MULTICOLOR URN MODELS WITH REDUCIBLE
REPLACEMENT MATRICES
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ABSTRACT. Consider the multicolored urn model where after every draw, balls
of the different colors are added to the urn in proportion determined by a
given stochastic replacement matrix. We consider some special replacement
matrices which are not irreducible. For three and four color urns, we derive the
asymptotic behavior of linear combinations of number of balls. In particular,
we show that certain linear combinations of the balls of different colors have
limiting distributions which are variance mixtures of normal distributions. We
also obtain almost sure limits in certain cases in contrast to the corresponding
irreducible cases, where only weak limits are known.

September 28, 2007

1. INTRODUCTION

Consider an urn model with balls of K colors. The row vector Cy will denote
the number of balls of each color we start with. The vector Cy will be taken to be
a probability vector, that is, each coordinate is non-negative and the coordinates
add up to 1. Suppose R = ((r4;)) is a p x p stochastic replacement matrix. Let C,
be the row vector giving number of balls of each color after n-th trial. At the n-th
trial, a ball is drawn at random, and so a ball of i-th color appears with probability
Cin—1/n. If a ball of i-th color appears, then the number of balls of j-th color is
increased by r;;. If R equals the identity matrix, then it is well known (see, for
example, Freedman, 1965) that C,,/(n + 1) converges almost surely to a Dirichlet
random vector with parameters given by the starting vector Cy.

Let 1 or 0 stand respectively for the column vector of relevant dimension with
all coordinates 1 or 0. For any vector &, &2 will the vector whose coordinates are
square of those of &.

In Section 2, we consider two color models (K = 2). . If the replacement
matrix R is not the identity matrix, then it has two right eigenvectors, 1 and
& corresponding to the principal eigenvalue 1 and the non-principal eigenvalue A
respectively with |A\| < 1. If R is irreducible, the asymptotic properties of C,1 and
C, & are well-known in the literature, see Proposition 2.1.

When the replacement matrix R is reducible but not the identity matrix, then,
after possibly interchanging the names of the colors, R is an upper triangular matrix

r=(5 ') g
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for 0 < s < 1. Here the non-principal eigenvalue is s with the corresponding
eigenvector £ = (1,0)’. The asymptotic behavior of the linear combinations are
given in Proposition 2.2. In this case, C,&/n®* = W, /n® converges almost surely
for all values of s in contrast to the irreducible case. See also Theorems 1.3(v),
1.7, 1.8 and 8.8 of Janson (2006), where the distribution of the limiting random
variable was identified using methods from branching process.

In the multicolor case, when R is irreducible and aperiodic, the weak/strong
laws corresponding to different linear combinations are completely known, see Bai
and Hu (2005), Janson (2004). Gouet (1997) considered (reducible) replacement
matrices which are block diagonal, with all but the last block irreducible. The
last block was taken to be block upper triangular that cannot be converted into a
block diagonal one and each diagonal subblock of the last block was assumed to be
a multiple of some irreducible stochastic matrix. He showed (cf. Theorem 3.1 of
Gouet, 1997) that the proportions of colors converge almost surely to a constant
vector where the non-zero coordinates correspond to all but the last diagonal block
and the last diagonal subblock of the last diagonal block. We call the corresponding
colors as dominant. To avoid trivial situations, we shall always assume positive
contribution to at least one non-dominant color in the initial vector Cj.

We shall consider three and four color urn models with block upper triangular
replacement matrices, which are not block diagonal. The diagonal blocks will be
taken to be irreducible and we shall extend the result obtained in Gouet (1997) by
obtaining the limiting results for linear combinations corresponding to a complete
set of linearly independent vectors.

Specifically, in Section 3, we consider three colors, white, black and green, and
the 3 x 3 replacement matrix

1—s
R = sQ 1-—s
0 0 1

; 2)

where 0 < s < 1, and @ is a 2 x 2 irreducible aperiodic stochastic matrix with
stationary distribution 7g. Here green alone is the dominant color and we assume
that Wy + By > 0. We show in Theorem 3.1(iv) that (W,,, B,)/n® *> woV, where
P(V > 0) =1 and V is non-degenerate. If £ is the eigenvector corresponding to the
non-principal eigenvalue A of @, weak/strong laws for (W,,, B, )€ are also provided
in Theorem 3.1. If A < 1/2, then the weak limit is a variance mixture of normal,
in contrast to the irreducible model, where the weak limit is normal.

