MATRIX POLYNOMIAL GENERALIZATIONS OF THE SAMPLE

VARIANCE-COVARIANCE MATRIX WHEN pn~ ! — y € (0, 00)

MOoONIKA BHATTACHARJEE ARuP BOSE *
Statistics and Mathematics Unit Statistics and Mathematics Unit
Indian Statistical Institute Indian Statistical Institute
203 B.T. Road, Kolkata 700108 203 B.T. Road, Kolkata 700108
INDIA INDIA
monaiidexp.gamma@ gmail.com bosearu@gmail.com

April 30, 2016

Abstract

Let {Z, = ((&u,,j))pxn} be random matrices where {g,; ;} are independently
distributed. Suppose {A;}, { B;} are non-random matrices of order p X p and nxn re-

i Si j;

Ay,.,- We show that under appropriate conditions on the above matrices, the el-

spectively. Consider all pxp random matrix polynomials P = ]‘[i‘i | (n‘lA,.Z B2 )

ements of the non-commutative - probability space Span {P} with state p~!ETr
converge. As a by product, we also show that the Limiting Spectral Distribution
of any self-adjoint polynomial in Span{P} exists almost surely.
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1 Introduction

The empirical spectral distribution (ESD) of a p X p (random) matrix A, is the (random) prob-
ability distribution with mass 1/p at each of its eigenvalues. If it converges weakly (almost
surely) to a non-degenerate probability distribution, then the latter is called the limiting spectral
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distribution (LSD) of A,,. One of the most important LSD result in random matrix theory is the
Marcéenko-Pastur LSD of the sample variance-covariance matrix. This result and some of its
variations are discussed later in this section.

These results motivate us to study the LSD of a comprehensive class of self-adjoint matrix
polynomial generalizations of the sample variance-covariance matrix. This class is described
later.

Note that such LSD are inherently marginal convergence results and throw no light on the
joint convergence when there is more than one matrix. The appropriate joint convergence notion
comes via non-commutative probability spaces.

Recall that a non-commutative probability space (NCP) (A, ¢) consists of a unital *-algebra
A and a linear functional ¢ : A — R with ¢(14) = 1. ¢ is called a state of A. The
elements of A are called non-commutative variables. The numbers {¢(Il(a;,a; : 1 < i <
k)) : Ilis a polynomial} are joint moments or is the joint distribution of {a; : 1 < i < k}.
We shall say that a sequence of NCP (A, = Span({aﬁp ),agp "> 1}, ¢p) converges to
(A = Span({a;, a; : i > 1}, ¢) if for any polynomial II,

i

o, en(M@? a1 i > 1) = o((ay, af : i > 1)), (1.1)
Now suppose M), is a class of square random matrices of order p. Let M), be the *-algebra
generated by M), and its adjoints. Let ¢, = p~'ETr be the state defined on M,,. Then one
can consider the convergence of (M, ¢,). There is a huge literature on such convergence for
different generators M,. See Nica and Speicher| [2006] and |Anderson et al.| [2009]. Some of
these results that are relevant to our work are collected for quick reference in Lemma|2.1
Now we introduce the class of matrices that is the focus of this article. Suppose we have
matrices Z, = ((€ui,j)pxn>» 1 <u < U , where {g,;; : u,i, j > 0} are independent. Also suppose
{B;-1} and {B,;} are constant matrices of order p X p and n X n respectively. Consider all p X p

matrices
ki

Pl,(u/.l,m’z,...,ul,kl) = l_l (n_lAl,2i—1Zul,,-Al,2iZ::,,i)Al,2k1+le (12)
i=1
where {A;2;-1}, {A;2:} and Z,,;; are matrices from the collections {B»;-1, BZ._ 1} {Bai, B;i} and {Z;}
respectively.
Consider the sequence of NCP (U, ¢,,), where

Uy = Span (Pruyy..ayy) © Lk 2 1), (1.3)

Note that the usual sample variance-covariance matrix n~'Z; Z} is a variable in the above space.
We are interested in the convergence of (U, ¢,) as p,n — oo and pn~' = y € (0, o). The
case y = 0 is very different in nature and shall be treated separately elsewhere.

If M, = {A,} consists of a single real symmetric square matrix A, of order p, then there is a
connection between the convergence of (Span(A,), ¢,,) and the LSD of A,,. This link is apparent
if we look at the moment method to establish LSD.

The h-th order moment of the ESD of a p X p real symmetric matrix A, equals £,(A,) :=
% Tr(AZ). Consider the following conditions.

(M1) For every h > 1, E(Br(Ap)) — B,
M4) Z;’:] EBn(Ap) — E(,B;,(AI,)))4 < oo, Yh>1,and
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> L
(C) The sequence {5} satisfies Carleman’s condition, Z ,82}12’7 =

h=1
If (M1), (M4) and (C) hold, then the ESD of A, converges a.s. to the distribution F' deter-

mined uniquely by the moments {8,}. The condition (M1) is same as the convergence of
(Span(4,). 6).

Another widely used method to establish the LSD that is relevant to us is the Stieltjes
transformation method. The Stieltjes transformation for any finite measure u on the real line
equals

1
my(z) = fx—_zy(dx), z€Cri={x+iy:xeR,y>0}. (1.4)

Pointwise convergence of Stieltjes transforms to a Stieltjes transform implies the convergence
of the corresponding distributions. In random matrix theory this convergence is often proved
by linking the Stieltjes transform of the ESD to the resolvent and showing convergence by
martingale convergence methods.

We now list some results on convergence of (M, ¢,,) when the generator M), is singleton,
and on LSD of square self-adjoint random matrices that are relevant to the present work.

(A) Let W = ((w;;)) be a Wigner matrix (a square symmetric matrix with independent mean 0
variance 1 entries) of order p. Suppose

(A0) sup; Elw;j|" < 0o, Yr > 1 or for some sequence 17, | 0, |w;;| < 1, +/p, Vi, j almost surely.

Let s be a standard semicircle variable. Then (Span(p‘l/ 2w, ¢p) converges to (Span(s), ¢),
where ¢ is the usual expectation operator. Moreover, the almost sure LSD of p~!/2W is also s.

(B) LetZ = ((&;j)) be a pxn matrix where {g;; : i, j > 1} are independently distributed with mean
0 and variance 1 and satisfy Assumption (AO) with {w;;} replaced by {g;;}. Suppose p — oo,
p/n —y € (0, 00). Let the random variable m, obey the MarCenko-Pastur law with parameter y.
Then (Span(n‘IZZ*), ¢p) converges to (Span(m,), ¢), where ¢ is the usual expectation operator.
Moreover, the a.s. sure LSD of n~!ZZ* is distributed as m,.

Incidentally, Assumption (AO) can be relaxed significantly for both (A) and (B). For a de-
tailed account, see Bai and Silverstein| [2010], /Anderson et al.|[2009]] and |(Couillet and Debbah
[2011]).

Before we describe more LSD results, we need the notion of freeness. Free independence of
non-commutative variables is the analogue of the usual independence of commutative (random)
variables. Commutative variables (with bounded support) are independent if and only if all
mixed cumulants vanish. Similarly, free independence is equivalent to the vanishing of all joint
free cumulants. Free cumulants and joint moments are in one-to-one correspondence via the
Mobius transformation and its inverse on the POSET of all non-crossing partitions. The joint
moments of free variables are computable in terms of the moments of individual variables,
albeit via complicated algorithms. The notion of freness of variables extends to freeness of
sub-algebras in the natural way.

Now suppose we have NCPs {(A,, ¢,)}1<u<r- Then, analogous to the product space in the
commutative case, we can have (A, ¢), the free product of {(A,, ¢,)} so that the restriction of ¢
on A, is ¢, and {A,} are considered as free sub-algebras of A. For more details see [Nica and
Speicher, 2006].

Now we state further LSD and joint convergence results. As before, for all these LSD
results, (AO) can be relaxed considerably.



(C) Let W be as in (A) and A be any p X p non-negative definite norm bounded matrix whose
LSD exists. Then Bai and Zhang| [2010] established that the a.s. sure LSD of p‘l/ A 2w Al 2
and obtained its Stieltjes transform.

