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Abstract

We study the largest eigenvalue of certain block matrices where the number of
blocks and the block size both increase with suitable conditions on their relative
growth. In one of them, we employ a symmetric block structure with large inde-
pendent Wigner blocks and in the other we have the Wigner block structure with
large independent symmetric blocks. The entries are assumed to be i.i.d. mean O
variance 1 with an appropriate growth condition on the moments. Under our con-
ditions the limit spectral distribution of these matrices is the standard semi-circle
law. It is natural to ask if the extreme eigenvalues converge to the extreme points
of its support, namely +2. We exhibit models where this indeed happens as well
as models where the spectral norm converges to 2 V2. Our proofs are based on
combinatorial analysis of the behaviour of the trace of large powers of the matrix.
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1 Introduction

Let A, be an n X n real symmetric matrix with eigenvalues A,...,4, € R. The empirical
spectral measure p, of A, is the measure on R given by
1 n
== )., 1.1
o =~ zl] 2 (1.1)

where 0y is the Dirac delta measure at x. The corresponding probability distribution function
FA on R is known as the empirical spectral distribution (ESD) of A,. For us the entries of
A, shall be random, and hence F*" is a random distribution function. If FA» converges weakly
almost surely to a non-random distribution function F, then F is called the limiting spectral
distribution (LSD) of A, almost surely. When a sequence of real symmetric random matrices
has an LSD with compact support then it is a very natural question to ask whether the extreme
eigenvalues converge to values that lie outside the support of the LSD. This question has been
well studied in the literature.

Consider the standard n X n Wigner matrix n~12W, where W, is a symmetric matrix with
all entries i.i.d. and mean O and variance 1. Then as n — oo, its LSD is the semi-circle law
with support [-2, 2]. Bai and Yin (1988) [5] proved that the largest eigenvalue of n~ 2w,
converges almost surely to 2 if and only if the entries have finite fourth moments. Similarly, Bai
and Silverstein (1998) [4] proved that for Wishart matrices almost surely there exists no eigen-
value outside the € neighbourhood of the support of the LSD under the finiteness of the fourth
moment. Haagerup, Schultz and Thorbjgrnsen (2005) [[12]] showed the non-existence of any
eigenvalue outside the € neighbourhood of the support for self-adjoint polynomials in indepen-
dent GUE matrices. For similar works in GOE and GSE cases, see Haagerup and Thorbjgrnsen
(2006) [[13]] and Schultz (2005) [20].

Anderson (2013) [2] considered a class of independent N X N Wigner matrices xN =
{XN}, and a self-adjoint matrix f € Mat,C(X") of fixed dimension n. Here C(X") is the
non-commutative polynomial algebra generated over C by the sequence of non-commutative
random variables X" = {va }12,- Suppose the fourth moment is finite. He showed that as
N — oo, there does not exist any eigenvalue outside the € neighbourhood of the support of the
LSD for the matrices f (%).

Loubaton (2015) [15] dealt with this question for certain Gaussian block Hankel random
matrices. He considered the matrices Wy = (W](Vl)T, cees WI(VM)T)T where (Wl(yz))fgzl is a class of
independent L X N block Hankel matrices with properly scaled i.i.d. complex Gaussian entries
when % — ¢, € (0,00) and M — oo. Here for any matrix A, AT denotes its transpose. He
showed that the LSD of WyWy, is almost surely the Marchenko-Pastur law with parameter c..
Moreover, if L = O(NY) with @ < %, almost surely all the eigenvalues of Wy Wy, are located in
the € neighbourhood of the support of this Marchenko-Pastur law.

We consider two classes of block matrices with m X m blocks where each block is an n X n
matrix. Unlike Anderson (2013) [2], we assume both m and n grow to infinity. The entries are
assumed to be 1.i.d. mean O variance 1. We further assume that there exists 0 < Cg < oo such
that E[|X]"] < h€#" ¥h € N. This assumption is in the spirit of Anderson, Guionnet and Zeitouni
(2010, page 24) 1] and precludes the use of truncation arguments that would be necessary (see
for example Bai and Yin (1988) [9]]) if lesser moment conditions were to be used. This is done
for convenience so that we can avoid the truncation arguments.



First consider the following two models: (i) the blocks are arranged in a Wigner pattern and
the blocks are symmetric independent and (ii) the block structure is symmetric while the blocks
are independent Wigner. We first observe that for all the above models, under suitable conditions
on the symmetry, the LSD is the standard semi-circular law with support [-2,2]. In addition,
when a particular random variable appears at most once along any row of the symmetric blocks
or the block structure, then in Theorem we claim that there is no eigenvalue outside (-2 —
€,2+ €).

Observe that with the Symmetric Circulant blocks or block structure some indices appears
twice in a row and that is enough to violate the result of Theorem 2.1] In Theorem [2.2] we
consider two models: (i) the Wigner block structure with independent Symmetric Circulant
blocks and (ii) the Symmetric Circulant structure with independent Wigner blocks. We prove
that in either case when the Wigner dimension (structure or blocks) is sufficiently larger than
the Symmetric circulant dimension (structure or blocks), the largest eigenvalue converge in
probability to 2 V2. In particular, for models (i) and (ii) stated above, we require + — 0and
= — 0 respectively. Our proofs are combinatorial and Lemma 2.1.23 of Anderson, Guionnet
and Zeitouni (2010, page 24-28) [1]] lies at the heart of our proofs.

2 Main results

We shall work in the framework of patterned matrices. A patterned matrix is defined through
a link function L,. For each n, let L, : {0,1,... ,n}? — 79 be a function (d = 1 or 2). Then
A, = ((x1,3i,j))1<i,j<n 18 said to be a patterned matrix with link function L,. Here {x; ;} or {x;} is
the input sequence of random variables. For notational convenience we write L for L,. Some
common link functions are given by

Lw(i,j) = (min(, j), max(i, j)), (Wigner) 2.1
Lr(i,j) = li—jl, (Toeplitz)

Ly(i,j) = i+ j, (Hankel)

Lgc(i,j) = (i+j) modn, (Reverse Circulant)

Lsc(i,j) = n/2—-|n/2—|i—j||, (Symmetric Circulant).

