IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. 24, NO. 7, JULY 1994

1001

Theoretical Performance of a
Multivalued Recognition System

Deba Prasad Mandal, C. A. Murthy, and Sankar K. Pal, Fellow, IEEE

Abstract—A multivalued recognition system was formulated by
the authors which has the ability of discriminating the nonover-
lapping, and overlapping and no-class (i.e., ambiguous/doubtful)
regions and of analyzing the associated uncertainties by pro-
viding output decisions in four states, namely, single, first-
second, combined, and null choices. The single choices corre-
spond to the nonoverlapping regions, whereas the overlapping
regions are reflected by the first-second and combined choices.
The null choices reflect the portions outside the pattern classes
and/or the portions of the pattern classes uncovered by the
training samples. A theoretical analysis of these characteristics
and of the performance of the recognition system has been
provided in the present article. It has been shown theoretically
that with the increase in the size of the training samples, the
estimates of the overlapping, nonoverlapping, and no-class re-
gions tend to their actual sizes. All analytical findings have been
substantiated with experimental results various situations in one-
and two-dimensional feature spaces. Bayes decision boundaries
are always found to lie within the combined choice region as
provided by the multivalued recognition system. The present
investigation, in turn, establishes analytically the justification
of providing multivalued output decisions in four states for
managing uncertainties arising from ambiguous regions.

1. .INTRODUCTION

HE multivalued recognition system, described by the
authors in [1], decomposes the feature space based on
geometric structure and the relative position of the pattern
classes, and provides output as multiple choice for classes
with their preferences. It classifies a sample either as a single
choice (possibility to be only in one class), or as a combined
choice (possibility of belonging to more than one class with
same preference), or as a first-second choice (possibility of
belonging to more than one class with different preferences),
or as a null choice (possibility of not belonging to any of the
classes). The single choices correspond to the nonoverlapping
regions whereas the overlapping regions are reflected by the
first-second and combined choices. The null choices reflect
the regions outside the pattern classes and/or the regions
of the pattern classes uncovered by the training samples
(even with its extended portions). Thus, the system has the
ability of discriminating the overlapping and no-class (i.e.,
ambiguous/doubtful) regions and of analyzing the assoicated
uncertainties by providing output in four states.
In this paper, a theoretical analysis of the aforementioned
characteristics and the performance of the recognition system
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is provided. Initially, the regions corresponding to the four
output forms are determined analytically and the estimates of
the nonoverlapping, overlapping, and no-class regions in the
feature space are then determined. Various possible situations
in one- and two-dimensional feature spaces with two classes
are considered here. It has been shown that with the increase in
the size of the training samples, the estimates of the overlap-
ping, nonoverlapping, and no-class (null choice) regions tend
to their actual sizes.

All the analytical findings have been substantiated with ex-
perimental results. For a comparative study of the recognition
system with a conventional one, the Bayes classifier [2] is
implemented on the considered various data sets. The Bayes
thresholds between classes are always found to lie within the
combined choice region of the multivalued recognition system.
The present investigation, in turn, analytically establishes the
justification of considering output decision in four states for
managing uncertainties arising from ambiguous regions.

A brief description of the recognition system [1] is furnished
in Section II. Section III provides some theorems which are
used in the subsequent sections. The theoretical analysis of the
system in one- and two-dimensional feature spaces are dealt
with in Sections IV and V, respectively. Section VI contians
the conclusions.

II. MULTIVALUED RECOGNITION SYSTEM [1]

The multivalued recognition system developed by Man-
dal, Murthy, and Pal is described here in brief. The
system has the capability of handling various input pat-
terns and it provides multiple choice for classes as the
output decision. For describing the system, let us con-
sider an M class C1,Cy,--+,Cj,---Cpy) and N feature
(Fy, Fs,---,F;,--+, Fn) problem. The block diagram of the
recognition system is shown in Fig. 1. It consists of two parts,
namely, learning and fuzzy processor. The learning section
basically decomposes the entire feature space into some space
subdomains and finds a relational matrix. The fuzzy processor
uses the relational matrix in the modified compositional rule
of inference [3] to decide about the class or classes in which
a pattern X may belong. The operations of various blocks in
Fig. 1 are discussed below.

A. Learning

The learning section has two blocks, namely, preprocessing
and relational matrix estimator. The space subdomains in the
feature space are obtained in the preprocessing block and the
block relational matrix estimator finds a relational matrix R.
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Fig. 1. Block diagram of the multivalued recognition system [1].

Initially depending on the geometric structure [4]-[6] and
the relative positions of the pattern classes in the feature
space, the training sample set of each pattern class (say C;)
is decomposed into a few sample groups (say, m;). That
is, the training sample sets of all the M pattern classes are
decomposed into 2?‘:1 m;(= M, say) groups. Accordingly,
each individual feature axis (say, F;) is divided into a number
(say, n;) of subdomains (referred to as feature subdomains) to
highlight the sample goups. Each of the feature subdomains
is extended to an extent to incorporate the portion (of the
pattern classes) possibly uncovered by the training samples.
Thus the whole feature space is decomposed into some, say
N(= TI¥_,n;) overlapping space subdomains.

The feature subdomains are then characterized by the
piecewise linear triangular functions. That is, the gth feature
subdomain along the ith feature space is characterized by
T(z, 0tig, Biigs Puigr Lisgr Tusg) in Which o4y is the central
part where the membership value is 1.0; 8;,, and 3,4 are the
lower and upper most ambiguous (cross-over) points where
the membership values are 0.5; I';,4 and T'y,, are the lower
and upper end points beyond which the membership values
are zero. Here

Liyy =Buiy — €1
and

Fu,'g =ﬂu¢g + €ig
where

Eig = 6t(I3u,-g - ﬂlig) (1)

is the extension factor for the gth domain along ith feature
axis and &, is the accuracy factor. The value of 4, is decided
as [4]-[6]

1 1

< @D @

so that as the number of training samples (t) — c0,8; — 0,
and 6 — oo.
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Fig. 2. Piecewise linear triangular function [1].

The functional form of the piecewise linear triangular func-
tion (T') is stated below.

T(Z;aaﬂhﬁuarlaru) =4

ifo<z< By

1 z—-Ty

2 ﬁu - I‘lu
iff,<ax<Ty

L 0 otherwise

Such a piecewise linear triangular function is graphically
shown in Fig. 2. Note that a « function [1] (which is a
quadratic function) may also be used to characterize the feature
subdomains. '

The relational matrix R denotes the compatibility of the
pattern classes corresponding to the space subdomains. The
order of R is N x M. The matrix R is estimated from
the training samples in the relational matrix estimator block.
Let 7; denote the (h,j)th element of R, i.e., the element
corresponding to the hth space subdomain and jth pattern
class. The value of rp; is decided as

0 if hth space subdomain does not
' highlight jth pattern class;
1 if hth space subdomain highlights
Thy = ve only jth pattern class;

_b_h_
(0.8)¥»N%  if hth space subdomain highlights
7th pattern class along with

some other classes. @
Here NG}, is the number of training sample groups highlighted
by the space subdomain k; NC}' is the number of training
samples from the jth class (C;) is the hth space subdomain
and NS}, is the total number of training samples in the hth
space subdomain ie., NS, = 3, NC?.
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So the block relational matrix estimator provides R which
is utilized in the fuzzy classifier block to find the final output
of the recognition system.

B. Fuzzy Processor

This section consists of three parts, namely, feature extrac-
tor, fuzzy classifier, and decision maker. It uses the relational
matrix in the modified compositional rule of inference [1], [3]
to decide about the class or classes in which a pattern X may
belong.

The feature extractor block determines the membership
values (degree of belonging) of an unknown pattern X (=
[F1, Fy,---,FN]) to the space subdomains. Initially, each
individual feature information is considered separately to find
the membership values (f) of X to the corresponding feature
subdomains.

For an unknown pattern of X, a characteristic vector
CV(X) was then defined as

CV(X) = (evi(X), cva(X), -+, cvg (X)) ©)

where the hth element cv,(X) denotes the degree of its
belonging to the hth space subdomain. Let the hth(h =
1,2,~-~,N ) space subdomain consist of the feature subdo-
mains g}, g%,---, g%, -+, g%. Suppose fgr(X) represents the
membership of X to belong in the gPth feature subdomain.
Then the hth element of CV(X), i.e., the membership value
of X corresponding to hth space subdomain, was defined [1]
as

N
%;fgf (X) if fn(X) >0

foralli =1,2,.--,N
0 otherwise
h=1,2,---,N. 6)

cvp(X) =

So the block feature extractor finds a characteristic vector
with N elements (for NV space subdomains) corresponding to
each input pattern X.

