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Abstract
We study the large sample behaviour of the sequence of high dimensional

sample autocovariance matrices {IA“,-},-Z() from an infinite dimensional vector linear
process and suggest ways of using our results for model diagnostics.

One way to describe the asymptotic behaviour of any large dimensional ran-
dom matrix is through its limiting spectral distribution (LSD). The existence of
LSD of f,- + f:.‘ for every i was proved in|Jin et al.|(2014) and |Liu et al.|(2013)) re-
spectively when the observations are from MA(0) and from an infinite dimensional
vector linear process with appropriate (strong) assumptions on the coefficient ma-
trices, by the method of Stieltjes transformation.

Under significantly weaker conditions on the coefficient matrices and the driv-
ing process, we prove that the expected average trace of any polynomial in these
matrices converge. In particular, the LSD of any symmetric polynomials of these
matrices, including the matrices I; +f;‘ and lA“ilA";." exist. Our approach is through the
more intuitive algebraic method of free probability in conjunction with the method
of moments. Thus, we are able to provide a general description for the limits in
terms of some freely independent variables. All the previous results follow as
special cases of our results.

The behaviour of this limit depends on the order of the process. When the ob-
servations are from an MA(0) process, we provide an explicit description for the
LSD of ﬁf;. This behaviour changes when the model is a higher order linear pro-
cess and consequently it automatically suggests a diagnostic method to determine
the order of the infinite dimensional moving average process.

“Research supported by J.C. Bose National Fellowship, Dept. of Science and Technology, Govt. of
India.
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1 Introduction

Multivariate linear time series models such as the Autoregressive Moving Average
(ARMA) processes are fundamental in the theory of Econometrics and Finance. More-
over, time series data where the dimension grows along with the sample size are becom-
ing increasingly frequent. A key model in these situations is the infinite dimensional
vector autoregressive moving average (IVARMA) processes. These are special cases
(see Bhattacharjee & Bose| (2014))) of the more general infinite dimensional moving
average process of order infinity, MA(c0), where the sample {Xt(f’l,) ct=1,2,...,n} of
size n satisfies

X,(ﬁ,) = Z 1//5"; &-jp Vt,n > 1 (almost surely). (1.1)
t=0

For all ¢, Xt(fll,) and &, , are p-dimensional vectors. Precise assumptions of independence

and finiteness of moments are discussed later.

We assume that the dimension of the observations increases proportionately with
the sample size so that p = p(n) — co and £ — y € (0, o). This is one particular type
of high dimensional model. The p X p matrices 1,//5.2, Jj = 1 will be called coefficient
matrices and o = I,. The infinite sum in exists in the almost sure sense under
suitable decay conditions on the {i;}. If the sum involved has (g + 1) terms, then it will
be called an MA(q) process. For convenience of notation, we will usually write p for

p(n) and often write i ; for w;’z etc.

For any time series model, the key quantities are the autocovariance matrices and
their estimates. The population autocovariance matrices are defined as

Tip = EXopXp,) = D Wi k=0,1,....

Jj=k+1

For each k, the moment estimator of I'y , is the sample autocovariance matrix,

R 1 n .
fip = > XXy 0<k<n-1. (1.2)

t=k+1

We often write I';, and fk respectively for I', , and IA"k, »- When p is fixed, under suitable
assumptions, {I';,} are weakly/strongly consistent for the population autocovariance
matrices {I' ,} (see for example |Brockwell & Davis| (2009) and Hannan| (1970)).
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Natural questions which arise are how to estimate these autocovariance matrices, what
are the large sample properties of these estimates and how to use these estimates for
order determination or diagnostic checks.

It may be mentioned that, this model has been investigated by other researchers.
Forni & Lippi| (2001) provided sufficient conditions under which model (I.T)) can be
expressed as a generalized dynamic-factor model, Forni et al.|(2000) proposed consis-
tent estimators of the common components for the generalized dynamic-factor model
and |Forni et al.|(2004) established their rate of convergence. Assuming sufficient decay
conditions on ; and certain regularity conditions on dispersion of &, ,, Bhattacharjee
& Bose| (2014) provided consistent estimators for autocovariance matrices in the model
through banding and smoothing of {fk,p}.

In this paper, we focus solely on the joint large sample behaviour of {fk,p}. One way
to capture the behaviour of any given sequence of large dimensional random matrices
is by studying its limiting spectrum. Suppose R, is an n X n real symmetric matrix. Let
A, Ay, ..., A, € R denote its eigenvalues. The spectral measure u, of R, is the measure
on R given by

i=1
where ¢, is the Dirac delta measure at x. The probability distribution function on R
corresponding to u,, is known as the Empirical Spectral Distribution (ESD) of R,.
If this ESD converges weakly (either almost surely or in probability) to some unique
(non-degenerate) probability distribution, then the limit is called the limiting spectral
distribution (LSD) of R,. Incidentally, the study of the limit spectrum of non-symmetric
matrices is extremely difficult and only a very few results are known. We do not deal
with the spectrum of the non-symmetric autocovariance matrices in this article but with
symmetric matrix polynomials in them.

One approach to establish the LSD of a symmetric random matrix is the method
of moments, as outlined in Lemma For some applications of this method, see
Bai (1999) and Basak et al.|(2014). Another widely used method is that of Stieltjes
transformation, which for any measure y on the real line is the function

1
my(2) = fx—_z,u(dx), 7€ C", (1.3)

where C* := {x + iy : x € R,y > 0}. Pointwise convergence of the Stieltjes transform
to a Stieltjes transform implies the convergence of the corresponding distributions. In
random matrix theory this convergence is proved by linking the Stieltjes transform of
the ESD to the resolvent and showing convergence by martingale convergence methods.
See for example Bai| (1993a)), Bai (1993b), Bai et al.| (2007), Bai et al. (1999) and Bai
& Zhou (2008).

Let X, = & Vt. Under suitable assumptions on {g,}, with probability one, the ESD
of I’y converges weakly to the Mar&enko-Pastur law with parameter y (see for example



Bai & Silverstein| (2009))) whose moment sequence is given by

1 1 g
k( _1)() , Vh=1,2,3,.... (1.4)

Jin et al.| (2014) considered %(fi + f"j), when X, = ¢, Vt satisfies appropriate as-
sumptions. They showed that the limit Stieltjes transformation satisfies the bi-quadratic
equation

Mw

k=1

(1 = y*m*@)(yzm(z) +y - 1)* = 1 (1.5)

and therefore the LSD does not depend on the lag i.

Liu ef al|(2013) considered the model (I.1)) and assumed that {g,; : t,i = 1,2,3,...}
are i.i.d. mean O variance 1 random variables with finite fourth moment. They also
assumed the following conditions on the coeflicient matrices {i/ j};io

(@) ¥;, j € Z, are p X p simultaneously diagonalizable random Hermitian matrices,
independent of &, with [ly/;|| < A, for large p, X2, 4y, < e and X3, jdy, < co. Here
|| - || is the operator norm.

(b) There exist: (i) continuous functions f;(-), [ € Z, (ii) for every p, a distribution

Fﬁ with mass % on each of the p points denoted as ; < A, < ... < 4, subject to
multiplicities, (iii) for every p, a unitary p X p matrix U such that forall j € Z, U*y;U =

diag (fj(/ll), fi(d),. .., fj(/lp)). The functions f;(-), j € Z, can also depend on p as long
as they uniformly converge to continuous functions when p — oo.

(c) Almost surely, F ﬁ converges weakly to a non-random probability distribution func-
tion F¥ as p — .

Under these assumptions, they showed that for every j = 0,1,2,... the limiting
Stieltjes transformations m;(z), of the ESD of %(F j +17) exist and are given by

14
mj(z) = —f a7 Yz e C", (1.6)

_ 1 21 cos(jv)h(A,v)
Z 2r Jo  1+ycos(jv)K;(z.v)

where forall j =0,1,2,...,z€ C*and v € (0, 2n),

W
K = - [ —— (1.7)
Z

1 27 cos(jv" )h(A,v") dv’
2 Jo  I+ycos(jv)K;(z,v")

and h(4,v) = |Z e F) (1.8)
=0

We also study the joint convergence of (any finitely many) sample autocovariance
matrices in a unified way and in the process also relax the above assumptions considered
in |Liu et al|(2013). We also investigate if the above limits can be expressed in some
alternative ways so as to provide further insight.



The most natural way to study the joint convergence of matrices is to consider them
as elements of the non-commutative probabilty space (see Definition ofall pxp
matrices with complex entries (see Example|1)) with the state equal to normalized trace
or the expected normalized trace. Then we can appeal to the rich theory of convergence
of such spaces (see Definition [5.5)).

We assume that the coefficient matrices have eigenvalues in a compact set and
jointly converge (see Assumptions (A10) and (A11) in Section [2)). These conditions
are implied by the conditions (a), (b) and (c) given above. When ¢; (i-th component
of &) are assumed to satisfy (A3) or (A4), we show that the autocovariances converge
jointly (see Theorem [2.1)). This argument avoids the use of Stieltjes transform and is
based on a more intuitive convergence of moments along with ideas from free proba-
bility introduced by [Voiculescu| (1991)).

As a consequence of our main theorem, the existence of LSD for any symmetric
polynomial including {%(f",- + f;‘)};ﬁo and {f,-f;‘};’io follows (see Corollary . The limit
can be expressed in terms of certain free random variables. The compact support of &, ;
and moment conditions are appropriately relaxed by suitable truncation arguments (see
Corollary 2.1((0)).

The key idea in the proof is to embed a matrix with independent entries into a
Wigner matrix and use projection (see (4.5)). As independent Wigner matrices and
other deterministic matrices are asymptotically freely independent (see Definitions [5.5]
[5.4] and Lemma [5.3), we have description of all convergences in terms of freely inde-
pendent variables. This description and the theory of free probability provide tools for
computing limiting moments (see Remark [2.2).

Existing results of Jin ef al.| (2014)) and Liu et al.| (2013)) follow as special cases of
Theorem [2.1] (see Corollaries [2.2[a), (c) and [2.5).

Corollary b) says that, when X, = g, V¢, the LSD of (%)2 lA"ilA";‘ is free Bessel(2, y™!)
characterized by the moment sequence,

h

S ifh=1\ 2k )
ﬁh_z%(k—l)(k—l)y ’ (19)

k=1

provided (A1), (A2), (A7), (A8) and (A9) hold. If y = 0, then the LSD of (;) [, is the
Marcenko-Pastur law with parameter 1.

If the coeflicient matrices i ; are of the form y; = 4,1, V j, then the LSD of @+ f;‘)
has a description in terms of a compound free Poisson distribution (see Definition [5.6)
and its free cumulants have a very neat expression (see (2.15))). In this case, we also
derive the Stieltjes transformation, which as a special case verifies (1.6) (see Corollary

In Corollary we provide a recursion relation for moments of LSD of (I'; + f;‘)
under the assumption that the coefficient matrices are symmetric. This recursion for
moments leads to the Stieltjes transformation (1.6), which agrees with the main result
of Liu et al.|(2013).



