FINITE DIAGONAL RANDOM MATRICES

ARUP BOSE * SANCHAYAN SEN T

Statistics and Mathematics Unit Courant Institute of Mathematical Sciences
Indian Statistical Institute USA

INDIA sen@cims.nyu.edu

bosearu@gmail.com

March 14, 2011

Abstract

The goal of this article is to extend some results of Popescu (2009, Prob. Theory.
Rel. Fields) in several directions. We establish the limiting spectral distribution for
r-diagonal matrices under reduced moment conditions compared to those required by
Popescu. We also deal with the joint convergence of several sequences of such matrices.
In particular, we show that there is a large class of such matrices where the joint limit
is not free while the marginals are semicircular. We also consider matrices of the form
X, XTI where X, is a sequence of nonsymmetric r-diagonal random matrices and
establish their LSD.

AMS 2010 Subject Classification Primary 60B20, Secondary 60B10, 461,53, 461.54.

1 Introduction

Suppose i, Ag,...., A, are the eigenvalues of a real symmetric matrix M,, then its
Empirical Spectral Distribution (ESD) is defined as,

n

FY(zy)=n"'> I(\ < ). (1.1)

i=1

The Limiting Spectral Distribution (or measure) (LSD) of the sequence is defined as the
weak limit of the sequence {F™Mn} if it exists, either almost surely or in probability.

LSD of various random matrices have been studied in the literature. See for example
Bose, Hazra and Saha (2010) for a list of common symmetric patterned matrices and their
LSD. More examples of LSD may be found in Bai (1997).
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Tridiagonal matrix models are heavily used in numerical recipes. Popescu (2009) dis-
cussed an interesting class of symmetric tridiagonal matrix models under some nonstandard
conditions on the entries. He proved the convergence of the ESD and computed the limiting
distributions in some particular cases. He also obtained the limit of the trace of mono-
mials formed by several such independent matrices. Extensions were also provided for the
r-diagonal model where the k-th superdiagonals and subdiagonals are zero for k > r.

The goal of this article is to extend some of Popescu’s results in several directions. First,
we relax some of the moment conditions that are required by Popescu. We also deal with the
joint convergence of sequences of such matrices. In particular, we show that the joint limit
need not be free while the marginals may still be semicircular. Matrices of the form X, XT
are generalizations of the sample variance covariance matrix. We also consider such matrices

where X, is a sequence of nonsymmetric r-diagonal random matrices and establish their
LSD.

2 Main results

2.1 Popescu’s result and an extension

We first restate Popescu’s main result in a convenient manner and then state an extension.
Let {b;;} be a sequence of random variables. Further conditions on this sequence shall be
imposed as needed. Consider for any fixed r, the sequence of r-diagonal symmetric random
matrices {A,} given by

bjfi,ia leSJS'I"—FZ
(A) =1 0, ifrti<j<n (2.1)
(An)jiu lfj <1

and let for some o > 0,

X, =2 2.2
& (2:2)
Let
Iy = {v==3o---,J&)ljo = jr, max v; =0, |jiq1 — Ji| <7}
lis(v) = #{u:0<wu<k—1 such that either j, =1, j,4+1 =8 Or j, =S, jus1 =i}

Theorem 1. (Popescu(2006)). Suppose {b;;}, 7 > 0,7 > 1> 0 are independent and for
some « > 0,

bin\"
limE(]—’;> =m, Vk=1,2,....

n—00 n
(a) Then as n — oo, for allk =1,2,...,
Tr(Xk Tr(XF
EM — L and M — Ly, almost surely,
n n
where

1
Lk = o T 1 Z H mi’lj’j“(,y). (23)

vel,  0<i<r, j<0

2



(b) Further if for every 0 < j < r, {mjx}tr>0 are the moments of a compactly supported
measure [, then there exists a unique measure p, which is compactly supported and has
moments { Ly }r>0. Hence FX» — 1 almost surely.

(c) If further mj, = af, Vk>00<j<r, then u is the distribution of

Ulao + QZak cos(2mkUs)| where Uy and Uy are i.i.d. uniformly distributed on [0, 1].
k=1

Note that in the above result, convergence of the ESD is guaranteed if {L;} determines
a distribution uniquely. The compact support assumption on {x;} achieves this. To state
our extension of this result, let {a;,}, 0 < i < r,n > 1 be a sequence of real numbers and
let {z;,}, 0 <i<r,n>1Dbeasequence of independent random variables.