We now introduce two important classes of link functions that have been used earlier in the
literature by Bose and Sen (2008) [10] and Banerjee and Bose (2013) [7].

Definition 2.1. (Properties B and C)

(a) The link function L is said to satisfy Property B if along any row or column, the maximum
number of occurrences of any particular random variable is uniformly bounded. That is,

supsup sup #{l: 1 <l<n Lk,D=t}v#i:1<I<n Llk)=t}<A<c0. (22)

n te7d 1<k<n
(b) The link function L is said to satisfy the stronger Property C if in (a) above,

A=1. (2.3)



All the five link functions given above satisfy Property B and out of these, only the Wigner,
Hankel and Reverse Circulant links satisfy Property C.

Let L,, be a link function and I = Z or Z? be the range of L. Also let {An.i}ier be a class of
n X n matrices indexed by /. Let B,,(L,,) be the block matrix

Apr,y Anr,12 - Anr,am-1)  AnL,(1m)
Anr.2) AnL,22) - AnL,em-1) AnL.2m)

By(Ly) = : . 2.4)
An,Lm(m,l) An,Lm(m,Z) ce An,Lm(m,m—l) An,Lm(m,m)

For convenience, we write B,,(L) instead of B,,(L,,).

The concepts of circuits, words and related notions available in Bose and Sen (2008) [10]
will be crucial for us. We give a short overview. A circuit of length I(7) := h corresponding to
a generic link function L,, = L,(i, j),1 < i, j < nis any functionr : {0,1,...,h} = {1,2,...,n}
with 7(0) = m(h). The link function will be clear from the context so often we don’t mention
the link function and call it just a circuit. Let Tr denote the trace of a matrix. Then,

Tr[BaL)'| = D Tr(An i) - - An(itati-oatiny)
m:l(m)=h

= Z Z A L (0).2()) (@ (0), 7' (1)) . . . A (Lah=1)m(myy (T (B — 1), 7' (h)).
ml(n)=h n':l(n")=h

(2.5)

Here any = is a function from {0,1,...,h} — {1,2,...,m} and any n’ is a function from
{0,1,...,h} = {1,2,...,n}.

k circuits my,...,m are jointly-matched if each L-value occurs at least twice across all
circuits. They are cross-matched if each circuit has at least one L-value which occurs in at least
one of the other circuits.

Circuits 71y and 7, are said to be equivalent if and only if their L values match at the same
locations. That is, for all i, j,

{L(m (i = D), mi (D) = L1 (j = D, m())} @ {L(ma(i = 1), ma(D)) = L(ma(j = 1), ma(N)}-

This defines an equivalence relation for circuits. Any equivalence class can be indexed by
a partition of {1,2,...,h}. Each block of a given partition identifies the positions where the
L-matches take place. We can label these partitions by words w of length A of letters where
the first occurrence of each letter is in alphabetic order. For example if 2 = 5 then the
the word ababa represents the partition {{1, 3,5}{2,4}} and identifies the circuits m for which
L(n(0),7(1)) = L(m(2),n(3)) = L(n(4),n(5)) # L(n(1),n(2)) = L(m(3),n(4)). Let II(w) denote
the equivalence class induced by w. For ease of calculations, we also need the following class
of circuits corresponding to a word w.

IT"(w) = {w : w(@) = w(j) = L(x(i - 1), n(0)) = L(x(j — 1), 7(/)}-

The set of words of length 2k where each letter is repeated at least (respectively exactly) twice is
denoted by Wy (respectively Poi). Each w € Py is said to be pair-matched. A word w € Py
is called Catalan (or non-crossing) if there are no four positions i; < ip < i3 < i4 such that
wlii1] = wliz] and w[ip] = wlis]. The set of all Catalan words of length 2k is denoted by Co.



For example, abba is Catalan whereas abab is not. For any word w, let d(w) denote the total
number of distinct letters in w. It is well known (see Bose and Sen (2008) [10] ) thatif ann X n
patterned matrix satisfies Property B, then

#HIT"(w) = O™, and #(IT"(W)\II(w)) = O(n?™) for any word w. (2.6)
Let

. #IT'(w) . #II(w)
pw) := lim ———— = lim

oo gdWFL  peo dn+1 whenever the limit exists (they exist or not together).

2.7

The following assumptions will remain in force throughout our article. Assumption (a) is bor-

rowed from Anderson, Guionnet and Zeitouni (2010, page 24) [1]. Its main consequence is

that the truncation arguments as in Bai and Yin (1988) [5] can be bypassed. Assumption (b)
specifies the relation between the block size, n and the dimension of the block structure, m.

Throughout the paper, we shall always assume that the input random variables satisfy As-

sumption?2.1] (a).

Assumption 2.1. (a) The input random variables are real valued i.i.d. with mean 0 and variance
1. Let X be a random variable with this common distribution. Suppose 3 0 < Cp < oo such that

E[IX|"] < k", VheN.

(b) m,n — oo and there exist constants 0 < C, D < oo such that n = O(mS) and m = O(nP).
For any matrix A, let Amaxa and Amina denote respectively the largest and the smallest
eigenvalues of A. The spectral norm of A is defined as

spa = max{|Amax.al, [Amin,al}.

Theorem 2.1. Suppose Assumption (b) holds. Then the LSD of \/%men(L) is standard semi-
circular. The quantities sp B,(Ly Anax. B, and A, B, converge to 2, 2 and -2

almost surely in each of the following two cases:

(a) The symmetric blocks {Ayi}icz2 are i.i.d. foralli # j, their common pattern satisfies Property
C and L is the Wigner link.