Under additional assumptions on {i;}, the above results on {fi} can be extended to
the MA(c0) process also (see Corollary [2.6)).

Our results may be used to develop diagnostic tests. The problem boils down to
testing for independence of the residual process after fitting a model. There is a huge
literature on this problem for univariate and multivariate time series models. As the di-
mension of the autocovariance matrices increases with the sample size, it is not possible
to use the finite dimension tests in the infinite dimensional case. Using the changing be-
haviour of the LSD of the symmetrized autocovaiance matrices depending on whether
or not X, is MA(0) or not, in Section [3] we provide a diagnostic method for identify-
ing the appropriate order of the moving average. We hope to investigate this in details
elsewhere.

2 Main Results

Various authors have used different sets of assumptions on the driving preocess {&;}.
We list below all these assumptions and not all of them will be used always.

Let &,; be the i-th component of &,.

(A1) {&; : t,i=1,2,3,...} are independent.

(A2) E(g;;) =0and Elg, ;> = 1, forall t,i = 1,2,3,. ...

(A3) sup,; E(e ) < Cp <0, Yk=1,2,3,....

(A4) For some sequence 17, | 0, |&.;| <, Vn Vt,i.

(A5) For any n > 0, n*(np)~' £, ity E(leil*I(leql > nvm) — 0.
For some ¢ € (0, 2],

(A6) sup, ; E(le, j[**") < M < co.

(A7) For any n > 0, - le D E(|st,j|2+5l(|s,,j| > nnTi(i)) - 0.

772+5np
(A8) sup, ; Ele, I < M < 0.,
(A9) The dimension p = p(n) — coand £ — y € (0, o).

(A10) For all j > 0, ¢;’s are compactly supported and jointly converge (see Definition
5.5 for definition of joint convergence).

Theorem [2.1] of this section provides the joint convergence of sample autocovariance
matrices. As a corollary, this implies the existence of the LSD of any symmetric poly-
nomials of {I’;, lA"f : i > 0}, which includes T, T’ + f;“, fifj.‘ for all i > 1. In particular,
this also implies the results of Jin ef al.|(2014) and |Liu et al.|(2013). The theorem also
provides an algebraic description of the limits in terms of some natural free variables.

As discussed in Section [T} we use method of moments (Lemma [5.1)) to show exis-
tence of LSD. The most crucial condition to verify in that lemma is the (M 1) condition.
Free probability provides the tools for checking this condition.



The Wigner matrix plays a central role in the proof and also in the expression of
the limits. For our purposes, this is a symmetric matrix whose all elements on or above
diagonal are independent and have mean zero and variance 1. If W, = ((w;;)) isannXn
Wigner matrix then in the sense of Definition W,/ \/n with the state as expected
normalized trace converges to a semi-circle element s with a corresponding state ¢,
provided either (A3) or (A4) holds for w;;. Under these assumptions or when the entries
are 1.i.d. with mean zero and variance one, the almost sure LSD of this matrix is the
semi-circular law with probability density function

=1 e o
and the limit state satisfies
ols") = f L fodx = {O’ y ol (2.2)
) (%)!(§+1)!’ if k is even.

Further, it is also well known that if we have k sequences of norm bounded de-
terministic matrices of order n which converge jointly to say ay,...a, then they also
converge jointly together with the Wigner matrix (under any of the above assumptions)
and, s and {ay, ... a;} are free (see Lemma/5.3).

Our main idea is to write the lA"k,l- as matrix polynomials of simpler matrices which
include an ID matrix Z (matrix whose all elements are independent with mean 0 and
variance 1), the matrices ¢;, and matrices whose ith diagonal equals one and rest of
the elements are 0. We embed the ID matrix in a symmetric Wigner matrix of a larger
dimension and use projections and then appeal to the above results.

To illustrate the idea, consider the MA(0O) process X; = &, for all ¥ > 1 where

Assumption (A1), (A2), (A9) and either (A3) or (A4) hold. In this case the variance-
covariance matrix I’y can be written as

10\ (00\ (I0) (nfy0
W W = ,
o oo 45 0)=('5'0)
for some Wigner matrix W whose entries satisfy either (A3) or (A4). Note that all
nfo
0
matrices ((') g) and (g (1)) are asymptotically freely independent (see Lemma . Using
this description, one can easily show that the LSD of [, in this special case is the

Marcenko-Pastur law whose moments are given by (I.4). For details, see Corollary [2.2]
(a) and its proof. This approach can be extended to the MA(g) and then to the MA(c0)

non-zero eigenvalues of ( Oo) and nl'y are same. Moreover, W and the deterministic

process.
For any matrix B of order p, we define B of order (n + p) as
_ (BO
B = . 2.3
(0 o) @3)
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Consider the sequence of non-commutative *-probability spaces (A, ¢,) (see Defini-

tion Example[T]and (5.12))
A, = =-algebra generated by {n(n + p)_llai, n(n + p)_lla;-" :i>0and (2.4)

¢n = n+pETr(~). (2.5)

To describe the limits, let (A, ¢) be a non-commutative *-probability space such that

A = =-algebra generated by s, {c;,c; : ¢y = ¢y, i >0} and {a;,a; : i >0}, (2.6)

]

where s is a semi-circular element defined in (2.1]) and for any finite monomial m(c;, ¢}, :
i =0,1,2,...) and m(a;,a;,: i =0,1,2,...) from Spanf{c;,c; : co = ¢;,i > 0} and
Span{a;, a® : i > 0} respectively,

. ——, if there is same number of ¢; and ¢} for all i > |
e(m(ci,ci,: 1=0,1,2,..)) = *y ] ! 2.7
0, otherwise,
- _o Y ol P
plm@.a; = i=0,1.2..) = 55 hm{;Tr(m(zﬁj,wj :j=0,1,2,...))} (2.8)

£

and s, Span{c;, ¢} : ¢y = c¢f,i > 0} and Span{a;,a; : i > 0} are freely independent (see
Definition . In other words, A is the free product of Span{s}, Span{c;,c} : ¢y =
cy»i > 0} and Span{a;,a; : i > 0}. Alsolet c.; = ¢; Vi > 1. Let us define for all

i=0,1,2,...,
a4 a4
Yig = Z Z ajscy-j+isay, Yig = Z Z ajrSCy_ ;18G5 (2.9)
J=0 j’=0 Jj=0 j’=0
Next, for all ¢ > 0, consider the *-probability spaces (8B,, ¢) (see @), where
B, = Spanlyi, v, :i=0}Cc A (2.10)

Then we have the following theorem. Its proof is given in Section 4.1
Theorem 2.1. Suppose X, ~ MA(q) process defined in and (A1), (A2), (A9), (A10)
and either_(A3) or (A4) hold. Then (A,,p,) converges to (B,,¢) and (n(n + p)‘lfl-,
n(n + p)‘llA";f‘) are asymptotically distributed as (yig, y;,).
Remark 2.1. Theorem [2.1] continues to hold if instead of {&,; : t = 1,2,...,n, i =
1,2,..., p(n)}, we have a triangular sequence {&,;, : t=1,2,...,n,i=1,2,..., p(n)}
with all the necessary obvious changes in the assumptions. This immediately follows
when we carefully go through the proof of Theorem[2.1|in Section
Note that any polynomial [1(n(n + p)‘llai, n(n + p)‘II&f :i>0)of {I&i,lx";f‘ : 1 >0}is
in (A,, ¢,). Therefore, by Theorem M(yig, v, + @ > 0) is its limit in (B, ¢) (see
Definition[5.5) and hence

lim @, (M(n(n+p) Ty nntp) T 2 i 2 0)" = oU(yig vy, i 2 00, YA 2 1. 2.11)

The following corollaries follow from this theorem.

8



Corollary 2.1. (a) Suppose X, ~ MA(q) process defined in and (A1), (A2), (A9),
(A10) and either (A3) or (A4) hold. Then LSD for any symmetric polynomial, say
H(IA",-,IA";.k 2 12>0), of {lA",-,IA“;‘ : 1 > 0} exists almost surely. Consequently, for every i > 0,
the LSD of T'; + f;‘ and lA“,-lA“;.k exist almost surely for MA(q) process.

Moreover, if u is the probability measure corresponding to any symmetric monomial
m(Yig» ¥y, + 1 2 0) having k many y; or y; and S is the random variable distributed as

the LSD of m(I';,T% 1 i > 0), then

S _1+y 1
L((1+y)")_ y (ﬂ 1+y60)’ 12

where 6 is the Dirac measure at 0.

(b) Suppose X, ~ MA(q) process defined in (I.1) and (A1), (A2), (A9) and (A10) hold.
Then under the Assumptions (A6) and (A7), LSD of {fi + fj}izo exist. Moreover, if (A7)
and (A8) hold, then LSD of {fiff}izo exist. Further, for the MA(O) process, LSD of fo
continues to exist if Assumptions (A6) and (A7) are dropped and instead we assume

(AS) holds.

To prove (a), one needs to verify (M1), (M4) ((M2), if we demand only in prob-
ability convergence) and (C) (see Lemma [5.1)). (M1) follows from (2.11). Proofs of
(M2), (M4) and (C) are given in Section [4.2] (a). Proof of (b) is based on truncation
arguments and is given in Section[4.2](b).

Remark 2.2. Although there is no closed form expression for arbitrary moments of the
above LSD, we can calculate the moments recursively. It is clear that we need to get
hold of p(sbsd,sbysd, . ..sb,sd,), Y¥n > 1, where by,b,,...,b, € Span{a;,a; : i =

0,1,2,...}and d\,d,,...,d, € Span{c;,c; :i=0,1,2,...}. By andLemma

@(sbisdisbrsds .. sbysdy) = > preolbi,di, by, ., by, dyl,

neNC>(2n)

where NC,(2n) is the the set of all non-crossing pair partitions of {1,2,...,2n} (see

non-crossing partitions in Section[d)). Hence, by freeness of {by,b,, . ..,b,} and{d,, d, . ..

and Properties 1 to 3 of the Kreweras complement K(r) (see Section[S)), we have

@(sbysd;sbysd, ... sb,sd,) = Z (pﬂ[bl’bZ’---’bn]SOK(ﬂ')[dl’dl»---’dn]
neNC(n)

D edldi s, dloxmlbi b, by1(2.13)

neNC(n)

where NC(n) is the the set of all non-crossing partitions of {1,2,...,n} (see non-
crossing partitions in Section ). We use this formula in the proof of next corollaries.

Corollary 2.2. Consider the MA(0) process i.e. X, = & YVt and suppose Assumptions
(A1), (A2), (A9) and either (A3) or (A4) hold. Then the following results (a)-(c) hold.

