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Abstract

Convergence rates for banded and tapered estimates of large dimensional co-
variance matrices is known when the vector observations are independent and
identically distributed. We investigate the case where the independence does not
hold. Our models can accommodate suitable patterned cross covariance matri-
ces. These estimators remain consistent in operator norm with appropriate rates
of convergence under suitable class of models.
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1 Introduction

New technologies and methods in medical sciences, image processing and the internet, and
many other fields of science generate data where the dimension is high and the sample size
is small relative to the dimension. For example, microarray data [Dudoit et al., [2002]] contains
gene expression for tens of thousands of genes (rows) on a few observations (columns). Another
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example is fMRI data, which measures the hemodynamic response in hundreds of thousands of
voxels (rows) for only a few subjects or replicates (columns). Similarly, the Netflix movie rating
data [Bennett and Lanning, 2007 contains the rating information for approximately 480,000
customers (columns) on 18,000 movies (rows). Let X, denote the corresponding data matrix:

X111 X12 X133 ... Xln
X21 X222 X23 ... Xop
prn =| X31 X32 X33 ... X3p
Xpl Xp2 Xp3 ... Xpp

where the dimension p = p(n) is assumed to be increasing with the sample size n. This type of
data matrix has been modeled by identical Gaussian distribution of the columns

Cip = (X1 Xir -2 Xpi) ~ N(w.Zp) Vi=1,2,....n,

with mean vector 4 € R” and variance-covariance matrix X, = ((07;))pxp. The estimation of
the large covariance matrix X, is crucial for statistical inference procedures.

Usually one assumes further that the columns are independent/exchangeable. Thus, genes
in microarrays, pixels in images, voxels in fMRIs and movies in Netflix movie-rating data are
considered as dependent features whereas respectively the samples, repeated images, images
with respect to different subjects or replications and customers are modeled to be independent.

However, this assumption has been questioned. Many have suggested that, in microarrays,
the arrays are not independent (e.g., [Owen, 2005, [Efron, 2009], [Klebanov and Yakovlev,
2007]], [Leek and Storey, |2008[]). Latent variables such as age, gender, family history, un-
derlying health status, measurement process, laboratory conditions may be responsible for the
dependency between two patients. For the Netflix movie-rating data, a particular type of movies
are likely to have similar ratings from customers having similar tastes. The latent variable time
may be responsible for the dependency between two replications in fMRI data sets. Specific
examples of this lack of independence can be found in [Allen and Tibshirani, 2010].

Hence, there is need for models which allow for dependence between columns. [Efron,
2009] proposed the matrix-variate normal as a model for microarrays. Mean-restricted matrix-
variate normal was considered by [Allen and Tibshirani, 2010[]. This distribution, denoted by
Xpxn ~ Npa(v, 11, 2, A), has separate mean and covariance parameters for the rows, v € R,
2, = ((0j))pxp» and the columns, u € R", A = ((6;j))nxn. If the matrix is transformed into a
vector of length np, we have that vec(X) ~ N(vec(M), Q), where M = ((vi+u;)) pxn, Q = AQZ),
and ® is the Kronecker product between two matrices. In this model the correlation between
columns is controlled without considering the effect of the components (rows); that is,

corr(Xii, Xij) O
corr(Xpi, xmj) VOoron

We will assume that C;, ~ N,(0,Z,) Vi = 1,2,...,n are identically distributed and the distri-
bution is Gaussian with zero mean. However, we will allow dependence of appropriate nature
between the columns. We call this dependence the cross covariance strucuture. In this paper
we work under three different restrictions on cross covariance structures. In one case, the re-
striction is on the growth of the powers of the trace of certain matrices derived from the cross

Vi,j=1,2,...p and m=1,2,...,n.
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covariance structure. In the second case, the dependence among any two columns weakens as
the lag between them increases and in the third case we assume weak dependence among the
last few columns. See Section 2 for details.

The existing methods to estimate X, (under column independence) involves banding or
tapering of the sample variance-covariance matrix. [Bickel and Levina, 2008a] proved that
suitably banded and tapered estimators are both consistent in the operator norm for the sample
variance-covariance matrix as long as n~! log p — 0 uniformly over some fairly natural well-
conditioned families of covariance matrices. They also obtained some explicit rates.

In the first case, we show that the convergence rate of the banded estimator is the same
as in the i.i.d. case of [Bickel and Levina, 2008a]] (see Theorem of Section 3). We also
provide some sufficient conditions that imply the trace condition. The other two cases do not
fall under the purview of Theorem[3.1] Under appropriate conditions we obtain explicit rates of
convergence for the banded estimators (see Theorems and [3.3). In particular, for all three
cases the estimators continue to remain consistent in operator norm.