(b) {Ani}icze are i.i.d. Wigner matrices whose entries satisfy Assumption and L satisfies
Property C.

In the above theorem, the semi-circularity of the LSD of \/LnTan(L) is straightforward: suppose

{An.i}iez2, are i.i.d. symmetric matrices for which p(w) = 1 for every w € Cy; for ‘/LﬁAn,(l,l).
Suppose further that L is the Wigner link function. Then from Theorem 3.1 of Banerjee and
Bose (2015) [6] it is clear that the LSD of ‘/#mann(L) is the semi-circular law. On the other
hand, from part (ii) of Theorem 3 of Banerjee and Bose (2013) [[7]], the semi-circular law also
holds when we have certain general link functions L and independent Wigner blocks. These
results also indicate that for the semi-circularity of the LSD of block matrices, one only requires
p(w) = 1 for every w € Cyy, for the non-Wigner link functions. A sufficient condition for this is
Property C. So, in the above theorem we see that this Property is also sufficient for the extreme
eigenvalues to converge to the boundary of the support of the LSD. In the next theorem we
give two block matrix models where the LSD is semi-circle but the extreme eigenvalues do not
converge to the boundaries of the LSD.



Theorem 2.2. Suppose Assumption (b) holds. Then the LSD of \/ﬁBn(L) is standard semi-

circular but sp B converges to 2 V2 in probability in each of the following cases:

(a) {An.i}icze are i.i.d. Symmetric Circulant matrices and L is the Wigner link and % - 0.

(b) {Ani}icza are ii.d. Wigner matrices and L is the Symmetric Circulant link function and

0.
n
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(a) Symmetric Circulant blocks (b) Hankel blocks

Figure 1: ESD of V%Bn(L), L is the Wigner link, entries are i.i.d. N(0,1), m/5 = n = 30.

We performed simulations for the cases Theorem (a) and Theorem (a). Figure 1
provides the histograms of the ESD VLm?Bn(L) when L is the Wigner link and the blocks are
either Hankel (then Theorem (a) applies) or Symmetric Circulant (then Theorem (a)
applies). Note that the histograms look close to the semi-circle law. However, one may observe
that the histogram corresponding to the Symmetric Circulant case has heavier concentration of
eigenvalues in the regions [2, 3]. and [-3, —2]. Here m = 150 and n = 30 as we need % -0
for Theorem @] (a) . For the Hankel case, the ESD is way more concentrated in [-2, 2]. For
the same two cases, in Figure 2 we plot the spectral norm against the dimension » (and m is
taken to be n[ y/n] in order to ensure m >> n). It is quite clear that for the Hankel case the
spectral norm stays more or less around 2. However, the figure clearly suggests that the spectral
norm is beyond 2 in the Symmetric Circulant case.
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Figure 2: Spectral norm of ﬁBn(L), L is the Wigner link, entries are i.i.d. N(0,1),m ~ n?.

3 Proofs

We first present a brief introduction to partitions. Let S be a finite set. A typical partition of
S is o = {Vy,...,V,} where the blocks {V;} are non-empty disjoint such that UV; = § . For
p,q €S, we write p ~, ¢ if p and g belong to the same block of o. £(S) denotes the set of all
partitions of S and if § = {1,..., n} we simply denote it by P(n). Note that a word w of length
n is nothing but a partition of S = {1,...,n} and d(w) is the number of blocks in w.

Let S (n,r) be the set of all possible partitions of {1,2,...,n} into r blocks. We need the
following important bounds for #S (n, r).

Lemma 3.1. (Rennie and Dobson (1969) [|19] ) For any r < n,
1 2 —r—1 1(n _r
E(r +r+2)r" —IS#S(n,r)SE MVl <r<n-—1.
r

P(n) is a partially ordered set in the following way. Let 01,02 € P(n). Then oy < o0
if every block of o is contained in some block of 0. For example, let n = 5. Then o) =
{1,2}; {3,455 {5}} < 02 = {{1,2,3,4};{5}} .

Let P be a finite partially ordered set. Let oy and o, be any two elements in P. Define sets
U={reP:t>01andt>o03}andV :={re€ P: 7 <0 and 7 < 0,}. Pis called a lattice if
U and V are non-empty and have a minimum and maximum element in P respectively for any
two o,03 € P.

Let P be a lattice and 01,0 € P. Then the join and meet of o; and o, are defined as the
minimum of U and maximum of V respectively. They are denoted by o1 vV 0 and o1 A 0
respectively. For any n, P(n) is a lattice with respect to the partial ordering < .

Definition 3.1. (Graph associated with a circuit) Let & be circuit of length k. Let G, = (V, Er)
be the graph corresponding to the circuit 7 as follows. The vertex set V is the collection of all

7



distinct values among {r(0), ..., n(k—1)}. The edge set E, := {{n(i),n(i+1)} : i =0,1,...,k—1}.
The set of self-edges and connecting edges are defined respectively as E := {{u,u} € E,} and
E¢ := E;\E}. For e € E, let N denote the number of times the edge e appears in {{7 (i), 7(i+1)} :
0<i<k-1}

For the Wigner matrix it is easy to note that #E, is exactly same as d(w) where w is the
unique word such that 7 € I1(w).

We now introduce the “class representative of closed word” as in Anderson, Guionnet and
Zeitouni (2010, page 13) [1]. Since the terminology “word” has a different meaning in the
current paper, we opt to call them “companion words”.

Definition 3.2. A companion word w of length k is a sequence of Greek letters aga; . .. @, with
g = q.

Using these companion words, we introduce another equivalent class of circuits of length &
as follows. We say a circuit 7 belongs to the equivalence class induced by w if and only if

(i) = n(j) & w[i] = w[;].