Let s be as in (A) and suppose LSD of A is distributed as the variable a. Further assume s and
a are freely independent. Then (Span(p~!/2AY/2WA'/2), ¢,) converges to (Span(sa), ¢), where
@ is the state corresponding to the free product of the x-algebras (Span(s), ¢) and (Span(a), ¢).
For more details see |Couillet and Debbah| [2011].

(D) Suppose Z and A are respectively as in (B) and (C). Suppose p — oo, p/n — y € (0, o).
Then under appropriate assumptions, |Bai and Silverstein| [2010] established the Stieltjes trans-
formation of the almost sure LSD of p~'A!/2ZZ*Al/2,

Suppose my and a are respectively as in (B) and (C). Further assume m, and a are freely
independent. Then (Span{p~'A!/2ZZ*Al/2}, ¢,) converges to (Span{mya}, ), where ¢ is the
state corresponding to the free product of the *-algebras (Span(m,), ¢) and (Span(a), ¢). For
more details see |Couillet and Debbah! [2011]].

For (C) and (D), the norm bounded assumption on A can be relaxed by truncating ESD of A.
For details see Bai and Zhang| [2010]] and [Bai and Silverstein, 2010].

(E) Consider the high dimensional vector linear process,

q
Xi= Y e Vtnz1, (1.5)

=0
For all 7, X; and & = (&1,1,&2,...,&,p)" are p-dimensional vectors, y; are p X p coefficient

matrices and Yo = I,, the identity matrix of order p. The sample autocovariance matrix of

order u is defined as
n—u

L1 .
I“u:ZZX,X(Hu), O<u<n-1. (1.6)

t=1

Recently researchers have concentrated on the self-adjoint polynomials TI(T",, f“;‘, cu>0)in
these matrices when p — oo, p/n — y € (0, ).

For each u > 1, define P, to be an n X n matrix whose elements are 1 on the upper u-th
diagonal and O otherwise. Py = I, the identity matrix of order n and P_, = P}, Yu > 1. Let

RN .
A=~ .Zowjzpj_ﬂuz W, Yu > 0. (1.7)
JJ =

Suppose {g;; : i, j > 1} are independently distributed with mean 0 and variance 1 and satisfy
Assumption (A0) with {w;;} replaced by {g;;}. Bhattacharjee and Bose|[2016|| proved that, under
appropriate assumptions on {;}, for any self-adjoint polynomial II, the almost sure LSD of both
I, f“; :u > 0) and I1(A,, A}, : u > 0) exist and they are identical. This LSD can be described
as follows.

Let s be a semi-circle variable. Consider two NCP (Span({a;, a;‘. : J = 0}), ¢) and (Span({c}, c’]k. :
Jj = 0}), ¢) such that for any monomial m,

eim(laj, a5 : j200) = y(1+y) " limp ' Teon({aj, @} : j 2 O}),
em({cj,ci:j200) = y(l+y  imn™ " Ten((P, P_; : j = 0))).
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¢ is the state corresponding to the free product of (Span(s), ¢), (Span({a;, aj. 2 j = 0}),¢) and

(Span({ej,c; 1 j > 0D, ). Let g = (1 + ) X,

LSD of I1I([",, f,j :u > 0) and II(A,, A}, : u > 0) is uniquely identified by the moment sequence

a;scj_jyyysaj, Yu > 0. Then the almost sure

lim p~' ETr(I(C,, T« u > 0))F lim p ' ETr(I1(A,, A% < u > 0)

Y+ y)p((gu, g s u > 0K, VE> 1. (1.8)

In particular, the above result implies the results of |Pfaffel and Schlemm| [2011], Yao| [2012],
Jin et al.|[2014] and [L1iu et al.|[2015]].

It is important to note that each of these results involve one random matrix Z and limited
choice of the non-random matrices. Collectively, that is a very small sub-collection of variables
from U,. Moreover, almost all of the references above use the Stietljes transform method to
derive these results.

It is interesting to ask what happens when we allow several independent random matrices
and any n X n matrices instead of the specific {P,} and, when we also seek the joint limit
properties of their polynomials? In other words, when we look at the entire NCP (U, ¢,,) or
when we try to find the LSD of any self-adjoint element from it.

Our approach to the solution is borrowed from the literature on the convergence of rect-
angular matrices. There is a related set up of rectangular probability spaces to deal with sev-
eral rectangular matrices. For example see Benaych-Georges|[2009], Benaych-Georges|[2010],
Benaych-Georges and Nadakuditi| [2012], Speicher and Vargas| [2012] and |/Anderson et al.
[2009]]. In particular, |Benaych-Georges| [2009]] proved that independent, bi-unitarily invariant
rectangular matrices, when embedded in an algebra of larger square matrices, are asymptotically
free with amalgamation over a commutative finite dimensional sub-algebra.

Taking a cue from |Bhattacharjee and Bose|[[2016] and from |Benaych-Georges| [[2009]], we
embed the matrices {Z,}, {B2;—1} and {By;} into appropriate (n + p) X (n + p) matrices. The p X n
matrix Z is not necessarily bi-unitarily invariant and (unlike|Benaych-Georges|[2009]]) Z and Z*
are embedded into the same Wigner matrix of order (n + p).

Thus, let

W, =

w7
(”X” ) (1.9)

u

nxn

where (W : j = 1,2, u > 1} are independent Wigner matrices and are independent of {Z,}.
For any matrices B and D of order p and n respectively, let B and D of order (n + p) be the

matrices
_ BO 00
B = , D= ) 1.10
(0 o) 2=( 1) .10)
It is easy to see that
ki
iy = AWy A, WE A 1.11
l,(Lt],l,Ml,z,...,l/tl’kl) - l_l n 1,21—1 ul,i—l,Zi u; 1,2k1+1~ ( . )

i=1

Note that the right side of (I.1T)) is a polynomial in Wigner and deterministic matrices.
Consider the sequence of NCP (U/ p» Gntp), Where

U, = Span (Pl,(u,vl,_,_,u,_k[) C Lk > 1). (1.12)
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Note that U, also forms a =-algebra. Convergence of (U, ¢, ) is easy to describe by using
asymptotic freeness of several independent Wigner and deterministic matrices (for details see
Lemma . Then we express the limit of (U, ¢,,) in terms of the limit of (U P> Pnsp)-

In Section we outline the idea behind the limit. Theorem states the convergence of
(U p» On+p) and (U, ¢,,). The limiting NCP can be expressed in terms of some free variables.

Theorem states that the LSD of any symmetric polynomial in {Pl,(uz,l,uz,z,...,uz.k,)} exists and
the limit can be expressed in terms of some freely independent variables.

Incidentally, as stated earlier, most of the existing LSD results are obtained using the Stielt-
jes transformation method. It is not clear how this method could be used for any arbitrary sym-
metric polynomial. In Theorem .1 we fall back on the moment method to derive LSD of such
polynomials. To link these two methods, in Theorem#.2] we derive the Stieltjes transformation
of the LSD of a large sub-class of matrices.

All the existing LSD results (A)—(E) mentioned earlier, follow from Theorems [4.1] and
In Example 4.2 we provide some LSD results, which do not seem to be known in the literature.

Our results can be used to obtain the LSD of polynomials in sample autocovariance matri-
ces for more than one independent moving average processes. That in turn could be used for
statistical applications. We shall deal with such applications elsewhere.

2 Preliminaries

2.1 Assumptions

We first list all the assumptions that are required.

Let Z, = ((&uij)pxns 1 £ u < U be p X n random matrices, where {&,;; : u,i,j > 1} are
independently distributed with E(g,; ;) = 0, Ele, ;. j|2 = 1 and sup,, ;. GE l€u.i. j|4 < co. We assume
that

(A1) For some nn > 0, 6 € (0,2],
Pewijl<np™)=1,1<i<2n, 1<j<p

or, supu,[,‘,Elgu,i,jlk < ¢ < oo Yk.

If there is only one u ie., if U = 1, we will write &;; and Z respectively for &1;; and Z;.
Assumption (A1) will be weakened later for some corollaries and applications by means of
truncation techniques.