Suppose the membership (cv, (X)) values of a feature point
are positive for two or more neighboring subdomains and one
particular pattern class is highlighted by the said subdomains.
Then it indicates that the said feature point lies in two or
more training sample groups of a pattern class. This in turn
increases the possibility for the said feature point to belong in
the actual pattern class. We call this notion as the neighboring
effect and to incorporate this effect in the characteristic vectors
CV(X), M neighboring characteristic vectors corresponding
to M pattern classes are defined as

CNV;(X) = (enwji(X), envja(X), - -+, env; 5 (X))
j=1,2,"',M (7)

where the hth element if cnv;y,(X) denotes the degree of
belonging to the jth class based on hth subdomain and the
effect of neighboring subdomains of h on the jth class. It is
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defined as
( 1
min {1, cvp(X) + Q—NCUE(X)}
when rp; > 0and Thi > 0
and cv;, (X) is the maximum
enujn(X) = among all the elements in the

neighbor of & which
highlights the class C;
otherwise.

 con(X) ©

These CNV;(X)’s along with the relational matrix R are
utilized in the fuzzy classifier to find the degree of similarity
of the input X to the various pattern classes.

A class similarity vector S(X) was then defined as

S(X) = (s1(X), 2(X),- -+, sm (X)) ©®

where the jth element s;(X) denotes the degree of similarity
of a pattern X to the jth class. The s;(X) is determined as

max _{3(cnvjn(X) +1hj)}
h=1,2,,N
if cnvjp(X) > Oandrp; > 0

0 otherwise

where cnv;n(X) is the Ath element of CNV;(X); 7y is the
(h, 7)th entry of R, and N is the number of space subdomains.
Therefore, the block fuzzy classifier finds a class similarity
vector §(X) corresponding to an unknown input X.

The similarity vector S(X) is then analyzed in the decision
marker block. The system provides output decision in one of
the following forms.

* Single Choice: If the entry in S(X) corresponding to
only one class, say C;, is positive then the class C; is
considered as the output with single choice.

o Combined Choice: If the entries in S(X) corresponding
to more than one class are positive and if they are
nearly same (dfference <0.05) then the said classes are
considered as output with combined choice.

o First-Second Choice: If the entries in S(X) correspond-
ing to at least two classes are positive and the said
entries do not satisfy the criteria for combined choice
then first-second choice is considered. The highest two
entries in S(X) are taken as the first and second choices,
respectively.

o Null Choice: If all the entries in S(X) are zero then the
system refuses to assign the unknown sample to any class,
i.e., null choice is given.

5;(X) = (10)

It needs to be mentioned here that the single choices corre-
spond to the nonoverlapping regions whereas, the overlapping
regions are reflected by the first-second and combined choices.
The null choices reflect the regions outside the pattern classes
and/or the regions of the pattern classes uncovered by the
training samples.

In order to give the final decision in linguistic form regard-
ing the class or classes to which the unknown input pattern
X may belong, the confidence factor (CF), as defined in
[1], is calculated and accordingly the final output decision in
linguistic form is provided.
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III. SOME THEOREMS

In order to provide the theoretical analysis of the multi-
valued recognition system [1], we have presented here some
theorems.

Definition 1: A set A C R! is said to be a pattern class [7]
if A is a compact interval. ]

Definition 1.1: A set A C RY is said to be a pattern class
[7] if

1) A is path connected compact,

2) cl(Int(A)) = A, [cl means closure, Int means interior]

3) Int(A) is path connected, and

4) A(6A) = 0 where 64 = AN cl(A°) and A is the

Lebesgue measure on RV,

Let]B={.A:.A(_I]RN,Aisapattem class}. ]

Definition 2: P is said to be probability measure on A, A €
B if P satisfies the following properties [7]-[9].

1) P< X [Ais the Lebesgue measure on RY].

2) Let f = dP/dX be the density on A. Then f(z) >

0 Vz e Int(A). u

Note that Definition 2 restricts the probability measures
under consideration on .A.

Result: Let X;,X,, -+, X, be independent and identically
distributed random variables with density f. If A is a class
and P is a probability measure on A then

VBCA, B
is open,
=> PX1¢BX2¢B,---,X; ¢ B) > 0ast — co.

Proof: Proof is obvious. ]

Theorem 1: Let X1, Xo,---, X, be independent and identi-

cally distributed random variables taking values in [a, b] with
continuous density f.

Let X(l) = min{Xl,-n,Xt} and X(t) =
max {X,---,X:}. Then X(;) goes to a in probability
as t — oo and X4 goes to b in probability as ¢ — co.

Proof: Let F be the density function, ie., F(z) =
J3 f(y)dy,a < z < b. Then F(a) = 0 and F(b) = 1.

P(Xqy>y)=P(X1 >y, X2>y,--, Xe > )

=[P(X1 > y)|*
=[1-P(X; <y))*
=[1-F@)" a<y<b an
Let £ > 0.
P(|X@y —a| >€) -0 forany &> 0.
© PXy-ea>e)—0
=g p(X(l) >a.+e)—>0
& [L-Fa+e)f—0 [by(1)]
which is true as ¢ — oo.
So X(1) goes to a in probability.
P(Xty<y)=P(X1 <y, X2<y, -, X; <)
=[F(y)]" a<y<b (12)
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Let € > 0.
P(| X — bl >¢e) =0 forany > 0.
&  Pb-Xy >e) —0.
&  P(Xy <b—e)—o0.
& [F(b~e)" =0 [by(12)]

which is true as ¢ — oo.

So X(1) goes to b in probability as ¢ — co. Hence the
theorem. ]

Theorem 2: Let X, Xg,---,X; be independent and iden-
tically distributed random variables with continuous density f
in [a,b].

Let A = [a,b] and 6; — 0 as t — oo. Let B, =
[Xay — 6:, Xty + 6:). Then A(B;AA) — 0 in probability
as t — oo, where A is the lebesgue measure on IR.

Proof: a < X1y £ Xz <b Vi

It is sufficient to show that

la — X(1) + 6:| — 0 in probability
and

|b — X(#y — 8| — 0 in probability.

Here we shall show that |b — X4y — 6| — 0 in probability.
The proof for the other statement is similar.

Claim: P[|b — X(y) — 6:| < €] — 1 as t — oo for every
e > 0.

Proof: Let € > 0.

Note that 'b—X(t) —6t| < |b—X(t)|+6t = b—X(t)+6t Eltl
such that ¢ > ¢; = 6.z since 6; — 0. Let {3 = [K";—“)] +
1([r] means the largest integer <7). Let C = [b — %V‘z—“,b].
= PXi ¢€CXo¢C,---, X €C) > 0ast — oo
Hence P (3¢ such that X; € C) — 1 as t — oo. Then P(3t
such that b — X; < §) — 1 as t — oo. or P(3 - ¢ such that
b— Xy < §)—last— oo

Hence the theorem. |

Theorems 1 and 2 are used in the subsequent sections to
verify the following proposition.

Proposition 1: As the sample size increases, the estimated
overlapping, nonoverlapping, and no-class regions tend to their
actual size, respectively. [ ]

Here, we have considered overlapping and nonoverlapping
classes in IR! and R2. The classes in IR? are considered to
be regular shaped (rectangular and circular). Piecewise linear
triangular functions (3) has been considered as membership
functions.

For the nonoverlapping pattern classes, the training sam-
ples of the clases are obviously nonoverlapping. But for the
overlapping pattern classes, the training samples are either
overlapping or nonoverlapping. Note that if the training sam-
ples are nonoverlapping then the membership functions of
the feature feature subdomains may be overlapping. All these
situations have been considered in the proposed analysis.

