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Abstract—In this article, a new systematic approach to
sensor fusion and state estimation is proposed for ex-
tended target tracking in human–robot coexisting environ-
ments. The developed method, called human feature-based
extended target tracking via multisensor information fu-
sion (HFBETT-MSIF), can assimilate information from the
onboard camera and sonar sensor of a mobile robot in a
unified way, during tracking of a pair of human shoes. A
novel generalized measurement model containing the com-
plete information of the human target is formulated for both
sensors, thus rendering the tracking system potentially ro-
bust to the failure of any one sensor. The study illustrates
how heteroscedastic Gaussian process (HGP) regression
can be used to derive the measurement model. It also
develops an advanced HGP model, called bias-minimized
most likely HGP, to interpret the real-world shoe-contour
data subjected to heteroscedastic noise. Performance eval-
uations conducted for real-life shoe tracking demonstrate
the supremacy of the HFBETT-MSIF.

Index Terms—Extended target tracking, heteroscedas-
tic Gaussian process (HGP) regression, human–robot co-
existing environment, multisensor fusion, recursive state
estimation.

I. INTRODUCTION

IN RECENT years, it has increasingly been found that various
human-following or tracking approaches, with a view to
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overcoming the limitations of single-sensor systems [1], [2], [3],
are making use of a sensor fusion mechanism that involves mul-
tiple distinct sensing units [4], [5], [6], with each sensing module
being designated to perform a specific job. The candidate sensors
utilized for such applications are vision sensors, sonar sensors,
laser range finders (LRFs) etc., and the fusion approaches pre-
dominantly use probabilistic methods, such as extended Kalman
filter [4], covariance intersection filter [5], and particle filter [6].
Mostly, such sensor fusion mechanisms require integration of
vision sensing with range sensing, and, in most such schemes, it
is not possible to separate the integration of visual data and range
information, since either one of them furnishes only partial or
incomplete information about the target. As a result, if any one
sensing unit malfunctions, the tracking system stops working.
A new framework of sensor fusion, integrating an LRF and a
monocular camera, is proposed in [6] for human tracking, where
both sensors can work independently as well as in a cooperative
manner, thus, providing a potentially robust solution in the face
of the failure of any one sensor. However, a noteworthy limitation
of this approach is that although it can track target poses, it is not
suitable for tracking the shape of the target, which is especially
crucial in the context of practical, comparatively short-ranged
tracking applications.

The vast majority of the algorithms for detecting and tracking
dynamic objects (e.g., cars, pedestrians, bicycles, etc.) consider
the target object as a point mass that generates at most one
measurement at a single sensor scan. However, in practice,
especially where the size of the object cannot be ignored due
to the relatively close proximity of the object to the sensors
having fair resolutions, the point-mass assumption does not hold
true. This gives rise to the extended target tracking problem [7],
[8] where, at a single scan, multiple measurements are acquired
whose distribution relies not only on the kinematic states but also
on the shape of the target object. Situations get more complicated
where we consider targets of arbitrary shapes or where no a priori
information about such shapes is available. Gaussian process
(GP)-based methods [7], [8], [9], [10] are growingly utilized to
solve such nonparameteric regression problems at hand.

In a classical GP regression (GPR) model [11], noise level
is considered constant throughout the input space. However, in
many practical problems (e.g., [12] and [13]), the variability
in observation is heavily reliant on the input. Over the past
couple of decades, different heteroscedastic GP (HGP) [14],
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[15], [16], [17], [18], [19] algorithms have been developed,
where the traditional constant-noise assumption is relaxed and
the noise level is considered to be varying in the input domain.
Compared with the standard (homoscedastic) GP, the HGP is
demonstrated to better approximate various sources of uncer-
tainty. Typically, in the HGP, two GPs are involved, the first
one for modeling the underlying function and the second one
for learning the heteroscedastic noise, together generating a
joint posterior distribution, that is analytically intractable and
non-Gaussian.

The numerical solutions can be achieved using various ap-
proximate inference methods, such as Markov chain Monte
Carlo (MCMC) samplings [14], expectation propagation [15],
variational inference [16], Laplace approximation [17], and the
most likely noise (MLN) approaches [18], [19]. The most accu-
rate MCMC sampling is heavily time-consuming when dealing
with large-scale datasets. Although the expectation propagation
approximations are significantly faster compared with MCMC
methods, they remain highly expensive in the case of large-scale
regression problems. The variational inference and its variants
(e.g., variational HGP (VHGP) [16]) offer a reasonable tradeoff
between computational efficiency and accuracy. For the Laplace
approximation, nonelliptical skewed posterior distributions pose
a challenge and serious efforts would be needed to improve
the method in this regard. The MLN approaches are simple
and computationally appealing in handling regression problems
involving heteroscedastic noise, but they may risk overfitting
and suffer from drawbacks, such as numerical instability and
inaccuracy. For instance, the limitations of the most likely
HGP (MLHGP) [18] include no guarantee for convergence
and possible oscillations because of empirical estimation of the
input-dependent noise (IDN) levels. Afterward, the maximum
a posteriori HGP (MAPHGP) [19], although tried to address
these problems, it showed a tendency to overfit significantly, es-
pecially when there are numerous latent noise variables to learn.

