent.

Remark 3. In the setup of Theorem 1, when r = 1, � = 1
2

and mik = �i1 for i = 0, 1; we get

L2k = 1
k+1

(
2k
k

)
, i.e. the LSD is the semicircular law. Under the same parameter values

in part (a) of Theorem 4 we get the joint law to be

�(ai1 . . . ail) =

⎧⎨⎩
0 , if l is odd

1
l
2

+1

(
l
l
2

)
, if l is even

hence �(ai1 . . . ail) = �(al1). This is an example where the marginals converge to the semi-
circular law but the joint law is not a free product of semicircular laws.

3 Proof of theorems

3.1 Auxiliary results

In the course of our proofs, we will need to estimate the distance between different spectral
measures. This shall be done via the bounded Lipschitz metric dBL, which is a complete
metric defined on the space of probability measures on any Polish space (X, d), topologising
the weak convergence of probability measures (see Dudley (2002)):

dBL(�, �) = sup{
∫
fd�−

∫
fd� : ∣∣f ∣∣∞ + ∣∣f ∣∣L ≤ 1}

where ∣∣f ∣∣∞ = supx ∣f(x)∣, ∣∣f ∣∣L = supx ∕=y ∣f(x)− f(y)∣/d(x, y).

We shall also need the following Lemma. Its proof may be found in Bai and Silverstein
(2006) or Bai (1999) and uses Lidskii’s theorem (see Bhatia, 1997, page 69).

Lemma 1. (a) Suppose A,B are n× n real symmetric matrices. Then

d2
BL(FA, FB) ≤ 1

n
Tr(A−B)2. (3.1)

(b) Suppose A and B are p× n real matrices. Let X = AAT and Y = BBT . Then

d2
BL(FX , F Y ) ≤ 2

p2
Tr(X + Y )Tr[(A−B)(A−B)T ]. (3.2)
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3.2 Proof of Theorem 2

Proof of (a): Define x
(l)
in = xin1(∣xin∣ < cl) and let

(A(l)
n )ij =

⎧⎨⎩
aj−i,ix

(l)
j−i,i, if i ≤ j ≤ r + i

0, if r + i < j ≤ n

(A
(l)
n )ji, if j < i.

Using (2.4) and condition (ii) in case (a2), we see that in both the cases (a1) and (a2),

lim
n

E

(
ainx

(l)
in

n�

)k

= m
(l)
ik exists and m

(l)
ik ≤ (maxi {ai}cl)k.

Hence for each l and 0 ≤ i ≤ r, {m(l)
ik }k≥0 is the moment sequence of a compactly sup-

ported measure. From Theorem 1, F
A
(l)
n
n� converges almost surely to a nonrandom compactly

supported probability measure 
(l).

From (2.4), for some M > 0,
a2
ij

j2�
≤M, ∀ i, j. Hence an application of (3.1) gives

d2
Bl(F

An
n� , F

A
(l)
n
n� ) ≤ 1

n2�+1Tr(An − A(l)
n )2

≤ 2
n2�+1

r∑
i=1

n∑
j=1

(aijxij1(xij ≥ cl))
2

n2�+1

≤ 2M
r∑
i=1

n∑
j=1

(xij1(xij ≥ cl))
2

n
.

Under condition (a1)

r∑
i=1

n∑
j=1

(xij1(xij ≥ cl))
2

n

a.s−→
r∑
i=1

E((xi11(xi1 ≥ cl))
2)

and hence lim
l

lim
n
dBl(F

An
n� , F

A
(l)
n
n� ) = 0, a.s..

Under condition (a2),

∞∑
j=1

Var(x2
ij1(xij > cl))

j2
≤

∞∑
j=1

E(x4
ij)

j2
<∞.

By Kolmogorov SLLN,

n∑
j=1

1

n

(
x2
ij1(xij > cl)− E(x2

ij1(xij > cl))
) a.s.−→ 0.

From (iii) it follows that

lim
l

lim sup
n

n∑
j=1

x2
ij1(xij > cl)

n

a.s.−→ 0 and hence lim
l

lim sup
n

dBl(F
An
n� , F

A
(l)
n
n� ) = 0, a.s..
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Since dBl metrizes weak convergence of probability measures on ℝ, lim
n
dBL(F

A
(l)
n
n� , 
(l)) =

0, a.s. ∀ l, i.e. {F
A
(l)
n
n� }n is almost surely Cauchy. Hence

dBL(F
An
n� , F

Am
m� ) ≤ dBL(F

An
n� , F

A
(l)
n
n� ) + dBL(F

A
(l)
n
n� , F

A
(l)
m
m� ) + dBL(F

A
(l)
m
m�

,F
Am
m� )

⇒ lim sup
m,n

dBL(F
An
n� , F

Am
m� ) ≤ 2 lim sup

n
dBL(F

An
n� , F

A
(l)
n
n� ), for each l

⇒ lim sup
m,n

dBL(F
An
n� , F

Am
m� ) ≤ 2 lim

l
lim sup

n
dBL(F

An
n� , F

A
(l)
n
n� ) = 0,

i.e. {F An
n� } is almost surely Cauchy. Since dBL is complete on the space of probability

measures on ℝ, there exists a probability measure 
 such that F
An
n�

w→ 
.

