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The need for a measure of cerrelation between two membership [unctions is stated. The
properties that the correlation measure may possess are examined. A measure of correlation is
defined on the basis of those properties. The defininon 15 extended 10 the cases when (a) the
domain is fnite and (b) the domain 1s a subset of R The problems encountered while
extending the definition are also discussed.
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Introduction

One of the first motivations and one of the main aims of all research in fuzzy set
theory, 15 to furnish mathematical models which are able to describe systems or
classes of systems which escape traditional analysis. One way is to use known
pieces of mathematics and try to build new calculi maore apt than the existing ones
for modelling the reality. l.e., abstractions are made from a conceptual point of
view if not from a formal one, on the idea that in principle everything of which it
is worth speaking, can be aflirmed or denied with certainty [3].

In real life phenomena, we come across many characteristics and attributes
which are similar in nature, €.g., tall and very tall, glamorous and beautiful. The
distinguishing factor between the membership functions of ‘tall’ and ‘very tall’ is
the degree of tallness. But glamorous and beautiful are too distinet characteristics.
If the value of one membership is quite high, the other one cannot be very low. In
this paper the authors try to explore this phenomenon. A measure of the
relationship between two fuzzy membership functions, which is called ‘correla-
tion’, is defined. This paper will not deal with the question of evaluating
membership functions. It is assumed that membership functions are given.

Section 1

A few examples are given in this section where the need for defining a measure
of correlation is stated.
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Example 1.1, Let {2 be the set of all girls between the ages 20 and 30 in India.

Let the two characteristics be glamorous and beautiful, represented by f, and f;
respectively. In peneral those girls who are beautiful (the value of membership
function is quite high, say around 0.8) are not glamourless (i.e. the value of f; is
not as low as 0.01 or 0.03) and vice versa. For high values of f,, f» in general is
also high. For low values of f, too, f,, in general, is not really high because our
mind associates [, with f, upto certain extent. In fact we are trying to bring out
this association in mathematical form.

Observe that £2 js not a subset of R".

Example 1.2. Let 2, represent the set of heights measured in centimetres, say
2,=[0,300], and {1, represent the set of weights measured in kilograms,
say 2,=[0,200]. Let us consider the membership functions for tall [f,] and

heavy [f].

It seems thar the set of heights is sufficient in determining f,. But there are
many examples where it is not true. If a person is very lean, though his height is
not much, he looks tall. Similarly if a person is well built, he may not look tall.
Now, is the membership function defined on the basis of the looks, or on the basis
of the measurements? In reality, people form opinions on the basis of looks, but
nat on the basis of measurements. If the impressions of the people are taken as
standard, then 2, is not sufficient in determining f; though it gives a good idea.
Some other factors are to be taken into consideration such as weight, chest
measurements, etc. One can get several examples of adjectives like “tall” where
considering a set of lower dimension is good enough but the feelings of the people
are not portrayed properly. In some cases 1t is impossible to state ail factors which
are responsible for that specific characteristic. Because of practical considerations
sets of lower dimension are taken.

In this example, the membership functions are assumed to have been found on
the basis of the measurements only and the other factors responsible are assumed
to be the same for all the individuals. So f,: 2, x ), —= [0, 1] and f,: 3, x 02, —
[0, 1]. Observe that a person with a certain height has more weight than that
individual whose height is less. And also a person with a certain height has a
minimum weight. So if the vatue of f, is high, f, can’t be really low. And it is clear
that f, and f, are related and the relationship is simular to that of Example 1.1.

Example 1.3. Let f,:[0,2) — [0, 1] and f5:[0, ) —[0, 1] be membership func-
tions for small and very small numbers respectively. Here also the relationship
between f, and f, is similar to that of relationships expressed in Examples 1.1 and
1.2. Some authors [5] use f3 for f,.

The difference between Examples 1.1, 1.2 and 1.3 is in connection with the
domain. In Example 1.1, the domain is not a subset of R™. In Example 1.2, the
domain is a subset of R" but the value of n is not known because of ambiguities,
whereas in Example 1.3, the domain 1s a subset of R" and it s sufficient in
determining the f's.
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Txamples of membership functions f; and f, where for high values of fi, fa
takes low values and vice versa can also be obtained. The above relationship
between the membership functions is called ‘correlation’ between them.