Considering the abovementioned aspects, a new, efficient
approach to multisensor fusion and state estimation is proposed
in this study for extended target tracking in human–robot co-
existing environments. The developed method, referred to as
human feature-based extended target tracking via multisensor
information fusion (HFBETT-MSIF), can systematically assim-
ilate information from multiple sensors mounted on a mobile
robot in a unified way, during human tracking. This inexpensive,
low-power robotic system comprises a monocular camera and
an ultrasonic (US) sensor and can be particularly beneficial in
developing countries. This research considers both shoes of a
target person as the extended targets and there are several reasons
behind selecting shoes [6]. Moreover, in this study, the shape of
a target shoe is characterized by its projected 2-D contour, and
the boundary of a star-convex set is proposed to be used to model
the shoe shape. In general, the radial function is used to describe
arbitrary star-convex shapes [7], and in this work, the function
is approximated by a finite set of radial distances sampled at a
predefined set of angles.

First, to precisely represent an extended target’s states, the
present article defines an augmented state vector comprising the
shape parameters and pose states. A novel generalized measure-
ment model is then developed for both the camera and sonar
sensor based on an advanced HGP regression approach. Finally,
the derived measurement models are utilized for Bayesian infer-
ence for which the popular unscented Kalman filter (UKF) [20] is
employed to predict and correct conditional probability density

functions. The major contributions of this research work are as
follows.

1) Given the relatively short-ranged sensing system involv-
ing the sonar sensor and camera, the extents of the target
shoes are large enough so that multiple measurements are
acquired, when a sensor scan is performed. In the pro-
posed framework, both the sensing modules are endowed
with the capability of extracting the range and bearing
measurements of various points on the shoes’ surfaces at
a single scan independently, during the tracking process.
Such a strategy enables deriving respective measurement
models for the sonar sensor and camera, each containing
the complete information of the human target and being
involved in the estimation of the shape states of the target
in conjunction with its kinematic states. This renders the
tracking system potentially robust against the breakdown
of any single sensing unit.

2) Since no a priori knowledge about the target shape is
available here, the problem of predicting unknown radial
distances for shape state estimation can be formulated
as a nonparameteric regression problem. However, the
experimental study reveals that the variability in the mea-
surement of radial distances is dependent on the angle
inputs. Hence, the noise level is considered to be varying
across the input space (for details, see Section S-I of
the Supplementary Material). To deal with the aforemen-
tioned heteroscedastic regression problem, an advanced
HGP model, called bias-minimized MLHGP (BMML-
HGP), is developed here, inspired by the concepts of
improved MLHGP presented in [21]. This provides an
almost unbiased estimate of the heteroscedastic noise
level by using the method of moments [22] for Bayesian
residuals. The algorithm achieves excellent numerical ac-
curacy and stability, aside from a superior computational
efficiency. Based on the BMMLHGP, a novel generalized
measurement model is derived for both the camera and
sonar sensor. To the best of our knowledge and belief, this
is the first work to demonstrate how an HGP configuration
can be successfully utilized for shape state estimation in
an extended target tracking problem.

The rest of this article is organized as follows. In Section
II, the state transition model of a target shoe is developed.
Sections III and IV, respectively, describe the methodologies
for shoe localization based on camera and US sensor. Section
V presents the BMMLHGP model and illustrates how regres-
sion via BMMLHGP can be utilized to derive the generalized
measurement model. In Section VI, the shoe tracking problem at
hand is mathematically formulated and the proposed multisensor
fusion-based tracking approach is presented. Comprehensive
real-life performance evaluations are presented in Section VII.
Finally, Section VIII concludes this article.

II. STATE TRANSITION MODEL OF THE EXTENDED TARGET

OBJECT

A. Definition of the State Vector

The extent of a target shoe is modeled here using a star-convex
shape. Each extended target is assumed to move in a 2-D space
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Fig. 1. (a) Illustration of a typical shoe in the GCF (Ug − V g) and BAF
(ub − vb). (b) Visual representation of the shape state for a shoe.

and its shape is characterized by its projected 2-D contour [7].
Now, to define the state vector, the notions of two reference
frames, named body-attached frame (BAF) and global coordi-
nate frame (GCF), are here presented. A representative example
for the projected 2-D contour of a human shoe is shown in
Fig. 1(a), where Ug-V g and ub-vb, respectively, represent the
GCF and BAF, (x0, y0) denotes the coordinate of the BAF’s
origin w.r.t. the GCF, and the angle γ symbolizes the heading of
the BAF. In general, the pose state at sampling instant ti (i =
1, 2, . . .), indicated by Xpo(i) ∈ R

p, is defined as Xpo(i) =

[x0(i), y0(i), X
′
po(i)

T ]T [7], where X ′
po(i) ∈ R

p′ comprises
auxiliary state variables, for example, velocity, angular rate, ac-
celeration, heading etc. In this research, the well-known constant
velocity motion model is adopted, i.e., X ′

po = [ẋ0, ẏ0]
T ∈ R

2,
and therefore, Xpo(i) = [x0(i), y0(i), ẋ0(i), ẏ0(i)]

T .
The contour of a star-convex shape in polar coordinates is

given by a radial function λ = λ(ψ) that maps an angle ψ in
the BAF to the corresponding radial distance λ [see Fig. 1(b)].
The observed radial function λ is considered as a noise-corrupted
version of the actual radial function λ̃. For practical applications,
λ(ψ) is approximated by a finite set of radial distances {λk}Pk=1
sampled at a predefined set of angles {ψk}Pk=1 [7]. Then, the
shape state at sampling instant ti, indicated by Xsh(i) ∈ R