Now we move to the assumptions on the deterministic matrices {B;}. A square matrix A of order
p is said to be norm bounded if

sup ||A]l2 = sup \/largest eigenvalue of A"A < oo.
p p

11<i<

(A2) {Byi-1 : 1 < i < K} are norm bounded p X p matrices and (Span(Ba;-1, B, _; :

K), ¢,) converges.

(A3) {By; : 1 < i < L} are norm bounded n X n matrices and (Span(By;, By, : 1 < i < L), ¢y)
converges.

Note that we do not assume the joint convergence of {B; : i > 1}.
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2.2 A useful freeness result

The following well known result records the joint convergence of several Wigner and determin-
istic matrices. This will be needed to prove the convergence of (U, ¢,,) and identify the limits.
For (a) and (b) see |Anderson et al|[2009]. (c) follows from (a), (b) and Theorem 11.12, Page
180 of Nica and Speicher|[2006]. (d) is immediate from (a), (b) and (c).

Lemma 2.1. Let Wl(,l), WI(,Z), ety W;,r) be r independent Wigner matrices of order p such that
each matrix individually satisfies (AO). Let DV, D;z) ey D;}Zq) be 2q constant matrices of order

p with bounded norm such that, for € = 0, 1, (Span{Dg,Zi_E)
Then the following statements hold. As p — oo,

,D;Zi_e)* 11 <i<gq},¢,) converges.
(a) —1/2W(1) —1/2W(2) —1/2W(r) icall

p b D b s D » are asymptotically free.
(b) For € = 0 or 1, the collections {p~'/? Wl()i)} and {DE,Zi_E), D;Zi_e)*} are asymptotically free.
(c) The collections {p‘le)Dg,zj)W[(,i),p‘lWl(,i)Dg,zj)*WI(f) 2 0,j = 1} and {D;,ZH), D§,2i_1)*} are
asymptotically free.
(d) Let € = 1,%, Y1 < i <2k To compute lim p_lETr(p_k H,[; D;Zi_l)ffi" Wl(,i)Df,,Zi)Q" Wl(,i)) one
can assume that the collections {WS)}, {D;,zz_l),Df,,z'_l)*} and {Dg,zl),Dg’)*} are asymptotically
free.

2.3 Idea behind the limit of (/,, ¢,)

To see how freeness comes into the picture and hence how it motivates the limiting NCP of
(Up, ¢p), let us focus on a particular element of U ,:

P = n_l(BlleszB3 + B5ZIB4ZTB7 + BngB6ZTBu + B]3ZlBgZT315).

For the purpose of this illustration, assume that P is self-adjoint. For illustration we consider
only a self-adjoint polynomial. Similar idea works for non-self-adjoint polynomials also. Our
primary goal is to show that for all 7 > 1, lim ¢,(P") = lim p~! ETr(P") exists.

Note that for any integer r, if the right/left side limits below exist, then

lim(n + p) ' Te(B") = y(1 +y) ' lim p~ ' Tr(B"), 2.1)
lim(z + p)~'Te(D") = (1 +y) ' lima~ ' Tr(D"), and (2.2)
limp~'Te(P") = y 'l +y)lim(n + p)~' Tr(P"). (2.3)

Thus it is enough to deal with P. Note that
nP = B1W1§2W133 + B5W1§4W1§7 + BgW1§6W1§11 + BI3W1§8W1315.

Thus P’ involves polynomials in these enlarged matrices. So it is a question of comput-
ing the limiting trace of such polynomials. Note that by (A2) and (A3), as p,n(p) — oo,
(Span{By;_1,B5, | : 1 < i < 8},¢4p) and (Span{B,,, B}, : 1 < i < 4},$p.p) converge respec-
tively to (Span{by;_1,b5,_, : 1 <i < 8},¢1) and (Span{b,,, b, : 1 <i < 4},¢), say. If {g1,;}
satisfies (Al), then (Spanf{(n + p)‘l/le},¢n+p) converges to (Span{s}, ¢3), say, where s is a
standard semi-circle variable. Finally, by Lemma (d) and for the polynomial P, in the limit,



the matrices (n+ p)~ 1V2W, ABaie 1,B2 1 <i<8}and {B,;» B5; : 1 < i <4} are free variables.
Therefore, s, {by;— 1,b2 1+ 1 <i<8}and{b,, ,Q* : 1 <i<4}are free in some NCP (A, ¢).

Thus using the above observations in conjunction with equations (2.I)- (2.3)), we can con-
clude that lim ¢,, p(P’ ) and lim ¢, (P") exist and

lim ¢n+p(pr) = ( ) (¢n+p(z 4i— \/ T p_zl \/ZV_:_ B4i—l)r)
= da+y Z b 3sbyshai-1) and (2.4)
i=1
4 r
limd)p([)’) = y_](l + y)¢((1 +y) Z 541'—3522,'5541'—1) . (2.5)

i=1

The right side of (2.5)), involving free variables, are then the limit moments of P.

This is the idea we implement for the general matrices (1.2). To embed {Z,}, we need indepen-
dent Wigner matrices {W,} and by Lemma(a) these y1e1d U many free semi-circle variables.
The limits can then be expressed in terms of polynomials in the free semi-circle variables, and
the limits of (Span{By;_1,B;, | : 1 < i < 8},¢p) and (Span{B,,, B}, $n+p), Where the two
limit collections are free.

3 NCP convergence result

Let (S = Span{s, : u > 1}, ¢5) be an NCP of free standard semi-circular variables {s,}. Define

(Aoda = Span{byi_1,by;_; 1 1 <i < K}, @oqa) = lim(Span{By;_1,B 2, 11 <i< K}, ép),

(Aoda = Span{byi_1, by | : 1 <i <K}, poaa) = lim(Span{By;_1,B;,_

(3.1)

1<K guyp) (2)

(Aeven = Span{bZi’ b*' i1 <i <L), @even) = llm(SPan{BZz, 2 - 1 <i< L}, ¢,), 3.3)
(Acyen = Span{bzl, b*- 1 <i<L},Peven) = (Span{B,, Bgi t1 < i< LY, fpip) (3.4)
The relation between ¢ and § is as follows. For any polynomial I1,
GoddM(boi—1, b3 1 1 1 <i<K) = y ' (1 +)oaa(M(bri1, b5, : 1 <i < K)), (3.5)
Peven(I(b2i, by 1 1 <i< L)) = (14 @even(Il(by;, by 1 1 < i < L)). (3.6)
Let
(A, ¢) = free product of (S, ¢y), (ﬁodd, ®odd) and (Aeyen, @even)- (3.7
Consider the sub-algebra U of A as
ki
U = Span(ﬁL(”Ll,Ml,z,---aul,k/) =(1+ y)k’ l_[ (al,Zi_lsul,ié_ll’2isul,i)ala2kl+l > 1) (3.8)
i=1

where a;pi-1 € {b2i-1,b5;_}. a;,; € {by;, b

Then we have the following Theorem.

21} and s,,; € {s,}. Note that U forms a *-algebra.



Theorem 3.1. Suppose Assumptions (A1) — (A3) hold and p,n(p) — oo, p/n — y > 0. Then
(Cl) (7:1177 ¢n+p) - (7:[’ sz), Clnd
(b) for any polynomial 1],

. l+y_
hm ¢p(H(Pl,(ul,1,ul,z,...,ul,k]) : l > 1)) = T‘:D(H(pl,(ul’l,Lt]’z,u.,u],k]) : l > 1)) (39)

Hence, (Up, ¢,) converges to (U := Span(pl,(,m,Mlvzwm,kl) 21> 1),0), say, where

1+y_ _
‘P(H(pl,(uz,l,Ltz,z,-~-,u/4,k,) tl=1)) = T‘P(H(pl,(uz,l,uz,z,-n,u/,kl) t1= ).

