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1. INTRODUCTION AND MAIN RESULT

Suppose A1, Ag, ..., A, are all the real eigenvalues of a real symmetric square matrix A, of

order n. Then the empirical spectral distribution function (ESDF) of A, is defined as
n
Fu(z) =n"'> I{\ <z},
i=1

Let {A4,}5°, be a sequence of square matrices with the corresponding ESDF {F,}>°,. The
Limiting Spectral Distribution (or measure) (LSD) of the sequence is defined as the weak limit
of the sequence {F,}>°, if it exists.

If {A,} are random, the limit is understood to be in some probabilistic sense, such as “almost
surely” or “in probability”. Suppose elements of {A,} are defined on some probability space
(Q,F,P), that is {A,} are random. Let F' be a nonrandom distribution function. We say the
ESD of A,, converges to the limiting spectral distribution (LSD) F' in Lg if

/ (F(z) — F(x))2dP(w) —0asn— oo
and converges in probability to F' if for every ¢ > 0
P(|Fy(z) — F(z)| > €) — 0 as n — oo.

For detailed information on limiting spectral distributions of large dimensional random matrices

see [Bai(1999)] and also [Bose and Sen (2008)].
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In this article we focus on obtaining the LSD of the reverse circulant matriz (RC),) is given by

i) r1 X2 ... Tp—2 Ip-1
T ro X3 ... Tp-1 i)
— 1 X9 r3 T4 ... de) 1
RCy = =
| Tn-1 To T1 ... Tp-3 Tn-2 |

So, the (i, j)th element of the matrix is T(i4j—2)mod n- 1t 18 nOt hard to calculate the eigenvalues

of RC,, for example see [Bose and Mitra(2002)] . The eigenvalues are given by :
)\0 = n71/2 Z:L:_Ol Tt
An/2 =n~1/2 ?;01(—1)'5:5,5, if n 1iseven

Me=—Anok = Inlwp), 1<k <[5,

where,

2k 1
Note that [z] is the largest integer less than or equal to z. The existence of the LSD of RC), is
given by the following theorem of [Bose and Mitra(2002)].

Theorem 1.1. Let {x;} be a sequence of independent random variables with mean 0 and vari-
ance 1 and sup; E | x; |>< co. Then the ESD of RC,, converges in Ly to F with density f given
by

f(z) = |z|exp(—z?), —c0 <z < 0.

We investigate the existence of LSD of this matrix under a dependent situation. Let {z,;n >

0} be a two sided moving average process,
)
Ty = Z Ai€pn—4
i=—00

where {an;n € Z} € Iy, that is ), |an| < oo, are nonrandom and {¢;;7 € Z} are iid random
variables with mean zero and variance one. We show that the LSD of RC), continues to exist in
this dependent situation. Define 75, = Cov (zy1p, ;). Then it is easy to see that 3, |7, < o0
and the spectral density function of {x,} is given by

flw) = % Z’yk exp(tkw) = L [0 + 22’)% cos(kw)] for w € [0, 27].

2
kez E>1
Let f* = inf ¢jgom f(w). For k=1,2,---, [%], define
ok 1 n—1 1 n—1
W = %, §ok—1 = N €t cos(wit), o = NP sin(wyt),

t= t

Il
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1 n—1
= —| E mte_”“’k\Q E Tt COS wkt E 2 sin wkt
n
t=0

Theorem 1.2. Suppose {€;} are iid with E|e;|**% < co. Then the ESD of RC,, converges in
Ly to the LSD

1- FOde  if @ >0
H(z) = fO 62 w if x
Jo e T3 dw if x<0.

It may be noted that integrand is zero whenever f(w) = 0.

Proof of the theorem mainly depends on following two lemmas. The proof of Lemma 1.3
is given in [Fan and Yao(2003)] (Theorem 2.14(ii), page 63). The proof of Lemma 1.4 follows
easily from [Bhattacharya and Ranga Rao(1976)] (Corollary 18.3, page 184).

Lemma 1.3. Let ay = > 22 arer—j fort >0, where {e;} ~ IID(0,1) and 322 |aj| < oo.
Then for k=1,2,---,[%F],
In(wr) = 27 f (wi) (€351 + E34) + Ru(wi)
and max; oy n_1) E|Rp(wi)| — 0 as n — oo.
=F=13
Lemma 1.4. Let Xi,..., X, be independent random vectors with values in R?, having zero

means and an average positive-definite covariance matriz Vi, = k=1 Z?:l CovX;. Let G}, denote
the distribution of k:_l/QTk(Xl + ...+ Xi), where Ty, is the symmetric, positive-definite matriz
satisfying T? = Vk_l, n > 1. If for some 6 >0, E || X; |3+ < o0, then

k

gu;g |GL(C) — P 1(C)] < ck—%/2 [k:_l ZE | T X H(2+5) ]
€ =

< ek Oin(Vie) Y| IZEHX 1B+ ]

where ®q 1 is the normal probability function with mean zero and identzty covariance matriz, C,

the class of all Borel-measurable convex subsets of R% and ¢ is a constant, depending only on d.