P ,
is given as Xsh(i) = [λ1(i), λ2(i), . . . , λP (i)]

T . Finally, the
complete state vector of a target at ti, denoted byX(i) ∈ R

p+P ,
is given as [7]

X(i) =
[
Xpo(i)

T Xsh(i)
T
]T
. (1)

B. Description of the State-Transition Model

The state-transition model for this extended object, i.e., a
human shoe can be described as [7]

X(i+ 1) = F (X(i), w(i)) (2)

or alternatively[
Xpo(i+ 1)
Xsh(i+ 1)

]
=

[
F po (Xpo(i), wpo(i))

F sh (Xsh(i), wsh(i))

]
(3)

where w(i) ∈ R
q is a random noise with mean zero and co-

variance Q(i) ∈ R
q×q, and F : Rp+P × R

q → R
p+P denotes

the state-transition function. F can be decomposed into two
components as F = [F T

po F T
sh]
T , where F po and F sh represent

the dynamical behaviors shown by the pose and shape states,
respectively, over time. Similarly, w(i) is expressed as w(i) =
[wpo(i)

T wsh(i)
T ]T , where wpo(i) and wsh(i) capture the un-

certainties in individual dynamical behaviors with covariances

Fig. 2. (a) Shoe templates determined from the reference frame. (b)
PSAs computed for a representative frame captured. Shoe edges iden-
tified in the PSAs. (c) Shoe: left. (d) Shoe: right. Contact edges between
the shoes and the ground. (e) Shoe: left. (f) Shoe: right. (g) CPs detected
in the frame.

Qpo(i) andQsh(i) (Q(i) = diag(Qpo(i), Qsh(i))), respectively.
In this study, the constant velocity motion model is utilized to
represent F po as [7]

Xpo(i+ 1) = F po (Xpo(i), wpo(i))

=

⎡
⎢⎢⎢⎣

1 0 τ 0
0 1 0 τ

0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎦Xpo(i) +

⎡
⎢⎢⎢⎣
τ 2/2 0

0 τ 2/2
τ 0
0 τ

⎤
⎥⎥⎥⎦wpo(i)

where τ is the sampling interval. The heading γ of a target is as-
sumed to be aligned with its velocity, that is γ = tan−1(ẏ0/ẋ0).
This research considers time invariant shapes, leading to the use
of an identity function for F sh as [7]

Xsh(i+ 1) = F sh (Xsh(i), wsh(i)) = Xsh(i) +wsh(i).

III. VISION SENSOR-BASED SHOE LOCATION DETECTION

(SLD)

During human tracking, from each successive frame fri cap-
tured at a sampling instant ti (i = 0, 1, . . .), we extract a pair
of quadrilateral image blocks (referred to herein as the left and
right potential subareas (PSAs) [23], respectively) containing
the positions of the target shoes and subsequently determine the
target shoes’ real locations w.r.t. the GCF at ti.

A. Visual Features Extraction (VFE) Module

In this article, we develop a VFE module based on
photometric-invariant CFAsT-Match (PICFAsT-Match) ap-
proach proposed in [23] where, first, an intelligent algorithm [23]
detects the shoes of the target person in a reference frame frref,
and then, two template images of rectangular shape, one contain-
ing mainly the left shoe (IST (L)) and the other mainly the right
shoe (IST (R)), are acquired from frref. Details of each individual
shoe detection (i.e., PSA computation) in a succeeding frame
(ITR) captured during pursuit, using template matching, are
given in [23]. In this work, similar to [23], the fitness of a
single affine transformation Θ in a specific grid Gσ (σ being a
precision parameter) is assessed via a sublinear approximation
of the Adapted-Colour-Sum-of-Absolute-Differences (ACSAD)
distance function ξΘ(IST (k), ITR), k = L or R. The mathemat-
ical definition of ACSAD distance ξΘ(IST (k), ITR) is given in
detail in Section S-II of the Supplementary Material.

B. SLD Module

After implementing VFE, we apply bilateral filtering [24] to
smooth the PSAs and then Canny edge detection [25] to obtain
the target shoe’s edges in the smoothed PSAs. Finally, using Shi–
Tomasi corner detector [25], along with an empirical geometric
model, we identify multiple points of contact (CPs) of the shoes
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Fig. 3. (a) Readings in a sample sonar scan. (b) Clustering sonar readings with DENCLUE (a red contour: a spatial cluster). (c) Finding sonar
readings representing the target shoes based on EFBLR, resulting in filtered scan.

with the ground. The schemes for computation of PSAs and CPs
are shown in Fig. 2 with a real-life test case.

Considering a visual frame frex captured at time instant tex
during tracking, let us assume that the number of CPs identified
for a target shoe [referred to as shoe CPs (SCPs)] is denoted
by NVex. Then, let A(ex) = {[p(ex)

m , q
(ex)
m ]T }NVex

m=1 indicate the
set of the image plane coordinates of the SCPs w.r.t. the cen-
ter of the image (i.e., frame). Also, let the set of the visual
ranges and bearings of the SCPs w.r.t. the onboard camera
be denoted by V (ex) = {[r(ex)

vm , θ
(ex)
vm ]T }NVex

m=1. Once we obtain
the SCPs in the image plane, we adopt the geometric setting
and definitions associated with the visual observation model
module, described in [6], to determine V (ex), and accordingly
the set of the corresponding 2-D positions of the SCPs in
the GCF, denoted by Z(vis)(ex) = {z(ex)

(vis),m}NVex
m=1, with z

(ex)
(vis),k =

[z
(ex)
x(vis),k, z

(ex)
y(vis),k]

T (where z
(ex)
x(vis),k and z

(ex)
y(vis),k represent the

coordinates of the kth SCP in the GCF).