Proof. (a) Note that, it is enough to show that for any polynomial II,

lim ¢n+p(H(P1,(ul,1,ul,g,...,ul,kl) ol > 1)) = @(H(ﬁl,(u“,ul,z,...,ul,kl) il 2 1)) (310)
Now,
ki
Nz 12 D= T [ ] (07 Arica W 4y Wy Wiz 12 1) 3111
i=1

By using (3.2), and Lemma [2.1] (a), (d), the NCP (Span({Byi—1, B}, | : i > 1}, ¢usp),
(Span{B,;, B;; : i > 1},¢,,) and (Span{(n + VW, 1 <u < U}, ¢n+p) respectively
converge to (Aodd, Podd)s (Aeven» Peven) and (S, ¢;) and they are asymptotically free. Note that
{Bi_1, B;i_ ,} and {B,;, B} are not in general asymptotically free. They are asymptotically free
in polynomials where {By;-1, B, ,} and {By;, B} are respectively enclosed within (Z*, Z) and

(Z,Z%). Therefore, observing (3.7), (3.10) holds.

(b) Note that for any polynomial II,

. . n+ _
1im ¢, (AP ) = L2 11) lim = p Gt p (AP iy 2 L= 1))

YN+ ) lim @y TPy i) L2 1D)
y_l(l + y)‘ﬁb(H({pl,(ul,l,ul,z,n-,ul,k,) 21> 1))
eMAPL 2,0 ug) = 12 1D), (say).

This completes the proof of Theorem [3.1] (b). O

4 LSD of symmetric polynomials in {Pl,(uz,l,uz,z,---,uz,k,)}

The following Theorem guarantees the existence of the LSD of any symmetric polynomial in
{Pl,(u“ UL UL }

Theorem 4.1. Suppose (Al)-(A3) hold and p,n(p) — oo, p/n — y > 0. Then the LSD of
any symmetric polynomial TX(P1, ...y * 1 2 1) exists almost surely and it is uniquely
determined by the (usual) moment sequence

i @, (TP iy < L2 DY = @Oy ey = L2 D)
Y A+ DO Py = 12 1Y V2 1



Proof. We need to establish (M1), (M4) and (C). The (M1) condition is nothing but @) in
Theorem [3.1] (b). Now we shall establish (M4) and (C).

Proof of (M4). We need the following lemma, whose proof is deferred to Section[5.1}

Lemma4.1. Suppose (Al)-(A3) hold and p,n(p) — oo, p/n - y > 0. LetP, € Span{Pl,(L,,,],ulwz,_”,u,’k[)},
u>0. Letfor 1 <i<T, my(P,, P : u>0)be polynomials. Let

P; = Tr(mi(Py, Pl - u > 0)) and P = EP;.
For d > 1, define
Sy = set of all pair partitions {(i1, i2), (i3, i4), . . . , (I24-1, i24)} of {1,2,...,2d}.
Then, foralld > 1,

0ifT =2d-1,
28, HZ:I lim E[(Piy., - P )Py — P?Zk)]’ if T =2d.

k-1

lim £ [0, (P - #7)| = {

For any polynomial I1(P,, P} : u > 0), taking 7 = 4 and P; = Tr (I1(P,, P}, : u > 0))h in Lemma
4.1} we have,

4
E [;—)Tr (TP, P : u>0)" - E(%Tr (TP, P! : u> 0))h)} =0(p™ =0m™

and hence (M4) is established.

Proof of (C). We have to show, for any symmetric polynomial I1,

)—l/2k _

D07+ NP B sy L2 D co. (.1)
k=1

Now note that

[

>

~1/2k y
) = T+y

- _ _ _ —-1/2k
D07 A+ DR By gy L= D )

(@(H(ﬁl,(uu,u1,2,...,u[,k1) ol > 1))2k
k=1 1

k=

Therefore, to prove (4.1)), it is enough to show that

(e ~1/2k
Z (OBr s < 12 D*) T =00 4.2)
k=1
Moreover, to prove (#.2)), it is enough to show that for some C > 0,
GNPty 1= 1) < C*, Vh 2 1 (4.3)

The following lemma is useful in this proof. Its proof is given in Section[5.3]

Lemma 4.2. Let s be a standard semicircle variable. For all {ai_1} € {l_oz,-_l,l;;_l}, {ani} €
{bai, B;i}, h > 1 and for some Cy > 0, we have |p(asa,sas . ..a,,s)| < C%h.
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Now by (3.8)), note that

T
(1w ey 12 1) = Zg,-, where g; = ayisa,;s---a,. ;s, Viz1, (44)
i=1
azj-1,i € {byi-1,b5_ | =i > 1} and ay;; € {by b5 1 i > 1). Now, by Lemma there is a
C1, C, > 0 such that

T N\2k
PPt i = L2 DI = @ [Z g,-]
i=1

Z P(8i18ir - - - 8ine)
1<iy,ipyeensiop<T
2k

~ 25% ;.
< D Ipsign - gu)l < C TR < 3
1<iy,ipyeensiop<T
Hence, (#.3) is proved and (C) follows. This completes the proof of Theorem @4.1] O

4.1 Stieltjes transform

Most of the existing LSD discussed in Section |l|are in terms of the Stieltjes transform. There-
fore to show how these results follow from Theorem[4.1] we need to study the Stieltjes transform
of our LSD. If needed, we enlarge the collections {B;_1} and {By;} so that they are closed un-
der * operation. All results proved so far continue to remain valid. Consider the polynomials
A € U, of the form

1< .
A= > By 3ZByiZ Bui 1. (4.5)
i=1

We assume appropriate conditions on {B;} so that A is symmetric.

Note that all the existing LSD results ((A)-(E)) are for random matrices which are special
cases of A. Moreover, the matrices {A,}, which are defined in and which will approximate
(T}, are also special cases of A. By Theorem , under (A1)-(A3), the almost sure LSD of A
exists and it is characterized by the moment sequence

i T4y -
lim ¢,(A) = lim —ETr(AY = — 233, Yk > 1, (4.6)
p y
where

q
§=(1+y) ) bai-3shysbui-1. 4.7)

i=1

Recall that {b5;_;} and {b,,;} are respectively limits of {B,i_1} and {B,,}. Moreover, s, {bsi_1} and

{b,;} are free (by Theorem as far as computing limits of polynomials of the form (4.5) is
concerned).

Let v be a probability measure on R with v(—K, K) = 1 for some K > 0. Then we have
the following formal power series expansion of the Stieltjes transformation m(z) for |z| > K and
z€Ct,

! ( ! ]lww ws)



This relation is crucial in linking the moment and the Stieltjes transform approach. Since m,(z)

is analytic for z € C*, in principle it suffices to identify it only for large enough z € C*.

Note that by (A2), (A3) and Lemmal[4.2] there is C > 0 such that [¢(6%)] < C¥, Vk. Hence,
there is a unique probability measure on R, say 1, characterized by the moment sequence {$(5%)}.
Let u be the probability measure on R corresponding to the LSD of A. Note that by (4.6)),

1+
kad,uz—ykadﬂ, Vk > 1.
R y R

4.9)

Let m;(z) and m,,(z) be respectively the Stieltjes transforms of iz and u. We first describe m;(2).

Then it is easy to express m,(z) in terms of m;(z).

To describe my(z), we write infinite sums of the form 31, i, i <co @i @iy - - - @j, In the sense that

o( Z a,aj, ...a;) = Z e(a; ap, ... a),

1<iy,in,...,ig<oc0 1<iy,i,...ig <00
whenever

Z lo(ai ai, - . . a;,)| < oo

1<iy,i,...,ig <0
Moreover, we write (1 —a)™! := ¥, a'.

Let,

d = {by3:1<i<q}, e={bsy_1:1<i<g}, and

q
fo= Aby:1<i<q) hde,f)=(1+y) ) baisbybair.

i=1

Define

q
Ri(H) = (h(d.e H3If) = (1 +3) D @(bai-3bai 15 by,

i=0
Note that R;(f) € A, Vj > 1. Let,

K@f) = D7 'Ri(f)
i=1
Bd,e.)) = ¢(hd.e, )1 +KG ) 'ldse),
q
= (149 ) (by(1+ YK (@, ) bai-3buic
i=1
o g
= (149 ) D 8y (~K(z )Y bai-3bai-1.
j=0 i=1
Gd,e,2) = (Bld,e)-9"' =z ) (Bd,e,2)".
i=0

(4.10)

(4.11)

(4.12)

4.13)

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

The following lemma guarantees the existence of K(z, f), B(d, e, z) and G(d, e, 7). Its proof is

given in Section [5.4]
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Lemma 4.3. K(z, f), B(d, e, z) and G(d, e, z) exist for sufficiently large |z, in the sense of (#.10).

