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—— Abstract

The role of symmetry in Boolean functions f : {0,1}" — {0,1} has been extensively studied in
complexity theory. For example, symmetric functions, that is, functions that are invariant under
the action of S,, is an important class of functions in the study of Boolean functions. A function
f:{0,1}" — {0,1} is called transitive (or weakly-symmetric) if there exists a transitive group G of
S, such that f is invariant under the action of G. In other words, the value of a transitive function
remains unchanged even after the input bits of f are moved around according to some permutation
o € G. Understanding various complexity measures of transitive functions has been a rich area of
research for the past few decades.

In this work, we study transitive functions in light of several combinatorial measures. The
question that we try to address in this paper is what is the maximum separations between various
pairs of combinatorial measures for transitive functions. Such study for general Boolean functions
has been going on for the past many years. The current best-known results for general Boolean
functions have been nicely compiled by Aaronson et al. (STOC, 2021). But before this paper, no
such systematic study has been done for the case of transitive functions.

The separation between a pair of combinatorial measures is shown by constructing interesting
functions that demonstrate the separation. Over the past three decades, various interesting classes
of functions have been designed for this purpose. In this context, one of the celebrated classes of
functions is the “pointer functions”. Ambainis et al. (JACM, 2017) constructed several functions,
which are modifications of the pointer function in Goos et al. (SICOMP, 2018 / FOCS 2015), to
demonstrate separation between various pairs of measures. In the last few years, pointer functions
have been used to show separation between various other pairs of measures (Eg: Mukhopadhyay
et al. (FSTTCS, 2015), Ben-David et al. (ITCS, 2017), Goos et al. (ToCT, 2018 / ICALP 2017)).

However, the pointer functions themselves are not transitive. Based on the various kinds of
pointer functions, we construct new transitive functions whose deterministic query complexity,
randomized query complexity, zero-error randomized query complexity, quantum query complexity,
degree, and approximate degree are similar to that of the original pointer functions. Thus we
demonstrate that even for transitive functions similar separations between pairs of combinatorial
measures can be achieved by pointer functions.

Our construction of transitive functions depends crucially on the construction of particular
classes of transitive groups whose actions, though involved, helps to preserve certain structural
features of the input strings. The transitive groups we construct may be of independent interest in
other areas of mathematics and theoretical computer science.

We summarize the current knowledge of relations between various combinatorial measures of
transitive functions in a table similar to the table compiled by Aaronson et al. (STOC, 2021) for
general functions.
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1 Introduction

For a Boolean function f : {0,1}"™ — {0,1} what is the relationsip between its various
combinatorial measures, like deterministic query complexity (D(f)), bounded-error ran-
domized and quantum query complexity (R(f) and Q(f) respectively), zero -randomized
query complexity (Ro(f)), exact quantum query complexity (Qg(f)), sensitivity (s(f)), block
sensitivity (bs(f)), certificate complexity (C(f)), randomized certificate complexity (RC(f)),
unambiguous certificate complexity (UC(f)), degree (deg(f)), approximate degree (aé?g( 1))
and spectral sensitivity (A(f))'? For over three decades, understanding the relationships
between these measures has been an active area of research in computational complexity
theory. These combinatorial measures have applications in many other areas of theoretical
computer science, and thus the above question takes a central position.

In the last couple of years, some of the more celebrated conjectures have been answered -
like the quadratic relation between sensitivity and degree of Boolean functions [18]. We refer
the reader to the survey [11] for an introduction to this area.

Understanding the relationship between various combinatorial measures involves two
parts:

Relationships - proving that one measure is upper bounded by a function of another

measure. For example, for any Boolean function f, deg(f) < s(f)? and D(f) < R(f)%.

Separations - constructing functions that demonstrates separation between two measures.
For example, there exists a Boolean function f with deg(f) > s(f)?. Also there exists
another Boolean function g with D(g) > R(g)?.
Obtaining tight bounds between pairs of combinatorial measures - that is, when the relation-
ship and the separation results match - is the holy grail of this area of research. The current
best known results for different pairs of functions have been nicely compiled in [3].

For special classes of Booleans functions the relationships and the separation results might
be different than that of general Boolean functions. For example, while it is known that
there exists f such that bs(f) = O(s(f)?) [28], for a symmetric function a more tighter result
is known, bs(f) = ©(s(f)). The best known ’relationship’ of bs(f) for a general Boolean
functions is s(f)* [18]. How the various measures behave for different classes of functions has
been studied since the dawn of this area of research.

Transitive Functions: One of the most well-studied classes of Boolean functions is that of
the transitive functions. A function f: {0,1}"™ — {0,1} is transitive if there is a transitive
group G < S,, such that the function value remains unchanged even after the indices of the
input is acted upon by a permutation from G. Note that, when G = S,, then the function is
symmetric. Transitive functions (also called “weakly symmetric” functions) has been studied
extensively in the context of various complexity measure. This is because symmetry is a
natural measure of the complexity of a Boolean function. It is expected that functions with
more symmetry must have less variation among the various combinatorial measures. A recent
work [7] has studied the functions under various types of symmetry in terms of quantum
speedup. So, studying functions in terms of symmetry is important in various aspects.

For example, for symmetric functions, where the transitive group is 5,, most of the

! We provide formal definitions of the measures used in this paper in Appendix B.
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combinatorial measures become the same up to a constant . Another example of transitive
functions is the graph properties. The input is the adjacency matrix, and the transitive group
is the graph isomorphism group acting on the bits of the adjacency matrix. [34, 31, 22, 14]
tried to obtain tight bounds on the relationship between sensitivity and block sensitivity for
graph properties. They also tried to answer how low can sensitivity and block sensitivity go
for graph properties?

In papers like [32, 12, 30, 13] it has been studied how low can the combinatorial measures
go for transitive functions. The behavior of transitive functions can be very different from
general Boolean functions. For example, while it is known that there are Boolean functions
for which the sensitivity is as low as ©(logn) where n is the number of effective variables”,
it is known (from [30] and [18]) that if f is a transitive function on n effective variables then
its sensitivity s(f) is at least Q(n'/12)*. Similar behavior can be observed in other measures
too. For example, it is easy to see that for a transitive function the certificate complexity
is Q(y/n), while the certificate complexity for a general Boolean function can be as low as
O(logn). In Table 3 we summarize the best-known separations of the combinatorial measures
for transitive functions. A natural related question is:

What is the tight relationship between various pairs of combinatorial measures for transitive
functions?

By definition, the known ’relationship’ results for general functions hold for transitive
functions. But tighter 'relationship’ results may be obtained for transitive functions. On
the other hand, the existing ’separations’ doesn’t extend easily since the example used to
demonstrate separation between certain pairs of measures may not be transitive. Some of the
most celebrated examples are not transitive. For example some of the celebrated function
construction like the pointer function [5], used for demonstrating tight separations between
various pairs like D(f) and Ro(f), are not transitive. Similarly, the functions constructed
using the cheat sheet techniques [2] used for separation between quantum query complexity
and degree, or approximate degree are not transitive. Constructing transitive functions
which demonstrate tight separations between various pairs of combinatorial measures is very
challenging.

Our Results: We try to answer the above question for various pairs of measures. More
precisely, our main contribution is to construct transitive functions that have similar com-
plexity measures as the pointer functions. Hence for those pairs of measures where pointer
functions can demonstrate separation for general functions, we prove that similar separation
can also be demonstrated by transitive functions.

Our results and the current known relations between various pairs of complexity measures
of transitive functions are compiled in Table 1. This table is along the lines of the table
in [3] where the best-known relations between various complexity measures of genral Boolean
functions were presented.

Deterministic query complexity and zero-error randomized query complexity are two
of the most basic measures and yet the tight relation between these measures was not
known until recently. In [29] they showed that for the “balanced NAND-tree” function,
A-tree, D(A-tree) > Rg(A-tree)!33. Although the function A-tree is transitive, the best

There are still open problems on the tightness of the constants.
A variable is effective if the function is dependent on it.
It is conjectured that the sensitivity of a transitive function is Q(n'/3).
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known 'relationship’ was quadratic, that is for all Boolean function f, D(f) = O(Ro(f)?).
In [5] a new function, Al, was constructed for which deterministic query complexity and
zero-error randomized query complexity can have a quadratic separation between them, and
this matched the known ’relationship’ results. The function in [5] was a variant of the pointer
functions - a class of functions introduced by [17] that has found extensive usage in showing
separations between various complexity measures of Boolean functions. The function, Al,
also gave (the current best known) separations between deterministic query complexity
and other measures like quantum query complexity and degree. But the function Al is
not transitive. Using the Al function we construct a transitive function that demonstrates
a similar gap between deterministic query complexity and zero-error randomized query
complexity, quantum query complexity, and degree.

» Theorem 1. There exists a transitive function Iy such that
D(F1) = QQ(F1)*),  D(F1) = Q(Ro(F1)%),  D(Fi) = Q(deg(F1)?).

In [5, 8] various variants of the pointer function have been used to show separation
between other pairs of measures like Ry with R, Qg, deg, and Q, R with 3%7 deg, Qg and
sensitivity. Inspired from these function we construct transitive versions that demonstrate
similar separation for transitive functions as that of general functions. The construction of
these functions, though more complicated and involved, are similar in flavor to that of Fj.
The proof of Theorem 1 is presented in Section 4. The formal statements of our other results
and their proofs are presented in the Appendix D, E and F. Our proof techniques also help
us make transitive versions of other functions like that used in[2] to demonstrate the gap
between Q and certificate complexity. The result is presented in Appendix G. All our results
are compiled (and marked in green) in Table 1.

One would naturally ask what stops us from constructing transitive functions analogous
to the other functions, like cheat sheet-based functions. In fact, one could ask why to use
ad-hoc techniques to construct transitive functions (as we have done in most of our proofs)
and instead why not design a unifying technique for converting any function into a transitive
function that would display similar properties in terms of combinatorial measures °. If one
could do so, all the ’separation’ results for general functions (in terms of separation between
pairs of measures) would translate to separation for transitive functions. In Appendix I we
have discussed why such a task is challenging. We argue the challenges of making transitive
versions of the cheat-sheet functions.

2 Notations and Background

2.1 Notations and basic definitions

We use [n] to denote the set {1,...,n}. {0,1}" denotes the set of all n-bit binary strings.
For any X € {0,1}" the Hamming Weight of X (denoted |X|) will refer to the number of 1
in X. 0™ and 1™ denotes all 0’s string of n-bit and all 1’s string of n-bit, respectively.

We denote by S,, the set of all permutations on [n]. Given an element o € S,, and a n-bit
string x1,...,x, € {0,1}"™ we denote by o[z1,...,z,] the string obtained by permuting the

“ In [7] they have demonstrated a technique that can be used for constructing a transitive partial function
that demonstrates gaps (between certain combinatorial measures) similar to a given partial function
that need not be transitive. But their construction need not construct a total function even when the
given function is total.
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Table 1 Best known separations between combinatorial measures for transitive functions.

D Ro R C | RC bs s A Qe deg Q | deg
"D | 2:2 2:3 [2;2]12:3]2;3[3;6[4:;6] 2:3 2:3 4:4] 4;4
S T:1 AoV | AoV | AoV | T:91 | T:73 T:69 T:1 T:1 T:73
Ro 2;2 2;2 ] 23 2;3 3;6 | 4;6 2;3 2;3 3;4 | 4;4
AoV | AoV | AoV | T:91 | T:73 T:69 T:69 T:r4 | T:73
R 1:1 2:2 1 2;3 2:3 3;6 | 4;6 | 1.5;3 2:3 2;4 [ 4;4
S2] AoV | AoV | T:91 | T:73 T:75 T:73 A T:73
C 151 1;1 22 1.15;3 | 1.63;3 | 2;4 | 2;4
@ ® [26] A A
RC 151 151 163;2 | 2;2 | 2;2
@ ® [26] A A
bs 1:1 1:1 1.63;2 | 2,2 2;2
@D 5> [26] A A
. 151 1;1 1.63;2 | 2,2 | 2;2
57 @ [26] A A
\ 151 151 151 1;1 ] 151
@ @ @ @ @
1;1]133;2(133;3| 2;2 2;3 2;6 ; 4
Qe @ A-tree A-tree | AoV | AoV | AoV | T:95
deg 1:1 1;33;2 1;33;2 2;2 | 252 252 2;2
D N-tree NA-tree | AoV | AoV | AoV | AoV
1;1 1;1 1;1 2;2 | 2;3 2:3 2;6| 2;6
Q @ @ ($3) T:95 | T:95 | T:95 | T:95 | T:95
e 1:1 1:1 1;1 1;2| 152 1;2 1;2] 152
Cl e ® ® ® | o ® ® | @
) Entry a; b in row A and column B represents: (1) (‘Relationships’) for any Boolean function f , A(f) = O(B(f))**°®,

a

and (2) ("Separations’) there exists a transitive function g such that A(g) = Q(B(g))
Cells with a green background are those for which we constructed new transitive functions to demonstrate ’separations’
that match the known ’separations’ for general functions. The previously known functions that gave the strongest
’separations’ were not transitive. The second row gives the reference to the Theorems where the ’separation’ is
proved. Although for these green cells the bounds match that of the general functions, for some cells (with light
green color) there is a gap between the known ’relationships’ and ’separations’.

In the cells a with white background the best-known examples for the corresponding separation was already transitive
functions. For these cells, the second row either contains the function that demonstrates the separation or a reference
to the paper where the separation was proved. So for these cells, the 'separations’ for transitive functions matched
the current best known ’separations’ for general functions. Note that for some of these cell the don’t match.

Cells with a yellow background are those where the ’separations’ do not match the best known ’separations’ for
general functions.

The various functions mentioned/referred in this table are defined in Appendix C.
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indices according to o. That is o[z1,...,2,] = Ty(1)s -+ Tely)- This is also called the action
of o on the x1,...,x,.
Following are a couple of interesting elements of S,, that will be used in this paper.

» Definition 2. For any n = 2k the flip swaps (2i — 1) and 2i for all 1 < i < k. The
permutation Swapy swaps i with (k+1), for all 1 <i < k. That is,

flip=(1,2)(3,4)...(n—1,n) & Swap%[zl,...,x%}:zk+1,...,x2k,x1...,xk.

Every integer ¢ € [n] has the canonical logn bit string representation. However the
number of 1’s and 0’s in such a representation is not same for all £ € [n]. The following
representation of £ € [n] ensures that for all £ € [n] the encoding has same Hamming weight.

» Definition 3 (Balanced binary representation). For any ¢ € [n], let l1,...,liogn be the
binary representation of the number ¢ where ¢; € {0,1} for all i. Replacing 1 by 10 and 0 by
01 in the binary representation of £, we get a 2logn-bit unique representation, which we call
Balanced binary representation of ¢ and denote as bb({).

In this paper all the functions considered are of form F : {0,1}" — {0,1}*. By Boolean
functions we would mean a Boolean valued function that is of the form f: {0,1}" — {0,1}.

An input to a function F : {0,1}" — {0, 1}* is a n-bit string but also the input can be
thought of as different objects. For example, if the n = N M then the input may be thought
of as a (N x M)-matrix with Boolean values. It may also be thought of as a (M x N)-matrix.

If ¥ = {0,1}* then X("*™) denotes an (n x m)-matrix with an element of ¥ (that is, a
k-bit string) stored in each cell of the matrix. Note that £(*™) is actually {0,1}""*. Thus,
a function F : X("*™) — {0 1} is actually a Boolean function from a {0,1}"™* to {0,1},
where we think of the input as an (n X m)-matrix over the alphabet X.

One particular nomenclature that we use in this paper is that of 1-cell certificate.

» Definition 4 (1-cell certificate). Given a function f : X("*™) — {0,1} (where ¥ = {0,1}¥)
the 1-cell certificate is a partial assignments to the cells which forces the value of the function
to 1. So a 1-cell certificate is of the form (X U {x})(»*™) . Note the here we assume that the
contents in any cell is either empty or a proper element of ¥ (and not a partial k-bit string).

