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Abstract9

The role of symmetry in Boolean functions f : {0, 1}n → {0, 1} has been extensively studied in10

complexity theory. For example, symmetric functions, that is, functions that are invariant under11

the action of Sn is an important class of functions in the study of Boolean functions. A function12

f : {0, 1}n → {0, 1} is called transitive (or weakly-symmetric) if there exists a transitive group G of13

Sn such that f is invariant under the action of G. In other words, the value of a transitive function14

remains unchanged even after the input bits of f are moved around according to some permutation15

σ ∈ G. Understanding various complexity measures of transitive functions has been a rich area of16

research for the past few decades.17

In this work, we study transitive functions in light of several combinatorial measures. The18

question that we try to address in this paper is what is the maximum separations between various19

pairs of combinatorial measures for transitive functions. Such study for general Boolean functions20

has been going on for the past many years. The current best-known results for general Boolean21

functions have been nicely compiled by Aaronson et al. (STOC, 2021). But before this paper, no22

such systematic study has been done for the case of transitive functions.23

The separation between a pair of combinatorial measures is shown by constructing interesting24

functions that demonstrate the separation. Over the past three decades, various interesting classes25

of functions have been designed for this purpose. In this context, one of the celebrated classes of26

functions is the “pointer functions”. Ambainis et al. (JACM, 2017) constructed several functions,27

which are modifications of the pointer function in Göös et al. (SICOMP, 2018 / FOCS 2015), to28

demonstrate separation between various pairs of measures. In the last few years, pointer functions29

have been used to show separation between various other pairs of measures (Eg: Mukhopadhyay30

et al. (FSTTCS, 2015), Ben-David et al. (ITCS, 2017), Göös et al. (ToCT, 2018 / ICALP 2017)).31

However, the pointer functions themselves are not transitive. Based on the various kinds of32

pointer functions, we construct new transitive functions whose deterministic query complexity,33

randomized query complexity, zero-error randomized query complexity, quantum query complexity,34

degree, and approximate degree are similar to that of the original pointer functions. Thus we35

demonstrate that even for transitive functions similar separations between pairs of combinatorial36

measures can be achieved by pointer functions.37

Our construction of transitive functions depends crucially on the construction of particular38

classes of transitive groups whose actions, though involved, helps to preserve certain structural39

features of the input strings. The transitive groups we construct may be of independent interest in40

other areas of mathematics and theoretical computer science.41

We summarize the current knowledge of relations between various combinatorial measures of42

transitive functions in a table similar to the table compiled by Aaronson et al. (STOC, 2021) for43

general functions.44
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1 Introduction50

For a Boolean function f : {0, 1}n → {0, 1} what is the relationsip between its various51

combinatorial measures, like deterministic query complexity (D(f)), bounded-error ran-52

domized and quantum query complexity (R(f) and Q(f) respectively), zero -randomized53

query complexity (R0(f)), exact quantum query complexity (QE(f)), sensitivity (s(f)), block54

sensitivity (bs(f)), certificate complexity (C(f)), randomized certificate complexity (RC(f)),55

unambiguous certificate complexity (UC(f)), degree (deg(f)), approximate degree (d̃eg(f))56

and spectral sensitivity (λ(f))1? For over three decades, understanding the relationships57

between these measures has been an active area of research in computational complexity58

theory. These combinatorial measures have applications in many other areas of theoretical59

computer science, and thus the above question takes a central position.60

In the last couple of years, some of the more celebrated conjectures have been answered -61

like the quadratic relation between sensitivity and degree of Boolean functions [18]. We refer62

the reader to the survey [11] for an introduction to this area.63

Understanding the relationship between various combinatorial measures involves two64

parts:65

Relationships - proving that one measure is upper bounded by a function of another66

measure. For example, for any Boolean function f , deg(f) ≤ s(f)2 and D(f) ≤ R(f)2.67

Separations - constructing functions that demonstrates separation between two measures.68

For example, there exists a Boolean function f with deg(f) ≥ s(f)2. Also there exists69

another Boolean function g with D(g) ≥ R(g)2.70

Obtaining tight bounds between pairs of combinatorial measures - that is, when the relation-71

ship and the separation results match - is the holy grail of this area of research. The current72

best known results for different pairs of functions have been nicely compiled in [3].73

For special classes of Booleans functions the relationships and the separation results might74

be different than that of general Boolean functions. For example, while it is known that75

there exists f such that bs(f) = Θ(s(f)2) [28], for a symmetric function a more tighter result76

is known, bs(f) = Θ(s(f)). The best known ’relationship’ of bs(f) for a general Boolean77

functions is s(f)4 [18]. How the various measures behave for different classes of functions has78

been studied since the dawn of this area of research.79

Transitive Functions: One of the most well-studied classes of Boolean functions is that of80

the transitive functions. A function f : {0, 1}n → {0, 1} is transitive if there is a transitive81

group G ≤ Sn such that the function value remains unchanged even after the indices of the82

input is acted upon by a permutation from G. Note that, when G = Sn then the function is83

symmetric. Transitive functions (also called “weakly symmetric” functions) has been studied84

extensively in the context of various complexity measure. This is because symmetry is a85

natural measure of the complexity of a Boolean function. It is expected that functions with86

more symmetry must have less variation among the various combinatorial measures. A recent87

work [7] has studied the functions under various types of symmetry in terms of quantum88

speedup. So, studying functions in terms of symmetry is important in various aspects.89

For example, for symmetric functions, where the transitive group is Sn, most of the90

1 We provide formal definitions of the measures used in this paper in Appendix B.
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combinatorial measures become the same up to a constant 2. Another example of transitive91

functions is the graph properties. The input is the adjacency matrix, and the transitive group92

is the graph isomorphism group acting on the bits of the adjacency matrix. [34, 31, 22, 14]93

tried to obtain tight bounds on the relationship between sensitivity and block sensitivity for94

graph properties. They also tried to answer how low can sensitivity and block sensitivity go95

for graph properties?96

In papers like [32, 12, 30, 13] it has been studied how low can the combinatorial measures97

go for transitive functions. The behavior of transitive functions can be very different from98

general Boolean functions. For example, while it is known that there are Boolean functions99

for which the sensitivity is as low as Θ(logn) where n is the number of effective variables3,100

it is known (from [30] and [18]) that if f is a transitive function on n effective variables then101

its sensitivity s(f) is at least Ω(n1/12)4. Similar behavior can be observed in other measures102

too. For example, it is easy to see that for a transitive function the certificate complexity103

is Ω(
√
n), while the certificate complexity for a general Boolean function can be as low as104

O(logn). In Table 3 we summarize the best-known separations of the combinatorial measures105

for transitive functions. A natural related question is:106

What is the tight relationship between various pairs of combinatorial measures for transitive107

functions?108

By definition, the known ’relationship’ results for general functions hold for transitive109

functions. But tighter ’relationship’ results may be obtained for transitive functions. On110

the other hand, the existing ’separations’ doesn’t extend easily since the example used to111

demonstrate separation between certain pairs of measures may not be transitive. Some of the112

most celebrated examples are not transitive. For example some of the celebrated function113

construction like the pointer function [5], used for demonstrating tight separations between114

various pairs like D(f) and R0(f), are not transitive. Similarly, the functions constructed115

using the cheat sheet techniques [2] used for separation between quantum query complexity116

and degree, or approximate degree are not transitive. Constructing transitive functions117

which demonstrate tight separations between various pairs of combinatorial measures is very118

challenging.119

Our Results: We try to answer the above question for various pairs of measures. More120

precisely, our main contribution is to construct transitive functions that have similar com-121

plexity measures as the pointer functions. Hence for those pairs of measures where pointer122

functions can demonstrate separation for general functions, we prove that similar separation123

can also be demonstrated by transitive functions.124

Our results and the current known relations between various pairs of complexity measures125

of transitive functions are compiled in Table 1. This table is along the lines of the table126

in [3] where the best-known relations between various complexity measures of genral Boolean127

functions were presented.128

Deterministic query complexity and zero-error randomized query complexity are two129

of the most basic measures and yet the tight relation between these measures was not130

known until recently. In [29] they showed that for the “balanced NAND-tree” function,131

∧̃-tree, D(∧̃-tree) ≥ R0(∧̃-tree)1.33. Although the function ∧̃-tree is transitive, the best132

2 There are still open problems on the tightness of the constants.
3 A variable is effective if the function is dependent on it.
4 It is conjectured that the sensitivity of a transitive function is Ω(n1/3).
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known ’relationship’ was quadratic, that is for all Boolean function f , D(f) = O(R0(f)2).133

In [5] a new function, A1, was constructed for which deterministic query complexity and134

zero-error randomized query complexity can have a quadratic separation between them, and135

this matched the known ’relationship’ results. The function in [5] was a variant of the pointer136

functions - a class of functions introduced by [17] that has found extensive usage in showing137

separations between various complexity measures of Boolean functions. The function, A1,138

also gave (the current best known) separations between deterministic query complexity139

and other measures like quantum query complexity and degree. But the function A1 is140

not transitive. Using the A1 function we construct a transitive function that demonstrates141

a similar gap between deterministic query complexity and zero-error randomized query142

complexity, quantum query complexity, and degree.143

I Theorem 1. There exists a transitive function F1 such that144

D(F1) = Ω̃(Q(F1)4), D(F1) = Ω̃(R0(F1)2), D(F1) = Ω̃(deg(F1)2).145
146

In [5, 8] various variants of the pointer function have been used to show separation147

between other pairs of measures like R0 with R, QE, deg, and Q, R with d̃eg, deg, QE and148

sensitivity. Inspired from these function we construct transitive versions that demonstrate149

similar separation for transitive functions as that of general functions. The construction of150

these functions, though more complicated and involved, are similar in flavor to that of F1.151

The proof of Theorem 1 is presented in Section 4. The formal statements of our other results152

and their proofs are presented in the Appendix D, E and F. Our proof techniques also help153

us make transitive versions of other functions like that used in[2] to demonstrate the gap154

between Q and certificate complexity. The result is presented in Appendix G. All our results155

are compiled (and marked in green) in Table 1.156

One would naturally ask what stops us from constructing transitive functions analogous157

to the other functions, like cheat sheet-based functions. In fact, one could ask why to use158

ad-hoc techniques to construct transitive functions (as we have done in most of our proofs)159

and instead why not design a unifying technique for converting any function into a transitive160

function that would display similar properties in terms of combinatorial measures 5. If one161

could do so, all the ’separation’ results for general functions (in terms of separation between162

pairs of measures) would translate to separation for transitive functions. In Appendix I we163

have discussed why such a task is challenging. We argue the challenges of making transitive164

versions of the cheat-sheet functions.165

2 Notations and Background166

2.1 Notations and basic definitions167

We use [n] to denote the set {1, . . . , n}. {0, 1}n denotes the set of all n-bit binary strings.168

For any X ∈ {0, 1}n the Hamming Weight of X (denoted |X|) will refer to the number of 1169

in X. 0n and 1n denotes all 0’s string of n-bit and all 1’s string of n-bit, respectively.170

We denote by Sn the set of all permutations on [n]. Given an element σ ∈ Sn and a n-bit171

string x1, . . . , xn ∈ {0, 1}n we denote by σ[x1, . . . , xn] the string obtained by permuting the172

5 In [7] they have demonstrated a technique that can be used for constructing a transitive partial function
that demonstrates gaps (between certain combinatorial measures) similar to a given partial function
that need not be transitive. But their construction need not construct a total function even when the
given function is total.
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Table 1 Best known separations between combinatorial measures for transitive functions.

D R0 R C RC bs s λ QE deg Q d̃eg
D 2 ; 2 2 ; 3 2 ; 2 2 ; 3 2 ; 3 3 ; 6 4 ; 6 2 ; 3 2 ; 3 4 ; 4 4 ; 4

T:1 T:1 ∧ ◦ ∨ ∧ ◦ ∨ ∧ ◦ ∨ T:91 T:73 T:69 T:1 T:1 T:73
R0 1,1 2 ; 2 2 ; 2 2 ; 3 2 ; 3 3 ; 6 4 ; 6 2 ; 3 2 ; 3 3 ; 4 4 ; 4

⊕ T:69 ∧ ◦ ∨ ∧ ◦ ∨ ∧ ◦ ∨ T:91 T:73 T:69 T:69 T:74 T:73

R 1 ; 1 1 ; 1 2 ; 2 2 ; 3 2 ; 3 3 ; 6 4 ; 6 1.5 ; 3 2 ; 3 2 ; 4 4 ; 4
⊕ ⊕ ∧ ◦ ∨ ∧ ◦ ∨ ∧ ◦ ∨ T:91 T:73 T:75 T:73 ∧ T:73

C 1 ; 1 1 ; 1 1 ; 2 2 ; 2 2 ; 2 2 ; 5 2 ; 6 1.15 ; 3 1.63 ; 3 2 ; 4 2 ; 4
⊕ ⊕ ⊕ [15] [15] [28] ∧ [4] [26] ∧ ∧

RC 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1.5 ; 2 2 ; 4 2 ; 4 1.15 ; 2 1.63 ; 2 2 ; 2 2 ; 2
⊕ ⊕ ⊕ ⊕ [15] [28] ∧ [4] [26] ∧ ∧

bs 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 2 ; 4 2 ; 4 1.15 ; 2 1.63 ; 2 2, 2 2 ; 2
⊕ ⊕ ⊕ ⊕ ⊕ [28] ∧ [4] [26] ∧ ∧

s 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 2 ; 2 1.15 ; 2 1.63 ; 2 2, 2 2 ; 2
⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ∧ [4] [26] ∧ ∧

λ
1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1 1 ; 1
⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕

QE
1 ; 1 1.33 ; 2 1.33 ; 3 2 ; 2 2 ; 3 2 ; 3 2 ; 6 2 ; 6 1 ; 3 2 ; 4 1 ; 4
⊕ ∧̃-tree ∧̃-tree ∧ ◦ ∨ ∧ ◦ ∨ ∧ ◦ ∨ T:95 T:95 ⊕ ∧ ⊕

deg 1 ; 1 1.33 ; 2 1.33 ; 2 2 ; 2 2 ; 2 2 ; 2 2 ; 2 2 ; 2 1 ; 1 2 ; 2 2 ; 2
⊕ ∧̃-tree ∧̃-tree ∧ ◦ ∨ ∧ ◦ ∨ ∧ ◦ ∨ ∧ ◦ ∨ ∧ ⊕ ∧ ∧

Q 1 ; 1 1 ; 1 1 ; 1 2 ; 2 2 ; 3 2 ; 3 2 ; 6 2 ; 6 1, 1 1 ; 3 1 ; 4
⊕ ⊕ ⊕ T:95 T:95 T:95 T:95 T:95 ⊕ ⊕ ⊕

d̃eg
1 ; 1 1 ; 1 1 ; 1 1 ; 2 1 ; 2 1 ; 2 1 ; 2 1 ; 2 1 ; 1 1 ; 1 1 ; 1
⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕ ⊕

) Entry a; b in row A and column B represents: (1) (’Relationships’) for any Boolean function f , A(f) = O(B(f))b+o(1),
and (2) (’Separations’) there exists a transitive function g such that A(g) = Ω(B(g))a.
Cells with a green background are those for which we constructed new transitive functions to demonstrate ’separations’
that match the known ’separations’ for general functions. The previously known functions that gave the strongest
’separations’ were not transitive. The second row gives the reference to the Theorems where the ’separation’ is
proved. Although for these green cells the bounds match that of the general functions, for some cells (with light
green color) there is a gap between the known ’relationships’ and ’separations’.
In the cells a with white background the best-known examples for the corresponding separation was already transitive
functions. For these cells, the second row either contains the function that demonstrates the separation or a reference
to the paper where the separation was proved. So for these cells, the ’separations’ for transitive functions matched
the current best known ’separations’ for general functions. Note that for some of these cell the don’t match.
Cells with a yellow background are those where the ’separations’ do not match the best known ’separations’ for
general functions.
The various functions mentioned/referred in this table are defined in Appendix C.
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indices according to σ. That is σ[x1, . . . , xn] = xσ(1), . . . , xσ(n). This is also called the action173

of σ on the x1, . . . , xn.174

Following are a couple of interesting elements of Sn that will be used in this paper.175

I Definition 2. For any n = 2k the flip swaps (2i − 1) and 2i for all 1 ≤ i ≤ k. The176

permutation Swap 1
2
swaps i with (k + i), for all 1 ≤ i ≤ k. That is,177

flip = (1, 2)(3, 4) . . . (n− 1, n) & Swap 1
2
[x1, . . . , x2k] = xk+1, . . . , x2k, x1 . . . , xk.178

179

Every integer ` ∈ [n] has the canonical logn bit string representation. However the180

number of 1’s and 0’s in such a representation is not same for all ` ∈ [n]. The following181

representation of ` ∈ [n] ensures that for all ` ∈ [n] the encoding has same Hamming weight.182

I Definition 3 (Balanced binary representation). For any ` ∈ [n], let `1, . . . , `logn be the183

binary representation of the number ` where `i ∈ {0, 1} for all i. Replacing 1 by 10 and 0 by184

01 in the binary representation of `, we get a 2 logn-bit unique representation, which we call185

Balanced binary representation of ` and denote as bb(`).186

In this paper all the functions considered are of form F : {0, 1}n → {0, 1}k. By Boolean187

functions we would mean a Boolean valued function that is of the form f : {0, 1}n → {0, 1}.188

An input to a function F : {0, 1}n → {0, 1}k is a n-bit string but also the input can be189

thought of as different objects. For example, if the n = NM then the input may be thought190

of as a (N ×M)-matrix with Boolean values. It may also be thought of as a (M ×N)-matrix.191

If Σ = {0, 1}k then Σ(n×m) denotes an (n×m)-matrix with an element of Σ (that is, a192

k-bit string) stored in each cell of the matrix. Note that Σ(n×m) is actually {0, 1}mnk. Thus,193

a function F : Σ(n×m) → {0, 1} is actually a Boolean function from a {0, 1}nmk to {0, 1},194

where we think of the input as an (n×m)-matrix over the alphabet Σ.195

One particular nomenclature that we use in this paper is that of 1-cell certificate.196

I Definition 4 (1-cell certificate). Given a function f : Σ(n×m) → {0, 1} (where Σ = {0, 1}k)197

the 1-cell certificate is a partial assignments to the cells which forces the value of the function198

to 1. So a 1-cell certificate is of the form (Σ ∪ {∗})(n×m). Note the here we assume that the199

contents in any cell is either empty or a proper element of Σ (and not a partial k-bit string).200

Another notation that is often used is the following:201

I Notation 5. If A ≤ Sn and B ≤ Sm are groups on [n] and [m] then the group A×B act202

on the cells on the matrix. Thus for any (σ, σ′) ∈ A×B and a M ∈ Σ(n×m) by (σ, σ′)[M ]203

we would mean the permutation on the cell of M according to (σ, σ′) and move the contains204

in the cells accordingly. Note that the relative position of bits within the contents in each cell205

is not touched.206

Next, we define the composition of two Boolean functions.207

I Definition 6 (Composition of functions). Let f : {0, 1}nk → {0, 1} and g : {0, 1}m → {0, 1}k208

be two functions. The composition of f and g, denoted by f ◦ g : {0, 1}nm → {0, 1}, is defined209

to be a function on nm bits such that on input x = (x1, . . . , xn) ∈ {0, 1}nm, where each210

xi ∈ {0, 1}m, f ◦ g(x1, . . . , xn) = f(g(x1), . . . , g(xn)). We will refer f as outer function and211

g as inner function.212
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2.2 Transitive Groups and Transitive Functions213

The central objects in this paper are transitive Boolean function. We first define transitive214

groups.215

I Definition 7. A group G ≤ Sn is transitive if for all i, j ∈ [n] there exists a σ ∈ G such216

that σ(i) = j.217

I Definition 8. For f : An → {0, 1} and G ≤ Sn we say f is invariant under the action of
G, if for all α1, . . . , αn ∈ A.

f(α1, . . . , αn) = f(ασ(1), . . . , ασ(n)).