For example, 71, mp defined by 71(0) = 1,71(1) = 2,71(2) = 2,711(3) = 1 and mp(0) = 1, mp(1) =
3,m(2) = 3,m(3) = 1 will belong to the same equivalence class of the companion word
o .

Definition 3.3. For any companion word w, we denote I'(w) to be the set of all equivalent
circuits corresponding to w.

Let Wy, be the class of all companion words of length k with ¢ distinct letters such that the
graph of the corresponding circuits has each edge repeated at least twice. That is,

Wiy ={w:Vrel(w), (n) =k, #Vy =tand N > 2 Ve € E,}. (3.1
For a proof of the following Lemma, see Anderson, Guionnet and Zeitouni (2010, page 23) []1]].
Lemma 3.2. For all integers k > 2t — 2,
BW,, < 2K30-24D),

Let w and w’ be any two elements in P(k) for some k € N and consider w A w’. It is easy to
observe d(w A w’') > max{d(w), d(w’)}.

Lemma 3.3. Given two partitions w' > w", any partition w satisfying w Aw' = w" is uniquely
determined upto a partition of {1,2,...,dw")}.

Proof. Let Cy,...,Cqu) be the blocks of w”. Let o := {V/,..., V,} be any partition of S :=

{1,...,dw")} where r < d(w’’). Now observe that for any given o, w’ and w”, a partition w
can be constructed as w := {Bj, ..., B,} where
B; = Uyjijev,Cj.

It is easy to observe that w A w’ = w”.
On the other hand suppose w is any partition such that w A w* = w”. Then consider
o € SdWw"),dw)) := o(w,w’) in the following manner. o = {V1, ..., V4 } where
V[ = {jiCjCB,‘}.

It is easy to check that this definition of o is consistent with the earlier one. Hence the proof is
complete. O



3.1 Proof of Theorem 2.1l

Proofs of (a) and (b) are similar. We prove only (a). Observe that we can directly apply Theorem
2.2 of Banerjee and Bose (2015) [6]] to conclude that the LSD of \/Lnmen(L) is the standard semi-
circular law.

Let Ay,..., A, be the eigenvalues of ﬁBn(L). From their proof, it also follows that the

o
(2k) moment of the ESD of this matrix equals

Bn(L))
\mn

where Sy is the (2k)th moment of the semi-circular law, and equals

1 (2k
Bok = m( X ) (3.2)

Box(

1 mn
= Z 27 — By almost surely
i

We first focus on the spectral norm. Then

2%
ﬁZk(\/%Bn(L)) < (SP\/%B,,(L)) :

Hence,
. 1 a.s. .. 2k
Jim o ——=Ba(L)) = B < liminf(sp_1_s, 1))

Jmn

AS a lesult, :
BZk % < hm lnf S[) B, (L w).
] n—o0 ‘/,l,,,, ’l( )( )

Hence !
2 = lim % < liminfsp w).
h [B2x] %Bn(l)( )

So it remains to prove that

lim supsp_1 < 2 almost surely.
p pﬁmn(m y

For any k e N

[spﬁwm] < ; P Tr[(mn)k (]BH(L))ZI‘] : (3.3)

In order to prove the Theorem, we offer an efficient upper bound to the expectation of the R.S.
of (3.3). Observe that

Tr [(Bn(L))Zk] = Z Tr(An, L2 (0),7(1)) - - - An,L(x(2k=1),7(2k)))
m:l(n)=2k

= Z Z A L)1) (@ (0), 7' (1)) . . . Ay Lix2k—-1) n 2 (T 2k — 1), T’ (2k)).
ml(m)=2k n’:l(n")=2k

(3.4)

Let
A 1= AnLxO)x(1) - - - AnLx2k-1)7(20)-

9



Fix any n. Let w be the companion word such that 7 € I'(w). As the blocks are independent,
it is easy to observe that if w ¢ U, W, then E [Tr(A,)] = 0. So in order to get a non-trivial
contribution of E [Tr(A,)] we need w € U/ Woy ;.

We at first prove that ¢ < k + 1. Consider the graph G, = (V,, E;) induced by the circuit
. Consider the set E,. If for any j > 1, n(j) ¢ {n(0),...,7(j — 1)}, then the unordered
tuple {m(j — 1), 7(j)} is an edge which has never appeared in the graph G, when the vertices
{m(0),...,n(j — 1)} were considered. As a consequence, apart from the first vertex 7(0), the
introduction of a new vertex always introduces a new edge in the graph G.

Now observe that #E, = 2k. However, our assumption that w € U, W5, ; will enforce each
edge to appear at least twice. Hence we get

2t—1)<2k or t<k+1. (3.5)

Now let / be number of edges repeated exactly twice in the graph G,. We prove 2k — 2/ <
6(k — t + 1). By definition G is connected. As a result, we have #E¢ > #V, — 1 =t — 1. Also
the graph has 2k many edges in all and so

(2k) > 3HES — I) + 21 + 2HES
=3k+3-3t> k-1 (3.6)
&2k —20 < 6(k+1—1).

Let {i) 4}1<p<i,1<¢<2 be the positions of the / double edges in the circuit . So we get
{n(ipy — 1), m(ip,)} = {n(ipp = 1),m(ip2)} YV 1< p <L

If we consider the monomial A,, then

ETr(A;) = Z E [Ap,1(x0),2(1) (@' (0), 7' (1)) . . . A (Lim2k=1) m i (T 2k — 1), ' (2k))] .
' A(n’)=2k
3.7)
Now observe that if we need

E [Ap. (02 (0), 7' (1)) . ... Ap(Lin@k—1) .20 (7' (2k = 1), 7' (2k))] # 0 (3.8)
for some 7/, then we need to have
{7 (ip1 — D, 7 @p )} = {n"(p2 — D22} ¥V 1< p <L
We now apply Holder’s inequality on the L.S. of (3.8)) to obtain
E [An 020y (7' (00, 7' (1) - .. A rimat-nyaion @' 2k = D, 7' 2k))] < 1 ENXPEH]. (3.9)

Since E[X?] = 1, we get that E[X?*] > E[X?]* = 1 for k € N. Hence

1

[E[X2k+2]] LN [E[XZk]]le

2642 (3.10)
= B[x%*2] > [E[sz]]7 > E[X%].

