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Fuzzy Self-Organization,
Inferencing, and Rule Generation
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Abstract— A counnectionist inferencing network, based on a
fuzzy version of Kohonen’s model already developed by the
authors, is proposed. It is capable of handling uncertainty and/or
impreciseness in the input representation provided in quantita-
tive, linguistic and/or set forms. The output class membership
value of an input pattern is inferred by the trained network. A
measure of certainty expressing confidence in the decision is also
defined. The meodel is capable of querying the user for the more
important input feature information, if required, in case of partial
inputs. Justification for an inferred decision may be produced in
rule form, when so desired by the user. The connection weight
magnitudes of the frained neural network are utilized in every
stage of the proposed inferencing procedure. The antecedent and
consequent parts of the justificatory rules are provided in natural
forms. The effectiveness of the algorithm is tested on the vowel
recognition problem and on two sets of artificially generated
nonconvex pattern classes.

I. INTRODUCTION

RTIFICIAL neural networks or connectionist models,

[1]-[4], are massively parallel interconnections of simple
neurons that function as a collective system. An advantage
of neural nets lies in their high computation rates provided
by massive parallelism, so that real-time processing of huge
data sets becomes feasible with proper hardware. Information
is encoded among the various connection weights in a dis-
tributed manner. The utility of fuzzy sets, [5]-{7], lies in their
capability, to a reasonable extent, in modeling uncertain or
ambiguous data so often encountered in real life.

We consider an application of the fuzzy extension to Ko-
honen’s self-organizing neural network [8] or inferencing
and rule generation. The model is expected to be capable
of handling uncertainty and/or impreciseness in the input
representation, inferring the output class membership value for
complete and/or partial inputs along with a certainty measure,
querying the user for the more essential input information and
providing justification (in the form of rules) for any inferred
decision. The input can be in quantitative, linguistic or set
forms or a combination of these. The fuzzy Kohonen’s model
[8] functions as a partially supervised classifier. During self-
organization, the input vector also includes some contextual
information (with lower weightage) regarding the finite output
membership of the pattern to one or more class(es). The input
and output representations and the weight updating mechanism
of the said model [8] are described in Section II.
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The inferencing and rule generating capabilities of the fuzzy
Kohonen’s model (on an unknown test set) are explained in
detail in Section III. At the end of the learning phase (self
oraganization and calibration), the set of connection weights
of the neural model may be said to constitute the knowledge
base for the classification problem in hand. In the testing phase
the network infers the most likely output class for unknown
test samples using its knowledge base. The magnitude of
the connection weight from an input feature component to
a neuron output is used to determine the importance of the
corresponding attribute. When partial information about a test
vector is presented at the input, the model is able to infer its
category if the more essential feature information is present.
Otherwise, the system asks the user for relevant information in
the order of their relative importance. A measure of certainty
expressing belief in the decision is also defined. When asked
by the user, the network is capable of justifying its decision
in rule-form by reasoning backward and using its connection
weights and the value of the certainty measure. The antecedent
and consequent parts of the rules are generated in linguistic
and natural terms.

A few of the other existing approaches for neurofuzzy
inferencing and classification include neural net driven fuzzy
reasoning [9], the MLP-based approach using backpropagation
[10], the connectionist expert model [11], the use of logical
operators for pattern classification [12], [13], the use of fuzzy
aggregation connectives [14], learning from fuzzy If-Then
rules [15], and fuzzy MLP for classification and rule generation
[16]-[18]. Note that these neuro-fuzzy approaéhes are all
based on layered networks using fully supervised learning.
Other work on the integration of fuzzy sets and Kohonen’s
model for clustering are reported in [19], [20]. Our proposed
investigation, on the other hand, is based on the fuzzy version
of Kohonen’s self-organizing model [8] which acts as a
partially supervised classifier. This model is extended here
for studying its inferencing, querying and rule generation
abilities with unknown test data. The effectiveness of the
proposed algorithm is demonstrated in Section IV on the vowel
recognition problem and on two sets of artificially generated
linearly nonseparable, nonconvex pattern classes.

II. KOHONEN’S NETWORK AS A Fuzzy CLASSIFIER

Here we present a brief discussion on the fuzzy version of
Kohonen’s model [8] that is capable of partially supervised
classification of fuzzy patterns. We consider a single layer
two-dimensional (2-D) rectangular array of neurons with short
range lateral feedback interconnections between neighboring

1083-4427/96$05.00 © 1996 IEEE
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Fig. 1. Kohonen's neural network model [1].

units. In the first stage a set of training data is used by the
network to initially self organize the connection weights and
then calibrate the output space. After a number of sweeps
through the training set the output space becomes ordered, as
determined by the index of disorder. Then the output space is
calibrated with respect to the pattern classes.

Consider the self-organizing network given in Fig. 1. Let M
input signals be simultaneously incident on each of an N x N
array of neurons. The output of the ith neuron is defined as

mi(t) = o ([0 %) + > weme(t — A1) (D)
keS;

where x is the M-dimensional input vector incident on it along
the connection weight vector m,, & belongs to the subset S;
of neurons having interconnections with the sth neuron, wg;
denotes the fixed feedback coupling between the kth and ith
neurons, o[+] is a suitable sigmoidal output function, ¢ denotes
a discrete time index and T stands for the transpose.

If the best match between vectors m; and x occurs at neuron
c, then we have

[|x — mc|| =111iin||x——m,-||, i=1,2,...,N2 (2

where || - || indicates the Euclidean norm.

A. The Input Vector

The input to the neural network model consists of two
portions. In addition to the input feature representation in
linguistic form, there is also some contextual information
regarding the fuzzy class membership of each pattern used
as training data during the self organization of the network.

Feature Information: The w-function, lying in the range
[0,1], with x € IR™ is defined as {21]

2
2(1 - —“xgcll) , for % <lx—cl| <A

. _ 2
W(X,C,)\) = 172(||x;c\|) , fOI’OS ”X—CH ._<_ % (3)
0, otherwise

where A > 0 is the radius of the w-function with ¢ as the
central point at which 7(c;c,A) = 1. In the fuzzy neural
network model we use the 7-function (in the one-dimensional
(1-D) form) to assign membership values for the input features.