I Observation 9. If A ≤ Sn and B ≤ Sm are transitive groups groups on [n] and [m] then218

the group A×B is a transitive group acting on the cells on the matrix.219

There are many interesting transitive groups. The symmetric group is indeed transitive.220

The graph isomorphism group (that acts on the adjacency matrix - minus the diagonal - of a221

graph by changing the ordering on the vertices) is transitive. The cyclic permutation over222

all the points in the set is a transitive group. The following is another non-trivial transitive223

group on [k] that we will use extensively in this paper.224

I Definition 10. For any k that is a power of 2, the Binary-tree-transitive group Btk is a225

subgroup of Sk. To describe its generating set we think of group Btk acting on the elements226

{1, . . . , k} and the elements are placed in the leaves of a balanced binary tree of depth log k -227

one element in each leaf. Each internal node (including the root) corresponds to an element228

in the generating set of Btk. The element corresponding to an internal node in the binary229

tree swaps the left and right sub-tree of the node. The permutation element corresponding to230

the root node is called the Root-swap as it swaps the left and right sub-tree to the root of the231

binary tree.232

We now state two claims whose proofs are given in Appendix B.1.233

B Claim 11. The group Btk is a transitive group.234

The following claim describes how the group Btk acts on various encoding of integers.235

Recall the balance-binary representation (Definition 3).236

B Claim 12. For all γ̂ ∈ Bt2 logn there is a γ ∈ Sn such that for all i, j ∈ [n], γ̂[bb(i)] = bb(j)237

iff γ(i) = j.238

Now let us consider another encoding that we will using for the set of rows and columns239

of a matrix.240

I Definition 13. Given a set R of n rows r1, . . . , rn and a set C of n columns c1, . . . , cn we241

define the balanced-pointer-encoding function E : (R × {0}) ∪ ({0} × C) → {0, 1}4 logn, as242

follows:243

E(ri, 0) = bb(i) · 02 logn, and, E(0, cj) = 02 logn · bb(j).244

The following is a claim is easy to verify.245

B Claim 14. Let R be a set of n rows r1, . . . , rn and C be a set of n columns c1, . . . , cn and
consider the balanced-pointer-encoding function E : (R× {0})∪ ({0} ×C)→ {0, 1}4 logn. For
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any elementary permutation σ̂ in Bt4 logn (other than the Root-swap) there is a σ ∈ Sn such
that for any (ri, cj) ∈ (R× {0}) ∪ ({0} × C)

σ̂[E(ri, cj)] = E(rσ(i), cσ(j)),

where we assume r0 = c0 = 0 and any permutation of in Sn sends 0 to 0.246

If σ̂ is the root-swap then for any (ri, cj) ∈ (R× {0}) ∪ ({0} × C)

σ̂[E(ri, cj)] = Swap 1
2
(E(ri, cj)) = E(cj , ri).

2.3 Pointer function247

For the sake of completeness first we will describe the function introduced in [5] that248

achieves separation between several complexity complexity measures like Deterministic query249

complexity, Randomized query complexity, Quantum query complexity etc. This function was250

originally motivated from [17] function. There are three three variants of [5] function that251

have some special kind of non-Boolean domain, which we call Pointer matrix. Our function252

is a special “encoding” of that non-Boolean domain such that the resulting function becomes253

transitive and achieves the separation between complexity measures that matches the known254

separation between the general functions. Here we will define only the first variant of [5]255

function. Rest of the variants are defined in Appendix C.1.256

I Definition 15 (Pointer matrix over Σ). For m,n ∈ N, letM be a (m×n) matrix with m rows257

and n columns. We refer to each of the m× n entries of M as cells. Each cell of the matrix258

is from a alphabet set Σ where Σ = {0, 1}× P̃ × P̃ × P̃ and P̃ = {(i, j)|i ∈ [m], j ∈ [n]}∪{⊥}.259

We call P̃ as set of pointers where, pointers of the form {(i, j)|i ∈ [m], j ∈ [n]} pointing260

to the cell (i, j) and ⊥ is the null pointer. Hence,each entry x(i,j) of the matrix M is a261

4-tuple from Σ. The elements of the 4-tuple we refer as value, left pointer, right pointer and262

back pointer respectively and denote by Value(x(i,j)), LPointer(x(i,j)), RPointer(x(i,j)) and263

BPointer(x(i,j)) respectively where Value ∈ {0, 1}, LPointer,RPointer,BPointer ∈ P̃ . We264

call this type of matrix as pointer matrix and denote by Σn×n.265

A special case of the pointer-matrix, which we call Type1 pointer matrix over Σ, is when266

for each cell of M , BPointer ∈ {[n]∪ ⊥} that is backpointers are pointing to the columns of267

the matrix.268

Also, in general when, BPointer ∈ {(i, j)|i ∈ [m], j ∈ [n]} ∪ {⊥}, we call it a Type2269

pointer matrix over Σ.270

Now we will define some additional properties of the domain that we need to define [5]271

function.272

I Definition 16 (Pointer matrix with marked column). Let M be an m × n pointer-matrix273

over Σ. A column j ∈ [n] of M is defined to be a marked column if there exists exactly one274

cell (i, j), i ∈ [m], in that column with entry x(i,j) such that x(i,j) 6= (1,⊥,⊥,⊥) and every275

other cell in that column is of the form (1,⊥,⊥,⊥). The cell (i, j) is defined to be the special276

element of the marked column j.277

Let n be a power of 2. Let T be a rooted, directed and balanced binary tree with n-leaves278

and (n− 1) internal vertices. We will use the following notations that will be used in defining279

some functions formally.280

I Notation 17. Let n be a power of 2. Let T be a rooted, directed and balanced binary tree281

with n-leaves and (n− 1) internal vertices. Labels the edges of T as follows: the outgoing282
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edges from each node are labeled by either left or right. The leaves of the tree are labeled by283

the elements of [n] from left to right, with each label used exactly once. For each leaf j ∈ [n]284

of the tree, the path from the root to the leaf j defines a sequence of left and right of length285

O(logn), which we denote by T (j).286

When n is not a power of 2, choose the largest k ∈ N such that 2k ≤ n, consider a287

complete balanced tree with 2k leaves and add a pair of child node to to each n− 2k leaves288

starting from left. Define T (j) as before.289

More details about partial assignment and certificates can be found in Definition 35. Now290

we are ready to describe the Variant 1 of [5] function.291

I Definition 18 (Variant 1 [5]). Let Σm×n be a Type1 pointer matrix where BPointer is a292

pointer of the form {j|j ∈ [n]} that points to other column and LPointer, RPointer are as293

usual points to other cell. Define A1(m,n) : Σm×n → {0, 1} on a Type1 pointer matrix such294

that for all x = (xi,j) ∈ Σm×n, the function A1(m,n)(xi,j) evaluates to 1 if and only if it has295

a 1- cell certificate of the following form:296

1. there exists exactly one marked column j? in M ,297

2. There is a special cell, say (i?, j?) which we call the special element in the the marked298

column j? and there is a balanced binary tree T rooted at the special cell,299

3. for each non-marked column j ∈ [n]\{j?} there exist a cell lj such that Value(lj) = 0 and300

BPointer(lj) = j? where lj is the end of the path that starts at the special element and301

follows the pointers LPointer and RPointer as specified by the sequence T (j). lj exists302

for all j ∈ [n] \ {j?} i.e. no pointer on the path is ⊥. We refer lj as the leaves of the tree.303

The above function achieves the separation between D vs. R0 and D vs. Q for m = 2n.304

Here we will restate some of the results from [5] which we will use to prove the results for305

our function:306

I Theorem 19 ([5]). The function A1(m.n) in Definition 18 satisfies307

D = Ω(n2) for m = 2n where m,n ∈ N,308

R0 = Õ(m+ n) for any m,n ∈ N,309

Q = Õ(
√
m+

√
n) for any m,n ∈ N.310

311

Though [5] gives the deterministic lower bound for the function A1 precisely for 2m×m312

matrices following the same line of argument it can be proved that D(Ω(n2)) holds for n× n313

matrices also. For sake of completeness we give a proof for n× n matrices.314

I Theorem 20. D(A1(n,n)) = Ω(n2).315

Adversary Strategy for A1(n,n): We describe an adversary strategy that ensures that316

the value of the function is undetermined after Ω(n2) queries. Assume that deterministic317

query algorithm queries a cell (i, j). Let k be the number of queried cell in the column j. If318

k ≤ n
2 adversary will return (1,⊥,⊥,⊥). Otherwise adversary will return (0,⊥,⊥, n− k).319

B Claim 21. The value of the function A1(n,n) will be undetermined if there is a column320

with at most n/2 queried cells in the first n
2 columns {1, 2, . . . , n2 } and at least 3n unqueried321

cells in total.322

Proof. Adversary can always set the value of function to 0 if the conditions of the claim are323

satisfied.324
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Adversary can also set the value of the function to 1: If s ∈ [n2 ] be the column325

with at most n2 queried cell, then all the queried cells of the column are of the form (1,⊥,⊥,⊥).326

Assign (1,⊥,⊥,⊥) to the other cell and leave one cell for the special element ap,s(say).327

For each non-marked column j ∈ [n] s define lj as follows: If column j has one unqueried328

cell then assign (0,⊥,⊥, s) to that cell. If all the cells of the column j were already queried329

then the column contains a cell with (0,⊥,⊥, s) by the adversary strategy. So, in either case330

we are able to form a leave lj in each of the non-marked column.331

Now using the cell of special element ap,s construct a rooted tree of pointers isomorphic to332

tree T as defined in Definition 18 such that the internal nodes we will use the other unqueried333

cells and assign pointers such that l(j)’s are the leaves of the tree and the special element334

ap,s is the root of the tree. Finally assign anything to the other cell. Now the function will335

evaluates to 1.336

To carry out this construction we need at most 3n number of unqueried cells. Outside of337

the marked column total n−2 cells for the internal nodes of the tree, atmost n−1 unqueried338

cell for the leaves and the all − 1 unique marked column contains total n cell, so total 3n339

unqueried cell will be sufficient for our purpose.340

Now there are total n number of columns and to ensure that each of the column in341

{1, 2, . . . , n2 } contains at least
n
2 queried cell we need at least n2

4 number of queries. Since342

n2 − 3n ≥ n2

4 for all n ≥ 6. Hence D(A1(n,n)) = Ω(n2). J343

Hence Theorem 20 follows.344

Also [17]’s function realises quadratic separation between D and deg and the proof goes345

via UCmin upper bound. But A1(n,n) exhibits the same properties corresponding to UCmin.346

So, from the following observation it follows that A1(n,n) also achieves quadratic separation347

between D and deg.348

I Observation 22. It is easy to observe that for each positive input x to the function A1(n,n),349

the marked column together with the rooted tree of pointers with leaves in every other350

column gives a unique minimal 1-certificate of x. Thus, UC1(A1(n,n)) = Õ(n). Now, from the351

definition of UCmin it follows that UCmin(A1(n,n)) ≤ UC1(A1(n,n)). Hence, UCmin(A1(n,n)) =352

Õ(n). UCmin(A1(n,n)) = Õ(n). From the fact UCmin ≥ deg it follows that deg(A1(n,n)) =353

O(n).354

I Observation 23 ([5]). For any input Σn×n to the function A1(n,n) (in Definition 18) if355

we permute the rows of the matrix using a permutation σr and permute the columns of the356

matrix using a permutation σc and we update the pointers in each of the cells of the matrix357

accordingly then the function value does not change.358

3 High level description of our techniques359

Pointer functions are defined over a special domain called pointer matrix, which is a m× n360

grid matrix. Each cell of the matrix contains some labels and some pointers that point either361

to some other cell or to a row or column 6. For more details, refer to Appendix 2.3. As362

described in [17], the high level idea of pointer functions is the usage of pointers to make363

certificates unambiguous without increasing the input size significantly. This technique turns364

6 We naturally think of a pointer pointing to a cell as two pointers - one pointing to the row and the
other to the column.
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out to be very useful to give separations between various complexity measures as we see in365

[24], [16] and [5].366

Now we want to produce a new function that possesses all the properties of pointer367

functions, along with the additional property of being transitive. To do so, first, we will368

encode the labels so that we can permute the bits (by a suitable transitive group) while369

keeping the structure of unambiguous certificates intact so that the function value remains370

invariant. One such natural technique would be to encode the contents of each cell in such a371

way that allows us to permute the bits of the contents of each cell using a transitive group372

and permute the cells among each other using another transitive group, and doing all of373

these while ensuring the unambiguous certificates remains intact 7. This approach has a374

significant challenge: namely how to encode the pointers.375

The information stored in each cell (other than the pointers) can be encoded using376

fixed logarithmic length strings of different Hamming weights - so that even if the strings377

are permuted and/or the bits in each string are permuted, the content can be “decoded".378

Unfortunately, this can only be done when the cell’s contents have a constant amount of379

information - which is the case for pointer functions (except for the pointers). Since the380

pointers in the cell are strings of size O(logn) (as they are pointers to other columns or381

rows), if we want to use the similar Hamming weight trick, the size of the encoding string382

would need to be polynomial in O(n). That would increase the size of the input compared383

to the unambiguous certificate. This would not give us tight separation results.384

Also, there are three more issues concerning the encodings of pointers:385

As we permute the cells of the matrix according to some transitive group, the pointers386

within each cell need to be appropriately changed. In other words, when we move some387

cell’s content to some other cell, the pointers pointing to the previous cell should point to388

the current cell now.389

If a pointer is encoded using a certain t-bit string, different permutations of bits of the390

encoded pointer can only generate a subset of all t-bit strings.391

For example: if we encode a pointer using a string of Hamming weight 10 then however392

we permute the bits of the string, the pointer can at most be modified to point to cells (or393

rows or columns) the encoding of whose pointers also have Hamming weight 10. (The394

main issue is that permuting the bits of a string cannot change the Hamming weight of a395

string).396

The encoding of all the pointers should have the same Hamming weight.397

The encoding of the pointers has to be transitive. That is, we should be able to permute398

the bits of the encodings of the pointer using a transitive group in such a way that either399

the pointer value does not change or as soon as the pointer values changes, the cells gets400

permuted accordingly - kind of like an “entanglement".401

The above three problems are somewhat connected. Our first innovative idea is to use402

binary balance representation (Definition 3) to represent the pointers. This way, we take care403

of the second issue. For the first and third issues, we define the transitive group - both the404

group acting on the contents of the cells (and hence on the encoding of the pointers) and the405

group acting on the cells itself - in a “entangled" manner. For this we induce a group action406

7 Here, we use the word “encode" since we can view the function defined only over codewords, and when
the input is not a codeword, then it evaluates to 0. In our setting, since we are trying to preserve the
one-certificates, the codewords are those strings where the unambiguous certificate is encoded correctly.
At the same time, we must point out that the encoding of an unambiguous certificate is not necessarily
unique.
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acting on the nodes of a balanced binary tree and generate a transitive subgroup in Sn and407