Section 2

In this section, various properties which can be attributed to ‘correlation’ are
discussed.

In statistics, the correlation r,, between two variables x and y is defined on the
basis of the ideas [2] expressed in Figures 1, 2 and 3.
Let{x, v),i=1,..., n,bethe givensample points, withmean % and § respectively.

|

Fig. 1

Fig. 2
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and the covariance between x and y
18 _
Covix, y) =~ 2, (= %) ~7).
i=1

In Figure 1, as x increases, y increases too whereas in Figure 2, irrespective of
whether x increases of decreases the value of y remains more or less fixed. In
Figure 3, as x increases, y decreases. Cov{x, y) is positive in Figure 1, near to zero
in Figure 2 and negative in Figure 3. The correlation coefficient is obtained by
standardizing covariance by s, and s,:

Cov(x, y)
xy = ’ ] xy = ryx and wrx})‘ = 1'
8,8,

For continuous random variables X and Y, the correlation coeflicient is defined as

Pry = E(X = p)(Y — )l 0,0,

where w,, p,, o7 and o are means and variances of X and Y rtespectively. E
denotes ‘expectation’. It does not give good results when X and Y are non-
linearly related. For example p,, =0 X and Y are independent. There are
examples where X is a function of Y but p,, =0 [1].

The relationship between membership functions (as explained in Section 1) is called
correlation because the ideas are quite similar to the ones expressed above. In all the
three examples that are given in Section 1, it was observed that, for high values of
one function, the other one does not take low values and vice versa. It was also stated
that there are examples where, for high values of one function, the other one takes
low values and vice versa. So a measure of relationship — like the correlation coeffi-
cient in statistics - may be defined in the context of fuzzy membership functions



Correlation between two fuzzy membership functions 27

also. Let the correlation between two fuzzy membership functions f; and f,,
defined on the same domain {2, be represented by ¢ ..

2.a. If £2 is a subset of R and if x7 then if both f,(x) and f5(x)? then ¢; >0, if
fi(x)1 and fu(x)} then c; ;,<<0 and lastly if fi(x)1 and fy(x) is more or less the
same then ¢; ; must be very near fo zero.

2.b. If 2 is always taken in such a way that f,(2) = [0, 1]=1,(2), then the case
that “increase in fi(x) does not change the value of f, throughout the length of
{2 does not arise. The correlation measure defined on such an 2 would give a
good idea of the relationship between f, and f,.

Fellowing is the list of properties which may be attributed to ¢;, ;,. The detailed
mathematical formulation of the domain {2, membership functions f;, and ¢, ,, will
be dealt with in later sections. Here the properties are only discussed.

Py If for higher values of f1(x), fo(x) takes higher values and if the converse is
also true then ¢, ; must be very high (from Section 1).

pP2- If 2 is a subset of R and
(@) x1 implies £,(x)1 and £200)1, then ¢y, >0,
(b) x1 implies fi{x)T and fo(x)}, then c; ;<0 (2.2).

Pz .5, 1s the supremum of all ¢y (. That is ¢g, ¢ 2 ¢, Vfi, > defined on {2

This property is the natural counterpart of correlation in statistics.

Pa ¢ =1 Vi,

Given that ¢y ¢, < c; 5, V), ¢4, 5, may be set equal to ejther 1 or =, If ¢ ; is a
positive number then the expression for ¢f ;, may be normalized to give it the
value 1. In this paper, the theory is developed on the assumption that ¢, =1
Vf,. Similar theory may be developed assuming c;, ¢ = o0,

Ps- Cpo1—r, = -1 Vf,.

The natural complement of a fuzzy membership function f is 1 —f. If f increases
{decreases) then 1—f decreases (increases) with exactly the same gradient but
with different signs. And, this is true for every x € {2 where the derivative exists.

Ps- *15Cf1,f2S1 Vfls fQ.

Example 2.1. Let 2 be a closed interval of R and f,:£2—[0,1] such that

f1(@2)y=10, 1]. In Figure 4, {(f,(x), g(x)); x € Q} is plotted for various membership
functions g.
As f, increases, f, increases, so also fs. Hence ¢y ;>0 and ¢ ;> 0. But for
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higher values of f,, fs may take low values [f5, (x) = f5(x); k> 1]. So ¢ . <c5p <
¢sp.=1. That is, as k increases, ¢;, s must decrease. As the curve becomes flatter
and comes closer to the x-axis, c¢; g must become smaller though always greater
than zero.

