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Abstract 

The present article deals with a theoretical analysis of our earlier investigation [1] 
where we developed a neuro-fuzzy model for feature evaluation. This includes deriva- 
tion of a fixed upper bound and a varying lower bound of the feature evaluation index. 
The monotonic increasing behavior of the feature evaluation index with respect to the 
lower bound is established. A relation of the evaluation index (lower bound) with in- 
terclass distance and weighting coefficient is also derived. © 1998 Elsevier Science Inc. 
All rights reserved. 

1. Introduction 

The present study is a continuation of  our previous investigation [1] in which 
a new fuzzy set theoretic feature evaluation index, in terms of  individual class 
membership, was, first of  all, defined for ranking the importance of  features (or 
subsets of  features). A neuro-fuzzy approach was then provided by designing a 
new connectionist model in order to perform the task of  optimizing the 
aforesaid fuzzy evaluation index incorporating weighted distance for com- 
puting class membership values. A set of  weighting coefficients representing the 
importance of  the individual features was obtained by this optmization 
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process. These weighting coefficients led to a transformation of the feature 
space for flexible modeling of class structures. 

The present article provides a theoretical analysis of the aforesaid feature 
evaluation index. Here, a fixed upper bound and a varying lower bound of the 
evaluation index are derived. It is shown theoretically that the index mono- 
tonically increases with the lower bound. A relation of the evaluation index 
(lower bound) with interclass distance and weighting coefficient is established. 
Section 2 provides, in brief, our previous work on the fuzzy feature evaluation 
index and its connectionist realization [1] for the convenience of the readers. 
This is followed by mathematical analysis in Section 3. 

2. Fuzzy feature evaluation index and eonnectionist realization 

Let us consider an n-dimensional feature space t2 containing 
Xl,X2,X3,...,xi,...,Xn features (components). Let there be M classes 
CI,C2, C3 , . . . ,Ck , . . . ,CM.  The feature evaluation index for a subset (f2x) 
containing few of these n features, is defined as [1], 

E = V ' V "  Sk(X) 
z_..,z..~ x-", s ~x ~ × ~k, (1) 

k xECkZ-~k#k kldt ] 

where x is constituted by the features of f2x only. 

and 

sk(x) = #c~(x) x (1 - #ck(x)) (2) 

1 [btcv(x) × (1 - #ck(x))]. (3) 1 [/~c,(x ) × (1-/~cv(x))] + 5  = 

#ck (x) and btce (x) are the membership values of the pattern x in classes Ck and 
Cv respectively, ak is the normalizing constant for class C~ which takes care of 
the effect of relative sizes of the classes [1]. 

Note that, sk is zero (minimum) if #ck = 1 or 0, and is 0.25 (maximum) if 
#ck = 0.5. On the other hand, s~,, is zero (minimum) when Pck = #cv = 1 or 0, 
and is 0.5 (maximum) for #ck = l, #cv = 0 or vice-versa. Therefore, the term 
sk/~-~e#k skk' is minimum if #ck = 1 and #ce = 0 for all k' # k, i.e., if the am- 
biguity in the belongingness of a pattern x to classes Ck and Ck, Vk' ~ k is 
minimum (i.e., the pattern belongs to only one class). It is maximum when 
#ck = 0.5 for all k. In other words, the value of E decreases as the belong- 
ingness of the patterns increases for only one class (i.e., compactness of indi- 
vidual classes increases) and at the same time decreases for other classes (i.e., 
separation between classes increases). E increases when the patterns tend to lie 
at the boundaries between classes (i.e.,/~ ~ 0.5). The objective is, therefore, to 
select those features for which the value of E is minimum. 
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The membership (#ck (x)) of a pattern x to a class Ck is defined with a multi- 
dimensional n-function [2] which is given by, / 1 1 - 2d~(x) 0 ~< dk(x) < ~, 

/~c,(X) = 2[1-dk(x)] 2 ½ ~<dk(x) < 1, (4) 

0 otherwise. 

dk(x) is the distance of the pattern x from mk (the center of class Ck). It can be 
defined as, 

d (x) = 

where 

and 

[ ~ ( x i - - m ~ ) 2 ]  ½ ' 2 k  (5) 

2k = 2 max[llx - mkll], 
xECk 

(6) 

~'~x6_C k Xi 

m~.-- Ifkl (7) 

Eqs. (4)-(7) are such that the membership ~tck (x) of a pattern x is 1 if it is 
located at the mean of Ck, and 0.5 if it is at the boundary (i.e., ambiguous 
region) for a symmetric class structure. 