Each input feature F} is expressed in terms of membership
values indicating a degree of belonging to each of the linguistic
properties low, medium, and high. An n-dimensional pattern
X; = [Fi, Fia, ..., Fin) is represented as a 3n-dimensional
vector

X; = [Mlow(Fil)(Xi)> N’medium(iFu)(Xi)a
Pigh(Fi) (X4); -+, nigh(Fin) (X)) “)
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where the y value indicates the membership to the correspond-
ing linguistic w-set (low/medium/high) along each feature axis
Fy; for pattern X;.

When input feature F} is linguistic, its membership values
for the w-sets low, medium, and high in (4) are quantified as

{0.95 0.6 0.02}
low =

L'M’ H
. (0.7 095 0.7
medium = {—L—, O } 5)
. {0.02 0.6 0.95
h’gh:{ L ’M’T}

For example, if F; is low, then its membership values for
the primary properties low (L), medium (M), and high (H) are
0.95, 0.6, and 0.02, respectively. Similar are the cases if Fj
is medium or high.

When F; is numerical, we use the 7 fuzzy set of (3)
with appropriate ¢ and A. Depending on the numeric/linguistic
nature of the input feature F;, (3) or (5) is used to convert F
to its three-dimensional (3-D) form given by (4). The choice
of the A’s and ¢’s for each of the linguistic properties low,
medium, and high are the same as that reported in [8].

The representation of input in terms of 7-sets low, medium,
and high also enables the network to accept imprecise/vague
features F; in various forms, viz., Fj is about 500, F; is
between 400 and 500, F; is low, medium, very low, more or
less low or F; is missing, etc. In these cases F; needs to be
transformed into a 3-D vector consisting of membership values
corresponding to the three primary properties. A heuristic
method for the determination of these membership values is
discussed in detail in Section III-A.

Class Information in Contextual Form: To model real-life
data, with finite belongingness to more than one class, we
‘incorporate some contextual information regarding class mem-
bership as part of the input vector. However during self-
organization this part of the input vector is assigned a lower
weight so that the linguistic properties dominate in determining
the ordering of the output space. During calibration we use
the contextual class membership information part of the input
vector only, for determining the hard labeling of the output
space. A separate fuzzy partitioning, that allows scope for
producing overlapping clusters, is also introduced. The sig-
nificance of the contextual class information part in providing
partial supervision has been described in [8].

The pattern X; is considered to be presented as a concate-
nation of the linguistic properties in (4) and the contextual
information regarding class membership. Let the input vector
be expressed as

x =[x, x"F = [¥,0]" u[o,x"]* (6)

where x’ (attribute part) contains the linguistic information
in the 3n-dimensional space of (4) and x” (symbol part)
covers the class membership information in an /-D space for
an /-class problem domain. So the input vector x lies in an
(3n + I)-dimensional space. Both x’ and x”’ are expressed as
membership values.

Here we consider the definition of x”. The membership of
the ith pattern to Class C} is defined as [6]

1
pi(Xs) = " {F 0

()

where 0 < pp(X;) < 1,2y is the weighted distance of
the ith pattern from the kth class and the positive constants
F,; and F, are the denominational and exponential fuzzy
generators controlling the amount of fuzziness in this class-
membership set. However, when the pattern classes are known
to be nonfuzzy (from the training set), z;; may be set to O for
the class to which the pattern belongs and to infinity for the
remaining classes, so that ug(X;) € {0,1}.
For the ith input pattern we define

X' =5 [ (Xq), - pa(X))” ®)
where 0 < s < 1 is the scaling factor. To ensure that the
norm of the linguistic part x’ predominates over that of the
class membership part x” in (6) during self-organization, we
choose s < 0.5.

During calibration of the output space the input vector
chosen is x = [0,x"], where x"/ is given by (8), such that

1, ifg=%

pe(Xi) = {0, otherwise ©)

for k € {1,...,1} and s = 1. The N? neuron outputs 7;
are calibrated w.r.t. the [ classes. The resulting hard (labeled)
partitioning of the output space may be used to qualitatively
assess the topological ordering of the pattern classes w.r.t. the
input feature space. We also consider a fuzzy partitioning of
the output space.

B. The Algorithm

Consider an N x N array of neurons such that the output of
the ith neuron is given by (1), with the subset .S; of neurons
being defined as its r-neighborhood N, where 0 < r < 3.

Weight Updating: Initially the components of the m;’s may
be set to small random values lying in the range [0, 1]. Let the
best match between vectors m; and x, selected using (2), occur
at neuron c. The weight updating expression is- stated as

m;(t) + he * (x(t) — my(t)), forie N, r=0,1,---,3
m;(t), otherwise

(10)

where N, describes a r-neighborhood around neuron ¢ such
that r decreases with time. Here the gain factor h.; [8] is
considered to be bell-shaped like the w-function, such that
|heil is the largest when ¢ = c and gradually decreases to zero
with increasing distance from c. Besides, |h.;| also decays
with time.
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Index of Disorder: An index of disorder D may be defined
to provide a measure of this ordering. Let msd denote the
mean square distance between the input vector and the weight
vectors in the r-neighborhood of neuron ¢. We define

1
d=——
|trainset| Z

XE trainset

g ) )

an

ms

where |trainset| refers to the number of input pattern vectors
in the training set.

The expression for the index of disorder is given as

D = msd(nt — kn) — msd(nt) (12)

where msd(nt) denotes the mean square distance by (11) at

the end of the ntth sweep through the training set and kn is a

suitable positive integer denoting the step size. Further, D is

calculated relative to an interval of kn sweeps. Initially ncnt
is set to 1. Then

{ncnt +1,
nent =
nent,

ifD<é

otherwise a3
where 0 < & < 0.001. The self-organization process is
terminated when ncnt > 3.

Partitioning During Calibration: After self-organization is
complete, we go on to the calibration of the neuronal output
space. During calibration the input vector x = [0, x"'] obtained
from (6)—(9) is applied to the neural network. Let the (¢1)xth
neuron generate the highest output 75, for Class Cj,. We define
a membership value for the output of neuron ¢ when calibrated
for Class C, simply as
) = ;’Z—k fori=1,--- N2, and k=1,---,1 (14)

Fre

1x (i

such that 0 < px(n;) < 1 and pg(n;) = 1 for ¢ = (il)y.

