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ABSTRACT: 

In 1906, Polya proved that an algebraic number $\alpha$ is an algebraic integer if and only if 
$Tr(\alpha^n) \in \mathbb{Z}$ for every natural number $n$. In 1996, B. de Smit proved that 
If $\alpha$ is an algebraic number of degree $d$, and $Tr(\alpha^n)  \in \mathbb{Z}$ for all 
$n = 1,2,\ldots, d+d[\log_2d]$, then $\alpha$ must be an algebraic integer. In 2004, Corvaja 
and Zannier proved that if $Tr(\alpha^n) \in \mathbb{Z}\backslash\{0\}$ for infinitely many 
natural numbers $n$, then $\alpha$ must be an algebraic integer. In 2021, P. Phillippon and 
P. Rath proved that if $Tr(\lambda \alpha^n) \in \mathbb{Z}\backslash\{0\}$ for infinitely 
many natural number $n$ where $\lambda$ is a given algebraic number, then $\alpha$ must 
be an algebraic integer. 
 
In 2023, along with Abhishek Bharatwaj, Aprameyo Pal and Veekesh Kumar, among the other 
results, we proved the following. Let $\alpha$ be an algebraic number and $K$ be the Galois 
closure of $\mathbb{Q}(\alpha)$ with Galois group $G$. Let $\bar{\mathbb{Q}}[G]$ be the 
group ring. If $f\in K[G]$ is a non-zero element and $f(\alpha^n) \in 
\mathbb{Z}\backslash\{0\}$ for infinitely many natural number $n$, then $\alpha$ must be 
an algebraic integer. In this talk, we shall discuss this work. 
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