IV. ANALYSIS IN 1-D FEATURE SPACE

To provide the theoretical analysis of the multivalued recog-
nition system in one-dimensional feature (F') space, a two
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Fig. 3. (a) Two nonoverlapping classes (1-D) with a training set. (b) Sub-
domains (disjoint) with their membership functions for the pattern classes in
(a). (c) Subdomains (overlapping) with their membership functions for the
pattern classes in (a).

class (Cy and Cs) problem is considered here. Since there is
only one feature, the space subdomains are same as the feature
subdomains. Suppose [L, U;] and [Lo, Us] [Fig. 3(a)] denote
the actual class ranges corresponding to the classes C; and Cs,
respectively. Suppose also, [I1,u1] and [lz, us] [Fig. 3(a)] are
the ranges of training samples corresponding to C; and C; for
a particular training set. To find the regions corresponding to
single, first-second, combined, and null choices, and to verify
Proposition 1, different possible cases are considered.

A. Nonoverlapping Pattern Classes

This case is shown in Fig. 3(a). Initially, the system finds
two distinct feature subdomains [I1,u;] and [ly,u3] corre-
sponding to the classes C; and C5. The feature subdomains
are denoted by D; and D,. Now these feature subdomains
are extended to some extent using piecewise linear triangular
functions (3) 77 and T3, respectively. The feature subdomains
with their characterizing membership functions are shown in
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Fig. 3(b). Note that

615 =lg§
I‘lg :lg — &g

ﬁug = Ug;

and By, =u, +¢

for g = 1,2.

Here €, (1) is the extended portion for the gth feature
subdomain D, (¢ = 1,2).

The relational matrix R in this case will be

R = ((rg;))g=1,2;j=1,2
where

S 1.0 forg=1yj
99710 forg #j.

Case 1: Feature subdomains are disjoint.

This case is shown in Fig. 3(b) where the feature subdo-
mains [y and D, are disjoint. Here, it is easy to show that
the single choice region for C is (I';,, ', ); the singel choice
region for Cy is (I';3,Ty,) and the remaining points in the
feature space represent the null choice region. ]

Case 2: Feature subdomains are overlapping.

This case is demonstrated in Fig. 3(c) where the feature
subdomains D; and D, are overlapping in their extended
portions. It is clear from Fig. 3(c) that (I';,,T';,] and [Ty, , Tu2)
represent the single choice regions for C; and Cy, respectively.
For X € (I',,,['y,), the elements in the similarity vector
S(X) are all positive, ie., s1(X) > 0 and s2(X) > 0. This
implies that (I',, Ty, ) is the overlapping region and we will
concentrate now only on this region.

Here two points, say 7, and 72, can be found such that
I', <m <m <TIy, and

for X € (PIZ,Tl),
for X € (2,Ty,),

[51(X) — 82(X)] > 0.05;
[s2(X) — 81(X)] > 0.05
and

for X € [, 7], |s1(X) — s2(X)| < 0.05.

The values of 71 and 75 are given by

uieg + loeg — 11169
T =
€1+ €2

and

U1€2 + l2€1 - 0.96152
€1+ €2

T2 (13)
where g, (1) is the extended portion of the feature subdomain
D,(g = 1,2), and I; and u; are the lowest and highest
values, respectively, among the training samples from the class
Ci(j = 1,2).

So, as a summary, we can state the following: The single
choice for C; is (T'y,, 'y, ]; the first-second choice region with
first choice as Cy is (T'1,,71); the combined choice region is
[71,72]; the first-second choice region with first choice as Cs
is (72,1, ); the single choice for Cy is [T'y,,T%,), and the
remaining points in the feature space correspond to the no-
class (null choice) region. However, if 77(T,) < 0.05, ie.,
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Iy —u; > €2 + 0.9¢;, then (I',,71) becomes a combined
choice region instead of a first-second choice region. Again,
if T1(I‘12) <0.05, i.e., if I3 —uj > &1 +0.9¢2, then (1-2,1‘,,1)
will be a combined choice region instead of a first-second
choice region. If both the conditions are satisfied, i.e., if
l3—uy > €24+0.9¢1 and ly—uy > €;+0.9¢,, then the complete
set (T'y,, Ty, ) will represent a combined choice region. ]
Proof of Proposition 1: By Theorem 1, it can be

stated that with the increase of training sample size,
lj—=L; and u; —-U;

in probability forj = 1,2. (14)

With the increase of training sample size, the sample sizes in
the feature subdomains also increase. Thus, by Theorem 2,

Iy, =B,
in probability forg = 1, 2.

and T, — fBa,
15)

This implies that the uncovered portions of the feature space
(by the training sample set) decrease in probability with the
increase in sample size.

In case 1, there are no overlapping region, and the single
choice region for C; (j = 1,2) is (I';,, I',; ) which tends to the
set (L;,U;) (the actual nonoverlapping region) in probability.

In case 2, the estimated overlapping region is (T'y,, Ty, )-
By (14) and (15), this overlapping region tends to (L2, U ) in
probability. But U; < Lj. This implies that the overlapping
region decreases in probability.

The single choice regions for C; and Cp are (T'y,,T,)
and [[',,,T'y,), respectively. By (14), and (15) these regions
converge to (Ly, L) and (Uy, Us) in probability. As Uy < Lo,
the regions under single choices for C; and C tend to (Ly, Uj)
and (L, U;) (actual nonoverlapping regions) is probability.

Hence the proof. [ |

Experimental Results: To verify the aforementioned analyt-
ical results, a two class problem with class ranges [2, 6] and
[7, 11] is considered. It may be noted that the pattern classes
are nonoverlapping. To implement the recognition system, five
training sample sets with 50, 100, 150, 200, and 250 samples
from each of the classes are chosen randomly.

The ranges of the training sample sets for the classes C; and
(7, and for the feature subdomains D; and D; corresponding
to the five sample sets are shown in Table I(a). It is to
be noticed that for first two sample sets (with 50 and 100
samples from each class), the feature subdomains obtained
are overlapping whereas, for the remaining three sets (with
150, 200, and 250 samples from each class), the feature
subdomains obtained are nonoverlapping. So the first two
sample sets represent the case 2, i.e., the feature subdomains
are overlapping when the pattern classes are nonoverlapping.
The remaining three sample sets represent the case 1, i.e.,
the feature subdomains are nonoverlapping when the pattern
classes are nonoverlapping. The various regions obtained for
the first two sample sets are shown in Table I(b). The regions
obtained for the remaining three sample sets are shown in
Table I(c).

These results verify that with the increase in sample size, the
training classes (i.e., portions covered by the training samples)
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TABLE I(a)
RANGES OF TRAINING SETS AND FEATURE SUBDOMAINS
FOR THE PATTERN CLASSES [2, 6] AND [7, 11].

SAMPLE SIZES IN EACH CLASS
50 100 150 200 250
Class C;  2.09-592 12.07-5.94 12.06-5.97 12.02-5.98 12.01-5.99
Class C; 7.16-10.89 7.05-10.92 7.04-10.93 7.02-10.95 7.01-10.98
Subdomain 1.29-6.74 1.37-6.59 1.52-644 1.67-632 1.78-6.19
Dy

Subdomain 6.49-11.65 6.42-11.62 6.56-1147 6.71-11.33 6.82-11.22
Dy

TABLE I(b)
VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE FIRST
Two TRAINING SETS OF THE PATTERN CLASSES [2, 6] AND {7, 11].

SAMPLE SIZES IN EACH CLASS

VARIOUS GROUP 50 100
OF CHOICES
Null choice —~00-1.2908 —00~1.3727
Single choice (Cy) 1.2909-6.4947 1.3728-6.4263
First-second choice (C1) 6.4948-6.5402 6.4264-6.4494
Combined choice 6.5403-6.6966 6.4495-6.5748
First-second choice (C2) 6.6967-6.7494 6.5749-6.5984
Single choice (C2) 6.7495-11.6507 6.5985-11.6236
Null choice 11.6508— 00 11.6237—+00
Bayes threshold point 6.4859152 6.4435577
TABLE I(c)

VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE REMAINING
THREE TRAINING SETS OF THE PATTERN CLASSES [2, 6] AND [7, 11].

Various Group of Sample Sizes in Each Class

Choices 150 200 250
Null choice —00-1.5250  —00-1.6690 —00-1.7779
Single choice (C1) 1.5251-6.4461 1.6691-6.3288 1.7480-6.2519
Null choice 6.4462-6.5638 6.3289-6.6969  6.2520-6.7619
Single choice (C2)  6.5639-11.4736 6.6970-11.3288 6.7620-11.2496
Null choice 11.4737—o0c0  11.3289~4-00 11.2197-40c0
Bayes threshold 6.3621473 6.4193249 6.3900852
point

tend to the actual classes (Theorem 1) and the feature subdo-
mains with the extended portions tend to their actual sizes
(Theorem 2). It is to be noticed that the overlapping regions
(i.e., corresponding to combined and first-second choices), the
nonoverlapping regions (i.e., corresponding to single choices)
and no-class regions (i.e., corresponding to null choices) are
tending to their actual sizes with the increase in sample sizes.
Thus Proposition 1 has been verified experimentally for the
case of nonoverlapping pattern classes in one-dimensional
feature space.