In Section 4, we consider another type of reducible replacement matrix with two

dominant colors:
_ (s (1—s)p
r=(5 O57). 3)

where P is a 2 x 2 irreducible stochastic matrix, p is a row probability vector and
0 < s < 1. If the eigenvalues of P are A and 1, then s, A and 1 are eigenvalues of
R. Clearly (1,0,0) is the eigenvector corresponding to s and the behavior of the
corresponding linear combination, W,,, follows directly from Proposition 2.2.

Now consider the eigenvalue A. If R is diagonalizable, then the weak/strong law
of the linear combination given by the eigenvector corresponding to A is summarized
in Theorem 4.1. If R is not diagonalizable, then one of the eigenvalues is repeated,
namely A = s, and the repeated eigenvalue has eigenspace of dimension 1, spanned
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by (1,0,0). Consider the Jordan decomposition of R, RT = T'J, where T is non-
singular and
s 1 0
J=10 s 0
0 0 1
The first and the third columns of T' can be chosen as (1,0,0)" and 1 respectively.
For the linear combination corresponding to the middle column, we get weak/strong
law. The convergence is in almost sure sense, whenever A > 1/2, unlike the irre-
ducible and the diagonalizable reducible cases. For A = 1/2, in the irreducible
and the diagonalizable reducible cases, we have weak convergence only. Also, the
scaling for the irreducible case is /nlog®n and for the diagonalizable reducible
case is y/nlogn, unlike the non-diagonalizable reducible case, where the scaling is
Vnlog®n.
These results are extended to four color (white, black, green and yellow) urns
with the reducible replacement matrix given by

n=(7 7) ®

where each component is a 2 x 2 matrix and furthermore P and @) are irreducible
stochastic matrices, 0 < s < 1. The results are summarized in Propositions 4.2 —
4.4.

Before proceeding with the details, we mention that the proofs are based on
studying the behavior of appropriate martingales with the filtration F,, being the
natural filtration of the sequence {C,}.

(4)

2. TWO COLOR URN MODELS

Define
n—1 A
IL,(\) = 1+ —. 6
w=1I (14525 0
Recall that Euler’s formula for gamma function gives

I, (A) ~ n*/T(A+1), X not a negative integer. (7)

This will be used at several places later.
We first mention the asymptotic behavior in two color irreducible urn models.The
following results are well known. See for example Bai and Hu (2005), Janson (2004).

Proposition 2.1. In a two color urn model with irreducible replacement matriz R,
C,

2 7R 8
n+1_)ﬂ-R (8)

Further, we have,
(i) if A < 1/2, then Co€/v/n = N(0, 2o mr€?).

(ii) if A =1/2, then C,&/\/nlogn = N(0, \27wrt?).
(iii) if A > 1/2, then C,&/I1,,()\) is an L?*-bounded martingale and converges
almost surely, as well as in L?, to a non-degenerate random variable.

Remark 2.1. Since W,, + B, =n + 1, we have from (8),
(an Bn)/(Wn + Bn) = TR (9)
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Remark 2.2. From (8), we see that C,&/(n+1) *3 wr€. However mr€ = mrRE =
AmRrE, and since A # 1, we have wr€ = 0. This explains the appropriate scaling
up of C,&/(n + 1) to obtain the weak laws for the above proportions.

Remark 2.3. Using (7), C,&/n> converges almost surely, as well as in L2, to a
non-degenerate random variable. Thus, the scalings in Proposition 2.1(i) and (iii)
are different. Also, in (iii), the distribution of the limit random variable depends on
the starting value (Wy, By) unlike in (i) and (ii). Furthermore, as in Remark 2.1,
we can conclude that (W,,, B,)¢/(W,, + B,,)* converges almost surely, as well as in
L?, to a non-degenerate random variable.

Remark 2.4. If A = 0, both rows of R equal é’L, where EL is orthogonal to & and
£€11 = 1. Then, clearly C, = Cy + n&* and hence C,& = Cy¢ for all n.