Observe that f, and f5 completely lie below the line f,(x) = f1(x). If a member-
ship funection is considered which lies completely above the f,(x) = f;(x) line, the
behaviour of the correlation coeflicient must be similar to that of ¢ x. As the
membership function tends to be more parallel to the x-axis, the correlation
coefficient must become smalier though always greater than zero.

2.c. ¢5 ¢ decreases both as k-—>o and as k — 0. That is, if the differences
between f, and f% are considered to define the measure of correlation between f,
and f}, then the absolute differences are more important than the actual
differences.

Consider fg(x)=[fa(x)]*. Then ¢ ; must be greater than zere Yk >0 and
must decrease both as k7o and as k|0 according to the previous arguments.
¢ 5, Must be less than 0 Vk >0, because as fy increases, fg, decreases and also
for high values of f,. fs takes low values. So ¢y, ¢, must be less than zero. Now,
there are two possibilities for lim,_.. ¢y ...

2.d. ¢y, increases as k — . That means, importance is given to the fact that
there does not exist any other membership, other than f; whose derivative is the

same as that of f, at every point but with a different sign. e, ¢; =cy 5, Vg

2.e. ¢y, 5, decreases as k — .
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Here importance is given to p,. Since for higher values of f,, fg. takes much
lower values than fs, ¢ ;. has to be less than ¢ ;.

Similar things can be stated about ¢; ¢, ¢;.r.. and ¢f, ;.. S0 g could as well
have heen —oo=scy =1, Depending on the problem, pg is 10 be chosen. In this
paper, we considered —1=c¢; <1 as pe.

Observe that pe is not independent of p, and ps.

Pre Crp, = Crs, Vo, fo

P, essentiaily reflects the idea that the extent of influence of f, on f, is same as
that of f, on f,. The correlation is ‘between’ f, and f, but not one ‘on’ the other.

Ps- Cfl!f;‘ = Cifuf, Vflﬂ f2-

I fo=1, then ¢ ¢ =—¢; ;- which is satisfied if ¢; ; =1 and ¢ ;_, =—1. But, if
Crpo =% and ¢ 5 =—1 then this is not satisfied. Under pg, if there exists a
function f; such that ¢ ¢ =0 then naturally ¢,_; ;= 0. Thus for a function f, if
e, 2> 0 then ¢y 5, must be less than zero. Inherently p,, ps and pe are being
utifized in making this assumption of equality. Le., p, i8 not independent of py, ps
and ps.

Pos (.= C1p1-f, Vi far

The correlation between two functions f, and f, is same as the correlation
between their complements. This property is not independent of p,, ps and p,.

Note. The properties p, to pe are not exhaustive, Similar properties can be
attributed to ¢y, ¢, assuming that —o<s¢p =<1,

An example is stated below where the validity of the property ¢;,.,=—1 Vf is
in doubt.

Example 2.2. Tet x€[0, 1] and I, =[1/2%, 1-1/2%], k €[1, «). Define
fio(x)

% if xelk,
2k if x=1/2%
[x2F—2k+2W2 if x=1—1/2%

As k — oo, the difference between fi, and 1—f, decreases. In fact

limf.(x)=0 if x=0,
Kk —»c

=1 i x=1,
1
2

otherwise,
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and

lim[1-f.(x)]=1 if x=0,

=0 ifx=1,
1 otherwise.

Except at x=0 and x =1,
lim £y (x) = lim[ 1, (x)].
Ik —on k—s0

But ka,l—fk:_l Vk
This example is discussed in detail in Section 4.

Section 3

In this section a measure of correlation is defined between two fuzzy member-

ship functions.