Each neuron 7 may be marked by the output Class Cy,
among all ! classes, that elicits the maximal response 7;, .
This generates a hard partitioning of the output space. On
the other hand, each neuron ¢ has a finite belonging or output
membership px(n;) to Class Cp by (14). We may generate
crisp boundaries for the fuzzy partitioning of the output
space by considering for each of the [ classes the a-cut set
{t | pe(m) > '},0 < o/ <1, where ' is a suitably chosen
value.

Testing Phase: After self-organization, the model encodes
all input data information, along with the corresponding con-
textual class membership values, distributed among its con-
nection weights. During calibration, the neurons are labeled
by the pattern classes and the corresponding membership
values assigned. This is the desired partially supervised fuzzy
classifier. Self-organization and calibration together constitute
the training phase of the proposed model. In the final stage, a
separate set of test patterns is supplied as input to the neural
network model and its performance evaluated.

During this phase the input test vector x = [x’, 0], consist-
ing of only the linguistic information in the 3n-dimensional
space defined by (4), is applied to the network. Let the p1th and
p2th neurons generate the highest and second highest outputs
ny, and 7, , respectively, (using the largest response criterion),
for test pattern p. Then yu, (ny,,.) and g, (7s,,, ) are defined
as the highest and second highest output membership values
generated by pattern p, during testing, with respect to Classes
Cy, and C,, respectively. These expressions are discussed in
detail in the following section with reference to (28)—(30).

III. INFERENCING IN THE FUZZY NEURAL NETWORK

Here we concentrate on the inferencing and rule generating
capabilities of the fuzzy Kohonen’s net-based model on a set
of unknown test data. It is to be noted that now the input
vector consists of the feature information part only (with no
associated class information). The network is expected to be
able to infer the correct classification for the test data. Handling
of imprecise inputs is possible and natural decision may be
obtained associated with a certainty measure denoting the
confidence in the decision. The model is capable of:

1) inferencing based on complete and/or partial informa-

tion;

2) querying the user for unknown input variables that are

key to reaching a decision; and

3) producing justification for inferences in the form of

If-Then rules.

A. Input Feature Representation

The input feature value F; (for pattern p) can be in
quantitative, linguistic or set forms or a combination of these.
It is represented as a combination of memberships to the three
primary linguistic properties low, medium, and high as in (4),
modeled as w-functions.

1) Quantitative Form: When the information is in exact
numerical form like Fj is r1, say, we determine the member-
ship values for the different linguistic feature properties low,
medium, and high in the corresponding 3-D space of (4) by
the w-function using (3).

2) Linguistic Form: When the input is given as I is prop
(say), where prop stands for any of the primary linguistic
properties low, medium, or high, the membership values in
the 3-D space of (4) are assigned using the m-sets of (5).

The proposed model can also handle the linguistic hedges
[22] very, more or less and not. Consider a fuzzy set A with the
Concentration (Con) and Dilation (Dil) operators [6] defined
as

Boon(a)(2) = (na(2))?
ppita)(2) = (na(z))?.

Using (5) and (15), we define the hedges very and more or
less (Mol) as

very low = {Con(L), Con(M), Con(H)}
very medium = {Con(L), Dil(M), Con(H)}
very high = {Con(L),Con(M), Con(H)}

15)

(16)
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and
more or less low = {Con(L), Dil(M), Dil(H)}
more or less medium = {Dil(L), Con(M),Dil(H)}
more or less high = {Dil(L), Dil(M), Con(H)}.

a7)

Note that the use of the w-functions for modeling the linguistic
functions causes the membership value for the property low
(high) to decrease in the case of very low (very high). This
accounts for the use of the functions Con(L) and Con(H) in
these cases [22]. On the other hand, very medium causes the
membership value for medium to increase, thereby justifying
the use of Dil(M) in this case.

The hedge not is defined as

(18)

3) Set Form: Here the input is a mixture of linguistic
hedges and quantitative terms. Since the linguistic term in-
creases the impreciseness in the information, the membership
value of a quantitative term should be lower when modified by
a hedge [22]. The modifiers used are about, less than, greater
than, and between.

For an input F} is about 71, we use

pnora)(z) = 1 — pa(2).

p(about v1) = {p(ry) 12 (19)

where F; = r; is the quantitative input. Note that p(rq) is
computed in the corresponding 3-D space of (4) by using (3).

When- the input under consideration is F} is less than r1,
the expression becomes

- {M(Tl)}%v if 71 2 Cprop
pulless than 1) = {{u(rl)}z, otherwise

where ¢prop denotes Ciow, Cmedium, and cpign, respectively,
for each of the corresponding three overlapping partitions as
in (4), and pu(ry) is computed as explained above.

Similarly, for an input F} is greater than ri, the expression
becomes

(20)

{M(Tl)}%a if T1 S Cprop .

,u(greater than Tl) = {{M(Tl)}2a otherwise (21)

This also holds for the modifier more than.

Input information of the form F} is between r1 and v or F}
is less than r9 and/but greater than r1 may be modeled as the
geometric mean of the two component membership values as

u(between r1 and r3)

= {p(less than r5) * p(greater than r)}7.  (22)

If any input feature F is not available or missing, we clamp
the three corresponding input vector components (incident
on the neurons) zp = Zp41 = g4z = 0.5, such that
k=(j—1)*3+1.Here 1 <k <3n+land1 < j < n, where
n is the dimension of the input pattern vector. Note that here
we are dealing with the 3n-dimensional x’ constituent (feature
information) of the input vector x of (6). We define

0.5 0.5 0.5 }

no information = {* _— =

2
T H (23)

as 0.5 represents the most ambiguous value in the fuzzy
membership concept. We also tag these vector components
with values ininf, = ininfy,,, = ininfy,, = 1. This is a
tag used for determining whether the corresponding neuron
is known or unknown by (24) and (25). It is to be mentioned
that for the remaining {3(n—|7|)+1} input vector components
of x of (6), the corresponding variables ininf,, are tagged with
0 (where |j| denotes the number of missing input features).
This indicates absence of ambiguity in the corresponding input
information components.