So using (3.6) we get that

E[|x|2k—21] < E[IXIG(k+l—t)] < (6(k +1=— t))6C3(k+1—t) v k.

10



Hence R.S. of (3.9) is bounded by (6(k + 1 — £))6¢sk+1-1,

We now give an upper bound to the number of 7’ such that holds. Let w and w’ be
the unique words induced by 7 and n’ respectively. As we have fixed the circuit 7, the word w
is also fixed. In addition to this we also fix another partition w”/ < w and find out all such w’ s
such that w A w" = w".

Applying Lemma it is easy to observe that given the partition w”, the number of such

w’s is bounded by
d(W’/)

D #S W), dw).
dw’)=1

Let Ay,...,Aqw) and By, ..., By be the blocks corresponding to the partitions w and w’. It
is easy to observe that for to hold, we require that either A; N B; = () or #(A; N B;) > 2
for all i, j. As a consequence, each block of the partition w’’ has cardinality at least 2. Hence
dw") <k.

Now given w, we give an upper bound to the number of possible choices of w”.

Note that / is exactly same as the number of double letters in w. As a result, when we chose
w” < w such that each block has cardinality at least 2, we are compelled to take the blocks of
w with cardinality exactly 2 as they are. Hence we are left with at most 2k — 2/ many choices
to complete the partition w”. We use the crude upper bound (2k — 21)2=2/*1 for all possible
partitions of 2k — 2/ objects. As a consequence, using again we get

#w A W) < (2k = 20224 < (6(k + 1 — £)0FH=D+1 < (6(k + 1 — 1)) 2K+1-D), (3.11)

As dw"”) < k, #S(dW"),d(w’)) < #S(k,d(w’)). Combining these, given w, the number of
partitions w’ is bounded by

k
(6(k + 1 — 1))!2k+1-0 Z (6(k + 1 = 1) P&*1=D48 (k, d(w")). (3.12)
dw’)=1

Also, by Property C the number of circuits 7’ corresponding to w’ is bounded by n?*")*!. Hence

E [Tr(B, (L)) |
k+1 k

<D D 6+ 1= I Gk + 1= 1) 20N 4 (k, d(w )
t=1 weWoyy, nel'(w) dw’)=1
k+1 k

:Z Z #T () (6(k + 1 — 1))CBE1=D (6(k 4 | — £))12(k+1-0) Z #S (k, d(w'))ndo+L
t=1 weWoy, dw’)=1

(3.13)

Now we use Lemma [3.1] for a bound of #S (k,d(w’)) and the fact that #['(w) < m' for any
w € Wy, As a consequence, we arrive at the following upper bound to (3.13).

k+1 k
DT # W' 6k + 1= )5 (6(k + 1 - 1))!260+170
o (3.14)
[ k k=d(w' ,
— dow’ W) d(w )+l
2(d(w/))( ") n

11



Now observe that

¢ ut k=d(w) k—d(w) —d(w)
(d(w)) = dw))! <k and (d(w)) < kk=dm,

All these bounds and Lemma [3.2]lead us to the inequality

2k
T E[Tr(Bn(L)) |
k+1 k2 o)
< Z Z — 22k—l(2k)6(/€—t+1)mt 6k +1 - l,))6CB(k+1—l‘) 6k +1 - l,))12(k+l t)( ) ‘
t=1 dw')= 1 ) n
k k k+1— k—d(w’
_ 21 i 3 (Clkcz) : t(ﬁ) "
=1 dow=1\ ™ n
(3.15)

where C; and C, are some known constants.

Choose ¢ > 0 arbitrary. Now

2k
P |:( p mnBﬂ(L)) 2 (2 + 6)2]{ S

22k el ko kG (10 g\ kedOr)
< _ 3.16
S 2o Z ( ) (n) 610

3 22k a/mC_H +1 i C1kC2 (k+1-1) k_2 k—d(w")
T2+ 06)%* m n

for some known @. Now we can choose k = k(m, n) — oo such that

C kC2+1 k2 C 1
! —>O,——>Oandm—6:0(—2
m n (1+5)%* (nm)

)

For this choice of k(m, n), the R.S. of l) is O(ﬁ). By use of Borel-Cantelli lemma, this
implies
Pllim sup(sp%Bn(L)) <2+6] =1 forevery ¢ > 0.

This in turn clearly implies that
limsup s < 2 almost surel
psp B,(L) y

and the proof is complete for the spectral norm.
Now we prove the claims for 4, 1+ g ,yand A, 1 B0 From the definition of sp_1_ LB,
> mn " \mn mn
it is clear that

ﬂmax NS SSp_L =B, (L) and — A, 1 =B = SSp_L =B(L)

12



As a consequence, we get

lim sup 4

< i -1 . <
max, B, (L) 2 and lim sup /lmm,\ﬁBn(L) <2as.

LB
Let F v (x w) and F'(x) be the empirical distribution function of the eigenvalues of B, (L)

and the distribution function of the semi-circular law respectively. We now consider the trun—
cated distribution function

0 forx <0

LB, .
F mn ( )(x, w) otherwise.

PO

similarly we consider F(x). It is easy to observe that
L1 5. -
f xka P (x, w) S f x*dF(x) Vk € N.