Banded estimators are not necessarily positive definite. So we consider tapered estimators
that preserve the positive definiteness of the sample variance covariance matrix. We obtain the
rates of convergence of the tapered estimator for all three cases (see Theorems and[3.6).
In particular the tapered estimator continues to remain consistent in operator norm under these
dependent situations.

2 The model, assumptions and examples

We assume that the column variables C;, = (x1;, X2;, ..., xp;)’, 1 < i < n are jointly normal
and marginally they are identically distributed with mean zero and Var(C;,) = X,,. The problem
is to estimate X, as n and p both tend to co. In particular, the dimension p may be much larger
than the sample size n. The set of all well-conditioned covariance matrices is defined as

W(€) = (Zaoxeo 1 0 < € < Amin(Zp) < Amax(Zp) < € < oo}

where
X, = p - thorder principal minor of eoxco,
Amax(Zp) = largest eigenvalue of X,
Amin(Zp) = smallest eigenvalue of X,

and e is independent of p. [Bickel and Levinal 2008a] assumed that the columns are indepen-
dent and X% belongs to a an appropriate subclass of W(e). Without such an assumption
consistency cannot be achieved. We consider a slightly modified subclass:

Ue, a,C) = {ZOOXOO = ((0ij) € W(e) NV : max Z loijl < Ck™, Yk > 0}

itli—jl>k

where V = {wam = (o)) : 0 # 0 Vi, j}, i.e., we impose the condition that the entries of
Yooxoo are non-zero on the class of covariance matrices that [Bickel and Levinal [2008al] consid-
ered.



We now come to the dependence structure of the columns. Let

Cov(Cip,Cjp) = ANjj*xX, Yi#j, 1<i,j<n,
Aji A;jw;tj,lsi,jsﬂ

where each A;; is a p X p matrix and * is Schur multiplication (component wise multiplication)
of two matrices. If we transform the data matrix into a vector of length np, we have

vec(Xpxn) = (C1,, Cap -5 Crp) ~ N(0, Ap),

1p°
where
Zp A12 *Zp A13 *Ep Aln *Zp
A’12 * X, 2, Az Xy ... AgyxZp
Anp = A’13 *X, A’23 *X, 2, coo A3y X,
A’ln *X, A’2n *X, Agn *X, ... 2z

The condition X, € V, assures that one can recover {A;;} from the matrices A,, and X,. Note
that the covariance matrix of a finite order moving average process does not belong to this class.
However, the covariance matrices of all ARMA processes with a non-trivial autoregressive
component are in this class.

Example 2.1. Suppose
Cip = ApC(i—l)p + Zip’ Vi=0,%£1,%£2,...

where Z;,,’s are each p-component vector and i.i.d. with mean zero and Var(Z;,) = ip. Also, A,
is a symmetric square matrix of order p such that ||A,[l < 1 and A pflp = flpA p for all p. Here,
IM|l> = VAmax(M’M). From the properties of linear operators [Bhatia, 2009], if ||A|l» < 1, then
(I - A)isinvertible and (/ —A)™' =(I+A+A*+..).Let, £, = (I - A2)"'E,. Hence,

Anp = Var (vec(Xpwn)) = ((Z,A571(G # j) + 2,0 = ))))

I<i,j<n '

As we have mentioned earlier, if X, € YV then one can express A, as

Anp = ((Zp # Aijl (G # j) + Zp # Jpl(i = j)))lg’jgn.
where J, is a p X p matrix with all entries equal to one. It is relevant to address the issue of
estimation of ip and A,. This will be addressed elsewhere.

Example 2.2. Suppose, {Z;,, i = 0,+1,+2,...} is a sequence of p-component random vector
such that E(Z;,) = 0, Vi and Cov(Z;y,Z;p) = Aj-j Vi, j. Also, let Y, be a mean zero p-
component random vector such Var(Y,) = X, and independent of Z;,’s. We define another
sequence of p-component mean zero random vector as

Cip=Y,%Zy, i=0,1,2,...n.

Clearly, we have A,, = Var (vec(XpX,,)) = ((ZP * Ajie j|))

1<i,j<n*



In the above examples, the correlation among the columns has the Toeplitz structure, A;; =
ANji—j, Y1 <i,j<n.

_ i+jy,. . On—177s _ =+
Example 2.3. Let A,, = ((B,/1( # j)+ (I - B2)™'1(i = ])))lsi,an
p X p matrix and ||B,ll> < 1 for all p. Then A,,, is always positive semi-definite since

where B), is a symmetric

(9

Auwp = (B, B2 ... BY) (B, B% ... Bg)+Diag(1,,+ZB§,"—Bf,", k= 1,2,...,n)

i=1

where Diag(A;, i = 1,2,...,n) denotes the block-diagonal matrix with i-th diagonal block as
A; and 1), is the identity matrix of order p.