To show the recognition performance of the system exper-
imentally, a test sample set with 1000 samples from each
of the considered pattern classes is generated. With all the
aforementioned five training sets, the system recognized the
total test sample set correctly under single choices.

For comparison, the Bayes classifier is also applied on
the same pattern classes (assuming normal distributions). The
threshold points found between the classes C; and C; are
shown in Table I(b) and (c) corresponding to the first two
and the remaining three training sets, respectively. These
thresholds are seen to lie in the combined choice region of
our recognition system. The Bayes classifier also recognized
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Sl(X) = %[Tl(X) + %TQ(X) + 1.0] asry; = 1.0

and
82(X) = 3[Ta(X) + r22]-
= 51(X) = s2(X) =3[ (X) - 3T2(X)
+1.0- 7‘22].
where
5)3::::“"" o r11 = 1.0; ri2 =0;
Trofving oot o1 > 0; oz > 0;
I C; r31 = 0; and 732 = 1.0.
d e A In the feature region (T';,,T1,],T1(X) > 0 and T5(X) =
ot — = T35 Ty(X) = 0. This implies that 51(X) > 0 and 55(X) = 0. So

@

(b)

Fig. 4. Two overlapping classes (1-D) with a training set. (b) Subdomains
with their membership functions for the pattern classes in (a).

all the test samples correctly.

B. Overlapping Pattern Classes

This case is shown in Fig. 4(a). Here the actual overlapping
region between the classes Cy and Cs is (L2,U1). In the
training samples, the overlapping region is (I, u1).

Initially the algorithm decomposes the feature space into
three feature subdomains as [ly,l3), [l2,u1], (u1, ug] denoted
by Dy, Dy, and Djs, respectively. Here the feature subdomain
D; reflects only C1, the feature subdomain Dj reflects only Cs
and the feature subdomain D is overlapping by reflecting both
C; and C,. These feature subdomains are extended to some
extent and are characterized by piecewise linear triangular
functions (3) 73,75, and T3. The feature subdomains with
their membership functions are shown in Fig. 4(b).

The relational matrix R in this case will be

R = ((rg))g=1,2,3j=12

(Fy,,Ty,] is the single choice region for Cj.

Similarly, [[',, Ty, ) is the single choice region for Ca.

Let us now consider the feature region (I'y,,0:,]. Here,
Ti(X) > 0.5 > Tp(X) > 0 = T3(X). Hence (see top of
page)
As here T1(X) > 0.5 > T5(X) > 0 and 72 < 1.0,[51(X) —
52(X)] > 0.05. Thus, (T'i,,B,] comes under a first-second
choice region with first choice as Cj.

Similarly, [8i,,[s,) comes under a first-second choice
region with first choice as Cj.

Now consider the region ([, ,I';,]. Here T7(X) > 0.5 and
T»(X) = T5(X) = 0. Hence,

51(X) = 3[T2(X) + r21]
and

52(X) = 5[Ta(@) + r22).
Now
|81(X) - Sz(X)‘ S 0.05 = |7‘21 - T22| S 0.1.

So, if |r21 — 22| £ 0.1 then (I, T',] will be a combined
choice region. If 797 > 793 + 0.1, then (T'y,,Ty,] will be a
first-second choice region with first choice as C;. Otherwise
(ie., if rag > 731 + 0.1), it becomes a first-second choice
region with first choice as Cs.

Now in the region (By,,[w,),T2(X) > 0.5 > Ti(X) >
0 = T3(X). Hence

51(X) = 3[To(X) + $Ta(X) + 721]
and

82(X) = 3[To(X) + r22]
= Sl(X)—Sz(X)=%[%T1(X)+T21—T22],

Here a point 7, may be found such that [s1(1) — s2(71)] =
0.05 where

1T = 12 + 81[4(7’21 — 7‘22) + 06] (16)
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in which g; (1) is the extended portion of the feature sub-
domain D; and [, is the lowest among the training samples
from Cs.

Thus, (Bu,,71) is a first-second choice region with first
choice as C; and [r1,T,,) is a combined choice region. If
rog > 721 + 0.15, then the complete set (8,,,[,) will be
a combined choice region. Again, if 757 > 792 + 0.1, then
(Bu, > ['u, ) Will be a first-second choice region with first choice
as Cy.

Similarly, in the region (I, 0, ), a point 72 may be found
such that [sa(72) — s1(72)] = 0.05 where

To = U] — 63[4(7‘22 — T21) + 06] an

in which €3 is the extended portion of the feature subdomain
D3 and u; is the highest among the training samples from C,.

So, (73, 01,) is a first-second choice region with first choice
as Cy and (I, 7] is a combined choice region. If r9; >
722+ 0.15, then the complete set (I';,, 5, ) will be a combined
choice region. Again, if ro9 > r9; + 0.1, then (T'y,, 8;,) will
be a first-second choice region with first choice as Cs.

The conclusions, after combining all the previous results,
are given below.

The single choice region for C; is (I';,,T'},]; the single
choice region for C; is [[y,,[y,); the overlapping region
(i.e., corresponding to combined and first-second choices)
is [I';,,Ty,] and the remaining portion in the feature space
represent the no-class region.

Note that in the overlapping region, (I',,0,] is a first-
second choice region with first choice as C; and [B,,,T4,] is
a first-second choice region with first choice as Cs.

In the region (T'y,, '], if |r21 —722| < 0.1, then it becomes
a combined choice region. If r3; > r32 + 0.1, then (T'y,, ]
becomes a first-second choice region with first choice as Cj,
and if ro2 > 791 + 0.1, then (', , T, ] becomes a first-second
choice region with first choice as Cs.

In the region (8, , 'y, ), if rag > r91+0.15, then it becomes
a combined choice region, and if r9; > 792 + 0.1, then it
comes under a first-second choice region with first choice as
C. Otherwise (i.e., if 721 — 0.1 < 792 < 191 + 0.15), a point
71 (16) is found such that (53,,,7;) becomes a first-second
choice region with first choice as Cy and [ry,T,,) becomes
a combined choice region.

In the region (T'y,, By, ), if r91 > 792 +0.15, then it becomes
a combined choice region. If 733 > 791 + 0.1, then (T'y,, 3;,)
will be a first-second choice region with first choice as Cs.
Otherwise (i.e., if 792 — 0.1 < r9; < 722 + 0.15), a point 5
(17) is found such that (73, 8;,) will be a first-second choice
region with first choice as C; and (T';,, 7] will be a combined
choice region.

Proof of Proposition 1: Here, the actual overlap-
ping region is [L2, Us] and the nonoverlapping regions for C;
and C; are (L3, Ly) and (Uy, Uy), respectively. In the training
set, the region [I';,,T',,] is overlapping between C; and Cs,
and the regions (I';,,I';,) and (T, ,T,,) are nonoverlapping
for C; and (5, respectively.
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TABLE II(a)
RANGES OF TRAINING SETS AND FEATURE SUBDOMAINS
FOR THE P ATTERN CLASSES [2, 7] anD [S, 10].

Sample Sizes in Each Class
50 100 150 200 250

Class Cy 2.11-6.88 2.08-6.93 2.06-593 2.04-5.96 2.02-5.99
Class C2 5.13-9.89 5.12-992 5.07-9.94 5.03-9.95 5.01-9.99
Subdomain Dy 1.34-5.64 1.43-558 1.56-5.44 1.69-5.31 1.77-5.21
Subdomain Dy 4.57-735 4.68-7.32 4.76-724 4.83-7.16 4.86-7.13
Subdomain D3 6.26-10.636.40-10.54 6.55-10.40 6.68-10.29 6.79-10.22

By Theorem 1, it can be stated that as the training sample
size increases

Lh=06,—L in probability

lo =Bu, = Bi, — L2 inprobability

11 =P, = Bu, — U1 inprobability
and

ug =fu; — U1 in probability.