The appropriate input feature membership values obtained
by (3)—(5) and (15)—(23) are clamped at the input neurons.

B. Forward Pass

Initially the system prompts the user for the input feature
information that may be provided in any of the forms listed
in Section III-A. The components of the /-D contextual class
information part x” of the input vector x (of (6)) along with
the corresponding ininf,’s are kept clamped at 0. The N?2
neuron outputs r; are computed using (1). Associated with
each neuron ¢ are

1) its confidence estimation factor conf;;

2) a variable unknown; providing the sum of the weighted
information from the input components zj; having
ininf,, = 1;

3) a variable known; giving the sum of the weighted
information from the (remaining) nonambiguous input
constituents with ininf, = 0.

Note that when there are no input components xy, tagged with
ininf,, = 1, we have unknown; = 0 for all the N 2 neurons.
The contextual class information part x” of x is kept clamped
at zero and therefore produces no contribution in this stage.
For neuron ¢ we define

unknown; = E Mk Tk

k
24
unden; = Z |k |
k
for all k having ininf,, = 1 and
known; = Z MikTh (25)
k
for all k with ininf,, = 0. For the N? neurons, we have
.1, if |known;| < |unknown;|
noinf; = {O, otherwise (26)

where noinf; for the ith neuron is a tag analogous to ininf,
for the kth input component. It may be mentioned that for
the kth input vector component xp, we assign ininf, as
explained inSection III-A. Neuron ¢ with noinf; = 1 signifies
absence of meaningful information and is an indicator to the
transmission of a larger proportion of weighted ambiguous
information as compared to more certain information from the
input vector. On the other hand, an input vector component zy,
with ininf,, = 1 implies missing constituent input information.
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Using (1), (24), and (26), we define

/3 1 ; —
amdes | ifnoinf; = 1
i otherwise

conf; = { (27)

Note that conf; is comparable either among the set of neurons
having noinf; = 1, or among those with noinf; = 0, but not
between neurons belonging to these two different sets. For
neurons with noinf; = 0, the value of conf; is higher for
neurons having larger n; and is a measure of confidence in
the corresponding decision. But when noinf; = 1, conf; gives
a measure of confidence of the ambiguous neuron output. This
is because as unden; by (24) (absolute sum of connection
weights from ambiguous inputs) increases, the confidence
conf; decreases and vice versa.

Let neurons pl and p2 generate the highest and second
highest output responses 7y, and 7 , respectively, for pattern
p with input vector x (as explained in Section II-B). If neither
noinf,; = 1 nor noinf,, = 1, then the system finalises the
decision inferred irrespective of whether the input information
is complete or partial. In case of partial inputs, this implies
presence of all the necessary features required for taking the
decision. It may be mentioned that the weights (learned during
training) play an important part in determining whether a
missing input feature information is essential for the final
inferred decision or not. This is because these weights are
used in computing the noinf;’s for the neurons by (24)—(26)
and they in turn determine whether the inferred decision may
be taken.

We decide that 5 o and 7s, are in favor of Classes Cyq and
Cha, respectively, when

Mp1) (3n-+k1) = WAX[M(p1) (3ntk)]
(28)
M(p2)(3n+k2) = MAX[T ) (3r4+-4) ]

where £ = 1,...,l. Note that the (3n + [)-dimensional
connection weights m;’s are learned during self-organization
and constitute the knowledge base for the problem after
appropriate labeling during calibration.

The inferred highest and second highest output memberships
pr, (n) and pg, (n) to Classes Cy, and Cy,, respectively, are
given as

m n-+k
iy () = R
m _— (29)
Lk, (77) — (p2)(3n+k2) * Tlsp.
S ’f]fp
with p1 = pl,ps = p2,k1 = kl, and ks = k2, if
M(p1)(3ntkl) 2 M(p2)(3n-+k2) * ZTZ Otherwise
m n+k Ns
fiie, () = (@2)(3n+k2) | Tsp
M(p1)(3n-+kl b (30)
i, (1) = 2D EnFhD)

s

where p1 = p2,ps = pl, k1 = k2 and ks = k1. Here p; and
po refer to the neurons inferred to be generating the highest
and second highest membership values to Classes Cf, and
C,, respectively, and s is the scaling factor from (8).

Note that the difficulty in arriving at a particular decision
in favor of Class (Y, is dependent not only on the highest
membership value p, (1) but also on its differences with other
class membership values j;,(n) where k& # k;. To take this
factor into account, a certainty measure for the neuron p; is
defined as

l

1
belyt = — % | Moy (amtks) = D Moy )(3n-+)
k=1

(3D

where k # k1 and bel;fi < 1. Here k; and p; are obtained from
(29) and (30). The higher the value of bel';i (>0), the lower is
the difficulty in deciding an output Class Cf, and hence the
greater is the degree of certainty of the output decision.

Depending on the value of belﬁi, the final inferred output
may be given in natural form irrespective of whether the input
is fuzzy/deterministic and complete/partial. This is explained
in detail in Section III-D.

C. Querying

If the system has not yet reached conclusions to complete
the session, it must find an input feature with unknown
activation and ask the user for its value. If either noinf,, =1
or noinf,,, = 1 by (26), where p, and p, are obtained from (29)
and (30), we begin the querying phase. We select the unknown
output neuron #; from among the p;th and/or poth neuron(s)
with noinf, =1 and/or noinf,, = 1 such that conf; by (27)
(among them) is maximum.

We pursue the path from neuron ¢; to find the ambiguous
input feature vector component z, with the greatest absolute
influence on neuron 7;. For this, we select £ = k1 such that

|y by * Thy | = m]?x|milk x x| where ininf, = 1. (32)

Here ininf, is obtained as explained in Section III-A and
1 < ky € 3n+ 1. The model queries the user for the value of
the corresponding input feature j; such that

j1= (kl — 1) mod 3+ 1 (33)

where 1 < j; < n and n is the dimension of the input
pattern vector. Note that here the 3n-dimensional input feature '
information vector x’ of (6) is under consideration.