9



(a) Marcenko-Pastur law: The LSD of [y is the Marcenko-Pastur law. Moreover, the
result continues to hold if we assume (AS) instead of (A3) or (A4).

(b) Free Bessel law: The LSD of (%)2 f,f;" is the free Bessel(2,y™") law. Fory = 0, the
LSD of (;1—)) IA“,-(S)IA“;‘ (&) is the Marcenko-Pastur law with parameter 1. Moreover, in both
cases, the LSD is identical for all i > 1. If we assume (A7) and (A8) instead of (A3) or
(A4), then also these results holds.

(c) The LSD of %(ﬁ + IA“;.*) are identical for all i > 1 and their common Stieltjes transfor-
mation m(2) satisfies ((I.3). This proves Theorem 2.1 of Liu et al|(2013)) for the MA(0)
case and Theorem 1.1 of Jin et al.|(2014). Also this result holds if we assume (A6) and

(A7) instead of (A3) or (A4).
Proof of Corollary [2.2]is given in Section 4.3

Remark 2.3. LSD of the sample covariance matrix without independence structures in
columns is established in Bai & Zhou| (2008).

Corollary 2.3. Let X; = & Yt where {g,;}’s are all i.i.d. random variables with mean 0
and variance 1. Moreover, suppose (A9) holds. Then the Stieltjes transform of the LSD

of V21212 is given by
dFs(1)
= , 2.14
) fz—t(l =y = yzm(z) &19

where X is a positive definite and symmetric matrix with compactly supported LSD
Fs. For a more general result see Bai & Zhou (2008). If Fs = 6y, this reduces to

the Stieltjes transform of the Marcenko-Pastur law (see for example Nica & Speicher
(20006)), Couillet & Debbah|(2011) or Bai & Silverstein| (2009)).

Corollary 2.4. Let X, ~ MA(q) process and suppose Assumptions (Al), (A2), (A9) and
either (A3) or (A4) hold. Let ; = A;1,, for all j. Then the LSD of%(ri+rf) is compound
free Poisson (see Definition and its r-th order free cumulant is given by

K;, =y 'E (cos(iv)h(A,v)), Vi>0, (2.15)

where h is given in and v ~ U(0,2r). Moreover, holds if we assume (A6)
and (A7) instead of (A3) or (A4). These together with Corollary[2.1(b) are compatible
with the results obtain in|Liu et al.| (201 3)).

In the next corollary, we provide a recursion formula for the moments of LSD of
1@ + I7). Let the LSD of 1(I', + I';) be denoted by %,, and v be a U(0, 27r) variable
independent of y,,,. We define

q

Ry(v) = ¢(| > e"lva,m‘;l] Vi1,

=0
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Now, for any r > 1, we define

t
Pri={r=C(i,i0,...,0):t>1,1; #0, V], Z ij = r} = setof all integer partitions 7 of r.
j=1

For each 7 € P,, we also define

t := total number of digits in 7,
s := total number of distinct digits in r,
and they are, say, i;, < i;, < ... < i;, with corresponding frequencies fi, f>,..., f;

respectively in 7.

Corollary 2.5. Let X, ~ MA(q) process and suppose Assumptions (A1), (A2), (A9), (A10)
and either (A3) or (A4) hold. Also suppose that s ; are symmetric. Then, we have

|

i) = B Y (H:l 7 cos()) ]k_l[ Ri,))). (2.16)

neP,

Under the assumptions of |Liu et al.| (2013) (see (a), (b) and (c¢) in introduction) the
Stieltjes transformation obtained there can be easily obtained using (2.16)) and the ex-
pansion given in (5.5). However, (2.16) remains true more generally if the coefficient
matrices are symmetric and (A1), (A2), (A6), (A7), (A9), (A10) hold.

Proof of Corollaries and [2.5| are given in Sections and [4.6| respec-

tively.

To treat the MA(oco) case, consider the additional assumption

> 1
(A11) Z {go(aj-a jaa j)}4 < oo and for every & > 0, there exists a py > 1 such that for
j=1

every p = po 1

0 1 i
Z {; Tr(y jl//jl//j)} < 0.

=1
Let us define for all i > O,
(e8] (o8] (o) (o8]
_ * * _ * *
View = Z Z a;SCy—j+iSAj, Yico = Z Z ajSCy_j,;iSa;. (2.17)
Jj=0 j'=0 J=0 j'=0

Note that the infinite sums exist as ¢(¥i«), ¢(;,,) are finite Vi.

Corollary 2.6. (a) Suppose X, ~ MA() process and (A1), (A2), (A4) (A9), (A10) and
(A11) hold. Then the LSD of {n(n + p)~' ([ + T)}is0 and {n*(n + p)~1'.T" )50 exist and
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they are given by {Yiw + ¥ }iz0 and {yiwY;  }izo respectively. Corollaries 2.4 and
hold for MA(co) process after replacing all g by oo.

(b) The above result holds (i) for {n(n + p)‘l(lai + 1&;‘)},-20 if we assume (A6) and (A7)
instead of (A4) and (ii) for {n*(n + p)‘zf“,-f“;‘},-zo if we assume (A7) and (A8) instead of
(A4).

Proof of Corollary [2.6(a) is given in Section Proof of Corollary [2.6(b) can be
done similarly using the same arguments as in Section [4.2](b).

Remark 2.4. By (2.7), note that the joint distributions of {c;_y.; : j.j’ = 0,1,2,...,q}
are identical for all i > q and are different for all 0 < i < q. Therefore, when X, is
an MA(q) process, the LSD of fifj.‘ are identical for all i > g and are different for all
0 < i < q. Consequently, under MA(o0) process, the LSD of fifl’.‘ are different for all
i > 0. The same result holds for the matrices I'; + IA“;." , for i > 1. In Section 3| we use
this remark to suggest an appropriate order determination method.

3 Model diagnostics

There is a huge literature on diagnosis of the appropriate order of a time series model
(see for example, |[Ljung & Box| (1978), Mc.Leod (1978), Katayamal (2008), Hong
(1996), Shao|(2011)). The same problem in finite dimensional set up has also been stud-
ied (see Francq & Raisi| (2007), Hosking (1980), Hosking| (1981b)), Hosking (1981a)),
Lin & Mc.Leod|(1981)), Lin & Mc.Leod|(2006), Mahdi & Mc.Leod! (2012))). As the di-
mension of the autocovariance matrices increases with the sample size, it is not possible
to use the finite dimensional tests in the infinite dimensional case. Here we provide a
diagnostic method for identifying the appropriate order of the moving average.

By Remark , when X, is an MA(g) process, the LSD of (ﬁ)zfif;‘ are identical for
i > g and different for 0 < i < g. Moreover, when X, is an MA(oco) process, the LSD of
(1%)2IA“,~IA“;‘ are all different. Therefore, for a given large data set, we can check different

order moments of the ESD of (g)ZIA“iIA“j fori =1,2,3,.... If there is a ¢ > 0 such that
for a fixed r > 1, the r-th order moments are identical for all i > ¢ and this holds for
all » > 1 (in application for sufficiently many r’s), then g will be the appropriate order.
Moreover, if there is no such ¢ such that the above phenomenon holds, then the data set
is either from an MA(oco) process or it is not from any linear model.

To convince ourselves of the above diagnostic method, we consider a particular
MA(q) process, for g = 0, 1,2,3,4,5, where all the coefficient matrices are /,, identity
matrix of order p, i.e.,

q
Xt = Er—k» q:09192a3'
k=0
We also consider y = 1. For each fixed ¢ = 0,1,2,3 and r = 1,2,3, we plot the
r-th order moments of (%)zf",-f"j fori = 1,2,...,8. It is observed from the figures

12



that, for each r = 1, 2, 3, the r-th order moments are more or less same for each i =
qg+1,q+2,...,8, when X, is an MA(g) process, g =0, 1,2, 3.

Also, note that the 1st, 2nd and 3rd order moments under MA(0) process are near
about 1, 3 and 12 respectively, which are respectively the 1st, 2nd and 3rd order mo-
ments of Bessel(2,1) law.
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4 Proofs

4.1 Proof of Theorem 2.1]

Let fk(s) be the k-th order sample autocovariance matrix of the process {&;}. We define
4 q R
Ac= D D Uik, k=0, 4.1)
Jj=0 j’=0

Later we will show that fk and A, have same limits in average trace. Before, that we
will show that Theorem [2.1]is still true if we replace A, by

AL = x-algebra generated by {n(n + p) ' A, n(n + p)'A; : k > 0) (4.2)
with the same state ¢,. We define a p X n matrix
Z=(g1& ...5,). 4.3)

It is called the ID matrix as all its elements are independently distributed with mean 0
and variance 1. We embed Z into a Wigner matrix W of order (n + p). Thus

WO z
W= (Z* W(Z))’
where W and W® are two independent Wigner matrices of order p and n respectively

and also independent of Z and satisfy either (A3) or (A4). For any matrix D of order n,
we define D of order (n + p) as

00
D= ( ) 4.4)
— \0D
Therefore, we can write
) 9 4q
nn+p)'A=m+p)! Z Z g;WP,_. Wi, Yiz0. (4.5)
=0 /=0

To get a handle on polynomials of A;’s, consider the following three sequences of non-
commutative x-algebras with the state ¢, defined in (2.5):

M, = Span{(n+ p)"'*W, J/j,lZ’;aijBj' =012,
MDD = Span(P,P': j=0,1,2,...,
M;z) = Span{lpj, lpj . ] = 0, 1, 2, .. }

Note that A2, M., M and Span{(n + p)~'/>*W} are all sub-algebras of M,. First
we concentrate on the finite marginal monomials coming from any one of Span{(n +
) 2w} or MY or MP.
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Note that the LSD of (n + p)~'/?W is the standard semi-circular law (see |Arnold
(1967), Arnold (1971)), Wigner| (1958)). Therefore, for 2 > 1, lim@,((n + p)~'?W)" =
o(s") (see (2.2)).

Moreover, it is not hard to verify that for any finite monomials m(BJ.,Bj .
0,1,2,...) and m(y;, lﬁ’; : j=0,1,2,...), we have

-, if there is same number of P, and Bj. forall j > 1

limg, (m(P,P7: j=0,1,2,...)) ={ 0. otherwise.

lime, (m(§,,9;: j=0,12..))= lzylimll)Tr( m(ypys: j=0,1,2,...)).

Let us define two non-commutative #-probability spaces (A;, ¢;) and (A, ¢,) via the
above limits.

AY = Span{c;, ¢;:co=c), i=0,1,2,...},
ﬂ(z) = Spal’l{ai, a;'k . l = O, 1, 29 .- '}9

if there is same number of ¢; and ¢} for all i > 1

1
i» %,: ':0,1’27"' = 7 1
er(m(c;, ¢, ) { 0, otherwise,

po(m(a;,a; @ i=0,1,2,...) =

Hyum{; r(m (v 7=0,1,2,..)))