The following Theorem provides m;(z) and m,(z) and is proved in Section
Theorem 4.2. Suppose (Al)-(A3) hold and p,n(p) — oo, p/n — y > Q.
(a) Then for z € C, || large, my(z) is given by

mp(z) = @(G(d,e,z)), (4.19)
where G(d, e, z) satisfies (#.14), (#-15) and ({.18). Moreover, K(z, f) in (#.14) also satisfies
Kz f) = @hd,e, ) B, ez)-2)"f) (4.20)
q
= (1+3) ) @(bui-3bai-1(B(d, e,2) = )by, 4.21)
i=1
(b) For z € C*, m,(2) is given by
- om@-—1
m(z) = I +ymﬂ(z) T+yz (4.22)

4.2 Examples

It is easy to see that Theoremd.T|implies Theorem 3.1 of Bhattacharjee and Bose|[2016]]. In this
section, we shall discuss two examples. First one involves existing LSD results which follow
from Theorem 3.1 of Bhattacharjee and Bose [2016] and hence also from Theorems @ and
In the second example, we provide some apparently new LSD results.

Example 4.1. Recall {A,} defined in (1.7) and {¢;} matrices in (1.5). Suppose (A1) holds and
p.n(p) = co,p/n —y € (0, ).
(a) Suppose ¢; = 0, ¥j > 1 and hence A, = n"'ZP,Z* Yu > 0.

(1) (Marcenko and Pastur|[[1967]]) The almost sure LSD of A exists and it is the well Marcenko-
Pastur law with parameter y.

(i1) (Bai and Silverstein| [2010]) Let A be a p X p symmetric non-negative definite matrix whose
LSD exists. Then the almost sure LSD of A/2A(A'/2 exists.

(iii) (Bhattacharjee and Bose|[2016]) The almost sure LSD of (n/ p)zAuA: exists for all u > 1
and it is the Bessel(2, y~!) law.

(b) (Ptaffel and Schlemm|[2011]] and Bhattacharjee and Bose [2016]]) Suppose y; = 4,1, ¥Vj > 1.
Then for all u > 1, the almost sure LSD of A, + A}, exists. This LSD is the compound free
Poisson distribution (see pages 206 — 208 in Nica and Speicher [2006]) with rate y~! and the
jump distribution y cos(u8)h(4, 6), where 6 ~ U(0, 2rr) and h(4, 0) = | Z;’.ZO e il

(c) (Bhattacharjee and Bose [2016])) If {1 ;} are norm bounded and converge jointly, then almost
sure LSD of A,+AJ exists. [Liu et al.|[2015]] had proved this existence under stronger assumption

on {i}.

In all the above cases, (A1) can be replaced by significantly weaker moment assumption. All
the above results hold if we replace {A,} by {fu}, the sample autocovariance matrices defined in
(1.6). For details see Bhattacharjee and Bose|[2016].
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We now give some examples of LSD that do not seem to be known in the literature.
Example 4.2. Suppose (A1), (A2), (A3), hold and p, n(p) — oo, p/n — y > 0. Let,

Y1 = n'ZiBoZ;, Ya=n"'Z\B4Z], Y3 = n' ZhB4Z;. (4.23)
Suppose the standard semi-circle variables sy, 52, {by,b,, b3} and {by4, bs} are free. Define

g1 = (L +y)s1hys1, g2 = (1 +y)s1bys51, g3 = (1 +Y)s2D, 52, 4.24)

(1) Suppose By, B3 are p X p real symmetric matrices and B; is an n X n real symmetric matrix.
Then the almost sure LSD of B Y;B3Y| B; exists and it is uniquely determined by the moment
sequence

lim¢,(B1Y1B3Y; B1)* =y ' (1 + y)p(b1g1b3g151)* Yk = 1. (4.25)

(i1) The almost sure LSD of B;Y;B3Y>B5 + B
the moment sequence

SY)B3Y| B] exists and it is uniquely determined by

lim ¢,(B1Y1B3Y2Bs + BLY;B3Y; B))* = y™'(1 + y)p(b181b382bs + bigybsg b)) Yk > 1. (4.26)

(iii) The almost sure LSD of BY|B3Y3Bs5 + B; Y;B;Y| B} exists and it is uniquely determined
by the moment sequence

lim ¢, (B1Y1B3Y3Bs + BiY;B5Y  B))* = y™'(1 + y)p(b181b3g3bs + big3bsg b)) Yk > 1. (4.27)

Results like [4.1] (iii) can be used to study two independent moving average processes jointly.
We shall deal with such applications elsewhere.

5 Proofs
5.1 Proof of Lemma 4.1l

We first prove the result for monomials {m;} in {P,, P}} involving one independent matrix Z.
Once the result is proved for monomials, it is easy to see that it continues to hold for polynomials
(see Step 1 below). Moreover it will also be clear that the arguments continue to hold when more
than one independent matrices {Z,} are involved. The proof is completed in two steps.

Step 1. First we show that it is enough to prove the lemma for monomials. Consider arbitrary
p x p matrices {Ay,Cy : 1 < k < r;,1 <i < T} C Span{By;_1, B}, ,} and n X n matrices
{Bix : 1 <k <r,1<i<T}CSpan{By;, B};}. Define

Ti
= n_”'Tr(l_[ AnZByZ'Cy) and n¥ = Em;, 1 <i < T. 5.1
k=1

For all d > 1, consider the equations

_ foifT=24-1,

limE (117 (7 - 2%)| = , ‘ (5.2)
[ = ( I l)] {st ngl lim E[(7y , — ﬂgkfl)(ﬂizk - ﬂ?zk)]’ if T =2d.
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We now prove that (5.2) = (@.I) i.e. it is enough to prove Lemma .| for monomials only.
In the next step, we prove (5.2)).

Note that for some matrices {Ajs, Ciks} € Span{Ba;_1, B;H} and {Bj.s} € Span{B»;, B } we can
write

Pi

t; Tk ti
DT\ w7 [ [AwsZBisZ Cies | = ) S (say).
k=1

k=1 s=1

ol

ti 1
i Z E(Si) = Z SY, (say).
i=1 i=1

Therefore,

T r 4
imE(| | Y S-S5 =tmE([ | )] 7w, (say)

T
lim £([ | - PP

i=1 i=1 k=1 i=1 k=1
T T
= lim E( Z ]—[Tikl.)= Z limE(l_[ Ti,)
1<k;<t; i=1 1<k;<t; i=1

0, ifT=2d-1
Dlskist; 2484 H y im E(T', kiy,_y Tingkiy )» if T =2d.

The last equality holds by (5.2)). Therefore, (4.1)) follows from (5.2)) when 7 is odd.
When T is even, we have

d
Z l_l Z lim E'(T,'Zs_lkm_1 insk 123 Z l—[ lim E[(Piy,._, 12k 1)(P12k zzk)]

Sy s=1 kps—1.kos Sy k=1

Therefore, (4.1) follows from (5.2) forall T > 1.

Step 2. Proof of (5.2). Let A(i, j) be the (i, j)-th element of the matrix A. Note that, for all
1<i<T,

ri
i _ * _ (@) (i) (l)
n'm; = Tr(l_[AikZBikZ Cik) - Z l_[ Aik(”3k_2’ 3k 1)8 (’) e (2112 lBik(VZk—l’ )
k=1 s <p. 19<p (i) 0
1§t<3r, 1<s<2r, 341 =Y

@ (t)
g o »Culu
iy O i)

3k U3ke1
Forfix 1 <i < T, we define
Uy = (0 0,051 5 K% 700 = 1,00, =) 53

Note that U; is the set of all indices attached with &’s in the expansion of x; given in (5.3).