Cross covariance structures. We can separate out the covariance structure from A,,, and define

Jp AN Az ... Ay
A’l2 Jp Ayz ... Ay,
Vo= | Ay A Sy A
NN, Ny

Broadly speaking, weak dependence between columns can be modelled by assuming that
A,;jis “small” when say both indices i and j are large or when |i — j| is large. In particular, for
fMRI data, since time is one of the latent variables, which is responsible for the dependence, one
may consider the Toeplitz (stationary) structure A;; = Aj;_; for a suitable sequence of matrices
{A;} and if A; = A/, then it yields the autoregressive structure of Example

We shall need the following classes of weakly dependent cross covariance structures.

Let, {a,};, be a sequence of non-negative integers such that nla, < 1,¥n > 1. Weak
dependence between i-th and j-th columns when |i — j| is large is modelled as follows:

Auan) = {Vup = (Ai3) - S (@) i= max [[Aclle = O (w72
Aann21) = (Voo = (M) : Vap € Anlan)}.

Weak dependence among the columns when i and j are large can be modelled as follows:

Ly(ay)

{Vnp 28 (ap) = szllhilnél ||Aa,,+k,an+k+m”oo =0 (n—Zan)} s
Liap,n>1) = {Vooxoo :Vap € Ln(an)} .
Finally, weak dependence among columns when (i + j) is large can be modelled by:
_ _ N2 . .. . _ )
Hu(an) = {Vnp = ((Al+jl (G # )+ Aol = .]))) : Iginx Ao = O(n an) }a
Hann21) = (Veoeo = (Al (0 # j) + Aol (i = ) : Vup € Holan)}.

Clearly, H (a,,n=>1)cC L ([2‘161,,] +2,n> 1), where [x] is the largest integer contained in x.
So, all bounds for the latter will automatically hold for the former.



3 Results

The sample covariance matrix ﬁp =npn! Z;’:l Ci,C;)’ is the optimal estimator when p is fixed.
However, if p — oo, ip can behave badly unless it is regularized. There is a growing literature
(for example, see [Bickel and Levina, 2008al], [Bickel and Levina, 2008b], [Cai1 et al., [2010],
[Rothman et al., 2008]]) on regularization. Here, we discuss two methods of regularization
namely banding and tapering following [Bickel and Levina, |2008a].

We will first provide a trace condition under which the banded estimator has the same con-
vergence rate as we have in the case of i.i.d. column variables (see Theorem [3.1). Then we
derive the appropriate convergence rate when the cross covariance structures are in the classes
described in the previous section (see Theorems[3.2]and[3.3). Then we will consider regulariza-
tion by tapering to preserve the positive definiteness and derive appropriate convergence rates
for tapered estimators (see Theorems [3.4] [3.5and [3.6).

Banding. For any square matrix M = ((mm;;)) of order p and for any 0 < k < p, we define

Bi(M) = ((mij1 i = jl < b))

By (M) is called the k-banded version of M, and k is called the banding parameter.
. ; .
Let, pjx = 0 j(0jjok) "2 and l"ik and T’* be two (n x n) matrices defined by

. A g GIE(A g GRI+A g (e )i+ A (E)
I p.q) = 2(12p0) ’
1, P=q

P#q

1 < j,k < p. Then we obtain the same rate as in i.i.d. sample derived by [Bickel and Levina,
2008a].

Theorem 3.1. Let X5, ~ N, (0, Ay)p) for all n and Zooxeo € U (€, a, C). If for some M > 0,

supn~'Tr ((rfi"‘)’) <M 3.1)
n,j,k

then for k, < (n~'log p)z(;ii”, we have ||By, (£,) = Z,lla = Op[(n~'log p)Tem].

Remark 3.1. Suppose, {x} is a sequence of real numbers such that x; = x_y for all k and
Ty = ((xi-<ijen If AGjlloo < x_; Yi# j, 1 <0, j < n, then

Tr((M2)) < Tr((T)") Vi<jk<p r=1.2....
So, in this case we can explore if there exists a constant M > 0 exist such that
supn” ' Tr((T,)") < M", Vr>1. (3.2)
n
Using Lemma .1} one can show that if Y, |xx| < oo, then (3.2)) holds.
Now consider a function f : [0,2n] — R which is non-negative, symmetric (about ) and

square integrable but is unbounded. Let {f} be the Fourier coefficients of f. Then they are all
real and fi = f-x for all k. Let xx = |fil- Let T, = ((Xi-)1<i,j<n and T g = ((fie )1<i,j<n- Then

n ' Tr((Tra) ) < n7 ' Te((T)) V.
Now suppose holds for T,. Then it also holds for Ts,. Hence by Lemma f is almost

everywhere bounded, which is a contradiction. So (3.2) cannot hold for this choice of {xi).
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Remark 3.2. Let, A, =0, Vi - jl > k. Then (3.1)) will hold if
k
Z( sup ||A,-j||oo) < oo,
i ji=t
Vi, jand A, = 0 Yr >k, Then (3.1) will hold if
Al < 00, V1 <r <k

As a special case if A;; = A

li=Jjl

Now, if Veoxeo € L (ay, n > 1) or A(ay,, n > 1), then we cannot say whether (3.1) will hold
or not. In these classes, we do not have any control over A;; for min(i, j) < a, or |i — j| < a,
respectively and moreover a,, — co. As the following theorems show, we have a slower rate of
convergence for the two classes.