With the increase in the size of training samples, the number
of samples in the feature subdomains also increases. Then, by
Theorem 2,

Iy, »f, and Ty, — By, inprobability
forg =1,2,3
= Ty, =8~ Bu=k—L in probability
and
Tu, = Bu, =B, =u1 > U1 in probability.

Therefore, with the increase of the training sample size, the
estimated overlapping region [I';,, T, ] tends toward the actual
overlapping region Lz, Us] in probability. At the same time,
the estimated nonoverlapping (single choice) regions (I';,, 'y, )
and (T'y,,T,) for the classes C; and C; tend toward their
actual sizes (Ly, L) and (U7, Us), respectively, in probability.
The no-class region also tends to its actual size.

Hence the proof. [ ]

V. EXPERIMENTAL RESULTS:

To substantiate the analytical results, a two class problem
with classes [2, 7] and [5, 10] is considered. Here, the actual
nonoverlapping regions for the classes C; and Cs are [2, 5]
and [7, 10], respectively, and the actual overlapping region
between the classes is [5, 7]. To implement the recognition
system, five training sample sets with 50, 100, 150, 200,
and 250 samples from each of the pattern classes are chosen
randomly.

The ranges of the training samples of the classes C; and
C>, and the ranges of the obtained three feature subdomains
D;, D, and D3 for the considered five sample sets are shown
in Table II(a). The regions obtained corresponding to various
output choices are shown in Tables II(b) and (c) for the
first two (with 50 and 100 samples from each class) and the
remaining three (with 150, 200, and 250 samples from each
class) sample sets, respectively.
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TABLE II(b)
VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE FIRST
Two TRAINING SETS OF THE PATTERN CLASSES [2, 7] AND [5, 10].

Sample Sizes in Each Class
50
—oo-1.3402
1.3403-4.5741
4.5742-5.3090
5.3091-6.4549

Various Group of Choices
Null choice

Single choice (C1)
First-second choice (C1)
Combined choice

100
—oo-1.4274
1.4275-4.6752
4.6753-5.3175
5.3176-6.6060

First-second choice (C2) 6.4550-7.3457 6.6061-7.3173
Single choice (Ca) 7.3458-10.6274 7.3174-10.5438
Null choice 10.6275-+4 00 10.5439—+00

Bayes threshold point 5.7445097 5.8655739

TABLE H(c)
VARIOUS REGIONS AND BAYES THRESHOLD POINTS FOR THE REMAINING
THREE TRAWNING SETS OF THE PATTERN CLASSES [2, 7] anD [5, 10].

Various Group of Choices Sample Size in Each Class
150 200
—00-1.5625  —o0-1.6921
1.5626-4.7565 1.6922-4.8287
4.7566-5.2758 4.8288-5.1997
5.2759-6.7329 5.1998-6.8013
6.7330-7.2361 6.8014-7.1621
7.2362-10.39577.1622-10.2906
210.3958-+ 00 10.2907—+00
5.9670115 5.9635067

250
—o0-1.7684
1.7685-4.8549
4.8550-5.1318
5.1319-6.8505
6.8506-7.1279
7.1280-10.2228
110.2229—+-00
5.9716177

Null choice

Single choice (C)
First-second choice (C1)
Combined choice
First-second choice (C3)
Single choice (C2)

Null choice

Bayes threshold point

TABLE 11(d)
RECOGNITION SCORE FOR THE PATTERN CLASSES [2, 7] AND [5, 10].

% Recognition Score
Sample Sizes in Each Class

Various Group of Choices

50 100 150 200 250
Single Correct Choice 55.40 58.30 60.15 61.60 63.05
First Correct Choice 16.85 15.50 13.15 9.60 7.25
Combined Correct Choice  18.60 18.55 21.10 24.10 2650
Second Correct Choice 9.15 7.65 5.60 4.70 3.20
Fully Wrong Choice 0.00 0.00 0.00 0.00 0.00
Bayes Correct  79.00 79.35 7930 7930 79.25
Classifier Wrong  21.00 2065 2070 20.70  20.75

These results substantiate that with the increase in sample
size, the training classes (i.e., the portions covered by the
training samples) tend to their actual classes (Theorem 1) and
the feature subdomains with the extended portions tend to their
actual sizes (Theorem 2). It is to be noticed that the overlap-
ping and the nonoverlapping regions are tending to their actual
sizes with the increase in sample sizes. Hence Proposition 1
is verified experimentally for the case of overlapping pattern
classes in one-dimensional feature space.

For analyzing the recognition performance of the system,
1000 test samples from each of the pattern classes are gener-
ated. The recognition scores corresponding to the considered
five training sets are shown in Table II(d). Note that the
recognition scores are grouped into five categories, namely,
single correct choice, first-correct choice, combined correct
choice, second correct choice, and fully wrong choice.

For comparison, the Bayes classifier is implemented on
the same pattern classes (assuming normal distributions). The
threshold points found between the classes C; and Cy are
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shown in Tables II(b) and (c) corresponding to the considered
five training sets. The recognition scores of the Bayes classifier
are included in Table II(d).

Note from Tables II(b) and (c) that the Bayes threshold
points lie in the combined choice region of our recognition
system. By adding up the scores corresponding to single
correct, first-second correct, and half of the combined correct
choices in Table II(d), the recognition score becomes higher
than the corresponding correct choices of Bayes classifier.
Again, the wrong choices of Bayes classifier are found to be
distributed in the combined correct and second correct choices
of the proposed system. Therefore, the proposed recognition
system has a provision of improving its efficiency significantly
by incorporating combined and second choices under the
control of a supervisory scheme.

VI. ANALYSIS IN 2-D FEATURE SPACE

Let us consider a two-class (Cy and Cs) problem to analyze
the performance of the multivalued recognition system in
a two-dimensional feature space (F; x F3). For the sake
of convenience, the classes are initially assumed to be of
rectangular shape. Then the results are extended to circular
pattern classes. These results can easily be generalized to the
pattern classes of any shape.

A. Rectangular Classes

Suppose [L117 Ull] X [Lzl, U21] and [le, U]g] X [ng, Ugg}
denote the classes C; and Cs, respectively. Here [L12, Uz1] X
[L22,U21] is the overlapping portion between the classes.
Suppose also that [l11, un] X [l21, ’LL21] and [121 , ulz} X [122, ’11,22]
denote the training sets corresponding to C; and C, respec-
tively, where [l12,u11] X [l22,uz1] is the overlapping portion
in the training set. Such pattern classes with the span of their
training sets are shown in Fig. 5(a).

Initially, based on the training set, each individual feature
domain is partitioned into three feature subdomains [Fig. 5(b)].
Recall that the gth (¢ = 1,2,3) feature subdomain in the
ith (+ = 1,2) feature axis is denoted by D;,. As a re-
sult, the total feature space is decomposed into nine space
subdomains, which are dentoed by SD;, SDs,---,SDg, re-
spectively [Fig. 5(b)]. Here SD;,SDy, and SD4 uniquely
correspond to the class Cy;SDg,SDs, and SDg uniquely
correspond to Cy; SDj5 is overlapping by reflecting both Cy
and C5, and SDj3 and SDj are the no-class regions, i.e., they
reflect neither Cy nor Cs.

Thus, the feature subdomains along F; and F5 are extended
to some extent to highlight the portions possible uncovered by
the training samples. These feature subdomains are character-
ized by different piecewise linear triangular functions of the
form Ti!](xi; Qig,s ﬂlig s ﬁuig ) Fllg ) Fuig) (Z = 1,29 = 1,2, 3)
(3). The feature subdomains and the space subdomains are
shown in Fig. 5(b). Note that

B, =l Buss = Ui2;
Biis = Buyy = liz; By = Bui, = Uit
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(a) Two rectangular classes with a training set. (b) Subdomains and choice regions for the pattern classes in (a). (c) Enlarged version of the rectangular

portion (enclosed by dotted lines) in (a). (d) Enlarged version of the rectangular portion (enclosed by dotted lines) in (b).

and
Eig = (ﬂugg - ﬁlig )61_9

where ;4 (1) is the extended portion for the gth (g = 1,2, 3)
feature subdomain in the ith (: = 1,2) feature axis. It
is obvious from Fig. 5(b) that [I';,,,T;,] X [T's,,,Cu,,] and
[Tus,Tuys] X [Ty, , iy, ] are the single choice regions for Cy
and [th’l—‘lls] X [Fuzz7ruza] and [Fulz»rulsl X [Flnarunl
are ths single choice regions for Cs.