Next, we consider the almost sure limit behavior of the two color urn model with
upper triangular reducible replacement matrix given by (1).

Proposition 2.2. In a two color urn model with upper triangular replacement
matriz given by (1), we have
(i) C,1/(n+1)=1.
(ii) Cn/(n+1)*3 (0,1).
(iii) C.&/,(s) = W,/ (s) is an L%-bounded martingale, where IL,,(s) is
given by (6). Further, W, /n® converges to a non-degenerate, positive ran-
dom variable almost surely, as well as, in L.

Proof. Statement (i) is trivial. Statement (ii) is same as that of (8) in Proposi-
tion 2.1 and a proof can be obtained from Proposition 4.3 of Gouet (1997).
For (iii), observe that the number of white balls evolve as

Wn—i—l = Wn + SXn+1,

where Yy, is the indicator of a white ball in n-th trial. Define the martingale sequence
V= W, /1L, (s), n > 1. We shall show that {V,,} is an L?-bounded martingale and
hence converges almost surely, as well as in L2. Also, the variance of V,, increases to
that of the limit and hence the limit is non-degenerate. The proposition then follows
from (7) The distribution of V', and the fact that it is almost surely positive, have
been established using branching process techniques in Theorem 1.3(v) of Janson
(2006).
Clearly, we have

s %%
Vn - Vn = = 7 n ——— Y
i T, 11(s) (X on+ 1)

and further using V11 = Vi, + (Vh41 — Vi) and the martingale property, there
exists N (non-random), such that for all n > N,
52 W, w2

n+1 (n+1)32

EV2 | Fa = Vi +
oal?l 1 (5)

Sﬁ+%hl7l=ﬁb+ H@} (H@

CESICal R
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The last inequality holds for n > N and follows from the facts that V,, < (14+V,2)/2
and (7). Taking further expectation and adding 1 to both sides, we have, forn > N

I'(s+1)

E|V? 1<|1+ ——
Vgl + [ +(n_|_1)s+1

] (E[VZ,]+1).

Iterating, we get, for n > N,
n
B2+ 1< BV I] |1+

1 I(s+1) ]

(] + ]_)s+1

and since s > 0, we further have, for all n > N,

E[V;7] < (BIVR] + 1) exp(T(s + 1)%3"(3“)) < 0,
0

which shows {V,,} is L?-bounded as required. O

3. ONE DOMINANT COLOR, K =3

Now we are ready to consider the three color urn model with only one dominant
color, say green. We shall denote the row subvector corresponding to the non-
dominant colors (W, B,,) as S,. We collect the results in the following theorem.

Theorem 3.1. Consider a three color urn model with reducible replacement matriz
R given by (2). Suppose the non-principal eigenvalue of Q is A and the correspond-
ing eigenvector is £&. Then the following hold:
(i) C,1/(n+1)=1.

(ii) C,/(n+1)*3(0,0,1).

(iii) S,1/(n+1)* converges almost surely, as well as in L* to a non-degenerate
positive random variable V.
) Su/(n+1)° = mQV.

) If A < 1/2, then S,€/n*/? = N(0, 52555 Vmo€”).

(vi) If A =1/2, then S,&/v/n®logn = N(0, s>A\>Vmo€?).

i) If A\ > 1/2, then S,&/I1,,(s)\) is an L*-bounded martingale and almost
surely, as well as in L%, S,&/n** — U, where U is a non-degenerate
random variable.

The random variable V in (iv), (v) and (vi) is the same limiting random variable
obtained in (ili). The distributions of U and V depend on the initial value Sy.

Remark 3.1. Note that the eigenvalues of R are 1, s and s\ with corresponding
eigenvectors 1, (1,1,0)" and (¢,0)" respectively, yielding the linear combinations
C,1, 5,1 and S,€.

Proof of Theorem 3.1. Statement (i) is immediate. Statement (ii) follows from The-
orem 3.1 and Proposition 4.3 of Gouet (1997).

