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Abstract. Interval graphs were used in the study of genomics by the
famous molecular biologist Benzer. Later on probe interval graphs were
introduced by Zhang as a generalization of interval graphs for the study
of cosmid contig mapping of DNA. A tagged probe interval graph (briefly,
TPIG) is motivated by similar applications to genomics, where the set
of vertices is partitioned into two sets, namely, probes and nonprobes
and there is an interval on the real line corresponding to each vertex.
The graph has an edge between two probe vertices if their corresponding
intervals intersect, has an edge between a probe vertex and a nonprobe
vertex if the interval corresponding to a nonprobe vertex contains at least
one end point of the interval corresponding to a probe vertex and the
set of nonprobe vertices is an independent set. This class of graphs have
been defined nearly two decades ago, but till today there is no known
recognition algorithm for it.

In this paper, we consider a natural subclass of TPIG, namely, the class
of proper tagged probe interval graphs (in short PTPIG). We present
characterization and a linear time recognition algorithm for PTPIG. To
obtain this characterization theorem we introduce a new concept called
canonical sequence for proper interval graphs, which, we belief, has an
independent interest in the study of proper interval graphs. Also to ob-
tain the recognition algorithm for PTPIG, we emphasize on a variation
of consecutive 1’s problem, namely, oriented-consecutive 1’s problem and
some variations of PQ-tree algorithm.

Keywords: Interval graph, proper interval graph, probe interval graph,
probe proper interval graph, tagged probe interval graph, consecutive 1’s
property, PQ-tree algorithm.

1 Introduction

A graph G = (V,E) is an interval graph if one can map each vertex into an

interval on the real line so that any two vertices are adjacent if and only if their
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corresponding intervals intersect. Such a mapping of vertices into an interval

on the real line is called an interval representation of G. The study of interval

graphs was motivated by the study of the famous molecular biologist Benzer [1]

in 1959. Since then interval graphs has been widely used in molecular biology

and genetics, particularly for DNA sequencing. Different variations of interval

graphs have been used to model different scenarios arising in the area of DNA se-

quencing. Literature on the applications of different variations of interval graphs

can be found in [4, 11, 17].

In an attempt to aid a problem called cosmid contig mapping, a particular com-

ponent of the physical mapping of DNA, in 1998 Sheng, Wang and Zhang [26]

defined a new class of graphs called tagged probe interval graphs (briefly, TPIG)

which is a generalization of interval graphs. Since then one of the main open

problems in this area has been “Given a graph G, recognizing whether G is a

tagged probe interval graphs.”

Definition 11. A graph G = (V,E) is a tagged probe interval graph if the vertex

set V can be partitioned into two disjoint sets P (called “probe vertices”) and

N (called “nonprobe vertices”) and one can map each vertex into an interval on

the real line (vertex x ∈ V mapped to Ix = [`x, rx]) such that all the following

conditions hold:

1. N is an independent set in G, i.e., there is no edge between nonprobe vertices.

2. If x, y ∈ P , then there is an edge between x and y if and only if Ix ∩ Iy 6= ∅,
or in other words the mapping is an interval representation of the subgraph

of G induced by P .

3. If x ∈ P and y ∈ N , then there is an edge between x and y if and only if

the interval corresponding to the nonprobe vertex contains at least one end

point of the interval corresponding to the probe vertex, i.e., either `x ∈ Iy
or rx ∈ Iy.

We call the collection {Ix | x ∈ V } a TPIG representation of G. If the partition

of the vertex set V into probe and nonprobe vertices is given, then we denote

the graph as G = (P,N,E).

Problem 1. Given a graph G = (P,N,E), give a linear time algorithm for check-

ing if G is a tagged probe interval graph.

Tagged probe inteval graphs have been defined nearly two decades ago and its

importance in the context of molecular biology has been emphasized over and
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over again [25–28]. Yet untill this paper there was no known algorithm for tagged

probe interval graphs or any natural subclass of tagged probe interval graphs,

excepting probe proper interval graphs.