In practice, the class structure may not be symmetric. In that case, the 
membership values of some patterns at the boundary of the class will be greater 
that 0.5. Also, some patterns of other classes may have membership values 
greater than 0.5 for the class under consideration. For handling this undesir- 
able situation, the membership function corresponding to a class has been 
transformed [1], incorporating a weighting factor corresponding to a feature. 

For this purpose, we defined weighted distance from Eq. (5) as [1], 

dk(x) : w~ xi  - mki -~; wi  E [0, 1]. (8) 

The membership values (#) of the sample points of a class become dependent 
on wi.  The values of wi (< 1) make the function of Eq. (4) flattened along the 
axis of xi. The lower the value of wi, the higher is the extent of flattening. 

In pattern recognition literature, the weight wi (in Eq. (8)) can be viewed to 
reflect the relative importance of the feature xi in measuring the similarity (in 
terms of distance) of a pattern to a class. It is such that the higher the value of 
wi,  the more is the importance of xi  in characterizing/discriminating a class/ 
between classes, wi = 1 (0) indicates most (least) importance of xi .  

Therefore, E (Eq. (1)) is now essentially a function of w (= [wl, w2,... ,  w,]), 
if we consider all the n features together. The problem of feature selection/ 
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ranking thus reduces to finding a set of wis for which E become minimum. The 
task of  minimization has been performed with gradient descent technique in a 
connectionist framework (because of its massive parallelism, fault tolerance 
and adaptivity) for minimizing E. A new connectionist model [1] has been 
developed for this purpose. When the network attains a local minimum during 
training, the weights of the feedforward links (c(w~,.) indicate the order of 
importance of the individual features. 

3. Theoretical analysis 

Here, we analyze mathematically the characteristics of the feature evalua- 
tion index (E) and the significance of weighting coefficients (wi). In this regard 
we investigate the following: 
• A fixed upper bound and a varying lower bound of 8(E(x)) (~ being the 'ex- 

pectation' operator and E(x) being the contribution of a pattern x to the 
evaluation index E) are derived. The variation of 8(E(x)) with respect to 
the lower bound is studied. 

• A relation between the lower bound, wi and interclass distance is derived. 

3.1. Upper bound and lower bound of 8 (E(x) ) 

We can write (Eq. (1)) as, 

#k × (1 - # , ) ~ ,  (9) 
E : z--~z--~ 1 ~--" ~ ~  ~"~ r, x (1  /.re) + x (1  /~k)] ' x k 2Z--,k'#kt k -- /lk' -- 

where #k = #c~ (x) and #le = gc~, (x). Let, E = ~ x  E(x) = ~ x  ~ k  Ek(x), where 

#k x (1 -/~,)~k (10) E(x) 3 - "  

and 

,k  × (1 (11) 
Ek(x) = ±~k'¢k[gk2 X (1 -- gk') +/A'  X (1 -- #k)]' 

That is, E(x) is the contribution of a pattern x to the evaluation index (E), and 
E~(x) is that corresponding to the class Ck. For a pattern x in class Ck, 

1 
1 Z[pk (1  _ #~e) + #e(1 - /A)]  = ~ Z[#k(1  - #,) + (#k - #re) 2 
- l e # k  - k ' # k  

+ --  

Since [(/~k -/~k') 2 + / ~ ( 1  - #e)]/> 0, 
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~ Z [ P * (  1 - Pie) + bte(1 - / 4 ) ]  /> - ~ / ' t k ( l  - Pk), 
k' # k 

where M is the number  of classes. Since, 0 < ~k < 1, we can write, 

2M 
E(x) ~< 

<M - 1---~ 

Therefore, 

(12) 