Theorem 2. Let A, and X,, be as in (2.1) and (2.2) with by, = ainTip.
(a) Suppose for some o > 0, and for 0 <i <r,

in 12 g, (2.4)
na

Suppose that either (al1) for each 0 < i < r, {x;y}n>1 is i.i.d with finite second moment or
(a2) there exists a sequence of positive numbers {c,} increasing to infinity such that:

L E(2)

o 32
=1

(ii) lim E(2i,1(|2zm| < &))* evists for each k,1>1 and 0 < i <,

" E(221(|zy| > c
(#i) lim lim sup Zj*l (21| 2 @)

l=00 nsoo n

< oo for 0<i<r,

=0 for 0<i1<r.

Then almost surely, X, has a nonrandom limiting spectral distribution, say .

(b) Suppose E(|zk,|) < oo, V i,n,k and lim, E(n=%b;,)* = a¥ lim,, E(z;,)* exists and equals
my. Then Ly in (2.8) are the moments of 7.

Further if for some 0 <o < r, {mj,x}x>1 are moments of some distribution having noncom-
pact support and either my, are nonnegative Yi,k or my, = 0 whenever i # 0,4y (i.e. all the
diagonals except the main diagonal and the ig-th diagonal are “switched off”), then v also
has noncompact support.

Remark 1.

(a) Note that condition (it) in part (b) holds whenever there exists random variables x; for
0 < i <r such that T;, — x; asn — 0.

(b) In Theorem 2 we have managed to remove the compactness assumption of Theorem
1 in exchange for some other conditions on the entries. As a consequence the LSD can
have noncompact support. For instance, if for at least one j, the moment sequences {mjk}
corresponds to a measure p; with noncompact support then the LSD also has noncompact
support.



2.2 r-diagonal covariance type matrix

Suppose that A,, is a sequence of nonsymmetric square matrices and consider the symmetric
matrix A,AT. If A, is the i.i.d. matrix (all entries are i.i.d.), then n='A, AT is the well
studied sample variance covariance matrix; it is known that under appropriate conditions
Pt AnAy converges to the Marc¢enko-Pastur law. Moreover the LSD of the symmetric version
of n=1/24,, is the semicircular law and distribution of the square of a semicircle random
variable is the Marc¢enko-Pastur law. As observed in Bose, Gangopadhyay and Sen (2010),

this phenomenon of squaring may or may not hold for general patterned matrices.

Now let A,, be the nonsymmetric square r-diagonal matrix defined as

_ ) b = <
(An)ij = { 0, otherwise. (2.5)
Let
A AT
S, = T (2.6)

Then under suitable conditions, F*» converges almost surely (see Theorem 3). The moments
of the LSD are equal to the moments of a trigonometric polynomial of a uniform random
variable. Further, under suitable conditions, the squaring relation mentioned above holds.
See Corollary 3.1.

We need the following notation to state our next theorem. Define
lissr(y) =#{u:1<u<k,uisodd j,—1 =1,j, = s}, and similarly

li—)s,B(W/) = #{U’ 1<u< ]{T,U is even ju—l = Za]u = S}~

So we think of this as if every path v is being colored using colors R and B, the segment
(Ju—1,Ju) is colored R if u is odd and is colored B if u is even.

Theorem 3. (a) Let r be a positive integer, o > 0 and let {b; ;} be independent such that
for some a > 0,

JE&E(#> =mj, VE>0, [j] <7

Then as n — o0,

T Sk T Skz
gl Ly and Lri5a) — Ly, almost surely,
n n
where
1
— - !
ko QOék + 1 Z H mh,li—>i+h,R(’Y)+li+h_>i7B(fy)' (27)

v€l2k  |h|<r, i<0

(b) If {my }x>0 are the moments of compactly supported measures ', then there erists a

compactly supported measure ' whose moments are { L} }r>o. Hence FSZ" — ' almost surely.
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(¢) If my, = af, ¥ k > 0,[j] <r, then p' is the distribution of U*[eo + Qch cos(2mUs)]
k=1
where Uy and Uy are i.i.d. uniformly distributed on [0,1] and

r—h
ChZQZGMHh if 1<h<2r and COZZCL?-
i=—r jir<r

From this the following corollary follows.