Note that S,1 = W,, + B,,. From the structure of R, the pair (W,, + B, G})
yields a two color model with reducible replacement matrix

6 ')

Statement (iii) then follows from Proposition 2.2. The distribution of V' has been
identified in Theorem 1.3(v) of Janson (2006).
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Consider the successive times 7, when either a white or a black ball is observed.
Due to the assumed special structure of the matrix R, it is only at these times that
more white or black balls are added and the total number added is the constant s.
Thus S, /S;.1 are the proportions from the evolution of a two color urn model
governed by the irreducible replacement matrix ). Hence by the two color urn
result (9), it converges almost surely to wg. Note that at all other n, 7, < n < 7341,
the vector S,, = S;, and hence the ratio is unchanged. Moreover, from the statement
(iii), we have S,1/n°® ¥ V. Now combining all of the above, the proof of the
statement (iv) is complete.

Statement (vii) follows using exactly same argument for S; &/S; 1 and Re-
mark 2.3.

For (v) and (vi), let x,, be the row vector, which takes values x,, = (1,0), (0,1)
or (0,0) according as white, black or green ball is observed in n-th trial.

We start with the case A < 1/2. Call X,, = S,&/n*/?. We have the evolution
equation for S,& given by

Sp+1€ = S,€ + 5X 1108 = Su€ + Asx, 116 (10)

We now use the decomposition of X, into a conditional expectation and a
martingale difference

Xn+1 = E(Xn+1|~7:n) + {Xn+1 - E(Xn-&-ll}-n)}
Using (10) and the fact that (1 +1/n)7%/2 = (1 — s/2n) + O(1/n?) we then get

S.€ As S5,
ns/? (n+1)/2n+1

—s/2
1 1 1
=X, (1-24+0(=))+rsx, (1+=

2n n2 n n+1

=X, (1 - SG;”) + X,0(n™?). (11)

E(Xpir|Fn) = (141/n)"/% +

On the other hand, the martingale difference is really

S

S,
M1 = Xpp1 — E(Xpq1|Fn) = m (Xn-‘,—l - n—l—l) &, (12)

so that
s(3—A) 5
XnJrl = Xn (1 - TL) + XnO(n_ ) + Mn+1- (13)

Tterating the above equation, we get

Xos :X1ﬁ<1_w)+ixj0(j‘2) f[ (1—3(52./\))

i=j+
n n S(l _ )\)
+> M [] (1 - 2’Z> . (14)
j=1 i=j+1

Since A < 1/2, we have IT,,(—s(1/2 — \)) ~ n=50/2=2 /T(1 — 5(1/2 — \)) — 0, and
hence the first term above converges to 0 for every sample point. The continued
product in the second term is bounded by 1. Since the coordinates of S, /(n + 1)
are bounded by 1, we have that |X,|/n'~%/2 is bounded for every sample point.
Thus the sum of the elements of the second term above is bounded by a multiple
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of Y7757 (1+5/2) " which is finite; and individually each element tends to zero since
each infinite product diverges to zero. Hence the second term of (14) tends to zero
for every sample point.

Now we turn to the third term of (14),

Zny1 = ZMJH H ( A)>. (15)

i1
We verify the conditional Lyapunov condition and compute the conditional variance
as n — 00. The conditional Lyapunov condition demands that for some k > 2,
n n 1 k
K s(z3 =AY as

St I (1-%5) o

j=1 i=j+1
Since each coordinate of x,,,; and S,/(n + 1) is bounded by 1, the martingale
difference defined in (12) is bounded by a constant multiple of (n+1)=%/2. Thus
the above sum is bounded by a constant multiple of Z j7#/2 which tends to

zero, provided we choose k > 2/s.
Now, we compute the conditional variance. An exact computation and the state-

ment (iv) yields, with probability 1
S8 (8.6
n+1 n+1

Then, writing []/_,, (1 - s<%;”) = I, (—s(% = \))/IL;(—s(3 — \)) and using (7),
the sum of the conditional variances satisfy, on a set of probability 1,

(As)?
(n+ 1)°

)’

E(M2+1|-7'—n) = nt1

V7TQ£2.