2M 
e(E(x)) ~< M -~----i-' 

where ¢ denotes the 'mathematical expectation' operator. 
Again, for a pattern x in class Ck, #k,/~k, E [0, 1], we can write, 

1 
~[#k(1 - / r e )  + #k,(1 - Pk)] ~< ~, 

Thus, 

~ ~ I~(~- ~ /+  ~(1 - ~/1 ~ ½(M- 1/, 

1 

Ek,#k ½ [&(1 - kqe) + p~(1 - / 4 ) ]  

x-" ~k(1 - ~ ) ~  
Z_., ~,~ ¢~2-' [,k(1 - l,~) + , , , (1  - ~)] 

2 
(M - 1)' 

2 ~ / 4 ( 1  - #k)ak- 
/> (M - 1 - - - - -~  

E(x) ~> (M 2 1)~-~#~(1-  &)~k. 
k 

That is, 

Therefore, 

(13) 

(14) 

/ 
2 [ , r --~ 2 M  

( M -  1) e ~ . k ( l  - .k)~k ~< e (E(x) )  ~< (M - 1-------5" (15) 

Note that, the upper bound (UB) of g(E(x)) is fixed, whereas the lower bound 
(LB) is varying with (-~_1)g(~k #~(1 - &)gk). 

Let us now analyze the behaviour of E(x) with respect to ~ k  &(1 - &). For 
this purpose, we substitute pk(1 - #k) by h~ in Eq. (11). In that case, 
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de,(x) 
dhk 

~k[ ~k,#k[#e (1 -- #k) + #k( 1 -- #,,)](1 -- 2g,) - #k(1 - #k) ~k,#k( 1 -- 2#e)] 
L J 

1 [ ~ k [ / ~ k ' ( 1 -  #k)-t- #k (1 -  ,k,)]] Z (1 -  2/~k) 

---- V~:C~k Z[#k , (1  --/~k) +/~:(1 -- #k')] 
L ¢k 

where 

(16) 

Vk 

_ Y~e#k[#e( 1 - #k) + #k( 1 -- #re)]( 1 -- 2#k) -- #k( 1 -- #k) ~k'#k( 1 -- 2#k') 
m 

(1 - 2/~k) 

(17) 

It is clear f rom Eq. (16) that  dEk(x)/dhk is positive/negative if vk is positive/ 
negative. In other words, Ek(x) increases/decreases monotonical ly  with 
#~(1 - # k )  if Vk is positive/negative. Simplifying the expression on the right 
hand side of  Eq. (17) we get, 

2 1 
vk = ~ # e  /~k ~k'~k( -- 2#k') (18) 

~#k (1 - 2/~k) 

In order to show that  Ek(x) monotonical ly  increases with/tk(1 - #k) for both 
non-overlapping and overlapping class structures, we consider the following 
cases. 

Case 1 (Non-overlapping; (Fig. 1)): Here, for a pattern x, if 
IIx - mkll ~< 2k/2, #k/> 0.5 and #~ < 0.5, Vk' ¢ k. Therefore, vk > 0 (Eq. (18)), 
and as a result dEk(x)/dhk > 0. This indicates Ek(x) is monotonical ly in- 
creasing with/~k(1 -/~k). 

,U.(x)~ 
1.0 

0.5 

c 1 c2 

I 1 I ~ ; 

Fig. 1. Non-overlapping pattern classes modeled with g-function. 
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Case 2 (Overlapping;  (Fig. 2)): In  this case, for  a pa t te rn  x, if 
I[x - mkll ~< 2k/2, Pk i> 0.5 a n d / z e  ~- 0.5, Vk' ¢ k. Since the classes are over-  
lapped,  we consider  two different possibilities: x lying outside the over lapping  
zone (i.e., i l x -mk i l~<&/2  and Ilx-m~,ll  > 2e /2 )  and  x lying within the 
over lapping  zone (i.e., IIx - m~ll < & / 2  and  IIx - m k ,  II < 2k,/2). 

I f  the pa t te rn  x lies outside the over lapping zone, then #k, < 0.5 and  thereby 
vk > 0 (Eq. (18)). This indicates Ek (x) monoton ica l ly  increases with #k (1 - #k). 