A natural and well studied subclass of interval graphs are the proper interval

graphs. A proper interval graph G is an interval graph in which there is an

interval representation of G such that no interval contains another properly.

Such an interval representation is called a proper interval representation of G.

Proper interval graphs is an extremely rich class of graphs and we have a number

of different characterizations of proper interval graphs.

In this paper we study a natural special case of tagged probe interval graphs

which we call proper tagged probe interval graph (in short, PTPIG). The only

extra condition that a PTPIG should satisfy over TPIG is that the mapping of

the vertices into intervals on the real line that gives a TPIG representation of

G should be a proper interval representation of the subgraph of G induced

by P .

In this paper, we present a linear time (linear in (|V |+|E|) recognition algorithm

for PTPIG. The backbone of our recognition algorithm is the characterization of

proper tagged probe interval graphs that we obtain in Theorem 33 in Section 3.

To obtain this characterization theorem we introduce (in Section 2) a new con-

cept called “canonical sequence” for proper interval graphs, which we believe

would be of independent interest in the study of proper interval graphs. The con-

cept of canonical sequence for proper interval graphs can be used to solve other

problems related to proper interval graphs, for example testing isomorphism of

proper interval graphs.

1.1 Organization of the Paper

We present the characterization pf Proper Tagged Probe Interval Graphs (PT-

PIG) in Section 3. The main combinatorial object we need for the characteriza-

tion is the Canonical Sequence of Proper Interval Graphs that is presented in

Section 2

We present our recognition algorithm in Section 4. In the road to obtain the

linear time recognition algorithm for PTPIG, we face a number of algorithmic

challenges that led us to solve a number of sub-problems that can be of indepen-

dent interest. One particular problem worth mentioning is a generalization of

the well known consecutive 1’s problem, which we call the oriented-consecutive

1’s problem. It is a very important sub-routine in our recognition algorithm.
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Due is lack of space we are unable to provide the technical proofs of various

lemmas and theorems in this extended abstract. We do give a brief idea of the

proofs wherever possible. The complete proofs will be presented in the journal-

version of the paper. A first draft of the proofs can also be found in the ArXiv

version of our paper [20].

1.2 Notations

Suppose a graph G is a PTPIG (or TPIG), then we will assume that the vertex

set is partitioned into two sets P (for probe vertices) and N (for nonprobe

vertices). To indicate that the partition is known to us, we will sometimes denote

G by G = (P,N,E), where E is the edge set. We will denote by GP the subgraph

of G that is induced by the vertex set P . We will assume that there are p probe

vertices {u1, . . . , up} and q nonprobe vertices {w1, . . . , wq}. To be consistent in

our notation we will use i or i′ or i1, i2, . . . as indices for probe vertices and use

j or j′ or j1, j2, . . . as indices for nonprobe vertices.

Let G = (V,E) be a graph and v ∈ V . Then by the closed neighborhood of v

in G we mean the set N [v] = {u ∈ V | u is adjacent to v} ∪ {v}. A graph G

is called reduced if no two vertices have the same closed neighbourhood. If the

graph is not reduced then we define an equivalence relation on the vertex set V

such that vi and vj are equivalent if and only if vi and vj have the same (closed)

neighbors in V . Each equivalence class under this relation is called a block of G.

For any vertex v ∈ V we denote the equivalence class containing v by B(v). So,

the collection of blocks is a partition of V . The reduced graph of G (denoted

G̃ = (Ṽ , Ẽ)) is the graph obtained by merging all the vertices that are in the

same equivalence class.

If M is a (0, 1)-matrix, then we say M satisfies the consecutive 1’s property if in

each column 1’s appear consecutively. [15, 18] By A(G) we denote the augmented

adjacency matrix of the graph G, in which the diagonal entries are 1 and non-

diagonal entries are same as the adjacency matrix of G.