Another notation that is often used is the following;:

» Notation 5. If A <S,, and B <S,,, are groups on [n] and [m] then the group A x B act
on the cells on the matriz. Thus for any (0,0') € Ax B and a M € <™ by (o,0')[M]
we would mean the permutation on the cell of M according to (o,0") and move the contains
in the cells accordingly. Note that the relative position of bits within the contents in each cell
s not touched.

Next, we define the composition of two Boolean functions.

» Definition 6 (Composition of functions). Let f : {0,1}"* — {0,1} and g : {0,1}™ — {0, 1}*
be two functions. The composition of f and g, denoted by fog:{0,1}"™ — {0,1}, is defined
to be a function on nm bits such that on input x = (z1,...,2,) € {0,1}™™, where each
x; € {0,1}™, fog(xy,...,xn) = flg(x1),...,9(xs)). We will refer f as outer function and
g as inner function.
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2.2 Transitive Groups and Transitive Functions

The central objects in this paper are transitive Boolean function. We first define transitive
groups.

» Definition 7. A group G <S,, is transitive if for all i,j € [n] there exists a 0 € G such
that o(i) = j.

» Definition 8. For f: A™ — {0,1} and G < S,, we say f is invariant under the action of
G, if for all oy, ..., € A.

f(alv oo 7an) = f(aa(l)v .. '7aa(n))'

» Observation 9. If A <S,, and B <S,,, are transitive groups groups on [n] and [m] then
the group A X B is a transitive group acting on the cells on the matrix.

There are many interesting transitive groups. The symmetric group is indeed transitive.
The graph isomorphism group (that acts on the adjacency matrix - minus the diagonal - of a
graph by changing the ordering on the vertices) is transitive. The cyclic permutation over
all the points in the set is a transitive group. The following is another non-trivial transitive
group on [k] that we will use extensively in this paper.

» Definition 10. For any k that is a power of 2, the Binary-tree-transitive group Bty is a
subgroup of Si. To describe its generating set we think of group Bty acting on the elements
{1,...,k} and the elements are placed in the leaves of a balanced binary tree of depth logk -
one element in each leaf. Each internal node (including the root) corresponds to an element
in the generating set of Bty. The element corresponding to an internal node in the binary
tree swaps the left and right sub-tree of the node. The permutation element corresponding to
the root node is called the Root-swap as it swaps the left and right sub-tree to the root of the
binary tree.

We now state two claims whose proofs are given in Appendix B.1.
> Claim 11. The group Bty is a transitive group.

The following claim describes how the group Bty acts on various encoding of integers.
Recall the balance-binary representation (Definition 3).

> Claim 12. For all ¥ € Btaiogn there is a v € S,, such that for all ¢, j € [n], F[bb(7)] = bb(j)
iff (i) = J.

Now let us consider another encoding that we will using for the set of rows and columns
of a matrix.

» Definition 13. Given a set R of n rows ry,...,r, and a set C of n columns cy,...,c, we
define the balanced-pointer-encoding function € : (R x {0}) U ({0} x C) — {0,1}*1°8n g5
follows:

E(r,0) = bb(i) - 021°8™ and, £(0,c;) = 021°8™ . bb(4).
The following is a claim is easy to verify.

> Claim 14. Let R be a set of n rows rq,...,7, and C be a set of n columns ¢y, ..., ¢, and
consider the balanced-pointer-encoding function € : (R x {0}) U ({0} x C) — {0,1}*!°e" For

XX:7



XX:8

246

247

248
249
250
251
252
253
254
255

256

257
258
259
260
261
262
263
264
265
266
267
268
269

270

271

272

273
274
275
276

277

278
279

280

281

282

any elementary permutation & in Btyiogn (other than the Root-swap) there is a o € S,, such
that for any (r;,¢;) € (R x {0}) U ({0} x C)

o[E(risci)] = E(Togiys o))

where we assume rg = ¢y = 0 and any permutation of in S,, sends 0 to 0.
If 7 is the root-swap then for any (r;,¢;) € (R x {0}) U ({0} x C)

al&(ri, ¢j)] = Swapy(E(ri, ¢j)) = E(¢j, 7).

2.3 Pointer function

For the sake of completeness first we will describe the function introduced in [5] that
achieves separation between several complexity complexity measures like Deterministic query
complexity, Randomized query complexity, Quantum query complexity etc. This function was
originally motivated from [17] function. There are three three variants of [5] function that
have some special kind of non-Boolean domain, which we call Pointer matriz. Our function
is a special “encoding” of that non-Boolean domain such that the resulting function becomes
transitive and achieves the separation between complexity measures that matches the known
separation between the general functions. Here we will define only the first variant of [5]
function. Rest of the variants are defined in Appendix C.1.

» Definition 15 (Pointer matrix over X.). Form,n € N, let M be a (m xn) matriz with m rows
and n columns. We refer to each of the m x n entries of M as cells. Each cell of the matriz
is from a alphabet set X where ¥ = {0,1} x Px P x P and P = {(i,§)|i € [m],j € [n]} U{L}.
We call P as set of pointers where, pointers of the form {(i,§)|i € [m],j € [n]} pointing
to the cell (i,7) and L is the null pointer. Hence,each entry x(; ;) of the matriz M is a
4-tuple from X. The elements of the 4-tuple we refer as value, left pointer, right pointer and
back pointer respectively and denote by Value(x(; ;)), LPointer(x(; ;)), RPointer(x(; ) and
BPointer(x(; ;) respectively where Value € {0,1}, LPointer, RPointer, BPointer € P. We
call this type of matriz as pointer matrix and denote by X™*"™.

A special case of the pointer-matrix, which we call Type, pointer matrix over X, is when
for each cell of M, BPointer € {[n]U L} that is backpointers are pointing to the columns of
the matriz.

Also, in general when, BPointer € {(i,j)|i € [m],j € [n]} U{L}, we call it a Type,
pointer matrix over 3.

Now we will define some additional properties of the domain that we need to define [5]
function.

» Definition 16 (Pointer matrix with marked column). Let M be an m X n pointer-matrix
over . A column j € [n] of M is defined to be a marked column if there exists exactly one
cell (i,7), i € [m], in that column with entry x(; jy such that x; ;) # (1, L, L, L) and every
other cell in that column is of the form (1, L, L, 1). The cell (i,j) is defined to be the special
element of the marked column j.

Let n be a power of 2. Let T be a rooted, directed and balanced binary tree with n-leaves
and (n — 1) internal vertices. We will use the following notations that will be used in defining
some functions formally.

» Notation 17. Let n be a power of 2. Let T be a rooted, directed and balanced binary tree
with n-leaves and (n — 1) internal vertices. Labels the edges of T as follows: the outgoing
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edges from each node are labeled by either left or right. The leaves of the tree are labeled by
the elements of [n] from left to right, with each label used exactly once. For each leaf j € [n)
of the tree, the path from the root to the leaf j defines a sequence of left and right of length
O(logn), which we denote by T(j).

When n is not a power of 2, choose the largest k € N such that 28 < n, consider a
complete balanced tree with 2F leaves and add a pair of child node to to each n — 2F leaves
starting from left. Define T'(j) as before.

More details about partial assignment and certificates can be found in Definition 35. Now
we are ready to describe the Variant 1 of [5] function.

» Definition 18 (Variant 1 [5]). Let ¥™*™ be a Type, pointer matrix where BPointer is a
pointer of the form {j|j € [n]} that points to other column and LPointer, RPointer are as
usual points to other cell. Define Al(y, ny : X" " — {0,1} on a Type; pointer matrix such
that for all x = (x; ;) € ¥™*™, the function Aly, n)(4;) evaluates to 1 if and only if it has
a 1- cell certificate of the following form:

1. there exists exactly one marked column j* in M,

2. There is a special cell, say (i*,j*) which we call the special element in the the marked
column j* and there is a balanced binary tree T rooted at the special cell,

3. for each non-marked column j € [n]\{j*} there exist a cell I; such that Value(l;) = 0 and
BPointer(l;) = j* where l; is the end of the path that starts at the special element and
follows the pointers LPointer and RPointer as specified by the sequence T'(j). l; exists
for all j € [n]\ {j*} i.e. no pointer on the path is L. We refer l; as the leaves of the tree.

The above function achieves the separation between D vs. Ry and D vs. Q for m = 2n.

Here we will restate some of the results from [5] which we will use to prove the results for
our function:

» Theorem 19 ([5]). The function Al(y, ) in Definition 18 satisfies

D = Q(n?) for m = 2n where m,n € N,

Ro = O(m +n) for any m,n € N,
Q = O(vm + v/n) for any m,n € N.

Though [5] gives the deterministic lower bound for the function Al precisely for 2m x m
matrices following the same line of argument it can be proved that D(Q2(n?)) holds for n x n
matrices also. For sake of completeness we give a proof for n X n matrices.

» Theorem 20. D(Al(, ,)) = Q(n?).

Adversary Strategy for Al(, ,): We describe an adversary strategy that ensures that
the value of the function is undetermined after 2(n?) queries. Assume that deterministic
query algorithm queries a cell (¢, ). Let k be the number of queried cell in the column j. If
k < % adversary will return (1, L, L, 1). Otherwise adversary will return (0, L, L,n — k).

> Claim 21. The value of the function Al, ,) will be undetermined if there is a column
with at most n/2 queried cells in the first % columns {1,2,..., %} and at least 3n unqueried
cells in total.

Proof. Adversary can always set the value of function to 0 if the conditions of the claim are
satisfied.
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Adversary can also set the value of the function to 1: If s € [%] be the column
with at most 4 queried cell, then all the queried cells of the column are of the form (1, L, L, 1).
Assign (1,1, 1, 1) to the other cell and leave one cell for the special element a, s(say).

For each non-marked column j € [n] s define [; as follows: If column j has one unqueried
cell then assign (0, L, L,s) to that cell. If all the cells of the column j were already queried
then the column contains a cell with (0, L, L, s) by the adversary strategy. So, in either case
we are able to form a leave [; in each of the non-marked column.

Now using the cell of special element a,, s construct a rooted tree of pointers isomorphic to
tree T as defined in Definition 18 such that the internal nodes we will use the other unqueried
cells and assign pointers such that I(j)’s are the leaves of the tree and the special element
ap,s is the root of the tree. Finally assign anything to the other cell. Now the function will
evaluates to 1.

To carry out this construction we need at most 3n number of unqueried cells. Outside of
the marked column total n — 2 cells for the internal nodes of the tree, atmost n — 1 unqueried
cell for the leaves and the all — 1 unique marked column contains total n cell, so total 3n
unqueried cell will be sufficient for our purpose.

Now there are total n number of columns and to ensure that each of the column in
{1,2,..., 5} contains at least & queried cell we need at least "; number of queries. Since
n?—3n > %2 for all n > 6. Hence D(Al(, ) = Q(n?). <

Hence Theorem 20 follows.

Also [17]’s function realises quadratic separation between D and deg and the proof goes
via UC,,in upper bound. But Al, ) exhibits the same properties corresponding to UC, .
So, from the following observation it follows that Al, ,) also achieves quadratic separation
between D and deg.

» Observation 22. [t is easy to observe that for each positive input x to the function Al(, ),
the marked column together with the rooted tree of pointers with leaves in every other
column gives a unique minimal 1-certificate of x. Thus, UC;(Al, ) = 5(71) Now, from the
definition of UC,y, it follows that UC,im (Al ) < UC1(Al( ). Hence, UC,in (Al ) =

O(n). UChin(Al ) = O(n). From the fact UCp, > deg it follows that deg(Al, ny) =
O(n).

» Observation 23 ([5]). For any input X"*™ to the function Al, ny (in Definition 18) if
we permute the rows of the matrix using a permutation o, and permute the columns of the
matriz using a permutation o. and we update the pointers in each of the cells of the matriz
accordingly then the function value does not change.

3 High level description of our techniques

Pointer functions are defined over a special domain called pointer matriz, which is a m x n
grid matrix. Each cell of the matrix contains some labels and some pointers that point either

to some other cell or to a row or column °. For more details, refer to Appendix 2.3. As
described in [17], the high level idea of pointer functions is the usage of pointers to make

certificates unambiguous without increasing the input size significantly. This technique turns

% We naturally think of a pointer pointing to a cell as two pointers - one pointing to the row and the
other to the column.
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out to be very useful to give separations between various complexity measures as we see in
[24], [16] and [5].

Now we want to produce a new function that possesses all the properties of pointer
functions, along with the additional property of being transitive. To do so, first, we will
encode the labels so that we can permute the bits (by a suitable transitive group) while
keeping the structure of unambiguous certificates intact so that the function value remains
invariant. One such natural technique would be to encode the contents of each cell in such a
way that allows us to permute the bits of the contents of each cell using a transitive group
and permute the cells among each other using another transitive group, and doing all of
these while ensuring the unambiguous certificates remains intact *. This approach has a
significant challenge: namely how to encode the pointers.

The information stored in each cell (other than the pointers) can be encoded using
fixed logarithmic length strings of different Hamming weights - so that even if the strings

are permuted and/or the bits in each string are permuted, the content can be “decoded".

Unfortunately, this can only be done when the cell’s contents have a constant amount of
information - which is the case for pointer functions (except for the pointers). Since the
pointers in the cell are strings of size O(logn) (as they are pointers to other columns or
rows), if we want to use the similar Hamming weight trick, the size of the encoding string
would need to be polynomial in O(n). That would increase the size of the input compared
to the unambiguous certificate. This would not give us tight separation results.

Also, there are three more issues concerning the encodings of pointers:

As we permute the cells of the matrix according to some transitive group, the pointers

within each cell need to be appropriately changed. In other words, when we move some

cell’s content to some other cell, the pointers pointing to the previous cell should point to

the current cell now.

If a pointer is encoded using a certain t-bit string, different permutations of bits of the

encoded pointer can only generate a subset of all ¢-bit strings.

For example: if we encode a pointer using a string of Hamming weight 10 then however

we permute the bits of the string, the pointer can at most be modified to point to cells (or

rows or columns) the encoding of whose pointers also have Hamming weight 10. (The

main issue is that permuting the bits of a string cannot change the Hamming weight of a

string).

The encoding of all the pointers should have the same Hamming weight.

The encoding of the pointers has to be transitive. That is, we should be able to permute

the bits of the encodings of the pointer using a transitive group in such a way that either

the pointer value does not change or as soon as the pointer values changes, the cells gets

permuted accordingly - kind of like an “entanglement".

The above three problems are somewhat connected. Our first innovative idea is to use
binary balance representation (Definition 3) to represent the pointers. This way, we take care
of the second issue. For the first and third issues, we define the transitive group - both the
group acting on the contents of the cells (and hence on the encoding of the pointers) and the
group acting on the cells itself - in a “entangled" manner. For this we induce a group action

Here, we use the word “encode" since we can view the function defined only over codewords, and when
the input is not a codeword, then it evaluates to 0. In our setting, since we are trying to preserve the
one-certificates, the codewords are those strings where the unambiguous certificate is encoded correctly.
At the same time, we must point out that the encoding of an unambiguous certificate is not necessarily
unique.

XX:11



XX:12

w7 acting on the nodes of a balanced binary tree and generate a transitive subgroup in S,, and
w0 S210gn With the same action which will serve our purpose (Definition 10, Claim 12). This
w0 helps us to permute the rows (or columns) using a permutation while updating the encoding
a0 of the pointers accordingly.

a1 By Claim 12, for every allowed permutation o acting on the rows (or columns), there
«2 IS a unique o acting on the encodings of the pointers in each of the cells such that the
a3 pointers are updated according to o. This still has a delicate problem. Namely, each pointer
as 18 either pointing to a row or column. But the permutation & has no way to understand
a5 whether the encoding on which it is being applied points to a row or column. To tackle this
ais  problem, we think of the set of rows and columns as a single set. All of them are encoded by
ar  a string of size (say) 2t, where for the rows, the second half of the encoding is all 0 while
sg  the columns have the first ¢ bits all 0. This is the encoding described in Definition 13 using
a0 binary balanced representation. However, this adds another delicate issue about permuting
w20 between the first ¢ bits of the encoding and the second t bits.