Proof of Theorem 1.2: To prove the theorem it suffices to show that for each =z,
E(F,(x)) — H(z) and V(F,(x))— 0.

From the structure of the eigenvalues, the LSD, if it exists, is going to that of a symmetric
distribution. So, it is enough to concentrate on the case x > 0. Also note that we may ignore

the two eigenvalues Ao and ), /5 since they contribute 2/n to the ESD F),.
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Hence for z > 0,
2
E(Fu(x)) ~ 1/24+n " Y P(Iu(w) < 2?).
k=1

From Lemma 1.3, it is intutively clear that for large n, I,(wg) ~ 2 f(wg)(&5,_; +&3;). So first

we show that for large n

[254] (2571
1
*Z ﬁZPQwak (€31 + &) < 2°).
k=
Let Ly (wy) = 27 f (wy) (£3,_1 + €3;) for 1 < k < [%51]. Then
1 (23] 1 [254]
- > P(In(wp) < 2?) - - P2 f(wi)(E3p—1 + E3x) < 2°)]
k=1 k=1
1 (231]
< = ) [P(La(wr) + Rulwr) < 2%) = P(Ln(w) < 2%)]
k=1
1 (°3] 1 ("53]
< 2 P(|Rn(wr)| = €) + — ; |P(Ln(wr) < @%) = P(Ln(wi) < 2% £ ¢)|

< T+ T+ T3+ 1y, say,

where

(%51

T = % S P(|Ra(wr)] > €) Z |P(Lu(wr) < 2%) = B0 1(Agn)],
k=1

Z |P(Ln(wp) < 2%+ €) — B (A5, Tu= Z @0 1(Agn) — Po.1(AS,)],
r?  rl z? 7"2 ra r?+e
Agn = A2 1A = Ly 2 < T
o ={lrire) s 5+ 5 S oo b A =)o+ 5 s o moy)
For convenience we assume that f* > 0. If there exists w such that f(w) = 0, then the proof
given below can be easily modified.

Now as n — o0,

1 1
Ti< 2 S IR < 1 _max | FlRu)] = 0.
n o € 1<k< 252
[251]
1 € @20
T, < = 5 2nf(wg) < C
1= ; 27Tf(wk)e * ©

where C' is a constant and right side can be make arbitrarily small by choosing € small enough.

To show T5, T3 — 0 define for k = 1,2, - - ,[”771] and [ =0,1,2,--- ,n—1,



Xip = (V2¢ cos(lwg), V2esin(lwg))’.

Note that
(1.1) E(X1x)=0 VY I, k, n.
n—1
(1.2) n 'y Cov(Xip) =1 ¥ k, n.
1=0
Note that

n—1
{27 fwn) (Ehmy +63) <2 = {n72D " Xip € Apa}-
1=0

Since Ay, is a convex set in R? and since {X;x, [ =0,1,...(n— 1)} satisfies (1.1) and (1.2),

we can apply Lemma 1.4 to get

n—1
|P 27 f(wi) (€31 +€31) < 22) — Do 1(Agn)| < en=9/2[p 1 ZE | Xy |29
=0
Note
n—1
sup [ ZE | X |®F9] < M < 0.
1<k<[5H] 1=0
ex
L= D IPE@mf(wr) (&1 + &) < &%) — Pos(Apn)| < M0~ — 0 as n — 0.
k=1

Hence T5 — 0 and similarly 75 — 0. Therefore

1251
E(Fp(z)) ~1/2+n"" Y P@rf(w)(&hy + &) < 22,
k=1

and also
[254]

23 PAf @) ( s + ) < 7%) — Bos(A) =0 a5 m— oo,
k=1
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Now
R e )
E Z (bo,I(Akn) - ; Z (1 — e Qﬂf(wk))
k=1 P
e
- n Z (1 —€ ’YO+2220:1 Yp, cos 27fnhk' )
n
k=1
1 1/2 2
— _/ e “/0+22;l°°:1whms27rhtdt
2 0
1 ™1 _L
T2 / ¢ @ dw = G(x), say.
2 0 2m

Hence for z > 0,
2

™1 __«
E(F,(z)) — 1— / —e 7 Wdw = H(x).
0

2m
Now, to show V (F,(x)) — 0, it is enough to show that

125+

1
(1.3) o Z Cov(Jg, Jir) — 0.
k#k! sk, k=1
where for 1 < k < [%71], J, is the indicator that {I,(wy) < 2?}.
1 [257] 1 ol
2 Yo Cov(edw)=— Y. [E(k i)~ E(J)E(Jw)].
k#K! kK =1 k#k! sk, k=1
Now as n — oo,
LN Lex , 1 (5]
= > BUNBEU) = (Y BUN) = =5 > (B(k) — G2)*
kK sk k=1 k=1 k=1

So to show (1.3), it is enough to show as n — oo,

1
~ > E(JkJw) — G(2)
Kk ke k=1
n—1
Along the lines of the proof used to show %22220 } P(L,(w) < 2%) — G(x), one may now
extend the vectors of two coordinates defined above to ones with four coordinates and proceed

exactly as above to verify this. We omit the routine details. g
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