S2 logn with the same action which will serve our purpose (Definition 10, Claim 12). This408

helps us to permute the rows (or columns) using a permutation while updating the encoding409

of the pointers accordingly.410

By Claim 12, for every allowed permutation σ acting on the rows (or columns), there411

is a unique σ̂ acting on the encodings of the pointers in each of the cells such that the412

pointers are updated according to σ. This still has a delicate problem. Namely, each pointer413

is either pointing to a row or column. But the permutation σ̂ has no way to understand414

whether the encoding on which it is being applied points to a row or column. To tackle this415

problem, we think of the set of rows and columns as a single set. All of them are encoded by416

a string of size (say) 2t, where for the rows, the second half of the encoding is all 0 while417

the columns have the first t bits all 0. This is the encoding described in Definition 13 using418

binary balanced representation. However, this adds another delicate issue about permuting419

between the first t bits of the encoding and the second t bits.420

To tackle this problem, we modify the original function appropriately. We define a slightly421

modified version of existing pointer functions called ModA1. This finally helps us obtain our422

“transitive pointer function," which has almost the same complexities as the original pointer423

function.424

We have so far only described the high-level technique to make the 1st variation of pointer425

functions (Definition 18) transitive where there is the same number of rows and columns.426

The further variations need more delicate handling of the encoding and the transitive groups427

- though the central idea is similar.428

4 Proof of Theorem 1429

4.1 Transitive Pointer Function F1 for Theorem 1430

Our function F1 : Γn×n → {0, 1} is a composition of two functions - an outer function431

ModA1(n,n) : Σ̄n×n → {0, 1} and an inner function Dec : Γ → Σ̄. We will set Γ to be432

{0, 1}96 logn.433

The outer function is a modified version of the A1(n,n) - pointer function described in [5]
(see Definition 18 for a description). The function A1(n,n) takes as input a (n× n)-matrix
whose entries are from a set Σ and the function evaluates to 1 if a certain kind of 1-cell-
certificate exists. Let us define a slightly modified function ModA1(n,n) : Σ̄n×n → {0, 1}
where Σ̄ = Σ× {`,a}. We can think of an input A ∈ Σ̄n×n as a pair of matrices B ∈ Σn×n
and C ∈ {`,a}n×n. The function ModA1(n,n) is defined as

ModA1(n,n)(A) = 1 iff


Either, (i) A1(n,n)(B) = 1, and, all the cells in the

1-cell-certificate have ` in the corresponding cells in C
Or, (ii) A1(n,n)(BT ) = 1, and, all the cells in the

1-cell-certificate have a in the corresponding cells in CT

Note that both the two conditions (i) and (ii) cannot be satisfied simultaneously. From434

this it is easy to verify that the function ModA1(n,n) has all the properties as A1(n,n) as435

described in Theorem 19.436

The inner function Dec (we call it a decoding function) is function from Γ to Σ̄, where
Γ = 96 logn. Thus our final function is

F1 :=
(
ModA1(n,n) ◦ Dec

)
: Γn×n → {0, 1}.
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4.1.1 Inner Function Dec437

The input to A1(n,n) is a Type1 pointer matrix Σn×n. Each cell of a Type1 pointer matrix438

contains a 4-tuple of the form (Value,LPointer,RPointer,BPointer) where Value is either 0 or439

1 and LPointer,RPointer are pointers to the other cells of the matrix and BPointer is a pointer440

to a column of the matrix (or can be a null pointer also). Hence, Σ = {0, 1}× [n]2× [n]2× [n].441

For the function A1(n,n) it was assumed (in [5]) that the elements of Σ is encoded as a442

k-length8 binary string in a canonical way.443

The main insight for our function F1 :=
(
ModA1(n,n) ◦ Dec

)
is that we want to maintain444

the basic structure of the function A1(n,n) (or rather of ModA1(n,n)) but at the same time445

we want to encode the Σ̄ = Σ× {`,a} in such a way that the resulting function becomes446

transitive. To achieve this, instead of having a unique way of encoding an element in Σ̄ we447

produce a number of possible encodings9 for any element in Σ̄. The inner function Dec is448

therefore a decoding algorithm that given any proper encoding of an element in Σ̄ will be449

able to decode it back.450

For the ease of understanding we start by describing the possible “encodings” of Σ̄, that451

is by describing the pre-images of any element of Σ̄ in the function Dec.452

“Encodings” of the content of a cell in Σ̄n×n :453

We will encode any element of Σ̄ using a string of size 96 logn bits. Recall that, an454

element in Σ̄ is of the form (V, (rL, cL), (rR, cR), (cB), T ), where V is the Boolean value,455

(rL, cL), (rR, cR) and cB are the left pointer, right pointers and bottom pointer respectively456

and T take the value ` or a. The overall summary of the encoding is as follows:457

Parts: We will think of the tuple as 7 objects, namely V , rL, cL, rR, cR, cB and T . We458

will use 16 logn bits to encode each of the first 6 objects. The value of T will be encoded459

in a clever way. So the encoding of any element of Σ̄ contains 6 parts - each a binary460

string of length 16 logn.461

Blocks: Each of 6 parts will be further broken into 4 blocks of equal length of 4 logn.462

One of the blocks will be a special block called the “encoding block”.463

Now we explain, for a tuple (V, (rL, cL), (rR, cR), (cB), T ) what is the 4 blocks in each part.464

We will start by describing a “standard-form” encoding of a tuple (V, (rL, cL), (rR, cR), (cB), T )465

where T =`. Then we will extend it to describe the standard for encoding of (V, (rL, cL), (rR, cR), (cB), T )466

where T =a. And finally we will explain all other valid encoding of a tuple (V, (rL, cL), (rR, cR), (cB), T )467

by describing all the allowed permutations on the bits of the encoding.468

Standard-form encoding of (V, (rL, cL), (rR, cR), (cB), T ) where T =`: For the standard-469

form encoding we will assume that the information of V, rL, cL, rR, cR, cB are stored in parts470

P1, P2, P3, P4, P5 and P6 respectively. For all i ∈ [6], the part Pi with have blocks471

B1, B2, B3 and B4, of which the block B1 will be the encoding-block. The encoding will472

ensure that every parts within a cell will have distinct Hamming weight. The description is473

also compiled in the Table 2.474

For part P1 (that is the encoding of V ) the encoding block B1 will store `1 ·`2 where `1 be475

the 2 logn bit binary string with Hamming weight 2 logn and `2 is any 2 logn bit binary476

8 For the canonical encoding k = (1 + 5 logn) was sufficient
9 We use the term “encoding” a bit loosely in this context as technically an encoding means a unique
encoding. What we actually mean is the pre-images of the function Dec.
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. . . B1 “encoding”-block B2 B3 B4 Hamming weight
P1 `1`2, where |`1| = 2 logn, and 4 logn 2 logn+ 1 2 logn+ 2 12 logn+ 2− V

|`2| = 2 logn− 1− V
P2 E(rL, 0) 2 logn+ 3 2 logn+ 1 2 logn+ 2 7 logn+ 6
P3 E(0, cL) 2 logn+ 4 2 logn+ 1 2 logn+ 2 7 logn+ 7
P4 E(rR, 0) 2 logn+ 5 2 logn+ 1 2 logn+ 2 7 logn+ 8
P5 E(0, cR) 2 logn+ 6 2 logn+ 1 2 logn+ 2 7 logn+ 9
P6 E(0, cB) 2 logn+ 7 2 logn+ 1 2 logn+ 2 7 logn+ 10
Table 2 Standard form of encoding of element (V, (rL, cL), (rR, cR), cB ,`) by a 96 logn bit string that

is broken into 6 parts P1, . . . , P6 of equal size and each Part is further broken into 4 Blocks B1, B2, B3

and B4. So all total there are 24 blocks each containing a 4 logn-bit string. For the standard form of
encoding of element (V, (rL, cL), (rR, cR), cB ,a) we encode (V, (rL, cL), (rR, cR), cB ,`) in the standard
form as described in the table and then apply the Swap 1

2
on each block. The last column of the table

indicates the Hamming weight of each Part.

string with Hamming weight 2 logn−1−V . The blocks B2, B3 and B4 will store a 4 logn477

bit string that has Hamming weight 4 logn, 2 logn+ 1 and 2 logn+ 2 respectively. Any478

fixed string with the correct Hamming weight will do. We are not fixing any particular479

string for the blocks B2, B3 and B4 to emphasise the fact that we will be only interested480

in the Hamming weights of these strings.481

The encoding block B1 for parts P2, P3, P4, P5 and P6 will store the string E(rL, 0),482

E(0, cL), E(rR, 0), E(0, cr) and E(0, CB) respectively, where E is the Balanced-pointer-483

encoding function (Definition 13). For part Pi (with 2 ≤ i ≤ 6) block B2, B3 and B4 will484

store any 4 logn bit string with Hamming weight 2 logn+ 1 + i, 2 logn+ 1 and 2 logn+ 2485

respectively.486

Standard form encoding of (V, (rL, cL), (rR, cR), (cB), T ) where T =a: For obtain-487

ing a standard-form encoding of (V, (rL, cL), (rR, cR), (cB), T ) where T =a, first we en-488

code (V, (rL, cL), (rR, cR), (cB), T ) where T =` using the standard-form encoding. Let489

(P1, P2, . . . , P6) be the standard-form encoding of (V, (rL, cL), (rR, cR), (cB), T ) where T =`.490

Now for each of the block apply the Swap 1
2
operator.491

Valid permutation of the standard form: Now we will give a set of valid permutations492

to the bits of the encoding of any element of Σ̄. The set of valid permutations are classified493

into into 3 categories:494

1. Part-permutation: The 6 parts can be permuted using any permutation from S6495

2. Block-permutation: In each of the part, the 4 blocks (say B1, B2, B3, B4) can be permuted
is two ways. (B1, B2, B3, B4) can be send to one of the following

(a) Simple Block Swap: (B3, B4, B1, B2) (b) Block Flip: (B2, B1, flip(B3), flip(B4))

The “decoding" function Dec : {0, 1}96 logn → Σ̄:496

Identify the parts containing the encoding of V , rL, cL, rR, cR and cB . This is possible497

because every part has a unique Hamming weight.498

For each part identify the blocks. This is also possible as in any part all the blocks have499

distinct Hamming weight. Recall, the valid Block-permutations, namely Simple Block500

Swap and Block Flip. By seeing the positions of the blocks one can understand if flip was501

applied and to what and using that one can revert the blocks back to the standard-form502

(recall Definition 3).503
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In the part containing the encoding of V consider the encoding-block. If the block is of504

the form {(`1`2) such that |`1| = 2 logn, |`2| ≤ 2 logn− 1} then T = {`}. If the block is505

of the form {(`2`1) such that |`1| = 2 logn, |`2| ≤ 2 logn− 1} then T = {a}.506

By seeing the encoding block we can decipher the original values and the pointers.507

If the 96 logn bit string doesn’t have the form of a valid encoding, then decode it as508

(0,⊥,⊥,⊥).509

4.2 Proof of Transitivity of the function510

We start with describing the transitive group for which F1 is transitive.511

The Transitive Group: We start with describing a transitive group T acting on the cells512

of the matrix A. The matrix has rows r1, . . . , rn and columns c1, . . . , cn. And we use the513

encoding function E to encode the rows and columns. So the index of the rows and columns514

are encoded using a 4 logn bit string. A permutation from Bt4 logn (see Definition 10) on515

the indices of a 4 logn bit string will therefore induce a permutation on the set of rows and516

columns which will give us a permutation on the cells of the matrix. We will now describe517

the group T acting on the cells of the matrix by describing the permutation group T̂ acting518

on the indices of a 4 logn bit string. The group T̂ will be the group Bt4 logn acting on the set519

[4 logn]. We will assume that logn is a power of 2. The group T with be the resulting group520

of permutations on the cells of the matrix induced by the group T̂ acting on the indices on521

the balanced-pointer-encoding. Note that T is acting on the domain of E and T̂ is acting on522

the image of E . Also T̂ is a transitive subgroup of S4 logn from Claim 11.523

I Observation 24. For any 1 ≤ i ≤ 2 logn consider the permutation “ith-bit-flip” in T̂ that524

applies the transposition (2i− 1, 2i) to the indices of the balanced-pointer-encoding. Since the525

E-encoding of the row (rk, 0) uses the balanced binary representation of k in the first half and526

all zero sting in the second half, the jth bit in the binary representation of k is stored in the527

2j − 1 and 2j-th bit in the E-encoding of ri. So the j-th-bit-flip acts on the sets of rows by528

swapping all the rows with 1 in the j-th bit of their index with the corresponding rows with529

0 in the j-th bit of their index. Also, if i > logn then there is no effect of the i-th-bit-flip530

operation on the set of rows. Similarly for the columns.531

Using Observation 24 we have the following claim.532

B Claim 25. The group T acting on the cells of of the matrix is a transitive group. That is,533

for all 1 ≤ i1, j1, i2, j2 ≤ n there is a permutation σ̂ ∈ T̂ such that σ̂[E(i1, 0)] = E(i2, 0) and534

σ̂[E(0, j1)] = (0, j2). Or in other words, there is a σ ∈ T acting on the cell of the matrix that535

would take the cell corresponding to row ri1 and column cj1 to the cell corresponding to row536

ri2 and column cj2 .537

From the Claim 25 we see the group T acting on the cells of of the matrix is a transitive.538

But it does not touch the contents within the cells of the matrix. But the input to the539

function F1 contains element of Γ = {0, 1}96 logn in each cell. So we now need to extend the540

group T to a group G that acts on all the indices of all the bits of the input to the function541

F1.542

Recall that the input to the function F1 is a (n × n)-matrix with each cell of matrix543

containing a binary string of length 96 logn which has 6 parts of size 16 logn each and each544

part has 4 blocks of size 4 logn each. We classify the generating elements of the group G545

into 4 categories:546
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1. Part-permutation: In each of the cells the 6 parts can be permuted using any permutation547

from S6548

2. Block-permutation: In each of the Parts the 4 blocks can be permuted in the following549

ways. (B1, B2, B3, B4) can be send to one of the following550

a. Simple Block Swap: (B3, B4, B1, B2)551

b. Block Flip (#1): (B2, B1, flip(B3), flip(B4))552

c. Block Flip (#2)10: (flip(B1), flip(B2), B4, B3)553

3. Cell-permutation: for any σ ∈ T the following two action has to be done simultaneously:554

a. (Matrix-update) Permute the cells in the matrix according to the permutation σ. This555

keeps the contents within each cells untouched - it just changes the location of the556

cells.557

b. (Pointer-update) For each of blocks in each of the parts in each of the cells permute558

the indices of the 4 logn-bit strings according to σ, that is apply σ̂ ∈ T̂ corresponding559

to σ.560

We now have the following theorems that would prove that the function F1 is transitive.561

I Theorem 26. G is a transitive group and the function F1 is invariant under the action of562

the G.563

Proof of Theorem 26. To prove that the group G is transitive we show that for any indices564

p, q ∈ [96n2 logn] there is a permutation σ ∈ G that would take p to q. Recall that the string565

{0, 1}96n2 logn is a matrix Γ(n×n) with Γ = {0, 1}96 logn and every element in Γ is broken566

into 6 parts and each part being broken into 4 block of size 4 logn each. So we can think567

of the index p as sitting in kpth position (1 ≤ kp ≤ 4 logn) in the block Bp of the part Pp568

in the (rp, cp)-th cell of the matrix. Similarly, we can think of q as sitting in kqth position569

(1 ≤ kq ≤ 4 logn) in the block Bq of the part Pq in the (rq, cq)-th cell of the matrix.570

We will give a step by step technique in which permutations from G can be applied to571

move p to q.572

Step 1 Get the positions in the block correct: If kp 6= kq then take a permutation σ̂ from573

T̂ that takes kp to kq. Since T̂ is a transitive so such a permutation exists. Apply the574

cell-permutation σ ∈ T corresponding to σ̂. As a result the index p can be moved to a575

different cell in the matrix but, by the choice of σ̂ its position in the block in which it is576

will be kq. Without loss of generality, we assume the the cell location does not change.577

Step 2 Get the cell correct: Using a cell-permutation that corresponds to a series of “bit-flip”578

operations change rp to rq and cp to cq. Since one bit-flip operations basically changes579

one bit in the binary representation of the index of the row or column such a series of580

operations can be made.581

Since each bit-flip operation is executed by applying the bit-flips in each of the blocks so582

this might have once again changed the position of the index p in the block. But, even583

if the position in the block changes it must be a flip operation away. Or in other word,584

since in the beginning of this step kp = kq, so if kq is even (or odd) then after the series585

bit-flip operations the position of p in the block is either kq or (kq − 1) (or (kq + 1)).586

Step 3 Align the Part: Apply a suitable permutation to ensure that the part Pp moves to part587

Pq. Note this does not change the cell or the block within the part or the position in the588

block.589

10Actually this Block flip can be generated by a combination of Simple Block Swap and Block Flip (#1)
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Step 4 Align the Block: Using a suitable combination of Simple Block Swap and Block Flip590

ensures the Block number gets matched, that is Bp goes to Bq. In this case the cell or591

the Part does not change. But depending on whether the Block Flip operation is applied592

the position in the block can again change. But, the current position in the block kp is at593

most one flip away from kq.594

Step 5 Apply the final flip: It might so happen that already we a done after the last step. If595

not we know that the current position in the block kp is at most one flip away from kq.596