21 To tackle this problem, we modify the original function appropriately. We define a slightly
«22  modified version of existing pointer functions called ModAl. This finally helps us obtain our
w23 “transitive pointer function," which has almost the same complexities as the original pointer
w24 function.

a5 We have so far only described the high-level technique to make the 1st variation of pointer
w6 functions (Definition 18) transitive where there is the same number of rows and columns.
w27 The further variations need more delicate handling of the encoding and the transitive groups
w8 - though the central idea is similar.

w4 Proof of Theorem 1

= 4.1 Transitive Pointer Function F| for Theorem 1

m  Our function Fy : T™*™ — {0,1} is a composition of two functions - an outer function
@  ModAl, ) : ¥nxn 5 £0,1} and an inner function Dec : I' — X. We will set T' to be
a {0, 1}96 logmn,
The outer function is a modified version of the Al(, , - pointer function described in [5]
(see Definition 18 for a description). The function Al, ,) takes as input a (n x n)-matrix
whose entries are from a set ¥ and the function evaluates to 1 if a certain kind of 1-cell-
certificate exists. Let us define a slightly modified function ModAl, ;) : nxn {0,1}
where ¥ = 3 x {F,4}. We can think of an input A € ¥"*" as a pair of matrices B € ¥"*"
and C € {F,+}""". The function ModAl(, ) is defined as

Either, (i) Al »)(B) =1, and, all the cells in the
1-cell-certificate have I in the corresponding cells in C
Or, (ii) Al(n’n)(BT) =1, and, all the cells in the
1-cell-certificate have = in the corresponding cells in C”

MOdAl(n,n) (A) =1 iff

o Note that both the two conditions (i) and (ii) cannot be satisfied simultaneously. From
s this it is easy to verify that the function ModAl, ,) has all the properties as Al, ,) as
s described in Theorem 19.
The inner function Dec (we call it a decoding function) is function from T to X, where
I' = 96logn. Thus our final function is

Fy := (ModAl(, ) o Dec) : "™ — {0, 1}.
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= 4.1.1 Inner Function Dec

s The input to Al(, ) is a Type; pointer matrix ¥"*". Each cell of a Type; pointer matrix
30  contains a 4-tuple of the form (Value, LPointer, RPointer, BPointer) where Value is either 0 or
wo 1 and LPointer, RPointer are pointers to the other cells of the matrix and BPointer is a pointer
a1 to a column of the matrix (or can be a null pointer also). Hence, ¥ = {0, 1} x [n]? x [n]? x [n].
w2 For the function Al, ,) it was assumed (in [5]) that the elements of ¥ is encoded as a
w3 k-length® binary string in a canonical way.

aaa The main insight for our function Fj := (ModAl(n,n) o Dec) is that we want to maintain
ws  the basic structure of the function Al, ) (or rather of ModAl, ) but at the same time
ws  we want to encode the ¥ = ¥ x {F, -} in such a way that the resulting function becomes
w7 transitive. To achieve this, instead of having a unique way of encoding an element in ¥ we
us  produce a number of possible encodings’ for any element in ¥. The inner function Dec is
ms  therefore a decoding algorithm that given any proper encoding of an element in ¥ will be
w0 able to decode it back.

251 For the ease of understanding we start by describing the possible “encodings” of ¥, that
s2  is by describing the pre-images of any element of ¥ in the function Dec.

s “Encodings” of the content of a cell in ©"*" :

454 We will encode any element of ¥ using a string of size 96logn bits. Recall that, an
w5 element in ¥ is of the form (V, (rp,cr), (rr,cr), (c8),T), where V is the Boolean value,
w6 (rp,cr), (Tr,cr) and cp are the left pointer, right pointers and bottom pointer respectively
ss7 and T take the value F or 4. The overall summary of the encoding is as follows:

458 Parts: We will think of the tuple as 7 objects, namely V', rp, cr, g, cr, cg and T. We
459 will use 16logn bits to encode each of the first 6 objects. The value of T will be encoded
460 in a clever way. So the encoding of any element of ¥ contains 6 parts - each a binary
461 string of length 16logn.

462 Blocks: Each of 6 parts will be further broken into 4 blocks of equal length of 4logn.
463 One of the blocks will be a special block called the “encoding block”.

a64 Now we explain, for a tuple (V, (rp, cr), (Tr,cr), (¢cg), T) what is the 4 blocks in each part.

w5 We will start by describing a “standard-form” encoding of a tuple (V, (rr,cr), (rr,cr), (¢5),T)

w6 where T =F. Then we will extend it to describe the standard for encoding of (V, (rp, c1.), (rr, cr), (¢5),T)
w7 where T'=-. And finally we will explain all other valid encoding of a tuple (V, (r1,cr), (rgr, cr), (c),T)
ws by describing all the allowed permutations on the bits of the encoding.

w0 Standard-form encoding of (V, (rr,cr), (rr,cr), (cg),T) where T' =: For the standard-
a0 form encoding we will assume that the information of V,rp,cr, g, cr, cp are stored in parts
m  P1,P2,P3,P4,P5 and P6 respectively. For all i € [6], the part P; with have blocks
a2 By, By, B3 and By, of which the block B; will be the encoding-block. The encoding will
w3 ensure that every parts within a cell will have distinct Hamming weight. The description is
s also compiled in the Table 2.

ats For part P1 (that is the encoding of V') the encoding block By will store ¢; - £2 where ¢; be
a76 the 2logn bit binary string with Hamming weight 2logn and 5 is any 2logn bit binary

8

® For the canonical encoding k = (1 + 5logn) was sufficient
9 We use the term “encoding” a bit loosely in this context as technically an encoding means a unique
encoding. What we actually mean is the pre-images of the function Dec.
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. B “encoding”-block B Bs By Hamming weight
P1 || €14, where |¢1| = 2logn, and 4logn 2logn+1 | 2logn+2 || 12logn+2-V
[6a] =2logn—1-V

P2 E(rr,0) 2logn+3 | 2logn+1 | 2logn + 2 Tlogn +6
P3 E(0,cp) 2logn+4 | 2logn+1 | 2logn + 2 Tlogn +7
P4 E(rg,0) 2logn+5 | 2logn+1 | 2logn + 2 Tlogn +8
P5 E(0,cr) 2logn+6 | 2logn+1 | 2logn + 2 Tlogn+9
P6 E(0,cp) 2logn+7 | 2logn+1 | 2logn + 2 Tlogn + 10

Table 2 Standard form of encoding of element (V, (rr,cr), (TR, cr),cB, ) by a 96logn bit string that
is broken into 6 parts Pi, ..., Ps of equal size and each Part is further broken into 4 Blocks Bi, B2, B3
and Bj. So all total there are 24 blocks each containing a 4logn-bit string. For the standard form of
encoding of element (V, (rr,cr), (rr,cr),cB, 1) we encode (V, (rr,cr), (Tr,cr),cB,t) in the standard
form as described in the table and then apply the Swap: on each block. The last column of the table
indicates the Hamming weight of each Part. ’

ar? string with Hamming weight 2logn —1—V. The blocks Bs, B3 and By will store a 4logn
478 bit string that has Hamming weight 4logn,2logn + 1 and 2logn + 2 respectively. Any

479 fixed string with the correct Hamming weight will do. We are not fixing any particular
480 string for the blocks Bs, B3 and By to emphasise the fact that we will be only interested
a1 in the Hamming weights of these strings.

482 The encoding block B1 for parts P2, P3, P4, P5 and P6 will store the string £(rp,0),
483 £(0,cp), E(rr,0), £(0,¢,) and £(0,Cp) respectively, where £ is the Balanced-pointer-
aga encoding function (Definition 13). For part P; (with 2 < ¢ < 6) block Bs, Bs and By will
285 store any 4 log n bit string with Hamming weight 2logn + 1414, 2logn + 1 and 2logn + 2
286 respectively.

s Standard form encoding of (V,(rp,cr),(rr,cr),(cg),T) where T =-: For obtain-
w8 ing a standard-form encoding of (V, (rr,cr), (rr,cr),(cg),T) where T =, first we en-
w0 code (V,(rp,cp),(rg,cr),(cp),T) where T =F using the standard-form encoding. Let
w (P1,P2,...,P6) be the standard-form encoding of (V, (rp,cr), (rr,cr), (cg), T) where T =}.
w1 Now for each of the block apply the Swap 1 operator.

w2 Valid permutation of the standard form: Now we will give a set of valid permutations
w3 to the bits of the encoding of any element of ¥. The set of valid permutations are classified
s« into into 3 categories:
ws 1. Part-permutation: The 6 parts can be permuted using any permutation from Sg
2. Block-permutation: In each of the part, the 4 blocks (say Bi, Bs, B3, B4) can be permuted
is two ways. (Bj, Bs, B3, By) can be send to one of the following

(a) Simple Block Swap: (Bs, B4, B1, B2) (b) Block Flip: (Bg, By, flip(Bs), flip(By))

ws The “decoding" function Dec : {0,1}%61°e" — %

a07 Identify the parts containing the encoding of V', vy, ¢r, g, cg and cp. This is possible
408 because every part has a unique Hamming weight.

499 For each part identify the blocks. This is also possible as in any part all the blocks have
500 distinct Hamming weight. Recall, the valid Block-permutations, namely Simple Block
s01 Swap and Block Flip. By seeing the positions of the blocks one can understand if flip was
502 applied and to what and using that one can revert the blocks back to the standard-form

503 (recall Definition 3).
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In the part containing the encoding of V' consider the encoding-block. If the block is of
the form {(¢1¢5) such that |¢1] = 2logn, [¢2] < 2logn — 1} then T = {F}. If the block is
of the form {(¢3¢;)such that |[¢1] = 2logn, [¢3] < 2logn — 1} then T = {-}.

By seeing the encoding block we can decipher the original values and the pointers.

If the 96logn bit string doesn’t have the form of a valid encoding, then decode it as
(0,L,1,1).

4.2 Proof of Transitivity of the function
We start with describing the transitive group for which Fj is transitive.

The Transitive Group: We start with describing a transitive group 7 acting on the cells
of the matrix A. The matrix has rows r1,...,7, and columns c1,...,c,. And we use the
encoding function £ to encode the rows and columns. So the index of the rows and columns
are encoded using a 4logn bit string. A permutation from Btsiogn (see Definition 10) on
the indices of a 4logn bit string will therefore induce a permutation on the set of rows and
columns which will give us a permutation on the cells of the matrix. We will now describe
the group 7 acting on the cells of the matrix by describing the permutation group T acting
on the indices of a 4logn bit string. The group T will be the group Btyiogn acting on the set
[4logn]. We will assume that logn is a power of 2. The group 7 with be the resulting group
of permutations on the cells of the matrix induced by the group T acting on the indices on
the balanced-pointer-encoding. Note that T is acting on the domain of £ and T is acting on
the image of £. Also T is a transitive subgroup of S4iogn from Claim 11.

» Observation 24. For any 1 <1i < 2logn consider the permutation “ith-bit-flip” in T that
applies the transposition (2i — 1,2i) to the indices of the balanced-pointer-encoding. Since the
E-encoding of the row (ry,0) uses the balanced binary representation of k in the first half and
all zero sting in the second half, the jth bit in the binary representation of k is stored in the
2j — 1 and 2j-th bit in the E-encoding of r;. So the j-th-bit-flip acts on the sets of rows by
swapping all the rows with 1 in the j-th bit of their index with the corresponding rows with
0 in the j-th bit of their index. Also, if i > logn then there is no effect of the i-th-bit-flip
operation on the set of rows. Similarly for the columns.

Using Observation 24 we have the following claim.

> Claim 25. The group 7 acting on the cells of of the matrix is a transitive group. That is,
for all 1 <y, j1,142,j2 < n there is a permutation o € 7 such that o[€(i1,0)] = E(i2,0) and
a[€(0,71)] = (0, j2). Or in other words, there is a o € T acting on the cell of the matrix that
would take the cell corresponding to row r;; and column c;, to the cell corresponding to row
75, and column cj, .

From the Claim 25 we see the group T acting on the cells of of the matrix is a transitive.
But it does not touch the contents within the cells of the matrix. But the input to the
function Fy contains element of I' = {0,1}961°8" in each cell. So we now need to extend the
group T to a group G that acts on all the indices of all the bits of the input to the function
Fl.

Recall that the input to the function Fj is a (n X n)-matrix with each cell of matrix
containing a binary string of length 96 log n which has 6 parts of size 16logn each and each
part has 4 blocks of size 4logn each. We classify the generating elements of the group G
into 4 categories:
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1. Part-permutation: In each of the cells the 6 parts can be permuted using any permutation
from Sg
2. Block-permutation: In each of the Parts the 4 blocks can be permuted in the following
ways. (B1, Ba, B3, B4) can be send to one of the following
a. Simple Block Swap: (Bs, B4, By, B2)
b. Block Flip (#1): (Ba, B, flip(Bs), flip(By4))
c. Block Flip (#2)'": (flip(By), flip(B2), By, B3)
3. Cell-permutation: for any o € T the following two action has to be done simultaneously:
a. (Matrix-update) Permute the cells in the matrix according to the permutation o. This
keeps the contents within each cells untouched - it just changes the location of the
cells.
b. (Pointer-update) For each of blocks in each of the parts in each of the cells permute
the indices of the 4 log n-bit strings according to o, that is apply o € T corresponding
to o.

We now have the following theorems that would prove that the function Fj is transitive.

» Theorem 26. G is a transitive group and the function Fy is invariant under the action of
the G.

Proof of Theorem 26. To prove that the group G is transitive we show that for any indices
P, q € [96n? log n] there is a permutation o € G that would take p to g. Recall that the string
{0, 1}96"2 logn j5 a matrix T'"*™) with T' = {0,1}°61°¢™ and every element in T is broken
into 6 parts and each part being broken into 4 block of size 4logn each. So we can think
of the index p as sitting in k,th position (1 < k, < 4logn) in the block B, of the part P,
in the (r}, ¢,)-th cell of the matrix. Similarly, we can think of ¢ as sitting in k,th position
(1 < k4 <4logn) in the block B, of the part P, in the (r,, c,)-th cell of the matrix.

We will give a step by step technique in which permutations from G can be applied to
move p to q.

Step 1 Get the positions in the block correct: If k, # k, then take a permutation & from

574

575

576

577

Step 2 Get the cell correct: Using a cell-permutation that corresponds to a series of “bit-flip’

579

580

581

582

583

584

585

586

T that takes kp to k. Since T is a transitive so such a permutation exists. Apply the
cell-permutation o € T corresponding to . As a result the index p can be moved to a
different cell in the matrix but, by the choice of & its position in the block in which it is
will be k,. Without loss of generality, we assume the the cell location does not change.
operations change r;, to v, and ¢, to ¢,. Since one bit-flip operations basically changes
one bit in the binary representation of the index of the row or column such a series of
operations can be made.

Since each bit-flip operation is executed by applying the bit-flips in each of the blocks so
this might have once again changed the position of the index p in the block. But, even
if the position in the block changes it must be a flip operation away. Or in other word,
since in the beginning of this step k, = kg, so if k, is even (or odd) then after the series
bit-flip operations the position of p in the block is either k, or (k, — 1) (or (kg + 1)).

Step 3 Align the Part: Apply a suitable permutation to ensure that the part P, moves to part

588

589

P,. Note this does not change the cell or the block within the part or the position in the
block.

!0 Actually this Block flip can be generated by a combination of Simple Block Swap and Block Flip (#1)
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Step 4 Align the Block: Using a suitable combination of Simple Block Swap and Block Flip
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594

ensures the Block number gets matched, that is B, goes to B,. In this case the cell or
the Part does not change. But depending on whether the Block Flip operation is applied
the position in the block can again change. But, the current position in the block k, is at
most one flip away from £,.

8tep 5 Apply the final flip: It might so happen that already we a done after the last step. If
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not we know that the current position in the block k,, is at most one flip away from k,.

So we apply the suitable Block-flip operation. Thus will not change the cell position,

Part number, Block number and the position in the block will match.

Hence we have proved that the group G is transitive. Now we show that the the function Fj
is invariant under the action of G, i.e., for any elementary operations 7 from the group G
and for any input T'("*™) the function value does not change even if after the input is acted
upon by the permutation 7.