Theorem 3.2. Suppose Xpxn ~ Nup(0, 2pp). If Dcoxeo € U(€, @, ¢) and Veoxeo € LIy, n 2 1)
for some non-decreasing sequence {l,},>1 of non-negative integers such that n~'1,1og p — 0 as

T Tta

n — oo and liminf n™'2log p > 0. Then with ky < (n"'lylog p) ™,

1B, () = Zplla = Op (0"l log p)#+T).

Remark 3.3. Theorem will not be applicable in case the sequence {l,,} is bounded above.
This is because if n~'l,logp — 0 then n~'logp — 0 and hence n~'I>log p — 0 .However;
when {l,} is bounded by K, C(k+1)p, Cik+2)p» - .. will be i.i.d. sample and we can construct the
estimator on the basis of this i.i.d. sample.

Theorem 3.3. Suppose X,xn, Vec(Xpxn) ~ Nup(0, App). If Ycoxco € U(€, @, C) and Veoxoo €
Alan,n = 1) for some non-decreasing sequence {a,},>1 of non-negative integers such that

L
an m — 0anda,’ \/@ — oo as n — oo. Then with k, < (ann‘% \/@) =8
13155) =2l = (o e )}

Remark 3.4. If the sequence {a,} is bounded above, then the rate of convergence will reduce to
the convergence rate for i.i.d. sample as mentioned in Theorem[3.1].

Tapering. Positive definiteness is a desirable property for estimators of any variance-covariance
matrix and the banded version of fl,, may not be a positive definite matrix [Bickel and Levina,
2008a]]. As the Schur product of two positive definite matrices is always positive definite, one
can consider the Schur product of flp with an appropriate positive definite matrix to preserve
the positive definiteness This leads to the idea of tapering.

Let, g : R* U {0} — R* U {0} be a continuous, non-increasing function such that g(0) = 1,
fooo g(x) < oo and 1 - g(x) = O(x?) for some v > 1 in some neighborhood of zero.

Now, we define

An = {1’2’37---,17(”)}, Vn > 1,
o (i, ) = g(|l_]|) ¥ 1<i,j<p and for some o, > 0,
On
Rn = ((ra'n(i, j)))i,jEA,l , Yn > 1,

R;(A) = AxR,, VYn>1 andfor any matrix A.

Also, g is such that R, is positive definite. One such choice is g(x) = e~
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+1]

SN
Theorem 3.4. Under the conditions of Theorem if oy =< (n_l log p) el then

__ye
||Ra'n(2p) - 217”2 = OP[(n_llog p)Z(Ha)(l-W):I'
i j -1 — gty [ e +1]
Theorem 3.5. Under the conditions of Theorem if o, =< (n I, log p) amlnetl]
_ya
”RO',,(ZI)) - Zpllz = OP[(lnn_llog p)(l+n)(1+y)]‘

L [-2X 41
Theorem 3.6. Under the conditions of Theorem if oy < (ann_l/ 2 log p) el ] then

Remark 3.5. Note that the rate of convergence of these estimators is weaker than that of banded
estimators. As y — oo, the function g tends to 1 faster as x — 0 and the rates tend to the rates
of the banded estimators.

Remark 3.6. All the rate results hold if {A;;} depend on n.

4 Proofs

We first define some matrix norms and inequalities. For any matrix M = ((m;;))pxp

M1,y = sup{lIMx|l; : lIxll; = 1} = max § Imijl,
55
IMllc0,000 = sup{liMxlles : [IXllc = 1} = max § Imijl,
S
Mllw =

max |m;|
Sl

where || ||; and || || are usual norms in /; and [, respectively, i.e., |[x|li = Zle |x;| and
llx[l0 = max;|x;|. The following inequalities hold between the above norms (see [Golub and
Van Loan, [1996], pp. 83 and 84):

1 .
IMIl> < [IIMIl,0)lIM]l(co,00)]> = [IM]l1,1) (for symmetric M), “4.1)

IMll2 < pliM|lo. (4.2)

4.1 Lemmas
The next two Lemmas were needed in Remark [3.1]in Section 3.

Lemma 4.1. Suppose {xi} is a sequence of real numbers such that x; = x_y for all k, T, =
((Xi-M1<i,j<n for all n and 37 _ . |xi| < oo. Then

