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Abstract: An algorithm for tearning class parameters using a restricted updating programme is described along with investiga-
tion of its convergence for optimum learning. The algorithm is a generalisation of some existing ones which were found to be

useful for practical data.
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1. Introduction

An adaptive pattern recognition system can be
viewed as a learning machine in which the decision
of the system gradually approaches the optimal
decision by acquiring necessary information from
observed patterns. System performance is improv-
ed as a result. In a supervised system, the machine
requires an extra source of knowledge, usually of
a higher order, for correcting the decision taken by
a classifier. When an extra source of knowledge on
which a supervisory programme could be based is
not readily available, the performance of the
system becomes highly unpredictable.

The most widely used tools for recursive learn-
ing of class parameters are Bayesian estimation
methods and stochastic approximation (Fu, 1968;
Tsypkin, 1973). In this context, we would like to
single out the self-supervised learning system based
on the concept of a ‘guard zone’, mooted by Pal
et-al. (1980). It was used to restrict the updating of
estimates of parameters (feature means and
variances) by means of ‘doubtful’ samples. For
this purpose a guard zone was defined for each
class in such a way that a training sample was used
for updating only if it fell within the guard zone.

A similar algorithm was presented by Chien (1970}
as a solution to the problem of identifying
‘spurious’, that is, possibly non-representative
training samples for the case when feature means
are to be learned. A threshold is defined such that
if the ‘distance’ of the current training sample
from the preceding estimate of the mean (the same
‘distance’ is used for defining a guard zone) ex-
ceeds it, the training sample is rejected. As such
both algorithms are basically the same, and are
stochastic approximation procedures of sorts.

Although these algorithms were tested with suc-
cess on some practical data, the two works did not
provide any proof of convergence or any
theoretical investigation of the choice of the con-
trolling parameter namely, guard zone dimension
or threshold for optimum learning.

The present work describes a generalized version
of the two, called the Generalized Guard Zones
Algorithm (GGA). Basically, it aims to detect
outliers and reject them from the parameter-
updating procedure. As such, it can be looked
upon as a robust estimation procedure {Andrews,
1975; Huber, 1981). ({Essentially, the term
‘robustness’ signifies insensitivity to small devia-
tions from the underlying assumptions {(Huber,
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1981)). Under rather general assumptions, we have
investigated the stochastic convergence of this
algorithm for some special problems of estimation.
For this purpose, results on stochastic approxima-

tion are used.

2. The Generatized Guard Zones Algorithm
(GGA)

Let X=[X, Xn... X\, XeRY be an M-
dimensional feature vector defined over a pattern
class C.

Let us make the following assumptions:

(A1) The distribution of X over C is continuous.

(A2) This distribution depends on a g-dimensional
parameter vector @, some or all of which
need to be learned.

(A3) The distribution of X over C is such that
E(X) exists and is equal to g.

(A4} The dispersion matrix of X, namely,

Disp(X)=%={(0,)) exists.

Before stating the algorithm itself, let us define
a guard zone formally as follows:

Definition. Let S be a metric space and ¢ a metric
defined on it. Then for any point @€ S, a guard
zone Gla, 4) having an ‘extent’ A is the subset of
S defined by

Gila, )={x:0(a, x)= 1},

where A=0,

Clearly, Gia, A) is nothing but a closed ball of
radius A centred at g in S with respect to the metric
d.

In the subsequent discussions we shall be taking
S=R" and a metric ¢ defined as

d*x, )=~y Ax—y), x,yeRY,

A being 4 symmetric, positive definite matrix.
Let us now proceed to the algorithm properly.
Let X, X5, X5, ...be the sequence of learning

{or training) samples, randomly selected from C,

that is, assumed (o be independently and identical-

ly distributed, i.e., we assume that correctly la-
belled training samples are available,
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We restrict ourselves to the case where € includes
u and/or elements of 2 only.

The generalized guard zones algorithm (GGA)
for estimating @ recursively 1s as follows:

f()(j() for k=1,
= I
6L {Bklak}/f( for k:"l, ( )
_ 0, —f(X) if XeeGlmy_y, Ay),
Y= EO otherwise, @

f,: the k-th-stage estimate of 4.
{a, ). a sequence of positive numbers, with
a =1 vk,

1 R = R7is a continuous mapping, defining

an unbiased statistic for 6.
m,_,: the (k—1)-th stage GGA estimate of .