Then by Assumption (A10), (Mﬁ,z),(pn) converges to (ﬂ(z),goz) (see Definition .
Thus {c;,c; : i > 0} and {a;,a; : i > 0} are respectively the limits of {P,,P’ : i > 0}
and {l//],l//] j > 0} respectively. For any k > 1, s* is the limit of ((n + p)~'?W)* in
Span{(n + p)~'/*W}.

Now, to handle joint monomials, by Lemman we know that, Span{(n + p)~'/?W}
and Span (M(l) U M(z)) are asymptotically freely independent. Let us define

M = Span{(n+ p)'WP.W, (n+p)'WPIW: j=0,1,2,..}. (4.6)

Then by Lemma. M(2) and MY are asymptotically freely independent. This yields
a subtle observation: even though M\ and MP are not asymptotically freely inde-
pendent, to compute the limits of ¢, for different elements from A, defined in (-),
we can assume that they are asymptotically freely independent. As a consequence, the
limit of (M, ¢,) is the free product of Span{s}, A" and A®, which is nothing but
(A, ¢) defined in . Therefore (A2, ¢,) converges to (8,, ¢). Hence, the proof will
be complete if we can show that for any monomial m,

tim (g, (m(E3, 17 2 2 0)) — @,0m(A, A 162 0)) = 0 4.7
Note that, when X; ~ MA(q) process, we can write Model (1.1) as
X = W W, WS W ELy €ty g eigy) YEnZ L
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Therefore, by (1.2)), the sample autocovariance matrix of order k is given by

i _ () ( ) * o (n) ,(n)
nfy, = Z W U WNEL, By ) By B VW U )
t=k+1
q q q
— (”) (n)* (n) * (n)*
- Z W / j+k(8) lﬁj D Z Z W,p Z st,pgt_(jf+k_j) W,v,p
Jj=0 j=0 =0 =0 t=n—j+1
Jj=j#k
J+k=j q n
(n) * ()" (n) * (n)=
+Z Z Vinl Do Bt [V + 20| DL Bt |9k,
j=0 ]_o t=k—j+1 j=0 t=n—j+1
J—J#k
() (n)*
+an [ Z S’ngl’]wjnkp
t=k—j+1
= Ak + Rln + R2n + R3n + R4n’ (say). (48)

Let || - || be the operator norm. Then we have

lim Elln~ 1R1n||<11m2 Z ||w<">||{ D Ellewpel ])Il] Iyl = 0

t=n—j+1
jjvt

Similarly, lim E|jn~'R,,|| = 0. Also, by Lemma|5.3, we have for all » > 1,

Z Z E TI'(H lf//EZ?p e, P 8;2 P wyfkﬁp)

Ju=0  ty=n—ju+1

u= l(l)ru 1()r
limn"0(p™") =0

1
lim E— Tr(n"'R3,)"
p

Similarly, lim E % Tr(n 'Ry4,)” = 0 Vr. Note that (m(fi,ff 2102 0)—m(ALA] 20> 0))
involves monomials with at least one of Ry, R,,, R3, or Ry,. Hence, (4.7)) is proved and
the proof of Theorem [2.1]is complete.

4.2 Proof of Corollary 2.1]

(a) We use Lemma [5.1] to prove the existence of LSD of any symmetric polynomials
H(fi,fj 1> 0)of {f“i,f“j : i > 0}. As discussed in the paragraph after Corollary
(M1) of Lemma automatically follows from Theorem We only need to
establish (M4) and (C).

Proof of Carleman’s condition (C): Consider any symmetric polynomial TI(I, fj :
i > 0) = Y, t;my, (say), where #;’s are constants. Now, by Remark [2.2] and Assumption
(A10), it is easy to show that, there exists a K > 1 such that

(I, T 2 i > 0" < K'Copmantiiz)»
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2r)!
_—_— r =
(H!(r+ 1)
For example, consider

. (1 +y)2h+1 9 4 2h
lim E (p_l Tr(l"O)Zh) = Tgp Z Z a;sc;_jysa;

j=0 70

where C, = 1,2,....

2h+1
_%Z(...*...**)
= ) p\aj5Cji-j; 5a3,a),5C jp-j, A, - - - Ay
jrr=12,..2h
Jrr=12,...2h

y Jrir=1,2,...2h teNCo(4h)
Jrr=12,..2h
2h+1
_ (d+y . .
= — Pr(Cli—jis -+ Comsty Ph (@), Qs - - Ay @
y Jrir=1,2,....2h
Jr=12,..2h
TeNC,(2h)
< K¥'Cy, for some K > 1, by Assumption (A10) .

Now note that KZ’ICthaX{ki:izl} satisfies Carleman’s condition and hence Condition (C)
is established.

Now it remains to show (M4) to conclude almost sure convergence. Incidentally,
the (M?2) condition, which implies probability convergence, is easier to verify. We omit
the detailed argument of (M4) and only sketch the main steps. To show (M2), We have
to show, for all & > 1,

1 - ? 1 .. :
E(— Tr (T(F. 17 2 i > 0))h) ~E? (— Tr (T(E 7 ¢ i > 0))') >0. (4.9
p p

Let my be any monomial of order k i.e. it involves k many I; or ff, i > 0. Itis enough
to show that

E(p~ ' Tr(my,)p~" Tr(my,)) — E(p~" Tr(my,))E(p~" Tr(my,)) — O. (4.10)

Note that E(p~' Tr(my,)p~' Tr(my,)) involves (2k; + 2k;) many Z and Z* and in the
denominator, we have p*n*1*%. Also, by Remark only non-crossing partitions
of {Z,Z*} will contribute. By Property 4 of Kreweras complement, the non-crossing
partitions for {Z, Z*}, which join {1,2,...,2k} and {2k, + 1,2k; + 2,...,2k; + 2k}
contribute O(n~!). For example, consider the following string of equalities which are
valid upto o(1) terms:

2

q q
E(p~' Tr(fy))* = lsz DN Te(wzPiy Zw)

2
n
=0 /=0
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[ ¢ q
= —SE| > > Te(0ZPi 20 Te (WZPw 270

| /.7/=0 k.,k’=0

1
= _E Z Z (”/’j)lllz lztl(Pj—j’)tllz l";lz(l//] )lllg(l//k)l4l5zlsl3(Pk k’)t3l4 16t4(l//k/)i4i6} .
1<),
kk'<q

I<iy,...ig<p
1<ty,...,t4<n

Consider i, = is, t; = 14, i3 = i5 and t, = t3. Note that this contributes

% i i i Z{ Te(y by, Yl )}{ Tr(Pjj Py )} =0(n™).
J=

k=0 j’=0 k

Moreover, by Theorem the remaining non-crossing partitions of {Z, Z*} contribute
same as that of E(p~! Tr(my,))E(p~' Tr(my,)). Hence, (4.10) is proved. As a conse-
quence (4.9) and hence (M2) is established.

Now we sketch the argument for (M4). Using the same arguments as in the proof
of (M?2), it can be shown that

1 A A ! 1 A A, '
E(— Tr (M1 : i > 0))h) = E’(— Tr (I(E, 7 ¢ i > 0))') + 0™ Vr>1.
p p

4
Therefore, E [1-17 Tr((, 1 : i 0) - E (ﬁ Tr (I T : 0> 0))")] = O(™) and
hence (M4) is established.

The proof of Corollary [2.1[(a) is complete.

(b) Suppose X; ~ MA(0) process and Assumptions (A1), (A2), (A9) (A10) hold. Then
the existence of the LSD of fo, under Assumption (AS), is well known (see for example
Bai & Silverstein| (2009). Jin et al.| (2014)) established the existence of the LSD of
{['; + T*};; under Assumption (A6) and (A7).

Now let X; ~ MA(g), g > 1 process and suppose Assumptions (A1), (A2), (A6),
(A7) and (A9) hold. Here we will establish the existence of the LSD of {I’; + f;-k}izo- Let

&i = &il(ley] < nnnﬁ), & =&, — E(&;), Vt,iand some 1, | O,
o2 = Eg* A=nw5 X, =2Ber(0.5) - 1, iid. for all 1, 1,

111
_ X, ifo-t2i< 1-A,
Ei = & .

=i - otherwise,

.

1

f'.(e), [e),['(e),[i(e) = i-th order sample autocovariance matrix of {&,}, (2.}, (&4}, (84}
(respectively)
g g
Tl. = Z lﬂjrj_11+l(8)wj/ H Tl = Z erJ_],+l(8)¢j/ ’
j7=0 =0
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q R _ q _
T, = Z il i, Ti = Z Uil i
;7'=0

3J'=0

Let F* denote the ESD of the matrix A and L denote the Lévy metric on the space
of probability distribution functions. Existence of the LSD of {T; + T;};» follows by
Remark and Corollary We will actually show that the LSD of {fi + f;}izo is
same as that of {T; + T };5 by showing that L(F Lifi FT+TYY 5 0 Vi > 0 a.s.. Note that

+L(FT#TE FTeToy o (T FTTD, 4.11)
We will show that each of the terms in the right side of (4.11) tends to 0 almost surely.

Proof of L(F'*1i, FT#T7) — 0: By Theorem A.43 and Lemma B.18 in Bai & Silver-
stein| (2009), we have

LT FT#T0y < 2p7! (rank(R),) + rank(Ry,) + rank(R3,) + rank(Ry,))
8
< 2 L 0as. (4.12)
p

where Ry, R, R3, and Ry, are as in (4.8)).

Proof of L(FT+Ti FT+Tiy — 0: By Theorem A.43 and Lemma B.18 in Bai & Silver-
stein| (2009), we have for some C > 0

[\
>
3

L(F™T FT Yy < —rank(T; + 77 = T, - T}) < =rank(T; - T))
p

S

IA

q
]l)rank Z g (fj—j’+i(8) - 1~ﬁj—j’+i(“3)) '71’;’

JJ'=0

IA

C A -
—rank(I';(¢) —T';(g)) — 0 a.s. (4.13)
p

(see page 1210 in Jin et al.|(2014)).
Proof of L(FT*T | F I ) — 0: By Theorem A.45 in Bai & Silverstein| (2009), we have
for some C > 0,

LFTT FIoTly < T+ T = 15— T2 < ClIFe) - Ti@)ll » 0as. (4.14)
(see page 1211 inJin et al. (2014)).