In order to get an expression for ¢y, p, the principle applied in statistics cannot
be taken here. The concept of ‘mean’ of a fuzzy membership function does not
exist. Hence ‘variance’ of a fuzzy membership function is non-existent. In
statistics, random variables are defined on a probability space and they induce a
probability measure [1]. In fuzzy sets, membership functions are defined from a
domain to [0, 1] and they don’t induce any membership function. Above all even
with the above drawbacks, ¢; ; may be defined as

cr.e=| [ (0= RGN0~ £ | o

/ \/L [£,(x)— fl(fl)]zdx\/L [0~ Fo(5) T dx

where ¥, is the mean under f,, i.e., ¥; = s xf1(x) dx and ¥, is the mean under f5.
cs, ¢, may be defined in the above fashion given that f,(X,) and f,(%,) are defined.
If 2 is finite then £, and X, cannot be defined in many cases. Multiplication of x
with fi(x) may become meaningless. So the above approach is ruled out.

Definition 1. Let {a) the domain 2 be a closed interval in R. Let the membership
functions f, and f, be such that

{bY £,:02—=[0,1] and f,:02 —[0, 1] are continuous,

(©) fild?)=£(2)=[0,1], and

(d) Vxc2°, fi(x)=0 or 1 or undefined Vi=1, 2.
It is clear from the above assumptions that given f; and f, another domain S may
be obtained which satisfies the above assumptions. It can be done by extending {2
or by reducing the length of the interval. In order to avoid this confusion, let

Fi 5. =1{8: S is a domain for f, and f, satisfying a, b, ¢, d above}



Correlation between two fuzzy membership functions 31

and

Q= N S
SeFhp

Let
= [ h-G-pPax=| efi-1rdx
2 0

%= | (=P en-| @12

Now define

¢ =1

i | et

Note 1. In Example 2.1 it was mentioned that the absolute differences between f;

and f, are important in defining ¢; ; (2.¢). Here instead of taking absolute
differences, the squares are taken and they are summed up.

Note 2. Assumption (d) states that for x € 2°, f;(x)=0 or 1 or undefined, i=1, 2.
If f, represents “tall’ and {2 represents height in cms, say, [60,300] then for x <0,
fi{x) may be taken to be either (0 or undefined.

Proposition 1. ¢, ;<1 Vf,, f,.

Proof. It suffices to show that 2[s (f;— f2)” dx = X;+ X,. After some calculations
it follows

X+ X2 (fi-frav=2] (f+ho 1P dx=0
0 Q

Proposition 2. ¢; ; = —c; s, Y1, fa.

Proof. From

4
=1 | (hmfPax
and
=] - +f,— 2
Croa-r =1 X, + X, L (fitfam D dx
it follows
4
it e =2y | | (i1 ]
= Z—Xlin[X1+X2] (from Proposition 1)

=0,

which proves the proposition.
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Proposition 3.

Cfufl = 1 and Cf1,1‘f1 = _'] Vf]_,

thf?,: sz-fl and lefl,lffzch;.fz Vfl’ f2'

Proof. Trivial,

Note. ¢; ;, is a measure of closeness of f, and f, but not a distance measure. For
given fy, fa, f3 and fy, ¢; p,=cp,y. > the difference between f; and f, compared
with “he sum of the differences between f; and 1 —f; and f, and 1—f, is same as
the difference between f; and f; compared with the sum of the differences
between f, and 1—f5 and f, and 1—f,. It does not mean that d(f,, f>) = d(fs, fa)
where d is a metric on membership functions.

The main properties which ¢;, ¢, has to satisty are p; and p, as stated in Section
2. An example is provided below when the correlation coefficient s caleulated for
various functions defined on the same domain. In general the functions dealt with

in fuzzy set theory are s- and w-type functions [4]. Simple examples of s- and
w-type functions are given.

Example 3.1. Let 2 =[0, 1], and
filx)=x, fa(x) =2 min(x, 1 —x),
) =1-fx)=1-x,
fao=x5  fax)=(1-x)  Vke(0,),
f4k(x):1*f4k(x), fﬁk(x)zl“fﬂ((x)-

1

By ~
& 5
",

‘. W
Y

Fig. 5
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Fig. 6

X”l:XfBZJﬂ 2x—17dx=1

X, | et 1=
0

4
1)2dx=1———+

-] e
fa n(f4k k+1 2R+1

XfSL:XfaL- VkE(O,OO)
[ mrrax=t
Iy

1 2

S
I(fl fad dx=3t=7 105

1 2

Yk (0, w).