1.3 Background Materials

PQ-trees: In the past few decades many variations of interval graphs has been

studied mostly in context of modeling different scenario arising from molecu-

lar biology and DNA sequencing. Understanding the structure and properties of

these classes of graphs and designing efficient recognition algorithms are the cen-
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tral problems in this field. Many times this studies have led to nice combinatorial

problems and development of important data structures.

For example, the original linear time recognition algorithm for interval graphs by

Booth and Lueker [3] in 1976 is based on their complex PQ tree data structure

(also see [2]). Habib et al. [12] in 2000 showed how to solve the problem more

simply using lexicographic breadth-first search, based on the fact that a graph is

an interval graph if and only if it is chordal and its complement is a comparability

graph. A similar approach using a 6-sweep LexBFS algorithm is described in

Corneil, Olariu and Stewart [7] in 2010.

In this paper we will be using the data structure of PQ-trees quite extensively.

PQ-trees are not only used to check whether a given matrix satisfy the consec-

utive 1’s property, they also store all the possible permutations such that if one

permuted the rows using the permutation, the matrix would satisfy the consecu-

tive 1’s property. We generalize the problem of checking consecutive 1’s property

to Oriented-consecutive 1’s problem and used the PQ-tree representation to solve

this problem also.

Proper Interval Graphs: For proper interval graphs we have a number of

equivalent characterizations. Recall that a proper interval graph G is an interval

graph in which there is an interval representation of G such that no interval

contains another properly and such an interval representation is called a proper

interval representation of G. It is important to note that a proper interval graph

G may have an interval representation which is not proper. Linear-time recog-

nition algorithms for proper interval graphs are obtained in [8, 9, 13, 14]. A unit

interval graph is an interval graph in which there is an interval representation of

G such that all intervals have the same length. Interestingly, these two concepts

are equivalent. Another equivalence is that an interval graph is a proper interval

graph if and only if it does not conatin K1,3 as an induced subgraph. Apart from

these, there are several characterizations of proper interval graphs (see Table 1).

Among them we repeatedly use the following equivalent conditions in the rest

of the paper:

Theorem 12. Let G = (V,E) be an interval graph. then the following are

equivalent:

1. G is a proper interval graph.

2. There is an ordering of V such that for all v ∈ V , elements of N [v] are

consecutive (the closed neighborhood condition).
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Index Properties References

1 G is a Proper Interval Graph.
[10, 21–24]2 G is a Unit Interval Graph.

3
G is claw-free, i.e., G does not contain K1,3 as an induced sub-
graph.

4 For all v ∈ V , elements of N [v] = {u ∈ V | uv ∈ E} ∪ {v} are

[5–7, 10]

consecutive for some ordering of V (closed neighborhood condi-
tion).

5 There is an ordering v1, v2, · · · , vn of V such that
G has a proper interval graph representation
{Ivi = [ai, bi]|i = 1, 2, · · · , n} where a1 < a2 < · · · < an

and b1 < b2 < · · · < bn.
6 There is an ordering of V such that the augmented

adjacency matrix A(G) of G satisfies the consecutive 1’s prop-
erty.

7 A straight enumeration of G is a linear ordering of blocks

[8, 13, 14, 19]
(vertices having same closed neighborhood) in G, such that
for every block, the block and its neighboring blocks are
consecutive in the ordering.
G has a straight enumeration
(which is unique up to reversal, if G is connected).

8 The reduced graph G̃ is obtained from G

[16]
by merging vertices having same closed neighborhood.
G(n, r) is a graph with n vertices x1, x2, . . . , xn such that
xi is adjacent to xj if and only if 0 < |i − j| 6 r, where r is a
positive integer.

G̃ is an induced subgraph of G(n, r) for some positive integers
n, r with n > r.

Table 1. Characterizations of proper interval graphs: equivalent conditions on an in-
terval graph G = (V,E).

3. There is an ordering of V such that the augmented adjacency matrix A(G)

of G satisfies the consecutive 1’s property.