Case 1: 7 is a Part-permutation: It is easy to see that the decoding algorithm Dec is
invariant under Part-permutation. This was observed in description of the decoding algorithm
Dec in Section 4.1.1. So clearly that the function F} is invariant under any Part-permutation.

Case 2: 7 is a Block-permutation: Here also it is easy to see that the decoding
algorithm Dec is invariant under Block-permutation. This was observed in description of
the decoding algorithm Dec in Section 4.1.1. Thus F} is also invariant under any Block-
permutation.

Case 3: m is a Cell-permutation From Observation 23 it is enough to prove that
when we permute the cells of the matrix we update the points in the cells accordingly.

Let m € T be a permutation that permutes only the rows of the matrix. By Claim 14, we
see that the contents of the cells will be updated accordingly. Similarly if 7 only permute
the columns of the matrix we will be fine.

Finally, if 7 swaps the row set and the column set (that is if 7 makes a transpose
of the matrix) then for all ¢ row 4 is swapped with column 4 and it is easy to see that
7[€(3,0)] = £(0,4). In that case the encoding block of the value part in a cell also gets
swapped. This will thus be encoding the T value as 4. And so the function value will not be
affected as the T' = will ensure that one should apply the 7 that swaps the row set and the
column set to the input before evaluating the function. |

4.3 Properties of the Function
> Claim 27. Deterministic query complexity of Fy is Q(n?).

Proof. The function ModAl, . is a “harder” function than Al(, ). So D(ModAl, ) is
at least that of D(Al, )). Now since, F} is (ModAl(mn) o Dec) so clearly the D(F7) is at
least D(Al(;,,,)). Theorem 20 proves that D(Al, ,)) is Q(n?). Hence D(Fy) = Q(n?). =

The following Claim 28 follows from the definition of the function ModAl,, ).

> Claim 28. The following are some properties of the function ModAl, )
1. Ro(ModAl(, 1)) < 2Ro(Al(,,n)) + O(nlogn)
3. deg(ModAl(, ,)) < 2deg(Al, ) + O(nlogn)

Finally, from Theorem 44 we see that the Ro(F}), Q(F1) and deg(Fy) are at most
O(Ro(ModAl,, ,,)-logn), O(Q(ModAl, ,-logn) and O(deg(ModAl, ,)-logn), respectively.
So combining this fact with Claim 27, Claim 28 and Theorem 19 (from [5]) we have Theorem 1.
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5 Conclusion

As far as we know, this is the first paper that presents a thorough investigation on the
separations between various pairs of complexity measures for transitive function. The main
technical contribution of this paper is to define transitive versions of pointer functions of [2]
that have similar complexity measures as that of the original pointer functions while incurring
only a poly-logarithmic blowup in the input size. The current best known ’relationships’ and
‘separations’ between various pairs of measures for transitive functions are summarized in
the Table 1.

Unfortunately, a number of cells in the table are not tight. In this context, we would like
to point out two important directions:

For some of these cells, the ’separation’ results for transitive functions are weaker than
that of the general functions. A natural question is the following: why can’t we design
a transitive version of the general functions that achieve the same separation? For
some cases, like the cheat sheet-based functions, we discuss the difficulties and possible
directions in Appendix I. For these cases, the natural question would be to obtain some
different collection of functions (maybe not transitive) that achieves similar separations.

In some of the cells in the Table 1 tight bounds are not known, even for the case of
general functions. Can the ‘relationships’ results in these cases possibly be improved for
the case of transitive functions?
In the Table 3 we summarize the results on how low can individual complexity measures go
for transitive function. Even with the recent results of Huang [18] and Aaronson et al. [3],
there are significant gaps between the ‘relationships’ and ’separations’ in this case.

Finally, we would like to ask the question of how the amount of symmetry affects the
relationship between various measures. This is in the lines of the recent work [7]. The study
about the different types of symmetries like graph properties, cyclically invariant functions,
min-term transitive functions, etc. is not new in this area, but a more elaborate analysis is
required to quantify the relationship between the measures and the amount of symmetry.
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Measure || known lower bounds | Known example

D Q(VN) O(VN)
[32] [32]

Ro Q(VN) O(VN)
[32]

R Q(N3) O(VN)
bs(f) = O(R(f)) [32]

C Q(VN) O(V'N)

Tribe(v/N,VN)
RC Q(N3) O(V'N)
bs(f) = O(RC(f)) Tribe(V'N,VN)

bs Q(N3) O(N7)

[30] [30], [13]

E Q(N™) O(N3)
C(f) = O(s(f))® [12]

A Q(N ) O(N3)
C(f) = O(A())° [12]

Qe Q(N7) O(V'N)
Q(f) = O(Qe(/)) [32]

deg Q(N%) O(V/N)
D(f) = O(deg(f)*) [32]

Q Q(N3#) O(N )
[32] [32]

deg Q(N=) O(N¥%)
D(f) = O(deg(f)*) [32]

Table 3 In each row, for the measure A, the two entries a, b represents: (1) (Known lower bound)
for all transitive Boolean function f , A(f) = Q(a), and (2) (Known example) there exists a transitive
function g such that A(g) = O(b), where a and b are some polynomial in N.

A Known lower bounds for complexity measures for the class of
transitive function

Table 3 represents the individual known separations and the known example for different
complexity measures for the class of transitive function:

B Complexity measures of Boolean functions

We refer the reader to the survey [11] for an introduction to the complexity of Boolean
functions and complexity measures.
relations among each other can also be found in [8] and [3]. Similar to the above references,
we define several complexity measures of Boolean functions that are relevant to us.

We refer to [11] and [5] for definitions of deterministic query model, randomized query
model and quantum query model for Boolean functions.

Several additional complexity measures and their

» Definition 29 (Deterministic query complexity). The deterministic query complexity of
f:{0,1}" — {0,1}, denoted by D(f), is the worst-case cost of the best deterministic query
algorithm computing f.
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» Definition 30 (Randomized query complexity). The randomized query complexity of f :
{0,1}™ — {0,1}, denoted by R(f), is the worst-case cost of the best randomized query
algorithm computing f to error at most 1/3.

» Definition 31 (Zero-error randomized query complexity). The zero-error randomized query
complezity of f: {0,1}™ — {0,1}, denoted by Ro(f), is the minimum worst-case expected
cost of a randomized query algorithm that computes f to zero-error, that is, on every input x
the algorithm should give the correct answer f(x) with probability 1.

» Definition 32 (Quantum query complexity). The quantum query complexity of f : {0,1}"™ —
{0,1}, denoted by Q(f), is the worst-case cost of the best quantum query algorithm computing
f to error at most 1/3.

» Definition 33 (Exact quantum query complexity). The exact quantum query complexity
of f:{0,1}™ — {0,1}, denoted by Qe(f), is the minimum number of queries made by a
quantum algorithm that outputs f(x) on every input x € {0, 1}™ with probability 1.

Next, we define the notion of partial assignment that will be used to define several other
complexity measures.

» Definition 34 (Partial assignment). A partial assignment is a function p : S — {0,1} where
S C [n] and the size of p is |S|. For x € {0,1}"™ we say p C x if x is an extension of p, that
is the restriction of x to S denoted x|s = p.

» Definition 35 (Certificate complexity). A 1-certificate is a partial assignment which forces
the value of the function to 1 and similarly a 0-certificate is a partial assignment which forces
the value of the function to 0. The certificate complexity of a function f on x, denoted as
C(x, f), is the size of the smallest f(x)-certificate that can be extended to x.

Also, define 0-certificate of f as CO(f) = max{C(f,z) : x € {0,1}", f(z) = 0} and
1-certificate of f as CY(f) = max{C(f,z) : = € {0,1}", f(x) = 1}. Finally, define the
certificate complezity of f : {0,1}™ — {0,1}, denoted by C(f), to be max{C°(f),CL(f)}.

» Definition 36 (Unambiguous certificate complexity). For any Boolean function f : {0,1}"™ —
{0,1}, a set of partial assignments U is said to form an unambiguous collection of 0-certificates

for [ if

1. Each partial assignment in U is a 0-certificate (with respect to f)
2. For each x € f~1(0), there is some p € U with p C x
3. No two partial assignments in U are consistent.

We then define UCy(f) to be the minimum value of max,cy |p| over all choices of such
collections U. We define UCy(f) analogously, and set UC(f) = max{UCo(f),UCy(f)}. We
also define the one-sided version, UCu,(f) = min{UCq(f),UC,(f)}.

Next we define randomized certificate complexity (see [1]).

» Definition 37 (Randomized certificate complexity). A randomized verifier for input x is
a randomized algorithm that, on input y in the domain of f accepts with probability 1 if
y =z, and rejects with probability at least 5 if f(y) # f(z). Ify # @ but f(y) = f(x), the
acceptance probability can be arbitrary. The Randomized certificate complezity of f on input
x is denoted by RC(f,x), is the minimum expected number of queries used by a randomized
verifier for x. The randomized certificate complexity of f, denoted by RC(f), is defined as
max{RC(f,z) : x € {0,1}"}.
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» Definition 38 (Block sensitivity). The block sensitivity bs(f,x) of a function f: {0,1}"™ —
{0,1} on an input x is the maximum number of disjoint subsets By, Ba,..., B, of [n]
such that for all j, f(x) # f(xB), where 2B € {0,1}" is the input obtained by flipping
the bits of x in the coordinates in Bj. The block sensitivity of f, denoted by bs(f), is
max{bs{(f,z)}:z € {0,1}"}.

» Definition 39 (Sensitivity). The sensitivity of f on an input x is defined as the number
of bits on which the function is sensitive: s(f,z) = |{i : f(x) # f(x')}|. We define the
sensitivity of f as s(f) = max{s(f,z): z € {0,1}"}

We also define 0-sensitivity of f as s°(f) = max{s(f,x) : z € {0,1}", f(z) = 0}, and
1-sensitivity of f as s'(f) = max{s(f,x):x € {0,1}", f(z) = 1}.

Here we are defining Spectral sensitivity from [3]. For more details about Spectral
sensitivity and it’s updated relationship with other complexity measures we refer [3].

» Definition 40 (Spectral sensitivity). Let f: {0,1}" — {0,1} be a Boolean function. The
sensitivity graph of f, Gy = (V, E) is a subgraph of the Boolean hypercube, where V = {0,1}",
and E = {(z,x@e;)) e VXV :iien]f(z)# f(x De;)}, where x ®e; € V is obtained by
flipping the ith bit of x. That is, E is the set of edges between neighbors on the hypercube
that have different f-value. Let Ay be the adjacency matriz of the graph G¢. We define the
spectral sensitivity of f as the largest eigenvalue of Ay.

» Definition 41 (Degree). A polynomial p : R™ — R represents f : {0,1}"™ — {0,1} if for
all x € {0,1}™, p(x) = f(x). The degree of a Boolean function f, denoted by deg(f), is the
degree of unique multilinear polynomial that represents f.

» Definition 42 (Approximate degree). A polynomial p : R™ — R approximately represents
a function f:{0,1}" — {0,1} if for all x € {0,1}", |p(z) — f(z)| < i. The approzimate
degree of a Boolean function f, denoted by ééé(f), is the minimum degree of a polynomial
that approximately represents f.

The following is a known relation between degree and one-sided unambiguous certificate
complexity measure ([8]).

» Observation 43 ([8]). For any Boolean function f, UCmin(f) > deg(f).

One often try to understand how the complexity measure of composed function compare
with respect to the measures of the individual functions. The following folklore theorem that
we will be using multiple times in out paper.

» Theorem 44. Let f: {0,1}" — {0,1} and g : {0,1}™ — {0,1}* be two Boolean functions
then

1. D(fog)=Q(D(f)/k), assuming g is an onto function.

Q(fog) =QQ(f)/k), assuming g is onto.

Ro( o g) = O(Ro(f) - m) and.if g is onto then Ro(f o g) = O(Ro(f)/m)

R(fog) =O(R(f)-m) and if g is onto then R(f o g) = O(R(f)/m).

deg(f o g) = O(deg(f) - m)

deg(f 0 g) = O(deg(f) - m).

If the inner function ¢ is Boolean valued then we can obtain some tighter results for the

U

composed functions.

» Theorem 45. Let f: {0,1}" — {0,1} and g : {0,1}"™ — {0,1} be two Boolean functions
then
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L. ([33, 23]) D(f o g) = ©(D(f) - D(9))-
2. ([27, 20, 19]) Q(f o g) = ©(Q(f) - Qlg))-
3. (folklore) deg(f o g) = ©(deg(f) - deg(g)).

Finally the following observation proves that composition of transitive functions is also a
transitive function.

» Observation 46. Let f: {0,1}"™ — {0,1} and g : {0,1}" — {0,1} be transitive functions.
Then fog:{0,1}" — {0,1} is also transitive.

Proof. Let Ty € S, and T, C S,, be the transitive groups corresponding to f and g,
respectively. On input z = (X1,...,X,), X; € {0,1}™ for i € [n], the function f o g is
invariant under the action of the group T 1 T, - the wreath product of the Ty with Tj. The
group Ty 1 T, acts on the input string through the following permutations:
1. any permutation = € T acting on indices {1,...,n} or
2. any permutations (o1,...,0,) € (Ty)" acting on Xi,...,X,, ie. (o01,...,0,) sends
X1, Xp to01(X1),...,00(Xn).
|

Over the years a number of interesting Boolean functions has been constructed to
demonstrate differences between various measures of Boolean functions. Some of the functions
has been referred to in the Table 1. We describe the various functions in the Appendix C.

B.1 Proof of Claim 11 and Claim 12

We restate the claims here for convenience.
> Claim 47 (Restatement of Claim 11). The group Bty is a transitive group.

Proof of Claim 11. For any 4,j € [k], we have to show that there exists a permutation
m € Bty such that 7(i) = j. Let us form a complete binary tree of height logk in the
following way:

(Base case:) Start from root node, label the left and right child as 0 and 1 respectively.

For every node x, label the left and right child as z0 and x1 respectively.

Note that our complete binary tree has k leaves, where each of the leaf is labeled by a
binary string of the form z1xz ... Ziogx, Which is the binary representation of numbers in
[k]. Similarly any node in the tree can be labeled by a binary string zixs...x;, where
0 <t <logk and t is the distance of the node from the root.

Now for any 4, j € [k], let the binary representation of ¢ be (z125...210gx) and that of
j be (Y192 - .. Yogk)- Now we will construct the permutation © € Bty such that =(i) = j.
Without loss of generality, we can assume i # j.

Find the least positive integer ¢ € [log k| such that z; # yg, then go to the node labeled
21T2...x¢—1 and swap it’s left and right child. Let 7, . 5, , € Sk be the corresponding
permutation of the leaves of the tree, in other words on the set [k]. Note that, by definition,
the permutation 7, 5, , € Sk is in Bty. Also note that the permutation 7y,
the set [k] as follows:

Ty e (Z1 - Zlogh) = 21 .- Zlogk if 21...20-1 # Z1...Tp—1

Ty ae (1 Te—102041 -+ Zlogk) = (1. .. Te—112041 - - - Zlogk)

., acts of

Ty ae (1 Te—112041 - - - Zlogk) = (1. .. Te—102041 - - - Zlog k)
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Since i =1 ... Ty—1%¢.. . Tiogk dNd J = Y1 ... Yr—1Ye - - Ylogk With Z1 ... Zp_1 = Y1 ... Yo—1
and xp # yg, SO

Tarome 1 (8) = Y1 Ye—1YeZet1 - - Yiogk

So the binary representation of 7, ,,_, (i) and j matching in the first ¢ positions which
is one more that the number of positions where the binary representation of ¢ and j matched.
By doing this trick repeatedly, that is by applying different permutations from Bty one after
another we can map ¢ to j. |

> Claim 48 (Restatement of Claim 12). For all 7 € Btajogr, there is a v € S,, such that for
all 7, j € [n], F[bb(i)] = bb(j) iff v(i) = j.

Proof of Claim 12. Recall the group Btaiog,: assuming that the elements of [2logn] are
placed on the leaves of the binary tree of depth log(2logn), the group Btaiogp is generated
by the permutations of the form “pick a node in the binary tree of and swap the left and
right sub-tree of the node”. So it is enough to prove that for any elementary permutation 7
of the form “pick a node in the binary tree and swap the left and right sub-tree of the node”
there is a vy € S,, such that for all ¢, j € [n], ¥[bb(i)] = bb(j) iff (i) = j.