Sl;llpl’l_l Tr(T)") < ( Z kal)m, m=0,1...

k=—0c0



Proof. For all n and m, we have

n—1
(T, = [ > xi—.nle—jz---xjm_l—iJ
is,jls“"jﬂ’t*l:o
n—1
< n Z Xiey Xkey +  « Xbopy X 5=
key Xy k-1 (—ijll k;j)
k1,k2,eeskin-1=—(n—1)
) m
< n[z |xk|] .
k=—00
This completes the proof. O

Suppose, g : [0,27] — R is a square integrable function. Then the Fourier coefficients of g
are defined as

271
g(k) = 2m)~! f g(x)e ®dx, k=0,+1,...
0
If g is symmetric (about ), then g(k) = g(—k) Vk. Let T, be the Toeplitz matrix defined by
Ten=08G— j)))lgi’jgn .

Lemma 4.2. Suppose g is non-negative symmetric and square integrable and there exists M > 0
such that,
supn”! Tr(Ty,) < MY, k=1,2,... (4.3)
n

Then g is almost everywhere bounded.

Proof. The proof is an application of Szeg6’s theorem [Grenander and Szegd, [1984]]. Let X, be
a random variable such that

PX,=A,)=n"", i=1,...,n

where {11, ..., A,,} are all the eigenvalues of T, ,. By Szego’s theorem X, g g(U) where U
is a random variable distributed uniformly on [0, 27]. Now from inequality (4.3)) for all n,

EXk—n‘IZ/lk =n'Tr(Tf,) < MA k=1, (4.4)

Now, observe that

n

1 27 ) ) 1 2 n )
X' Typx = Z XX [) e k=¥ o(x)dx = o L g(x)| Z xre ®Pdx > 0.
k=1

kj=1

So, Ty, is non-negative definite, that is, X, is non-negative. Thus (4.4) implies that Xk} is
unlformly integrable for all k = 1,2,.... As a consequence

EX* - E(g(U)), k=1,2...

and using @4), E(g(U))* < M*,k = 1,.... From this it is immediate that g is almost every-
where bounded. O



The following Lemma is needed in the proof of Theorem(3.1]
Lemma 4.3. Suppose A is k X k positive definite matrix and I is the identity matrix. Then
f ¢ 2 A2y gy — (D)5 (det(A — 2itD)) "2, £ € R.
Rk
Proof. Let A > 0 be the minimum eigenvalue of A. Define f and g as

27)% [det(A — 2ZD)]72, Re z < A,
foo eV A2V gy Re 7 < A

8(2)
f(@

Note that both g and f are well defined. It is easy to check by direct integration that if Z = x €
(=00, ), then f(x) = g(x). It is also easy to check that both f and g are analytic functions on
{z: Re z < A}. Since they agree on {z : z = x € (—o0, 1)}, they must be identical functions.
Hence f(it) = g(it), t € R and the proof is complete. m|

The following Lemma is used in the proofs of Theorems[3.2]and[3.3]

Lemma 4.4. (See [Bhatia, [2009]) Let H be a Hilbert space and B(H) be the set of all

bounded liner operators on H. Let A, B € B(H). If A is invertible and ||A — B||» < m,
e A~ I2IA=Bll>
then [|B~" =A™l < =ty a—gy, -

The next Lemma is needed to prove Theorems [3.1]—

Lemma 4.5. [Saulis and Statulevicius, |1991)] Suppose E¢ = 0, there existy > 0, H > 0

— I )
and A > 0 such that [I'y(&)| < (%’) w %, k=2,3,4,..., where [[(£)| = |j—;(log E(€"))|,=.

_Zy+l
—ﬁ(H+xAﬁ) 7
Thenforall x>0, P[+&>x]<e
2

In particular, for € = (x> —n), y=0,H =4nand A = % Hence, P([,\/ﬁ —n| > x) < ¢ T,

4.2 Proof of Theorem 3.2

First note that by @.1)), [1Bx, (&) — Z,lla < 1B, (E,) — Zpllp)-
By triangle inequality, [|B,(X,) — Zplla.1y < 1Bk, (Ep) = Bi, o)ty + 1Br, (Zp) = Zpll.py-

Since Yoo € Ule, . c), we have [|By (Z,) — Spllyy = Op(k;®) = Op ((lnn‘llog p)il)

Also, P[llBkn ) =B, Eplleo = t] < Ylj-ki<k, P[I% S xixie—0 el > z]. We will find a uniform
upper bound for these probabilities. Let,