Corollary 3.1. If mj, = aﬁ‘\’ V k>0, <r, then L}, = Loy, ¥ k >0, where {Ly} are as
in Theorem 1 obtained from mjj, = a;‘?, 0<j<r k<0 and hence if the random variable Z
is distributed as p, then Z? is distributed as ('

Remark 2.

(a) It is clear from the expressions for the moments that in general we cannot say that
is the “folded” distribution corresponding to L.

(b) In Theorem 1 (resp. Theorem 3) we can set mj, =0, V k>0 (resp. mjy =0, Vk>0)
to “switch off” the j-th diagonal and we can get different patterns in the matriz models. The
corresponding LSDs will be given by the moments { Ly} (resp. {L}}) by plugging in zeros in
(2.3) (resp. (2.7)) in place of my, (resp. mly ) in the paths v € T'y (resp. T'a).

We can relax the assumption of existence of all moments as we did in Theorem 2. This
is done in the following

Corollary 3.2. Let A, and S, be as in (2.5) and (2.6) with by, = @i Tip.

(a) Suppose for some o > 0, (2.4) holds for |i| < r, and either (al) of Theorem 2 holds for
li| <1 or conditions (i), (ii) and (iii) of (a2) of Theorem 2 hold for |i| < r.
Then almost surely, X,, has a nonrandom limiting spectral distribution, say '

(b) Suppose E(|z%,|) < oo, V i,n,k and lim, E(n=%b;,)* = a¥ lim,, E(z;,)* exists and equals
mig. Then L) in (2.7) are the moments of 7.
Further if for some 0 < iy <1, {m;}x>1 are moments of some distribution having noncom-

pact support and mg, are nonnegative Vi, k then ' also has noncompact support.

2.3 Joint convergence

Suppose now that we have J independent sequences of r-diagonal random matrices. The
appropriate notion of joint convergence now is the convergence of the trace of all monomials
formed from this sequence. We make this precise in the following.

A noncommutative probability space is a pair (A, ¢), where A is an algebra over C having
a unit and ¢ : A — C is a linear functional such that ¢(1) = 1. Elements of the algebra A
are called noncommutative random variables.

Let A be the space of n x n complex random matrices with entries being random variables
defined on a fixed probability space and having all moments finite. We can define two
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functionals on A as
¢1(a) = %TT(A) and ¢y(a) = %E(TT(A)).

Then (A, ¢;), i = 1,2 are noncommutative probability spaces.

Let {a;}ier be a set of elements in (A, ¢). Denote by C[{X;}ics| the polynomial algebra
in the noncommutative indeterminates {X;};c;. The joint law or distribution of {a;}cr is
given by the linear functional

p: Cl{Xitier] = C
p = ¢(p{ai}).

Let (An, &n)n>1 and (A, ¢) be noncommutative probability spaces and let {a;,}ier € A,
for each n, {a;}ie; € A. Then {a;,}icr converges in law (or in distribution) to {a;}ier if
Vp € C{ X }iedl,

1171111 lu{ai,n}iel(p) = lu{ai}iel (p>

To state our result on joint convergence, we first generalize the notation used in the proof of
Theorem 3. As before, our generic notation for a path (jo,...,7) is 7. For a sequence of
“colors” ¢ ={1,...,1}, let

'Y = {yell¥Yu the segment (j,_1,j.) is colored by wu} and for v € I'{ let
Lisitsrt(y) = #{u|(ju-1,Ju) = (4,7 +5), wisoddand (j,—1,7,) isa ¢ colored segment},
Lisitspi(y) = #{u|(Ju—1.7u) = (J,j+ ), wiseven and (j,_1,Ju) isa t colored segment} and

lj,j—i—s;t(/}/) = #{Ul either (ju;ju—i—l) = (]7] + S) or
(Jur Jur1) = (7 +8,4) and (ju,Jur1) is a t colored segment}.