IV. SONAR-BASED TARGET SHOE LOCALIZATION

In this work, the sonar-based shoe localization is performed
based on the human leg localization approach developed in [26],
utilizing DENsity-based CLUstEring (DENCLUE) and Edge
Feature Based Leg Recognition (EFBLR) algorithms [26]. The
shoe localization scheme is shown in Fig. 3 with a real-life test
case. Let, for a sonar scan Scex acquired w.r.t. a robot pose frame
rpex [26] at time instant tex during tracking, NSex be the number
of sonar readings in filtered Scex characterizing a target shoe’s
extent in width. Assuming that S(ex) = {[r(ex)

sn , θ
(ex)
sn ]T }NSex

n=1
denotes the set of sonar ranges and bearings of the corresponding
sonar readings w.r.t. the onboard US sensor at its original heading
[refer to Fig. 5(a)], the set of 2-D positions in the GCF that
corresponds toS(ex) is given asZ(rng)(ex) = {z(ex)

(rng),n}NSex
n=1 , with

z
(ex)
(rng),k = [z

(ex)
x(rng),k, z

(ex)
y(rng),k]

T (where z(ex)
x(rng),k and z(ex)

y(rng),k are
the coordinates of the kth shoe-reading in the GCF).

V. GENERALIZED MEASUREMENT MODEL FOR CAMERA AND

SONAR: HETEROSCEDASTIC GP REGRESSION

Let the set of readings obtained with an onboard sensor
for a single target shoe at ti be Z(i) = {z(i)1 , z

(i)
2 . . . , z

(i)
NCi

},

Fig. 4. Positions of a noisy measurement z and the corresponding
measurement generating point source z∗ in the GCF.

Fig. 5. (a) Wheeled mobile robot utilized and (b) a pair of shoes
tracked by the onboard sensors of the robot. Magenta “�”: center of a
shoe.

where z
(i)
k ∈ R

2, k = 1, 2 . . . , NCi represent individual read-
ings and NCi indicates the number of the readings. If we
assume these measurements to be conditionally independent
of each other given the state X , the joint likelihood function
p(z

(i)
1 , z

(i)
2 . . . , z

(i)
NCi

|X) can be expressed as the product of
the individual likelihoods of all measurements as follows:

p(z
(i)
1 , z

(i)
2 , . . . , z

(i)
NCi

|X) =

NCi∏
k=1

p(z
(i)
k |X). (4)
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We define a point source z∗ ∈ R
2 on the boundary of the target

that yields the measurement z. However, in reality, the estimator
does not know the actual point (referred to as z∗true in Fig. 4)
that generates the measurement z. Therefore, following a similar
approximation approach as in [7], we assume that z∗ is located
on the boundary along the direction indicated by ψz, where ψz

is the angle made by z w.r.t. the BAF (given in Fig. 4). Then,
we can consider the measurement z as a noise-contaminated
representation of z∗ as [7]

z = z∗ +Δ (5)

where Δ ∈ R
2 denotes a zero-mean random noise having co-

variance asRΔ ∈ R
2×2. As given in Fig. 4, the point sourcez∗ =

[z∗xc, z
∗
yc]

T can be characterized by two parameters, namely the
radial distance λz∗ and the angle ψz, as [7]

z∗ =
[
x0

y0

]
+

[
cos(ψz + γ)

sin(ψz + γ)

]
λz∗ . (6)

The angle ψz from Fig. 4 is given as follows:

ψz = tan−1

(
zyc − y0

zxc − x0

)
− γ. (7)

The radial distance λz∗ is generally unknown, since ψz usually
does not coincide with the predefined ψk, k = 1, 2, . . . , P , and
the problem of predicting λz∗ can be formulated as a regression
problem [7]. Since the object shape is considered arbitrary, it
necessitates the implementation of nonparameteric regression.
In this research, we develop a method of moments [22] based
MLHGP model, inspired by the concepts described in [21],
for the purpose of solving our regression subproblem. The
mathematical fundamentals of HGP and a detailed discussion
on MLHGP are presented in Sections S-III and S-IV of the
Supplementary Material, respectively.

A. Regression Via BMMLHGP

The MLHGP, one of the most computationally appealing
approximation to solve regression problems involving IDN,
functions on the principle of simply replacing the noise posterior
with a point estimate derived at the most likely value in such
a way that the posterior predictive distribution over the test
output can be dealt with analytically [18]. Although MLHGP
is much simpler and offers better computational performance
than other analytical approximations, it is not guaranteed that
the algorithm will eventually converge, as the empirical noise
estimate is demonstrably biased for majority of local noise cases,
mainly when the noise level varies in the input domain [21].