So we apply the suitable Block-flip operation. Thus will not change the cell position,597

Part number, Block number and the position in the block will match.598

Hence we have proved that the group G is transitive. Now we show that the the function F1599

is invariant under the action of G, i.e., for any elementary operations π from the group G600

and for any input Γ(n×n) the function value does not change even if after the input is acted601

upon by the permutation π.602

Case 1: π is a Part-permutation: It is easy to see that the decoding algorithm Dec is603

invariant under Part-permutation. This was observed in description of the decoding algorithm604

Dec in Section 4.1.1. So clearly that the function F1 is invariant under any Part-permutation.605

Case 2: π is a Block-permutation: Here also it is easy to see that the decoding606

algorithm Dec is invariant under Block-permutation. This was observed in description of607

the decoding algorithm Dec in Section 4.1.1. Thus F1 is also invariant under any Block-608

permutation.609

Case 3: π is a Cell-permutation From Observation 23 it is enough to prove that610

when we permute the cells of the matrix we update the points in the cells accordingly.611

Let π ∈ T be a permutation that permutes only the rows of the matrix. By Claim 14, we612

see that the contents of the cells will be updated accordingly. Similarly if π only permute613

the columns of the matrix we will be fine.614

Finally, if π swaps the row set and the column set (that is if π makes a transpose615

of the matrix) then for all i row i is swapped with column i and it is easy to see that616

π̂[E(i, 0)] = E(0, i). In that case the encoding block of the value part in a cell also gets617

swapped. This will thus be encoding the T value as a. And so the function value will not be618

affected as the T =a will ensure that one should apply the π that swaps the row set and the619

column set to the input before evaluating the function. J620

4.3 Properties of the Function621

B Claim 27. Deterministic query complexity of F1 is Ω(n2).622

Proof. The function ModA1(n,n) is a “harder” function than A1(n,n). So D(ModA1(n,n)) is623

at least that of D(A1(n,n)). Now since, F1 is
(
ModA1(n,n) ◦ Dec

)
so clearly the D(F1) is at624

least D(A1(n,n)). Theorem 20 proves that D(A1(n,n)) is Ω(n2). Hence D(F1) = Ω(n2). J625

The following Claim 28 follows from the definition of the function ModA1(n,n).626

B Claim 28. The following are some properties of the function ModA1(n,n)627

1. R0(ModA1(n,n)) ≤ 2R0(A1(n,n)) +O(n logn)628

2. Q(ModA1(n,n)) ≤ 2Q(A1(n,n)) +O(n logn)629

3. deg(ModA1(n,n)) ≤ 2deg(A1(n,n)) +O(n logn)630

Finally, from Theorem 44 we see that the R0(F1), Q(F1) and deg(F1) are at most631

O(R0(ModA1(n,n) · logn), O(Q(ModA1(n,n) · logn) and O(deg(ModA1(n,n) · logn), respectively.632

So combining this fact with Claim 27, Claim 28 and Theorem 19 (from [5]) we have Theorem 1.633
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5 Conclusion634

As far as we know, this is the first paper that presents a thorough investigation on the635

separations between various pairs of complexity measures for transitive function. The main636

technical contribution of this paper is to define transitive versions of pointer functions of [2]637

that have similar complexity measures as that of the original pointer functions while incurring638

only a poly-logarithmic blowup in the input size. The current best known ’relationships’ and639

’separations’ between various pairs of measures for transitive functions are summarized in640

the Table 1.641

Unfortunately, a number of cells in the table are not tight. In this context, we would like642

to point out two important directions:643

For some of these cells, the ’separation’ results for transitive functions are weaker than644

that of the general functions. A natural question is the following: why can’t we design645

a transitive version of the general functions that achieve the same separation? For646

some cases, like the cheat sheet-based functions, we discuss the difficulties and possible647

directions in Appendix I. For these cases, the natural question would be to obtain some648

different collection of functions (maybe not transitive) that achieves similar separations.649

In some of the cells in the Table 1 tight bounds are not known, even for the case of650

general functions. Can the ‘relationships’ results in these cases possibly be improved for651

the case of transitive functions?652

In the Table 3 we summarize the results on how low can individual complexity measures go653

for transitive function. Even with the recent results of Huang [18] and Aaronson et al. [3],654

there are significant gaps between the ‘relationships’ and ’separations’ in this case.655

Finally, we would like to ask the question of how the amount of symmetry affects the656

relationship between various measures. This is in the lines of the recent work [7]. The study657

about the different types of symmetries like graph properties, cyclically invariant functions,658

min-term transitive functions, etc. is not new in this area, but a more elaborate analysis is659

required to quantify the relationship between the measures and the amount of symmetry.660
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Measure known lower bounds Known example
D Ω(

√
N) O(

√
N)

[32] [32]
R0 Ω(

√
N) O(

√
N)

[32]
R Ω(N 1

3 ) O(
√
N)

bs(f) = O(R(f)) [32]
C Ω(

√
N) O(

√
N)

Tribe(
√
N,
√
N)

RC Ω(N 1
3 ) O(

√
N)

bs(f) = O(RC(f)) Tribe(
√
N,
√
N)

bs Ω(N 1
3 ) Õ(N 3

7 )
[30] [30], [13]

s Ω(N 1
10 ) Θ(N 1

3 )
C(f) = O(s(f))5 [12]

λ Ω(N 1
12 ) Θ(N 1

3 )
C(f) = O(λ(f))6 [12]

QE Ω(N 1
4 ) O(

√
N)

Q(f) = O(QE(f)) [32]
deg Ω(N 1

6 ) O(
√
N)

D(f) = O(deg(f)3) [32]
Q Ω(N 1

4 ) Õ(N 1
4 )

[32] [32]
d̃eg Ω(N 1

8 ) Õ(N 1
4 )

D(f) = O(d̃eg(f)4) [32]
Table 3 In each row, for the measure A, the two entries a, b represents: (1) (Known lower bound)

for all transitive Boolean function f , A(f) = Ω(a), and (2) (Known example) there exists a transitive
function g such that A(g) = O(b), where a and b are some polynomial in N .

A Known lower bounds for complexity measures for the class of741

transitive function742

Table 3 represents the individual known separations and the known example for different743

complexity measures for the class of transitive function:744

B Complexity measures of Boolean functions745

We refer the reader to the survey [11] for an introduction to the complexity of Boolean746

functions and complexity measures. Several additional complexity measures and their747

relations among each other can also be found in [8] and [3]. Similar to the above references,748

we define several complexity measures of Boolean functions that are relevant to us.749

We refer to [11] and [5] for definitions of deterministic query model, randomized query750

model and quantum query model for Boolean functions.751

I Definition 29 (Deterministic query complexity). The deterministic query complexity of752

f : {0, 1}n → {0, 1}, denoted by D(f), is the worst-case cost of the best deterministic query753

algorithm computing f .754
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I Definition 30 (Randomized query complexity). The randomized query complexity of f :755

{0, 1}n → {0, 1}, denoted by R(f), is the worst-case cost of the best randomized query756

algorithm computing f to error at most 1/3.757

I Definition 31 (Zero-error randomized query complexity). The zero-error randomized query758

complexity of f : {0, 1}n → {0, 1}, denoted by R0(f), is the minimum worst-case expected759

cost of a randomized query algorithm that computes f to zero-error, that is, on every input x760

the algorithm should give the correct answer f(x) with probability 1.761

I Definition 32 (Quantum query complexity). The quantum query complexity of f : {0, 1}n →762

{0, 1}, denoted by Q(f), is the worst-case cost of the best quantum query algorithm computing763

f to error at most 1/3.764

I Definition 33 (Exact quantum query complexity). The exact quantum query complexity765

of f : {0, 1}n → {0, 1}, denoted by QE(f), is the minimum number of queries made by a766

quantum algorithm that outputs f(x) on every input x ∈ {0, 1}n with probability 1.767

Next, we define the notion of partial assignment that will be used to define several other768

complexity measures.769

I Definition 34 (Partial assignment). A partial assignment is a function p : S → {0, 1} where770

S ⊆ [n] and the size of p is |S|. For x ∈ {0, 1}n we say p ⊆ x if x is an extension of p, that771

is the restriction of x to S denoted x|S = p.772

I Definition 35 (Certificate complexity). A 1-certificate is a partial assignment which forces773

the value of the function to 1 and similarly a 0-certificate is a partial assignment which forces774

the value of the function to 0. The certificate complexity of a function f on x, denoted as775

C(x, f), is the size of the smallest f(x)-certificate that can be extended to x.776

Also, define 0-certificate of f as C0(f) = max{C(f, x) : x ∈ {0, 1}n, f(x) = 0} and777

1-certificate of f as C1(f) = max{C(f, x) : x ∈ {0, 1}n, f(x) = 1}. Finally, define the778

certificate complexity of f : {0, 1}n → {0, 1}, denoted by C(f), to be max{C0(f),C1(f)}.779

I Definition 36 (Unambiguous certificate complexity). For any Boolean function f : {0, 1}n →780

{0, 1}, a set of partial assignments U is said to form an unambiguous collection of 0-certificates781

for f if782

1. Each partial assignment in U is a 0-certificate (with respect to f)783

2. For each x ∈ f−1(0), there is some p ∈ U with p ⊆ x784

3. No two partial assignments in U are consistent.785

We then define UC0(f) to be the minimum value of maxp∈U |p| over all choices of such786

collections U . We define UC1(f) analogously, and set UC(f) = max{UC0(f),UC1(f)}. We787

also define the one-sided version, UCmin(f) = min{UC0(f),UC1(f)}.788

Next we define randomized certificate complexity (see [1]).789

I Definition 37 (Randomized certificate complexity). A randomized verifier for input x is790

a randomized algorithm that, on input y in the domain of f accepts with probability 1 if791

y = x, and rejects with probability at least 1
2 if f(y) 6= f(x). If y 6= x but f(y) = f(x), the792

acceptance probability can be arbitrary. The Randomized certificate complexity of f on input793

x is denoted by RC(f, x), is the minimum expected number of queries used by a randomized794

verifier for x. The randomized certificate complexity of f , denoted by RC(f), is defined as795

max{RC(f, x) : x ∈ {0, 1}n}.796
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I Definition 38 (Block sensitivity). The block sensitivity bs(f, x) of a function f : {0, 1}n →797

{0, 1} on an input x is the maximum number of disjoint subsets B1, B2, . . . , Br of [n]798

such that for all j, f(x) 6= f(xBj ), where xBj ∈ {0, 1}n is the input obtained by flipping799

the bits of x in the coordinates in Bj. The block sensitivity of f , denoted by bs(f), is800

max{bs{(f, x)} : x ∈ {0, 1}n}.801

I Definition 39 (Sensitivity). The sensitivity of f on an input x is defined as the number802

of bits on which the function is sensitive: s(f, x) = |{i : f(x) 6= f(xi)}|. We define the803

sensitivity of f as s(f) = max{s(f, x) : x ∈ {0, 1}n}804

We also define 0-sensitivity of f as s0(f) = max{s(f, x) : x ∈ {0, 1}n, f(x) = 0}, and805

1-sensitivity of f as s1(f) = max{s(f, x) : x ∈ {0, 1}n, f(x) = 1}.806

Here we are defining Spectral sensitivity from [3]. For more details about Spectral807

sensitivity and it’s updated relationship with other complexity measures we refer [3].808

I Definition 40 (Spectral sensitivity). Let f : {0, 1}n → {0, 1} be a Boolean function. The809

sensitivity graph of f , Gf = (V,E) is a subgraph of the Boolean hypercube, where V = {0, 1}n,810

and E = {(x, x⊕ ei) ∈ V × V : i ∈ [n], f(x) 6= f(x⊕ ei)}, where x⊕ ei ∈ V is obtained by811

flipping the ith bit of x. That is, E is the set of edges between neighbors on the hypercube812

that have different f -value. Let Af be the adjacency matrix of the graph Gf . We define the813

spectral sensitivity of f as the largest eigenvalue of Af .814

I Definition 41 (Degree). A polynomial p : Rn → R represents f : {0, 1}n → {0, 1} if for815

all x ∈ {0, 1}n, p(x) = f(x). The degree of a Boolean function f , denoted by deg(f), is the816

degree of unique multilinear polynomial that represents f .817

I Definition 42 (Approximate degree). A polynomial p : Rn → R approximately represents818

a function f : {0, 1}n → {0, 1} if for all x ∈ {0, 1}n, |p(x) − f(x)| ≤ 1
3 . The approximate819

degree of a Boolean function f , denoted by d̃eg(f), is the minimum degree of a polynomial820

that approximately represents f .821

The following is a known relation between degree and one-sided unambiguous certificate822

complexity measure ([8]).823

I Observation 43 ([8]). For any Boolean function f , UCmin(f) ≥ deg(f).824

One often try to understand how the complexity measure of composed function compare825

with respect to the measures of the individual functions. The following folklore theorem that826

we will be using multiple times in out paper.827

I Theorem 44. Let f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1}k be two Boolean functions828

then829

1. D(f ◦ g) = Ω(D(f)/k), assuming g is an onto function.830

2. Q(f ◦ g) = Ω(Q(f)/k), assuming g is onto.831

3. R0(f ◦ g) = O(R0(f) ·m) and if g is onto then R0(f ◦ g) = O(R0(f)/m)832

4. R(f ◦ g) = O(R(f) ·m) and if g is onto then R(f ◦ g) = O(R(f)/m).833

5. deg(f ◦ g) = O(deg(f) ·m)834

6. d̃eg(f ◦ g) = O(d̃eg(f) ·m).835

If the inner function g is Boolean valued then we can obtain some tighter results for the836

composed functions.837

I Theorem 45. Let f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1} be two Boolean functions838

then839
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1. ([33, 23]) D(f ◦ g) = Θ(D(f) · D(g)).840

2. ([27, 20, 19]) Q(f ◦ g) = Θ(Q(f) · Q(g)).841

3. (folklore) deg(f ◦ g) = Θ(deg(f) · deg(g)).842

Finally the following observation proves that composition of transitive functions is also a843

transitive function.844

I Observation 46. Let f : {0, 1}n → {0, 1} and g : {0, 1}m → {0, 1} be transitive functions.845

Then f ◦ g : {0, 1}nm → {0, 1} is also transitive.846

Proof. Let Tf ⊆ Sn and Tg ⊆ Sm be the transitive groups corresponding to f and g,847

respectively. On input x = (X1, . . . , Xn), Xi ∈ {0, 1}m for i ∈ [n], the function f ◦ g is848

invariant under the action of the group Tf o Tg - the wreath product of the Tf with Tg. The849

group Tf o Tg acts on the input string through the following permutations:850

1. any permutation π ∈ Tf acting on indices {1, . . . , n} or851

2. any permutations (σ1, . . . , σn) ∈ (Tg)n acting on X1, . . . , Xn i.e. (σ1, . . . , σn) sends852

X1, . . . , Xn to σ1(X1), . . . , σn(Xn).853

J854

Over the years a number of interesting Boolean functions has been constructed to855

demonstrate differences between various measures of Boolean functions. Some of the functions856

has been referred to in the Table 1. We describe the various functions in the Appendix C.857

B.1 Proof of Claim 11 and Claim 12858

We restate the claims here for convenience.859

B Claim 47 (Restatement of Claim 11). The group Btk is a transitive group.860

Proof of Claim 11. For any i, j ∈ [k], we have to show that there exists a permutation861

π ∈ Btk such that π(i) = j. Let us form a complete binary tree of height log k in the862

following way:863

(Base case:) Start from root node, label the left and right child as 0 and 1 respectively.864

For every node x, label the left and right child as x0 and x1 respectively.865

Note that our complete binary tree has k leaves, where each of the leaf is labeled by a866

binary string of the form x1x2 . . . xlog k, which is the binary representation of numbers in867

[k]. Similarly any node in the tree can be labeled by a binary string x1x2 . . . xt, where868

0 ≤ t ≤ log k and t is the distance of the node from the root.869

Now for any i, j ∈ [k], let the binary representation of i be (x1x2 . . . xlog k) and that of870

j be (y1y2 . . . ylog k). Now we will construct the permutation π ∈ Btk such that π(i) = j.871

Without loss of generality, we can assume i 6= j.872

Find the least positive integer ` ∈ [log k] such that x` 6= y`, then go to the node labeled873

x1x2 . . . x`−1 and swap it’s left and right child. Let πx1...x`−1 ∈ Sk be the corresponding874

permutation of the leaves of the tree, in other words on the set [k]. Note that, by definition,875

the permutation πx1...x`−1 ∈ Sk is in Btk. Also note that the permutation πx1...x`−1 acts of876

the set [k] as follows:877

πx1...x`−1(z1 . . . zlog k) = z1 . . . zlog k if z1 . . . z`−1 6= x1 . . . x`−1878

πx1...x`−1(x1 . . . x`−10z`+1 . . . zlog k) = (x1 . . . x`−11z`+1 . . . zlog k)879

πx1...x`−1(x1 . . . x`−11z`+1 . . . zlog k) = (x1 . . . x`−10z`+1 . . . zlog k)880
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Since i = x1 . . . x`−1x` . . . xlog k and j = y1 . . . y`−1y` . . . ylog k with x1 . . . x`−1 = y1 . . . y`−1
and x` 6= y`, so

πx1...x`−1(i) = y1 . . . y`−1y`x`+1 . . . ylog k

So the binary representation of πx1...x`−1(i) and j matching in the first ` positions which881

is one more that the number of positions where the binary representation of i and j matched.882