Proof of L(F h ,FT#T7y — 0: By Corollary A.41 in Bai & Silverstein| (2009), we
have

~>>

A AL P 1 2 A T T
L3(FTi+Ti , FTi+Ti) < —=Tr ((T, + Ti* -T; - Tz*)(

< T =T T)
p
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IA

Zq; Tr (‘//j (I&j—j’ﬂ(‘g) - 1ﬂj—j’+i(<‘3)) v

Y (fk—k’+i(8) - fk—k’+i(3)) %t)
Therefore, it is enough to show that
P~ Tr(A(Ti(e) - Ti(e) BB (Fi(e) - Ti(e))"A™) - 0, (4.15)

for any A, B € Span{y/;,y; : j = 0}. The proof of li given below goes along the

same lines as the proof of p~' Tr((Ii(e) — Ti(e))([i(e) — Ti(e))*) — 0 given inlJin ef al.
(2014). In our case we have the extra factors of A, B etc. Let

v = )P, S8, @ = ) (B0, B B

U = (&19 &29 ceey d/n—i)’ U = (&19 6/29 ceey d/n—i)a

‘A/ = (&I-H" C/\Y2+i’ ) d,n)a ‘7 = (C_l]+i7 @2+i7 ) &l’l)'

Then,
p Tr(A(, - T)BB' ([, - T)*A")

= p ' TV = OV)BB(UV* — UV*)*A")
= p ' Tr(A(U - O)V* + OV = V))BB* (U - O)V* + UV - V))*4A")
< 2p7 ' Tr(A(U - O)V*BB* V(U - U)*A")

+2p ' Tr(AU(V — V)*BB*(V — V)U*A").
Now, we have for some C > 0, with A = ((a;;)) and B = ((b;))),

p ' Tr(A(U - U)V*BB V(U - U)*A)

C
N — N Ax 2
< 3 g |Zaul(8kl_gkl)g(k+i)jij|
n ”
wy  Lk,j
- 3 aull(gklll 8k111)8(k1+i)j1 J1v jzvg(kzﬂ)Jz(gkzlz gkzlz) a,,
v kg bk, jo
= L+ Lh+J3+ 4+ Js,
where,
J _ C A —_ )A* b b* A A - )* *
1= aut, (Exty = Eat)E 1+, jnvD 1 E i jp Eaty, = Eiats) Ay, |
u,y LRI )
ky1>ko, ki#ka+i
o= < Butosits — Ekosin Biessan bt Gias — 1),
2 = 3 Aul (E(o+idl; — Ella+iy 8(k2+2i)j1 J1v jzvg(kzﬂ)h o, — €h) Ay, ) s
u,v 1,j1.ls
J2:k2
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J3 = Z Z (aull (8/{111 - 8/{111 )8(k1+i)j1bjlvbjzvg(k2+i),i2(8kzlz - Skzlz) aulz) 5

u,y ljriz
ko>ky, kp#ky+i

C
_ A - Ak E3 A A . _ o . k%
Jo = n—Z D (@ Bt = 81085 0 Dib B2 G i, = Ersin)' @)
u,v I,j1.l,
J2:k1
A - Ak % A A - % %
J = = ut, (Exty = &1 )& iy j, il 1y E ki jo (Erty — Erty) Ay, |-
3
uv,ly,ly

J1sj2.k

Note that E(J,) = E(J») = E(J3) = E(J4) = 0. Moreover for some C;,C,,C3 > 0,

C
_ 2 1 A — Ak *
Var(Jl) - E(JQ) S E aLl|l] (skll] - Skll] )8(k1+i) '1bj1V] bj2V1
né j
u,Vvi 1501472 u2,v2 13.14:J3:J4
ky1>ko, ki#ko+i k3y>ky, ka#kq+i

A A - E A - AK *
8(k2+i)j2 (8](2[2 - 8/(212) aullzaMZIB (81(313 - 8k3l3)8(k3+l’)hb 3V2bJ4V2

A A - E3 *
Ekyrijs Eraly = Eigly)" Ay,

IA

E E aulll Jivi ]2\/. ullzaUZIleIVijzvz uzlz)

Ml u2 11 l2
VOV2 i

< %(n_l Tr(A2A*?))(n~ ! Tr(B*B*?)) = O(n™?).

Also for some C;,C, > 0,

C
2 1 A - A% *
E(n) =% Z Z Z E[aum Eurarimy = Ekarit JE 421y, Pjivi D,

ULV 111 13573040
ur,v
22 oy jaks

Var(J,)

A _— * sk A -_— Ak
Ea+irjo Braly = Etals) Ay 1y Qs Ehegrinty = Echarints )y +21) 3

* A — k%
bJ3V2b}4vzg(k4+i)j4(8k4l4 - 8/(414) Ay,

_ -2
_Z Z Z aulllbjlvlbjzvl u|lzau2l3b]lv2bj4vz uzlz)_ O(I’l )

”1 Vl 1. 13, 13 4.
J2

IA

Similarly one can show that Var(J3;) = O(n™2), Var(J;) = O(n?).
Let &; = g.l(lei| > nnnﬁ), Vt,i. Therefore, as E(g;) = 0, note that E(&;) =
—E(&,), Vt,i. Also note that
I = Var(s,) = Var (& — E&y) + &; — EGy)) = 07 + Var(Ey) + 2(E ).
Therefore, Using (A6), for some C > 0

(1 - 02) < 2E(E) < 2C(P(&,] > n,n™))% < 2Cq°n %% (4.16)
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Let E = {(z,i) : 0'[21. < 1= A}. Thenif (t,i) ¢ E, we have for some C > 0 (see last line
of page 1214 in Jin et al.| (2014)),

(1-0") < Cp%n 7. (4.17)

Moreover note that if (¢,7) € E, then ” > 1. Then by (4.16) and (4.17)), we have for
some C;,C, > 0,

C
E(Js) = e Z @, E\&r, — &1, PEl8 s, bjb3 au,
u,v,ly,j1,k
2
9 - l-0) G - 2
-1
< F aullbjlvb wul T + F Z aullbjlvb @ (1 _O-kl)
uv,j uv,j
(el )EE (k1)EE
_=0_ =25
= Om#») + 0(n).
Therefore,

E(p™' Tr(A(U = O)V*BB* V(U — U)*A™)) — 0.
Similarly one can show that for some € > 0, Var(Js) = O(n~'7¢) and as a consequence

we have
Var(p™ T AU = )" BB V(U - U)*A") = O(n™'"").

Hence,
p ' Tr(A(U - O)V*BB V(U - U)'A") = 0,a.s.. (4.18)

Similarly,
p ' Te(AU(V - V)*BB*(V - V)U*A") — 0, a.s.. (4.19)

Hence by (4.18) and (4.19)), @.15)) is proved. Also by @.12), @.13), (4.14) and (.15,

L(FT T FT#Tiy 5 0, a.s..

Additionally if we assume sup, ; E leql* < M < oo, then the LSD of {f f }i=o exists. This
follows from the following inequalities.

L(FEE FITy < p 'rank(C 0 - T,77)
< plrank((F; = THI; + Tl = 1))
< 2p 'rank(l; - T)),

LF"T FITY < 2p7'rank(T; - T,

and by Corollary A.41 of |Bai & Silverstein| (2009)
LAFTT FIY < 2p 2 T T + T Te(Ts - T - )
< 2p V(T + BINDIT; - TP,
LAFTT P < 2p 2 To(TTT + T Te(T; — To(T5 - T,
We omit the details. This completes the proof of Corollary [2.1(b).
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4.3 Proof of Corollary 2.2]
Note that by Corollary [2.1(), it is enough to work under Assumption (A3) or (A4).
(a) By Theorem , the limit of n(n + p)‘llx"o 18 Yoo, Where yo0 = vy, = a@oscosag. By

(2.7) and (2.8),

1
go(a’{)) = T Y . and go(c’(‘)) = m forall k> 1.

Note that (see page 144 of Nica & Speicher (2000)),

1(h—1\[ h
#{m e NC(h) : mhas kblocks} = %(k— 1)(k— 1).

Hence, by 2) and (2 | the h-th order moment of the LSD of [, is given by

(1 +y)y™! 2 2 2
—y Z ¢rlay, aps - - - » ayl@kmlco, o, - - - co
reNC(h)

#{mr € NC(h) : = has k blocks} y*!

Lh=1\ h \ .,
_(k—l)(k—l)y .
k=1

which is the A-th order moment of the Marcenko-Pastur law (see (1.4)). The first equal-
ity holds by Property 4 of the Kreweras complement (see Section [5]). This proves (a)
under either (A3) or (A4).

M= ID2-

(b) Observe that, by Theorem the limit of n’(n + p)*zlx",-lx";‘ is vy, By li
Yio = apSc;say and 7’?,0 = agsc:sag. Since the marginal distribution of all the ¢;’s
are same for i > 1, using free independence of Span{s}, Span{a;,a; : i > 0} and
2. A

Span{c;,c} : ¢y = ¢}, i > 0}, the LSD of (%) I'i(e)I'} (g) are identical for all i > 1.

Also, by 1) forall k > 1, p(ay) = 1= For any monomial m({c;, ¢}}), by lb we

) y i

know ¢(m({c;, c7})). Hence using (2.12)) and (2.13)), the h-th order moment of the LSD

of () F(e)f(e) s given by

2h+1
72]1(1 +)’) * * * *
y Yrmlao, ao, . . ., aolexlci, cj, ci ¢ ... cin ¢
y neNC(2h)

h
= y2h Z #{m € NCE(2h) : r has k blocks} y*"*17+1
1

i£<z (%

k=1
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where as in Corollary [2.2(a), the first equality holds by Property 4 of the Kreweras
complement and the last equality follows from Lemma 4.1 of Edelman| (1980). The
final expression is indeed the A-th order moment of the Bessel(2, y™!) law.

If p — oo such that y = 0, then the A-th order moment of the LSD of (%) IA",-(s)IA“l’f (e)
is %(hz_hl) Hence, the LSD is the Marcenko-Pastur law with parameter 1. This proves
(b) under either (A3) or (A4).

(c) Note that, by Theorem the LSD of %(ﬁ + ff) is same as the distribution of

ao(NT+y ) STy 5) g = u (sa),

*

where ag, Span{c;,c!} and s are freely independent. The marginal distributions of

Span{c;, i} and qq are given by (2.8) and (2.7) respectively. Therefore, by (5.11), the
S-transform of u is given by,

Su(2) = 84)(2)S (14)2(2)S v (2). (4.20)

Moreover, by (5.6), we have
1 1

y
W(2) = - . 421
m,(2) m(z)1+y T4y 4.21)
Now, it is known that (see for example Couillet & Debbah (2011)),
1
S 14y _— 4.22
(l+y)s2(z) (l +y)(1 +Z) ( )
Also, by (5.7), (5.9) and (5.10), we have
Z y
Y, = —
@ =TTy
_ (I+y)z
IR Y (e
z+1 (1+y)(z+1)
S = —yalg) = ————=. 4.23
= @ = x@= 1 (4.23)

The distribution of HTC’ is ﬁya +60%, where a has the arcsine law supported on (-1, 1)

and ¢y is a random variable degenerate at O (see for example Nica & Speicher| (2000)).
Also, note that the Stieltjes transformation of a is given by (see for example Nica &

Speicher (2006))
-1

m,(2) = . 4.24)
N
Therefore, by (5.6), (4.24), and we have
11 y 1

Meie; (2) =

3 \/Z2_11+y_1+y2
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1 1 y

-1
- __mciﬂ:’f Z = +
Z T’( ) Vi-zZl+y 1+y
1 1 y
= R g
l_X%"iJrc*.‘(Z) y y

2

= X @=1-(@+ DO+ D=7 =1-Go+D+D7

Hence, by @.20), {.22)), @.23), (4.25)) and (5.10), we have

x@ = (1= o+ D+ D) (@ +yz 40"
2= (1= (@0 + D+ D)7 (1 + ¥ + )
2+ )P+ = (1- (@6 + D+ 1))
(<1 +ymEH =) = 1= (= +ym " =y)
(= +ym@) =) = 1= (=1 +ymz - )
(myzm(@) + (1= P(L = ym’@) = 1, [by G2I)].