Gim, , h)={x:xeR" d(x, m,_ )i},
di(x, ¥)=(x—1) A, (x-p),

A, A symmetric, positive definite matrix,
which may or may not be a function of X;
and/or 8, i=1(1)k.

Ayt A positive number. prespecified.

In essence, this algorithm uses only those train-
ing samples for updating the estimate, which lie
within the corresponding guard zone centred at the
preceding estimate of the mean. Training samples
which lie outside it are ignored and the estimate
kept unchanged at the corresponding stages.

Special cases

(1) When g=N, @=u, i.e., only the mean vector
is to be learned, we have f(X)=AX, and the
algorithm is as follows:

g =m=X,,

and for k>1, with 8,=m,,

.y —aplmy o — X
m; = if dk(m”ﬁ],Xk)SAk, (3)
4y _y otherwise.

(2) For estimating o, i=11N, j=IDN,
recursively, there are two alternative procedures
(we write J",J,-(k)zs,ﬂ,“):

(a) s’ =0, and for k>1,
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hy _
Si:j =

s = alsy Y = (X - iy )X~ g )]

if di(m, _\, X )=, j

si ! otherwise,
(4a)
(b} 54 =0, and for k>1,
sy = el —my iy my o, (“4b)
where
ef V—alef V- X X, ]
Ct(j"k): if df((mn—ll X/\')S/]'k’ (5)
=1 otherwise.
(3) When 8=[u'|a’], o' =[] 02 O],
q=2N,
51 0O 0--0 -
0 55 0 0

Ay=10 0 555 0
0 0 O "‘SNN

=[Diag{syy, S22, -5 San)] Ia

1 1
a,=—, Ap=-—,
K= k77
then the GGA reduces to the algorithm of Pal et al.

{1980).
{4y When =u, g=N,

Ay=K,, the dispersion in X duc to ordinary
measurement variation, i.e., type [ noise (see
Chien (1970)},

Ay = 8, (the threshold in Chien’s algorithm),

a,= [(k—1+v]™" where v is such that

Disp(pg) =K, /v,
o= being the initial estimate, v>>0,

the GGA reduces to the non-linear learning
algorithm of Chien (1970).

(5) As all A;’s decrease progressively, the system
approaches the nonadaptive state. Clearly, this is
because the dimensions of the guard zones
decrease and hence the probability of a training
sample to fall within the guard zone decreases with
decrease in the corresponding Ag-value; so the
nuinber of training samples getting selected for the
updating process decreases.

PATTERN RECOGNITION LETTERS

April 1986

(6) On the other hand, when the 1,'s increase
progressively, the system appreaches the non-
supervised state for, as the ‘cxtent” of the guard
zones increases, more and more training samples
get selected for the updating of estimates; that is,
the updating programme becomes less and less
restrictive.

3. Convergence of the generalized guard zones
algorithm

The convergence of a recursive discrete
algorithm for estimating a parameter @ by §,,, can
be defined in various ways. For instance, we say
that

(i} the sequence {d,} converges to @ with pro-

bability one or almost surely if
P[ lim |4, — 8| :o] =1,
H— oo

P being the probability measure.
(ii) {6,) converges to @ in the mean-square
sense if

lim E[|6, - 8{*] =0,
N oo
E being the expectation operator.
For proving certain results on the convergence

of the GGA, we shall be making use of the follow-
ing results:

Theorem 1 (Schmetterer, 1968). Ler {a,} be a se-

quence of positive real numbers such that

(BN E: al< oo,

n=i

Let x, and y, be K-dimensional random vectors
which satisfy

(B2 x,.,=x,—ay,, nz=l

Let M, be a measurable mapping from R¥ io
X such that

(83) E(_V,?‘X], xZ: "”xﬂ) :Mn(xn) a.e.