Now applying an argument similar to above we get that

lim inf /lmax, \/% B,(L) 2 2 a.s.

which proves that
lim A B, = 2 5.

max,
mn

We can repeat the same arguments for —4_; 1 LB, and hence the proof is complete. ]

1, mn

3.2 Proof of Theorem 2.2

The proofs of (a) and (b) are similar. So we only prove (a). We need the following result. Its
proof can be found in Banerjee and Bose (2013) [7]].

Lemma 3.4. Let L(i, j),1 < j < n be the Symmetric Circulant link function. Then for every
w € Co, ) )

| (n= 1+ 2n) ifnis odd
#IT (w) = { (n =21 +202n -2k otherwise.

We have two link functions namely the Wigner link function L = (min(i, j), max(i, j)) and
the Symmetric Circulant link function Lgc(i, j) = n/2 — |n/2 — |i — j||. We need to consider the
equivalence of circuits with respect to both L and Lgc. Let Iz, . (W), prg.(w), Il (w) and pr(w)
be the equivalence classes induced by w and the contributions of w, for the link functions Lg¢
and L respectively.

One can directly apply Theorem 3.1 of Banerjee and Bose (2015) [6] to conclude that in
this case the LSD of — \F B, (L) is the semi-circular law. Also by appropriate modification of the
proof of Theorem [2.1] one gets

k+1 k+1-t k—d(w")
C k2 K2 e
- )k+1 E[Tr@. ()| <2 ) Z ( ) (7 p2k=d0v)

=1 d(w)=1

¥ \/5)21( % k ( C Jre )k+l—t ( 242 )k—d(w’)

(3.17)

m n

t=1 d(w’)=1

13



This implies that
lim sup sp B, <2V2 almost surely.

As a consequence, it is enough to prove that for any € > 0,
Plsp i <2V2-€| >0 as mn — .
P,

Let

1
Po = oy T (Ba(L)* .

Now
2k
PP_L s,y < 2V2- e)] <Pl < 2V2- ¥

<P [(,BZk — E[Bx])?* > (E[ﬁzk] -(2V2- E)zk)z] (3.18)
< Var(B2r) (E[Bxu])? .
(E[Ba])? (E[ﬂzk] —2V2- e)2k)2

Our eventual goal is to find a sequence k = k(m, n) such that

lim inf [E[Bx]]* > 2 V2 and 22 5 1. (3.19)
E[B2x]
In particular, we exhibit a choice k = k(m, n) — oo such that
liminf [E[Bx]]* > 2V2 (3.20)
and
Vatga) a2
(ElB2x])

The rest of the argument would then follow from appropriate use of Chebyshev inequality
to be discussed in the last step of this proof.
We break the proof into five steps.

Claim 1. Suppose k = k(m,n) — oo such that ; k5 oo, % — 0 and "172 — 0 for suitably

ogn
chosen constants p; and p; as m,n — co. Then (3.20) holds.

Proof: This is achieved by obtaining an appropriate lower bound for E[SB2].

1
E[Bau] = Gt Z E [Tr[Arm]]

| , (3.22)
= W Z Z E [AL(,T)(ﬂ' )] .

Here
ALy = Ap Lx(0)x(1)) - - - An,Lin(2k—1),7(2k))

14



and
Arm(@') = Ap L)1) (T (0), 7' (1)) . . . Ap (Lin(2k=1), 22k (T 2k — 1), 7' (2Kk)).
Let

/ / 1 /
Ne = {(r.7): E[Apn(n)] < 0} and Ty = -ty (n%;NeE [ALm )]

Fix circuits 7 and n” and let w and w’ be the unique words such that 7 € I (w) and 7’ €
Iz,.(w"). Also let w denote the companion word such that 7 € I'(w). Now observe that for any
(7, ") € Ne, one needs both the words w and w’ to have at least one letter appearing more than
thrice. In this case d(w’) < k and t < k + 1 where w € ‘W ,. One can repeat the arguments of
Theorem 2.1l to conclude that

k+1~t k—=d(w")

QV)* \/' 2)% (C 1k 2k

ITy| < Z Z - : (3.23)
t=1 d(w")=1 n

Using the formula for geometric series, the R.S. of (3.23]) becomes

ST ) e

Now consider,

1

= {(m.7") : E[Apn()] > 0} and T, = ) Z E[ALm ().
(mr,n”)ePo

Clearly

E[Bau] =Ty + T».
Observe that ST ()

#I17.(w) Lsc w
e Z s P

weCox

We now prove that lim,;; ;o %' — 0 for a suitable choice of k = k(m, n).

One can follow carefully the proof of Theorem 4 of Bose and Sen (2008) [10] to see that
for any w € Co,

#(w) l_l(l B _) > (1 - _)k (3.25)

mk+1

AS a COIlSCunIlCC,
k ; % .
1> 1-— > 1-— 1
> {]—][( m)} O
k

- N I .

whenever, ;- — 0. Stirling’s approximation of k! ~ ak**2e* where @ is some known constant,
implies

1

(2k)! (2k)?k+2

2k+1
NGk e 2

(3.26)

2~
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Applying Lemma [3.4] and the above approximation,

=D+t @Rk ' 1 1n3k+d 17k ' e
T, > wr rgeny iz (=5 > “nl T =5 if nis odd
= -2*14202n-20F  (2k)! - L (n=1) PN ip o
A ,I/:rl( pe) k!((k+)l)! Hf:l(l - i) 2 %23“”2‘(:“1) Hf:](l - i) if n is even.
(3.27)
Without loss of generality we consider n to be odd. The case when 7 is even follows similarly.
Chr+2
Choose a sequence k = k(m, n) such that % — 0 and %2 — 0. Now apply the lower bound

of T, as given in (3.27) to get the following upper bound on %

 EER)E[ ()0 -

T, ~ L La3k+z Tk (1-4
von? 2 i (= (3.28)
LCIkC2+2 1_ C|kC2 k 1_ (E)k—l
\/j m m n
e a-:5 '

Recall 1| to conclude that Hf.‘zl(l - ni;) — 1 whenever £ — 0. Now all the terms except

%Cﬂ in the numerator and denominator of the R.S. of (3.28) are finite in the limit. As a
consequence, we conclude that the R.S. of (3.28)) goes to 0. Hence we can choose a sufficiently
large m and n such that E[By;] > %Tz. So we choose p; = C, + 2 and p; = 2 to satisfy all the
conditions.