I f  x lies within the over lapping zone, bo th  Pk, #k, > 0.5. Then  we have three 
possibilities: (a) & > #k,, (b)/~k ~ Pk, and (c) #k < #k,. 

(a) Pk > Pk': Let/~k, = #k - ekk,, where ekk' > 0. Therefore.  f rom Eq. (18) we 
get, 

/z 2 
vk = Z ( # k  - ~ , )  - k Y]k'#k( 1 -- 2& + 2e~e) (19) 

k'#k (1 - 2Pk ) 

i.e., 

vk = (M - 1)& - Z e k v  - 2Y2 )-~#* ekk, -- pkZ(2/~k -- 1)(M - l) (20) 
k'#k 1 -- 2/~ k 

Thus,  Ek(x) increases monoton ica l ly  with &(1 - / 4 )  if 

2/~2 ~-']e#k e~e - y2(2& - 1)(M - 1) 
(M - 1)# k - Z e ~ e  - 1 > 0. (21) 

k'#k -- 2& 

i.e., if  

I Z e ~ ,  ' > _ & ( 1  - & ) ( 2 ~ k -  I) (22) 
M 1 e~k (I - ~k) 2 +/,2 

].L(X), 

1.0 

0.5 

C1 C 2 

m I I s ITI2  
I I 

I. al i.I 
I '  A 2 '1 

Fig. 2. Overlapping pattern classes modeled with 1r-function. 

I t  
X 
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Since eke > 0, the above inequality always holds, and therefore, in such cases, 
Ek(x) always increases monotonically with/2k(l --/2k). 

(b) #k ~/2k' : In this case, eke ~ 0, and therefore, the inequality (22) always 
holds. Thus, in this case also, we get a monotonic increasing nature of Ek(x) 
with respect to/2k(1 --/2k)- 

(C) /2k < /21e: In this case, eke < 0. Let us replace eke by --eke, i.e., 
/2e =/2k + eke. Then, the condition for Ek(x) being monotonically increasing 
function with respect to/2k(1 -/2k) becomes, 

1 ~ /2k(1 -/2k)(2/2k -- 1) (23) 
M - 1 ~kk' < (1 --/2k) 2 +/22 

This condition provides an upper bound on the average value of eke (hence on 
the average value of/2v) that can be allowed in order to get a monotonic in- 
creasing behavior of Ek(x) with respect to/2k(1 -/2k). 

First of all, the chance of/2k </21e is low for a pattern in class Ck. Even if this 
happens (say, for overlapping case), the chance of 

E/3k e 
M 1 e#k 

/2k(1 - /2k)(2/2k -- 1) 

(1 +/2: 

happening is very low (as illustrated in the following two examples). Therefore, 
Ek(x) is most likely monotonically increasing with/2k(1 -/2k). 

Example 1. Let, /21 =0.6  for a pattern x lying within the region 
IIx-  !1111[ < 21/2 in class C1. Then, the condition (23) becomes, 

1 
M -  1 e~keke <0.1. 

In order to violate this condition, the average membership value of x (say, /22)  

to classes other than C1 should be at least 0.7. It can also be seen that whatever 
be the value of/21 (> 0.5), the value of/22 should be greater than/21. This is 
unusual. Thus, we can say that in this ease the above inequality (23) will be 
satisfied and thereby, we can expect a monotonic increasing behavior of El (x) 
with respect to/21 (1 -/21)- 

Example 2. Let,/21 = 0.5. In that case, the condition (23) becomes 

1 
M -  1 e~keke <0.  

That is, the average membership value of x to classes other than Cx should be 
greater than or equal to 0.5. This situation occurs when the classes are highly 
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overlapped. In other words, if there is high amount of overlap, the behavior of 
E(x) becomes unpredictable for ambiguous patterns. 

Thus, we can say that Ek(x) always monotonically increases with #k(1 - Pk) 
except for some ambiguous patterns in highly overlapping regions. If we take 
average of E(x)(= )-~k Ek (x)), we can expect this average (8(E(x))) to be always 
monotonically increasing with g ( ~ k  #k(1 - #k)), the average of ~ k  #k(1 - #k). 
Therefore, it may be concluded that g(E(x)) is a monotonically increasing 
function of ~ 8 ( ~  k/~k(1 - ~tk)~k), as ~ - l  and 0~k are positive constants. 