Let {bﬁ@} be random variables and define the following matrix sequences,
b(i)

t—s,s9 ifs<t<r+s ) ) .
. : — <
(AmD), = 0, ifr+s<t<n (A( z))st _ { b, if s t| <r
(n,3) : 0, otherwise
(A )t87 lft < S, iyt
X (i) — AD Smi) — A ’n2_13i :

n

Theorem 4. Let r, m be positive integers, a; > 0 for1 < i < m and let {bl(-fj)}, be independent
such that for some {a;},

n—00 ni

ok
pto) .
limE<ﬂ> :myk),VkZO,—réjST,lSiSm.

(a) The joint law of { XD} cic,, converges almost surely and in ewpectation to the joint
law of {a;}1<i<m whose joint distribution is given by

1 (t)
Olas, ... a;) = > I ma .0 (2.8)
Oéil + N + all + 1 'yel_‘lc IStSm REEARIAN
0<s<r, j<0
where ¢ is the sequence of colors (i1, ..., 1).



(b) The joint law of {S™)} i<, converges almost surely and in expectation to the joint law
of {a}1<i<m whose joint distribution is given by

1
/ N (1) 9
¢(ai1 T ail) o 2(044 4 T ) 41 Z H s i i mat (D rsmsiim e () ( '9)
el U NETS,  1<t<m
[s|<r, §<0
where ¢ is the sequence of colors (11,111,102, 12, ..., 11, 1;).

Suppose (A, ¢) is a noncommutative probability space. A family {A;};c; of unital subal-
gebras of A are called freely independent (or simple free) if Vn positive, indices ky, ..., k, € 1
with k; # kj1 and a; € Ay, 1 < j < nwith ¢(a;) = 0, we have ¢(a; . ..a,) = 0. For positive
integers m, (My)1<k<m, the sets {a1p, ..., am,p}1<p<m are freely independent if the algebras
they generate are freely independent.

Remark 3. In the setup of Theorem 1, whenr =1, a = % and m;, = 0;1 fori=0,1; we get

2k
Lo =

xR i.e. the LSD is the semicircular law. Under the same parameter values

in part (a) of Theorem J we get the joint law to be
0 , if 1 1s odd
P - au) = L( l ) , if 1 is even

7 l
s+1 L
2 2

hence ¢(ai, ... a;) = ¢(a)). This is an ezample where the marginals converge to the semi-
circular law but the joint law is not a free product of semicircular laws.

3 Proof of theorems

3.1 Auxiliary results

In the course of our proofs, we will need to estimate the distance between different spectral
measures. This shall be done via the bounded Lipschitz metric dgr, which is a complete
metric defined on the space of probability measures on any Polish space (X, d), topologising
the weak convergence of probability measures (see Dudley (2002)):

Aoz (p, v) = sup] / fdu— / fv < [[fllo + [1f1]2 < 1}

where || flloc = sup, |f(2)|, [[fllz = sup,y, |f(2) = f(y)l/d(z,y).

We shall also need the following Lemma. Its proof may be found in Bai and Silverstein
(2006) or Bai (1999) and uses Lidskii’s theorem (see Bhatia, 1997, page 69).

Lemma 1. (a) Suppose A, B are n xn real symmetric matrices. Then

1
d%, (F4, FB) < ETr(A — B)*. (3.1)
(b) Suppose A and B are pxn real matrices. Let X = AAT and Y = BBT. Then
2
d%, (F*, FY) < PTT(X +Y)Tr[(A - B)(A— B)]. (3.2)



3.2 Proof of Theorem 2

Proof of (a): Define xﬁfj = i 1(Jzin| < ¢) and let

a;— “xy)”, ifi<j<r+4zq
(A, =< 0, ifr+i<j<n
(AN, if j <.

Using (2.4) and condition (ii) in case (a2), we see that in both the cases (al) and (a2),

O\ *
liTanE (%) = ml(,lf) exists and mg,? < (maz; {a;}c)".