When the user is asked for the value of a missing variable,
she can respond in any of the forms given in Section III-
A. Note that if a missing input variable by (23) is found to
be missing once again, we now tag it as unobtainable. This
implies that the value of this variable will not be available
for the remainder of this session. The inferencing mechanism
treats such variables as known with values zp, = Tg,+1 =
T, +2 = 0.5 but with ininfy, = ininfy, ., = ininf, 1, =0
such that k3 = (51 — 1) * 3+ 1. We now use

information = 0.5 0.5 0.5
information = < —, —, — ».
L'’M'H

Note the difference from (23) in the value of ininf, and its
effect in the confidence estimation by (24)—(27). The response
from an wunobtainable input variable might allow the neuron
activations to be inferred, unlike that of a missing variable.

(34)
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Besides, a missing variable has a temporary value of 0.5 that
may be changed later in the session, whereas an unobtainable
variable has a known final value of 0.5. Here again, the use of
the more conventional values of 2y, = Tk, +1 = Tk, +2 = 0.2
in (34) yields no appreciable differences in the results.

Once the requested input variable is supplied by the user, the
procedure in Section III-B is followed to determine whether
to infer a decision or again continue with further querying.
On completion of this phase we have noinf, = noinf,, =0
by (26).

D. Justification

The user can ask the system why it inferred a particular
conclusion, say, at neuron p; or pe. The system answers with
an If-Then rule applicable to the case at hand. It is to be noted
that these If-Then rules are not represented explicitly in the
knowledge base; they are generated by the inferencing system
from the connection weights when needed for explanations.
As the model has already inferred a conclusion (in this stage),
we take a subset of the currently known information to justify
this decision.

1) Path Selection: Let the user ask justification for a con-
clusion regarding Class Cy, at neuron p;. Starting from neuron
pi, the process reasons backward to the input vector along the
maximum weighted paths. We select those input feature vector
components xj that have a significant positive impact on the
conclusion reached at neuron pj.

We choose input feature vector component zy if

zr > 0.5 (35)

where 0 < k < 3n. Let the set of h components so chosen be
{Tky s Tko, ..., 2k, } and their corresponding link weights to
neuron p1 be {My ks Mpikss - - - » Mpy by }» TESPectively. This
implies choosing a path that is currently active for deciding
the conclusion that is being justified. In other words, this helps
selecting paths along which the corresponding input vector
component has a significant positive correlation(influence)
with(on) the neuron under consideration.

We arrange the chosen input components in the decreasing
order of their net impacts, where we define the net impact for
Tp. as

net impacty, = Ty * My, k-

Then we generate clauses for an If-Then rule from this ordered

list until
D Mok, > 2 Mk,
ke ko

where k, indicates the input components selected for the
clauses and k,, denotes the input components remaining from
the set {xx,,T,,... Tk, } such that :

|k5| + !kn| =h

(36)

and |ks|, |kn | refer, respectively, to the number of components
selected and remaining from the said set. This heuristic allows
selection of those currently active |k4| input vector constituents
contributing the most to the final conclusion (among those

lying along the maximum weighted paths to the output node
p1) as the clauses of the antecedent part of a rule. It also
enables the currently active test pattern inputs (current evi-
dence) to influence the generated knowledge base (connection
weights learned during training) in producing a rule to justify
the current inference.

2) Clause Generation: For an input component zy, , se-
lected for clause generation, the corresponding input feature
s, is obtained as in (33) as

Jo, = (ks; —1) mod 3+1

where 1 < j,, < nand 1 < k;, < 3n. The antecedent of
the rule is given in linguistic form with the linguistic property
being determined as

low, ifks, —3(js, — 1) =1
prop = { medium, if ks, —3(js, — 1) =2 (37)
high, otherwise.

A linguistic hedge very, more or less or not may be attached
to the linguistic property in the antecedent part, if necessary.
We use the mean square distance d(js, ,pr,,) between the 3-
D input feature values corresponding to feature j,, and the
linguistic property prop by (37), with or without modifiers,
represented as pr,,. The corresponding 3-D values for pr,,
corresponding to prop are given by (5) (with no modifiers)
and by (16)—(18) with the modifiers very, more or less and not,
respectively. The pr,,, for which d(js, ,pr,,,) is the minimum is
selected as the antecedent clause corresponding to feature js,
(or input component z, ) for the rule justifying the conclusion
at output neuron p;.

This procedure is repeated for all the |k;| neurons selected
by (36) to generate a set of conjunctive antecedent clauses for
the rule regarding inference at node p;.

3) Consequent Deduction: The consequent part of the rule
can be stated in quantitative form as membership value 11, (1)
to Class C, by (29)-(30). However a more natural form of
decision can also be provided considering the value of belsi
of (31). For the linguistic output form we use

1) very likely for 0.8 < bell* < 1

2) likely for 0.6 < bell! < 0.8

3) more or less likely for 0.4 < bel;fi < 0.6

4) not unlikely for 0.1 < bel];i < 04

5) unable to recognize for bel];i < 0.1
Note that here the belief is converted to linguistic classes to
enable the expression of the consequent part of the rule in a
normal form. However, one may keep or use the actual belief
values also. .

In principle it should be possible to examine a connectionist
network and produce every such If-Then rule, using the
inferred class memberships for the various test patterns in
conjunction with the learned connection weights.

IV. IMPLEMENTATION AND RESULTS

The above-mentioned algorithm was first tested on a set
of 871 Indian Telugu vowel sounds collected by trained
personnel [23]. These were uttered in a Consonant-Vowel-
Consonant context by three male speakers in the age group
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Fig. 2. Vowel diagram in the Fy — Fy plane.
of 30 to 35 years old. The data set has three features; TABLE 1

Fy, F5, and F3 corresponding to the first, second and third
vowel formant frequencies obtained through spectrum analysis
of speech data. Fig. 2 shows a 2-D projection of the 3-
D feature space of the six vowel classes (9,a,i,u,¢e,0) in
the F} — Fy plane (for ease of depiction). The dimension
of the input vector in (6) for the proposed model is 15.
Note that the boundaries of the classes in the given data
set are seen to be ill-defined (fuzzy). The training data has
the complete set of input feature information along with
the contextual class membership components. During self-
organization, perc% samples were randomly chosen from
each representative pattern class. The remaining (100—perc)%
samples from the original data set were used as the test set.
We selected Fy = 5and F, =1in(7),s=0.2in (8), kn =5
in (12) and & = 0.0001 in (13) after several experiments. The
test set uses complete/partial sets of inputs and the appropriate
classification is inferred by the trained neural model along with
a measure of certainty. Querying regarding unknown input
feature values is resorted to in case of some partial input sets.
Justification in If-Then rule form, regarding a condition, is
also obtained when desired.