By doing this trick repeatedly, that is by applying different permutations from Btk one after883

another we can map i to j. J884

B Claim 48 (Restatement of Claim 12). For all γ̂ ∈ Bt2 logn there is a γ ∈ Sn such that for885

all i, j ∈ [n], γ̂[bb(i)] = bb(j) iff γ(i) = j.886

Proof of Claim 12. Recall the group Bt2 logn: assuming that the elements of [2 logn] are887

placed on the leaves of the binary tree of depth log(2 logn), the group Bt2 logn is generated888

by the permutations of the form “pick a node in the binary tree of and swap the left and889

right sub-tree of the node”. So it is enough to prove that for any elementary permutation γ̂890

of the form “pick a node in the binary tree and swap the left and right sub-tree of the node”891

there is a γ ∈ Sn such that for all i, j ∈ [n], γ̂[bb(i)] = bb(j) iff γ(i) = j.892

Any node in the binary tree of depth log(2 logn) can be labeled by a 0/1-string of length893

t, where 0 ≤ t ≤ log(2 logn) is the distance of the node from the root. We split the proof of894

the claim into two cases depending on the value of the t - the distance from the root.895

B.1.0.1 If t = log(2 logn):896

This is the case when the node is at the last level - just above the leaf level. Let the node be897

u and let s be the number of whose binary representation is the label of the node u. Let the898

numbers in the leaves of the tree corresponds to the bb(i) - the balanced binary representation899

of i ∈ [n]. Note that because of the balanced binary representation the children of u are900

0 (left-child) and 1 (right-child) if the s-th bit in the binary representation of i is 0901

1 (left-child) and 0 (right-child) if the s-th bit in the binary representation of i is 1902

So the permutation (corresponding to swapping the left and right sub-trees of u) only change903

the order of 0 and 1 - which corresponds to flipping the s-th bit of the binary representation904

of i. And so in this case the γ acting on the set [n] is just collection transpositions swapping905

i and j iff the the binary representation of i and j are same except for the s-th bit.906

So in this case for all i, j ∈ [n], γ̂[bb(i)] = bb(j) iff γ(i) = j.907

B.1.0.2 If t < log(2 logn):908

Let the node be v. Note that in this case since the node keeps the order of the 2r − 1 and909

2r bits unchanged (for any 1 ≤ r ≤ logn), so it is enough we can visualise the action by an910

action of swapping the left and right sub-trees of the node v on the binary representation of i911

(instead of the balance binary representation of i). And so we can see that the action of the912

permutation (corresponding to swapping the left and right sub-trees of v) automatically gives913

a permutation of the binary representations of numbers between 1 and n, as was discussed914

in the proof of Claim 11. And hence we have for all i, j ∈ [n], γ̂[bb(i)] = bb(j) iff γ(i) = j.915

J916
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C Some Boolean functions and their properties917

In this section we define some standard functions that are either mentioned in the Table 1 or918

used somewhere in the paper. We also state some of their properties that we need for our919

proofs. We start by defining some basic Boolean functions.920

I Definition 49. Define PARITY : {0, 1}n → {0, 1} to be the PARITY(x1, . . . , xn) =921 ∑
ximod 2. We use the notation ⊕ to denote PARITY.922

I Definition 50. Define AND : {0, 1}n → {0, 1} to be the AND(x1, . . . , xn) = 0 if and only923

if there exists an i ∈ [n] such that xi = 0. We use the notation ∧ to denote AND.924

I Definition 51. Define OR : {0, 1}n → {0, 1} to be the OR(x1, . . . , xn) = 1 if and only if925

there exists an i ∈ [n] such that xi = 1. We use the notation ∨ to denote OR.926

I Definition 52. Define MAJORITY : {0, 1}n → {0, 1} as MAJORITY(x) = 1 if and only if927

|x| > n
2 .928

We need the following definition of composing iteratively with itself.929

I Definition 53 (Iterative composition of a function). Let f : {0, 1}n → {0, 1} a Boolean930

function. For d ∈ N we define the function fd : {0, 1}nd → {0, 1} as follows: if d = 1 then931

fd = f , otherwise932

fd(x1, . . . , xnd) = f
(
fd−1(x1, . . . , xnd−1), . . . , fd−1(xnd−n+1, . . . , xnd)

)
.933

934

I Definition 54. For d ∈ N define NAND-tree of depth d as NANDd where NAND : {0, 1}2 →935

{0, 1} is defined as: NAND(x1, x2) = 0 if and only if x1 6= x2. We use the notation ∧̃-tree to936

denote NAND-tree.937

The now define a function that gives a quadratic separation between sensitivity and block938

sensitivity.939

I Definition 55 (Rubinstein’s function ([28])). Let g : {0, 1}k → {0, 1} be such that g(x) = 1940

iff x contains two consecutive ones and the rest of the bits are 0. The Rubinstein’s function,941

denoted by RUB : {0, 1}k2 → {0, 1} is defined to be RUB = ORk ◦ g.942

I Theorem 56. [28] For the Rubinstein’s function in Definition 55 s(RUB) = k and943

bs(RUB) = k2/2. Thus RUB witnesses a quadratic gap between sensitivity and block sensitiv-944

ity.945

[25] first introduced a function whose deg is significantly smaller than s or bs. This946

appears in the footnote in [26] that E. Kushilevitz also introduced a similar function with 6947

variables which gives slightly better gap between s and deg. Later Ambainis computed QE of948

that function and gave a separation between QE and D [4]. This function is fully sensitive949

at all zero input, consequently this gives a separation between QE and s.950

I Definition 57 ([25]). Define NW as follows:951

NW(x1, x2, x3) =
{

1 iff xi 6= xj for some i, j ∈ {1, 2, 3}
0 otherwise.

952

953

Now define the d-th iteration NWd on (x1, x2, . . . , x3d) as Definition 53 where d ∈ N.954
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I Definition 58 (Kushilevitz’s function). Define K as follows:955

K(x1, x2, x3, x4, x5, x6) = Σxi + Σxiyi + x1x3x4 + x1x4x5 + x1x2x5 + x2x3x4 + x2x3x5 + x1x2x6956

+x1x3x6 + x2x4x6 + x3x5x6 + x4x5x6.957958

Now define the d-th iteration Kd on (x1, x2, . . . , x6d) as Definition 53 where d ∈ N.959

Next we will describe two example that was introduced in [15] and gives the separation960

between C vs. RC and RC vs. bs respectively . They also have introduces some new961

complexity measures for iterative version of a function and how to use them to get the critical962

measure between two complexity measures. For more details we refer to [15].963

I Definition 59 ([15]). Let n be an even perfect square, let k = 2
√
n and d =

√
n. Divide964

the n indices of the input into n/k disjoint blocks. Define GSS1 : {0, 1}n → {0, 1} as follows:965

GSS1(x) = 1 if and only if |x| ≥ d and all the 1’s in x are in a single group. Define GSSd1966

with GSS1
1 = f .967

I Definition 60 ([15]). Define GSS2 : {0, 1}n → {0, 1} where n is of the form
(
t
2
)
for some968

integer t. Identify the input bits of GSS2 with the edges of the complete graph Kt. An input969

x ∈ {0, 1}n induces a subgraph of Kt consisting of edges assigned 1 by x. The function970

GSS2(x) is defined to be 1 iff the subgraph induces by x has a star graph.971

I Definition 61. For Σ = [nk] the function k-sum : Σn → {0, 1} is defined as follows: on972

input x1, x2, . . . , xn ∈ Σ, if there exists k element xi1 , . . . , xik , i1, . . . , ik ∈ [n], that sums to973

0 (mod |Σ|) then output 1, otherwise output 0.974

I Theorem 62 ([2, 6]). For the function k-sum : Σn → {0, 1}, if |Σ| ≥ 2
(
n
n

)
then975

Q(k-sum) = Ω(nk/(k+1)/
√
k).976

977

Next, we define the cheat sheet version of a function from [2].978

I Definition 63. We define cheat sheet version of f as follows: the input to fCS consist of979

logn inputs to f , each of size n , followed by n blocks of bits of size C(f)× logn each. Let980

us denote the input to fCS as X = (x1, x2, . . . , xlogn, Y1, Y2, ..., Yn), where xi is an input to f981

, and the Yi are the aforementioned cells of size C(f)× logn. The first part x1, x2, . . . , xlogn982

of the string, we call them as input section and the rest of the part we call as certificate983

section of the whole input. Define fCS : {0, 1}n×logn+n×(C(f) logn → {0, 1} to be 1 if and984

only if the following conditions hold:985

For all i, xi is in the domain of f . If this condition is satisfied, let l be the positive986

integer corresponding to the binary string (f(x1), f(x2), ..., f(xlogn)).987

Yl certifies that all xi are in the domain of f and that l equals the binary string formed988

by their output values, (f(x1), f(x2), ..., f(xlogn)).989

Finally, we present the pointer functions and its variants introduced in [5]. They are used990

for demonstrate separation between several complexity complexity measures like deterministic991

query complexity, Randomized query complexity, Quantum query complexity etc. These992

functions was originally motivated from [17] function. The functions that we construct993

for many of our theorems is a composition function whose outer function is these pointer994

function, or a slight variant of these. In the next section we present the formal definition of995

pointer functions.996
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C.1 Variants of Pointer function997

Now we describe Variant 2 of [5] function where the domain is slightly different from that998

of Variant 1.999

I Definition 64 (Variant 2 [5]). Let Σm×n be a Type2 pointer matrix such that BPointer ∈1000

{(i, j)|i ∈ [m], j ∈ [n]}. Here the BPointer points to a cell of M , not a column. Let n be even.1001

Define A2(m,n) : Σm×n → {0, 1} on Type2 pointer matrix such that for all x = (xi,j) ∈ Σm×n,1002

the function A2(m,n)(xi,j) evaluates to 1 if and only if it has a 1-cell certificate of the following1003

form:1004

1. there exists exactly one Marked column j? in M . Let (i?, j?) be the special element.1005

2. for each non-marked column j ∈ [n]\{b} there exist an element lj such that Value(lj) = 01006

where lj be the end of the path that starts at the special element and follows the pointers1007

LPointer and RPointer as specified by the sequence T (j). lj exists in all j ∈ [n] \ {b}.1008

We call that lj the Leaves of the tree.1009

3. The size of the set {j ∈ [n] \ {b}|BPointer(lj) = (i?, j?)} is exactly n
2 .1010

Variant 2 achieves the separation between R0 vs. R and R0 vs QE. The following results1011

are some of the properties of Variant 2 function:1012

I Theorem 65. [5] For any m,n ∈ N, the function A2(m,n) in Definition 64 satisfies1013

R0 = Ω(mn),1014

R = Õ(m+ n) and1015

QE = Õ(m+ n).1016
1017

Finally we will describe Variant 3 of [5] function, where there is one extra parameter,1018

the number of marked column. So, we will address the function as A3(k,m,n) where m,n are1019

number of rows and columns respectively and k is the number of marked column.1020

I Definition 66 (Variant 3 [5]). Define A3(k,m,n) : Σm×n → {0, 1} on Type2 pointer-matrix1021

Σ such that for all x = (xi,j) ∈ Σm×n, the function A3(k,m,n)(xi,j) evaluates to 1 if and only1022

if it has a 1-cell certificate of the following form:1023

1. there exists k Marked column in M . Let b1, b2, . . . , bk ∈ [n] denotes the Marked column1024

in M and (ak, bk) be the special element in each Marked column. Let us denote the cell1025

of special element by a1026

2. BPointer(xaj ,bj
) = (aj+1, bj+1) for all j ∈ [k − 1] and BPointer(xak,bk

) = (a1, b1).1027

Also, LPointer(xas,bs) = LPointer(xat,bt) and RPointer(xas,bs) = RPointer(xat,bt) for1028

all s, t ∈ [k].1029

3. for each non-marked column j ∈ [n] \ {b1, b2, . . . , bk} there exist an element `j such that1030

Value(lj) = 0 and BPointer(lj) = b where lj be the end of the path that starts at the special1031

element and follows the pointers LPointer and RPointer as specified by the sequence T (j).1032

We need that lj exists in each j ∈ [n] \ {b1, b2, . . . , bk} i.e. no pointer on the path is ⊥.1033

We call that lj the Leaves of the tree.1034

Variant 3 realises the separation between R0 vs. Q, R vs. QE, R vs. deg and d̃eg for1035

different m,n and k. The followings are some important result for variant 3 from [5]:1036



S. Chakraborty, C. Kayal, M. Paraashar XX:29

I Theorem 67. [5] For sufficiently large m,nN and a natural number k < n, the function1037

A3(k,m,n) in Definition 66 satisfies1038

R0 = Ω(mn) for k < n

2 ,1039

R0 = Ω( mnlogn ) for k = 1,1040

Q = Õ(
√
mn/k +

√
km+ k +

√
n),1041

QE = Õ(m
√
n/k + km+ n) and1042

d̃eg = Õ(
√
m+

√
n) for k = 1.1043

1044

I Observation 68. It is easy to observe that for each positive input x to the function A3(1,n,n),1045

the marked column together with the rooted tree of pointers with leaves in every other column1046

gives a unique minimal 1-certificate of x. Thus, UC1(A3(1,n,n)) = Õ(n). Now, from the1047

definition of UCmin it follows that UCmin(A3(n,n)) = Õ(n). Also it follows from the fact1048

UCmin ≥ deg that deg(A3(n,n)) = O(n).1049

D Separation between zero-error randomized query complexity and1050

some of other complexity measures1051

[2] used the a variant of the pointer function to give separation between zero-error randomized1052

query complexity(R0) and other measures like one-sided randomized query complexity, exact1053

quantum query complexity and degree. In this section we construct a transitive version of the1054

functions that was used in [2] to show such separations and we prove the following theorem:1055

I Theorem 69. There exists a transitive function F69 such that1056

R0(F69) = Ω̃(R(F69)2), R0(F69) = Ω̃(QE(F69)2), R0(F69) = Ω̃(deg(F69)2).1057
1058

D.1 The Function1059

Recall from Definition 15, the input to the function A2 is a Type2 pointer matrix Σn×n. Each1060

cell of such matrix is of the form (Value,LPointer,RPointer,BPointer) where Value is either1061

0 or 1 and LPointer,RPointer and BPointer are pointers to the other cells of the matrix (or1062

can be a null pointer also). Here the BPointer are the pointers to the cells, which is different1063

from A1(n,n). That’s why we need an encoding which is slightly different from the encoding1064

scheme of A1(n,n). Our function F69 : Γn×n → {0, 1} is again a composition of two functions1065

- an outer function ModA2(n,n) : Σ̄n×n → {0, 1} and an inner function Dec1 : Γ→ Σ̄ where Γ1066

is {0, 1}112 logn. Here the function Dec1 has different domain from the previous one described1067

in Section 4.1.1.1068

First we define the outer function ModA2(n,n) : Σ̄n×n → {0, 1} where Σ̄ = Σ× {`,a} to1069

be the modified version of the A2(n,n) as we have defined ModA1(n,n).1070

Think of an input A ∈ Σ̄n×n as a pair of matrices B ∈ Σn×n and C ∈ {`,a}n×n. The1071

function ModA2(n,n) is defined as1072

ModA2(n,n)(A) = 1 iff


Either, (i) A2(n,n)(B) = 1, and, all the cells in the

1-cell-certificate have ` in the corresponding cell in C
Or, (ii) A2(n,n)(BT ) = 1, and, all the cells in the

1-cell-certificate has a in the corresponding cell in CT
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. . . B1 “encoding”-block B2 B3 B4 Hamming weight
P1 `1`2, where 4 logn 2 logn+ 1 2 logn+ 2 12 logn+ 2− V

|`1| = 2 logn, and
|`2| = 2 logn− 1− V

P2 E(rL, 0) 2 logn+ 3 2 logn+ 1 2 logn+ 2 7 logn+ 6
P3 E(0, cL) 2 logn+ 4 2 logn+ 1 2 logn+ 2 7 logn+ 7
P4 E(rR, 0) 2 logn+ 5 2 logn+ 1 2 logn+ 2 7 logn+ 8
P5 E(0, cR) 2 logn+ 6 2 logn+ 1 2 logn+ 2 7 logn+ 9
P6 E(rB , 0) 2 logn+ 7 2 logn+ 1 2 logn+ 2 7 logn+ 10
P7 E(0, cB) 2 logn+ 8 2 logn+ 1 2 logn+ 2 7 logn+ 11
Table 4 Standard form of encoding of element (V, (rL, cL), (rR, cR), (rB , cB),`) by a 112 logn

bit string that is broken into 7 parts P1, . . . , P7 of equal size and each Part is further broken
into 4 Blocks B1, B2, B3 and B4. So all total there are 24 blocks each containing a 4 logn-bit
string. For the standard form of encoding of element (V, (rL, cL), (rR, cR), (rB , cB),a) we encode
(V, (rL, cL), (rR, cR), (rB , cB),`) in the standard form as described in the table and then apply the
Swap 1

2
on each block. The last column of the table indicates the Hamming weight of each Part.

Consequently the function ModA2(n,n) has all the properties as A2(n,n) as described in1073

Theorem 65.1074

The inner function Dec1 (we call it a decoding function) is function from Γ to Σ̄, where
Γ = 112 logn. Thus our final function is

F69 :=
(
ModA2(n,n) ◦ Dec1

)
: Γn×n → {0, 1}.