Hence for each [ and 0 < i < r, {m“,C }i>o is the moment sequence of a compactly sup-

ported measure. From Theorem 1, faka converges almost surely to a nonrandom compactly
supported probability measure ~ ).
2
a:
From (2.4), for some M > 0, ” ~ < M, Vi,j. Hence an application of (3.1) gives

< e Tr(An = APz
azszj :L'zj 2 CZ))2
< n2a+lz Z n2a+1

=1 j=1
NS (vy1(zy > 1)) .
i=1 j=1 n
Under condition (al)
" - l’z]. J]Z">C 2 a.s -
lel( J ( ;L— l)) —)21@((1}11((%1 2@))2)
1= = 1=

@

Ap

and hence lilm lim dBl(F%, F»7) =0, a.s..

Under condition (a2),

By Kolmogorov SLLN,



AD
Since dp; metrizes weak convergence of probability measures on R, hm dp L(F na fy(l)) =

0, a.s. V1, ie. {FnT}n is almost surely Cauchy. Hence

An o Am Ay . AD AD 40 O phn
dpp(Fn&  Fm®) < dpp(Fn&, FW)—l—dBL(FnT,Fma)—}—dBL(Fmav(’)’L )
l
= limsup dp(F#, F7#) < 2 limsup dp,(F*, F7), for each I

. 7 An Am . . An A%l)
= limsup dp(F»*, Fme) <2 h}nhmsup dpp(F=~  F=o) =0,

{F %} is almost surely Cauchy. Since dgjy is complete on the space of probability
measures on R, there exists a probability measure ~ such that F E v.

Also

lim dpr(7,7") = lim lim dpL(F## F7) =0,

being the weak limit of the nonrandom sequence {7}, v itself is nonrandom. This completes
the proof of (a).

Proof of (b): We have established that
FX 2By wp. 1.

Also from Theorem 1, [ z* dv, =% L w.p. 1, 7, being the ESD of X,,. In particular

Sup/x% dy, < oo w.p. 1, V k.

n

Hence if X, follows 7, then almost surely {~,} are uniformly integrable. Hence we have

/:ck dfyzlim/xk dyn, = L.

For the other part, consider the path g € 'y given by 79 = (—i0, 0, —i9, 0, ..., —ip,0). Then
1
Lo = 2ak+1 Zwer% H0<i<r 3<0 Ml 544(7) 1
2 2ak+1 H m; A g+i(v0) = 20[]{7 1 M, l—iO,O(’YO) = 20k 4 1mi072k'
0<i<r, 7<0
This implies
1 ]_ 1

lim sup(Lgg)2t > lim sup(=———m; 2k = 00,

1 ; p(Lax)2r > 1i kup(2ak; 1 My 2k )
and hence v has unbounded support. This completes the proof. O
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3.3 Proof of Theorem 3

(a) First we prove convergence in expectation. Let

S:{’y:’y:(j()a"‘uij)u j():j?ka 1§]u§n7 ’ju+1_]u|§TVU}

Then
Tr(Sk)

n

= n2a1k+1 TT(AnAZ)k

1
— p2ak+1 E Qjoj1 Ajogr -+ + Wjog_ogor—1 Yok jor—1
veS
n

T p2ak+1 E : § : a]O]laJQJI cee a’]2k72]2k—la’]2k]2k—l‘
p=1 €S, max v;=p
Denoting the inner sum by S,, we write

(S o n?ak+1 ZS (3’3)

n

Now max v; = p, jo = jor and |ju+1 — Ju| < r together imply min~y; > p — rk. Hence for
p > rk+1, we have {7y : jo = jok, 1 < Ju < 0, |Jus1 —Ju| < mymaxy; =p} = {y+p: 7 €T}
For p > rk + 1,

Sp _ E
E<p2ak Qak aj0+l)7j1+paj2+l),j1+p ce aj2k—2+p7j2k—1+paj2k+p7j2k—1+p)
7€k

z—>z+h R(’Y +ll+h—>1 B(’Y)
- 2‘1’“ Z E H bhz+p

¥€Ta  |h|<2r,i<0

—m

lissitn, R(V)+itn—i,B(7)
) holisivn, (V) +Hith—i,B(V)"

br,i
Now, we have E (%

Since Z (lHHh,R(’Y) + li+h%i,B<7)) = 2k, we have

|h<2r,i<0

pﬁoo
2 : H dimsitn, ROV Hixhsi,B(7)

v€l2k |h|<r, i<0

Hence it follows that E(T5n) ( Sz) ) — L.