2

n n 1

9 s(3 —A) (As)?Vmoé€?
ZE(MJ'H“ n) H (1 i ns(1—2X) Z 31 9(1 2X)
i=1 '

i=j+1

which converges almost surely to ()\s)QVTrQE2 /s(1—=2A). Thus, by martingale cen-
tral limit theorem (see Corollary 3.1, Hall and Heyde (1980)), the limiting distri-
bution of Z,,11, and hence X,,;1 is the required variance mixture of normal.

Since the analysis for the statement (vi) is similar, we omit the details and pro-
vide only a brief sketch of the arguments. We start with X,, = S,&/v/n*logn. The
following is the relevant martingale decomposition now. To express the decompo-
sition, the following straightforward approximations are used:

logn logn
log(n+1) logn+1/n+ O(n=2)

(14+1/n)"32=1- % +0(n~?) and

together give

s/2
n logn s 9 1 1
_ e _(1-= 1— B
<n+1> log(n+ 1) ( 2n+0(n )) ( 2n10gn+0(n210gn)>

s 1
=1-—- O(n=2).
2n 2nlogn+ (n™%)

Using A = 1/2 carefully, the conditional expectation becomes

E(Xn+1|fn) = Xn[l - (277‘ logn)_l] + Xno(n_Q)
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and, for the martingale difference, we get,

s S
2y/(n+1)%log(n + 1) <Xn+1 - TH-1> ¢
These together give us the recursion on X,, as

Xnt1 = Xn[l = (2nlogn) ™' + X,0(n7%) + My,

a decomposition similar to (13). The rest of the proof follows as before with ap-
propriate changes. O

Myiy1 = Xpy1 — E(Xn+1|~7:n) =

Remark 3.2. Theorem 3.1 gives the scaling for all the linear combinations except
when A = 0, in which case (v) applies and we obtain S,&/n*/? 2o However, as
discussed in Remark 2.4, @ has both rows same as EL, where EL is orthogonal to
& and normalized so as to have £l1 = 1. Since S, changes only when a white or
black ball appears, we have S,, = Sy + (W, + Bn)gl and hence S,€& = $¢& for all

n.

4. TWO DOMINANT COLORS, p = 3,4

We now consider the three color case with two dominant colors. The replacement
matrix R, given by (3), is
_ (s (I=s)p
= (5 457).

where p is a probability vector and P is a 2 x 2 irreducible stochastic matrix. Thus 1
is always an eigenvalue of P with the corresponding eigenvector 1. We shall denote
the other eigenvalue of P as A with corresponding eigenvector £&. Then s and 1 are
two eigenvalues of R with corresponding eigenvectors (1,0,0)" and 1 respectively.
Observe that C,,(1,0,0)" = W,. The results for this linear combination follows
from two color urn model results, and we summarize them below. We shall denote
the stationary distribution of P by 7 p.

Proposition 4.1. Consider a three color urn model with two dominant colors and
the replacement matriz given by (3). Then
(i) C,1/(n+1) =1.
(11) Cn/n a8 (O, 7TP).
(iii) W, /n® — V almost surely, as well as, in L.
In (iii), if we start with the initial vector Cy = (Wy, By, Gp), then V' has the same

distribution as the limit random variable in Theorem 3.1(vil) with the initial vector
(Wo, By + Go) .

Proof. Statement (i) is trivial. The proof of (ii) is given in Theorem 3.1 or Propo-
sition 4.3 of Gouet (1997). For the remaining parts, consider the two color urn
model (W,,, B, + G,,) obtained by collapsing the last two colors. This will have the
replacement matrix same as in (1) and the results will follow from Proposition 2.2.

O

However, the one remaining linear combination is more subtle. The choice of the
linear combination depends on whether R is similar to a diagonal matrix, or equiv-
alently, has a complete set of eigenvector. Suppose A # s. Then R is diagonalizable
and (c,&’)" is an eigenvector of R corresponding to A, with ¢ = (1 —s)p&/(A—s). If
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A = s, then R is diagonalizable if and only if p€ = 0. In that case (0,&’)’ is another
eigenvector of R corresponding to s independent of (1,0,0). Also note that, in
that case p is orthogonal to £ and since p is a probability vector, we have p = wp.
In the diagonalizable case, we denote this remaining vector by vy and consider the
corresponding linear combination. The following theorem summarizes the results.