The model has also been used on two sets (A4,B) of
artificially generated linearly nonseparable, nonconvex pattern
classes represented in the 2-D feature space Fi-F5, each set
consisting of 880 pattern points. These are given in Figs. 3
and 4. The training set consists of the complete pattern
vectors in the 9-dimensional (9-D) form of (6) with the
appropriate contextual class information. Note that missing and
unobtainable refer to the conditions given in (23) and (34),

COMPARISON OF RECOGNITION SCORE (%) BETWEEN BAYES’ CLASSIFIER,
STANDARD SUPERVISED Fuzzy CLASSIFIER AND THE JFUZZY NEURAL NET MODEL
ON THE VOWEL DATA. NEURAL NETWORK IS OF SIZE 10 X 10 WITH cdenom = 20

Class | Bayes’ classifier | Standard fuzzy classifier | Fuzzy neural model
9 44.6 51.4 23.0
a 83.9 81.7 97.5
) 81.9 78.0 74.8
u 88.9 67.6 73.5
e 82.8 7.7 88.7
0 T 78.8 92.6
Overall 79.6 73.4 79.6

respectively, bel’;i is obtained from (31) and g, (1), pr, ()
are computed from (29) and (30).

A. Vowel Data

The details regarding the classification performance on vari-
ous training and test sets as well as the choice of parameters for
the said model (on the vowel data) have already been reported
in [8]. Table I compares the recognition score (on test set) of
the fuzzy neural net model (trained using 10% samples from
each representative vowel class) to that of the Bayes’ classifier
[24], [25], and the standard fully supervised fuzzy approach
[23]. We have used the Bayes’ classifier for multivariate
normal patterns with the a priori probabilities p; = |CI;,"| , where
|C;| indicates the number of patterns in class C; and N is
the total number of pattern points. The dispersion matrices
are different for each pattern class. The overall performance
of the model is found to be quite satisfactory. Next we
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TABLE 11
INFERRED OUTPUT RESPONSES AND CERTAINTY MEASURES FOR A SET OF VOWEL DATA PRESENTED TO THE #rained NEURAL NETWORK MODEL
Serial Input features First choice Second choice | Certainty
No. Py F Cr, | o5, () | Chy [ () | belp}
1 700 1000 missing a 0.84 a 0.81 0.80
2 700 1000 2600 a 0.83 a 0.67 0.45
3 700 missing unobtainable a 0.66 ] 0.38 -0.55
4 400 unobtainable missing e 0.59 e 0.48 0.30
5 300 900 missing u 0.87 u 0.76 0.65
6 450 2400 missing e 0.92 e 0.91 0.85
7 700 2300 missing e 0.89 e 0.75 0.65
8 900 1400 missing a 0.78 a 0.67 0.45
9 high Mol low missing a 0.80 a 0.67 0.45
10 between 500 & 600 1600 missing a 0.62 e 0.48 0.30
11 greater than 650 high missing e 0.75 2] 0.37 0.65
825 222222222222222222222222 -

2222222222222222222222222 825 111111111111 111111111111
22222222222222222222222222 1131113111113111 11111111113111
22222 111113111121312311 111131311131121111
22222 1111311131231233122121313223112111113111111

2222 111111133111 1113113313111 1111111111
5222 211111111111111111111111 11111111111 111111111 1111111121
2222 211121111111111111111111113 11111111 1111111 11111111
2222 111123111111111122111111311 1111111 11111 1111111
2222 11111111211113122322111111111 1111111 1111 111111
2222 111111 111111 2222 111 22222 11111
F 22222 11111 F'l 11111 22222 111 22222 11111
1 22222 1111 11111 222222 111 22222 11111
22222222222222222222222222 1111 11111 22222 111 22222 111l
L 11111 2222 111 22222 11111
2222222222222222222222222 11111
222222222222222222222222 1111 111111 22 1un 11111
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11111 1111111 1111111 111111
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111111111111111111211111111 111111111113131212122121211222321113111331111
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Fig. 3. Pattern set A in the F-F3 plane. Fig. 4. Pattern set B in the Fy-F3 plane.

TABLE III
QUERYING MADE BY THE NEURAL NETWORK MODEL WHEN PRESENTED
WITH A SET OF partial PATTERN VECTORS FOR VOWEL DATA

Serial Input features Query
No. a2y F Fs for
1 700 missing | missing F3
2 about 350 | missing | missing | F,
3 400 missing | missing F,
4 missing 1000 | missing F

demonstrate a sample of the inferencing ability of a trained
10 x 10 neural model (with cdenom = 100) that functions as a
knowledge base for the vowel recognition problem. The results
are demonstrated in Tables TI-IV.

Table II illustrates the inferred output response of the
proposed model on a set of partial and complete input feature
vectors. It is observed that often the two features F); and
F5 are sufficient for reaching a conclusion. This may easily
be verified from the 2-D representation of the vowel data in
Fig. 2. Let us consider the first three entries in the table. When
only F} is specified (Entry 3), we have a horizontal line across

Fig. 2 at this F} value. For this ambiguous case both classes a
and 9 register positive belongingness, although class a is the
more likely winner. Note that F3 = unobtainable is generated
by (34). The specification of Fy and F3 is seen to further
consolidate this decision. The 4th entry corresponds to pattern
class e, owing to its highest horizontal coverage along this
value, although the ambiguity in the decision is evident from
the value of the certainty measure. The 8th entry is in favor
of class a owing to its proximity to this class. The 10th entry
corresponds to a strip of area at F5 = 1600 between F; = 500
and 600 in Fig. 2. This region corresponds to both classes &
and e and the ambiguity of the point is evident in the value
of the certainty measure.