Note from Eq. (1) that it is difficult to compute 8(E(x)), and so as to de- 
termine its relation with wi and interclass distance. Again, g(E(x)) is found (in 
Section 3.1) to be a monotonically increasing function of the lower bound 
(LB). Therefore, if one can find a relation between LB, wi and interclass dis- 
tance, it will reflect the one between g(E(x)), wi and interclass distance. The 
next subsection addresses this issue. 

3.2. Relation between LB, interclass distance and wi 

Let us now derive a relation of the lower bound of g(E(x)) with interclass 
distance and weighting coefficients for some well defined class structures. 
• Let us assume that the classes C1, C2,. . . ,  Ck,. •., CM have independent, iden- 

tical Gaussian distributions with respective means ml,m2,.. .  ,ink,... ,ram 
and with the same variance a 2. Let ~(xlCk) be the class-conditional proba- 
bility density function for class Ck. Then 

1 ( (xi--mki)2) ~ T  (24)  (xlCk) --- exp - ~ .  

• Let the membership of a pattern x in a class Ck be given by, 

//k : pk(X)-----exp(--~i(xi--mla)2w2 ) .  2,~2 ~ (25) 

where 2 is the bandwidth of the class Ck, and is the same for all the classes. The 
lower bound of 8(E(x)) is given by, 

where 

--  ek (xlC,); 

(26) 

(27) 
k 

P, being a priori probability of class Ck. Evaluating the right hand side of 
Eq. (26) (see Appendix A), we have 
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_ i i  exp ( -  + 2e))) (28) 
i (p2 + 2W~/)l/2 ' 

where p = 2 / a  and cke~ = mta - mk,~ is a measure of  interclass distance between 
the classes C, and Ce  along the feature axis xi. 

Let us consider two classes C1 and C2, with two features Xl and x2. Let, C1 
and C2 have unit normal distribution, i.e., tr = 1.0. Let, 2 = 1.0 and 
P, = ~k = 0.5 (Vk). C121 and c122 are the interclass distances between class Cl 
and class C2 along the feature axes Xl and x2, respectively. We now demonstrate 
graphically the variation of  ¢ ( ~ k  #k( 1 - #k)~k) with respect to c121 and c122, 
and Wl and w2. 

Fig. 3 shows the variation of  ¢ (~k/~k(  1 -#k)~k)  with respect to c m  and 
c122 with Wl = w2 = 1. ¢ ( ~ k  #k( 1 - #k)~k) is maximum when c m  = c122 = 0, 

g. 
I 

t,q~ 

5 6 c121 

cl 22 

Fig. 3. Graphical representation of  ¢(~k#k(1--#~)¢*)  with respect to cl21 and c122 with 
Wl =w2 = 1.0. 
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i.e., when the two classes completely overlap. ¢(Y]~k #k( 1 - #k)ak) decreases 
with the increase in c121 and c122. This variation is symmetric with respect to 
both c121 and cx22. The rate of decrease in g (Y~k #k (1 -- #k)~k) also decreases as 
cl21 (and c122) increases. Finally, after a certain value of C121 (and c122) the rate 
of decrease in 8 (~kpk(1  --#k)ak) becomes infinitesimally small. This is also 
evident from the way of computing p-value where ~2 of a pattern x with fixed 
~1 decreases with increase in interclass distance. If  the interclass distance ex- 
ceeds a certain value, #2 becomes very small. Thus, the contribution of the 
pattern to the evaluation index does not get affected further by the extent of the 
class separation. 