In this article, we develop an enhanced version of the ex-
isting MLHGP, inspired by [21], called BMMLHGP, in which
an almost unbiased noise estimate is elicited from regression
residuals via the method of moments. A regression residual
Ωj in GPR, commonly referred to as a Bayesian residual, is
represented by the difference between the observationuj and the
posterior mean corresponding to uj , denoted asmuj

, at training
location vj

Ωj = uj −muj
. (8)

This can be further written as follows:

Ωj = (uj − hj) + (hj −muj
) = κj + (hj −mhj

) (9)

withhj being the value of the underlying functionh(·) at training
pointvj ,mhj

being the posterior mean corresponding to the true

function value hj at vj , and based on the characteristics of GPR,
muj

= mhj
. The items (hj −mhj

) and κj in (9), respectively,
denote the modeling error (deterministic in nature) and obser-
vation error (random in nature). Therefore, each residual Ωj is
a random variable as well, which follows normal distribution
given by [21]:

Ωj ∼ N
(
mΩj

, s2
Ωj

)
(10)

with mean mΩj
= (hj −mhj

) and variance s2
Ωj

= e2(vj) =

e2
j , where e2(vj) = e2

j denotes the local noise variance at train-
ing input vj . The expected function value mhj

and Bayesian
residual Ωj are accessible from the first GP (denoted as G1) in-
volved in the developed HGP configuration, which is a standard,
homoscedastic GP designated to model the latent function h(·)
from Q observed data points DS = {(vj , uj)}Qj=1, while one
needs to estimate the noise variance e2

j and actual function value
hj from the available data.

In heteroscedastic regression, the dispersion profile of the
residual series is governed by the variable noise level, and on that
account, regression residuals can be employed for estimating
IDN. To identify the dispersion pattern revealed by the residuals
(r-function), regression methods are generally carried out on the
transformed residuals rj = T (Ωj) instead of the raw residuals
Ωj [21]. Yet, the realized r-function by fitting a curve for rj may
not offer a bias-free estimate for the noise function e(vj), based
on the transformation function T undertaken. Hence, one needs
to calibrate the resulting r-function and render it unbiased for
IDN.

In statistics, a popular practice for parameter estimation is the
method of moments [22] with which one can obtain an unbiased
estimate for the parameters under consideration. For IDN, one
can estimate its local levels from various statistical moments,
e.g., raw moments, central moments, raw absolute moments
(RAMs), or central absolute moments of Bayesian residuals.
Here, the RAMs of the residuals are preferred, since each order
of the RAMs of the residuals carries information regarding the
noise power.

With the moment order ω, the RAM of the residual Ωj at
training input vj is computed as [21]

E{|Ωj |ω} = sωΩj
β(ω) = eωj β(ω) (11)

where β(ω) denotes a correcting factor that is a function of the
moment order ω and can be expressed as follows:

β(ω) = (Γ(ω + 1)/
√

2π) exp(−m2
Ωj
/(4s2

Ωj
))

· [D(−ω−1)

(
mΩj/sΩj

)
+D(−ω−1)

(−mΩj
/sΩj

)]
(12)

where Γ(·) is the gamma function and D(·)(·) is the parabolic
cylinder function [27].

We can neglect the modeling error mΩj
= hj −mhj

, es-
pecially when the first GP G1 utilized for learning the latent
function value is precisely defined. Under this condition, we
have D(−ω−1)(0) = 2−(ω+1)/2 · (√π/Γ(ω/2 + 1)). Then, we
can approximate the correction factor β(ω) as follows:

β(ω) ≈ (2ω/2/
√
π) · Γ ((ω + 1)/2) . (13)

Now, from (11), we obtain the local noise level eωj as follows:

eωj = (1/β(ω)) · E{|Ωj |ω}. (14)

Authorized licensed use limited to: Indian Statistical Institute  Kolkata. Downloaded on July 25,2023 at 08:34:05 UTC from IEEE Xplore.  Restrictions apply. 



9882 IEEE TRANSACTIONS ON INDUSTRIAL INFORMATICS, VOL. 19, NO. 9, SEPTEMBER 2023

The expression (1/β(ω)) · E{|Ωj |ω} in (14) represents an
unbiased estimate for the local noise level eωj at vj .

We present two representative cases where, corresponding to
the first (ω = 1) and second (ω = 2) RAMs of the residual Ωj ,
we, respectively, obtain the almost unbiased estimates for the
noise standard deviation ej and variance e2

j at vj as follows:

ej = (1/β(1)) · E{|Ωj |} ≈
√
π/2E{|Ωj |}

e2
j = (1/β(2)) · E{|Ωj |2} ≈ E{Ω2

j}. (15)

Consequently, with rj = |Ωj |ω , a new dataset DS′ =
{(vj , rj)}Qj=1 can be formed to train another classical GP G2

for estimating the MLN levels (MLNLs) êωj = (1/β(ω))mrj at
training input vj and êω� = (1/β(ω))mr� at test input v� (where
mrj and mr� are the posterior means of the IDN levels at vj
and v�, respectively) [21]. However, the transformed residuals
rj = |Ωj |ω are generally non-Gaussian as well as nonnegative,
and in G2, we have used a Gaussian approximation to rj . It is
necessary to refine the MLNLs to êωj = max(0, (1/β(ω))mrj )
or êω� = max(0, (1/β(ω))mr�) so that a nonnegative noise level
is ensured [21]. Apart from performing a better estimation of
the IDN level, the BMMLHGP also avoids the computationally
heavy expectation maximization (EM)-like procedure employed
in the existing MLHGP for the purpose of iterative learning.

B. Proposed Measurement Model

In our unknown radial distance prediction problem, we learn
a machine learning model from an observed dataset DS =
{(ψk, λk)}Pk=1, where λk ∈ R is a noisy observation of the true
radial function λ̃ : R → R at the angle ψk ∈ R such that

λk = λ̃(ψk) + ηk, ηk ∼ N (0, e2(ψk)). (16)

The noise variance e2(ψk) is observed to be varying across the
input space, thus posing a heteroscedastic regression problem.