Now it is easy to observe from (13.27|), (13.26|) and (IS.ZSI) that if further @ — coasm,n —
oo, then lim inf [E[,BZk]]ﬁ > 2 /2. This completes the proof of Claim 1.

Now we focus on the variance term. Note that

1
Var(Ba) = > BUTrA L)) = ETr(A L)) (Tr(A L) = ETr(A L) (3.29)

We show that several terms in the above sum are negligible.

LS )

Claim 2. The sum in (3.29) reduces to that over all circuits (7r;, 72) such that 7r; and 7, are
cross-matched and jointly-matched.

Proof. It is enough to prove
E [(Tr(ALery) — ETr(ALer))) (Tr(ALery) — ETr(ALer))] = 0 (3.30)

when the circuits 7y and m; are either not cross-matched or not jointly-matched.

Suppose 7y and 7y are not cross-matched. Then the collection of matrix entries in Ay,
and Ajr,) are completely disjoint. Also by our assumption, the entries of different matrices
are independent. Hence the random variables Tr(Ar,)) and Tr(A,)) are independent. Hence
holds.

Now we consider the case when 7y and m, are not jointly-matched. Without loss of gener-
ality let us assume that the matrix A, 1z, (j-1).r,(j)) appears exactly once in the monomials Ay )
and Ay (r,). As a consequence, for the two circuits 711 and 7, one can write L.S. of @) as

D7 E| (A @) = Bl @) (AL () = B(ALry (7)) | (3.31)

J J
L)
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Now for any 71’1 and 71’2 the random variable Ay, 1.z, (j-1),7( j))(fr’l (-1, ﬂ’l () occurs exactly once.
Hence E(A()(7})) = 0 and we have

E [(ALr) () = B(ALer) (1)) (AL () = EALny) (75)) |

R (3.32)
=E [An,L(m(j—l),nl(j))(ﬂl(] - 1),7T1(J))B]

where B is a random variable independent of Ay, 1z, (j-1).x (i)} (j — 1), 7 (j)). Hence (3.32) is
0. As a consequence, (3.30) holds. This completes the proof of Claim 2.

Now to upper bound the variance, we first give an upper bound for the number of terms in
the variance formula. Then we provide a uniform upper bound for these terms.

Let
I :={(my,m) : m; and m; are jointly-matched and crossed-matched}

and
J = U myyerf(wy, wp) : myp € I'(wy) and mp € I'(wy)}.

Claim 3. There exists a function f : J — Ufffl(W%, such that for some known constants
C 1 and C2,
#{wy, w : f(wy, W) = w3} < C1k.

Proof. At first fix any two jointly-matched and cross-matched circuit 1, 1, and let w;, w, be
the companion words such that 1y € I'(w;) and 7, € ['(wy).

We construct the function f in the following way.

We place w; and w; side by side. The circuits are cross-matched and L is the Wigner link
function. As a consequence, there exists at least two positions j and [ such that w;[j] = w,[/].
Without loss of generality, we assume that j is the minimum value such that the letter w;[ ]
appears in w, and / is the minimum value for which w;[/] = w;[j]. Now we construct w3 =

[y, wp) € U W, as follows.

wy[i] 0<i<j
o wall+i— ] j<i<j+2k-1
W= i k4D jeok—l<i<j+2k (3-33)
wy[i — 2] j+2k <i < 4k.

It is easy to check that every edge in w; and w, is present in w3. So w3 € UthI“]’WM(,,.

Now given any w3 € Utszl(WM(J, we give an upper bound to the number of possible (w, w,)
such that f(w;, wy) = ws.

Observe that w3[/] = w3[2k +[]. So if w3 = f(w;, wy), then it has to have two positions
j' and I’ such that ws3[;’] = w3[/’]. The total possible choices of the unordered pair {;’,/'} is
bounded by (4]‘; 1). If j’ and I’ are fixed, then we need to find any position j* < b < [’. This can

be done in I’ — j* < 4k ways. Now we can define w; and w, in the following manner.

L wli] 0<i</
mﬂ”‘{rwﬁ—ijq J<i<dk-r (3-34)

and

mﬂﬂ:{mﬂb+ﬂ 0<i<l'-b (335)

wli+b—0U+j] I -b <i<l —j.
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Observe that [(w;) = 4k + j/ — ' and l(wy) = I’ — j'. So l(w1) = 2k and I(w,) = 2k if and only if
I" — j/ = 2k. However from the construction of f it is clear that given w3, w; and w; must be of
the forms in (3.34) and (3.35). As a consequence,

4k + 1
#{wi, wy : f(w, W) = w3} < 4k( 2+ ) < C1k (3.36)

for some known constants Cy, C,. This completes the proof of Claim 3.

Observe that from Step 3, we can write (3.29) as

2k+1

e DD YD) 2

=1 w3eWyy, f(wy,w2)=w;3 (my,m2)€("(w;),[(w3))

E [(Tr(AL(zy) — ETt(AL(x))) (Tre(AL(ry) — E Tr(ALny))] -

(3.37)
Claim 4. For any jointly-matched and cross-matched 7y and 75,
E [(Tr(AL(r))) = ETr(A L)) (Tr(ALery) — ETr(ALry))] (3.38)
is bounded above by
2%-1
2(6(2k —t+ 1))(12+C3)(2k—[+1) Z #S (2k, d(wl))24k—d(w’)nd(w’)+2 + 22kn2k+1 .
dw)=1

Proof. Let w; and w; be the unique words such that 7y € IIz(w1) and 7, € Iz (w;,). We place
the words w; and w, side by side honouring the mutual matches between 7| and 7, to get the
new word w := (ww»). It is easy to observe that w has all letters repeated at least twice. Let [
be the number of double letters in w.