Theorem 4.1. Consider a three color urn model with replacement matrix R given
by (5), where R is diagonalizable. Then the following weak/strong laws hold:

(i) If A < 1/2, then Cova//i = N(0, 2xwpe?).
(i) If A = 1/2, then Cyvy/v/nlogn = N(0, 27w p€?).
(iii) If A > 1/2, then C,v3/11,(\) is an L%-bounded martingale and Cypva/n*
converges almost surely to a non-degenerate random variable.

Proof. The proofs of (i) and (ii) are similar to those of (v) and (vi) of Theorem 3.1.
So we omit them.

Define x,, as the row vector which takes values (1,0,0), (0,1,0) and (0,0,1)
according as white, black or green ball appears in n-th trial. Also define Z,, =
C,v2/I1,,(N). It is simple to check that {Z,,} is a martingale. Note that,

A C,
Zpit — Ty = ———— — ") vy,
i 1 () (X”“ n+ 1) 2
which gives us
A2 (G (Cuy
E((Zns1 — Zn)?|Fp] = n2_ (=2
[(Zna )17l 2., (\) |n+1 <n+1>

Also, C,,/(n+1) is bounded by 1 for each coordinate. Hence, the above conditional
expectation is bounded by a constant multiple of n=2*. So, we get E[Z2,,] =
S A{E(Zit1 — Z;)?} is bounded by a constant multiple of Y% i~2*, which is
finite, as A > 1/2. Thus, {Z,} is L>-bounded. The rest of the statement (iii)
follows from (7). O

If R is not diagonalizable, then a complete set of eigenvectors is not available
and so one of the eigenvalues must be repeated, which gives s = XA and p # wp. So
we consider the Jordan decomposition RT' = T'J, where J is given by (4). We can
choose the first and the third column of T" as ¢; = (1,0,0)’ and t3 = 1. Also the
subvector of lower two coordinates of t5 is an eigenvector of P corresponding to s.
We shall denote it by £ as well. The behavior of C,,ts is substantially different from
the irreducible case given in Theorem 3.15 of Janson (2004) or the diagonalizable
case in Theorem 4.1 above.

Theorem 4.2. Consider a three color urn model with replacement matrix R given
by (5), where R is not diagonalizable. Then, we have

(i) If s < 1/2, then Cyta//n = N(0, 1557 p€?).
(ii) If s > 1/2, then C,ta/n®logn converges to V almost surely, as well as, in
L2, where V is the almost sure limit random variable obtained in Proposi-
tion 4.1(iii).
Proof. We first consider the case when s < 1/2. Call X,, = C,t2/+/n. Define the

row vector x,, as in the proof of Theorem 4.1. We shall split X,,11 into conditional
expectation and martingale difference parts as in the proof of Theorem 3.1(v). From
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Jordan decomposition of R and the form (4) of J, the evolution equation for C,, is
given by
Coiita = Cuta + sx, 1 1t2 + Xpaatr-

Hence the conditional expectation becomes

C,t 1
E(Xn+1|~7:n) = 2 <1 + ° ) + ( Chty

Vn+1 n+1 n+1)3/2
1_s 1
=X, (12 X,0(n™%) + ————=W,,
( n+1>+ (n )+(n+1)3/2

since C,t; = W,,. Using the notation st = t; + sto, the martingale difference term
becomes

s C,
Mo = Ko = BOwl#) = 2 (=157 )

Putting together, we get a recursion on X, as

1

W,
Xn+1 =X, (1 -2

— s B
) + XnO(n 2) —+ m -+ Mn+1,

n

and iterating we get,

Xoi1 = X1H< >+ZXO ) f[ (1—5;S>

+Z ]+1) _Jﬁl( )+ZM]H Il (

i=j+1

=),

which is similar to the decomposition (14), except for the additional third term. Fur-
ther analysis is similar to that done for Theorem 3.1(v), except for the contribution
of the third term, which we now show to be negligible with probability 1. By Propo-

sition 4.1(iii), and writing [}, (1 - 1/255) = T, (—(1/2 — ))/TL;(—(1/2 — 5)),
and using (7), the third term is of the order of

1 - V 1 Viogn
nl/2—s ; j3/2=s j=(1/2-9) ~o—s 0

almost surely, since s < 1/2.
Using Proposition 4.1(ii) and the fact wp€ = 0, the conditional variance term is

Cut> [ Cut \?
n+1 n+1
which gives the required variance for the limiting normal distribution.