An index (“(3!12 s (2112 vs) 1s sald to be matched if there is at least one (k',¢0’,i") # (k,0,i) with

(ug’z o (2’]2 . 5) (u%k, s v2k, N 5,) Now note that E [HT 1 (77, - ﬂo)] involves all indices in Uizlﬂi

(if we expand {rr;} using the last equality of (5.3 .) As {g; j} are independent and have mean 0, all
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indices in UI.TZI(LI,- need to be matched to guarantee a non-zero contribution. Foreach 1 <i < T,
consider the following sets of matched indices.

B; = setof all matchings where for each (k, 9), there is at least one

(K',8") # (k,6) with (), v =@, o, vg,g,+5,) and for i # 7,
ror 0] (l) i)
there is no (k’, ¢, i") such that (u YIS 2k+6) ( 3k,+6,, 2k’+6’) .

Consider the disjoint decomposition UT+1C of all possible matchings of indices in U Ui,
where
Ci=B,, C (m’ \B)NBiV2<i<T, Crq =N, B (5.4)

Let for any set A, E4 be the usual expectation restricting on the set A. We shall first show that
E[NL, (mi-x0)| = Ec,, (L m). (5.5)

For this purpose, we need more analysis for the set C;. Define

S; = setof all matchings of indices in U;, and
S_; = setof all matchings of indices in U ;U such that foreach 1 < j <
there is at least one index in U; which matches with some index
in Uy, k+ j,i.
Note that
(ﬂl 1BC)ﬁB {(c1VUop):01 €8, 00 €S} (5.6)

Also note that
E(L, (m; = 7)) = Ec (I 7)., (x; — 7)) + other terms.
Then forall 2 <i < T, we have

ECI(HS- 7T jl+1(7T] ﬂ))—ZEO—(H 17 Jl+1(7rj 71'9)) (5.7)

oeC;

Z Eq, (”t)EOQ(Hl lﬂ-/H;w z+1(7rj - ﬂ(J)))

0'163,', 0'2€S,

[as C; € B; and under B, {&,,,,, : (u,v) € U;} are
independent of {g,, : (u,v) € U U;}]

(X Entm) S Enttiiml or - )

(o] ES‘ O’zES_,'

0B, (U T = 7))

Similarly,
Ep(mIy(n; —2%) = nYEML,(x; — 2d)). (5.8)
Now, the left side of (5.5)) equals,

E[NL, (mi—0)| = Ep (miIILymi — 70)) + Epe (mIIL(x; — ) — 70 EQIL, (r; - 7))

16



= Ep:(mIILy(m; — 7)),
= Epen, (mimIl5(mi — 10)) + E s (Mol s (i — 7))
~myEp (i Ly(m — 7))

= Eperp(mmlly(m; - af)),  (by B, for T = 2)

= Ep:npsn.nB (HiTzln,-), by repeated application of (5.7) for3 <i < T.
= ECT+1(HiT=17Ti)‘

Therefore, @ is established. Next we shall analyze the set Cr.; and identify the set of
matchings which contribute in the limit.

Two index sets U; and U are said to be connected if there is (k,0) and (k’,6") with
(ung+6’vgz+§) = (ué’lllé,vglgm,). Also a collection of index sets {U;,, Uy, ..., Ui}, s > 2, is
said to form a connected group if for each 1 <k < s -1, U, and U,,,, is connected. Note that,
in a typical matching in Cr, 1, for each i, U; is connected with some other Uy, i’ # i. Therefore,
each matching in Cr,; corresponds to some disjoint connected groups each of length at least 2.

Consider the following disjoint decomposition of Cr4.

Cryp = U G(g1,82,---,8Rr), Where
2<81.82+--8R<T
>R 8=T, R21
G(g1,82,...,8r) = setof all such matchings in C7,; which form exactly

R connected groups of length g1, g2,. .., gr-

Hence, by (5.5), we have

T 0 T T
E [Hi:1 (”i -7 )] = Ecp, (i_ym) = Z EG(g1.g2.0..gr) iz 7).
2<81.82+--8R<T
>N 8=T, R21
Consider a typical matching o in G(g1, g2, - - ., gg) With connected groups G41,Gs2,- .., Gor

respectively of lengths g1, g2,...,gg. Note that, for a fixed o, {Go : 1 < k < R} forms a
partition of {U) : 1 < k < T}. Also note that, if i # j, then no index in G,; matches with any
index in G ;. Hence, by independence of {&; ;},

R
EconsoTym) = Y| | Egu(ri,ma, ... 7r), where (5.9)
o k=1
E(;(rk(ﬂ'l,ﬂz, co, ) = EGU—k( l_l 7T,'j), V1 <k <R,
ij: ﬂijeccrk
1<j<gj

and E¢,, is the usual expectation restricting on the matchings in G . For the time being assume
that the following claim is true. We shall prove the claim later.

Claim. Eg_, (1, 7m2,...,77) = O(n~8*2), Yo, k.
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Therefore, for all o € G(g1,82,...,8R)»
R
[ |Ecutrioma,...owr) = O 2672 = 0(n7"+2F) (5.10)
k=1

As G(g1, 82, ..., &r) is a finite set, by (5.9), we have
EG(g, 6350 ) = O™+, (5.11)

Note that as g1, g2,...,gr = 2, the maximum possible value of R is [T/2], the greatest integer
<T/2.

First suppose T is odd. Then we always have 7 — 2R > 0 and hence, using (5.11),
lim EG(gl,gz,__.7gR)(HiT:1n,~) = 0. As a consequence, using , we have

lim E [T, (m; - 27)| = 0, if T is odd, (5.12)

proving (5.2) when T is odd.
Now suppose T is even, say T = 2d. Then note that

=0, for G(2,2,...,2),R=d
T -2R i (5.13)
> (0, otherwise.
Therefore, by (5.11)),
limEG(gl,gz ,,,,, gR)(HiT;lﬂ-i) = Oa ifG(gl,gZa--'agR) # G(2a 29-'-72)a (514)
and hence by (5.9), we have
lim E [[TZ, (m; - 20)| = lim E.a... 2L, ). (5.15)

It remains to identify the right side of (5.15)) as the right side of (5.2). Note that a typical
matching in G(2,2,...,2) involves d groups each with length 2. Hence, there is a one-to-one
correspondence of G(2,2,...,2) and Sy, set of all pair partitions of {1,2,...,2d}. The one-to-
one correspondence is as follows. Consider o = {(i1, i), (i3, i4), - - . , (i2d-1, 124)} € Sq, then for
every 1 <k <d, {U,;,_,,U,,} forms a connected group. Therefore, by (5.9), we have

d
Eca..2ML m) = Z HE{wiZk_l,fL(,-Zk}(ﬂl,ﬂz,...,7TT)- (5.16)
0'63(1 k=1

Let D be the set of all such matchings of indices in U;,, , U U, such that {U;, ,,U,;,} are
connected. Note that

Z EO'(nizk—lﬂiZk)

oeD
= E ((mzk-' B ﬂ?zm)(ﬂizk - ﬂ?zk)) » by @ for T = 2.
Therefore, by (5.16) and (5.17), we have
d
Fonen = 3 [TE((re o). 610

O'ESd k=1

Ea,, . Uy, )17, )
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Now substituting (5.17) in (5.15)), we have established (5.2)) for 7 = 2d. Therefore, by Steps
1 and 2, proof of (4.I)) and hence of Lemma is complete when one independent matrix is
involved, provided the claim is true.

Proof of claim. As {r;} are commutative, it is enough to show that
Ec(mmy...7g) = O(n~8%2), (5.18)

where C is the set of all matchings of indices in Ule‘lli such that {U; : 1 < i < g} forms a
connected group. Recall {r;} from (5.3). Consider the following decomposition of C.