3"
[ —fsi)” cbc*fn (fi—fsi)dx Yk 0.

| ti-rwras

3Tk ik 12)

= L (fa= fu)? dx = L (fi~fu)” dx

. J‘ (fz‘f3)2 dx :é
'0

Vk>0.

33
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9 [ (f>—fu ) dx = : +1—_ ..4,. = L,\% ==

Ju

= J. (fo—fs)?dx  Vk=0.
[9)

TN WP QR 2k - 2
10. L(fz fae)” dx 3 2k+1 (k+D(k+2) 2%(k+1)k+2)

= J (fz—fsk)z dx Vk>0.
Q

4 1
11. PR o
Chifa 31 6 0
R DCR D i
(k+2)2k2+1)  Ifs” Chiw
Crifu>0 V>0,
Cft-f»ak—)o as k — () and as k — 0,
27+ 10k +4k+2 .
(k+2)(2k%2+1) = Ctyfu ™ Crifuc
Crp. <0 VEk>0.
Cf‘uf.ﬂ_—)o as k —Q and as k — .
2k7+10k* -8k —4+[12k +6)2%
[k +2][2k2+ 1] - cf:’_-fsk'

12 Cf1-.f.\L:

13 Cf\-fsk:]‘_

14 sz-f-lk: 1

Cf:e‘f‘:k’:zo k-—<-1,
=0 k=1,
¢tp—>0 as k-—oand as k = 0.

23— 27+ 10k +8 - 6[2k +1)/2%
[k+2][2k%+1] ~ Chfa

153 cpf =l

Crfn=0 k=1,
=0 k=1.
Cf:’-f,akg_)O as k _>0 and as k —>» CO,

The results indicate that ¢y, ¢, follows the properties stated in Section 2.

Note. (1) In the definition of the correlation coefficient between f; and f, an
assumption was made inherently. If f, and f, are defined on the same domain 2
then correlation exists between them. If there does not exist any correlation, then
¢y, s, has to be equal to zero.

(2) The definition of ¢ , given in this section can also be used when (2 s finite.
In that case let

X, = 2 [2fi(x)-113, Xo= Y [2fa00)-1]2

xell xef2
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and 4
Ct, = 1

XX, xze:ﬂ(ﬁ(x) — )

=1 if X;+X,=0.

But it is to be remembered that the correlation coefficient when (2 is infinite
gives a better idea than the correlation when (2 is finite (2.b) because there is no
loss of information when {2 is infinite. When {2 is finite, the greater the number of
elements in £2, the better the correlation coefficient would be.

The generalization of ¢ to R* will be dealt with in Section 5. In the next
section an example is discussed which is similar to Example 2.2.

Section 4

Example 4.1. Let £ =[0, 1], and

fk(x):ﬁ if 0=x=k,
=1 if ksx=1-k WVke(0,1].
x—1+2k
:—Zk— if l-k=x=1,

Then ¢; ;. ;= —1V¥k €(0, 3] according to the previous definition. But

limf(x)=1lm(1-f.(x)) Vxe(0,1
k0 k—0

The definition of correlation which will be given here is based on the following
principle. In the region where f, = f,, the correlation must be equal to 1 and in the
complementary region one has to look for whether f,(x) takes high values when

1

Fig. 7
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f4(x) takes high values and so on. If ¢; ¢ i3 defined in that way then ¢; ¢ +cf 1¢,
need not be equal to zero, because f, need not be equal to 1—-f, in the region
fi=f,. The information which is provided by f; and f, is being condensed to give
a single value. So, naturally one has to look for the best way of condensing the
information within the given limitations. The properties which are to be preserved
depend on the problem at hand. The definition which is given below is just
another definition, taking some other properties into consideration.
Let f;, f> and 2 follow the same properties as defined in Section 3.

Definition 2. Let
D={x:fi(x)=f:(x), xe )},

x=[ pp-ray x=[ ep-re
Q-D -
Define
_/\1(D) A (02—-D) 3 4 e
Cffa = )‘.1(0) )\1('(2) [1 X1+X2 —L-D (fl fZ) dx];
=1 i X1+X2 — O;

where A, represents the Lebesgue measure on R [length of a set].