Fig. 4(a)-(f) show the variations of ~(~k/~k(1 -- Pk)~k) with respect to the 
weighting coefficients wl and wz for different interclass distances. In Fig. 4(a)- 
(e) we have considered c122 = 0 throughout whereas c121 is considered to be 0.0, 
0.5, 1.0, 1.5 and 2.0, respectively. The purpose of this is to show the variation of 
the extent of the neighborhood region around a local minimum in the wl - w2 
plane with interclass distance along an axis. Note that, 8 ( ~  k #k(1 -Pk)~k) is 
zero when Wl = w2 = 0 which is a trivial case. ~ ( ~ k  #k( 1 - #k)~k) increases as 
wl (and WE) increase upto a certain value; beyond which g ( ~ k  #k( I -#k)~k) 
decreases upto some local minimum value. Note from Fig. 4(a)-(e) that, the 
extent of the neighborhood region around a local minimum in the weight space 
(basin of attraction in the weight space) of the network increases as the in- 
terclass distance (C12 l) increases. This neighborhood region constitutes a zone 
of operation of the network. Therefore, if interclass distance increases, zone of 
operation of the network increases, i.e., the freedom of choosing the initial 
weights increases. In other words, given a set of weights, if the basin of at- 
traction in the weight space is large, the network has higher probability of 
getting converged into the corresponding local minimum. 

Here we have chosen c122 = 0, i.e., the feature x2 does not have any dis- 
criminating power between the classes. This is also illustrated in Fig. 4(a)- 
(e), where the value of d°(~k #k(1 -#k)~k) decreases steadily with a decrease 
in w2. In other words, for a minimum value of g ( E k  #k( 1 -#k)~k) in the 
zone of operation of the network, wz will be very close to zero, which sig- 
nifies that the feature x2 is not important for classification. Similarly, a 
steady decrease in 8(Ek#k(1--pk)~k)  with respect to wl in the zone of 
operation of the network signifies the fact that the feature xl is important for 
classification. 

Fig. 4(f) shows the variation of ¢ ( ~ k  #k(1 -- #k)~k) when c121 = C122 = 3 . 0 .  

Here, the variation of g ( ~ k  #k(1 - #k)~k) is symmetric with respect to both wl 
and w2, which indicates that both the features Xl and x2 are equally important. 
The zone of operation of the network becomes more or less flat which signifies 
that the network can settle into any point in this zone. This is due to the fact 
that any one feature or a weighted combination of the two is sufficient for 
classification. 
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4. Conclusions 

In this article, we have provided a theoretical analysis for the performance 
of our earlier investigation on feature evaluation with fuzzy set theory and 
neural networks [1]. It is shown that the evaluation index has a fixed upper 
bound and a varying lower bound. The monotonic increasing behavior of the 
evaluation index with respect to the lower bound is established for different 

~ ,~ oJ o ~  

w2 w l  

(a) (b) 

7o.  ~ 
I 

~ 0.4 

0.2 ~ 

1 1 

• ¢2 wl ~ wl 

(c) (d) 
0.8 ~ 0.6 

1 0.5 O.IS 0.8 t 

w2 w l  

(e) (f) 
Fig. 4. Graphical representation of ~ ( ~ ,  #k(l - #,)ctk) with respect to W 1 and w2 for different 
values of c~2] and c122. 
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cases. A relation of the evaluation index (LB), interclass distance and weighting 
coefficients is derived. It is shown graphically that the zone of operation of the 
network increases with increase in interclass distance. Given a set of weights, if 
the zone of operation of the network is large, the network has higher proba- 
bility of getting converged into the corresponding local optimum. 
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Appendix A. Evaluation of the expression g(Ekgk(  - P~)~k). 

Using Eq. (27), e (~kpk(1  --Pk)~k) is given by, 

X 

, X i  = = 0 0  X n = - - o o  

Let, 

X I = - - O 0  

=7 
X I =  OC 

~ ' =  

Xl =--CX3 

X I =  0<2 

... ~f #k( l _ #k)~kpk ~_~a exp ( _ ~ (xi -- mki) ~-2 ) 
X n - - - - o o  

. . .  2 1 exp y ~  ) f ( p k - - , k ) C X k P k ~  ( - -~ i  (xi--mki)2"~ 
X n - - - - ~  

, 1 (xi-  mk, i) 2 ... ) . ~ ( l _ ~  ~ e x ~ ( - ;  ~ 
X n - - - - ~  

j 1 ( • .. (IX k - p~)o~kPk,~£-£~ a exp ~i (xi-  mk, i) 2 
- ~ j  ), 

x n - - - - O C  

so that 
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Let us also assume that, 