4. There is an ordering {v1, . . . , vn} of V such that G has a proper interval

representation, say

{Ivi = [ai, bi] | i = 1, 2, . . . , n} where ai 6= bj for all i, j ∈ {1, 2, . . . , n} and

a1 < a2 < · · · < an and b1 < b2 < · · · < bn.

Remark 13. We note that in a proper interval graph G = (V,E), the ordering

of V that satisfies any one of the conditions (2), (3) and (4) in the above theorem

also satisfies the other conditions.



Proper Tagged Probe Interval Graph 7

2 Canonical Sequence of Proper Interval Graphs

Let G be a proper interval graph. Then there is an ordering of V that satisfies

conditions (2), (3) and (4) of Theorem 12. Henceforth we call such an ordering, a

natural or canonical ordering of V . But this canonical ordering is not unique. A

proper interval graph may have more than one canonical orderings of its vertices.

Interestingly, it follows from Corollary 2.5 of [8] (also see [19]) that the canonical

ordering is unique up to reversal for a connected reduced proper interval graph.

Definition 21. Let G = (V,E) be a proper interval graph. Let {v1, v2, . . . , vn}
be a canonical ordering of the set V with the interval representation be

{Ivi = [ai, bi] | i = 1, 2, . . . , n}

where ai 6= bj for all i, j ∈ {1, 2, . . . , n}, a1 < a2 < · · · < an and b1 < b2 < · · · <
bn. Now we combine all ai and bi (i = 1, 2, . . . , n) in an increasing sequence which

we call the interval canonical sequence with respect to the canonical ordering of

vertices of G and is denoted by IG.

Now if we replace ai or bi by i for all i = 1, 2, . . . , n in IG, then we obtain

a sequence of integers belonging to {1, 2, . . . , n} each occurring twice. We call

such a sequence a canonical sequence of G with respect to the canonical ordering

of vertices of G and is denoted by SG. Moreover, if we replace i by vi for all

i = 1, 2, . . . , n in SG, then the resulting sequence is called a vertex canonical

sequence of G (corresponding to the canonical sequence SG) and is denoted by

VG.

Note that SG and its corresponding VG and IG can all be obtained uniquely

from each other. By abuse of notations, sometimes we will use the term canonical

sequence to mean any of these.

2.1 Structure of the Canonical Sequence for Proper Interval Graphs

If a graph G is a connected reduced proper interval graph then the following

lemma states that the canonical sequence for G is unique upto reversal.

Lemma 22. Let G = (V,E) be a proper interval graph and V = {v1, v2, . . . , vn}
be a canonical ordering of vertices of G. Then the canonical sequence SG is

independent of proper interval representations that satisfies the given canonical

ordering. Moreover SG is unique up to reversal for connected reduced proper

interval graphs.
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Now there is an alternative way to get the canonical sequence directly from

the augmented adjacency matrix. Let G = (V,E) be a proper interval graph

with V = {vi | i = 1, 2, . . . , n} and A(G) be the augmented adjacency matrix of

G with consecutive 1’s property. We partition positions of A(G) into two sets

(L,U) by drawing a polygonal path from the upper left corner to the lower

right corner such that the set L [resp. U ] is closed under leftward or downward

[respectively, rightward or upward] movement (called a stair partition) and U

contains precisely all the zeros right to the principal diagonal of A(G). This is

possible due to the consecutive 1’s property of A(G). Now we obtain a sequence of

positive integers belonging to {1, 2, . . . , n}, each occurs exactly twice, by writing

the row or column numbers as they appear along the stair. We call this sequence,

the stair sequence of A(G) and note that it is same as the canonical sequence of

G with respect to the given canonical ordering of vertices of G.

Proposition 23. Let G = (V,E) be a proper interval graph with a canonical

ordering V = {v1, v2, . . . , vn} of vertices of G. Let A(G) be the augmented ad-

jacency matrix of G arranging vertices in the same order as in the canonical

ordering. Then the canonical sequence SG of G is the same as the stair sequence

of A(G).