This agrees with the result of Jin et al.|(2014).
By Theorem 2.1 of|Liu et al.|(2013), the Stieltjes transformation of LSD of %(F,-+1";.*)

I

satisfies, 1
1 (™ cos@do \
= —|,— — ] . 4.25
m(z) (Z 2r L I + ym(z) cos 9) (4.23)
Now,
1 (7 cos@dd 1 " (1 +ym(z) cos §) — 1 50
21 Jo 1+ym(z)cos8  2mym(z) Jo 1 + ym(z) cos 0

1 1 fz’f 1 5
B ym(z) 2nym(z) Jo 1+ ym(z)cosé

1 1 2 1
= @ 2ome) fo [+ (1/2ym@e + e ™
1 1 1 dw
T oym(d) 2riym(2) Jy T+ (1/2ymE@) @+ w0 ) @
1 2 dw
 ym(z) B 2riy*m?(2) J, w? + 2(ym(z))'w + 1

1 2 1

ymz)  ymi(z) wy — w,

where w; and w, are two roots of w? + 2(ym(z))'w + 1 = 0 with |w;| > 1, |w,| < 1

2,92
and (0 - wy)? = 258

— (0 . . ..
@) Also y = {e” : 0 < 6 < 2x} i.e. contour of unit circle.
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Therefore, by (.25)), we have

1 1 2 1
@ T @) Y@ o -
= L (1 - 1) —z= 2 !
m(z) y y2m2(2) wi — w,
= —y(l - l) —zym(z) = 2 1
y ym(z) wy — w
2 1

= (I-y)—zym(z) =
ym(z) wy — w,

= (1 —y) — zym(2))*(1 = y*m*(2)) = 1.

Therefore, Theorem 2.1 of Liu et al.| (2013)) also agrees with (1.5]).

4.4 Proof of Corollary 2.3

Let o be the LSD of ip. Also let m(z) and m,(z) be respectively the Stieltjes transfor-
mations of LSD of 2'/2[(£)2"/2 and a = (1 + y)o'*scoso'/? € By. Then by Theorem

[2.1]and (5.6), .

y
my(z) = m(z + . 4.26
(2) ()1+y A7y (4.26)
By using (5.11)) for free variables repeatedly,
S4(@) = Ssesye(2) since a and scos(1 + y)o are identically distributed

= Sscs(2)S (14y)0(2) since scos and o are free

S 2(2)S ¢, (2)S (14y)0(2) since ¢ is tracial and s and ¢, are free.  (4.27)
Now, S 2(z) = (1 +2)~" (see for example Burdal (2013)) . By (5.7), (5.9) and (5.10)), we
have

z 1 z(1+y) d+yE+1)

IPC =T C = ’ « = )
O(Z) 1_Z1+y )(O(Z) 1+Z(1-|-y) SO(Z) 1+Z(1+y)

Hence, by (4.27)), we have

+y S
1+z(1+y)

Therefore, using the definition of ¥ and y transformations (see (5.7), (5.8) and (5.9)),
we have

Sa(z) = X(l+y)(r(z)-

_ Yy
(1@ = xa(2) = Trad0+y)

1+y 3
1+ (1 +y)¥P.(2) (X(1+)')U(Ta(Z))) —c

1+ (1 + )W)
1+y

Z
= ‘I’(HW( ( ) = ¥,(2)
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1+(1 ¥ (77! i
- \P(Hm( - (zﬁ)y) - )) = Ya(z™)
y = — —_
= Yo (—ma(Z) G +y)) = —zm,(2) - 1
y —ma()i(1 +y) -2 o i
= 1 +y f 1+ m ()1 +y) + t?dez(f) = —2mu(z) — 1

1y?

_ f( ma(ty + ¥ + 55 JdF ) = -
z - ma(z)~

yz + zma(2)ry(1 +y) + 2

Substituting (4.26)) in the above expression, one can easily see that m(z) satisfies (2.14).
An alternative approach for y=1: For y = 1, by (5.20), (2.14)) reduces to

cem@) = =om@) = [ 1L 14 Y -2,
k=1

1 +m(z)

where ¢(t*) = [ *dFy (). Thus the k-th order free cumulant of LSD of £!'2[\!/2 is
@(t*) for all k > 1. Note that the LSD of '/2['y2"/? and n~'Z*SZ are same for y = 1,
where Z is given by . By , the k-th order free cumulant of n~'Z*XZ is also
given by () for all k > 1.

4.5 Proof of Corollary 2.4

By Corollary [2.1((b), it is enough to work under Assumption (A3) or (A4). Note that, in
the present case, LSD of y;, for all j, is 6 2, For any i, let P; be the n X n matrix with
upper ith diagonal 1. Note that Py = I,,. We can write

nly =2 (Zq: Zq: AP M] z, nls =7 (Zq: Zq: Ay P j/ﬂ.] z".

j=0 j’=0 j=0 /=0

Therefore,
n a ok 1 < < * %
E(Fi +I7) = Z[E Z Z Ajdp(Pi_jyi + Pj_j’+i)}z ,
j=0 /=0

whose LSD is a compound free Poisson (see Definition[5.6) and by (5.22)), its r-th order
free cumulant is given by

e 1 (15 N | :
Ky =y"'lim = Tr [5 ]Z:(; JZ:;) Ay (Pyjai + Pl j,ﬂ)] = Y E,(cos(iv)h(d, v)),
(4.28)
where 4 is given as in (1.8)) and v ~ U(0, 2n).
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Now, we will show that (2.15)) matches with the results in [Liu et al|(2013). By
(1.6, (1.7), (1.8)) and (5.19)), we have

1 (% cos(iv)Ki(z, v)dv

2 Jo 1+ycos(inKi(z,v) 1= z2mi(2) = =C(=mi(2)). (4.29)

Moreover, since y; = A;1, for all j, then for all i > 0, K;(z, v) = m;i(z)h(4,v). Hence, by
(4.29) and (5.20), we have

1 (7 cos(iv)mi()h(A, v)dy

C(-my(2)) o o 1+ ycos(ivimi(z)h(A,v)

= 1+ ) Y Ecosih(d,v) (~mi(2))', (4.30)
r=1

where C(-) is the free cumulant generating function defined in (5.19)). Therefore, for all
r > 1, coefficient of (—m;(z))" in (¢.30)) agrees with K, in (2.13).

4.6 Proof of Corollary 2.5

We prove the corollary only for I’y when X, is an MA(1) process. The proofs are similar
for other matrices and for MA(q) process. For convenience, we write R;(v) instead of
Ry;(v). Also by Corollary [2.1(), it is enough to work under Assumption (A3) or (A4).
To prove (2.16)), we consider the following decomposition of NC,(2r). For 1 < j <r,
let

H?” := set of all non-crossing pair partition of {1, 2, ..., 2r} such that one block is (1, 2j).

Note that NC,(2r) = U;ZIH?. We will show that the contribution of H?’ to p(¥y,) is

EV(R,_j+1(V)ﬂ;I(szi - !y’DR,-k(v))), Vi<j<r 4.31)

Then it follows that

T = B (R Y (Hk’l i [1. ) (4.32)

j:1 ﬂ'GP_,'_] k=1

which involves all partitions in $,. Note that for a typical partition 7 € P,, coeflicient
; . ] s (=1 o —1_ 1

of [Tj-y Ry, (v) in (4.32) is y 37, T which is exactly equal to y’ 7

Hence, (2.16) will be proved provided (4.31) is proved. We prove this by induction on

r.

Consider r = 1. Then we have only H%. Let ¢, = Ep~' Tr. Therefore, the contribu-
tion of IT2 in ¢(¥o;) is given by

lim ¢,(ZZ* +AZZ*A+AZCZ* +ZC*Z*A) = E,(¢(1+a*+2acos 0)) = E,(R,(v)). (4.33)
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Also note that the contribution of IT} in ¢(¥3,) is given by

lim¢,(ZZ"+AZZ"A+AZCZ" +ZCZ* A y)) = E,(e(1 +a®+2acos v)¥o1) = E,(Ry(v)).
(4.34)
Therefore, by (4.33) and (4.34), it is easy to see that the contribution of IT3" in ¢(¥},) is
E,(R,(v)). This is obtained just by introducing (r—2) more ¥y, in (4.34). Moreover, note
that the contribution of H‘z‘ 1e. {{1,4},{2,3}}in go()‘/(zn) is E,(yR,(v)R(v)). Therefore,

¢©(#2,) = contribution of IT} = {{1, 2}, {3, 4}} + contribution of IT; = {{1,4}, {2, 3}}
E,(Ry(V) + E,(yR3(v)). (4.35)

Hence, we get Hg from H‘z1 by appending ¥y, at the end i.e. by {{1, 4}, {2, 3}, {5,6}} and
the contribution is E,(yR;(v)R,(v)). The partition {{1, 6}, {2, 5}, {3,4}} is also obtained
from I} just by introducing one more ¥y, inside the loop of {2,3} and then renam-
ing 3,4,5,6 as 5,6, 3,4 respectively. Thus the contribution of {{1, 6}, {2, 5}, {3,4}} is
E,(yR,(V)R;(v)). Therefore,

cp()'/gl) = contribution of H? + contribution of Hg ={{1,4},{2,3},{5,6}}
+contribution of T1§ = {{1, 6}, {2,5},{3,4}} U {{1,6},{2,3}, {4, 5}}
= E(R:;(v)) + E,(yR1(v)R2(v)) + E, (YR, (V)R (V))
+contribution of {{1, 6}, {2, 3}, {4, 5}}. (4.36)
Suppose (4.31) is true for r = u. Then, we get any partition {iy, i, ..., i} € P, With

not all i; = 1, just by introducing one more ¥, in the partitions of #;. Hence, the
contribution of all such partitions of £, equals

u t

Z Ey(Ru—j+2(V) Z (HIZ: fk!yt HR""(V)))