Let a, b, ¢ be nonnegative real numbers and lef
(B E(|y x5 s X ) < @t bl |+l |* ae
Also, for every xe RN and n=1,

G5
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(BS) x'M,(x)=0.
If x, s chosen in such a way that
(B6) E(|x, ') exists,

then the sequence {x,} converges with probability
| (that is, almost surely) and the Sequence
{E|x,|*} converges aiso.

Theorem 2 (Schmetterer, 1968). Suppose that
assumptions (B1)-(B6) hold. If there exists for
every n>0 ¢ 6 >0 such that for n=1

(B7) inf  [x'M,(x)] =4,
n<lxl<n

then {x,} converges to the k-dimensional null vec-
for 0 almost surely.

We shall now be proving the following:

Proposition 1. For the probiem of estimating 8 =u
recursively, let §,=m, be the sequence of esti-
mates, where my is given by equation (3).

if

(ChH ila%<oo

and

(C2)  pi=Pldplmy_y, Xiy<dilmye1>6, Vk,
Jor some §>0,

then
(a) {m,} converges with probability 1 to u as
k—eo,

(b) {E|m, —ul*} converges as k— oo,

Proposition 2. Consider the problem of estimating
u and X completely.

Let

6 =l o o® el (62)
gx)

and
0~ tmi el {ef | e, (6b)
gxl

where

NN+ 1}

g=————""»

2
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1) _p.% o% %
T “[GH Gr(!-l—l)'”ngJ:
g%

gi=N-i+1,

O-;:E(XEX,'):JU-{"MIHJ’

and the elements of my and ¢’ =[ci et -+ ]

are given by equations (3) and (5) respectively.
If the conditions (C1y and (C2) hold, and
besides, the following condition is also satisfied:

(C3) my=EWX X)) exists Vi, j=HUN for the
elements of the feature vector X,

then
(a) {67,\.} (given by (6b)) converges with pro-

bability 1 to 8 (given by (6a)) as k— o,
(b) {E|G, - 6|*} converges as k— .

Proposition 3. Consider the problem of estimating
u and X completely.

Let
O=1[u’ ‘ gl ' ‘ POIRY (ra)
and
§,=[m, S £ sy (7b)
where
a"=lo, a0, onl,

with o,=E(X,X,) - uu,, and

() _ | (k) (UKD (k)
§ 7“911 Si(:+l)'“SsN]”

the s,’s being given by equation (4b).

If the conditions (C1), (C2} and (C3) hold, then
8, (given by egn. (7b)) converges with probabifity
I to 8 (given by egn. (7a})).

Proofs of Propositions

Before we give the formal proef of the proposi-
tions, we would like to make the following point:

If we subtract 8 from both sides of the equation
(1) we get, writing

8,-6,
fixX)—-8a,
g

Il

ES
k
. for k=1,
KLY —a Y, for k>,

(8)

where
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0 - (f(X)—8)
Yi= if X, eGimy,_y, A}, (9
0 otherwise.

This is because 0 <a, =1 ¥k by choice, so that for
k>1,

é Bﬂ;{_]~akYk79
—ag (b SN -6
- lekEG(mk ],}Lk)
_1— 8 otherwise,

l—fu)[ék (— 0 +a [ f(Xe) - 0]
]f Xk € G(mk 1s k)
8;_, otherwise,

writing #=(1 —a,)8+a,6.

gf—lfﬂk[é:—l —{f(Xe) -0}
= if Xye Gy, Ay,
6F , otherwise.

Thus Propositions 1 and 2 can be shown to be
true if we can show that under the conditions
assumed therein,

(i) 8F—-0 almost surely as & — oo;
(i) E[|07]*] converges as k- oo,

To establish these we shall apply Theorems 1
and 2 directly, by showing that conditions
(B1)-(B7) are true for 87 as defined by equations
(8) and (9).

The conditions (B1) and (B2) are true because of
our assumption (C1) and equations (8) and (9)
respectively.

Proof of Proposition 1. Here,
E[Y}|6F, 63,..., 67
=P ELOF - (X o1 —0)] 67, 05, 67
{as f(x)=x here)
= e 08— E(x . — 0)]
(as X;., Is independent of
X, Xs,..., X, and hence 47,..., 0%
=Py 1 OF
(as 8=u here and E{X,,,)=u).