To establish almost sure convergence, we shall show that —r > pe1(Sp — E(S,)) =)
Consider p > rk + 1, then we have

[ﬁVar(Sp) <p4ak (52)

P — . . . . . . . . 2
= 4ak —er E( § Ajo+p,j1+pLja+p.jr1+p - - 'a]2k72+177]2k71+pa’]2k+paj2k71+17)
Y€ 2%

1 2 2 2 2
= OP4°‘k Z E(ajo+P,j1+Pajz+p,j1+P Tt aj2k72+p’j2k—1+Paj2k+p7j2k71+p)
v€El 2k
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where C' = |I'y;| is free of p. Hence

2lz~>7,+h R +2lz+h~>z B('Y)
p4ak Var( 4o¢k E H bh Ji+p

v€lg,  |h|<2r,i<0

!
- 2 : H Mp2li yin RN +2iinsi (V)"

Y€l |h|<r, i<0

Then we have IﬁVar(Sp) = O(]%) and hence

[e.9]

Z ! ——Var(S,) < oo. (3.4)

dak+2
1p+

Now the paths v = (jo, . .., jax) contributing to S, satisfy min v; > p — rk. Hence V ¢ > 0,
Sy and Syi.41 are independent. Hence by (3.4) we have, for each fixed ¢t < rk, the sequence
{Y,.} given by

Yy, - Z Sttperi+1) — E(Sitprr+1))
t +p frak: + 1))2ak+1

0o Stypri+1) “E(Stypirit1))

is an L? bounded martingale. Hence for every t < rk, Z (CEp(RiD))Zake converges
almost surely and hence ZOO S’;}%M converges almost surely. Finally we use Kronecker’s

lemma to conclude that —zr > 1 (Sp —E(Sp)) £ 0 which completes the proof of part (a).

(b) Following Popescu’s arguments for the tridiagonal model we can easily construct a
bounded operator on a Hilbert space such that L)’s will be the moments of a probabil-
ity measure concentrated on the spectrum of the operator.

Assume g is supported on I, [j| <7 and let I = Hlj and that p' = ®,u;

lil<r lil<r
Let Q=[] L, P = Q) u. Let H=e, L*(, P).
i€z z
Let us denote a typical w € Q as w = (w;)icz where w; = (Wi —r,...,wi,) € . We define
the operator
T: H—H
Ty
where y;(w ij WTitn(w) if @ = (x)jez. Since each I; is bounded, T' is a bounded

|h|<r
operator. T' can be represented by the following matrix

. X*Tﬁl X,TJrl,,l c. X07,1 Xl,fl X27,1 C 0 0 .
A= ce 0 X_T’() . X_l’() XO,O Xl,O ce Xr,O 0 ce (35)
0 0 PN X_271 X—l,l X(),l ce Xr—l,l an

where X, ,(w) = wny, for |h| < r,n € Z. We note that [ X} dP = mj,. Define U to be
the self-adjoint, bounded linear operator U = TT™*. Let e € H be the element given by

11



e; =0,V j#0and ey =1 Then

<Ule,e> = [(AAT)j,dP
= f Z ag,j; gy 57 - - - a2k—2,2k—1a0,j2k—1dp

Ji€ZL
|]L+1 ]z|<7'

_ f Z H XHz+hR +lz+h~>zB(7)dP

yET 9 ‘h|§7“
<0

= Z H z—>1+hR +l1+h—>z B('Y)

v€l2k |R|<r
i<0

The spectral theorem furnishes a probability measure A supported on the spectrum of U
such that < Ufe,e >= [aFdA (A is a probability measure as ||e|| = 1). Hence if Z is

distributed according to A and Y is a uniform random variable independent of Z, then the
k-th moment of Y?*Z is L, ¥V k > 0.

Since Y?*Z is compactly supported, we conclude that the sequence Lj is the moment
sequence of a unique compactly supported probability measure and hence the ESD’s of the
sequence S,, converges almost surely to u'.

(c) If my, = af then I; = {a;}, Q consists of a singleton w with wy,p, = an, ¥ n, H =1°, U

is given by the matrix AAT whose i, j-th entry is (AAT);; = Zr_;h a;a;rp, = cp (say) where
h=1j—il.