O jk . .
Zii = , Pjk = ——, lgj,kgp,ISZSn (45)
N NG

x,-j
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Now,

n

1
P[|; injxik - O'jk| > l‘]

i=1

nt
Z ZijZik — npjkl > ——
VO jjO kk

ln

< P12z - ol = _]
; ij<i nPj ) 70w
_ n
nt
+P| z~-z~k—<n—l>p-k|z—]
y i—lzn;rl Ul T 2T
< L,P |ZIJZ1k_P]k| > ]
21, VO'HO'k
_ n
+P|| Zijzik — (= L)pjil = ]
- i:lzn;rl o ! 2T jiTkk
= [,T1 + T (say),
where
Ti = Pl + 2 - 20+ p0) - (@ - 2w - 201 - pall > 2nt
1 = 1+ 21" — it =@ —zi)” =200 —pj}l 2 ———
ln w/O’jjO‘kk
< Pliay+ 2w’ - 200+ ol 2 |
1j + Zik pil = - W
+P|Iz1 — zi)? = 2(1 = p i)l = ]
11y = 20 = 201 = o 2 . WU_W
_ [l(Z1]+Z1k)2 s nt ]
2(1 +PU) -2 +P/k)l '\/a-j_]o—k
+P[|(ZI/_ZII<) s ]
2(1_p]k) 2(1—[)]]()1 VOO kk
Similarly,
- P[| N (i + zi)* 1> ]
< P >
L 2+ pj) T +pjk) \O T kk
(zij — zik)? nt
+P[' 2U1 T ‘/—]
il +1 ( _p]k) (1 - pix) 0 jj0kk
Note that
1 1 oii o okl
(I + D@ jjow)? = (0jjow)? +loj < A57 + 25 + =)
U U !
T2 U LY 2 (S,) < 267!
uvu y£0 Yy
1 Ok > 0
where U = (0,0,..., L, ...,a—~,...,0/ and a={ ~ '’/
( V2 V2 ) {—1, Tk <0

11

|

(4.6)



Now, if we choose t = Mn~'l, log p, then for sufficiently large n and Cy,C> > 0, using the

density of x7,
nt
o

2
LT < Zl,,P[L\gl ~11>

] < 21,Cie~C2Mlogp
n

Let, t = Ml,n""log p — 0, Then for some constant C3 > 0, from Lemma

2 nt _ él 2102
P[I)((n_[n) _ (l’l _ ln)l > 8__:| <e C3t(logp) M )

€
Let
ik Zij t+ Zik ik Zij — Zik . . .
Mo TRy o Sy cicni<jk<p.
V21 + pji) V2(1 = pji)
Now,
- i
(Z/,,+1,_;’ 12 S o Sipazko + o+ Lo Zn,k) NZ(n—/n)(O’ A n)
where,
Rie = Njvrg+1 k. Rjg* A2, - Rjg* Ak
i Rje * A1 g,+2.6 Rjko* Ajgsagv2k oo Rjk % Mg jk
AT = . . . .
R * Npyi1n,jk Rj* Apjronjk - R * Ay ji

Al P = Aln+p,ln+q(ja ]) Al,l+p,ln+q(j> k)
AR Al,,+p,l,,+q(k, J) Al,, +q,l, +q(k’ k)

L pj

< <n- 0=
forall1 < p, g<n-1, and Rj; (ij i

), 1 < j,k < p. Hence,

vk =l Ul URY ~ N, 0T 1< k<p

I,+1° 71, +2°

yikin — (ij %Al

L+1° " [,+2°

VY <N, 0T 1< k<p
where l“f.rkl” and F{kl” both are (n — [,;) order matrix given by

A epinsd GDE i cd R o R D)t a K)

ikl,, 5
T (p, q) = 2(T2050) P#4
1, p=q.

Then

#P 1 (VY (V) = 1= b)) > r—

|(Ujkln)' (F.{kl")_l (Ujkl,,) (=1 > 8:_:

T () -

IA

P

—

+P

12
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(4.9)



+P||(UhY (1 - (ri"l")‘l) (U] 2 %]

+P :| (vikhy (, _ (F{kln)_l)(vjkln)l 5 Sz_fl]

IA

nt
+2P [lx(zn_zn> —(n—1,) > @]

:l(Ujkl,,)’(I_(Fikln)—l)(UjklnN2%]

ep[i (v (1= (2 ) = .