This verifies condition (B3), with
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M x)=p,, x. xeRY
Further,
El|y¢)*|67, 67, ... 67)
=P ENGE— (X =01 |6F, . 67
= Dy HEKP - 268 E(X;1,-6)

{as X, is independent of 4}, ..., 8

+E| X101

N -
~pes| 16 E X, e, =
(as E(X;,,—8)=0)

— ‘l\f
:pm{wm% y 9,%]

n=1
N
<|GF*+ ¥ 6} (as pya=land af=a,=1),

n=1

which means that condition (B4) holds with
N
a=Y af, b=0, c=1.
n=1

Also, x'M (x)=p, ., x'x=0 Fxe R which verifies
condition {B5). That (B6) holds, is rather obvious,
as

E|f(X)—8F=E|X,—ul*= E op< o0

n=1

Finally, we can see that by virtue of our assump-
tion (C2), the condition {B7) holds, for

inf [’ M, (x)]

n<lxl<n !

= inf [pg, x'x]>0n%

a<lx<a!

Thus Theorems 1 and 2 hold for %, Hence the
proposition is proved.

Proof of Proposition 2, Here

Fory= [x@1e0 g
Tan' bxN¥ ixiv=-n " D Ixl
with
xO =y,
a3
x“] :[xl-’ X,X,_,,],...,X;XN]’,
g %1
g, =N—i+1.
Thus

67
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E[Y}|67, 605,67
= E[0;~(f (X )—07)| 87, 65,

:pk+1[éf7E{f(xk+l)*H}l

(for the same reasons as before)

=P+ éf:k: (as Eff(XkH)]:B)-

) 9f]pk+ L

This verifies {B3). Now,
E[| VY167, 65, ...,00
=il 6P X -0) |68, 65, . 67
=i WBF =204 E(f (X, ) - 8)
FE|f(Xe )~ 6'] (as before)
=pi 67+ ENf(Xe 1) — 0171
(as E[£ (X, )] =0).

However, as

ET|£X, .0

N N

-E{ L 114, ?J SORCEEAE
1=4 n=

N NN

Y EXN+ L Y EX XD

=1 i=1y"=y

N
(since E;’Xﬂ]’LZ:E[ ¥ X,?J

=1

N
and ElX,i”_1|2rE{ ) XFX,Z'J>

N

N N
E {ai_._:ui)_’_ E Z rl’,'f’

n=1 =1y =y

{by assumption (C3))
<K,

with K a finite positive constant independent of
g7, 6% .. 87, we must have

E[|YF 7|85, 65, ..., 67
=pe [lGF1P+ K1, tas ELS(X ) — 67D
=0 + K
=E[|f(X, . )] =20 Ef (X +18)
= ElF X, D1 - 161
(as E[f (X, D]=9)
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sEHf(X“])HZ,

Thus condition (B4) is satisfied, with =K, =0,
¢ = 1. Further, conditions {B5), (B6) and (B7) also
can seen to be frue, as

X' Mx)=pe, x'x=0, FreR",
ENSX)-8P1<E[f (X)) <K <o,
as seen above, and

inf L[x’Mk(x)]>r5172>O,

n< xl<n

because of our assumption (C2).
Thus Theorems 1 and 2 hold for {#;}. This com-

pletes the proof of Proposition 2.

Proof of Proposifion 3. The proof follows directly
from Proposition 2 and the following lemma, i1 we
note that Sff) as given by egn. (4b), is a con-
tinuous function, say, g, of 8, (given by eqn.

(6a)), where g,(x), xe R? is defined as

g:j(x):){r”_xlx/
where
N+ iti=1,
— =1
TANT Y (N it ]) if l<i=N,
(=1
and x, denotes the &-th element of x, &= 1{1)g.
Further, g,(8)=0",—u,u,=0,. Hence Proposi-
tion 3 follows.

Lemma. let {X,} be a sequence of random
varigbles faking vaiues in RY and let g: R¥ > RY be
a continuous map. Then { X, } converges with pro-
bability 1 to a (€ R7Y implies that g{X,)) converges
with probability 1 to gla) (e R7).
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