Using the above definition, correlations are calculated for functions defined in
Example 4.1. The calculations are shown below,

Let )
D, ={x:fi{x)=1~-fi(x),x[0, 1]} Yke(0,3].
=[k 1-kl,
MOQ-D)=1-(1-2k)=2k.
cﬁul,fk:(l—Zk)#—Zk[l—X iX Xl]= 1-4k Vke(0,3]

Observe that for k=3, ¢ 4, =—1 and ¢ ;-1 as k.

Note. A similar definition, when &2 is finite, is given below.
Let
D ={x:fi(x)=fa(x), x e 2},
X,= ¥ [2fi-1P X.= Y [2f-10%

xe2—-D xe2—D
. :#(D)+#(0~D)[ 4
e T () B0

=1 if X,+X,=0,

TACEACIR

X+ X e

where ‘4’ denotes the number of elements in a set.

As of now, membership functions are assumed to be defined on a subset of R.
In the next section it is generalized for R>.
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Section 5

Let £}, and {1, be bounded closed intervals of R and 0 ={,x{),. Let
Fi:02,x0Q,—[0,1] and f,:02 — [0, 1] be such that

{(a) f; and f, are continuous,

(b) f1(?) = f{)=[0, 1],

(¢) xef2°, f{x)=0 or 1 or undefined ¥i=1, 2, and

(d)  is the minimal set satisfying the above properties.

Before ¢y ;, is defined, a few adjustments are made in the following way.

Note. Let £2,=[ay, b,], Q:=[a,, b,], a;<<hy and a,<b, and g :[0, 1]1x[0, 1]—
[0, 1] be such that

g(x, y)y=filas+x[by~a,], az+ylba—a,]) Vi=12,

i.e., £2, and {2, are normalized and correspondingly two membership functions g,
and g, are defined on [0, 1] [0, 1]. Then define

th."z: CS|=82‘
Le., it suffices to get an expression for ¢, , to get ¢ ¢,

Thus, from now on let £3; =€, =[0, 1] and f; and f, be membership functions
defined on 2 = (2, X {2, satisfying the properties stated at the beginning of this
section.

Example 5.1. Let §,:02 — [0, 1], f,: 2 —[0, 1] be such that
filx, yo = fi(x, y2) ¥y, v2€[0, 1], Vx [0, 1],
fﬁ(xl) Y):fz(x2> Y) Vxl) x2e[05 1]5 VYE[0> 1]

Then ¢; ;, must be equal to zero since f, is not dependent on f,.
On the basis of the above example and Section 4, ¢, ,, is defined.

Definition 3. Let

Ay={x:xeldy, filx, y) =f1(x, y2) Vyo, y2€ 2o},
As={x:xeQ, f5(x, yo) = folx, y2) Yy, v 23},
By={y:ycfdy, fi(y, V) = f1ls, ¥) Vx1, x2€ L2031,
Ba={y:veddy, folxy, ¥) = falxa, v) VX1, xp€ L1},
D={z:ze {,(z)=frlz)},

h=(AXBU (AR By Q=D 8y 5=V D,

X1=j [2f(z)— 1% dz, XZZ[ [2fa(z)— 117 dz.
-2 -2
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a1 4 _ i }
X+ X%, J‘Q_QS (f1(z) = fal2))" dz|,
= /\.2((24) +)\.2(Q "_Qs) if Xl +X2 - 0,

Cf'nfz = /\2(‘(24) + )\2(9 - 05) [1

where A, is the Lebesgue measure on R? (area).

Explanation for Definition 3: In the region on which f; is independent of f,, the
correlation must be equal to zero. The region D is to be considered separately as
mentioned in Section 4. Thus the expressions are integrated over (21— Q4. £, is
taken in the definition of ¢; ; because D may have a non-empty intersection
with (2,.

Under this definition, ¢q;= A,(Q —2s) + A,(£2,) may be less than one since there
is a possibility that A,(£2:)>0. Also ¢, ¢, +¢;, 15, Deed not be equal to zero.

For Example 5.1, A, =8}, B,={),, ;= 10, (0,=0, Q—Qs=P and so ¢; ,=0.

A similar definition can be given when {2 is a two-dimensional, finite set as
given in Section 4. The definition can be extended when the domain (2 is a subset
of R" [finite cross product of bounded closed intervals] and also when Q is a
finite-dimensional finite set.
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