X e [thvﬁhz] X [Flzzyﬂuzz] or X € [Flm’ﬂum] X
[T4,,, ;). the elements in S(X) are positive for both the
classes, i.e., s1(X) > 0 and s3(X) > 0. It can be easily shown
that [s1(X) — s2(X)] > 0.05 for X’s lying in these regions.
This implies that [T,,, B1,,] X [Tiss s Buze} and [Ty, Buss] X
[Ti,,, By, ] are the first-second choice regions with first choice
as Cy. Similarly, [th’ﬂhz} x [Flzz’ﬂuzz] and [rllzaﬂuxz] X
[T1,,, Bi,,] are the first-second choice regions with first choice
as 02.
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Now consider the feature region [Ty, B1,,] X [Buzss Tuss)
which is overlapping. That is, s1(X) > 0 and s5(X) > 0. In
this region, two lines Z; and Z3 may be found so that

for X lying below the line Z;,
[S](X) - Sz(X)] > 0.05,
for X lying above the line Z5,
[s2(X) — s1(X)] > 0.05,
and
for X lying between Z; and Z3,
|s1(X) — s2(X)| < 0.05.
The equations of Z; and Z; are

Az + Biza—m =0

and
A2z1 + Bary —1m2 =0 (18)
where
Ay = Ay = kakaky — kikska;
By = By = kikoky — k1koks
M = Bu,, kokaky — 'y, kikaks
+ Ty, ki1kaks
— Buy k1kaks + 0.4k kaksks;
N2 = Buy, kokaks — Ty, kiksks
+ Ty, krkzks
— By, k1kaks + 0.4k1 kokaks
with

kl =031 — ﬂun; kZ = ﬁlm - Fllz;
k3 :ﬂuzz - Fu22 and k4 = 23 — ﬂ[%-

Similarly, [By,,, Tuiz} X [Tiz25 Bi5,] is a overlapping region.
Here also, two lines Z3 and Z4 may be found such that

for X lying below the line Z3,
[s1(X) — s2(X)] > 0.05,
for X lying above the line Zg,
[SZ(X) - Sl(X)] > 005,
and
for X lying between Z3 and Zy4,
s1(X) — s2(X)| < 0.05.

The equations of Z3 and Z4 are

Azz) + B3ry —n3 =0
and

Ayzy + Bazg —my =0 19)
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where
As = Ay = kokaky — kiksks;
Bs = By = kikgks — k1koks;
N3 = Puso k2kaks — iy k1ksks
+ Busi k1 kaks
— Dy, kakoks + 0.4k  koksky;
N4 = Buy, k2kaks — T1 k1 kska
+ Buz, k1kaka
— Ty, k1koks + 0.4k1kakzky
with

k1 =Bui; = Tup; k2 = 13 — Buyg;
k3 =091 — 6“21 and k4 = ,3122 - I‘[”.
Let us now consider the region [Bu;,Tuyy] X [Tiass Biss)

which is overlapping. In this region, two lines Z5 and Zg may
be found so that

for X lying below the line Zs,
[81(X) = s2(X)] > 0.05,
for X lying above the line Zs,
[52(X) — 51(X)] > 0.05,
and
for X lying between Zs and Zg,
|s1(X) — $2(X)] < 0.05.
The equations of Z5 and Zg are
Ast1 + Bsza — 15 =0
and
Agzy + Bgrz —m6 =0 (20
where
As = Ag = kaoksks — kiksks;
Bs = Bg = kik2ks — k1koks;
N5 =Ly, k2kaks — Biy, k1kaks
+ Bup, k1koks
— Ty, k1koks +[1.6 — 16(rs; — r52)|k1kokake;
g =D, kokaks — B1,,k1ksks
+ Bugz, krk2ks
— Ty, ki koks — [1.6 + 16(r51 — 752)] k1 kakaks

with
ky =Buy = Tuyys k2 =012 — Buys
k3 = ase — [, and kg = B,y ~ T,y
Similarly, in the overlapping region [T, 81,,] X

[BuzysTus, |s two lines Z7 and Zg may be found so that
for X lying below the line Z,
[s1(X) — s2(X)] > 0.05,
for X lying above the line Zg,
[52(X) = s1(X)] > 0.05,
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and
for X lying between Z- and Zg,
|s1(X) — s2(X)| < 0.05.
The equations of Z7 and Zg are
A7z + Brzy — 17 =0
and
Agz1 + Bgras —mg =0 21)
where
A7 = Ag = kakaky — k1ksks;
By = Bg = k1kokg — k1koks;
M7 = Buy, kaksky — Iy, kiksky
+ Loy k1koks
= Biny k1koks + [1.6 — 16(r51 — rs2)}k1kokaky;
18 = Buy, ko2kaks — T ki kaky
+ Doy, k1koks
— By kikaks — [1.6 + 16(rs51 — 752)]k1koksky
with
ki =012 — Buy,; k2 =B, — Tiyg;
k3 = Puy, — Luy, and ky = gz — By,

Now consider the region [8,,,,y,,] X [a22,1,,]. Here, a
line Zg may be found so that

for X lying below the line Zy;
[51(X) — 52(X)] > 0.05
and
for X lying above the line Zy;
[$1(X) — s2(X)| > 0.05.

The equation of Zg is
Agz1 + Bozy —mg =0 (22)
where
Ag = kg; By = ky;
19 =Dy, k2 + Buy, k1
+[0.6 — 16(rs; — 752)]k1 k2
with

ky = Bu,, — Ty, and
k2 = azz — Bu,,.

Similarly, in the region [By,,,I'y,,] X [Tu,,,a22), a line
Z10 may be found such that

for X lying above the line Z;;
[$1(X) — 82(X)] > 0.05
and
for X lying below the line Z;¢;
[81(X) — s2(X)| > 0.05.
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The equation of Zjq is

A10%1 + Biozz — 710 =0 (23)
where
Ao = k»; By = k;
M0 =Ly, k2 + B, k1
+[0.6 — 16(rs; — rs2)]kks
with

k1 =Bu,, — Ty, and
ky = azs — Pus,-

In the regions [By,,,012] X [BusysTug,] and [ag2,Ty,,] ¥
[BuzysTu,, ], two lines Z1; and Z1, are found such that

for X lying below both Z; and Z;5;
[81(X) — s2(X)] > 0.05
and
for X lying above Z1; or Z;
[81(X) — s2(X)| > 0.05.
The equations of Z;; and Z;5 are

Apzy + Buzrg — 11 =0

and
Aj2x1 + Biaxa —mo =0 (24)
where
A1 = Aja = ky;

Bi1 =kyand By = ky;
M1 =B, k2 + Ly k1 4 (0.6 — 16(rsy — 750)]k1k2;
M2 = Buika + Tuy k1 + [0.6 — 16(r51 — 752)]k1ks
with
ki = a12 = Bi,3k2 = Buzy, = Tus,
and
ffl =12 = Buy,-

In the regions [I;, B3] X [Ty, , 22] and [Tyyg, Bry,] %
[a22,T1,,], two lines Zi3 and Z14 may be found in their
respective regions such that

for X lying right to both Z;3 and Zy4;
[82(X) — 81(X)] > 0.05
and
for X lying left to Zi3 or Zy4;
|s1(X) — s2(X)| > 0.05.
The equations of Z;3 and Zy4 are
A13z1 + B1az2 — i3 =0
and

Az + Buyro —ma =0 (25)
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where
Ays =ka; Arg = k;
By3 =Bi1g = ky;

M3 =T ke + Bi, k1 + [0.6 — 16(r52 — 151)]k1k2;
tha =Tk + Bug, k1 + (0.6 — 16(rsp — m51)}ka ks
with
k1= Bi; —Tigike = a2 — B,
and
fo = 022 ~ Buas.-

Similarly, in the regions [T',,,012] X [Tiy,B,,) and
lo12, T X [Tiz5, Bigs ], two lines Z15 and Z16 may be found
in their respective regions such that

for X lying above both Z15 and Z1¢;
[s2(X) — 51(X)] > 0.05
and
for X lying below Z15 or Z16;
|81(X) = s2(X)| > 0.05.
The equations of Zy5 and Zi¢ are

Ais71 + Bisza — 15 =0
and

A1671 + BieZz — me =0 (26)

where
A5 = A1e = ko;
Bis =ki; Big = ky;
Ms = Pu.ke + Tigky +[0.6 — 16(rs2 — r51)]k1ks2;
M6 = Busz k2 + Cigpky + [0.6 — 16(r5z — r51)]k1ka
with
ki =012 = Bi,53k2 = Brpy — L'y

and
ky = 12 = Buy,-

Let us now consider the region [B,,,,I'u;,] X [Buzy Duar )-
Here two lines Z17 and Z;3 may be found such that

for X lying below both Z;7 and Z1g;
[s1(X) = s2(X)] > 0.05

and

for X lying above Z17 or Zy;
[s1(X) — s2(X)| > 0.05.