Corollary 24. If G is a connected proper interval graph then SG is unique up

to reversal.

Remark 25. Let G be a connected proper interval graph which is not reduced

and G̃ be the reduced graph of G. Then the graph G̃ has a unique (upto rever-

sal) canonical ordering of vertices, say, b1, . . . , bt (corresponding to the blocks

B1, . . . , Bt) as it is connected and reduced. Now the canonical orderings of the

vertices of G are obtained from this ordering (and its reversal) by all possible

permutation of the vertices of G within each block. In all such cases SG will

remain same up to reversal.

3 Structure of PTPIG

Let us recall the definition of proper tagged probe interval graph.

Definition 31. A tagged probe interval graph G = (P,N,E) is a proper tagged

probe interval graph (PTPIG) if G has a TPIG representation {Ix | x ∈ P ∪N}
such that {Ip | p ∈ P} is a proper interval representation of the graph GP . We

call such an interval representation a PTPIG representation of G.
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It is interesting to note that there are examples of TPIG, G for which GP is a

proper interval graph but G is not a PTPIG. For example, the graph Gb (see

Figure 1) in [26] is a TPIG in which (Gb)P consists of a path of length 4 along

with 2 isolated vertices which is a proper interval graph. But Gb has no TPIG

representation with a proper interval representation of (Gb)P .

Fig. 1. The graph Gb and its TPIG representation [26]

Now let us consider a graph G = (V,E), in general, with an independent set

N and P = V r N such that the subgraph GP of G induced by P is a proper

interval graph. Let us order the vertices of P in a canonical ordering. Now the

adjacency matrix of G looks like the following:
P N

P A(P ) A(P,N)

N A(P,N)T 0

Note that the (augmented) adjacency matrix A(P ) of GP satisfies the consecu-

tive 1’s property and the P ×N submatrix A(P,N) of the adjacency matrix of G

represents edges between probe vertices and nonprobe vertices. In the following

lemma we obtain a necessary condition for a PTPIG.

Lemma 32. Let G = (P,N,E) be a PTPIG. Then for any canonical ordering

of the vertices belonging to P each column of A(P,N) can not have more than

two consecutive stretches of 1’s.

Unfortunately the condition in the above lemma is not sufficient. For conve-

nience, we say an interval Ip = [a, b] contains strongly an interval In = [c, d] if

a < c 6 d < b, where p ∈ P and n ∈ N .5 The following is a characterization

5 In [28], Sheng et al. used the term “contains properly” in this case. Here we consider
a different term in order to avoid confusion with the definition of proper interval
graph. Note that if a 6 c 6 d < b or a < c 6 d 6 b, then also Ip contains In
properly, but not strongly.
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theorem for a PTPIG and is our main Theorem. For convenience, henceforth, a

continuous stretch (subsequence) in a canonical sequence will be called a sub-

string.

Theorem 33. Let G = (V,E) be a graph with an independent set N and P =

V rN such that GP , the subgraph induced by P is a proper interval graph. Then

G is a proper tagged probe interval graph with probes P and nonprobes N if

and only if there is a canonical ordering of vertices belonging to P such that the

following condition holds:

(A) for every nonprobe vertex w ∈ N , there is a substring in the canonical se-

quence with respect to the canonical ordering such that all the vertices in the

substring are neighbors of w and all the neighbors of w are present at least

once in the substring.

Such a substring will be called a perfect substring (cf. Definition 35).