We apply the BMMLHGP to solve this heteroscedastic re-
gression problem, where two operations are carried out.

1) First, an HGP model is built in which two GPs are
involved. The first GP (denoted as GP 1) trained on
DS = {(ψk, λk)}Pk=1 recovers the noisy radial func-
tion λ. The second GP (denoted as GP 2) trained
on DS′ = {(ψk, rk)}Pk=1 with IDN levels rk = |Ωk|ω
finds an almost unbiased estimate of the MLNLs êωk =
max(0, (1/β(ω))mrk) at angles ψk, with ω = 1 or 2.

2) The HGP model predicts the target radial distance
λz∗ = λ(ψz) for a query angle ψz (given in Fig. 4),
given DS = {(ψk, λk)}Pk=1, êω = [êω1 , . . . , ê

ω
P ]
T at

Ψ = [ψ1, . . . , ψP ]
T , and êωz = max(0, (1/β(ω))mrz) at

ψz, where mrz is the posterior mean of the IDN level at
ψz.

GP 1 is built with a periodic covariance function c(ψ, ψ′)
that corresponds to the SE kernel cSE(ψ, ψ′) = ρ2

0 exp[−|ψ −
ψ′|2/(2ι20)] parameterized by Φλ̃ = {ρ0, ι0}

c(ψ, ψ′) = ρ2
0 exp

⎡
⎢⎢⎣−

2 sin2

( |ψ − ψ′|
2

)
ι20

⎤
⎥⎥⎦ (17)

with (ψ, ψ′) being all possible pairs in the angle domain.

GP 2 is formed with a different SE kernel cr(ψ, ψ′) pa-
rameterized by Φr = {ρr, ιr}. Now, by defining Xsh = λ =
[λ1, . . . , λP ]

T , a multivariate Gaussian distribution can be built
following similar approach as in (S-8) of the Supplementary
Material:[

Xsh

λ̃z∗

]
∼ N

([
0
0

]
,

[
C +N Cψz

CT
ψz

c(ψz, ψz)

])
(18)

where λ̃z∗ is the actual radial distance at query angle ψz

C =

⎡
⎢⎣
c(ψ1, ψ1) · · · c(ψ1, ψP )

...
. . .

...
c(ψP , ψ1) · · · c(ψP , ψP )

⎤
⎥⎦

Cψz
=

[
c(ψz, ψ1) c(ψz, ψ2) · · · c(ψz, ψP )

]T
(19)

and N represents the diagonal matrix of the MLN variances
with elements [N ]kk = ê2

k.
Then, similar to the Supplementary Material, the posterior

distribution over the target radial distance λz∗ at ψz can be
obtained as follows:

p
(
λz∗ |ψz,Φλ̃, ê, êz, DS

) ∼ N
(
mλz∗ , s

2
λz∗

)
(20)

where mλz∗ , the posterior mean of λz∗ at ψz, is expressed as
follows:

mλz∗ = CT
ψz
(C +N)−1Xsh (21)

and s2
λz∗ , the posterior variance of λz∗ at ψz, is expressed as

follows:

s2
λz∗ = c(ψz, ψz)−CT

ψz
(C +N)−1Cψz

+ ê2
z. (22)

The conditional distribution in (20) signifies that λz∗ is linearly
related to Xsh as follows:

λz∗ = CT
ψz
(C +N)−1Xsh + α (23)

where α represents a Gaussian noise with mean zero and vari-
ance s2

λz∗ defined in (22).
Now, we can derive the measurement model based on (5), (6),

and (23) as follows:

z = z∗ +Δ

=

[
x0

y0

]
+

[
cos(ψz + γ)

sin(ψz + γ)

]
λz∗ +Δ

=

[
x0

y0

]
+

[
cos(ψz + γ)

sin(ψz + γ)

]
CT
ψz
(C +N)−1Xsh

+

[
cos(ψz + γ)

sin(ψz + γ)

]
α+Δ

= H(X) + ζ (24)

where

H(X) =

[
x0

y0

]
+

[
cos(ψz + γ)

sin(ψz + γ)

]
CT
ψz
(C +N)−1Xsh

ζ =

[
cos(ψz + γ)

sin(ψz + γ)

]
α+Δ. (25)
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Algorithm 1: BMMLHGP for Solving the Problem of Un-
known Radial Distance Prediction.

1: Train a standard homoscedastic GP GP1 on the
observed dataset DS = {(ψk, λk)}Pk=1 and estimate
the posterior distribution over observed radial
distances p(λk|ψk, Φλ, DS) ∼ N (mλk

, s2
λk
).

2: Compute transformed residuals rk = |Ωk|ω with
Ωk = λk −mλk

, forming a new dataset
DS ′ = {(ψk, rk)}Pk=1.

3: Train a second classical GP GP 2 on DS ′ and estimate
the IDN levels p(rk|ψk, Φr, DS

′) ∼ N (mrk , s
2
rk
).