In Table III we demonstrate a sample of the partial input
feature combinations that are insufficient for inferring any
particular decision. The more essential of the feature value(s) is
queried for by (32), (33). Table IV shows the rules generated
from the knowledge base by presenting a sample set of test
patterns. The antecedent parts are obtained using (35)—(37)
while the consequent parts are deduced from the values of
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TABLE IV
RULES GENERATED BY THE NEURAL NETWORK MODEL TO JUSTIFY ITs INFERRED DECISIONS FOR A SET OF PATTERN VECTORS FOR VOWEL DATA
Sr. Input features Justification / Rule generation
No. 13 I 23 F; If clause Then conclusion
1 300 900 missing F, is very low likely class u
700 1000 2600 F, is very low and
Fy is Mol high more or less likely class a
3 700 2300 missing F, is very high and
Fy is very medium likely class e
4 450 2400 missing F, is very high and
F; is very medium very likely class e
5 900 1400 missing F, is Mol low and
F, is very high more or less likely class a
6 high Mol low | missing F, is Mol low and
F is high more or less likely class a
7 between 500 & 600 1600 missing | Fy is very medium and
F} is very medium not unlikely class 3
8 greater than 650 high missing | Fi is very medium and
F; is high likely class e

TABLE V
COMPARISON BETWEEN RECOGNITION SCORES FOR VARIOUS
Sizes OF NEURAL NET ARRAYS WITH cdenom = 100,
USING DIFFERENT VALUES OF perc ON PATTERN SET A

Size 14 x 14 16 x16 |18 x18
perc 50 | 10 | 50 10 50
1 63.4 | 58.7 | 83.0 | 64.1 51.7
t 2 50.5 | 30.8 | 55.6 | 30.2 40.2
none | 50.4 | 78.1155.6 { 63.5| 56.0
QOverall | 53.7 | 62.8 | 62.6 | 56.4 [ 51.5
TABLE VI

COMPARISON BETWEEN RECOGNITION SCORES FOR VARIOUS
Sizes OF NEURAL NET ARRAYS WITH cdenom = 100,
USING DIFFERENT VALUES OF perc ON PATTERN SET B

Size 10x10| 14x14 16x16 |18x18
perc 10 50 | 10 { 50 | 10 50
1 43.3 | 77.3}50.6 | 82.7 | 51.7 2.7
2 39.1 53.8 | 58.7 | 19.2 | 84.7 65.3
none 81.7 |44.551.6 554358 53.5
Overall | 566 |64.4]51.5]69.4 1480} 655

the certainty measure /,g/;}. The rules obtained may be verified
by comparing with Fig. 2. Note that Entries 3 and 4 generate
slightly different consequent parts for a rule with the same
antecedent clauses. This is because different pattern points are
used to obtain the two justifications. Entries 5 and 6 generate
the same rules from numeric and linguistic input specifications,
respectively.

B. Artificially Generated Data

The model was next trained on the two sets of linearly
nonseparable, nonconvex pattern classes in succession, using
various sizes of neural network arrays. Two nonseparable
pattern classes (1 and 2) were considered in each case. The
region of no pattern points was modeled as class none (no
class). Tables V and VI are used to compare the performance
on test set (both classwise and overall) of different sizes of

TABLE VII
INFERRED OUTPUT RESPONSES AND CERTAINTY MEASURES FOR A SAMPLE OF
PATTERN SET A DATA PRESENTED TO THE trained NEURAL NETWORK MODEL

Serial Input features First choice | Second choice | Certainty

No. F F, Ci, | i) | Cry | #r(m) bel‘;i or bell‘;‘2
1 Mol low | missing | none | 0.81 2 0.65 (0.30)

2 medium | missing | none | 0.78 | none | 0.67 0.56

3 Mol high | missing 1 6.99 1 0.99 0.99

4 low medium | 2 0.86 2 0.82 0.73

5 medium | medium | none | 0.78 | none | 0.67 0.34

6 high high 1 0.89 | none | 0.77 0.54

neural net arrays on the two sets of nonseparable patterns Aand
B, respectively. Various training set sizes perc were chosen
from each representative pattern class in both the cases. The
patterns were best classified by using neural arrays of size
16 x 16 (with 50% of the data used as training set in each
case).

In Tables VII and X we demonstrate the inferred output
responses of the neural net model on some partial and complete
input feature vectors for the two pattern sets. Tables VIII and
XI show the querying phase where in some cases the missing
feature information is necessary for inferring a decision and
hence queried for. Tables IX and XII illustrate the generation
of a few rules from the two knowledge bases. Verification
regarding these tables may be made by e¢xamining the original
patterns given in Figs. 3 and 4.

Entries 1, 2, and 3 in Table VII correspond to horizontal
bands across Fig. 3, illustrating Pattern Set B, around the
given Fj values. The certainty value in brackets (case 1)
indicates belief more in favor of the decision of second choice
for Class Cj, as compared to Class Cp,. This is obtained
from the connection weight values as given in (31). In the
Ist entry the decision is ambiguous and in favor of Class 2,
as observed from the certainty measure (although Class none
generates the highest response followed by Class 2). As F
changes to medium (in Entry 2), the decision becomes more
certain in favor of Class none while for £} = Mol high (case
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TABLE VIII
QUERYING PHASE IN THE NEURAL NETWORK MODEL WHEN PRESENTED WITH
A SAMPLE OF partial INPUT VECTORS FOR PATTERN SET A Data

Serial Input features Query
No. B F for
1 medium missing -

2 not medium | missing | F
3 Mol high | missing -

4 not high | missing
TABLE IX

RULES GENERATED BY THE NEURAL NETWORK MODEL TO JUSTIFY ITS INFERRED
DECISIONS FOR A SAMPLE OF INPUT VECTORS FOR PATTERN SET A DATA

Serial Input features Justification / Rule generation
No. I3 F, If clause Then conclusion

1 Mol low missing | Fy is very medium | not unlikely class 2
2 medium missing Fy is medium not unlikely no class
3 not medium low F; is low not unlikely no class
4 Mol high | missing | Fy is Mol high very likely class 1
5 low medium | F, is medium and

Fi is low likely class 2
6 medium low F) is medium and

F, is low very likely no class
7 medium medium | Fy is medium and

Fy is medium not unlikely no class

8 high high Fy is high and

F, is high Mol likely class 1

3), the decision is certainly in favor of Class 1. Entry 5,
with Fy = medium, is less certain in inferring Class none as
compared to Entry 4, with F; = low (both with Fy = medium).
The latter yields a less ambiguous decision (as observed from
the certainty measure) in favor of Class 2. Note that the value
of the certainty measures, and not the output membership
values, determine the ambiguity in a decision. Entry 6 gives a
more or less ambiguous decision in favor of Class 1 while also
producing a significant response for Class none. All results of
Tables VII and IX may be verified from Fig. 3.