Idea of the proof : As GP is a proper interval graph, there exist a canonical

ordering of vertices of P satisfying conditions of Theorem 12. Hence one can

get a canonical sequence SGP from this ordering which is basically a combined

increasing sequence of the endpoints of the probe intervals. From the definition

of PTPIG we know that adjacency between a probe and a nonprobe vertex

happens when interval corresponding to the nonprobe vertex intersects interval

corresponding to the probe vertex to one of its ends. Hence the end points of the

neighbours of a nonprobe vertex w ∈ N must occur consecutively in SGP . As all

the vertices which are neighbours of w ∈ N occur consecutively as a substring

in SGP , one can able to construct interval corresponding to w by taking first

and last positions of the substring as its endpoint. Note that each probe vertex

occurs twice in SGP . Hence one can assign the intervals corresponding to the

probe vertices by taking their first and second occurrence positions in SGP as

their end points.

Remark 34. If G is a PTPIG such that GP is connected and reduced, then

there is a unique (up to reversal) canonical ordering of vertices belonging to P ,

as we mentioned at the beginning of Section 2. Thus the corresponding canonical

sequence is also unique up to reversal. Also if condition (A) holds for a canonical

sequence, it also holds for its reversal. Thus in this case condition (A) holds for

any canonical ordering of vertices belonging to P .

We conclude this section with some nice structural perception of the substrings

described in condition (A) of Theorem 33.
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Definition 35. Let G = (V,E) be a graph with an independent set N and

P = V rN such that GP , the subgraph induced by P is a proper interval graph.

Let SGP be a canonical sequence of GP . Let w ∈ N . If there exists a substring in

SGP which contains all the neighbors of w and all the vertices in the substring

are neighbors of w then we call the substring a perfect substring of w in G. If the

canonical sequence SGP contains a perfect substring of w in SGP for all w ∈ N ,

we call it a perfect canonical sequence for G.

Proposition 36. Let G = (P,N,E) be a PTPIG such that GP is a connected

reduced proper interval graph and SGP be a canonical sequence of GP . Then for

any nonprobe vertex w ∈ N , there cannot exist more than one disjoint perfect

substrings of w in SGP , unless the substring consists of a single element.

In fact, we can go one step more in understanding the structure of a PTPIG. If

G is a PTPIG, not only there cannot be two disjoint perfect substrings (of length

more than 1) for any nonprobe vertex in any canonical sequence but also any

two perfect substrings for the same vertex must intersect at atleast two places,

except two trivial cases.

Lemma 37. Let G = (P,N,E) be a PTPIG such that GP is a connected reduced

PIG with a canonical ordering of vertices {u1, u2, . . . , up} and let VGP be the

corresponding vertex canonical sequence of GP . Let w ∈ N be such that w has at

least two neighbors in P and T1 and T2 be two perfect substrings for w in VGP
intersecting in exactly one place. Then one of the following holds:

1. VGP begins with u1u2u1 and only u1 and u2 are neighbors of w.

2. VGP ends with upup−1up and only up−1 and up are neighbors of w.

4 Recognition algorithm

In this section, we present a linear time recognition algorithm for PTPIG. That

is, given a graph G = (V,E), and a partition of the vertex set into N and

P = V r N we can check, in time O(|V | + |E|), if the graph G(P,N,E) is a

PTPIG. Now G = (P,N,E) is a PTPIG if and only if it a TPIG, i.e., it satisfies

the three conditions in Definition 11 and GP is a proper interval graph for a

TPIG representation of G. Note that it is easy to check in linear time if the

graph G satisfies the first condition, namely, if N is an independent set in the

graph. Now for testing if the graph satisfies the other two properties we will use

the characterization we obtained in Theorem 33.
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We will use the recognition algorithm for proper interval graph H = (V ′, E′)

given by Booth and Lueker [3] as a blackbox that runs in O(|V ′| + |E′|). The

main idea of their algorithm is that H is a proper interval graph if and only

if the adjacency matrix of the graph satisfies the consecutive 1’s property. In

other words, H is a proper interval graph if and only if there is an ordering of

the vertices of H such that for any vertices v in H, the neighbors of v must be

consecutive in that ordering. So for every vertex v in H they consider restrictions,

on the ordering of the vertices, of the form “all vertices in the neighborhood of

v must be consecutive”. This is done using the data structure of PQ-trees. The

PQ-tree helps to store all the possible orderings that respect all these kind of

restrictions. It is important to note that all the orderings that satisfy all the

restrictions are precisely all the canonical orderings of vertices of H.