The equations of Zy7 and Z;g are

A17z1 + Birza —mr =0
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and

Aygzy + Bigra —ms = 0 27N

where
Ary = ka; Ars = ka;
Bi7 =ki; Bis = ky;
M7 =T k2 + Bia, k1 +[0.6 — 16(rs1 — r52)]k1k2;
Ths = Buy k2 + Tugy b1+ [0.6 — 16(rs1 ~ r52)]k1 ke
with
k1 =Buyy — Tiys ko = @22 — By
k1 =12 ~ Bu,, and
k2 = Buzy, — Tusy -
Again, in the region [, , B1,5] X [Tty Blas) tWo lines Z1g
and Zy may be found such that
for X lying above both Z19 and Z39;
[82(X) — 81(X)} > 0.05
and
for X lying below Z1g or Zap;
J51.(X) = 53(X)| < 0.05.
The equations of Z19 and Zyq are
A19zy + BioT2 — 119 =0
and

Aoz + Bagz2 — m20 =0 (28)

where
Ag =ka; Ago = ky;
Big = k1; Bao = ku;
o =15 k2 + Bugy b1 + [0.6 — 16(r52 — r51)]k1ka;
720 =ﬂuml::2 + I‘uzal%l + [06 - 16(T52 - T51)]k1k2
with
ki =B, — Tk = a2 — Buy,
and
k1 = a1z — Bu,, and
ke = ﬂbs — g
At last, let us consider the region [y, ,T'1,5] X [Tusy s Bigs)-
Here, s1(z) > 0 and s3(X) > 0 and there does not exist
any effect from the neighboring feature subdomains. In this
region, if rs; > 752 + 0.1 then [s1(X) — s2(X)] > 0.05,
i.e., the region will be a first-second choice region with first
choice as C;. If 52 > 151 +0.1 then [82(X)—81(X)] > 0.05,
i.e., the region willl be a first-second choice region with
first choice as Cj. Otherwise (i.e., if |rs1 — 752| < 0.1 then

|51(X) — s2(X)| < 0.05), the region will become a combined
choice region. ’
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The conclusions, after combining all the previous cases, are
given below.

The single choice regions for C; are [I'y,,Iy,] X
1515 Tug,) and [Ty, Tyy,] X [Ty, Ty, ] The single choice
regions for Cy are [T'y,,,1'1,,] X [Tuays Tuzg] and [Tayy, Tuy] X
[T1;25 T, ). The overlapping (corresponding to combined and
first-second choices) regions are [T',,, 81,,] X [T'iy5 s Bu,,] and
[Tu1z5 Bura) X [Tiyz, Bigz]- The remaining portion in the feature
space is termed as the no-class (null choice) region.

In the overlapping region, [I'i,,B1,,] X [Tiag: Bus,] and
[T115 Buyz] X [Tiss, Biy,] correspond to the first-second choice
regions with first choice as C. Again, [I';,,, 81,,] X [Tl,,, Buss)
and [T'y,,,Bu,] X [Tipas Brns] correspond to the first-second
choice regions with first choice as Ca. The region surrounded
by the lines Z1,Zs,--- and Zyo [Fig. 5(d)] is the combined
choice region. The portions in the overlapping region, not
falling in the combined choice region, are the first-second
choice regions.

The pattern classes Cy and C, are shown in Fig. 5(a).
A typical training set is also shown in this figure. The
overlapping portions in the pattern classes and also in the
training set are marked here. Fig. 5(b) shows the typical
feature subdomains and space subdomains corresponding to
the training set [Fig. 5(a)]l. The regions corresponding to
single, first-second, combined, and null choices are also shown
in Fig. 5(b). Note that the regions are drawn based on the
previous analytical findings.

To show the overlapping regions more prominently, the
rectangular portion [shown by dotted lines in Fig. 5(a)] which
includes the overlapping regions, are enlarged in Fig. 5(c). The
corresponding rectangular portion in Fig. 5(b) is also enlarged
in Fig. 5(d). Figs. 5(b) and (d) show the various choice re-
gions corresponding to the pattern classes in Figs. 5(a) and
(c), respectively. The lines Z1, Za, -+, Za2o corresponding to
(18)—(28) are shown in Fig. 5(d). |

Proof of Proposition 1: In the present case, the ac-
tual overlapping region between the classes C; and C; is
[L12,U11) % [La2,U21]. The nonoverlapping regions for C;
are [Lyy,Uss) X [La1, Lap] and [L11, L12) X [Laz, Uai]. The
nonoverlapping regions for Cy are [Li2, Uia] X [Ua1, Uz and
[U11,Us2] % [La2z2,Uszi)]. In the training samples, the feature
region [l12,u11] X [l22,u921] is overlapping. Based on the
training set, [I'y,,,Tu;,] X [Ty, Dy, is the estimated over-
lapping region. The estimated nonoverlapping regions for C;
are [Fln ’ Fum] X [Plzl ) Fuzz] and [rlu ) sz] X [Flzzvruzz]' On
the other hand, the estimated nonoverlapping regions for C3
are [rlxz’rula] X [Fuzzvruz:s] and [Fuu:FUm] X [F[22,Fu22].

By Theorem 1, it can be stated that as the size of the training
samples increases

lij — Ly in probability
and

uij; — Uy in probability (¢ =1,2;5 =1,2). (29)
With the increase of the size of the training samples, the
samples in the feature subdomain also increase. Thus, by
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Theorem 2,
Ty, — B, inprobability
and
Ty, — Bu;, inprobability
(i=1,29=1,2,3). 30)
From Fig. 5(c), we have
Bl'l = lll; 51.!.'1 = ﬁl'z = 112; 3
‘ o = Pl 1
i = Busy = i1 and Py, =ue (i=1,2). @D
Combing (29), (30), and (31), one gets
I‘lu — ﬂl“ =li1 — L;; in probability

Tu;y = Bu, =lia — Liz  in probability

Ti, — Bi, =lia — Li>  in probability
Fui?

Ty — B, =ui1 — Ui

— Bu,, =ui1 — Uiz in probability
in probability
Py = Pus =uiz — Uiz

(i=1,2).

in probability

Therefore, as the size of the training sample increases, the
estimated overlapping region [[';,,, Ty, ] X [Tiy5, Ty, tends
to the actual overlapping regin [Lig, Ui1] X [La2,Usi] in
probability. At the same time, the estimated nonoverlapping
regions for C; and C» go to their actual sizes, respectively, in
probability. Using the previous results, it can also be concluded
that the no-class (null choice) region also tends to their actual
size in probability.

Hence the proposition. [ |

Experimental Results: To substantiate the analytical results,
a two-class problem with classes [2, 7] x [2, 7] and [5, 10]
% [5, 10] is considered [Fig. 6(a)]. Here, the nonoverlapping
regions for C; are [2, 7] x [2, 5] and [2, 5] x [5, 7], and the
nonoverlapping regions for Cy are [5, 10] x [7, 10] and [7,
10] x [5, 7]1. The overlapping region is [5, 7] x {5, 7].

To implement the recognition system, five traning sample
sets with 50, 100, 150, 200, and 250 samples from each of the
classes are chosen randomly. Figs. 6(b)—(f) show the regions
corresponding to various output choices for the five sample
sets. Here the character “A” represents the single choice for
C;; the character “B” represents the single choice for Cg;
the character “a” represents the first-second choice with first
choice as C,; the character “b” represents the first-second
choice with first choice as Cs; the character “C” represents
the combined choice reflecting both C; and Cs, and the blank
character “\thinspace ™ represents the null choice.