4: Update the MLNLs

êωk = max

(
0,

mrk

β(ω)

)
with β(ω) ≈ 2ω/2

√
π

· Γ
(
ω + 1

2

)
5: Make Prediction on unknown radial distances

p
(
λz∗ |ψz,Φλ̃, ê

ω, êωz , DS
)
∼ N

(
mλz∗ , s

2
λz∗

)

Here,H(·) can be considered as a nonlinear function of the state
X and ζ represents a zero-mean random noise whose covariance
Rζ ∈ R

2×2 is

Rζ = RΔ +

[
cos(ψz + γ)

sin(ψz + γ)

]
s2

λz∗

[
cos(ψz + γ)

sin(ψz + γ)

]T
. (26)

Thus, the derivation of the measurement model is completed
through (24)–(26), and this model will be utilized in state es-
timation for the assimilation of visual and sonar information.
Algorithm 1 summarizes the approach to solve our problem of
predicting unknown radial distances via BMMLHGP.

VI. PROPOSED MULTISENSOR FUSION-BASED APPROACH

TO HUMAN SHOE TRACKING

Based on the discussions in Sections III and IV, the in-
formation obtained from the camera and sonar for the left
(L) [or right (R)] shoe at sampling instant ti can be charac-
terized by the set of NL(R)Vi measurements ZL(R)(vis)(i) =

{z(i)L(R)(vis),m}NL(R)Vi
m=1 and the set of NL(R)Si measurements

ZL(R)(rng)(i) = {z(i)L(R)(rng),n}NL(R)Si
n=1 , respectively. Representing

those groups of (NLVi + NLSi) and (NRVi + NRSi) measure-
ments at ti as INL(i) and INR(i), respectively, we can formulate
the adopted extended target tracking problem as a state estima-
tion problem, where the conditional probability distributions of
the left and right shoes’ states at ti, denoted asXL(i) andXR(i),
respectively, need to be computed as [7]

p (XL(i)|INL(0), INL(1), . . . , INL(i− 1), INL(i)) (27)

p (XR(i)|INR(0), INR(1), . . . , INR(i− 1), INR(i)) . (28)

The means of the conditional probability distributions defined
in (27) and (28) are designated as the state estimates XL(i) and
XR(i), respectively.

The expressions in (27) and (28) can be evaluated recursively
based on Bayes’ theorem in which the propagations of the
distributions are performed by using the state-transition model
in (2), and their corrections are carried out by means of the mea-
surement model in (24). In this work, a popular sample-based

Algorithm 2: Proposed Approach to Extended Target Track-
ing Based on Multisensor Information Fusion.

1: STEP-1: TRACKING SYSTEM INITIALIZATION
2: 1) Initial state estimate: X(0)
3: 2) Noise covariances: Qpo, Qsh, RΔ(vis), RΔ(rng)
4: 3) Kernel parameters: Φλ̃ = {ρ0, ι0},

Φr = {ρr, ιr}
5: 4) Moment order in heteroscedastic regression: ω
6: STEP-2: RECURSIVE STATE ESTIMATION WITH

UKF
7: for i = 1, 2, . . . do
8: 1) Prediction using the state transition model
9: Making use of (2) and taking (29) into account,

evaluate p(X(i)|IN(0), . . . , IN(i− 1))
10: 2) Correction using visual information
11: for j = 1 : NVi do
12: Assimilate z

(i)
(vis),j by making use of (24)

13: end for
14: 3) Correction using sonar data
15: for k = 1 : NSi do
16: Assimilate z

(i)
(rng),k by making use of (24)

17: end for
18: 4) Output
19: return p(X(i)|IN(0), . . . , IN(i))
20: end for

estimator, namely the UKF [20], is employed as the recursive
state estimator and constraints are posed on the shape states
λk(i), k = 1, . . . , P of a target shoe such that

εMIN < λk(i) < εMAX (29)

where εMAX > 0 and εMIN > 0 represent, respectively, the max-
imum and minimum permissible sizes of a target shoe to be
followed. The proposed approach to tracking a target shoe is
summarized in Algorithm 2. Since Algorithm 2 is independent
of shoe index L(R), the index is dropped unless otherwise stated
(also in an effort to reduce notational clutter).

VII. EXPERIMENTAL RESULTS AND PERFORMANCE

EVALUATIONS

We evaluate and compare the predictive performance of four
GP models, namely the standard GP, the VHGP, the original
MLHGP, and the BMMLHGP developed in this work, on the
real-world shoe-contour datasets (for both left and right shoes).
Then, we evaluate the human following performance of our
proposed HFBETT-MSIF using real-world sensor data obtained
from a Raspberry Pi (RPi) 3 model B+ based differentially
driven wheeled mobile robot, shown in Fig. 5(a), endowed
with an RPi camera module v2 and a HC-SR04 US sensor.
The human following performance of the BMMLHGP-based
HFBETT-MSIF is compared with that of two single-sensor
(vision/sonar)-based extended object trackers and three other
multisensor fusion-based extended object tracking approaches,
including the variants of the HFBETT-MSIF based on the stan-
dard GP, VHGP, and MLHGP, which are formulated in this
work itself and named as MSIF-HFBETT-GP, MSIF-HFBETT-
VHGP, and MSIF-HFBETT-MLHGP, respectively. We carry out
a set of real-data experiments in four different photometrically
affected as well as characteristically diverse environments:
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Fig. 6. Predictive performance assessment on real-world shoe-
contour datasets over 100 random trials: (a) SMSE(λ) on retrieving the
noisy radial function λ and (b) NLPD(λ) on predicting unknown radial
distances.

1) EN1: A 10 m × 3.5 m corridor with rough concrete walls
and multiple entrances.