D.1.1 Inner Decoding Function1075

In the similar fashion of Section 4.1.1 we start by describing the standard “encodings” of1076

a single element of Σ̄, then we will describe a multiple possible ways of encoding a single1077

element of the Σ̄ and it’s decoding scheme.1078

1079

“Encodings” of the content of a cell in Σ̄n×n where Σn×n is a Type2 Pointer matrix1080

We will encode any element of Σ̄ using a string of size 112 logn bits. Recall from Defini-1081

tion 15 that in case of Type2 pointer matrix an element in Σ̄ is of the form (V, (rL, cL), (rR, cR), (rB , cB), T ),1082

where V is a binary value and T ∈ {`,a}. The overall summary of the encoding is compiled1083

in the Table 4:1084

Parts: We will think of the tuple as 8 objects, namely V , rL, cL, rR, cR, rB , cB and T .1085

We will use 16 logn bits to encode each of the first 7 objects. So the encoding of any1086

element of Σ̄ contains 7 parts-each a binary string of length 16 logn. The value of T will1087

be encoded in a kind-of hidden way.1088

Blocks: Each of 7 parts will be further broken into 4 blocks of equal length of 4 logn.1089

One of the block will be a special block called the “encoding block”.1090

NowWe will start by describing a “standard-form” encoding of a tuple (V, (rL, cL), (rR, cR), (rB , cB), T )1091

where T =`. Then we will extend it to describe the standard for encoding of (V, (rL, cL), (rR, cR), (rB , cB), T )1092

where T =a. And finally we will explain all other valid encoding of a tuple (V, (rL, cL), (rR, cR), (rB , cB), T )1093

by describing all the allowed operations on the bits of the encoding.1094

Standard form encoding of (V, (rL, cL), (rR, cR), (rB , cB), T ) where T =`1095
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For the standard-form encoding we will assume that the information of V, rL, cL, rR, cR, rB , cB1096

are stored in parts P1, P2, P3, P4, P5, P6 and P7 respectively. For all i ∈ [7], the part Pi1097

with have blocks B1, B2, B3 and B4, of which the block B1 will be the encoding-block. The1098

description of the standard-form encoding is also compiled in the Table 4.1099

Standard form encoding of (V, (rL, cL), (rR, cR), (cB), T ) where T =a1100

For obtaining a standard-form encoding of (V, (rL, cL), (rR, cR), (rB , cB), T ) where T =a,1101

first we encode (V, (rL, cL), (rR, cR), (rB , cB), T ) where T =` using the standard-form encod-1102

ing in Table 4. Let (P1, P2, . . . , P7) be the standard-form encoding of (V, (rL, cL), (rR, cR), (rB , cB), T )1103

where T =`. Now for each of the block apply the following Swap 1
2
operator.1104

Valid permutation of the standard form1105

Now we will give a set of valid permutations to the bits of the encoding of any element of1106

Σ̄. The set of valid permutations are classified into into 3 categories:1107

1. Part-permutation: The 7 parts can be permuted using any permutation from S71108

2. Block-permutation: In each of the part, the 4 blocks (say B1, B2, B3, B4) can be permuted1109

is two ways. (B1, B2, B3, B4) can be send to one of the following1110

a. Simple Block Swap: (B3, B4, B1, B2)1111

b. Block Flip: (B2, B1, flip(B3), flip(B4))1112

We are now ready to describe the decoding function Dec1 from Γ = {0, 1}112 logn to Σ̄.1113

Identify the parts containing the encoding of V , rL, cL, rR, cR, rB and cB. This is1114

possible because every part has a unique Hamming weight.1115

For each part identify the blocks. This is also possible as in any part all the blocks have1116

distinct Hamming weight. By seeing the positions of the blocks one can understand1117

if flip was applied and to what and using that one case revert the blocks back to the1118

standard-form.1119

In the part containing the encoding of V consider the encoding-block. If the block is of1120

the form {(`1`2) such that |`1| = 2 logn, |`2| ≤ 2 logn− 1} then T = {`}. If the block is1121

of the form {(`2`1) such that |`1| = 2 logn, |`2| ≤ 2 logn− 1} then T = {a}.1122

By seeing the encoding block we can decipher the original values and the pointers.1123

If the 112 logn bit string doesn’t have the form of a valid encoding, then decode it as1124

(0,⊥,⊥,⊥).1125

D.2 Proof of transitivity of the function1126

I Theorem 70. F 69 is transitive under the action of the transitive group G1.1127

The group G1 is formed with same permutation sets as G except S6 that was acting on the1128

Part. Instead of S6 we will take S7 as Part-permutation. Proof of Theorem 70 follows from1129

similar argument of Theorem 26. Here everything else is similar as function F1 except Part.1130

D.2.1 Properties of the function1131

B Claim 71. Zero error randomized query complexity of F69 is Ω(n2).1132

Proof. The function ModA2(n,n) is a “harder” function than A2(n,n). So R0(ModA2(n,n)) is1133

at least that of R0(A2(n,n)). Now since, F69 is
(
ModA2(n,n) ◦ Dec1

)
so clearly the R0(F69)1134

is at least (R0(A2(n,n))/ logn) by Theorem 44. From Theorem 65 we have R0(F69) at least1135

Ω(n2). J1136
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The following Claim 72 that follows from the definition of the function ModA2(n×n).1137

B Claim 72. The following are some properties of the function ModA2(n,n)1138

1. R(ModA2(n,n)) ≤ 2R(A2(n,n)) +O(n logn)1139

2. QE(ModA2(n,n)) ≤ 2QE(A2(n,n)) +O(n logn)1140

3. deg(ModA2(n,n)) ≤ 2deg(A2(n,n)) +O(n logn)1141

Finally, from Theorem 44 we see that R0(F69), QE(F69) and deg(F69) are at most1142

O(R0(ModA2(n×n) · logn), O(QE(ModA2(n×n) · logn) and O(deg(ModA2(n×n) · logn), re-1143

spectively. So combining this fact with Claim 71, Claim 72 and Theorem 65 (from [5]) we1144

have Theorem 69.1145

E Separation between randomized query complexity and some of1146

other complexity measures1147

[2] considered yet another variant of the pointer function to show gap between randomized1148

query complexity(R) and complexity measures like approximate degree and degree. In this1149

section we show how obtain a transitive version of this function, thus proving the following1150

theorem:1151

I Theorem 73. There exists a transitive function F73 such that1152

R(F73) = Ω̃(d̃eg(F73)4), R(F73) = Ω̃(deg(F73)2).1153
1154

Using standard techniques we can obtain the following theorems as corollaries to The-1155

orem 73.1156

I Theorem 74. There exists a transitive function F74 such that R0(F74) = Ω̃(Q(F74)3).1157

I Theorem 75. There exists a transitive function F75 such that R(F75) = Ω̃(QE(F75)1.5).1158

E.1 Transitive function for Theorem 731159

In [5] the function A3(1,n,n) achieves the separation between R and d̃eg. Before that [16]1160

introduced a function that achieves quadratic separation between R and deg. The function1161

A3 is motivated from [16] function and generates the same separation between R and deg.1162

We will give a transitive function that is motivated from [5] and achieves the separation1163

between R vs. deg and R vs. d̃eg which is same as general function.1164

First let us define the outer function ModA3(1,n,n) : Σ̄n×n → {0, 1} where Σ̄ = Σ×{`,a}1165

to be the modified version of the A3(1,n,n) as we have defined ModA1(1,n,n).1166

Think of an input A ∈ Σ̄n×n as a pair of matrices B ∈ Σn×n and C ∈ {`,a}n×n. The1167

function ModA3(1,n,n) is defined as1168

ModA3(1,n,n)(A) = 1 iff


Either, (i) A3(1,n,n)(B) = 1, and, all the cells in the

1-cell-certificate have ` in the corresponding cell in C
Or, (ii) A3(1,n,n)(BT ) = 1, and, all the cells in the

1-cell-certificate has a in the corresponding cell in CT

Consequently the function ModA3(1,n,n) has all the properties of A3(1,n,n) as described
in Theorem 67. Here the input matrix to the function A3(1,n,n) is a Type2 pointer matrix
which is same as A2(n,n). Hence we can encode the elements in Σ̄ in a similar fashion that
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we have done in Section D.1.1. That’s why we can choose the same decoding function Dec1
function as of F 69. Thus our final function is

F73 :=
(
ModA3(1,n,n) ◦ Dec1

)
: Γn×n → {0, 1}

where Dec1 : Γ→ Σ̄ and Γ = 112 logn.1169

From the proof of Theorem 70 we have the following Theorem:1170

I Theorem 76. F73 is transitive under the action of the transitive group G1.1171

B Claim 77. Randomized query complexity of F73 is Ω(n2).1172

Proof. From the construction of ModA3(1,n,n) one can note that ModA3(1,n,n) is a “harder”1173

function than A3(1,n,n). So R(ModA3(1,n,n)) is at least that of R(A3(1,n,n)).1174

Now since, F73 is
(
ModA3(1,n,n) ◦ Dec1

)
from Theorem 44 it follows that R(F73) is at least1175

R(A3(1,n,n)). In [5] they proved that R(A3(1,n,n)) is Ω(n2). So R(F73) is at least Ω( n2

logn ). J1176

B Claim 78. The following are some properties of the function ModA3(1,n,n)1177

1. d̃eg(ModA3(1,n,n)) ≤ 2d̃eg(A3(1,n,n)) +O(n logn)1178

2. deg(ModA3(1,n,n)) ≤ 2deg(A3(1,n,n)) +O(n logn)1179

Finally from Theorem 44, Theorem 67 and Claim 78 it follows that d̃eg(F73) = O(
√
n).1180

Also from Theorem 44, Observation 68 and Claim 78 it follows that deg(F73) = (n). From1181

Theorem 76 and Claim 77 we have Theorem 73.1182

E.2 Transitive function for Theorem 741183

In [5] they proved that A3(n,n,n2) achieves the separation between R0 and Q where the input1184

is a n× n2 Type2 pointer matrix. Till now all of our encoding was precisely for n× n matrix.1185

Those encoding schemes directly cannot be generalized for any non-square matrix. But using1186

some modifications to our encoding scheme in the previous sections, we give an encoding for1187

n× n2 matrix also. Before going into the encoding scheme we will define some useful terms1188

and representation of a matrix that we are going to use in the encoding scheme.1189

I Definition 79 (Brick). For any n×n2 matrix M we divide the matrix into total n number1190

of square matrices each of size n × n, which we refer to as Brick. Thus there is total n1191

number of Bricks, which we denote as {b1, b2, . . . , bn} and each bi is a sub-matrix of M . Now1192

let us denote the n rows and n columns of an n× n matrix as {r1, . . . , rn} and {c1, . . . , cn}1193

respectively. So, each entries of M can be uniquely defines as {(r, c, b)|r, c, b ∈ [n]} where r, c1194

and b is the row number, column number and brick number respectively. In this set-up we1195

will write an n× n2 matrix A as A(n×n×n).1196

In a general setup when we swap between row and column we get the transpose of that1197

matrix. In our row, column and brick setup we define two new concept similar to transpose1198

matrix.1199

I Definition 80 (A>, Aa). For any n × n2 matrix A(n×n×n) if each entry is denoted by1200

(row, column, brick) then we define A>(n×n×n) to be the matrix where (r, c, b)-th element of1201

A(n×n×n) is the (b, r, c)-th element of A>(n×n×n). Similarly we define Aa(n×n×n) to be the1202

matrix where (r, c, b)-th element of A(n×n×n) is the (c, b, r)-th element of Aa(n×n×n).1203

Now we are ready to define our outer function.1204
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E.2.1 The outer function1205

The outer function is a modified version of the A3(n,n,n2). Recall, from Definition 66, the1206

function A3(n,n,n2) takes as input a (n× n2) Type2 pointer matrix over Σ.1207

Let us define ModA3∗(n,n,n2) : Σ̄n×n2 → {0, 1} where the alphabet set is Σ̄ = Σ×{`,>,a}.1208

We can think of an inputM ∈ Σ̄n×n2 as a pair of matrices B ∈ Σn×n2 and C ∈ {`,>,a}n×n
2
.1209

The function ModA3∗(n,n,n2) is defined as1210

ModA3∗(n,n,n2)(M) = 1 iff



Either, (i) A3(n,n,n2)(B) = 1, and, all the cells in the
1-cell-certificate have ` in the corresponding cell in C

Or, (ii) A3(n,n,n2)(B>) = 1, and, all the cells in the
1-cell-certificate has > in the corresponding cell in C>

Or, (iii) A3(n,n,n2)(Ba) = 1, and, all the cells in the
1-cell-certificate has a in the corresponding cell in Ca

At most one of conditions (i), (ii) and (iii) can be true for an input. From this it is easy1211

to verify that the function ModA3∗(n,n,n2) has all the properties as A3(n,n,n2) as described in1212

Theorem 67.1213

Thus our final function is

F74 :=
(
ModA3∗(n,n,n2) ◦ Dec2

)
: Γn

3
→ {0, 1},

where the inner function Dec2 (we call it a decoding function) is a function from Γ to Σ̄1214

where Γ = 240 logn.1215

E.2.2 Inner Decoding Function1216

Any element of Type2 pointer matrix is of the form (V,LPointer,RPointer,BPointer) where1217

V ∈ {0, 1} and LPointer,RPointer and BPointer are the pointers to the other cell of the1218

matrix. Here pointers are of the form (i, j) where i is the row number and j is the column1219

number. Now in our setup (Definition 79) we have represented the cells of an n× n2 matrix1220

as (r, c, b) (where r, c, b ∈ [n]), where r, c and b specify the row, column and brick of that1221

cell, respectively.1222

“Encodings” of the content of a cell in Σ̄n×n2 where Σn×n2 is a Type2 Pointer1223

matrix1224

We will encode any tuple of the form (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T ) which1225

is an element of Σ̄ using a string of size 240 logn bits. The overall summary of the encoding1226

is as follows:1227

Parts: We will think of the tuple as 11 objects, namely V , rL, cL, bL rR, cR, bR, rB , cB ,1228

bB and T . We will use a 24 logn bit string to encode each of the first 10 objects and the1229

enoding of T will be implicit. So the encoding of any element of Σ̄ contains 10 parts-each1230

a binary string of length 24 logn.1231

Blocks: Each of the 10 parts will be further broken into 4 blocks of equal length of1232

6 logn. One of the block will be a special block called the “encoding block”.1233

We will start by describing a “standard-form” encoding of a tuple (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T )1234

where T =`. Then extend it for T = > and T =a. And finally we will explain all other valid1235

encoding of a tuple (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T ) by describing all the allowed1236

operations on the bits of the encoding.1237
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. . . B1 B2 B3 B4 Hamming weight
P1 `1`3`2 6 logn 2 logn+ 1 2 logn+ 2 16 logn− V

where |`1| = 2 logn
|`2| = 2 logn− 1, and
|`3| = 2 logn− 2− V

P2 E ′(i) 2 logn+ 3 2 logn+ 1 2 logn+ 2 7 logn+ 6
P3 E ′(j) 2 logn+ 4 2 logn+ 1 2 logn+ 2 7 logn+ 7
P4 E ′(k) 2 logn+ 5 2 logn+ 1 2 logn+ 2 7 logn+ 8
P5 E ′(t) 2 logn+ 6 2 logn+ 1 2 logn+ 2 7 logn+ 9
P6 E ′(m) 2 logn+ 7 2 logn+ 1 2 logn+ 2 7 logn+ 10
P7 E ′(n) 2 logn+ 8 2 logn+ 1 2 logn+ 2 7 logn+ 11
P8 E ′(p) 2 logn+ 9 2 logn+ 1 2 logn+ 2 7 logn+ 12
P9 E ′(q) 2 logn+ 10 2 logn+ 1 2 logn+ 2 7 logn+ 13
P10 E ′(r) 2 logn+ 11 2 logn+ 1 2 logn+ 2 7 logn+ 14
Table 5 Standard form of encoding of element (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB),`) by a

240 logn bit string that is broken into 10 parts P1, . . . , P10 of equal size and each Part is further
broken into 4 Blocks B1, B2, B3 and B4. So all total there are 40 blocks each containing a 6 logn-bit
string. For the standard form of encoding of element (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB),>)
we encode (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB),`) in the standard form as described in the
table and then apply the Rotation1 on each block. For the standard form of encoding of element
(V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB),a) we encode (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB),`) in
the standard form as described in the table and then apply the Rotation2 on each block.The last
column of the table indicates the unique Hamming weight of each Part.

Using the Balanced-Binary Encoding we can define an hybrid encoding for the set of1238

rows and columns.1239

I Definition 81. Given a set R of n rows r1, . . . , rn, a set C of n columns c1, . . . , cn and a
set B of n bricks b1, . . . , bn we define the balanced-pointer-encoding function

E ′ : (R× {0} × {0}) ∪ ({0} × C × {0}) ∪ ({0} × {0} ×B)→ {0, 1}6 logn

as follows:1240

E ′(ri, 0, 0) = bb(i) · 02 logn · 02 logn,

E ′(0, ci, 0) = 02 logn · bb(i) · 02 logn and
E ′(0, 0, bi) = 02 logn · 02 logn · bb(i).