The main idea of our recognition algorithm is that if the graph G = (P,N,E)

is PTPIG then, from Condition (A) in Theorem 33, we can obtain a series of

restrictions on the ordering of vertices that also can be “stored” using the PQ-

tree data structure. These restrictions are on and above the restrictions that we

need to ensure the graph GP is a proper interval graph. If finally there exists

any ordering of the vertices that satisfy all the restrictions, then that ordering

will be a canonical ordering that satisfies the condition (A) in Theorem 33. So

the main challenge is to identify all the extra restrictions on the ordering and

how to store them in the PQ-tree.

Once we have verified that the N is an independent set and the graph GP is a

proper interval graph and we have stored all the possible canonical ordering of

the vertices of the subgraph GP = (P,E1) in a PQ-tree (in O(|P |+ |E1|) time),

we proceed to find the extra restrictions that is necessary to be applied on the

orderings. We present our algorithm in 3 steps - each step handling a class of

graphs that is a generalization of the class of graphs handled in the previous

one.

– STEP I: First we consider the case when GP is a connected reduced proper

interval graph.

– STEP II: Next we consider the case when GP is a connected proper interval

graph, but not necessarily reduced.

– STEP III: Finally we consider case when the graph GP is a proper interval

graph, but may not be connected or reduced.
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4.1 Step I: The graph GP is a connected reduced proper interval
graph

By Lemma 22, there is a unique (up to reversal) canonical ordering of the vertices

of GP . By Theorem 33, we know that the graph G is PTPIG if and only if the

following condition is satisfied:

Condition (A1): For all 1 ≤ j ≤ q, there is a substring in SGP where only the

neighbors of wj appear and all the neighbors of wj appear at least once.

In this case, when the graph GP is connected reduced proper interval graph,

since there is a unique canonical ordering of the vertices, all we have to do is to

check if the corresponding canonical sequence satisfies the Condition (A1). So

the rest of the algorithm in this case is to check if the property is satisfied.

Idea of the algorithm: Since we know the canonical sequence SGP (or obtain

by using known algorithms described before in O(|P |+ |E1|) time, where E1 is

the set of edges between probe vertices), we can have two look up tables L and

R such that for any vertex vi ∈ P , the L(vi) and R(vi) has the index of the first

and the second appearance of vi in SGP respectively. We can obtain the look up

tables in time O(|P |) steps.

Also by SGP [k1, k2] (where 1 ≤ k1 ≤ k2 ≤ 2p) we will denote the substring of

the canonical sequence sequence SGP that start at the kth1 position and ends at

the kth2 position in SGP .

To check the Condition (A1), we will go over all the wj ∈ N . For j ∈ {1, 2, . . . , q},
let L(Aj [1]) = `j and R(Aj [1]) = rj . Now since all the neighbors of wj have to

be in a substring, there must be a substring of length at least dj and at most 2dj

(as each number appears twice) in SGP [`j − 2dj , `j + 2dj ] or SGP [rj − 2dj , rj +

2dj ] which contains only and all the neighbors of wj . We can identify all such

possible substrings by first marking the positions in SGP [`j − 2dj , `j + 2dj ] and

SGP [rj − 2dj , rj + 2dj ] those are neighbors of wj and then by doing a double

pass, we find all the possible substrings of length greater than or equal to dj in

SGP [`j − 2dj , `j + 2dj ] and SGP [rj − 2dj , rj + 2dj ] that contains only neighbors

of wj .