Any node in the binary tree of depth log(2logn) can be labeled by a 0/1-string of length
t, where 0 < t < log(2logn) is the distance of the node from the root. We split the proof of

the claim into two cases depending on the value of the ¢ - the distance from the root.

B.1.0.1 If ¢t =log(2logn):

This is the case when the node is at the last level - just above the leaf level. Let the node be
u and let s be the number of whose binary representation is the label of the node u. Let the
numbers in the leaves of the tree corresponds to the bb(7) - the balanced binary representation
of i € [n]. Note that because of the balanced binary representation the children of u are

0 (left-child) and 1 (right-child) if the s-th bit in the binary representation of ¢ is 0

1 (left-child) and 0 (right-child) if the s-th bit in the binary representation of ¢ is 1
So the permutation (corresponding to swapping the left and right sub-trees of u) only change
the order of 0 and 1 - which corresponds to flipping the s-th bit of the binary representation
of i. And so in this case the v acting on the set [n] is just collection transpositions swapping
7 and j iff the the binary representation of 7 and j are same except for the s-th bit.

So in this case for all i, € [n], Y[bb(:)] = bb(j) iff v(i) = j.

B.1.0.2 If ¢t <log(2logn):

Let the node be v. Note that in this case since the node keeps the order of the 2r — 1 and
2r bits unchanged (for any 1 < r <logn), so it is enough we can visualise the action by an
action of swapping the left and right sub-trees of the node v on the binary representation of ¢
(instead of the balance binary representation of 7). And so we can see that the action of the
permutation (corresponding to swapping the left and right sub-trees of v) automatically gives
a permutation of the binary representations of numbers between 1 and n, as was discussed
in the proof of Claim 11. And hence we have for all i, j € [n], [bb(i)] = bb(j) iff y(i) = j.
<4
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C Some Boolean functions and their properties

In this section we define some standard functions that are either mentioned in the Table 1 or
used somewhere in the paper. We also state some of their properties that we need for our
proofs. We start by defining some basic Boolean functions.

» Definition 49. Define PARITY : {0,1}" — {0,1} to be the PARITY(z1,...,2,) =
> a;mod 2. We use the notation & to denote PARITY.

» Definition 50. Define AND : {0,1}" — {0,1} to be the AND(zy,...,2,) = 0 if and only
if there exists an i € [n] such that x; = 0. We use the notation A to denote AND.

» Definition 51. Define OR : {0,1}™ — {0,1} to be the OR(z1,...,z,) = 1 if and only if
there exists an i € [n] such that x; = 1. We use the notation V to denote OR.

» Definition 52. Define MAJORITY : {0,1}™ — {0,1} as MAJORITY (x) = 1 if and only if
lz| > 5.

We need the following definition of composing iteratively with itself.

» Definition 53 (Iterative composition of a function). Let f : {0,1}" — {0,1} a Boolean
function. For d € N we define the function f? : {0, 1}”d — {0,1} as follows: if d =1 then
f¢ = f, otherwise

fd(xla-“vxnd) = f (fd_l(xlw--axnd—l)a-~-afd_1(xnd7n+l7---axnd)) :

» Definition 54. For d € N define NAND-tree of depth d as NAND? where NAND : {0,1}2 —
{0,1} is defined as: NAND(x1,x2) = 0 if and only if x1 # x2. We use the notation A-tree to
denote NAND-tree.

The now define a function that gives a quadratic separation between sensitivity and block
sensitivity.

» Definition 55 (Rubinstein’s function ([28])). Let g : {0,1}* — {0,1} be such that g(x) =1
iff x contains two consecutive ones and the rest of the bits are 0. The Rubinstein’s function,
denoted by RUB : {0,1}¥" — {0,1} is defined to be RUB = ORy, o g.

» Theorem 56. [28] For the Rubinstein’s function in Definition 55 s(RUB) = k and
bs(RUB) = k?/2. Thus RUB witnesses a quadratic gap between sensitivity and block sensitiv-
ity.

[25] first introduced a function whose deg is significantly smaller than s or bs. This
appears in the footnote in [26] that E. Kushilevitz also introduced a similar function with 6
variables which gives slightly better gap between s and deg. Later Ambainis computed Qg of
that function and gave a separation between Qg and D [4]. This function is fully sensitive
at all zero input, consequently this gives a separation between Qg and s.

» Definition 57 ([25]). Define NW as follows:

1 iff x; # x; for somei,j € {1,2,3}

0 otherwise.

NW(Ila €2, 133) = {

Now define the d-th iteration NW? on (z1,22,...,23q4) as Definition 53 where d € N.
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» Definition 58 (Kushilevitz's function). Define K as follows:
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K(z1, 22, 3,24, T5, T6) = Bx; + Ly + T123T4 + $12405 + T1T205 + T203T4 + ToX3T5 + T122%6

+T1T3Tg + T2XgTg + T3X52L6 + T4T526.

Now define the d-th iteration K¢ on (x1,7a,...,264) as Definition 53 where d € N.

Next we will describe two example that was introduced in [15] and gives the separation
between C vs. RC and RC vs. bs respectively . They also have introduces some new
complexity measures for iterative version of a function and how to use them to get the critical
measure between two complexity measures. For more details we refer to [15].

» Definition 59 ([15]). Let n be an even perfect square, let k = 2y/n and d = \/n. Divide
the n indices of the input into n/k disjoint blocks. Define GSSy : {0,1}™ — {0,1} as follows:
GSS1(z) =1 if and only if |x| > d and all the 17s in x are in a single group. Define GSSf
with GSST = f.

» Definition 60 ([15]). Define GSSs : {0,1}" — {0,1} where n is of the form (%) for some
integer t. Identify the input bits of GSSy with the edges of the complete graph K. An input
x € {0,1}™ induces a subgraph of K; consisting of edges assigned 1 by x. The function
GSSa(x) is defined to be 1 iff the subgraph induces by x has a star graph.

» Definition 61. For ¥ = [n*] the function k-sum : ¥" — {0,1} is defined as follows: on
input 1, %, ..., Ty € X, if there exists k element z;,, ..., , i1,...,5 € [n], that sums to
0 (mod |X|) then output 1, otherwise output 0.

» Theorem 62 ([2, 6]). For the function k-sum : " — {0,1}, if || > 2(") then

n
Q(k-sum) = Q(n*/ =+ /).
Next, we define the cheat sheet version of a function from [2].

» Definition 63. We define cheat sheet version of f as follows: the input to fos consist of
logn inputs to f , each of size n , followed by n blocks of bits of size C(f) x logn each. Let
us denote the input to fos as X = (z1,%2,...,Tlogn, Y1, Y2, ..., Yn), where x; is an input to f
, and the Y; are the aforementioned cells of size C(f) x logn. The first part 1,22, ..., Tiogn
of the string, we call them as input section and the rest of the part we call as certificate
section of the whole input. Define fog : {0,1}xlegntnx(C(Nlogn _ £ 1} to be 1 if and
only if the following conditions hold:

For all i,x; is in the domain of f . If this condition is satisfied, let | be the positive

integer corresponding to the binary string (f(x1), f(z2), ..., f(Ziogn))-

Y, certifies that all x; are in the domain of f and that | equals the binary string formed

by their output values, (f(x1), f(x2), ... [(Zlogn))-

Finally, we present the pointer functions and its variants introduced in [5]. They are used
for demonstrate separation between several complexity complexity measures like deterministic
query complezity, Randomized query complexity, Quantum query complexity etc. These
functions was originally motivated from [17] function. The functions that we construct
for many of our theorems is a composition function whose outer function is these pointer
function, or a slight variant of these. In the next section we present the formal definition of
pointer functions.
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C.1 Variants of Pointer function

Now we describe Variant 2 of [5] function where the domain is slightly different from that
of Variant 1.

» Definition 64 (Variant 2 [5]). Let X™*™ be a Type, pointer matrix such that BPointer €

{(,7)|i € [m],j € [n]}. Here the BPointer points to a cell of M, not a column. Let n be even.

Define A2(p, ) : B™*™ — {0,1} on Type, pointer matrix such that for all x = (x; ;) € X™*",

the function A2, ) (x; ;) evaluates to 1 if and only if it has a 1-cell certificate of the following

form:

1. there exists exactly one Marked column j* in M. Let (i*,5*) be the special element.

2. for each non-marked column j € [n]\{b} there exist an element l; such that Value(l;) =0
where l; be the end of the path that starts at the special element and follows the pointers
LPointer and RPointer as specified by the sequence T(j). l; exists in all j € [n] \ {b}.
We call that l; the Leaves of the tree.

3. The size of the set {j € [n] \ {b}|BPointer(l;) = (i*,j*)} is evactly %.

Variant 2 achieves the separation between Ry vs. R and Ry vs Qg. The following results
are some of the properties of Variant 2 function:

» Theorem 65. [5] For any m,n € N, the function A2y, ) in Definition 64 satisfies

Ro = Q(mn),
R=0O(m+n) and
Qe = O(m +n).

Finally we will describe Variant & of [5] function, where there is one extra parameter,
the number of marked column. So, we will address the function as A3, ,,) where m, n are
number of rows and columns respectively and k is the number of marked column.

» Definition 66 (Variant 3 [5]). Define A3(; ) : X™*™ — {0,1} on Type, pointer-matrix
¥ such that for all x = (x; ;) € ¥™*", the function A3y m.n)(2i,;) evaluates to 1 if and only
if it has a 1-cell certificate of the following form:

1. there exists k Marked column in M. Let by, ba,..., by € [n] denotes the Marked column
in M and (ay,by) be the special element in each Marked column. Let us denote the cell
of special element by a

2. BPointer(za; ;) = (ajy1,bj41) for all j € [k — 1] and BPointer(xq, p,) = (a1,b1).
Also, LPointer(xq,p,) = LPointer(zq, p,) and RPointer(x,,p,) = RPointer(zq, p,) for
all s,t € [k].

3. for each non-marked column j € [n]\ {b1,bs,..., by} there exist an element ¢; such that
Value(l;) = 0 and BPointer(l;) = b where l; be the end of the path that starts at the special
element and follows the pointers LPointer and RPointer as specified by the sequence T(j).
We need that l; exists in each j € [n]\ {b1,b2,...,bx} i.e. no pointer on the path is L.
We call that l; the Leaves of the tree.

Variant 3 realises the separation between Ry vs. Q, R vs. Qg, R vs. deg and 5&; for
different m,n and k. The followings are some important result for variant 3 from [5]:
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» Theorem 67. [5] For sufficiently large m,nN and a natural number k < n, the function
A3(k,m,n) in Definition 66 satisfies

Ro = Q(mn) for k < %,

) for k=1,

mn
Ro = Q(logn

Q = O(y/mn/k + Vkm + k + v/n),
Qe = O(m~/n/k + km +n) and
deg = O/ + /i) for k =1,

» Observation 68. It is easy to observe that for each positive input x to the function A3(1 5 n),
the marked column together with the rooted tree of pointers with leaves in every other column

gives a unique minimal 1-certificate of x. Thus, UC1 (A3 p )) = 6(71) Now, from the

definition of UCyip it follows that UC,, (A3(,,n)) = O(n). Also it follows from the fact
UCin > deg that deg(A3(, ) = O(n).

D Separation between zero-error randomized query complexity and
some of other complexity measures

[2] used the a variant of the pointer function to give separation between zero-error randomized
query complexity(Rp) and other measures like one-sided randomized query complexity, exact
quantum query complexity and degree. In this section we construct a transitive version of the
functions that was used in [2] to show such separations and we prove the following theorem:

» Theorem 69. There exists a transitive function Fgg such that
Ro(Fro) = Q(R(Fr)?),  Ro(Froo) = UQe(Fio)?),  Ro(Fio) = Q(deg(Fio)?).

D.1 The Function

Recall from Definition 15, the input to the function A2 is a Type, pointer matriz X™*". Each
cell of such matrix is of the form (Value, LPointer, RPointer, BPointer) where Value is either
0 or 1 and LPointer, RPointer and BPointer are pointers to the other cells of the matrix (or
can be a null pointer also). Here the BPointer are the pointers to the cells, which is different
from Al(, ). That’s why we need an encoding which is slightly different from the encoding
scheme of Al(, ). Our function Fgg : I™*™ — {0,1} is again a composition of two functions

we - an outer function ModA2(;, .y : nnxn {0,1} and an inner function Dec; : I' — ¥ where T’

1067

1068

1069

1070

1071

1072

is {0,1}1121°87 Here the function Dec; has different domain from the previous one described
in Section 4.1.1.

First we define the outer function ModA2,, ,,) : £"*™ — {0,1} where £ = ¥ x {F,} to
be the modified version of the A2, ,,) as we have defined ModAl,, ,,).

Think of an input A € ¥"*™ as a pair of matrices B € ¥"*" and C € {F,4}"*". The
function ModA2,, ,,) is defined as

Either, (i) A2(,,)(B) =1, and, all the cells in the

ModA2(,, ) (A) = 1 iff
0dA2(s ) (A) = 11 Or, (i) A2(,,)(BT) =1, and, all the cells in the
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1-cell-certificate have I in the corresponding cell in C'

1-cell-certificate has = in the corresponding cell in C'7
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B; “encoding”-block By B3 B, Hamming weight
P1 {14y, where 4logn 2logn+1 | 2logn+2 || 12logn+2 -V
|¢1] = 2logn, and
|la] =2logn —1 -V
P2 E(rr,0) 2logn+3 | 2logn+1 | 2logn + 2 Tlogn+6
P3 E(0,cr) 2logn+4 | 2logn+1 | 2logn + 2 Tlogn + 7
P4 E(rg,0) 2logn+5 | 2logn+1 | 2logn + 2 Tlogn + 8
P5 £(0,cR) 2logn+6 | 2logn+1 | 2logn + 2 Tlogn+9
P6 E(rp,0) 2logn+7 | 2logn+1 | 2logn + 2 Tlogn + 10
P7 E(0,¢p) 2logn+8 | 2logn+1 | 2logn + 2 Tlogn 4+ 11

Table 4 Standard form of encoding of element (V, (rr,cL), (rr,cr), (rB,cB),F) by a 112logn
bit string that is broken into 7 parts P1,..., P7 of equal size and each Part is further broken
into 4 Blocks Bi, B2, Bs and By. So all total there are 24 blocks each containing a 4 logn-bit
string. For the standard form of encoding of element (V, (rr,cL), (Tr,cr), (TB,cB), 1) we encode
(V,(rL,cL), (rr,cr), (rB,cB),F) in the standard form as described in the table and then apply the
Swap 1 on each block. The last column of the table indicates the Hamming weight of each Part.

1073 Consequently the function ModA2,, ., has all the properties as A2, ,,) as described in
w7 Theorem 65.
The inner function Dec; (we call it a decoding function) is function from I' to ¥, where
I' = 112logn. Thus our final function is

Feo := (MOdA2(n’n) o DeC1> 3 el {0, 1}.

ws D.1.1 Inner Decoding Function

ws  In the similar fashion of Section 4.1.1 we start by describing the standard “encodings” of
w7 a single element of X, then we will describe a multiple possible ways of encoding a single
ws  element of the ¥ and it’s decoding scheme.

1079

weo  “Encodings” of the content of a cell in ¥"*" where ¥"*" is a Type, Pointer matriz

1081 We will encode any element of ¥ using a string of size 112logn bits. Recall from Defini-

w2 tion 15 that in case of Type, pointer matriz an element in X is of the form (V, (rr, cr), (7R, cr), (5, cB), T),
w0z where V is a binary value and T € {, 4}. The overall summary of the encoding is compiled

w8 in the Table 4:

1085 Parts: We will think of the tuple as 8 objects, namely V', rr, ¢, g, cr, 75, cg and T
1086 We will use 16 logn bits to encode each of the first 7 objects. So the encoding of any
1087 element of ¥ contains 7 parts-each a binary string of length 16logn. The value of T will
1088 be encoded in a kind-of hidden way.