Identifying L?(S') with [? via the isometry which sends f € L? to the sequence of its
Fourier coefficients (f(n)), we see that U on [? corresponds to the operator M on L?(S!)
given by M f = p'f where p/'(z) = co + >_,_, ck(e™ + e **). Since e corresponds to the
function which is identically 1, we get

<UPe,e >=< M"*1,1 >= / (p(x))*dA
S1

and the rest is immediate from part (b).

Proof of Corollary 3.1: For a path v = (jo, . .., jx), let tn(v) = #{u : [jur1 — ju| = h}, for
h >0, i.e. the number of transitions with jump h.

Then under the assumptions of Corollary 3.1,

R

v€lr  0<h<r, <0 WEFk 0<h<r
L/ — Z—>l+h R +lz+h~>z B(V) — a
y 2ak+1 2 11 a 2al<:+1 2. 1
Y€l |h|<r, i<0 v€lg,  0<h<r
Hence L) = Lo, since all the measures are compactly supported, the result follows. O

Proof of Corollary 3.2: This can be done in the exact same way as in the proof of Theorem
t
2. We define S = n=2040 AV (Ag) being the matrices with truncated entries). Using
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(3.2) we get

0 - _ A0 4
A% (FSn FS2) < 2Tr(S, + Sy)) e AZZL(An A0
< 4TT<Sn>TT<<An —AD) (Au—ADY)

n2a+

Under the assumptions made n~'7r(S,) remains bounded almost surely and we manipulate
the other factor as in proof of Theorem 2 to get the result. m

3.4 Proof of Theorem 4

Let co = {1,...,m} be a set of colors corresponding to XV ... X" Let c = (iy,...,4)

be the color sequence corresponding to X ™) . X i),
1 (n,i1) i)y — 1 (nax) -, i)
En<T7“(X ) X ) T g TTag Tl E( @jojy - .ajlfljl)
Y:jo=Jji
1<ju<n
|ju+1*ju|9’
o (nvil) (TL,Z‘[)
LTRSS +%l+1 E : § : E(ajoh e ’ajl—ljz)
V:jo=di
1<]u, max y=p
ljut1—dul<r

_ 1
= e FFag T E Sp (say).
p=1

As in the proof of Theorem 3, for p > %l +1,
{v:do=0u1 < ju, maxy =p,[jus1 = Ju| <7} ={y+p:y eI}
So we consider p > %l + 1. Then

Sp _ E (nyi1) a(n,il) A )
prir Tty +‘*zl 2 : Ljotpgrtp - Ji—1+p.Ji+p

v€ely

jj+s;t(’7)
0‘11"’ oy, : : I I ’]+p

yelf  telin,...it}
0<s<r, <0

Since

> Lgrsa(y) = #{klix =},

0<s<r, j<0

(t)
pa11+ +a” Z H msvlj,j+s;t(7)'

yers 1<t<m
0<s<r, j<0

we get

Hence an application of Cesaro sums establishes converges in expectation.

The almost sure convergence can be proved using arguments similar to those used in the
proof of (a) of Theorem 3.
The proof of part (b) follows along the same line of argument as in part (a) and is omitted. [

13



References

1]

2]

Bai, Z. D. and Silverstein J. (2006). Spectral Analysis of Large Dimensional Random
Matrices. Science Press, Beijing.

Bose, Arup; Gangopadhyay, Sreela and Sen, Arnab (2010). Limiting spectral distribu-
tion of X X’ matrices. Annales de I’Institut Henri Poincaré— Probabilités et Statistiques.
Vol. 46, No. 3, 677-707. DOI: 10.1214/09-AIHP329.

Dudley, R.M. (2002). Real Analysis and Probability. Cambridge University Press.
Bhatia, R. (1997). Matriz Analysis. Springer, New York.

Bose, Arup; Hazra, Rajat Subhra and Saha, Koushik (2010). Patterned random matrices
and method of moments. Proceedings of the International Congress of Mathematicians
Hyderabad, India, 2010, 2203-2230. World Scientific, Singapore and Imperial College
Press, UK.

Popescu, Tonel (2009). General tridiagonal random matrix models, limiting distributions
and fluctuations. Probab. Theory Relat. Fields, 144, 179-220.

14