Going through this way one can correctly decide whether G is a PTPIG with

probes P and nonprobes N in time O(|P | + |N | + |E2|), where E2 is the set

of edges between probes P and nonprobes N when GP is connected reduced

proper interval graph. As obtaining SGP requires O(|P | + |E1|) time, the total

recognition time is O(|P |+ |N |+ |E1|+ |E2|) = O(|V |+ |E|).
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4.2 Step II: The graph GP is a connected (not necessarily reduced)
proper interval graph

In this case, that is when the graph GP is not reduced, we cannot say that there

exists a unique canonical ordering of the vertices of GP . By Theorem 33, all we

can say is that among the set of canonical orderings of the vertices of GP , is there

an ordering such that the corresponding canonical sequence satisfies Condition

(A) of Theorem 33. As mentioned before we will assume that we have all the

possible canonical ordering of the vertices of GP stored in a PQ-tree. Now we

will impose more constraints on the orderings so that the required condition is

satisfied.

Let G̃P be the reduced graph of GP . By Remark 25, G̃P has a unique (upto re-

versal) canonical ordering of vertices, say, b1, . . . , bt (corresponding to the blocks

B1, . . . , Bt of the vertices of GP ) and the canonical orderings of the vertices of

GP are obtained by all possible permutations of the vertices of G within each

block.

For G to be a PTPIG we will have to find a suitable canonical ordering of the

vertices or in other words, by Remark 25, we need to find suitable ordering of

vertices in each block such that the Condition (A) from Theorem 33 is satisfied.

Using the structure of the canonical sequence of G̃P we identity different cases

and each case we can identify the various restrictions on the ordering of the

vertices in each block that are necessary and sufficient. A generalization of the

consecutive 1’s problem called the Oriented-consecutive 1’s problem has been

introduced keeping in mind all the restrictions to this problem. We can solve the

oriented-consecutive 1’s problem using the PQ-tree.

4.3 Step III: The graph GP is a proper interval graph (not
necessarily connected or reduced)

Finally, we consider the graph G = (V,E) with an independent set N (non-

probes) and P = V rN (probes) such that GP is a proper interval graph, which

may not be connected. Let the connected components of GP be G1, . . . , Gr. Now,

G is a PTPIG if and only if the following condition is satisfied:

Condition (C1): There exists permutation π : {1, . . . , r} → {1, . . . , r} and

canonical sequences SG1
, . . . ,SGr of G1, . . . , Gr such that the canonical sequence

SGP ofGP obtained by concatenation of the canonical sequences ofGπ(1), . . . , Gπ(r)

(that is, SGP = SGπ(1)
. . .SGπ(r)

) has the property that for all w ∈ N there exists
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a perfect substring of w in SGP (that is, there exists a substring of SGP where

only the vertices of w appear and all the neighbors of w appears at least once).

Firstly using previous steps we store all the possible canonical orderings of the

vertices in each component so that the graphs induced by Gk ∪N is a PTPIG,

for each k. As usual we will store the restrictions using the PQ-tree. Next we

will have to add some more restrictions on the canonical ordering of the vertices

in each of the connected components which are necessary for the graph G to be

a PTPIG. These restriction will be be stored in the same PQ-tree. At last we

check if there exists an ordering of the components such that the Condition (C1)

is satisfied.

5 Conclusion

The study of interval graphs was spearheaded by Benzer [1] in his studies in the

field of molecular biology. In [29], Zhang introduced a generalization of interval

graphs called probe interval graphs (PIG) in an attempt to aid a problem called

cosmid contig mapping. In order to obtain a better model another generalization

of interval graphs were introduced that capture the property of overlap informa-

tion, namely tagged probe interval graphs (TPIG) by Sheng, Wang and Zhang

in [26]. Still there is no recognition algorithm for TPIG, in general.

In this paper we characterize and obtain linear time recognition algorithm for a

special class of TPIG, namely proper tagged probe interval graphs (PTPIG). The

problem of obtaining a recognition algorithm for TPIG, in general is challenging

and open till date. It is well known that an interval graph is a proper interval

graph if and only if it does not contain K1,3 as an induced subgraph of it. Similar

forbidden subgraph characterization for PTPIG is another interesting problem.
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