1089 Blocks: Each of 7 parts will be further broken into 4 blocks of equal length of 4logn.
1090 One of the block will be a special block called the “encoding block™.

1091 Now We will start by describing a “standard-form” encoding of a tuple (V, (rr,cr), (rr,cr), (rs,c5),T)
w2 where T =F. Then we will extend it to describe the standard for encoding of (V, (rr,cr), (rr, cr), (r5,c5),T)
wis  where T =-. And finally we will explain all other valid encoding of a tuple (V, (rp, cr), (rr,cr), (r5,cB),T)
wu by describing all the allowed operations on the bits of the encoding.

ws  Standard form encoding of (V, (rp,cL), (rr,cr), (rp,c5),T) where T =+
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For the standard-form encoding we will assume that the information of V,rp,cp, g, cr, 7B, CB

are stored in parts P1, P2, P3, P4, P5, P6 and PT7 respectively. For all ¢ € [7], the part P,

with have blocks By, Bo, B and By, of which the block B; will be the encoding-block. The
description of the standard-form encoding is also compiled in the Table 4.

Standard form encoding of (V, (rp,cr), (Tr,cr), (cg),T) where T =

For obtaining a standard-form encoding of (V, (rr,cr), (rr,cr), (rg,cp),T) where T =,
first we encode (V, (rr,cr), (rg,cr), (rs,cs),T) where T =t using the standard-form encod-
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ing in Table 4. Let (P1, P2,..., P7) be the standard-form encoding of (V, (r1,c.), (*r, cr), (rB,¢B),T)

where T' =F. Now for each of the block apply the following Swap 1 operator.

Valid permutation of the standard form

Now we will give a set of valid permutations to the bits of the encoding of any element of
The set of valid permutations are classified into into 3 categories:
Part-permutation: The 7 parts can be permuted using any permutation from S

Block-permutation: In each of the part, the 4 blocks (say Bi, B2, Bs, B4) can be permuted

NERY]

is two ways. (B, Be, Bs, B4) can be send to one of the following
a. Simple Block Swap: (Bs, By, B1, B2)
b. Block Flip: (Ba, By, flip(Bs), flip(By4))

We are now ready to describe the decoding function Dec; from T' = {0, 1}!121°8" to 3.

Identify the parts containing the encoding of V', rr, ¢, Tr, cg, rg and cg. This is

possible because every part has a unique Hamming weight.

For each part identify the blocks. This is also possible as in any part all the blocks have
distinct Hamming weight. By seeing the positions of the blocks one can understand
if flip was applied and to what and using that one case revert the blocks back to the

standard-form.

In the part containing the encoding of V' consider the encoding-block. If the block is of
the form {(£142) such that|¢1] = 2logn, |¢2| < 2logn — 1} then T = {F}. If the block is
of the form {(¢2f1) such that|li| = 2logn,|ls] < 2logn — 1} then T = {H}.

By seeing the encoding block we can decipher the original values and the pointers.

If the 112logn bit string doesn’t have the form of a valid encoding, then decode it as

(07 J—’ J—’ J_)'

D.2 Proof of transitivity of the function

» Theorem 70. F 49 is transitive under the action of the transitive group Gi.

The group G; is formed with same permutation sets as G except Sg that was acting on the
Part. Instead of Sg we will take S; as Part-permutation. Proof of Theorem 70 follows from
similar argument of Theorem 26. Here everything else is similar as function F; except Part.

D.2.1 Properties of the function

> Claim 71.

Proof. The function ModA2, ,,) is a “harder” function than A2, ,,). So Ro(ModA2,, ,,)) is
at least that of Ro(A2(, ). Now since, Fgg is (ModAQ(n’n) o Decl) so clearly the Rq(Fpgo)
is at least (Ro(A2(n,5))/logn) by Theorem 44. From Theorem 65 we have Ro(Feg) at least

Q(n?).

Zero error randomized query complexity of Fgg is 2(n?).

<
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The following Claim 72 that follows from the definition of the function ModA2 ;).

> Claim 72.  The following are some properties of the function ModA2,,
1. R(ModA2(,, y) < 2R(A2(, ,,)) + O(nlogn)

2. QE(ModAZ(n’n)) < QQE(A2(n7n)) + O(TL log TL)

3. deg(ModA2(,, ,)) < 2deg(A2(,, ) + O(nlogn)

Finally, from Theorem 44 we see that Ro(Fgg), Qe(Feo) and deg(Fgg) are at most
O(Ro(ModA2(,, 1,y - logn), O(Qe(ModA2(;, ) - logn) and O(deg(ModA2(, ) - logn), re-
spectively. So combining this fact with Claim 71, Claim 72 and Theorem 65 (from [5]) we
have Theorem 69.

E Separation between randomized query complexity and some of
other complexity measures

[2] considered yet another variant of the pointer function to show gap between randomized
query complexity(R) and complexity measures like approximate degree and degree. In this
section we show how obtain a transitive version of this function, thus proving the following
theorem:

» Theorem 73. There exists a transitive function Fr3 such that
R(Frs) = Q(deg(Frs)'),  R(Frg) = Q(deg(Fr)?).

Using standard techniques we can obtain the following theorems as corollaries to The-
orem 73.

» Theorem 74. There exists a transitive function Fry such that Ro(Fry) = Q(Q(Frq)3).

» Theorem 75. There exists a transitive function Frs such that R(Frs) = Q(QE(F75)1'5).

E.1 Transitive function for Theorem 73

In [5] the function A3 ,, ) achieves the separation between R and ac\sé. Before that [16]
introduced a function that achieves quadratic separation between R and deg. The function
A3 is motivated from [16] function and generates the same separation between R and deg.
We will give a transitive function that is motivated from [5] and achieves the separation
between R vs. deg and R vs. Ei?eg which is same as general function.

First let us define the outer function ModA3(y ;, ) : ¥rxn 5 £0,1} where ¥ = % x {F, -}
to be the modified version of the A3, ,, ) as we have defined ModAl; , ).

Think of an input A € £"*™ as a pair of matrices B € ¥"*" and C € {-,4}"*". The
function ModA3(; , ,,) is defined as

Either, (i) AS3(1,,,,)(B) =1, and, all the cells in the

ModA A) =1iff
0dA3(1,n,n)(4) ! Or, (ii) A3(17n7n)(BT) =1, and, all the cells in the

1-cell-certificate has - in the corresponding cell in C'7

Consequently the function ModA3; ,, ,,) has all the properties of A3(y ,, ;) as described
in Theorem 67. Here the input matrix to the function A3y, ») is a Type, pointer matrix
which is same as A2, ). Hence we can encode the elements in X in a similar fashion that

1-cell-certificate have F in the corresponding cell in C'
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we have done in Section D.1.1. That’s why we can choose the same decoding function Decy
function as of F'g9. Thus our final function is

Frs = (MOdA3(17n’n) o Decl) N O {O, 1}

where Dec; : T’ — ¥ and I' = 112log n.
From the proof of Theorem 70 we have the following Theorem:

» Theorem 76. Fr3 is transitive under the action of the transitive group Gy.

> Claim 77. Randomized query complexity of Frz is Q(n?).

Y

Proof. From the construction of ModA3; ;, ,,) one can note that ModA3; ,, ) is a “harder’
function than A3y ;, ,,). So R(ModA3(; ;, ) is at least that of R(A3(1 ;1))

Now since, Fr3 is (Mod/—\3(1,n7n) ) Decl) from Theorem 44 it follows that R(Fr3) is at least
R(A3(1,n,n)). In [5] they proved that R(A3(1 ,,.)) is Q(n?). So R(Fr3) is at least Q(%) <

> Claim 78. The following are some properties of the function ModA3 , )
1. deg(ModA3(1 ) < 2deg(A3(1 ) + O(nlogn)
2. deg(ModA3(; ;, n)) < 2deg(A3(1,,,n)) + O(nlogn)

Finally from Theorem 44, Theorem 67 and Claim 78 it follows that agé(Fm) = 0(v/n).
Also from Theorem 44, Observation 68 and Claim 78 it follows that deg(Fr3) = (n). From
Theorem 76 and Claim 77 we have Theorem 73.

E.2 Transitive function for Theorem 74

In [5] they proved that A3(;, n,n?) achieves the separation between Ry and Q where the input
is a n x n? Type, pointer matriz. Till now all of our encoding was precisely for n X n matrix.
Those encoding schemes directly cannot be generalized for any non-square matrix. But using
some modifications to our encoding scheme in the previous sections, we give an encoding for
n x n? matrix also. Before going into the encoding scheme we will define some useful terms
and representation of a matrix that we are going to use in the encoding scheme.

» Definition 79 (Brick). For any n x n? matriz M we divide the matriz into total n number
of square matrices each of size n X n, which we refer to as Brick. Thus there is total n
number of Bricks, which we denote as {b1,ba,...,b,} and each b; is a sub-matriz of M. Now
let us denote the n rows and n columns of an n x n matriz as {r1,...,rn} and {c1,...,cn}
respectively. So, each entries of M can be uniquely defines as {(r,c,b)|r,c,b € [n|} where r,c
and b is the row number, column number and brick number respectively. In this set-up we
will write an n x n? matriz A as Anxnxn)-

In a general setup when we swap between row and column we get the transpose of that
matrix. In our row, column and brick setup we define two new concept similar to transpose
matrix.

» Definition 80 (AT, A™). For any n x n® matriz A(nxnxn) if each entry is denoted by
(row, column, brick) then we define A/ to be the matriz where (r,c,b)-th element of

(nxnxn)
Alnxnxn) 5 the (b,7,c)-th element of A&ann). Similarly we define A?nxmm) to be the

-

matriz where (r,c,b)-th element of A(nxnxn) 5 the (c,b,r)-th element of A(anXn)'

Now we are ready to define our outer function.
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ws E.2.1 The outer function

s The outer function is a modified version of the A3, ,, n2). Recall, from Definition 66, the
oy function A3, ,, 2 takes as input a (n x n?) Type, pointer matriz over X.
1208 Let us define ModA3x,, ,, n2) : Snxn® _y {0, 1} where the alphabet set is ¥ = X x {F, T,}.

Z ’ 2
120 We can think of an input M € """ as a pair of matrices B € X"*"" and C € {+, T,4}"*" .
o The function ModA3x(, ,, ,2) is defined as

Either, (i) A3(, nn2)(B) =1, and, all the cells in the
1-cell-certificate have - in the corresponding cell in C'
Or, (ii) A3(n7n’nz)(BT) =1, and, all the cells in the
1-cell-certificate has T in the corresponding cell in C'T
Or,  (iii) A3(n,n,n2)(B_{) =1, and, all the cells in the
1-cell-certificate has - in the corresponding cell in C™

MOdA3*(n7n)n2)(M) =1 iff

1211 At most one of conditions (i), (ii) and (iii) can be true for an input. From this it is easy
v to verify that the function ModA3x(, ,, n2) has all the properties as A3, ,, »2) as described in
1213 Theorem 67.

Thus our final function is

Fry = (ModA3%(,,  n2) 0 Decy) : T — {0,1},

s where the inner function Decy (we call it a decoding function) is a function from I' to X
s where I' = 240 log n.

ws E.2.2 Inner Decoding Function

27 Any element of Type, pointer matrix is of the form (V, LPointer, RPointer, BPointer) where
ms V€ {0,1} and LPointer, RPointer and BPointer are the pointers to the other cell of the
2o matrix. Here pointers are of the form (¢, j) where i is the row number and j is the column
120 number. Now in our setup (Definition 79) we have represented the cells of an n x n? matrix
v as (r,c,b) (where r,¢,b € [n]), where r, ¢ and b specify the row, column and brick of that
12 cell, respectively.

1223 “Encodings” of the content of a cell in Snxn® where %" is a Type, Pointer
122 matric

1225 We will encode any tuple of the form (V, (rp,cp,br), (rr,cr,br), (rB,c5,bp),T) which
1226 is an element of ¥ using a string of size 240logn bits. The overall summary of the encoding
127 is as follows:

1228 Parts: We will think of the tuple as 11 objects, namely V', r, ¢p, by, Tg, cgr, br, 75, B,
1229 bp and T. We will use a 24logn bit string to encode each of the first 10 objects and the
1230 enoding of T" will be implicit. So the encoding of any element of ¥ contains 10 parts-each

1231 a binary string of length 24 logn.
1232 Blocks: Each of the 10 parts will be further broken into 4 blocks of equal length of
1233 6logn. One of the block will be a special block called the “encoding block”™.

1234 We will start by describing a “standard-form” encoding of a tuple (V, (rr, cr,br.), (Tr, cr,br), (rB,cB,b8),T)
1235 where T =F. Then extend it for T'= T and T'=-. And finally we will explain all other valid

s encoding of a tuple (V, (rp,cr,br), (rr,cr,br), (rB,¢B,b5),T) by describing all the allowed

137 operations on the bits of the encoding.
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’ .. H By By B3 By H Hamming weight ‘
P1 U050 6logn 2logn+1 | 2logn + 2 16logn —V
where [¢1] = 2logn
|¢2] = 2logn — 1, and
|03] =2logn —2 -V
P2 E'(4) 2logn+3 | 2logn+1 | 2logn + 2 Tlogn+6
P3 E'(j) 2logn+4 | 2logn+1 | 2logn + 2 Tlogn + 7
P4 &' (k) 2logn+5 | 2logn+1 | 2logn + 2 Tlogn + 8
P5 E'(t) 2logn+6 | 2logn+1 | 2logn + 2 Tlogn+9
P6 E'(m) 2logn+7 | 2logn+1 | 2logn + 2 Tlogn + 10
P7 E'(n) 2logn+8 | 2logn+1 | 2logn + 2 Tlogn + 11
P8 E'(p) 2logn+9 | 2logn+1 | 2logn + 2 Tlogn + 12
P9 E'(q) 2logn+10 | 2logn+1 | 2logn + 2 Tlogn + 13
P10 E'r) 2logn+11 | 2logn+1 | 2logn + 2 Tlogn + 14

Table 5 Standard form of encoding of element (V, (rr,cr,br), (rr,cr,br), (rB,cB,bB),F) by a
240log n bit string that is broken into 10 parts P1,..., P10 of equal size and each Part is further
broken into 4 Blocks B1, B2, Bs and B4. So all total there are 40 blocks each containing a 6 log n-bit
string. For the standard form of encoding of element (V, (rr,cr,br), (TR, cr,br), (re,cB,b8),T)
we encode (V,(rr,cr,br), (rr,cr,br),(rs,cs,bs),F) in the standard form as described in the
table and then apply the Rotation; on each block. For the standard form of encoding of element
(V,(re,cL,br), (rr,cr,br), (rs,cn,bs), ) we encode (V, (rr,cr,br), (rr, cr,br), (rB,cB,bB),F) in
the standard form as described in the table and then apply the Rotations on each block.The last
column of the table indicates the unique Hamming weight of each Part.

Using the Balanced-Binary Encoding we can define an hybrid encoding for the set of
rows and columns.

» Definition 81. Given a set R of n rows rq, ..
set B of n bricks by,...,b, we define the balanced-pointer-encoding function

.y Tn, a set C of n columns c1,...,c, and a

&+ (R x {0} x {0}) U ({0} x C x {0}) U ({0} x {0} x B) — {0,1}0!&"

as follows:
E'(r:,0,0) = bb(3) - 02losn . g2logn
£'(0,¢;,0) = 028 . ph(;). 0218 gpd
81(0707 bz) 02logn . 2logn . bb(z)

» Definition 82. Given a binary string 1, ..., z3, € {0,1}3%, the operation Rotation; and

Rotations act on the string by

ROtatiOh1(.1317 e ,1‘3k) = X2kg 15 s L3y Ll v v s Thy Thtly- -, L2%

and

Rotationa (1, ..., T3k) = ka1, - -y T2y T2kt -« - s T3y L1y - -+, Tk

XX:35

Now we are set to describe the standard-form encoding of (V, (r1, cr,br.), (TR, cr,br), (r5,cB,08),T)

where T =F+.