+P

Let, I - (l"fd”)_l = C/¥n (say). Then, for some constant Cy, Cs > 0

) 1 jkl,
p[I(Ujkln)’(Cjkln)(Ujkln)l2 % ] < PrgggW(Ujkl"),(Ujkl")Z%]
- p: \//lmax (CklnY' (Cikin) (Uf’d")' (U) > %
[ . . ’ . t
= PlICH (U (U = 2

IA

ikl 2 4
nP|ICH x>

< nc4e_C5 ucfktfnuz,
Moreover, by @2), [|A#|l, < nl|AK||, < nS’(l,). Since Vexew € L(I, n > 1), we have
lA*n, = o(1) and ||JA/], < 1 for sufficiently large n and for some constant Cg > 0,

|CHn|l, < CgllA*n||, < nCeS’(l,). Hence, putting ¢ = Ml,n""log p, for some constant
C7, Cg > 0,

i ’ ikl \— ; nt —Cy—t— B
Pl (1 = (O 0] 2 | < nCae 5 < nChe @M @10)

Similar bound holds for V¥, From [@.7)) to @.10), for sufficiently large n,

1+ _
P['Z Z;xijxik -l > Mn ', logp]

_ _carh 2 _
21,Cie”C2Mlogp  9,=C3M w (log p) + 2nCqe CsMUogp)

IA

= 20,Cip M 4 2[C3M2%(10gp)2 +2Cnp~ M,
Now, for some constant C > 0,
P|l1Bi,(E,) = Bi,(Ep)lleo = Mn~'Llog p] < C[p3_C2M 4 pPeC i (ozp) | p3_C8M].
IfM>Z v &, then p~@M 4 p3=GsM (. The logarithm of the 2nd term is
2log p — C3M*n~ "2 (log p)> =logp [2 — C3M*n™'2 (log p)] .
Now if liminf 27 'log p > 0 then it is bounded away from zero by S (say).

: 3 3 2
SO,lfM>5VC—8V

.5 » then the 2nd term also tends to zero. This completes the proof. O
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4.3 Proof of Theorem

As before for some constant C > 0 we have

1Bt, ) = Zpl < 1Bk, () = Zpllay + ChallBi, (Ep) — Bi, (Ep)lloos (4.11)

1Bk, (Zp) = Zplliy = Op (k") (4.12)
A 1 <&

P ”Bknzp) - Bkn(zp)Hoo > t] < l.%;k P[|Z zll x,-jx,-k - U_jkl > 1. (413)
J—KISKn =

and we will again find a uniform upper bound for these probabilities. Let,

Arg, = {i€Z"U{0}: (ia, + 1) <n), (4.14)
Cra, cardinality of A,,,, 1 <r <a, (4.15)

and z;j, pji are as in (4.5). Now,

1 1 An ot
P[I— le'jxl'k — ol 2 t] < P[I Z {Zian+r)j2an+rk — L] = —]
n i=1 r=1 iEAr,an a '\/O-]]O'kk
an )
(Z(~an+r) j + Z(‘a,,+r)k) nt
< P[l Z i 2,1 i ~Cralz — ]
=, 0w PRCE IS N
a, 5
(Z(. atr)j — L(ian+ )k) nt
+ P[| Z ia zri ko : ]
r=1 i€Aran (1 =pj) an(l = pji) N jjTkk
Let,
fkra Z(ia,,+r)j + Z(ia,,+r)k Jkra Z(ian"'r)j - Z(ia;ﬁ—l’)k . .
U'] n = . s n = ,IS]’ksp,leAr’an’leran
l 2(1 +pji) ' 20T -pi0)
Ujkrlln - Vec(Uijkran ie Ar,an)a ijra,, — Vec(vijkran e Arﬂn), 1 < ],k <p, l<re o
Now, applying (4.6) we have,

n

1 - ; . nt
_ v JkrapNt crrjkrany _
P[ln ;xuxzk o-jkl e t] < ;P[l(U ) (U ) Cr,anl R 2(1”6_1]

An
. . nt
+ P[ ijra,, ’ V./kran -C > ]
;:1 (VR VI0) = Crg | 2 5

Also, we have Vec ((Z(z‘a,,+r) j» Lian+r)k) ~ Ny, O, ATy 1 < r<a,, 1< jk < p, where

i€Aray )

Ao.jk * Rk Nay jk * Rk Aga, i * R+ Nc,y —1)ay ji * Rik
Ag, jic * Rji Ao jic * Rjk Aaq,. jk * Rjk s NCray—2)anjk * Rk
Adkran — Ao, jk * Rk Ag,.jk * Rjk Ao.jk * R e A(Cmn—S)a,,. jk* Rk ,
L A(Cr,an_l)an-jk * R A(Cm" ~2)ay.jk * R ji A(c,,a,, -3)a,.jk * Rjc ... Ao jk * Rk

14



Abay G ) Ay (o k) [ 1 pjk]
A = n ; " and R = .
Pan-I =1 N (ky ) Ay (K, k) = pp 1

Let,

Aip=gian GoT)+(Alp=gian GRE A p—glan k:1))0 jit-Alp—glan ;)
2(1£pj) ’

P#*q

rikran(p, CI)
I, p=gq

ri = (" p.)), ™ =1-@l™y,

Hence, UM ~ N (0,[“), vVt ~ N, (0,T7"*). Therefore,

Cran

1 n
P[|; Z XijXik — O'jk| > l] < 2a,P

i=1

) nt
IXCr,an Cr’a” | 2 4an 6_1 :|

an
. - . ¢

+ Z P[lUjkm”),Cikran(U]km"N > n _1]
p 4ane

an
i i ; t
+ Z P[l(vjkm”)’C£km"(ijm")| > n 1 ] (4.16)
s 4a,e”

Again, for t = Ma,(n"" log p)% and some C; > 0, as n~'log p — 0 we have

P[IX%‘M" - Cr,a,,l 2

t
” 6_1] < e C1Mlogp (4.17)
n

Now, as before, for some C, C), > 0,

P|:|(Ujkra,,)lcikran(Ujkra,,)l > nt
4a,e!