2) EN2: An enclosed space of dimension 6 m × 5.5 m that
contains steel furnitures and glass doors, aside from stone
walls.

3) EN3: A 8.5 m × 4 m cluttered laboratory containing
multiple cardboard boxes, tables, and chairs.

4) EN4: Another enclosed space of dimension 9 m × 4 m
comprising concrete walls and structures, combined with
wooden walls and doors.

For the purposes of real-life implementation, the complete soft-
ware is written in a combination of Opencv-Python and Cython.

A. Comparison of the Predictive Performance of
Different GP Models on the Shoe-Contour Datasets

We conduct experiments on two real-world shoe-contour
datasets corresponding to a pair of homogeneous shoes (left
and right). As quantitative performance measures, we use the
standardized mean squared error (SMSE) and the negative log
probability density (NLPD) [21]

SMSE(λ) =
1
L

L∑
j=1

(
mλ�,j

− λ�,j
)2

var(λ�)
(30)

and

NLPD(λ) = − 1
L

L∑
j=1

log p (λ�,j |ψ�,j , DS)

=
1

2L

L∑
j=1

[
log

(
2πs2

λ�,j

)
+

(
λ�,j −mλ�,j

)2

s2
λ�,j

]

(31)

where mλ�,j
and s2

λ�,j
, respectively, denote the posterior mean

and variance of the predicted radial distance λ�,j at test angle
ψ�,j , var(λ�) is the variance of the predicted radial distances
at all test angles Ψ� = {ψ�,1, . . . , ψ�,L}, and L is the number
of test angles. For the shoe-contour datasets, the SMSE(λ) and
NLPD(λ) obtained are shown in Fig. 6 , which firmly establish
the superiority of the BMMLHGP.

B. Assessment of the Real-Life Shoe
Tracking Performance

A series of real people following experiments are conducted
to compare six competing tracking methods, where both the
kinematic and shape states of two homogeneous target shoes

TABLE I
AVERAGED PERFORMANCE COMPARISON AMONG SIX COMPETING

TRACKING ALGORITHMS

(left and right), each 33 cm × 13 cm, are estimated based on
the real-world camera and sonar data acquired by the robot
[see Fig. 5(b)], during human tracking in four experimental
environments. In each experiment, the human moved 10 times
along different trajectories in each environment. In each trial,
the target person walked at an average speed of 0.35 m/s and the
tracking process completed in about 22 s.

Table I compares average root-mean-square error (RMSE)
between the estimated and ground-truth positions, RMSE be-
tween the estimated and ground-truth heading angles, and mean
Intersection over Union (mIoU) between the estimated and
ground-truth shapes, in each environment, along with Mean
Execution Time (MET) of the filtering process (involving UKF)
at each iteration. In terms of the accuracy in estimating the kine-
matic and shape parameters, the multisensor fusion approaches
perform considerably better compared with the single-sensor-
based methods, and further, the BMMLHGP-based HFBETT-
MSIF presents overall superior performance among all six com-
peting trackers. This can be attributed to the fact that BMML-
HGP provides an almost unbiased estimate of the IDN level,
resulting in improved numerical accuracy and stability, as well
as minimized risks of global overestimation or underestimation
of the noise function e(ψk).

For comparing qualitative performances, the study consid-
ers four representative runs along curvilinear trajectories, viz.
RUNI, RUNII, RUNIII, and RUNIV, carried out in environ-
ments EN1, EN2, EN3, and EN4, respectively. The correspond-
ing estimation results are shown in Fig. 7(a)–(d), respectively. In
an effort to reduce visual clutter, the estimation results provided
by the HFBETT-MSIF and two single sensor-based methods
are depicted in Fig. 7(a) and (c), whereas the results for the
HFBETT-MSIF, its variants based on the original MLHGP and
standard homoscedastic GP (i.e., HFBETT-MSIF-MLHGP and
HFBETT-MSIF-GP, respectively), are shown in Fig. 7(b) and
(d). Referring to Fig. 7(a)–(d), the same parameters are used
to initialize the trackers, viz. two identical ellipses with the
widths, heights, and initial headings of the left and right shoes,
respectively, are utilized as the initial shapes. As evidenced by
Fig. 7, the proposed HFBETT-MSIF significantly outperforms
the single-sensor (vision/sonar) trackers and also shows better
results than the HFBETT-MSIF-MLHGP and HFBETT-MSIF-
GP, when it comes to estimating the target shoes’ pose and
shape states. Due to space limitations, additional state estimation
results for RUNI, RUNII, RUNIII, and RUNIV are depicted in
Section S-V of the Supplementary Material.
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Fig. 7. Ground truth as well as estimated positions and shapes of the target shoes for (a) RUN I, (b) RUN II, (c) RUN III, and (d) RUN IV.
(Blue and red “+”: measurements from US sensor and camera, respectively. “�”: center (x0, y0) of a shoe. “×”: projected center of gravity of the
human target).
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VIII. CONCLUSION

This article proposed a new solution for human feature-based
extended object tracking, using fusion of information from
camera and US sensor of a mobile robot. The work showed how
the onboard sensing modules can function successfully in both
independent and cooperative manners. The study also illustrated
how HGP regression can be utilized for human shoe tracking
involving heteroscedastic noises. The work demonstrated a suc-
cessful real-life implementation of a popular most likely noise
approach, namely the MLHGP and also developed an advanced
variant of the MLHGP, called BMMLHGP model, to achieve
further enhanced real-life performances.
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