Now we consider the other situation, where s > 1/2. Using the form (4) of J in
Jordan decomposition of R, we again have Rty = t; + sty = st. Thus

Criita = Cota + X1 Bta = Cota + X, 41 8,

N\o.

s2

n+1

s2

n+1

E(My 1| Fn) = wp€’,

which implies

C,
E[C11t2| F] = Cita (1 + +1> + o 1t1’
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This gives us the martingale

X, z_: ! Ctl). (16)

:0 ] 1(

The martingale difference is then given by X,, 11 —X,, = s (xn+1 - nc—fl) t/T,11(8),

C,t? Cut \°
n+1 (n + 1)
and using the fact that each coordinate of C,,/(n + 1) is bounded by 1 and Euler’s
formula for gamma function, the conditional second moment above is bounded by
a constant multiple of n~2¢. Taking expectation and adding, we get E[X2 ] is
bounded by a constant multiple of Y i~2¢. This implies, {X,} is L*bounded
if s > 1/2 and, {X,/vIogn} is L?-bounded if s = 1/2. Thus, for s > 1/2,
X,,/logn — 0 almost surely, as well as, in L2, For s = 1/2, X,,/logn — 0 in L2

We now show the convergence is almost sure also, when s = 1/2. For this,
consider the random variables Z,, = X,,/logn and get

Xp1 =Xy X, [ logn
log(n+1) logn log(n+1)

which yields

s2

E[(Xn+1 ) |‘7:] H2+1( ) (17)

ZnJrl —Zn =

(18)

Since [1— loé‘gif_l)]/\/logn ~ 1/nlog®?n and X,, /v/logn is L2-bounded (and hence
L'-bounded), we have E [Zk:Q

over n and hence

log k
\/log \/log { log( k+1

" log k
ZonﬂoT [1—10g(k+1>]

converges absolutely almost surely. On the other hand, the first term of (18) is a
martingale difference and using (17) for s = 1/2, the conditional variance E[(X,4+1—
X,)?/log?(n +1)|F,} is bounded by a constant multiple of [(n 4 1) log?(n +1)] !
which is summable. Hence, the martingale {> ) _, (Xp4+1 — Xx)/log(k + 1)} is L2-
bounded and thus converges almost surely. Combining the above two observations
we get that Z, = X,,/logn converges almost surely.

Thus X,,/logn converges to 0 almost surely and in L2, for all s > 1/2. Hence,
from (16), we have

)}} is bounded uniformly

n—1
Xn _ Gita 1 Z . 1 City (19)
logn  lognlIl,(s) logn =it 11I,44(s)
converges to 0 almost surely, as well as, in L. But using (7) and Proposition 4.1(iii),
we know that C,,t;/11,,(s) ~ I'(s + 1)W,,/n® — I'(s + 1)V almost surely, as well as
in L2. Hence the second term in (19) converges to I'(s + 1)V almost surely, as well
as, in L2. Thus,

Cito 1 Cito

nslogn T(s+1)IL,(s)logn

converges to V almost surely, as well as in LZ. O
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Remark 4.1. As in the case of one dominant color, we have the correct scaling for all
the linear combinations except when A = 0 # s. In that case, Theorem 4.1(i) gives

C,vs/y/n L£.0. Then vy = (c,&"), where c = —(1 — s)p&/s and £ is an eigenvector
of P corresponding to 0. Also, as mentioned in Remark 2.4, P has both rows same
as &1, where &1 is orthogonal to & and is normalized to €11 = 1. Observe that
the last two coordinates of Rv, are £€-€ = 0. Further, the first coordinate of Rv
is sc+ (1 — s)p€ = A1 — s)p€/(A—s) =0, since A = 0. Thus C,vs = Cyv, for all

n.