Entries 1, 2, 3, 4, 6, and 7 in Table X correspond to
horizontal bands across Fig. 4, illustrating Pattern Set B,
around the given Fj values. Among these, Entries 1, 3,
6, and 7, (with Fy = low, not low, high, and not high,
respectively,) generate certain decisions in favor of Class
1. However, Entries 4 and 2 (with F| = medium and Mol
low, respectively) produce rather ambiguous decisions (low
values of certainty measure) in favor of Classes 1 and none,
respectively. Comparing Entries 5, 8, and 11, we find that
cases 8 and 11 (with Fy = low and high, respectively)
generate decisions in favor of Class none while case 5 (with
Iy = not medium) produces a decision in favor of Class 1.
From the 9th, 10th, and 12th entries we observe that Entry
12 (#y = high) produces the most certain decision in favor
of Class 1 with Entry 9 (Fy; = low) following close behind.
On the other hand, Entry 10 (with Fy = medium) produces a
more ambiguous (less certain) decision for Class 1. All results
of Tables X—XII may be verified from Fig. 4. In Table XII,
Entry 2 (corresponding to the 2nd entry in Table X) is unable
to infer any positive decision (unable to recognize) due to the
extremely low certainty measure generated in this case.

TABLE X
INFERRED OUTPUT RESPONSES AND CERTAINTY MEASURES FOR A SAMPLE OF
PATTERN SET B DATA PRESENTED TO THE frained NEURAL NETWORK MODEL

Serial Input features First choice | Second choice | Certainty
No. F F Cr, | () | Cry | () bel’;:
1 low missing | 1 0.93 1 0.59 0.87
2 Mol low missing | none | 0.67 | none | 0.54 0.07
3 not low missing | 1 0.99 1 0.98 0.97
4 medium missing 1 0.60 1 0.56 0.11
5 not medium low 1 1.0 1 0.99 1.0
6 high missing | 1 0.99 1 0.98 0.97
7 not high | missing | 1 0.94 1 0.58 0.87
8 low low none | 0.97 | none| 0.76 0.95
9 low medium | 1 0.94 | none | 0.53 0.87
10 medium medium 1 0.95 1 0.60 0.20
11 high low | none| 0.98 |none| 0.95 0.97
12 high medium 1 0.99 1 0.98 0.97
TABLE XI

QUERYING PHASE IN THE NEURAL NETWORK MODEL WHEN PRESENTED WITH
A SAMPLE OF partial INPUT VECTORS FOR PATTERN SET B DATA

Serial Input features Query
No. F F for
1 low missing -

2 Mol low | missing -

3 medium missing -

4 not medium | missing Fy
5 high missing -

6 not high | missing -

V. CONCLUSION AND DISCUSSION

In this work we considered an application of the fuzzy self-
organizing neural network model [8], based on Kohonen’s
net, capable of inferencing and rule generation. The connec-
tion weights of the neural net (after self-organization and
calibration) constituted the knowledge base for the problem
under consideration. The network was capable of handling
uncertainty and/or impreciseness in the input representation
provided in quantitative, linguistic and/or set forms. The
output class memberships were inferred for the input patterns.
The user could be queried for the more essential feature
information in case of partial inputs, when so required. Justifi-
cation for the decision reached was generated in rule form.
The antecedent and consequent parts of these rules were
provided in linguistic and narural terms. The magnitudes of
the connection weights of the trained neural net were used
in every stage of the inferencing procedure. A measure of
certainty expressing confidence (belief) in an output decision
was defined and also used in generating the consequent part of
the corresponding justificatory rule. The effectiveness of the
model was demonstrated on the vowel recognition problem
and on two sets of artificially generated linearly nonseparable,
nonconvex pattern classes.

It should be noted that the two given artificially generated
data sets (A, B) consist of nonseparable patterns. Hence any
evaluation of the performance of the proposed model on these
data sets should be made in this context. This accounts for
the relatively better inferencing as well as rule generating
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TABLE XII
RULES GENERATED BY THE NEURAL NETWORK MODEL TO JUSTIFY ITS INFERRED
DECISIONS FOR A SAMPLE OF INPUT VECTORS FOR PATTERN SET B DATA

Serjal Input features Justification / Rule generation
No. F F If clause Then conclusion
1 low missing Fis low very likely class 1
2 Mol low missing Fy is Mol low unable to recognize
3 not low missing | £y is very high very likely class 1
4 medium missing Fy is medium Mol likely class 1
5 not medium low F, is low very likely class 1
6 high missing Fy is high very likely class 1
7 not high missing Fy is very low very likely class 1
8 low low Fyis low and
Fy is low very likely no class
9 low medium | F, is medium and
F is low very likely class 1
10 low high Fy is low and
F, is high very likely no class
11 medium low F\ is medium and
Fy is low likely no class
12 medium | medium | Fy is medium and '
F, is medium not unlikely class 1
13 high low F} is high and
Fyis low very likely no class
14 high medium | F, is medium and
Fy is high very likely class 1

capability of this model on the vowel data as compared to
that on the two given pattern sets.

It is worth mentioning that a genetic algorithm based
approach has been investigated for tuning the output class-
membership values of (7). The Fy-F, pair values thus obtained
correspond to the best values that we obtained experimentally
in this study. Some other work on the tuning of the linguistic
functions at the input have been reported [26], based on
automatically determining the centres and radii of the -
functions from the training patterns.

The model described here has been initially trained as
a partially supervised fuzzy classifier, and then used for
inferencing, querying and rule generation for unknown test
patterns. Incorporation of clustering at the input level, for
generating initial seeds, could be an interesting area for future
investigation.
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