Also

lim
l

dBL(
, 
(l)) = lim
l

lim
n
dBL(F

An
n� , F

A
(l)
n
n� ) = 0,

being the weak limit of the nonrandom sequence {
(l)}, 
 itself is nonrandom. This completes
the proof of (a).

Proof of (b): We have established that

FXn w→ 
 w.p. 1.

Also from Theorem 1,
∫
xk d
n

n→∞−→ Lk w.p. 1, 
n being the ESD of Xn. In particular

sup
n

∫
x2k d
n <∞ w.p. 1, ∀ k.

Hence if Xn follows 
n, then almost surely {
n} are uniformly integrable. Hence we have∫
xk d
 = lim

n

∫
xk d
n = Lk.

For the other part, consider the path 
0 ∈ Γ2k given by 
0 = (−i0, 0,−i0, 0, . . . ,−i0, 0). Then

L2k = 1
2�k+1

∑

∈Γ2k

∏
0≤i≤r, j≤0mi,lj,j+i(
)

≥ 1
2�k+1

∏
0≤i≤r, j≤0

mi,lj,j+i(
0) =
1

2�k + 1
mi0,l−i0,0(
0) =

1

2�k + 1
mi0,2k.

This implies

lim sup
k

(L2k)
1
2k ≥ lim sup

k
(

1

2�k + 1
mi0,2k)

1
2k =∞,

and hence 
 has unbounded support. This completes the proof.
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3.3 Proof of Theorem 3

(a) First we prove convergence in expectation. Let

S = {
 : 
 = (j0, . . . , j2k), j0 = j2k, 1 ≤ ju ≤ n, ∣ju+1 − ju∣ ≤ r ∀ u}.

Then
Tr(Skn)
n

= 1
n2�k+1Tr(AnA

T
n )k

= 1
n2�k+1

∑

∈S

aj0j1aj2j1 . . . aj2k−2j2k−1
aj2kj2k−1

= 1
n2�k+1

n∑
p=1

∑

∈S, max 
j=p

aj0j1aj2j1 . . . aj2k−2j2k−1
aj2kj2k−1

.

Denoting the inner sum by Sp, we write

Tr(Skn)

n
=

1

n2�k+1

n∑
p=1

Sp (3.3)

Now max 
j = p, j0 = j2k and ∣ju+1 − ju∣ ≤ r together imply min 
j ≥ p − rk. Hence for
p ≥ rk+1, we have {
 : j0 = j2k, 1 ≤ ju ≤ n, ∣ju+1−ju∣ ≤ r,max 
j = p} = {
+p : 
 ∈ Γ2k}.

For p ≥ rk + 1,

E( Sp
p2�k

) =
1

p2�k

∑

∈Γ2k

E(aj0+p,j1+paj2+p,j1+p . . . aj2k−2+p,j2k−1+paj2k+p,j2k−1+p)

= 1
p2�k

∑

∈Γ2k

E
∏

∣ℎ∣≤2r,i≤0

b
li→i+ℎ,R(
)+li+ℎ→i,B(
)

ℎ,i+p

Now, we have E
(
bℎ,i+p
p

)li→i+ℎ,R(
)+li+ℎ→i,B(
)

→ m′ℎ,li→i+ℎ,R(
)+li+ℎ→i,B(
).

Since
∑

∣ℎ∣≤2r,i≤0

(li→i+ℎ,R(
) + li+ℎ→i,B(
)) = 2k, we have

E(
Sp
p2�k

)
p→∞−→

∑

∈Γ2k

∏
∣ℎ∣≤r, i≤0

m′ℎ,li→i+ℎ,R(
)+li+ℎ→i,B(
).

Hence it follows that E(Tr(S
k
n)

n
)→ L′k.

To establish almost sure convergence, we shall show that 1
n2�k+1

∑n
p=1(Sp − E(Sp))

a.s→ 0.