C= |J Cljtj:1<j<g), where

1Slj£k_/$}’j
C(kj,tj: 1 < j < g) = setof all matchings (may be pair, non-pair, (5.19)
crossing, non-crossing) in C such that
@ @y _ ,,G+D (i+1) .
(u3ki’v2ki) - (u3ti+1—1’v2ti+1_1)’ VI <1< g - 1
Therefore,
Ec(ﬂ'lﬂ'z N ﬂg) = Z EC(kj,tjzlsjgg)(ﬂlﬂ'Z e 7Z'g). (520)
ISI_,'Sker_,'

Now for convenience of writing, let us denote, forall 1 <i < g,

>
|

(T2 Aw(Z) N Bi(Z* | NICi0) A,
Biy(Z" | Nw)Cir (2] Aw(Z] NW)Bi(Z" | Nm)Ca) A, ZBi
Fi = Ci (T, AwZ] NwBi(Z' | Vn)Cir), and

IS
|

hence,
nn; = Te(DZE,Z*F;), V1 <i<g. (5.21)
Therefore,
N8 Ec(k;1,1<j<g) (172 - . . 7g)
= Ecuu<jco(IL THDIZEZ ), (by (B.21))
Z Ec;ip1<j<g) (T Ditin, i) €y vy Ei(Vit Vi) Eus vy Fitiz, i)

{ujjovig, 1<i<g}

j=1,2.3, k=12

g
E Eo(TE_, Di(uit, ui2)&uy vy Ei(Vit, Vio)&us v Fiuiz, win)).
O'EC(kj,thISng) {ujj.vig> 1<i<g)
j=1.2.3, k=12

Now by (5.19), we have (u;3, vi2) = (u+1y2, Vir1y1), Y1 < i < g — 1 and therefore,

Z Eo (T Diuiy, 4i2)& 1.0, Ei(Vits Vio)Euss v Filltia, 1))
(”ij*vik’ 1<i<g}

j=1.2.3, k=12
= Eo(Tr(Z(E EZ*Z)Z (115 | Fgi1-iDg11-0))).
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Hence,

M8Ec(:1<j<) (T2 .. . ) = Z E(Te(Z(0E | EiZ°Z)Z (15 | Fgi1-iDgi1-1)))- (5.22)
G'EC(kj,l‘jZISng)

Using the same idea as in the proof of (M1) condition for Theorem 4.1} one can show that

. o o 8 O(1), if o is non-crossing pair matching
limn 2B, To(Z(1 EZ* 2)Z (TS Fyu1-iDgr1-) = o . _ .
i=1 i=1" & 8
o(1), if o is not non-crossing or pair matching.

Hence by || Ec(kj,tjzlsjsg)(mnz...Jrg) = O(n=8*?). Therefore, by |D tb follows

and the claim is established.

This completes the proof of Lemma [4.1] for one independent matrix Z. Note that if we have
more than one independent matrix {Z;}, then also the above proof will remain unchanged except
&y.v (the (u, v)-th element of Z) will be replaced by ¢;,,,, (the (&, v)-th element of Z;). |

5.2 Algorithm to compute moments of free variables

As we have discussed in Section[T] all joint moments of free variables are computable in terms of
the moments of the individual variables. The algorithm for computing moments under freeness
is different from the product rule under usual independence. For our purpose, a typical term in
the moment calculations (see for example (2.4)) is

©(dosbysdysbysdy - - - sbysdy,), where {b;}, {d;} and s are free. (5.23)

In this section, we shall discuss the algorithm for computing (5.23) in terms of the moments of
{b;}, {d;} and s. Note that, since Tr(AB) = Tr(BA), our ¢ satisfies ¢(ab) = ¢(ba), Ya, b.

Let NC(n) be the set of all non-crossing partitions of {1,2,...,n}. Define recursively a
family of multiplicative, multilinear functionals {¢, : n > 1,7 € NC(n))} by the following
formula. If 7 = {V4, V,,...,V,} € NC(n), then

Saﬂ[al ’ 02’ L] an] = ‘P(Vl)[al,ab o ’al’l] e SD(VF)[al’ az’ ey an]’ (524)
where
eWMlay,az,...,an] = @pla;ai, ---a; ) for V.= (i; <ir <...<ly). (5.25)

Let NC»(2n) be the the set of all non-crossing pair partitions of {1, 2, ...,2n} and K(r) € NC(n)
be the Kreweras complement of the partition 7 (see Definition 9.21 in |[Nica and Speicher
[2006]). Then we have the following lemma.

Lemma 5.1. (a) Suppose p(ab) = ¢(ba) Ya, b. Then

o(dosbysdysby -+ - sd,) = Z Cklb1,d1,b2,d, . .., by, dndp) (5.26)
neNC,(2n)
= @xlb1, b2, ..., bylokmldi, da, ..., dydo]  (5.27)
neNC(n)
= Z erldi, da, ..., dpdolog b1, b2, . . ., byl (5.28)

neNC(n)
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) Fix 1 = kg <ky <...<k <nand the following subset of NC,(2n) as
S={neNC,(2n): {2k;,2kis1 — 1} en, 0<i<t, ki1 = kol

Then

t+1

D ekwlbiodi ba,da, ... by, dudo] = 90(1_[ bi) | | e, sbi, orsdi, o1+ sdi,-1), (5.29)
neS s=0 s=1

where k() = l,dkM—l = dnd().

Relation follows by (22.10) of Nica and Speicher| [2006]. By freeness of {b;} and {d;},
and by properties of the Kreweras complement (Exercises 9.41 (1), 9.42 (1) and (2) in Nica
and Speicher [2006]), and follow from (5.26). Relation follows from the
multiplicative property (5.24) and (5.25)) of partitions and from certain properties of Kreweras
complement. A detailed proof of (5.29) is given in Section 9 of Supplementary file Bhattachar-
jee and Bose|[2016].

5.3 Proof of Lemma 4.2
By Assumptions (A2) and (A3), there exists C > 0 such that

sup sup||By-1ll = sup sup|lB-1ll» < C, and (5.30)
I<i<K p 1<i<K p
sup sup||Ball. = sup supl|Baill, < C. (5.3D
I<i<L n I<i<L n

Therefore, Vh>1and 1 <i<K
255 o) = lim——Tr(BS  Byy)" B Boi|I" < 5.32
@( i1 2i-1) = lmn+p r( 2i-1 2i—1)" < sup]| 2i-1 21—1||2SC . (5.32)
j2

Similarly,
gbyb,)" < CM Vh= 1, 1<i<L. (5.33)

Also note that, for all @y € {bai_1, b

ieg - 1 <1< K}, ay €{by, by : 1 <i<Lyandh > 1,
there exists {h; : 1 < i < 2h} such that

h h
1/ e 1/hy;
e _ P h h
lp(@1a,as . . . aop-1a,,)| < l_[ (¢(a§i_1azi-1) 2 l_[ (az,azl) 2’ :

i=1 i=1

Hence, by (5.32) and (5.33)

\p(@1a,a3 . .. Gon-1ay,)| < C*', Vh>1. (5.34)
Therefore, applying Lemma(a) and using the fact that ¢(s*") = #NC,(2h) < 2%, Vh > 1,
|@(@15a,5as . . . ay,5)| < CPHNCH(2h)) < (20)*".

Hence the proof of Lemma4.2]is complete. i
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5.4 Proof of Lemma

Note that there is a C > 0 such that for any {as;_1} € {525_1,132._1}, {a,;} € {by, b5} and h > 1,
we have

|p(@1as ... am-1 < C", 1@(aya, ... ay)| < C*and |g(5)"| < C". (5.35)

Proof of (5.35)) is along the same lines as the proof of Condition (C) in Theorem 4.1} Hence we
omit it.

We first show that

,
K@Y = > g | Ry (5.36)
1< 11 j20mmenjr <0 k=0
exists. For this, we have to show
) r
DUl Eedp(| [ Rl < o0, V2 1. (5.37)
1< 12 fr <0 k=0
Now, note that, by (4.13])

q
Ri(f) = @(h(d; e, /Y1) = > @(Bai-3bai15 by,
i=0

Therefore,
r q r ) r
e [Ri = > (]_I |¢(b4,~k_3b4,~k_16fk-1>|) AN
k=0 i1,02,...,ir=0 \ k=1 k=1
q r ) 12 r
< Z [l_l (‘;_D(b4ik—3b4ik—1bZik—leik—s)Sb(é)z‘/k_z) ]l@(n by )l
i1,02,...,ir=0 \k=1 k=1
< (q + l)rczr+22=1 jk’ by @
< ¥t for some C) > C > 0. (5.38)

Therefore, for |z| > nCy, n > 1, (K(z, f))" in (5.36) exists and moreover, for all r > 1, we have

@(K(Z,f))rng(i#)r :( i @(Rj](f)Rjz(f)..‘.Rjr(f))).