Standard form encoding of (V, (rp,cr,b1), (TR, cr,br), (rB,c5,b5),T) where T =+
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For the standard-form encoding we will assume that the information of V,rp,cr,br, g, cr,br, 78,8, bB
are stored in parts P1, P2, P3, P4, P5, P6, P7, P8, P9 and P10 respectively. For all ¢ € [10],
the part P; with have blocks By, Bo, B3 and By, of which the block By will be the encoding-
block. The description of the standard-form encoding is also compiled in the Table 5.

For part P1 (that is the encoding of V') the encoding block By will store ¢; - £ - ¢35 where
{1 is any 2logn bit binary string with Hamming weight 2logn, ¢35 is any 2logn bit
binary string with Hamming weight 2logn — 1 and #3 is any 2logn bit binary string with
Hamming weight 2logn — 2 — V. Block By, Bs and B, will store any 6logn bit string
with Hamming weight 6logn, 2logn + 1 and 2logn + 2 respectively.

For part P2 (this is the encoding of 1) the encoding block B1 will store the string
E'(rp,0,0). Block By, B3 and B4 will store any 6logn bit string with Hamming weight
2logn + 3, 2logn + 1 and 2logn + 2 respectively.

For part P3 (this is the encoding of ¢,) the encoding block Bl will store the string
&'(0,cr,0). Block By, B and By will store any 6logn bit string with Hamming weight
2logn + 4, 2logn + 1 and 2logn + 2 respectively.

For part P4 (this is the encoding of by) the encoding block B1 will store the string
£'(0,0,br). Block By, By and By will store any 6logn bit string with Hamming weight
2logn + 5, 2logn + 1 and 2logn + 2 respectively.

For part P5 (this is the encoding of rg) the encoding block B1 will store the string
E'(rgr,0,0). Block Bg, B3 and By will store any 6logn bit string with Hamming weight
2logn + 6, 2logn + 1 and 2logn + 2 respectively.

For part P6 (this is the encoding of cg) the encoding block B1 will store the string
£'(0,¢r,0). Block By, B3 and By will store any 6logn bit string with Hamming weight
2logn + 7, 2logn + 1 and 2logn + 2 respectively.

For part P7 (this is the encoding of br) the encoding block B1 will store the string
£'(0,0,bg). Block By, B3 and B, will store any 6logn bit string with Hamming weight
2logn + 8, 2logn + 1 and 2logn + 2 respectively.

For part P8 (this is the encoding of rp) the encoding block B1 will store the string
&'(rp,0,0). Block Bs, By and By will store any 6logn bit string with Hamming weight
2logn + 9, 2logn + 1 and 2logn + 2 respectively.

For part P9 (this is the encoding of ¢p) the encoding block B1 will store the string
£'(0,¢p,0). Block By, By and By will store any 6logn bit string with Hamming weight
2logn + 10, 2logn + 1 and 2logn + 2 respectively.

For part P10 (this is the encoding of bg) the encoding block B1 will store the string
£'(0,0,bp). Block Bg, B3 and By will store any 6logn bit string with Hamming weight
2logn + 11, 2logn + 1 and 2logn + 2 respectively.

Standard form encoding of (V| (rp,cr,br), (rr,cr,br), (r5,cB,b5),T) where T = T
and T =-

For obtaining a standard-form encoding of (V, (rr,cr,br), (g, cr,br), (r,cB,b5),T)
where T' = T, first we encode (V, (rr,cr,br), (rr,cr,br), (rp,cp,bp), T) where T" =F us-
ing the standard-form encoding. Let (P1,P2,..., P10) be the standard-form encoding of
(V,(rp,cr,br), (rr,cr,br), (r,cn,bp),T) where T =F. Now for each of the block apply the
following Rotation; operator. To get the encoding for T" =— apply Rotations on each block of
standard encoding of the tuple (V, (ry,cr,br), (rr,cr,br), (rs,cs,bn),F).

Valid permutation of the standard form
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Now we will give a set of valid permutations to the bits of the encoding of any element of
. The set of valid permutations are classified into into 3 categories:
. Part-permutation: The 10 parts can be permuted using any permutation from Syq
. Block-permutation: In each of the part, the 4 blocks (say By, Ba, B3, By) can be permuted
is two ways. (B, Bz, B3, By) can be send to one of the following
a. Simple Block Swap: (Bs, By, B1, B2)
b. Block Flip: (Bs, By, flip(Bs), flip(B4))

N = M

The decoding function Dec, : {0,1}?40lgn _; %3

We are now ready to describe the decoding function from I' = {0, 1}2401%e" to 3.
Identify the parts containing the encoding of V', rr, ¢p,br, R, cr, br,rB, cg and bp.
This is possible because every part has a unique Hamming weight.

For each part identify the blocks. This is also possible as in any part all the blocks have
distinct Hamming weight. By seeing the positions of the blocks one can understand
if flip was applied and to what and using that one case revert the blocks back to the
standard-form.

In the part containing the encoding of V' consider the encoding-block. If the block is of
the form {(¢16203) such that|l1| = 2logn, [l2| = 2logn — 1 and |¢3] < 2logn — 2} then
T = {F}. If the block is of the form {(¢3¢1¢3) such that|l;| = 2logn, |l| = 2logn — 1
and |l3] < 2logn — 2} then T' = {T}. If the block is of the form {(¢205¢1) such that|¢1| =
2logn, |l3] = 2logn — 1 and |¢3] < 2logn — 2} then T = {H}.

By seeing the encoding block we can decipher the original values and the pointers.

If the 240logn bit string doesn’t have the form of a valid encoding, then decode it as
(0,L,L1,1).

E.2.3 Proof of Transitivity of the function

To prove the function Fr4 is transitive we start with describing the transitive group for which
the Fr4 is transitive.

The Transitive Group

We will now describe the group T acting on the cells of the matrix and a group T acting
on the indices of a 6logn bit string. First consider the group Btaiegn acting on the set
[21log n]. We will assume that logn is a power of 2. The matrix has rows rq,...,r,, columns
1,...,C, and bricks by, ..., b,. We have used the encoding function £ to encode the rows,
columns and bricks. So the index of the rows, columns and bricks are encoded using a
6log n bit string. From the Definition of £ and the group Btaiogy the following claim from
Definition 81 and Claim 12.

> Claim 83. For any elementary permutation ¢ in Btaiggrn X Btalogn X Btalegn that
takes &'(x) to £'(y) there exists a permutation o € S,, X S,, X S;, that takes z to y where
z,y € (Rx {0} x {0}) U ({0} x C x {0}) U ({0} x {0} x B). That is

Gl€'(x)] = €' (o(x)).

Note that Btaiogn X Btaiogn X Btalogn is not transitive on 6logn bit string. Let us define
the group % C Sglogn containing the following permutations:
1. all permutations in Btajogn X Btaiogn X Btaiogn,
2. Rotation; to be applied on Block (6 log n-bit),
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3. Rotationy to be applied on Block (6log n-bit).
T is the group generated by the above set of permutations and clearly T is transitive.

The group 7 will be the resulting group of permutations on the cells of the matrix
induced by the group T acting on the 6logn bit. The group T is generated by the following
permutations:

1. all permutations induced by Btaiogn X Btalogn X Btaiogrn that acts on the cell,
2. for all i € [n] row 4 is goes to column %, column i goes to brick ¢ and brick ¢ goes to row i.

That is Rotation [E(r;, ¢;, b;)] = E'(o(bs, 14, ¢;)) for all ¢ € [n] where o acts on the cell.
3. for all i € [n] row i is goes to brick ¢, column i goes to row i and brick i goes to column 4.

That is Rotations[E/(r;, ¢;, b;)] = &' (o (c;, b, 7)) for all ¢ € [n] where o acts on the cell.

From the construction of 7 and 7 we have the following claim:

> Claim 84. For any permutation ¢ in T C S610gn acting on the 6logn bit string there
exists a permutation ¢ in 7 C Ss,, acting on the cell such that o[(£'(x)] = &'(o(x)) for all
in the domain of £’.

» Observation 85. One special set of permutation in T is called the “ith-bit-flips” or simply
“bit-flips”. For all 1 <1i < 3logn the ith-bit-flip applies the transposition (2i — 1,2i) to the
indices of the balanced-pointer-encoding.

Since the E'-encoding of the row (rk,0,0) uses the balanced binary representation of k
in the first half and all zero sting in the second and third half, the j-th bit in the binary
representation of k is stored in the 2j — 1 and 2j-th bit in the £ -encoding of r;. So the
j-th-bit-flip acts on the sets of rows by swapping all the rows with 1 in the j-th bit of their
index with the corresponding rows with 0 in the j-th bit of their index. Also, if i > logn then
there is no effect of the i-th-bit-flip operation on the set of rows.

One can make a similar observation for the columns and Bricks also.

From Definition 81, Claim 84 and Observation 85 we claim the following:

> Claim 86. The group T acting on the cells of of the matrix is a transitive group. That
is, for all 1 < iy, 51,12, J2, k1, k2 < n there is a permutation o € T such that o[€'(i1,0,0)] =
&'(i2,0,0), o[€'(0, j1,0)] = £'(0, j2,0) and 7[€(0,0,k1)] = £'(0,0,kz) . Or in other words,
there is a 0 € T acting on the cell of the matrix that would take the cell corresponding to
row 75, , column c;; and brick by, to the cell corresponding to row r;,, column c;, and brick
b, -

From the Claim 86 we see the group 7 acting on the cells of of the matrix is a transitive.
But it does not touch the contains within the cells of the matrix. But the input to the
function Fr4 contains element of I' = {0, 1}2401°8" in each cell. So we now need to extend
the group T to a group Gs that acts on all the indices of all the bits of the input to the
function Fry.

Recall that the input to the function Fr4 is a (n x n?)-matrix with each cell of matrix
containing a binary string of length 240logn and for each of the cells the binary string
contained in it has 10 parts of size 24logn each and each part has 4 blocks of size 6logn
each. We classify the generating elements of the group Gs into 4 categories:

1. Part-permutation: In each of the cells the 10 parts can be permuted using any permutation

from 510
2. Block-permutation: In block the 4 blocks (say B, Ba, B3, B4) can be permuted is two

ways. (Bi1, Ba, Bs, B4) can be send to one of the following

a. Simple Block Swap: (Bs, By, By, B2)
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b. Block Flip (#1): (B, By, flip(Bs), flip(By))
c. Block Flip (#2): (flip(B1), flip(B2), Bs, B3)

3. Cell-permutation: for any o € T one has the do the following two steps simultaneously:
a. (Matrix-update) Permute the cells in the matrix according to the permutation o. This

does keeps each of the contains in the cells untouched - it just changes the location of
the cells.

b. (Pointer-update) For each of blocks in each of the parts in each of the cells permute
the indices of the 6log n-bit strings according to o, that is apply o € T corresponding
to o(existence of such permutation follows from Claim 84).

We now have the following theorem that would prove that the function F7, is transitive.

» Theorem 87. The group Gs is a transitive group.

» Theorem 88. The function Fry is a transitive function under the action of the transitive
group Go.

Proof of Theorem 87. To prove that the group G is transitive we have to show that for
any indices p,q € [240n2logn| there is a permutation o € Gy that would take p to q. So
we can think of the index p as sitting in k,th position (1 < k, < 6logn) in the block B, of
the part P, in the (rp, ¢p, bp)-th cell of the matrix. Similarly, we can think of ¢ as sitting in
kqth position (1 < k, < 6logn) in the block B, of the part P, in the (rg, cq, by)-th cell of
the matrix.

We will give a step by step technique in which permutations from Gs can be applied to
move p to q.

iBtep 1 Get the positions in the block correct: If k, # k, then take a permutation & from

1396

1397

1398

1399

1400

T that takes k, to k;. Since T is transitive, such a permutation exists. Apply the
cell-permutation from 7T corresponding to & on the cells. As a result the index p can be
moved to a different cell in the matrix but, by the choice of & its position in the block in
which it is will be k.

Without loss of generality, we assume the the cell location does not change.

1Btep 2 Get the cell correct: Using a series of “bit-flip” operations change r, to r4,c, to

1402

1403

1404

1405

1406

1407

1408

1409

1410

cqg and b, to by. Since one bit-flip operations basically changes one bit in the binary
representation of the index of the row or column or brick such a series of operations can
be made. This is another Cell-permutation. In this case we always do Matrix-update and
Pointer-update simultaneously.

Since each bit-flip operation is executed by applying the bit-flips in each of the blocks so
this might have once again changed the position of the index p in the block. But, even
if the position in the block changes it must be a flip operation away. Or in other word,
since in the beginning of this step k, = kq, so if k, is even (or odd) then after the series
bit-flip operations the position of p in the block is either k, or (k, — 1) (or (k; + 1)).

18tep 3 Align the Part: Apply a suitable Part-permutation from Sjg to ensure that the part

1412

P, moves to part F.

18tep 4 Align the Block: Using a suitable combination of Simple Block Swap and Block Flip

1414

1415

1416

1417

ensure the Block number gets matched, that is B, goes to B,. In this case the cell or the
Part does not change. But depending on whether the Block Flip operation is applied the
position in the block can again change. But once again, the current position in the block
ky is at most one flip away from k.
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18tep 5 Apply the final flip: It might so happen that already we a done after the last step. If

1419 not we know that the current position in the block &, is at most one flip away from k.
1420 So we apply the suitable Block-flip operation. Thus will not change the cell position,
1421 Part number, Block number and the position in the block will match. Hence we are done.
1422 <4

123 Proof of Theorem 88. To prove that the function F74 is transitive we prove that for any
12 elementary operations o from the group Gs and for any input '™ the function value does
s not change even if after the input is acted upon by the permutation o.

1426 Case 1: o is a Part-permutation and Case 2: ¢ is a Block-permutation directly
uzr  follows from our construction of the encoding so that Decs is invariant under Part permutation
s and Block-permutation.

1429 Case 3: o is a Cell-permutation From Observation 23 it is enough to prove that
10 when we permute the cells of the matrix we update the points in the cells accordingly.

1431 Let 0 € T be a permutation that permutes only the rows of the matrix. By Claim 84,
1w there exist a permutation o € T to be applied on every block and so that the contents of the
1 cells will be updated accordingly. Similarly if o only permute the columns or Bricks of the
3¢ matrix we will be fine.

1435 Finally, if Rotation; was applied then for all ¢ row 7 is swapped with column 4, column
us ¢ is swapped with brick ¢ and brick ¢ is swapped with row ¢ then it is easy to see that
wr 0]€'(1,0,0)] = £(0,4,0), [€'(0,4,0)] = £'(0,0,4) and 5[£'(0,0,4)] = £'(4,0,0) . In that case
s the encoding block of the value part in a cell also gets swapped. This will thus be encoding
w0 the T value as T. And so the function value will not be affected as the T'= T will ensure
10 that one should apply the Rotation; on the cells of the input before evaluating the function.
un  For Rotationy we can argue similarly. Hence, Fr4 is transitive. <

uw> E.2.4 Properties of the Function

s > Claim 89. Zero error randomized query complexity of Fry is Q(n?).

s Proof. The function ModA3x(,, , n2y is a “harder” function than A3(,, , »2). So Ro(ModA3x(,, ;, n2))
s is at least that of Ro(A?}(n’n)nz)).

1446 Now since, Fry is (ModA3*(n7n,n2) o Decz) so clearly the Ro(F74) is at least Ro(A3(;, 1,n2))-

e From [5] we have D(A3(, , n2)) is Q(n®). Hence Ro(Fr4) at least Q(n?). <

1448 The following Claim90 that follows from the definition of the function ModA3x(,, 5, n2)-

o[> Claim 90. The following are some properties of the function ModA3x(;, ;, 2):
1450 Q(MOdA3*(n7nm2) < 3Q(A3(n,n,n2)) + O(TL2 log TL)

1451 Finally, from Theorem 44 we see that Q(F74) is at most O(Q(ModA3x(y, ;, »2) - logn). So
w2 combining this fact with Claim 89, Claim 90 and Theorem 67 (from [5]) we have Theorem 74.

ws E.3  Transitive function for Theorem 75

uss  In [5] they have proved that A3, ,2) is such that R(A3(y ;, ,2)) = Q(QE(A3(17n7nz))1'5. In
uss  this function A3( ;, ,2) number of marked column is 1, which is different from A3, ;, »2).
uss  But for both of these function the domain is same. So, proof follows directly.