Consider p ≥ rk + 1, then we have

1
p4�k

Var(Sp) ≤ 1
p4�k

E(S2
p)

= 1
p4�k

E(
∑

∈Γ2k

aj0+p,j1+paj2+p,j1+p . . . aj2k−2+p,j2k−1+paj2k+p,j2k−1+p)
2

≤ C 1
p4�k

∑

∈Γ2k

E(a2
j0+p,j1+pa

2
j2+p,j1+p . . . a

2
j2k−2+p,j2k−1+pa

2
j2k+p,j2k−1+p)
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where C = ∣Γ2k∣ is free of p. Hence

1
p4�k

Var(Sp) ≤ C 1
p4�k

∑

∈Γ2k

E
∏

∣ℎ∣≤2r,i≤0

b
2li→i+ℎ,R(
)+2li+ℎ→i,B(
)

ℎ,i+p

→
∑

∈Γ2k

∏
∣ℎ∣≤r, i≤0

m′ℎ,2li→i+ℎ,R(
)+2li+ℎ→i,B(
).

Then we have 1
p4�k+2 Var(Sp) = O( 1

p2
) and hence

∞∑
1

1

p4�k+2
Var(Sp) <∞. (3.4)

Now the paths 
 = (j0, . . . , j2k) contributing to Sp satisfy min 
j ≥ p− rk. Hence ∀ t ≥ 0,
St and St+rk+1 are independent. Hence by (3.4) we have, for each fixed t ≤ rk, the sequence
{Yn} given by

Yn =
n∑
p=0

St+p(rk+1) − E(St+p(rk+1))

(t+ p(rk + 1))2�k+1

is an L2 bounded martingale. Hence for every t ≤ rk,
∑∞

p=0

St+p(rk+1)−E(St+p(rk+1))

(t+p(rk+1))2�k+1 converges

almost surely and hence
∑∞

p=1
Sp−E(Sp)

p2�k+1 converges almost surely. Finally we use Kronecker’s

lemma to conclude that 1
n2�k+1

∑n
p=1(Sp−E(Sp))

a.s→ 0 which completes the proof of part (a).

(b) Following Popescu’s arguments for the tridiagonal model we can easily construct a
bounded operator on a Hilbert space such that L′k’s will be the moments of a probabil-
ity measure concentrated on the spectrum of the operator.

Assume �′j is supported on Ij, ∣j∣ ≤ r and let I =
∏
∣j∣≤r

Ij and that �′ =
⊗
∣j∣≤r

�′j.

Let Ω =
∏
i∈ℤ

Ii, P =
⊗
ℤ

�. Let H =
⊕

ℤ L
2(Ω, P ).

Let us denote a typical ! ∈ Ω as ! = (!i)i∈ℤ where !i = (!i,−r, . . . , !i,r) ∈ I. We define
the operator

T : H → H
x 7→ y

where yj(!) =
∑
∣ℎ∣≤r

!j,ℎxj+ℎ(!) if x = (xj)j∈ℤ. Since each Ij is bounded, T is a bounded

operator. T can be represented by the following matrix

A =

⎡⎢⎢⎢⎢⎣
. . . . . .

. . . X−r,−1 X−r+1,−1 . . . X0,−1 X1,−1 X2,−1 . . . 0 0 . . .

. . . 0 X−r,0 . . . X−1,0 X0,0 X1,0 . . . Xr,0 0 . . .

. . . 0 0 . . . X−2,1 X−1,1 X0,1 . . . Xr−1,1 Xr,1 . . .
. . . . . .

⎤⎥⎥⎥⎥⎦ (3.5)

where Xℎ,n(!) = !n,ℎ for ∣ℎ∣ ≤ r, n ∈ ℤ. We note that
∫
Xk
ℎ,ndP = m′ℎk. Define U to be

the self-adjoint, bounded linear operator U = TT ∗. Let e ∈ H be the element given by
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ej ≡ 0, ∀ j ∕= 0 and e0 ≡ 1. Then

< Uke, e > =
∫

(AAT )k0,0dP

=
∫ ∑

ji∈ℤ
∣ji+1−ji∣≤r

a0,j1aj2,j1 . . . a2k−2,2k−1a0,j2k−1
dP

=
∫ ∑

∈Γ2k

∏
∣ℎ∣≤r
i≤0

X
li→i+ℎ,R(
)+li+ℎ→i,B(
)

ℎ,i dP

=
∑

∈Γ2k

∏
∣ℎ∣≤r
i≤0

m′ℎ,li→i+ℎ,R(
)+li+ℎ→i,B(
).

The spectral theorem furnishes a probability measure Λ supported on the spectrum of U
such that < Uke, e >=

∫
xkdΛ (Λ is a probability measure as ∥e∥ = 1). Hence if Z is

distributed according to Λ and Y is a uniform random variable independent of Z, then the
k-th moment of Y 2�Z is L′k, ∀ k ≥ 0.

Since Y 2�Z is compactly supported, we conclude that the sequence L′k is the moment
sequence of a unique compactly supported probability measure and hence the ESD’s of the
sequence Sn converges almost surely to �′.