= nePr k=1
v BRO) Y (H;iti fk‘y’ﬁRik(v))). (437)
nePy = k=1

at least one iy > 1

The first term of (4.37) covers the contribution of U’_ 1H§(”+1)
2u+1)

term of (Iéﬁ[) covers the contribution of all partitions in IT " which contain at least
one {odd, even} type blocks except {1,2(u+ 1)}. This is because of the extra y(; term for
which one more {odd, even} type block gets included in the partition. Therefore,
covers the contribution of all partitions in NC(2(u + 1)) except

. Moreover, the second

(L2 + D}, {2,3}), (4,5}, .. .. {20, 2u + 1}}, (4.38)

which is under Hzi”f D and contains no {odd, even} type block except {1,2(u + 1)} (see

for example (4.36)). It is very easy to see that the contribution of {{1, 4}, {2, 3}} in (,0(77(2)1)
is Ey(ny(v)). Suppose the contribution of

{{1,2u},{2,3},{4,5},....{2(u - 2),2u — 1}} (4.39)
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in o(yg,) 1s Ev(y”‘lR‘l’(v)). Now to find the contribution of the partition from
(4.39), we may just introduce one of either Z*Z, Z*A*Z, Z*AZC or Z*AZC* in the loop
formed by the block {1,2(u + 1)}. In this case, Z* and Z will form a {even, odd} type
block and by Remark (2.2), this contributes an additional factor of yR,(v). Hence, the
contribution of the partition is Ey(y“RLf*1 (v)). Thus,

the contribution of the partition (4 in ¢(¥y,) is E, (" 1R“(v)) Yu>1. (4.40)
Therefore, combining (4.33)),([.36), @.37) and {.40), proof of (4.31)) follows by in-

duction.

4.7 Proof of Corollary 2.6

Note that by Corollary [2.1[), it is enough to work under Assumption (A3) or (A4).
Here we will only prove the existence of LSD for [,. Similar proof will work for
(I + f*}m and {f~f*}i>1 Let us denote

F(). F": ESD and LSD of Iy for MA(g) process respectively,

F f,llo, F fxl,) : ESD and LSD of Iy for MA(c0) process respectively.
Then it is enough to prove that with d given by (5.3)), for every € > 0,
(S 1) there exists a gp > 1 such that d(F(”, F(l)) <& Vg = qo,
(§2) there exists a pg > 1, such that for every p > py, there is g; > 1 such that g > ¢,
implies d(F fpl,fx,, F ;,{q) <&,
(8 3) there exists a p; > 1 such that d(Ff,lt)],
Note that py and p; depend only on &. Also gy depends only on € and p,. Now,

F;l)) <egforall p > py.

2

[ 0 q q
@ E E CljSij_jSCl E E ClJSC] ]sa

,JZO =0 Jj=0 j=0

= @ E a;scy JSCl + E E a;scj ]sa + E E a;scj ]sa
| j=q+1 j'=q+1
(o] (o)

Jj=q+1 j'= J=0 j’=gq+1

(9] (o)

— * * * *
= 90[ Z Z a;SCjr—jSA, Ay SCy Sy + E Z ajSCjr—jSAy Ak SCr—kSAys

b =q+1 kk'=q+1 Jk=g+1 j k'=0

(o) (o] (o) (o]
+ E E ajscj,_jsaj-,aksckf_ksa,’; + E E ajscj/_jsaj-,aksck/_ksa,t,
k=0 j k'=g+1 k' =q+1 j k=0

(s [ (&9 [

* * * *
+ E E a;SCy—jSa A SCy —SAy + E E a;SCy—jSa A SCy —SAy
JH=0 j k=g+1 JiJ k=q+1 =0

+ Z E a;scj_;jsa; AR SCy ksak, + Z a;scj—;jsa; A SCh— ksak,
Jkk'=q+1 j'=0 Jij' k' =q+1 k=0
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(o9 [Se]
3k *
+Z Z a;SCy—jSay A SCr—Say |- 4.41)

=0 ok =q+1
Now using the linearity of ¢, (2.7) and Remark [2.2] we have
plajscy-jsayarscr-rsay) < lpla,aplaya)l +ep(aa, ara)|

(p(@;a)p(aya)plaa)plagap))?

1/4
+p(asa;asa)e(a,apa;ap)p(agaaga)p(ay, ap aax)) /4,

IA

Hence, (4.41) is bounded above by

37 {8 5

Jj=q+1 q+1 Jj=0

+4 Z go(aj.aj)) [Z cp(aj.aj)) + ( Z Ho(a a;a; aj))
J=q+l Jj=0 J=q+l

+4 Z N go(aj.aja;aj) Z N go(ajajaj.aj)
Jj=q+1 j=0

+4 Z N go(aj.aja;aj) Z ¢ go(ajajaj.aj) — 0, as g — oo,

by Assumption (A11). Therefore, (S1) holds. If we replace a;, aj., cj, cj. and s by the
matrices ¥, /", P, Bj. and W respectively, then by Assumption (A10), the same calcu-
lations as above proves (S 2). (S 3) follows from Corollary Hence, Corollary [2.6|1s
proved for I'y.

5 Appendix

In this section, we discuss the concepts and results from the literature of non-commutative
probability which have been used in the proof of Theorem[2.1]and its corollaries in Sec-
tion[2

Moment method. We begin with a result (see Bai & Silverstein (2009)), which outlines
the moment method for showing the existence of LSD. This was used in the proof of
existence of the LSDs for symmetric polynomials of {’;, f;‘ : i > 0} (see Corollary
and Section[4.2]).

The h-th order raw moment of the ESD of an nxn real symmetric matrix R, is given
by

Bu(R,) = —Z/lh Tr(Rh (5.1)
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Consider the following conditions.

(M1) For every h > 1, E(B,(R,)) — By

(M2) Var(Bi(R,)) = 0, Yh > 1.

(M4) 32 EB(R,) — EBu(R)))* < 00, Vh 2 1.

(C) The sequence {8,} satisfies Carleman’s condition,

> By = co. (5.2)
h=1

Lemma 5.1. If (M1), (M2) and (C) hold, then ESD of R, converges in probability to
a unique probability distribution F determined by the moment sequence {(;,}. Further
the convergence is almost sure if (M4) holds.

Metric for truncation arguments. For the truncation argument in the proof of Corol-
lary we use a Mallow’s metric (or the Wasserstein metric) on the space of all
probability distributions with finite second moment.

Let F and G be two distribution functions with finite second moment. Then the
Mallow’s distance between F and G is defined as

) 7172
d(F.G)=| inf EIX-YP|",

where the infimum is taken over all possible joint distributions of (X, Y) such that their
marginal distributions are respectively F and G. It is known that d(F,, F) — 0 if and

only if F, converges to F weakly and f xX*dF,(x) — f x*dF(x). This metric is useful

in random matrices due to the following two upper bounds.

Let A, B be two n X n real symmetric matrices with eigenvalues 4; < 4, <--- < A4,
andB; < B, < -+ - < By, respectively. Let FA and F® be the ESD of A and B respectively.
Then by Lemma 2.3 of Bai (1999), we have

d*(F, FB® < n™' Tr(A - B)*. (5.3)

Also suppose A and B are p X n real matrices. Let X = AA* and Y = BB* and FX, FY
be ESD of X and Y respectively. Then

d(FX, FY) < I%Tr(X +Y) Tr[(A — B)A - B)"]. (5.4)

Stieltjes and related transforms. We needed the Stieltjes and related transforms to
check the agreement of our results with the exisiting results (for example Corollaries
(c) and[2.3)). We provide a brief discussion on various transforms following Couillet
& Debbah|(2011).
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(a) If all moments of a probability measure u are finite then we have the following
formal power series expansion of the Stieltjes transformation m,,(z) defined in (1.3)),

| 1 1 E.(x) EJP
mﬂ(Z)=—2EH(1_§):—E— ’;2 - “Z3 - (5.5)

(b) Recall the definition of M given in (2.3). By (1.3)), if m,,(z) is the Stieltjes transform
of the ESD of a p X p matrix M, then the Stieltjes transform of the (n + p) X (n + p)
matrix M is given by

1 1
mM(Z) = liq-ymM(Z) + El—+y (56)

(c) ¥ transformation. Given a probability measure ¢ on R with compact support, the
W-transformation ‘¥, (z) is defined by

zt

\Pﬂ(Z):fﬁd/J(f). (5.7)

One can easily show that
1
¥, (E) = —zm,(z) — 1, (5.8)

where m,, is the Steiltjes transformation of the measure p.

(d) y-transformation. ), is the unique function analytic in a neighbourhood of zero,
that satisfies
Xu(Pu(z)) = z for [|z] small enough. (5.9)

(e) S transformation. The § -transformation S, of the measure u is given by

1
S.(2) = %Xﬂ(z). (5.10)

The S -transformation § g, of the measure y ® v, free product of two measures p and v
(see Definition [5.4)), satisfies
SﬂIZlV:SﬂSV' (5.11)

Non-commutative probability space.

Definition 5.1. A non-commutative %-probability space (A, ) consists of a unital -
algebra A over C and a unital linear functional (state)

p:A->C, o(14)=1.

The elements a € A are called non-commutative random variables in (A, ¢). More-
over, if a = a*, then a is called self-adjoint. The state ¢ is tracial if

p(ab) = ¢(ba), Va,b € A.
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The following example of non-commutative %-probability space is relevant for us.

Example 1. Let d be a positive integer. Let M,;(C) be the %-algebra of d X d matrices
with complex entries and with usual matrix multiplication, and let tr : M,(C) — C be
the normalized trace,

1 d
tria) = 5 > Va = (@) € Mu(©).
i=1

Then (M,(C), tr) is a =-probability space.

If the entries of M (C) are random, then it is a non-commutative *-probability
spaced with ¢ = E tr.

Let M be any square self-adjoint matrix with LSD a supported on R. Then for all
k > 1, lim @,(M*) equals E(a").

Let 8 be a unital #-sub-algebra of A. Then (B, ¢) also forms a non-commutative -
probability space. Consider ¢ > 1. Let II(a;,a; : 1 <i < t) € A be any polynomial of
{laj,a’ -1 <i<t} C A Then

Span{a;,a; : 1 <i <t} ={Il(a;,a; : 1 <i<t): Ilis apolynomial} (5.12)

is the *-algebra generated by {a;,a’ : 1 < i < 1}. Clearly it is a non-commutative
x-probability space.

For example, A, in (2.4) is a unital *-sub-algebra of M,.,(C) (see Example |I)
and (A,, ¢,) forms a non-commutative *-probability space. Similarly, (A, ¢) defined

by 2.6), 2.2), (2.8) and (2.7), (8,,¢) defined by (2.10), are all non-commutative *-

probability spaces.