The results in Figs. 6(b)—(f) verify that with the increase
of sample sizes, the training classes tend to the actual classes
(Theorem 1) and the feature subdomains with the extended
portions tend to their actual sizes (Theorem 2). The over-
lapping (combined and first-second choices), nonoverlapping
(single choice) and no-class (null choice) regions are seen to
tend to their actual sizes with the increase in the size of training
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Fig. 6.

various choice groups corresponding to the aforesaid five

training sample sets.

Hence Proposition 1 is verified experimentally for the

case of rectangular pattern classes. The experimental results in
Figs. 6(b)~(f) also support the analytical findings and diagrams

in Figs. 5(b) and (d).

samples.

The Bayes classifier is also applied on the same pattern
classes assuming rectangular distributions of the classes. For

a comparative study, the hard regions for the classes C;

For analyzing the performance of the proposed recognition

and Cs, and the no-class region obtained with the Bayes
classifier corresponding to the fifth sample set (with 250

a test set with 1000 samples from each of the classes

is generated

system,

Table III provides the recognition scores under
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Again, corresponding to a feature point

represented by the blank characters “” in Fig. 6(g), the values

. Ca.

i.e

to one class,

samples from each class) are shown in Fig. 6(g). The feature

points represented by the characters

in Fig. 6(g)

and “B”

“A”

of the discriminating function are zero for both the classes.

indicate their belonging to the hard regions for C; and Cb,

respectively.

These feature points may be considered as belonging to the

class region, in fact, includes

some portions of the actual pattern classes). These findings are

no-class region (although this no-

Note from Fig. 6(g) that Bayes classifier (with rectangular

distributions) assigned.

unlike the proposed system [Fig. 6(f)],

>

of the rectangular distribution.

due to the inherent properties

the while overlapping region (based on the training samples)
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TABLE Il
RECOGNITION SCORE FOR THE PATTERN CLASSES IN FIG. 6(a)

Various Group of Choices % Recognition Score

Sample Sizes in Each Class

50 100 150 200 250
Single Correct Choice 79.60  80.35 80.60 81.60 82.45
First Correct Choice 11.05 8.75 8.35 6.45 4.80
Combined Correct Choice 3.70 6.05 6.60 8.15 9.95
Second Correct Choice  5.65 4.85 4.45 3.80 2.80
Fully Wrong Choice 0.00 0.00 0.00 0.00 0.00
Bayes Correct 8425  88.00 8835 8855 88.90
Classifier Wrong 15.75 12.00 11.65 11.45 11.10
TABLE IV
RECOGNITION SCORE FOR THE PATTERN CLASSES IN FIG. §(a)
Various Group of Choices % Recognition Score
Sample Sizes in Each Class
50 100 150 200 250
Single Correct Choice 73.95 80.70 84.40 88.70 89.90
First Correct Choice 20.80 13.85 10.20 6.45 4.80
Combined Correct Choice  3.10 3.85 4.00 2.85 3.35
Second Correct Choice 2.15 1.60 1.60 1.95 1.95
Fully Wrong Choice 0.00 0.00 0.00 0.00 0.00
Bayes Correct 93.00 94.10 94.25 94.50 94.45
Classifier Wrong 7.00 5.90 5.75 5.50 5.55

Note that the assumption of any other distribution is not valid
here. On the other hand, the output decisions, as shown in
Figs. 6(b)—(f), of our multivalued recognition system are seen
to be very appropriate.

The recognition scores of the Bayes classifier (with rect-
angular distributions) corresponding to the five training sets
are included in Table III. Note that the score obtained by
adding single correct, first correct, and half of the com-
bined correct choices becomes much higher than the correct
recognition score of the Bayes classifier. Again, a significant
portion of the wrong choices of Bayes classifier is seen
to be corrected by the proposed system and the remaining
portion is distributed among the combined and second correct
choices.

B. Circular Classes

The analytical results of rectangular classes obtained in the
previous section are extended here to circular pattern classes
[Fig. 7(a)]. A typical training sample set is assumed for car-
rying out the theoretical analysis of the proposed multivalued
recognition system on the circular classes in Fig. 7(a). The
actual overlapping portions and the overlapping portions from
the training set are distinctly marked in Fig. 7(a).

Some typical feature subdomains and space subdomains
corresponding to the training samples [Fig. 7(a)] are drawn
in Fig. 7(b). Based on these feature subdomains and space
subdomains, and using the results obtained for the rectangular
pattern classes [Figs. 5(a)—(d)], the regions corresponding to
the single, first-second, combined, and null choices are shown
in Fig. 7(b). To show the overlapping regions more promi-
nently, the rectangular portion (enclosed by dotted lines) in
Fig. 7(a) which includes the overlapping region, is enlarged
in Fig. 7(c). The corresponding rectangular portion (enclosed
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by thick lines) in Fig. 7(b) is also enlaged in Fig. 7(d).
Figs. 7(b) and (d) show the regions corresponding to various
output choices for the pattern classes in Figs. 7(a) and (c),
respectively.

When the size of the training samples increases, the val-
ues of the accuracy factor (2) decrease, and correspondingly
the number of feature subdomains and space subdomains
increases. Therefore, the sizes of the feature subdomains and
space subdomains decrease with the increae in the size of
the training samples. Hence, it can be concluded that the
increase in sample sizes results in increase in the accuracy
of the choice regions with respect to their actual sizes. There-
fore, Proposition 1 is claimed for the circular shaped pattern
classes. a

Experimental Results: To substantiate the analytical find-
ings, a two-clas problem with circular classes is considered.
The centers of the classes C; and Cy are taken to be (5, 5)
and (8.5, 8.5), respectively, and their radii are considered to
be 3.5 and 3, respectively [Fig. 8(a)}.

To implement the recognition system, five training sample
sets with 50, 100, 150, 200, and 250 samples from each
of the pattern classes are chosen randomly. Figs. 8(b)—(f)
show the regions corresponding to various output choices for
the five sample sets. Here the character “A” represents the
single choice for Cy; the character “B” represents the single
choice for Cy; the character “a” represents the first-second
choice with first choice as Ci; the character “b” represents
the first-second choice with first choice as Cs; the character
“C” represents the combined choice for both C; and Cs,
and the blank character “” represents the null choice. These
results demonstrate that with the increase of sample sizes, the
estimated classes tend to the actual classes (Theorem 1) and
the feature subdomains (with the extended portions) tend to
their actual sizes (Theorem 2). The estimated nonoverlapping,
overlapping and no-class regions are seen to tend to their actual
sizes with the increase in the size of training samples. Hence
the claim of Proposition 1 is justified experimentally. The
experimental results in figs. 8(b)—(f) also support the analytical
findings in Figs. 7(b) and (d).

The distribution functions of the aforesaid pattern classes
are assumed to be Gaussian for applying the Bayes classifier.
The hard regions of the Bayes classifier for the classes C)
and C, corresponding to the fifth sample set (with 250
samples from each class) are shown in Fig. 8(g). The feature
points represented by the characters “A” and “B” in Fig. 8(g)
indicate their belonging to the hard regions for C'; and Cj,
respectively. As expected, the Bayes decision boundary is seen
to pass through the combined choice region of the proposed
system. Note that in the proposed system, the combined choice
region is considered as the boundary between overlapping
classes.

As before, 1000 test samples from each of the classes are
generated artificially for analyzing the performance of the
proposed system. The recognition scores of our system are
shown in Table IV corresponding to the five training sets.
The recognition scores of the Bayes classifier with the same
tranining sets are also included in Table IV. The correct
decision (with single correct, first correct, and half of the
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combined correct choices) of the proposed system is seen to be are found to be corrected by our system and the remaining
much higher than that of the Bayes classifier. In other words, samples are distributed among the proposed combined and
among the samples which were misclassified by Bayes some second correct choices.
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training sets (with 50, 100, 150,
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regions corresponding to aforementioned four output forms

are calculated analytically under two-class problem in one

VII. CONCLUSIONS AND DISCUSSIONS

s of the multivalued recognition

system, as described by the authors in [1],

teristics of the overlapping,

The four state decision
regions (i.e.,

and two dimensional feature spaces. The similar findings can
be obtained for a general M class N feature problem with
classes of any shape. It has also been verified here that with

the increase in the size of the training samples, the estimated
versions of these regions tend to their actual sizes (Proposition

reflect the charac-

and nonoverlapping and no-class

ambiguous/doubtful) of the feature space by

single, first-

namely,
and null choices. In the present work, the

)

providing output decision in four states

second, combined

D.

>
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