1241

I Definition 82. Given a binary string x1, . . . , x3k ∈ {0, 1}3k, the operation Rotation1 and
Rotation2 act on the string by

Rotation1(x1, . . . , x3k) = x2k+1, . . . , x3k, x1 . . . , xk, xk+1, . . . , x2k

and
Rotation2(x1, . . . , x3k) = xk+1, . . . , x2k, x2k+1 . . . , x3k, x1, . . . , xk

Now we are set to describe the standard-form encoding of (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T )1242

where T =`.1243

1244

Standard form encoding of (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T ) where T =`1245
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For the standard-form encoding we will assume that the information of V, rL, cL, bL, rR, cR, bR, rB , cB , bB1246

are stored in parts P1, P2, P3, P4, P5, P6, P7, P8, P9 and P10 respectively. For all i ∈ [10],1247

the part Pi with have blocks B1, B2, B3 and B4, of which the block B1 will be the encoding-1248

block. The description of the standard-form encoding is also compiled in the Table 5.1249

For part P1 (that is the encoding of V ) the encoding block B1 will store `1 · `2 · `3 where1250

`1 is any 2 logn bit binary string with Hamming weight 2 logn, `2 is any 2 logn bit1251

binary string with Hamming weight 2 logn− 1 and `3 is any 2 logn bit binary string with1252

Hamming weight 2 logn− 2− V . Block B2, B3 and B4 will store any 6 logn bit string1253

with Hamming weight 6 logn, 2 logn+ 1 and 2 logn+ 2 respectively.1254

For part P2 (this is the encoding of rL) the encoding block B1 will store the string1255

E ′(rL, 0, 0). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1256

2 logn+ 3, 2 logn+ 1 and 2 logn+ 2 respectively.1257

For part P3 (this is the encoding of cL) the encoding block B1 will store the string1258

E ′(0, cL, 0). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1259

2 logn+ 4, 2 logn+ 1 and 2 logn+ 2 respectively.1260

For part P4 (this is the encoding of bL) the encoding block B1 will store the string1261

E ′(0, 0, bL). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1262

2 logn+ 5, 2 logn+ 1 and 2 logn+ 2 respectively.1263

For part P5 (this is the encoding of rR) the encoding block B1 will store the string1264

E ′(rR, 0, 0). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1265

2 logn+ 6, 2 logn+ 1 and 2 logn+ 2 respectively.1266

For part P6 (this is the encoding of cR) the encoding block B1 will store the string1267

E ′(0, cR, 0). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1268

2 logn+ 7, 2 logn+ 1 and 2 logn+ 2 respectively.1269

For part P7 (this is the encoding of bR) the encoding block B1 will store the string1270

E ′(0, 0, bR). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1271

2 logn+ 8, 2 logn+ 1 and 2 logn+ 2 respectively.1272

For part P8 (this is the encoding of rB) the encoding block B1 will store the string1273

E ′(rB , 0, 0). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1274

2 logn+ 9, 2 logn+ 1 and 2 logn+ 2 respectively.1275

For part P9 (this is the encoding of cB) the encoding block B1 will store the string1276

E ′(0, cB , 0). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1277

2 logn+ 10, 2 logn+ 1 and 2 logn+ 2 respectively.1278

For part P10 (this is the encoding of bB) the encoding block B1 will store the string1279

E ′(0, 0, bB). Block B2, B3 and B4 will store any 6 logn bit string with Hamming weight1280

2 logn+ 11, 2 logn+ 1 and 2 logn+ 2 respectively.1281

Standard form encoding of (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T ) where T = >1282

and T =a1283

For obtaining a standard-form encoding of (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T )1284

where T = >, first we encode (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T ) where T =` us-1285

ing the standard-form encoding. Let (P1, P2, . . . , P10) be the standard-form encoding of1286

(V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB), T ) where T =`. Now for each of the block apply the1287

following Rotation1 operator. To get the encoding for T =a apply Rotation2 on each block of1288

standard encoding of the tuple (V, (rL, cL, bL), (rR, cR, bR), (rB , cB , bB),`).1289

Valid permutation of the standard form1290
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Now we will give a set of valid permutations to the bits of the encoding of any element of1291

Σ̄. The set of valid permutations are classified into into 3 categories:1292

1. Part-permutation: The 10 parts can be permuted using any permutation from S101293

2. Block-permutation: In each of the part, the 4 blocks (say B1, B2, B3, B4) can be permuted1294

is two ways. (B1, B2, B3, B4) can be send to one of the following1295

a. Simple Block Swap: (B3, B4, B1, B2)1296

b. Block Flip: (B2, B1, flip(B3), flip(B4))1297

The decoding function Dec2 : {0, 1}240 logn → Σ̄1298

We are now ready to describe the decoding function from Γ = {0, 1}240 logn to Σ̄.1299

Identify the parts containing the encoding of V , rL, cL,bL, rR, cR, bR,rB, cB and bB.1300

This is possible because every part has a unique Hamming weight.1301

For each part identify the blocks. This is also possible as in any part all the blocks have1302

distinct Hamming weight. By seeing the positions of the blocks one can understand1303

if flip was applied and to what and using that one case revert the blocks back to the1304

standard-form.1305

In the part containing the encoding of V consider the encoding-block. If the block is of1306

the form {(`1`2`3) such that |`1| = 2 logn, |`2| = 2 logn − 1 and |`3| ≤ 2 logn − 2} then1307

T = {`}. If the block is of the form {(`3`1`2) such that |`1| = 2 logn, |`2| = 2 logn − 11308

and |`3| ≤ 2 logn− 2} then T = {>}. If the block is of the form {(`2`3`1) such that |`1| =1309

2 logn, |`2| = 2 logn− 1 and |`3| ≤ 2 logn− 2} then T = {a}.1310

By seeing the encoding block we can decipher the original values and the pointers.1311

If the 240 logn bit string doesn’t have the form of a valid encoding, then decode it as1312

(0,⊥,⊥,⊥).1313

E.2.3 Proof of Transitivity of the function1314

To prove the function F74 is transitive we start with describing the transitive group for which1315

the F74 is transitive.1316

The Transitive Group1317

We will now describe the group T acting on the cells of the matrix and a group T̂ acting1318

on the indices of a 6 logn bit string. First consider the group Bt2 logn acting on the set1319

[2 logn]. We will assume that logn is a power of 2. The matrix has rows r1, . . . , rn, columns1320

c1, . . . , cn and bricks b1, . . . , bn. We have used the encoding function E ′ to encode the rows,1321

columns and bricks. So the index of the rows, columns and bricks are encoded using a1322

6 logn bit string. From the Definition of E ′ and the group Bt2 logn the following claim from1323

Definition 81 and Claim 12.1324

B Claim 83. For any elementary permutation σ̂ in Bt2 logn × Bt2 logn × Bt2 logn that
takes E ′(x) to E ′(y) there exists a permutation σ ∈ Sn × Sn × Sn that takes x to y where
x, y ∈ (R× {0} × {0}) ∪ ({0} × C × {0}) ∪ ({0} × {0} ×B). That is

σ̂[E ′(x)] = E ′(σ(x)).

Note that Bt2 logn×Bt2 logn×Bt2 logn is not transitive on 6 logn bit string. Let us define1325

the group T̂ ⊂ S6 logn containing the following permutations:1326

1. all permutations in Bt2 logn × Bt2 logn × Bt2 logn,1327

2. Rotation1 to be applied on Block (6 logn-bit),1328
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3. Rotation2 to be applied on Block (6 logn-bit).1329

T̂ is the group generated by the above set of permutations and clearly T̂ is transitive.1330

The group T will be the resulting group of permutations on the cells of the matrix1331

induced by the group T̂ acting on the 6 logn bit. The group T is generated by the following1332

permutations:1333

1. all permutations induced by Bt2 logn × Bt2 logn × Bt2 logn that acts on the cell,1334

2. for all i ∈ [n] row i is goes to column i, column i goes to brick i and brick i goes to row i.1335

That is Rotation1[E ′(ri, ci, bi)] = E ′(σ(bi, ri, ci)) for all i ∈ [n] where σ acts on the cell.1336

3. for all i ∈ [n] row i is goes to brick i, column i goes to row i and brick i goes to column i.1337

That is Rotation2[E ′(ri, ci, bi)] = E ′(σ(ci, bi, ri)) for all i ∈ [n] where σ acts on the cell.1338

From the construction of T̂ and T we have the following claim:1339

B Claim 84. For any permutation σ̂ in T̂ ⊂ S6 logn acting on the 6 logn bit string there1340

exists a permutation σ in T ⊂ S3n acting on the cell such that σ̂[(E ′(x)] = E ′(σ(x)) for all x1341

in the domain of E ′.1342

I Observation 85. One special set of permutation in T̂ is called the “ith-bit-flips” or simply1343

“bit-flips”. For all 1 ≤ i ≤ 3 logn the ith-bit-flip applies the transposition (2i− 1, 2i) to the1344

indices of the balanced-pointer-encoding.1345

Since the E ′-encoding of the row (rk, 0, 0) uses the balanced binary representation of k1346

in the first half and all zero sting in the second and third half, the j-th bit in the binary1347

representation of k is stored in the 2j − 1 and 2j-th bit in the E ′-encoding of ri. So the1348

j-th-bit-flip acts on the sets of rows by swapping all the rows with 1 in the j-th bit of their1349

index with the corresponding rows with 0 in the j-th bit of their index. Also, if i > logn then1350

there is no effect of the i-th-bit-flip operation on the set of rows.1351

One can make a similar observation for the columns and Bricks also.1352

From Definition 81, Claim 84 and Observation 85 we claim the following:1353

B Claim 86. The group T acting on the cells of of the matrix is a transitive group. That1354

is, for all 1 ≤ i1, j1, i2, j2, k1, k2 ≤ n there is a permutation σ̂ ∈ T̂ such that σ̂[E ′(i1, 0, 0)] =1355

E ′(i2, 0, 0), σ̂[E ′(0, j1, 0)] = E ′(0, j2, 0) and σ̂[E ′(0, 0, k1)] = E ′(0, 0, k2) . Or in other words,1356

there is a σ ∈ T acting on the cell of the matrix that would take the cell corresponding to1357

row ri1 , column cj1 and brick bk1 to the cell corresponding to row ri2 , column cj2 and brick1358

bk2 .1359

From the Claim 86 we see the group T acting on the cells of of the matrix is a transitive.1360

But it does not touch the contains within the cells of the matrix. But the input to the1361

function F74 contains element of Γ = {0, 1}240 logn in each cell. So we now need to extend1362

the group T to a group G2 that acts on all the indices of all the bits of the input to the1363

function F74.1364

Recall that the input to the function F74 is a (n× n2)-matrix with each cell of matrix1365

containing a binary string of length 240 logn and for each of the cells the binary string1366

contained in it has 10 parts of size 24 logn each and each part has 4 blocks of size 6 logn1367

each. We classify the generating elements of the group G2 into 4 categories:1368

1. Part-permutation: In each of the cells the 10 parts can be permuted using any permutation1369

from S101370

2. Block-permutation: In block the 4 blocks (say B1, B2, B3, B4) can be permuted is two1371

ways. (B1, B2, B3, B4) can be send to one of the following1372

a. Simple Block Swap: (B3, B4, B1, B2)1373
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b. Block Flip (#1): (B2, B1, flip(B3), flip(B4))1374

c. Block Flip (#2): (flip(B1), flip(B2), B4, B3)1375

3. Cell-permutation: for any σ ∈ T one has the do the following two steps simultaneously:1376

a. (Matrix-update) Permute the cells in the matrix according to the permutation σ. This1377

does keeps each of the contains in the cells untouched - it just changes the location of1378

the cells.1379

b. (Pointer-update) For each of blocks in each of the parts in each of the cells permute1380

the indices of the 6 logn-bit strings according to σ, that is apply σ̂ ∈ T̂ corresponding1381

to σ(existence of such permutation follows from Claim 84).1382

We now have the following theorem that would prove that the function F74 is transitive.1383

I Theorem 87. The group G2 is a transitive group.1384

I Theorem 88. The function F74 is a transitive function under the action of the transitive1385

group G2.1386

Proof of Theorem 87. To prove that the group G2 is transitive we have to show that for1387

any indices p, q ∈ [240n2 logn] there is a permutation σ ∈ G2 that would take p to q. So1388

we can think of the index p as sitting in kpth position (1 ≤ kp ≤ 6 logn) in the block Bp of1389

the part Pp in the (rp, cp, bp)-th cell of the matrix. Similarly, we can think of q as sitting in1390

kqth position (1 ≤ kq ≤ 6 logn) in the block Bq of the part Pq in the (rq, cq, bq)-th cell of1391

the matrix.1392

We will give a step by step technique in which permutations from G2 can be applied to1393

move p to q.1394

Step 1 Get the positions in the block correct: If kp 6= kq then take a permutation σ̂ from1395

T̂ that takes kp to kq. Since T̂ is transitive, such a permutation exists. Apply the1396

cell-permutation from T corresponding to σ̂ on the cells. As a result the index p can be1397

moved to a different cell in the matrix but, by the choice of σ̂ its position in the block in1398

which it is will be kq.1399

Without loss of generality, we assume the the cell location does not change.1400

Step 2 Get the cell correct: Using a series of “bit-flip” operations change rp to rq,cp to1401

cq and bp to bq. Since one bit-flip operations basically changes one bit in the binary1402

representation of the index of the row or column or brick such a series of operations can1403

be made. This is another Cell-permutation. In this case we always do Matrix-update and1404

Pointer-update simultaneously.1405

Since each bit-flip operation is executed by applying the bit-flips in each of the blocks so1406

this might have once again changed the position of the index p in the block. But, even1407

if the position in the block changes it must be a flip operation away. Or in other word,1408

since in the beginning of this step kp = kq, so if kq is even (or odd) then after the series1409

bit-flip operations the position of p in the block is either kq or (kq − 1) (or (kq + 1)).1410

Step 3 Align the Part: Apply a suitable Part-permutation from S10 to ensure that the part1411

Pp moves to part Pq.1412

Step 4 Align the Block: Using a suitable combination of Simple Block Swap and Block Flip1413

ensure the Block number gets matched, that is Bp goes to Bq. In this case the cell or the1414

Part does not change. But depending on whether the Block Flip operation is applied the1415

position in the block can again change. But once again, the current position in the block1416

kp is at most one flip away from kq.1417
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Step 5 Apply the final flip: It might so happen that already we a done after the last step. If1418

not we know that the current position in the block kp is at most one flip away from kq.1419

So we apply the suitable Block-flip operation. Thus will not change the cell position,1420

Part number, Block number and the position in the block will match. Hence we are done.1421

J1422

Proof of Theorem 88. To prove that the function F74 is transitive we prove that for any1423

elementary operations σ from the group G2 and for any input Γn3 the function value does1424

not change even if after the input is acted upon by the permutation σ.1425

Case 1: σ is a Part-permutation and Case 2: σ is a Block-permutation directly1426

follows from our construction of the encoding so that Dec2 is invariant under Part permutation1427

and Block-permutation.1428

Case 3: σ is a Cell-permutation From Observation 23 it is enough to prove that1429

when we permute the cells of the matrix we update the points in the cells accordingly.1430

Let σ ∈ T be a permutation that permutes only the rows of the matrix. By Claim 84,1431

there exist a permutation σ̂ ∈ T̂ to be applied on every block and so that the contents of the1432

cells will be updated accordingly. Similarly if σ only permute the columns or Bricks of the1433

matrix we will be fine.1434

Finally, if Rotation1 was applied then for all i row i is swapped with column i, column1435

i is swapped with brick i and brick i is swapped with row i then it is easy to see that1436

σ̂[E ′(i, 0, 0)] = E ′(0, i, 0), σ̂[E ′(0, i, 0)] = E ′(0, 0, i) and σ̂[E ′(0, 0, i)] = E ′(i, 0, 0) . In that case1437

the encoding block of the value part in a cell also gets swapped. This will thus be encoding1438

the T value as >. And so the function value will not be affected as the T = > will ensure1439

that one should apply the Rotation1 on the cells of the input before evaluating the function.1440

For Rotation2 we can argue similarly. Hence, F74 is transitive. J1441

E.2.4 Properties of the Function1442

B Claim 89. Zero error randomized query complexity of F74 is Ω(n3).1443

Proof. The function ModA3∗(n,n,n2) is a “harder” function than A3(n,n,n2). So R0(ModA3∗(n,n,n2))1444

is at least that of R0(A3(n,n,n2)).1445

Now since, F74 is
(
ModA3∗(n,n,n2) ◦ Dec2

)
so clearly the R0(F74) is at least R0(A3(n,n,n2)).1446

From [5] we have D(A3(n,n,n2)) is Ω(n3). Hence R0(F74) at least Ω(n3). J1447

The following Claim90 that follows from the definition of the function ModA3∗(n,n,n2).1448

B Claim 90. The following are some properties of the function ModA3∗(n,n,n2):1449

Q(ModA3∗(n,n,n2) ≤ 3Q(A3(n,n,n2)) +O(n2 logn)1450

Finally, from Theorem 44 we see that Q(F74) is at most O(Q(ModA3∗(n,n,n2) · logn). So1451

combining this fact with Claim 89, Claim 90 and Theorem 67 (from [5]) we have Theorem 74.1452

E.3 Transitive function for Theorem 751453

In [5] they have proved that A3(1,n,n2) is such that R(A3(1,n,n2)) = Ω(QE(A3(1,n,n2))1.5. In1454

this function A3(1,n,n2) number of marked column is 1, which is different from A3(n,n,n2).1455

But for both of these function the domain is same. So, proof follows directly.1456

