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ABSTRACT: 
 

We shall first prove that $S(\sqrt{2}) \ll N^{5/6+\varepsilon}$ where $S(\alpha)=\sum_{b\le 

N}e(b\alpha)$ and $b$ is a sum of two squares. No identity on the line of Gallagher-Vaughan 

or Linnik is available and we use a combination of a variant of the Vinogradov method together 

with a version of the Harman sieve. We shall take this opportunity to deliver a simple 

presentation of the Harman sieve.  

We will proceed to show that, given any irrational $\alpha$ and any real $\beta$, there are 

infinitely many solutions to $\|\alpha b-\beta\ <1/b^{1/4}$ where $b$ is a sum of two squares 

and we will give an asymptotic for this when $\alpha=\sqrt{2}$. This will reveal another aspect 

of the method: the usage of auxiliary problems. In between we shall present the situation when 

the variable b is prime. 
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