(c) If m′jk = akj then Ij = {aj}, Ω consists of a singleton ! with !n,ℎ = aℎ, ∀ n, H = l2, U

is given by the matrix AAT whose i, j-th entry is (AAT )ij =
∑r−ℎ
−r aiai+ℎ = cℎ (say) where

ℎ = ∣j − i∣.
Identifying L2(S1) with l2 via the isometry which sends f ∈ L2 to the sequence of its

Fourier coefficients (f̂(n)), we see that U on l2 corresponds to the operator M on L2(S1)
given by Mf = p′f where p′(x) = c0 +

∑r
k=1 ck(e

ikx + e−ikx). Since e corresponds to the
function which is identically 1, we get

< Uke, e >=< Mk1,1 >=

∫
S1

(p′(x))kd�

and the rest is immediate from part (b).

Proof of Corollary 3.1: For a path 
 = (j0, . . . , jk), let tℎ(
) = #{u : ∣ju+1− ju∣ = ℎ}, for
ℎ ≥ 0, i.e. the number of transitions with jump ℎ.

Then under the assumptions of Corollary 3.1,

Lk =
1

�k + 1

∑

∈Γk

∏
0≤ℎ≤r, j≤0

a
lj,j+ℎ(
)

ℎ =
1

�k + 1

∑

∈Γk

∏
0≤ℎ≤r

a
tℎ(
)
ℎ

L′k =
1

2�k + 1

∑

∈Γ2k

∏
∣ℎ∣≤r, i≤0

a
li→i+ℎ,R(
)+li+ℎ→i,B(
)

∣ℎ∣ =
1

2�k + 1

∑

∈Γ2k

∏
0≤ℎ≤r

a
tℎ(
)
ℎ .

Hence L′k = L2k, since all the measures are compactly supported, the result follows.

Proof of Corollary 3.2: This can be done in the exact same way as in the proof of Theorem

2. We define S
(l)
n = n−2�A

(l)
n A

(l)
n

t
(A

(l)
n being the matrices with truncated entries). Using
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(3.2) we get

d2
BL(F Sn , F S

(l)
n ) ≤ 2

n2Tr(Sn + S
(l)
n )Tr((An−A

(l)
n )(An−A(l)

n )t)
n2�

≤ 4Tr(Sn)
n

Tr((An−A(l)
n )(An−A(l)

n )t)
n2�+1 .

Under the assumptions made n−1Tr(Sn) remains bounded almost surely and we manipulate
the other factor as in proof of Theorem 2 to get the result.

3.4 Proof of Theorem 4

Let c0 = {1, . . . ,m} be a set of colors corresponding to X(n,1), . . . , X(n,m). Let c = (i1, . . . , il)
be the color sequence corresponding to X(n,i1), . . . , X(n,il).

E 1
n
(Tr(X(n,i1)) . . . X(n,il)) = 1

n
�i1

+...+�il
+1

∑

:j0=jl
1≤ju≤n

∣ju+1−ju∣≤r

E(a
(n,i1)
j0j1

. . . a
(n,il)
jl−1jl

)

= 1

n
�i1

+...+�il
+1

n∑
p=1

∑

:j0=jl

1≤ju, max 
=p
∣ju+1−ju∣≤r

E(a
(n,i1)
j0j1

. . . a
(n,il)
jl−1jl

)

= 1

n
�i1

+...+�il
+1

n∑
p=1

Sp (say).

As in the proof of Theorem 3, for p ≥ rl
2

+ 1,

{
 : j0 = jl, 1 ≤ ju, max 
 = p, ∣ju+1 − ju∣ ≤ r} = {
 + p : 
 ∈ Γcl}.

So we consider p ≥ rl
2

+ 1. Then

Sp

p
�i1

+...+�il
= 1

p
�i1

+...+�il

∑

∈Γcl

E(a
(n,i1)
j0+p,j1+p . . . a

(n,il)
jl−1+p,jl+p

)

= 1

p
�i1

+...+�il

∑

∈Γcl

∏
t∈{i1,...,il}
0≤s≤r, j≤0

b
(t)
s,j+p

lj,j+s;t(
)

Since ∑
0≤s≤r, j≤0

lj,j+s;t(
) = #{k∣ik = t},

we get
Sp

p�i1+...+�il
→
∑

∈Γcl

∏
1≤t≤m

0≤s≤r, j≤0

m
(t)
s,lj,j+s;t(
).

Hence an application of Cesaro sums establishes converges in expectation.

The almost sure convergence can be proved using arguments similar to those used in the
proof of (a) of Theorem 3.
The proof of part (b) follows along the same line of argument as in part (a) and is omitted.
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