Definition 5.2. Let [1(a,a”) € A be any polynomial in a,a* € A. Then {¢(1(a, a")) :
[I(a,a*) € A} is called the *-distribution of a or a*. In particular, if a is self-adjont, then
the sequence { (p(a")},‘j’zl, is the distribution of the random variable a € ‘A. It often defines
a unique probability measure on R with this as its moment sequence. For example, the
distribution of a semi-circular variable is given by (2.2)) which are the moments of the
(unique) semi-circle law.

Consider r > 1. Let Il(a;,a; : 1 < i < 1) € A be any polynomial in {g; : 1 <
i <t} c A Then {¢ (H(a,-,a;" :1<i<t)): Il € A} determines the joint distribution
of {a; : 1 < i < t}. For example, (2.7) and (2.8)) provide the joint distribution of
{ci,c; 1 i >0} and {a;,a; : i > 0} respectively.

Non-crossing partitions and Kreweras complement. Non-crossing partitions form
the core of the concept of free independence. Kreweras complement is a useful tool to
compute various moments of polynomials of free variables (see for example Remark

A partition of a set say, {1,2,...n} is said to be non-crossing if for any two blocks
V, and V; of the partition, there does not exist a;1,a;, € V;, i = 1,2 such that a;; <
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ar) < ayp < azp. This is a POSET with the natural ordering which stipulates that the
one block partition (say 1,) is the largest element and the n bock partition (say 0,) is
the smallest. It is closed under the natural max and min operations. Let

NC(n) = {r : m is a non-crossing partition of {1,2,3,...,n}}. (5.13)

NC,(2n) = {m : m is a non-crossing pair partition of {1,2,3,...,2n}}. (5.14)
NCEQ2n) = {mr € NC(2n) : every block of & has even cardinality}. (5.15)

The Kreweras complementation map K : NC(n) — NC(n) is defined as follows. We

consider additional numbers 1,2, ...,7 and interlace them with 1,2,...,n in the fol-
lowing alternating way:

1,1,2,2,...,n,0.

Let  be a non-crossing partition of {1, 2, ..., n}. Then its Kreweras complement K(7) €
NC(1,2,...,i) ~ NC(1,2,...,n) is defined to be the biggest element among those
o € NC(1,2,...,#) which have the property that

max(m, o) € NC(1,1,2,2,...,n,7).

The following properties are known. Properties 1 — 3 have been used in Remark
and Property 4 was used in Corollaries [2.2](a) and (b).

Property 1. K : NC(n) —» NC(n) is a bijection.
Property 2: K(NCE(2n)) is in bijection with the set of all such 7 in NC(2n) such that
every block of 7 is contained either in {1,3,...,2n — 1} orin {2,4,...,2n}.

Property 3: NC,(2n) > m — (K(m)|{1,3,...,2n — 1}) is a bijection between NC»(2n)
and NC(1,3,...,2n—1).

Property 4: Let || be the total number of blocks in any partition . Then for any
7 € NC(n), we have |n| + |[K(m)| =n+ 1.

Free cumulants and free independence.

Definition 5.3. Let (A, ¢) be a non-commutative *-probability space. Define multilin-
ear functionals (¢,),en On A via

eon(ay, ay, ..., a,) = plaiay ... ay).

Define recursively a family of multiplicative, multilinear functionals ¢,(n > 1,7 €
NC(n)) by the following formula. If 7 = {V{, V,,...,V,} € NC(n), then

Soﬂ[al’aZ, e ,an] = QD(Vl)[a],az, s 7an] U QO(V}’)[a]’aZ, .. ,an],
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where o(V)[ay, ay, ...,a,] := ¢s(a;,,a;,,...,a;) for V.= (i; < iy < ... <i). Then the
free cumulants (ky)zencoyn=1 are the multiplicative, multilinear functionals defined by

kelay,ay, ...,a,] = Z eslar, ay, ..., a,lu(o, ), (5.16)

ageNC(n)
o<n

where u is the Mobius function on the POSET NC(n). Note that the M6bius function
depends only on partitions and not on the variables whose cumulants are being calcu-
lated. For eachn > 1, we put k, := k. @ is equivalent to the statement that, for all
neNandall aj,a,,...,a, € A, we have

k(@ an,..oa) = ) @olar,ar, .. alu(a, 1,). (5.17)
geNC(n)
For any variable a, the numbers k,(a) = k,(a,a,...,a) Yn > 1 are called the free

cumulants of a.
If s is a semi-circular random variable, then it is well known that

ko (s) 1, ifn=2 (5.18)
n(S) = . .
0, ifn>2.

The free cumulant generating function C(z) of a self-adjoint random variable a is de-
fined as the formal power series

Cz)=1+ Z ku(a)?" Vz € C. (5.19)
n=1
C(z) satisfies the relation
C(-m(2)) = —zm(2), (5.20)

where m(z) is the Stieltjes transformation defined in (I.3).

The free cumulant generating function C(z) and relation can often be used to
derive the Stieltjes transformation of a random variable (see Corollary [2.4] and alterna-
tive proof of Corollary 2.2)) (c)).

Free independence of random variables and sub-algebras can be defined through
free cumulants.

Definition 5.4. Let (A, ¢) be a non-commutative probability space. Consider unital
sub-algebras (A;);c; of A. Then (A;),c; are freely independent if for all n > 2 and for
all a; € Ay (j=1,2,...,n) with i(1),i(2),...,i(n) € I, we have k,(a,as,...,a,) =0
whenever there exist 1 < [,k < n with i(l) # i(k).

Also, let (A;, ¢;)ic; be a family of non-commutative probability spaces, then there
exists a non-commutative probability space (A, ¢), called free product of (A;, ¢;)icr,
such that A; c A, i € I are freely independent in (A, ¢) and ¢|A; = ¢;.

Let u and v be compactly supported probability measures on R* and R respectively.
Then their free product u ® v is defined as the distribution of +/xy /x, where x and y
have p and v respectively as their distribution and they are freely independent. This is

useful in (5.TT).
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(5.17) and Definition [5.4] provide tools for showing free independence of two sub-
algebras.
Next we state how to compute ¢ functions under free independence.

Lemma 5.2. Let (A, @) be a non-commutative probability space and consider random
variables ay,a»,...a,,b1,bs, ..., b, € A such that {a;,a,,...a,} and {b1,b,,...,b,}
are freely independent. Then we have

plaibyazb, .. .a,b,) = Z kelai, az, ..., a,oxmlbi, b2y ..., byl,

neNC(n)
where K(r) is the Kreweras complement.
Convergence of NCP and freeness

Definition 5.5. Let {(Ay, ¢n)}y_, be a sequence of non-commutative *-probability
spaces. We say that this sequence converges to a non-commutative *-probability space
(A, @) if for each a'™) € Ay, there is a corresponding element (limit) a € A such that
()
l

Al]im oN (H(af.N),a t1<i< t)) =¢([l(a;,a; : 1 <i <1)), forany polynomial [Tand 7 > 1.

In particular, forafixi > 1, we say that a) converges in distribution to ; if lim ¢y(a") =
@(a*) Yk > 1. Moreover, for fixed 7 > 1, by joint convergence of {aEN ), f(N Yil<i<
to {a;,a’ : 1 < i < t}, we mean (Span{agN),a;(N) : 1 < i < t},¢n) converges to
(Span{a;,a; : 1 <i <t},¢).

a

The well known Lemma [5.3] provides the joint convergence of p- many independent
Wigner and g-many deterministic matrices and their asymptotic freeness. In particular,
if W, is a Wigner matrix of order n X n, then n~'/>?W,, converges in distribution to a
semi-circle law determined by the moment sequence (2.2)). Proof of Lemma /5.3 under
the Assumption (A3), is given in|Zeitouni et al.| (2010). Similar proof works under the
Assumption (A4).

Lemma 5.3. Let, for each N € N, A;P,Aﬁ), .. ,Aﬁ\f) be p independent Wigner matrices
and let DE\}) , Dﬁ), el Dgg) be g constant matrices with bounded norm, which converge
in distribution for N — oo, i.e.

D) 12 @ 4
D, ,Dy,....,Dy = d\,d,,...,d,,

for some di,d,,...d;, € (A, ). Then, under Assumption either (A3) or (A4) on the
entries of the Wigner matrices,

1 4@ ® p @ @ 2
AN’AN""’AN’DN’DN""’DN —>S],Sz,...,Sp,dl,dz,...,dq,

where each s; is a standard semi-circular element and sy, s, ..., 5,, {d\,d>,...,d,} are
free.
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The following lemma was used in the proof of Theorem

Lemma 5.4. Span{y;,; : i > 0} and Span {(n +p) ' WPW,(n+p) ' WPW : i> 0}
are asymptotically freely independent.

This implies that though Span{i;, ¢} : i > 0} and Span{P,, P; : i > 0} are not freely
independent, to compute limits of ¢, for any polynomials of {I';,I"7 : i > 0}, they
asymptotically behave like freely independent non-commutative *-probability spaces.

Compound free Poisson distribution

Definition 5.6. A probability measure ¢ on R with free cumulants
k() = Am,(v), Vn > 1,

for some 4 > 0 and some compactly supported probability measure v on R with mo-
ments {m,(v)}, is called a compound free Poisson distribution with rate A and jump
distribution v.

Let (A, ¢) be a non-commutative probability space. Let s,a € A be such that s is
a semi-circular element, defined by the moment sequence , and moreover s and a
are free. Then the free cumulants of sas are given by

k.(sas, sas,...,sas) = ¢(a") VYn > 1. (5.21)

In particular, if a is self-adjoint with distribution v, then sas is a compound free Poisson
random variable with rate 4 = 1 and jump measure v.

Let Z be any p xn ID matrix satisfying (A1), (A2), (A9) and either (A3) or (A4). Let
A be a self-adjoint matrix of order p with compactly supported LSD a. Here p = p(n)
is such that pn~! — y € (0, ). Then it can be shown that the limiting free cumulants
of ZAZ* are given by

limk(ZAZ*,ZAZ", ..., ZAZ") = ¥ "' g(a"), Vr > 1. (5.22)

Therefore, asymptotically ZAZ* is a compound free Poisson variable with rate y~! and
jump measure ya. Similarly, for any matrix B of order n having compactly supported
LSD b, the limiting free cumulants of Z*BZ are given by

limk(Z*BZ,Z*BZ,...,Z*BZ) = yo(b"), Vr > 1, (5.23)

1.e. Z*BZ is a compound free Poisson random variable with rate y and jump measure b.

This was useful to describe the LSD of {%(IA",- + f";f‘)},-zo when the coeflicient matrices
are y; = A;I,, for all j > 0 (see Corollary [2.4). It was also used to obtain the Stieltjes
transformation in (2.14) from our results (see alternative proof of Corollary [2.2](c)).

Acknowledgment: We thank Octavio Arizmendi and Carlos Vargas Obieta for inter-
acting and helpful discussions on free probability.
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