Since  Veoxeo € Alan,n > 1), we have [C/7|l; < 1 and hence [|C[|l, < C3nS(a,) for

some C3 > 0. Therefore, putting ¢ = Man(n‘llog p)%, we have, for some constant C4 > 0,

P[[(U#rany cFrn ikran)| > (4q,) " nte] < nCy exp{—CaMa,™" \Inlog p}.

] <nCyexp{ - Cétaglllcika"”f}-

Similarly, for some constant C, C4 > 0,
P[|(vikrany ckran yikrany) > (40, nte] < nC, expl—CsMay,™" lnlog p}.
Hence, by and (@.17) we have

1 & _ _ nlog p
P[|— Z XijXi — O il = l‘] < 2aye CiMlogp 2na,Cre CaM ==
n

i=1
Therefore, for some constant Cs5 > 0

2 - e Yreer

Clearly, the first term — QO asn — oo if M > c% Now, since a, \/n"'logp — 0 and
a;l ynlog p — oo, we have, for some constant Cg, C7 > 0,

4 —CymVLoED Cé%(“n\/m%—cﬂw)
pe an = e

Hence, ||By,(2,) — Bi, (Zp1)lle = Op(ay \/n~tog p). O

— 0.

15



4.4 Proof of Theorem 3.1
As before we have @.11), (#.12)) and (#.13). Let,

’
s

u= (Ul ol ol v=(visvi vl

k 1 :
where U/" and V" are as in (#9). Then, we have

n

1 , nt , nt
P['Z ;xijxik -l > t] < P[IU U-n|> P] + P[IV V—n|> P]

_1
2

Now, using Lemmawe have E(e"V'V) = [det(l —2iT )| ~. Hence,

d’ wu. . 1 d ik
o log E(¢"V'Y) = -5 2, o log(1 - 2itd,)

where /l{,k, 1 < p < n, are eigenvalues ofl"ik. So,wehave [, (U'U —n)| = % 2221 (r-12" (/lék)r.

Now, from (3.1), we have | (U'U)| < (%’) (41”1‘)’[,2,2. Hence, using Lernma for some C; > 0
o

and f = M’(n‘llogp)%, P[|U'U -n| = zlz—fl] < e CiMlogp, Hence, for some C,, C3 > 0,

P [llBkn (217) - By, (Ep) lloo = l] < C2p23C3M,210gP -0
for M" > | /C%. This completes the proof. -

4.5 Proof of Theorems [3.4-3.6/
By (@.1) and triangular inequality.

IR, (£5) = Zpllz < IRs, (£p) = Rer, () llrty + IR, (Zp) = Zpllcrn.
Now, for some constant C; > 0,

p 00
A ~ l A
IRe, (£p) = Rer, (Zp) 1y < 1€ = Zplleo [2Zg(;n)] < oullEp = Zplleo [a fo g(x)dx}.

=0

Op (n_l/2 v/log p) , in Theorem [3.4]
As before we have IIip -2l =30p (l,,n‘1 log p), in Theorem[3.3]

Op (a,,n‘l/2 \/logp) . in Theorem[3.6
Again, by triangular inequality

IRr,Zp) = Zplla,y < IR, (Zp) = Bi, [Ror, Ep)]ll1,1) + 1Bk, [Rer, (Zp)] = Bi, Ep)lli
+Br, (Zp) — Zpll1,1)

16



and we have ||By, (X)) — Zpll1,1) = Ok, *) and [R,,(X,) — By, [Ro, (Zp)|lla,1y = Ok, ).
Now, for some constant C,C3 > 0, as o ’s are bounded, for sufficiently large n,

i - Jji
1Bt [Ro, Ep)] = Bi, Ep)llay < max Y (1—g( J))Icrijl
i On
lel_Jlskn
& ! ko "
< C 1-gl—|l<C3( 2] k,.
B 2Z( g(o'n))_ 3(0'n)

I=—ky,

( ~log p) By , for Theorem[3.4]
. Y
Now, consider k, = (l n llog p) U+ for Theorem 3.3

log ) T , for Theorem[3.6].
This completes the proof O
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