Now recall Claim 3 and consider w3 = f(w;, w;). Let 13 be any circuit in ['(w3) and w3 be
the word such that 73 € II;(w3). From the construction of the function f in Claim 3, it is clear
that for any given letter s in the word w, there is a letter g in w3 which appears exactly same
number of times as the letter s. Hence w3 also has / doubly appearing letters. Again w3 € Wy,
for some 7. Hence from the proof of Theorem 2.1 we get 4k — 21 < 6(2k — 1 + 1).

Recall L.S. of to conclude that we need to consider only those 7} and 7}, for which

E [(AL(m)(ﬂ'l) - E(AL(m)(ﬂ'l))) (AL(nz)(ﬂ'z) - E(AL(nz)(ﬂ'z)))] # 0.

Now define w/| and w/, to be the unique words such that | € I, (w}) and 7} € II1;.(w}) and
w’ := (ww}). Here w’ is also obtained honouring the mutual matches between 7| and 7. One
can check that even in this case each block of the partition w Aw’ has cardinality greater or equal
to 2. So one can apply Lemma [3.3 and argue along the same lines as in the proof of Theorem
2.1lto conclude that

2k
#w' < Z (6(2k + 1 — 1))2CH+1=D49 2k d(w')). (3.39)
dw=1
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Now arguments similar to those in the proof of Theorems 2. 1| will imply that for any 7|, 7}, such
that

E [ALr) (@) = B (AL (7)) | E [ALeen (5) = E (AL (7))] # 0. (3.40)

we have
E “AL(m)(ﬂ'l)AL(nz)(ﬂé)” < (4k - 21)CB(4/<—2[)‘

AS Apn))(m}) and A, (7)) are both product of powers of i.i.d. random variables, it is easy to
observe from Holder’s inequality

E [|ALor) (DA LG )| | 2 E [JA ey D] | E || ALinsy (75)]] -

SoL.S. of is bounded by 2(4k — 21)Cs(4-2D,

Once w’,w] and w) are fixed, let B(w},w)) be the class of all circuits (r,77) such that
) € My (W) and 5 € Ty . (wh). Itis easy to observe that #B(w/, w}) < 24-d0)pd0v)+2 Here
one extra power of n comes due to the free choice of 75(0).

However, for the special case d(w’) = 2k, one can show that #B(w/,w}) < 2%*n?*!. The
argument essentially follows from the Property B of Symmetric Circulant matrices and is similar
to the proof of Lemma 2(a) of Bose and Sen (2008) [10].

Combining all these results we get the following upper bound to (3.38).

2k—1
2(6(2k —t+ 1))(12+C3)(2k—l‘+1) Z #S (Zk, d(w/))24k—d(w/)nd(wl)+2 + 22kn2k+1 (341)
dw")=1

This completes the proof of Claim 4.

Claim 5. First we derive an upper bound to Var(8). Recall the expression of Var(8y;) in (3.37)
and apply (3.41) to conclude, for some given C3 and Cy,

2k+1
1 — —
VarBo) < s D, ), #TGwn S (wa)(CoR T D
(rmn) =1 w3eWa,

e (3.42)
{ Z 24k—d(w/)#S (2k, d(w/))nd(w’)+2 +22kn2k+1]
d(w")=1

Now #I'(w3) is bounded by m'. Applying Lemma Lemma and the bound of #{ £~ (w3)}
in (3.36) simultaneously, we get the following bound to R.S. of (3.42):

2k+1
1 ) > ]
(mn)2k+) D2 (@l At Dt (€ 220 (O PR
=1

Ul ok
Z _( / )(d(wz))4k—d(w’)nd(w )42 | odk 2kt (3.43)
el 2\d(w")

e zﬁk(cskcﬁ )2"‘”1((4k2>)2"‘”’”')+ ! ZkZHQGk(CskC"’)Zk_M
T m pey g ool m n mn m

t=1

where Cs and Cg are some known constants.
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Without loss of generality let us assume 7 to be odd. The even case is similar. Now using

(3.27) one gets

Var(B) < 2 1 2 2kZ+126k (Cskcﬁ)Zk—m 2/21 ((4k2))2k_d(w,)+l
T e ; 7

d(w’)=1

L 1 2k 1 2k+126k C5kC6 2k—t+1 2k-1 (4K2) Zk=dw')
S”26/<+1 1 mz m xd(z):1 n T
w

k
m t=1
2k+

k
1 m t

1 2k 2k+1
(1 _ &] Z

+1

m

( CskCs )Zk—t+l 2%k-1 ( 42 )Zk—d(w’)—l

d(w)=1

CkCs 2k—1+1 2k—1 452 2k—d(w')—1
( ! ) X Z (—) +1].
m dw)=1 n

n
2m
1
n
2m
m t=1

(3.44)

Combining all these we get that

Nar(Bo)
(E[ﬁ2k])2

if % - 0, k— - 0, C7k * 5 0and % — 0. Now recall from the proof of Claim 1 that if

k
logn

— oo, we have E[fB] 21k — 2v2. We choose a sequence k = k(m, n) satisfying all these

properties.
Now 1
. ElBaul* 2V2
lim - > 1.
k—>oo(2\/§_6) 2V2 - €
. E
So limy_e0 B x[ffi]yk — co. As a consequence,
E 2
(ElBakD) "
(E[ﬁzk] -2V2- 6)2")
Hence we conclude that the R.S. of (3.18) goes to 0. This completes the proof. i
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