The three color urn model with two dominant colors can be easily extended
to certain four color models. We consider the reducible replacement matrix given

in (5),
(4 )

where P and @) are 2 x 2 irreducible stochastic matrices, 0 < s < 1. The eigenvalues
of @ are A and 1, with |A| < 1. The eigenvalues of P are § and 1, with |3| < 1. Then
sA, s, 0 and 1 are all eigenvalues of R. If £ is an eigenvector of ) corresponding to
A, then v, = (¢,0'), vy = (1/,0') and vy = 1 are eigenvectors of R corresponding
to s\, s and 1 respectively.

If R is diagonalizable, then there is another eigenvector vs corresponding to 3.
If R is not diagonalizable, then one of its eigenvalues must repeat, namely § must
equal s or s\ and we denote the other by a. In this case, we consider Jordan
decomposition RT = TJ, where T is nonsingular. The fourth column ¢, of T
can be chosen as v,. The first two columns t; and ¢ty of T can be chosen as the
eigenvectors of R corresponding to o and 3. However, the third column ¢3 of T" will
not be an eigenvector of R, yet the two-dimensional vector v formed by the lower
half of t3 will be an eigenvector of P corresponding to 8. So we shall only study
C, t3 separately in non-diagonalizable case.

The following three Propositions are suitable extensions of the three color results
of this section. The proofs are suitable modifications as well.

Proposition 4.2. Consider a four color urn model with the replacement matrix
given by (5). Then
(i) C, 1/(n—|— 1)=1.
(ii) C,/n*% (0, 0 Trp)
(iii) (W, Bn)/n® %5 oV,
(iv) Cyve/n® — V almost surely, as well as m L2,
(v) If X < 1/2, then C,v,/n*/? = N(0, S(l 2)\ Vroé?).
(vi) If \ = 1/2, then Cyv,/v/nslogn = N(0, s2X2Vmge?).
(vii) If X > 1/2, then C,v1/n** — U almost surely as well as in L?.
If we start with initial vector (Wy, Bg, Go, Yo), then U and V' have the same distribu-
tion as the limit random variable in Theorem 3.1(iii) and the positive random vari-
able in Theorem 3.1(vil) respectively starting with initial vector (Wy, By, Go + Yp).

Next we consider the linear combination C,v3 in the diagonalizable case.

Proposition 4.3. In the four color urn model with replacement matrix R given
by (5), assume that all the eigenvalues of R are distinct. Then the following
weak/strong laws hold for C,vs:



MULTICOLOR URN MODELS 13

(i) If B < 1/2, then Cyvs/v/n = N(0, {2ozmpr?).
(i) If B =1/2, then C,vsz//nlogn = N(0, B*mpr?).
(iii) If B8 > 1/2, then C,v3/11,(B) is an L?-bounded martingale and Cyts/n”
converges almost surely to a non-degenerate random variable.

Finally, we consider the case when the replacement matrix R is not diagonal-
izable. The evolution of the linear combination Cy,t3 depends on the eigenvector
corresponding to the eigenvalue 8 of sQ. When 8 < 1/2, the effect of the con-
tribution of the linear combination of this eigenvector is negligible. However, for
B > 1/2, this provides the main contribution and the almost sure limit random
variable depends on whether 8 equals s or sA. To denote the limit random variable
in a unified way, we define the random variable

(20)

Wo— U, when 3 = s\,
V, when 3 = s,

where U and V are the random variables defined in Proposition 4.2. Suppose
B > 1/2. If B = s, then t3 = vy. Also s < 1 implies A\ > 1/2. Hence by
Proposition 4.2(vi), Cpta/(n +1)? = Cyv1/(n +1)** — U = W almost surely, as
well as in L2. If 3 = s, then t; = vy and, by Proposition 4.2(iii), Cpt2/(n +1)% =
C,v2/(n+1)° — V =W almost surely, as well as in L?. So, for non-diagonalizable
R and 8 > 1/2, we conclude Cyta/(n + 1)% — W almost surely, as well as in L.

Proposition 4.4. Consider the four color urn model with replacement matriz R
given by (5), where R is not diagonalizable. Then, we have

(i) If B < 1/2, then Cuts/\/n = N(0, 2gzmpr?).
(i) If B > 1/2, then C,tz/nPlogn converges to W almost surely, as well as
in L?, where W is as defined in (20).
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