. o L g2 .. g
J=1 Jlsj2seenr=1

Therefore,

IA

i I@(le(f)Rjz(f)---Rj,(f))l)

|Z|j1 |Z|j2 . |Z|jr

1p(K(z, )]
Jisj2sesjr=1
[ CZZ:I Jk

<Y 9T e

P sy PR R ET
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1 r
S( ) , asp> 1. (5.39)
n—1

S J r
> ey
= mCy

Note that by (.17)), (we shall show below that this infinite sum in (5.40) exists)

q 0
Dy (K P)bsjsbajor = Y Av say. (5.40)

j=0 i=0

MS

B(d,e,z) =

1l
(=)

i

Now, for all |z] > nCy,n > 1,

q r r
L D VI | LG f»w] o] ] Bussbuson)
J1oJ2seenr=0 \k=1 k=1
q r
< > (6(by, b5, @Kz £))' ]Iso(]—[ baj,_3baj 1)l
J1od2seeJr=0 \k=1
q r 1 Zik 1/2
< C2 C2r
) (77—1) ]
Jtsj2senjr=0 \k=1
by (535) and 539)
r 1 ik
< (g+D)C* (—) (5.41)
g 11
Therefore,
0 r3r S 1 o
> B Al < @+ C|Y (]| oy EED)
1<iy, iz, iy <00 =0 n
DCH-1DY\
T]_
< G, forsome C; >Cy > C >0. (5.42)

Therefore, observing (5.40), (B(d, e,z))" exists for all |z| > nCy, n > 2. Now, using the same
arguments as in the existence of K(z, f) above, it is easy to see that G(d, e, z) defined in (4.18)
exists for all |z| > C,. This completes the proof of Lemma[4.3] i

5.5 Proof of Theorem 4.2

To prove Theorem[4.2] we need a lemma that provides a recursion formula for the moments of
fi. For convenience of ertll‘lg, let us denote D; = Buj_3, E; = Baj_1, d; = b4, 3 and e; = baj_1,
fi = b,, for all 1 < i < g. For any polyn0m1a1 H H(D],D;,EJ,E’J“. 2 j > 0),let II° =
H(dj,d ej, : j = 0). Recall {R;(f)} defined in . Forall j >0, let

q
S = p(hd.e. NFf) 1= ) @Mbaisbuid Dby (5.43)
i=0
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Lemma 5.2. Suppose (Al)-(A3) hold and p,n(p) — oo, p/n — y > 0. Then for any polynomial
1= H(Dj,Dj.,Ej,E;‘. 1 j = 0), we have

timn+ ) ETAY = Yol > suth (] [Ru)|
t=1 1<iy i iy <5 k=2

Z;’:l ij:r

Proof. By Theorem[d.1] it is immediate that

q r
lim(n + p) 'ETr(IIA") = @(I1°6") = (1 + y)" Z g(m° ]_[ djisfj Sejk]
12‘1?5 =
= Z Tos by @ (544)

FeNCL(2r)

where

q
e =(1+y) Z )L firs€jidss fins€ndjss - - - ej,dj T,

Ji=1
1<k<r

and K (o) is the Kreweras complement. Now to compute (5.44), we consider the decomposition
of NCr(2r) = UI’ZIPtzr, where SD%’ ={oceNCy2r):{l,2} ec}andforall2 <t <r,

Ptzr = {0 e NCy(2r): {2k — 1,2k}, (2ko, 2k1 — 1}, {2k1,2ky = 1},.. .,
(2k;—2,2ki-1 =1} €0, 1 =k <k; <kp <...<kp_1 <1}

Hence, (5.44) is equivalent to

.
lim(n + p) ' ETr(IA") = Y 7, (5.45)
=1
where forall1 <t <r,
T, = ), To= D ki, k), (5.46)
o-eP,z’ 1=ko<k)<kr<...<k;—1<r
and
I+ et + 1,k ko, ki) (5.47)
t t
— Z @(l—l ‘fjks) l_l (p(ejksé‘kﬁl_k,r_ldjk(ﬁl)),
1<jis<q  s=0 s=0

(by Lernma (b) and where k;y1 = r+ 1 and d oy = d it HO) .

Therefore, is equal to

t t
- Z (’b(l_[ i) 1:! g(ej, Skm_krldﬂ(.wn)

1<jis<qg  s=0
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t
- A X [Tsenda,,))

.jks’jkx+1 s=0

where ji., = jk-
Note that

S e 3ot )= 0 Rk L s <=
Jks Jks Jk(s+1y (1 + y)_ls(r+l—k,)(f, H), =1

T Jkssn
Hence forall 1 = kg <k; <ky <...<k; <r,wehave

=1

gt + ki ka,. k) = @S 1y (D | | Rir b (1)
s=0

Therefore, by (5.46), forall 1 <7<,

-1
Too= >, @SeniD | | Ragaro (]
1=k <k| <..<ky<r s=0
kip1=r+1

D #Sa (L] Ry
§=2

1<iy i iy <1
i1+iy+...+i=r

Hence, by using (5.45) and (5.46), Lemma[5.2] follows. i

Now we are ready to prove Theorem [.2]

(a) Define
D= "5 (5.48)
i=1
Note that by the last part of (5.33)), D exists for sufficiently large |z|. Moreover, by @#.8)), ¢(D) =

my(2).
To establish (#.20)), note that

K@ f) = Y '¢(h(d e, /§If), by @I3) and @T4) (5.49)
i=1
~7'@(h(d, e, PIf) - 2 @(h(d, e, /)DIf)

where for f’ with same property as in f, we have

@(h(d, e, f)DIf)

- ingo[( > Sl-,<f',h(d,e,f>>]L[Rl;xf'»)v]
r=1 t=1 s=2

1<iy ip i <r
i1 +ip+-+i=r
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(by Lemma[5.2))

-y ¢[iz‘( 3 Sl-]<f’,h(d,e,f>>]L[R,-,xf')))v]
t=1 r=t 1<iy i, iy <r s=2

i +ip+eti=r

(o]

D (CETO [i TS hd.e, f))] /]
=1 r=1

~

= 95[(1 + Kz, f)! [2 'S (f' h(d, e, f))] If]

= ()_D (Z Z_VSF—lh(d, e, f)@[h(d, e, f)(l + yK(Z, f/))—l]lf]
r=1

'@(h(d, e, f)Bd, e,2)|f) + ' (Dh(d, e, f)B(d, e, 2)\f).
In a similar fashion, using i(d, e, f)B(d, e, z) instead of h(d, e, ) in the above steps,
@(Dh(d. e, )B(d. e.2)\f) = 7' @(h(d. e, /)B*(d. . 2)|f) + 2~ ®(Dh(d. e, /)B*(d, e, 2)| ).

Finally iterating we have

@(h(d, e, f)DIf) = Z z "p(h(d, e, f)B'(d, e, 2)|f). (5.50)
r=1
Hence,
K(z, f)
= 7 '@( ) hd.e. 7B (d.e.2f) = flh(dse, (B, e.) =7, (55D
r=0

which is (4.20) in Theorem 4.2
Note that the above steps from (5.49) leading to (5.51) remain valid if we replace h(d, e, f)

by 1 in (5.49). This yields (instead of (5.51)),

ma(z) = —z“Z(@) (5.52)
i=0
= @(B(d,e,z)—2)™h), (5.53)

which is (#.19) in Theorem[4.2] Hence the proof of Theorem[4.2](a) is complete.

(b) Let 6y be the degenerate probability measure at 0. Then (4.22) follows immediately by
noting that

_ y 1
= 0. 5.54
H 1+y’u+1+y0 (5.54)

Hence the proof of Theorem {.2]is complete.
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