1457 For transitive function first we will define ModA3x(y ;, ,,2) on £’ similar as ModA3 (1, n2)
uss in Section E.2. Then define a composition function with outer function ModA3x; ,, 2y and
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inner function Decy as defined in Section E.2. Our final function is Frs : | N {0,1} such
that F75 = ModA3%(y ,, n2) 0 Deca and Decy is a function from I to ¥ where I' = 240 log n.
From the proof of Theorem 88 it directly follows that F7s5 is transitive under the action
of the group Gs.
Since Frs is transitive, considering the fact that ModA3x(y ;, ,,2) is harder than A3y ;, ,,2)
and combining [5] result with Theorem 44 we have Theorem 75.

F Separation between sensitivity and randomized query complexity

[8] showed that functions that witness a gap between deterministic query complexity (or
randomized query complexity), and UCy;, can be transformed to give functions that witness
separation between deterministic query complexity (or randomized query complexity) and
sensitivity. We observe that transformation the [8] described preserves transitivity. Our
transitive functions from Theorem 73 along with the transformation from [8] gives the
following theorem.

» Theorem 91. There exists transitive functions Fo1 such that R(Fy1) = Q(s(Fo1)?).
We start by defining desensitisation transform of Boolean functions as defined in [8].

» Definition 92 (Desensitized Transformation). Let f : {0,1}™ — {0,1}. Let U be a collection
of unambiguous 1-certificates for f, each of size at most UCy(f). For each x € f~1(1),
let p, € U be the unique certificate in U consistent with x. The desensitized version
of f is the function for : {0,1}3" — {0,1} defined by for(x1w223) = 1 if and only if
f(.’L'1> = f('rQ) = f(xS) =1 and py, = po, = Pas -

» Observation 93. If f : {0,1}" — {0,1} is transitive, then for : {0,1}*" — {0,1} is also
transitive.

Proof. Let Ty C S, be the transitive group corresponding to f and let z1zox5 € {0,1}3" be
the input to fpr. Consider the following permutations acting on the input xyx2x3 to fpr:
1. S;3 acting on the indices {1, 2,3} and

2. {(o,0,0) € Ssplo € Ty} acting on (1, z2, 3).

Observe that the above permutations act transitively on the inputs to fpt. Also from the
definition of fpt the value of the function fpt is invariant under these permutations. <

Next, we need the following theorem from [8]. The theorem is true for more general
complexity measures. We refer the reader to [8] for a more general statement.

» Theorem 94 ([8]). For any k € RT, if there is a family of function with D(f) =

QUCin ()T, then for the family of functions defined by f = ORsyc,in(s) © foT sat-

isfies D(f) = Q(s(f)*™*). Also, if we replace D(f) by R(f), Q(f) or C(f), we will get the
same result.

Proof of Theorem 91. Let us begin with the transitive functions Fr3 from Section E.1
which Will~desensitize to get the desired claim. From Claim 77 and Observation 68 we have
R(F73) > Q(UCmm(F73)2)

Let Fyq be the desensitize F73. From Theorem 94, Observation 93 we have the theorem. <«
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w G Separation between quantum query complexity and certificate
1498 complexity

1w [2] constructed functions that demonstrated quadratic separation between quantum query
100 complexity and certificate complexity. Their function was not transitive. We modify their
1s01  function to obtain a transitive function that gives similar separation.

5o B Theorem 95. There exists a transitive function Fos : {0,1}Y — {0,1} such that
1503 Q(Fos) = Q(C(Fas)?).

1505 We start this section by constructing an encoding scheme for the inputs to k-sum function
s such that the resulting function ENC-k-Sum is transitive. We then, similar to [2], define
1sor - ENC — Block-k-Sum function. Composing ENC-k-Sum with ENC — Block-k-Sum as outer
1508 function gives us Fys.

w0 G.1 Function definition

150 Recall that, from Definition 61, for ¥ = [n*], the function k-sum : " — {0,1} is defined as
su follows: on input 1, x9,...,x, € X, if there exists k element x;,,...,z;,, i1,...,ik € [n],
sz that sums to 0 (mod |X|) then output 1, otherwise output 0. We first define an encoding
1513 scheme for 3.

su G.1.1  Encoding scheme

1515 Similar to Section 4.1.1 we first define the standard form of the encoding of x € ¥ and then
116 extend it by action of suitable group action to define all encodings that represent x € X
sz where X is of size n* for some k € N.

1518 Fix some z € ¥ and let * = z1%2...Tr1ogn be the binary representation of x. The
159 standard form of encoding of x is defined as follows: For all ¢ € [klogn]| we encode z; with
1520 with 4(klogn 4 2) bit Boolean string satisfying the following three conditions:

sa 1. &; = T;12023%,4 where each x;;, for j € [4], is a (klogn + 2) bit string,

152 2. if z; = 1 then |1‘11‘ =1, |.Z‘i2| =0, |£U13| =2, |l‘l4| =142, and

w3 3. if ; = 0 then |z =0, |zi2| = 1, |zi3| = 2, |zia| = 1 + 2.

1522 Having defined the standard form, other valid encodings of x; = (z;1x22,32:4) are obtained
155 by the action of permutations (12)(34), (13)(24) € S4 on the indices {i1,2,3,i4}. Finally
s if @ = {(x4;]i € [klogn],j € [4]}, then {(Z4(:)y(j))|0 € Skiogn,y € T C Sa} is the set of all
1527 valid encoding for x € X.

1528 The decoding scheme follows directly from the encoding scheme. Giveny € {0, 1}*1o8 n(4klogn+8)
120 first break y into klogn blocks each of size 4k logn + 8 bits. If each block is a valid encoding
130 then output the decoded string else output that y is not a valid encoding for any element
131 from .

s2 G.1.2 Definition of the encoded function

1513 ENC-k-Sum is a Boolean function that defined on n-bit as follows: Split the n-bit input into
s block of size 4k log n(klogn +2). We say such block is a valid block iff it follows the encoding
135 scheme in Section G.1.1 i.e. represents a number from the alphabet Y. The output value of
135 the function is 1 iff there exists k valid block such that the number represented by the block
sy in 3 sums to 0 (mod |X|).
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ENC — Block-k-Sum is a special case of the ENC-k-Sum function. We define it next.
ENC — Block-k-Sum is a Boolean function that defined on n-bit as follows: The input string
is splits into block of size 4k logn(klogn + 2) and we say such block is a valid block iff it
follows the encoding scheme of Section G.1.1 i.e. represents a number from the alphabet
3. The output value of the function is 1 iff there exists k valid block such that the number
represented by the block in ¥ sums to O(mod |X|) and the number of 1 in the other
block is at least 6 x (klogn). Finally, similar to [2] define Fys : {0,1}"" — {0,1} to be
ENC — Block-k-Sum o ENC-k-Sum, with k = logn.

The proof of Theorem 95 is same as that of [2]. We give the proof here for completeness.

Proof of Theorem 95. We first show that the certificate complexity of Fys is O(4nk? log n(k log n+
2). For this we show that every input to ENC — Block-k-Sum, the outer function of Fys, has a
certificate with O(k x (4klog n(klogn+2))) many 0’s and O(n) many 1’s. Also the inner func-
tion of Fys, i.e. ENC-k-Sum, has 1-certificate of size O(4k? logn(klogn + 2) and O-certificate
of size O(n). Hence, the Fys function has certificate of size O(4nk? logn(klogn + 2)).

Every 1-input of ENC — Block-k-Sum has k valid encoded blocks such that the number
represented by them sums to (0 mod |S|). This can be certified using at most O(k x
(4klogn(klogn + 2))) number of 0’s and all the 1’s from every other block.

There are two types of 0-inputs of ENC — Block-k-Sum. First type of 0-input has at least
one block in which number of 1 is less than 6 x (klogn) and the zeros of that block is a
O-certificate of size O(4klogn(klogn + 2)). The other type of O-input is such that every
block contains at least 6 x (klogn) number of 1’s. This type of 0-input can be certified by
providing all the 1’s in every block, which is at most O(n). This is because using all the 1’s
we can certify that even if the blocks were valid, no k-blocks of them is such that the number
represented by them sums to 0 (mod |X|).

Next, we prove 2(n?) lower bound on quantum query complexity of Fys. From The-
orem 45, Q(Fys) = Q(Q(ENC — Block-k-Sum)Q(ENC-k-Sum)). Since ENC-k-Sum reduces to
ENC — Block-k-Sum, from Theorem 62 the quantum query complexity of the ENC — Block-k-Sum

k
. . k
function is Q [ —2" ). Thus
k2 logn(klogn+2)

QFos) = k3logn(klogn +2) )
Hence, Q(Fys) = Q(n?), taking k = logn. <

H Remaining cells of Table 1

In this section we prove that all function in white and yellow cell of Table 1 are transitive.
Since PARITY (@) and AND (A) are symmetric they are also transitive by definition. The
other functions that appear in the table are those in Definition 57 (NWd for finite d € N),
Definition 55 (RUB), Definition 59 (GSS{) and Definition 60 (GSSs).

We have the following corollary to the above observation:

Observation 96. The following functions are transitive:
OR,, o AND,,

A-tree for depth d for finite d € N,

NW<,

RUB,

GSS?, and

G WY
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6. GSS,.

Proof. The transitivity of the functions either follows directly from their definitions or from
the fact that they are composition of two transitive functions and hence the function is
transitive using Observation 46. <

I Challenges with making transitive versions of “cheat sheet” based
functions

In this section we show that it is not possible to give a quadratic separation between degree
and quantum query complexity for transitive functions by modifying the cheat sheet function
using the techniques in [2] which go via unambiguous certificate complexity.

Let us start by recalling the cheat sheet framework from [2]. Let f: {0,1}"™ — {0,1} be a
total Boolean function. Let C'(f) be its certificate complexity and Q(f) be its bounded-error
quantum query complexity. We consider the following cheat sheet function (also see Defini-
tion 63 for a formal definition), which we denote by fcs, : {0, 1}xlost+txlogtxC(f)xlogn _,
{0,1}:

There are logt copies of f on disjoint sets on inputs denoted by f1,..., fiogt-

There are t cheat sheets: each cheat sheet is a block of (logt x C(f) x logn) many bits

Let 1,...,%10g¢ € {0,1}" denote the input to the logt copies of f and let Y7,...,Y;

denote the t cheat sheets.

Let £ = (f(x1),..., f(Ziogt)). fos,: evaluates to 1 if and only if Y} is a valid cheat sheet

(see Definition 63)

[2] showed separations between several complexity measures using the cheat sheet frame-
work. In [2], the separations that lower bound bounded-error quantum query complexity in
terms of other complexity measures, for example degree, are obtained as follows:

1. Start with a total function f : {0,1}"™ — {0, 1} that has quadratic separation between
quantum query complexity and certificate complexity: Q(f) = Q(n) and C(f) = O(v/n).
Consider the cheat sheet version of this function fog ¢, with t = n!0.

2. Lower bound Q(fcs.¢), for t = n'® by Q(f). This uses the hybrid method ([9]) and strong
direct product theorem ([21].

3. Upper bound degree of fos: by using the upper bound on the unambiguous certificate
complexity of fog .

Instead of degree, one might use approximate degree in the second step above for a suitable

choice of f (see [2] for details).

A natural approach to obtain a transitive function with gap between a pair of complexity
measures is to modify the cheat sheet framework to make it transitive. One possible
modification is to allow a poly-logarithmic blowup in the input size of the resulting transitive
function while preserving complexity measures of the cheat sheet function that are of
interest (upto poly logarithmic factors). We show, however, that it is not possible to show a
quadratic separation between degree and quantum query complexity for transitive functions
by modifying the cheat sheet function using the techniques in [2] which go via unambiguous
certificate complexity. The reason for this is that the unambiguous certificate complexity of
a transitive cheat sheet function on N-bits is Q(v/N) (see Observation 97) whereas the in
Lemma 98 we show that the quantum query complexity of such a function is o(V).

Note that this does not mean that cheat sheet framework can not be made transitive
to show such a quadratic gap. If the cheat sheet version of a function that is being made
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transitive has a better degree upper bound than that given by unambiguous certificate
complexity then a better gap might be possible.

We now formalize the above discussion. First, we need the following observation that
lower bounds the certificate complexity of any transitive function.

» Observation 97 ([32]). Let f: {0,1}N — {0,1} be a transitive function, then C(f) > V/N.

The cheat sheet version of f, fcsy, is a function on é(n + C(f)t) many variables, where
t is polynomial in n. From the cheat sheet property the unambiguous certificate complexity
of fest, denoted by UC(fese), is O(C(f)). In Section I we show that Q(fcs,t) is at most
O(C(f)V/t). Thus in order to achieve quadratic separation between UC and Q, t has to be at
least Q(C(f)?).

Let % be a modified transitive version of fcg: that preserves the quantum query

complexity and certificate complexity of fcs: upto poly logarithmic factors, respectively.

From Observation 97 it follows that UC(]TE;) = Q(/n+ C(Ht) = QC(f)3?). On the

other hand, since fg{t preserves the certificate complexity upto poly logarithmic factors,

UC(foss) = O(C(f)).

Upper bound on quantum query complexity of cheat sheet function

We use quantum amplitude amplification ([10]) in this section. Given a classical or quantum
algorithm with success probability p, quantum amplitude amplification amplifies the success
probability to 2/3 (or some constant greater than 1/2) by repeating the original algorithm
O(1/,/p) many times. Classically, such amplification requires (1/p) repetitions (this is also
sufficient).

» Lemma 98. The quantum query complezity of fcs. is O(Vt x logt x \/n x logn).

Proof. Consider the following randomized query algorithm for fcog+:

Choose i € [¢] uniformly at random

Check the ith cheat sheet: if the certificates in ith cheat sheet evaluate to i then proceed,

otherwise return 1 and stop.

Query the inputs of the functions to verify certificates. If the certificates match then

return —1, otherwise return 1.
If the cheat sheet criteria is not satisfied, then the above algorithm makes no error. On the
other hand, if the cheat sheet criteria is satisfied then there exists ¢ € [¢] that returns —1
when chosen in the first step of the above algorithm. Thus, the probability of algorithm
being correct is at least 1/t. Also, the number of queries made by the above algorithm is
logt x v/n x logn.

Thus, by amplitude amplification, O(\/t) repetitions of the above algorithm gives us
a bounded-error quantum query algorithm which makes O(v/f x logt x \/n x logn) many
queries. <«

We end this section by giving a concrete approach towards showing separation between
unambiguous certificate complexity and quantum query complexity for a transitive functions
using the cheat sheet method. We believe the it is possible to start with fcg+, for transitive
function f and ¢t = y/n and convert it to a transitive function that preserves the unambiguous
certificate complexity and quantum query complexity upto poly logarithmic factors, while
incurring a poly logarithmic blowup in the input size. However, we do not know how to
prove quantum query complexity lower bound matching our upper bound from Lemma 98
for t = y/n. We make the following conjecture towards this end.
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» Conjecture 99. There exists a transitive function f : {0,1}" — {0,1} with C(f) = O(y/n)

and Q(f) = Q(n). Let fog sm be the cheat sheet version of f with \/n cheat sheets. Then

Q(fes,ym) = Qn¥/1).

If true, the above conjecture should implies that for a transitive function f, Q(f) =
{3 (dleg(f)1/%).

[2] showed the for the quantum query complexity of the cheat function fogsy, i.e. Q(fes.t),
is lower bounded by Q(f), when t = n'%. Their proof goes via he hybrid method ([9]) and
strong direct product theorem ([21]. Is is interesting to find the the constant smallest ¢ such
that Q(fos.ne) = QQ(f)). We know that such a ¢ must be at least than 1 (from Lemma 98)
and is at most 10 (from [2]). We state this formally beow:

» Question 100. Let f:{0,1}™ — {0,1} be a non-constant Boolean function and let fog e
be its cheat sheet version with n¢ cheat sheets. What is the smallest ¢ such that the following
1s true:

Q(fosne) = AUQ(S))-
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