For transitive function first we will define ModA3∗(1,n,n2) on Σ̄n×n2 similar as ModA3∗(1,n,n2)1457

in Section E.2. Then define a composition function with outer function ModA3∗(1,n,n2) and1458
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inner function Dec2 as defined in Section E.2. Our final function is F75 : Γn3 → {0, 1} such1459

that F75 = ModA3∗(1,n,n2) ◦ Dec2 and Dec2 is a function from Γ to Σ̄ where Γ = 240 logn.1460

From the proof of Theorem 88 it directly follows that F75 is transitive under the action1461

of the group G2.1462

Since F75 is transitive, considering the fact that ModA3∗(1,n,n2) is harder than A3(1,n,n2)1463

and combining [5] result with Theorem 44 we have Theorem 75.1464

F Separation between sensitivity and randomized query complexity1465

[8] showed that functions that witness a gap between deterministic query complexity (or1466

randomized query complexity), and UCmin can be transformed to give functions that witness1467

separation between deterministic query complexity (or randomized query complexity) and1468

sensitivity. We observe that transformation the [8] described preserves transitivity. Our1469

transitive functions from Theorem 73 along with the transformation from [8] gives the1470

following theorem.1471

I Theorem 91. There exists transitive functions F91 such that R(F91) = Ω̃(s(F91)3).1472

We start by defining desensitisation transform of Boolean functions as defined in [8].1473

I Definition 92 (Desensitized Transformation). Let f : {0, 1}n → {0, 1}. Let U be a collection1474

of unambiguous 1-certificates for f , each of size at most UC1(f). For each x ∈ f−1(1),1475

let px ∈ U be the unique certificate in U consistent with x. The desensitized version1476

of f is the function fDT : {0, 1}3n → {0, 1} defined by fDT(x1x2x3) = 1 if and only if1477

f(x1) = f(x2) = f(x3) = 1 and px1 = px2 = px3 .1478

I Observation 93. If f : {0, 1}n → {0, 1} is transitive, then fDT : {0, 1}3n → {0, 1} is also1479

transitive.1480

Proof. Let Tf ⊆ Sn be the transitive group corresponding to f and let x1x2x3 ∈ {0, 1}3n be1481

the input to fDT. Consider the following permutations acting on the input x1x2x3 to fDT:1482

1. S3 acting on the indices {1, 2, 3} and1483

2. {(σ, σ, σ) ∈ S3n|σ ∈ Tf} acting on (x1, x2, x3).1484

Observe that the above permutations act transitively on the inputs to fDT. Also from the1485

definition of fDT the value of the function fDT is invariant under these permutations. J1486

Next, we need the following theorem from [8]. The theorem is true for more general1487

complexity measures. We refer the reader to [8] for a more general statement.1488

I Theorem 94 ([8]). For any k ∈ R+, if there is a family of function with D(f) =1489

Ω̃(UCmin(f)1+k), then for the family of functions defined by f̃ = OR3UCmin(f) ◦ fDT sat-1490

isfies D(f̃) = Ω̃(s(f̃)2+k). Also, if we replace D(f) by R(f), Q(f) or C(f), we will get the1491

same result.1492

Proof of Theorem 91. Let us begin with the transitive functions F73 from Section E.11493

which will desensitize to get the desired claim. From Claim 77 and Observation 68 we have1494

R(F73) ≥ Ω̃(UCmin(F73)2).1495

Let F91 be the desensitize F73. From Theorem 94, Observation 93 we have the theorem. J1496
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G Separation between quantum query complexity and certificate1497

complexity1498

[2] constructed functions that demonstrated quadratic separation between quantum query1499

complexity and certificate complexity. Their function was not transitive. We modify their1500

function to obtain a transitive function that gives similar separation.1501

I Theorem 95. There exists a transitive function F95 : {0, 1}N → {0, 1} such that1502

Q(F95) = Ω̃(C(F95)2).1503
1504

We start this section by constructing an encoding scheme for the inputs to k-sum function1505

such that the resulting function ENC-k-Sum is transitive. We then, similar to [2], define1506

ENC − Block-k-Sum function. Composing ENC-k-Sum with ENC − Block-k-Sum as outer1507

function gives us F95.1508

G.1 Function definition1509

Recall that, from Definition 61, for Σ = [nk], the function k-sum : Σn → {0, 1} is defined as1510

follows: on input x1, x2, . . . , xn ∈ Σ, if there exists k element xi1 , . . . , xik , i1, . . . , ik ∈ [n],1511

that sums to 0 (mod |Σ|) then output 1, otherwise output 0. We first define an encoding1512

scheme for Σ.1513

G.1.1 Encoding scheme1514

Similar to Section 4.1.1 we first define the standard form of the encoding of x ∈ Σ and then1515

extend it by action of suitable group action to define all encodings that represent x ∈ Σ1516

where Σ is of size nk for some k ∈ N.1517

Fix some x ∈ Σ and let x = x1x2 . . . xk logn be the binary representation of x. The1518

standard form of encoding of x is defined as follows: For all i ∈ [k logn] we encode xi with1519

with 4(k logn+ 2) bit Boolean string satisfying the following three conditions:1520

1. xi = xi1xi2xi3xi4 where each xij , for j ∈ [4], is a (k logn+ 2) bit string,1521

2. if xi = 1 then |xi1| = 1, |xi2| = 0, |xi3| = 2, |xi4| = i+ 2, and1522

3. if xi = 0 then |xi1| = 0, |xi2| = 1, |xi3| = 2, |xi4| = i+ 2.1523

Having defined the standard form, other valid encodings of xi = (xi1xi2xi3xi4) are obtained1524

by the action of permutations (12)(34), (13)(24) ∈ S4 on the indices {i1, i2, i3, i4}. Finally1525

if x = {(xij |i ∈ [k logn], j ∈ [4]}, then {(xσ(i)γ(j))|σ ∈ Sk logn, γ ∈ T ⊂ S4} is the set of all1526

valid encoding for x ∈ Σ.1527

The decoding scheme follows directly from the encoding scheme. Given y ∈ {0, 1}k logn(4k logn+8),1528

first break y into k logn blocks each of size 4k logn+ 8 bits. If each block is a valid encoding1529

then output the decoded string else output that y is not a valid encoding for any element1530

from Σ.1531

G.1.2 Definition of the encoded function1532

ENC-k-Sum is a Boolean function that defined on n-bit as follows: Split the n-bit input into1533

block of size 4k logn(k logn+ 2). We say such block is a valid block iff it follows the encoding1534

scheme in Section G.1.1 i.e. represents a number from the alphabet Σ. The output value of1535

the function is 1 iff there exists k valid block such that the number represented by the block1536

in Σ sums to 0 (mod |Σ|).1537
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ENC − Block-k-Sum is a special case of the ENC-k-Sum function. We define it next.1538

ENC− Block-k-Sum is a Boolean function that defined on n-bit as follows: The input string1539

is splits into block of size 4k logn(k logn+ 2) and we say such block is a valid block iff it1540

follows the encoding scheme of Section G.1.1 i.e. represents a number from the alphabet1541

Σ. The output value of the function is 1 iff there exists k valid block such that the number1542

represented by the block in Σ sums to 0(mod |Σ|) and the number of 1 in the other1543

block is at least 6 × (k logn). Finally, similar to [2] define F95 : {0, 1}n2 → {0, 1} to be1544

ENC− Block-k-Sum ◦ ENC-k-Sum, with k = logn.1545

The proof of Theorem 95 is same as that of [2]. We give the proof here for completeness.1546

Proof of Theorem 95. We first show that the certificate complexity of F95 is O(4nk2 logn(k logn+1547

2). For this we show that every input to ENC−Block-k-Sum, the outer function of F95, has a1548

certificate with Õ(k×(4k logn(k logn+2))) many 0’s and O(n) many 1’s. Also the inner func-1549

tion of F95, i.e. ENC-k-Sum, has 1-certificate of size O(4k2 logn(k logn+ 2) and 0-certificate1550

of size O(n). Hence, the F95 function has certificate of size O(4nk2 logn(k logn+ 2)).1551

Every 1-input of ENC− Block-k-Sum has k valid encoded blocks such that the number1552

represented by them sums to (0 mod |Σ|). This can be certified using at most Õ(k ×1553

(4k logn(k logn+ 2))) number of 0’s and all the 1’s from every other block.1554

There are two types of 0-inputs of ENC− Block-k-Sum. First type of 0-input has at least1555

one block in which number of 1 is less than 6 × (k logn) and the zeros of that block is a1556

0-certificate of size Õ(4k logn(k logn + 2)). The other type of 0-input is such that every1557

block contains at least 6× (k logn) number of 1’s. This type of 0-input can be certified by1558

providing all the 1’s in every block, which is at most O(n). This is because using all the 1’s1559

we can certify that even if the blocks were valid, no k-blocks of them is such that the number1560

represented by them sums to 0 (mod |Σ|).1561

Next, we prove Ω(n2) lower bound on quantum query complexity of F95. From The-1562

orem 45, Q(F95) = Ω(Q(ENC− Block-k-Sum)Q(ENC-k-Sum)). Since ENC-k-Sum reduces to1563

ENC− Block-k-Sum, from Theorem 62 the quantum query complexity of the ENC− Block-k-Sum1564

function is Ω
(

n
k

k+1

k
3
2 logn(k logn+2)

)
. Thus1565

Q(F95) = Ω
(

n
2k

k+1

k3 logn(k logn+ 2)

)
.1566

1567

Hence, Q(F95) = Ω̃(n2), taking k = logn. J1568

H Remaining cells of Table 11569

In this section we prove that all function in white and yellow cell of Table 1 are transitive.1570

Since PARITY (⊕) and AND (∧) are symmetric they are also transitive by definition. The1571

other functions that appear in the table are those in Definition 57 (NWd for finite d ∈ N),1572

Definition 55 (RUB), Definition 59 (GSSd1) and Definition 60 (GSS2).1573

We have the following corollary to the above observation:1574

I Observation 96. The following functions are transitive:1575

1. ORn ◦ ANDn1576

2. ∧̃-tree for depth d for finite d ∈ N,1577

3. NWd,1578

4. RUB,1579

5. GSSd1, and1580
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6. GSS2.1581

Proof. The transitivity of the functions either follows directly from their definitions or from1582

the fact that they are composition of two transitive functions and hence the function is1583

transitive using Observation 46. J1584

I Challenges with making transitive versions of “cheat sheet” based1585

functions1586

In this section we show that it is not possible to give a quadratic separation between degree1587

and quantum query complexity for transitive functions by modifying the cheat sheet function1588

using the techniques in [2] which go via unambiguous certificate complexity.1589

Let us start by recalling the cheat sheet framework from [2]. Let f : {0, 1}n → {0, 1} be a1590

total Boolean function. Let C(f) be its certificate complexity and Q(f) be its bounded-error1591

quantum query complexity. We consider the following cheat sheet function (also see Defini-1592

tion 63 for a formal definition), which we denote by fCS,t : {0, 1}n×log t+t×log t×C(f)×logn →1593

{0, 1}:1594

There are log t copies of f on disjoint sets on inputs denoted by f1, . . . , flog t.1595

There are t cheat sheets: each cheat sheet is a block of (log t× C(f)× logn) many bits1596

Let x1, . . . , xlog t ∈ {0, 1}n denote the input to the log t copies of f and let Y1, . . . , Yt1597

denote the t cheat sheets.1598

Let ` = (f(x1), . . . , f(xlog t)). fCS,t evaluates to 1 if and only if Y` is a valid cheat sheet1599

(see Definition 63)1600

[2] showed separations between several complexity measures using the cheat sheet frame-1601

work. In [2], the separations that lower bound bounded-error quantum query complexity in1602

terms of other complexity measures, for example degree, are obtained as follows:1603

1. Start with a total function f : {0, 1}n → {0, 1} that has quadratic separation between1604

quantum query complexity and certificate complexity: Q(f) = Ω̃(n) and C(f) = Õ(
√
n).1605

Consider the cheat sheet version of this function fCS,t, with t = n10.1606

2. Lower bound Q(fCS,t), for t = n10 by Q(f). This uses the hybrid method ([9]) and strong1607

direct product theorem ([21].1608

3. Upper bound degree of fCS,t by using the upper bound on the unambiguous certificate1609

complexity of fCS,t.1610

Instead of degree, one might use approximate degree in the second step above for a suitable1611

choice of f (see [2] for details).1612

A natural approach to obtain a transitive function with gap between a pair of complexity1613

measures is to modify the cheat sheet framework to make it transitive. One possible1614

modification is to allow a poly-logarithmic blowup in the input size of the resulting transitive1615

function while preserving complexity measures of the cheat sheet function that are of1616

interest (upto poly logarithmic factors). We show, however, that it is not possible to show a1617

quadratic separation between degree and quantum query complexity for transitive functions1618

by modifying the cheat sheet function using the techniques in [2] which go via unambiguous1619

certificate complexity. The reason for this is that the unambiguous certificate complexity of1620

a transitive cheat sheet function on N -bits is Ω(
√
N) (see Observation 97) whereas the in1621

Lemma 98 we show that the quantum query complexity of such a function is o(N).1622

Note that this does not mean that cheat sheet framework can not be made transitive1623

to show such a quadratic gap. If the cheat sheet version of a function that is being made1624
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transitive has a better degree upper bound than that given by unambiguous certificate1625

complexity then a better gap might be possible.1626

We now formalize the above discussion. First, we need the following observation that1627

lower bounds the certificate complexity of any transitive function.1628

I Observation 97 ([32]). Let f : {0, 1}N → {0, 1} be a transitive function, then C(f) ≥
√
N .1629

The cheat sheet version of f , fCS,t, is a function on Θ̃(n+ C(f)t) many variables, where1630

t is polynomial in n. From the cheat sheet property the unambiguous certificate complexity1631

of fCS,t, denoted by UC(fCS,t), is Θ̃(C(f)). In Section I we show that Q(fCS,t) is at most1632

Õ(C(f)
√
t). Thus in order to achieve quadratic separation between UC and Q, t has to be at1633

least Ω̃(C(f)2).1634

Let f̃CS,t be a modified transitive version of fCS,t that preserves the quantum query1635

complexity and certificate complexity of fCS,t upto poly logarithmic factors, respectively.1636

From Observation 97 it follows that UC(f̃CS,t) = Ω̃(
√
n+ C(f)t) = Ω̃(C(f)3/2). On the1637

other hand, since f̃CS,t preserves the certificate complexity upto poly logarithmic factors,1638

UC(f̃CS,t) = Õ(C(f)).1639

Upper bound on quantum query complexity of cheat sheet function1640

We use quantum amplitude amplification ([10]) in this section. Given a classical or quantum1641

algorithm with success probability p, quantum amplitude amplification amplifies the success1642

probability to 2/3 (or some constant greater than 1/2) by repeating the original algorithm1643

O(1/√p) many times. Classically, such amplification requires Ω(1/p) repetitions (this is also1644

sufficient).1645

I Lemma 98. The quantum query complexity of fCS,t is O(
√
t× log t×

√
n× logn).1646

Proof. Consider the following randomized query algorithm for fCS,t:1647

Choose i ∈ [t] uniformly at random1648

Check the ith cheat sheet: if the certificates in ith cheat sheet evaluate to i then proceed,1649

otherwise return 1 and stop.1650

Query the inputs of the functions to verify certificates. If the certificates match then1651

return −1, otherwise return 1.1652

If the cheat sheet criteria is not satisfied, then the above algorithm makes no error. On the1653

other hand, if the cheat sheet criteria is satisfied then there exists i ∈ [t] that returns −11654

when chosen in the first step of the above algorithm. Thus, the probability of algorithm1655

being correct is at least 1/t. Also, the number of queries made by the above algorithm is1656

log t×
√
n× logn.1657

Thus, by amplitude amplification, O(
√
t) repetitions of the above algorithm gives us1658

a bounded-error quantum query algorithm which makes O(
√
t× log t×

√
n× logn) many1659

queries. J1660

We end this section by giving a concrete approach towards showing separation between1661

unambiguous certificate complexity and quantum query complexity for a transitive functions1662

using the cheat sheet method. We believe the it is possible to start with fCS,t, for transitive1663

function f and t =
√
n and convert it to a transitive function that preserves the unambiguous1664

certificate complexity and quantum query complexity upto poly logarithmic factors, while1665

incurring a poly logarithmic blowup in the input size. However, we do not know how to1666

prove quantum query complexity lower bound matching our upper bound from Lemma 981667

for t =
√
n. We make the following conjecture towards this end.1668
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I Conjecture 99. There exists a transitive function f : {0, 1}n → {0, 1} with C(f) = Õ(
√
n)1669

and Q(f) = Ω̃(n). Let fCS,√n be the cheat sheet version of f with
√
n cheat sheets. Then1670

Q(fCS,√n) = Ω(n3/4).1671

If true, the above conjecture should implies that for a transitive function f , Q(f) =1672

Ω̃(deg(f)4/3).1673

[2] showed the for the quantum query complexity of the cheat function fCS,t, i.e. Q(fCS,t),1674

is lower bounded by Q(f), when t = n10. Their proof goes via he hybrid method ([9]) and1675

strong direct product theorem ([21]. Is is interesting to find the the constant smallest c such1676

that Q(fCS,nc) = Ω(Q(f)). We know that such a c must be at least than 1 (from Lemma 98)1677

and is at most 10 (from [2]). We state this formally beow:1678

I Question 100. Let f : {0, 1}n → {0, 1} be a non-constant Boolean function and let fCS,nc1679

be its cheat sheet version with nc cheat sheets. What is the smallest c such that the following1680

is true:1681

Q(fCS,nc) = Ω(Q(f)).1682
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