(A.1) 

- - mki)  ~ 
J~  = ~ exp 2o.2 ~-~ dxi, 

~f 1 [ (xi--m~) 2 (xi -- mk/)2w~/] dx. 
Jk/2 = ~ exp 2o.2 22 ] ,, 

X i = - - ~  

Ja'il = ~ exp 2o.2 222 ] dxi, 
Xi~--OC 

&zi2 = ~ exp 2o.2 22 ] dx, 

so that 

and 

Therefore, from Eq. (A.1) we have 

(A.2) 

For evaluating the integrals J~l, Jk/2, JkUil and Jkk'i2, we use the result of the 
following integral, 

J - - ' - -  f e x p ( -  (~x: +/~x + ~))~. 

Now, 
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where 

J= ~f exp(-ct(x2+2xfl+ fl4---~)+(~4---~-°/))dx 

= exp (4fl-~ - Y) f exp ( - ~(x + f l ) 2 )  dx 
--O¢3 

= exp ~ - ? exp  ( - ey2)dy ,  

- - 0 ( 3  

B y= x-+ 2ct" 
Therefore, 

J = 2exp (f12 - 4+7"~ f exp (-~y+) dy 40~ / 
o 

= 2 exp 4e J J 2v~ exp (-z)z-~ dz, 
o 

j = c x p ~  4++ ,r) X/~ 
x/_ d (A.3) 

We use the following transformation for evaluating Jkit, J~2, Jkk'~l and Jkz~2. 

( x,_-_~_~ ) 
Yi : ~k V/22 Wi, 

dx, = ~'~ dyi. 
wi 

Then we can write 

where 

Hence, 
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and 

. 

(Xi -- mk/)2w~/ (xi -- ink/) 2 

222 20. 2 

(xi _ mki)2w~i (xi _ mki)2 ] p2 (1  p2 

27  + s J  ] = ~ + g ~ =  +~)~'  
p2 (2  p2 = 2/, +~y~ = +~)~, 

(Xi - -  mu)2w~/ + (xi - mei) 2 = y2i -~ [(xi - -  mu) + (mki - mk'i)] 2 
20. 2 

= 1 + + (Xi mki)Ckk, i 2 
0.2 } 20.2 i /  

Clddi = 1+___ 5 ),/2+ + _ _  
0.2w i 20. 2 ' 

(xi - mu)2w~i 4 (xi - -  m k ' i ) 2  

2 2 20. 2 
[(xi - mu) + (mu - mtei)] 2 

= 2 ~ +  
20-2 

( 2 "~ P x 2 (Xi -- mU)c~i  + Ck,,._____ i 
= 2 ~//)Y; q 0.2 20.2 

= 2 +  q } c ~  
0.2W i 20. 2" 

Therefore ,  using the result o f  J (Eq. (A.3)) we have 

1 v ~ 2  1 p 
Ju, = --v/-~0. --wi ( l + ~ ) . z  "~ 1/2 ~ -- (w~/+ p2) ' /2 '  

where a = 1 + (p2/w~),  fl = O, and y = O. Similarly, the expressions for  duz, 
J~,a and Jwi2 are obta ined as follows: 

1 x/22 1 p 
Jki2 =--V/~¢7 wi ( ~ )  1/2%/~= (2W~i + 

where ~ = 2 + (p2/w~i), fl = O, and 7 = O. 

p e x p ( -  (c~ i / (20.2(  I + (p2/w~i))))) 
Jkuil = 1 2\1/2 

wi 

pexp( -(cL,,w2~/(20.2(p 2 + wE)))) 
(p~ + ~)'/~ 
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where ~ = 1 + (p2/w~), fl = v~Ac~,ffa2wi and 7 = c2k, i/262. 

J~,~ _ pexp( - ( 4 , / ( ~ ( 2  + (p~/~))))) 

_ pexp( - (c2k, iw~i/(a2(p 2 + 2w~i)))) 
(p2 + ~),n 

2 2 where a = 2 + (p2/w2), fl = v~2c~,i/a2wi, and 7 = c~,,i/2a. Therefore, from 
Eq. (A.2) we have, 

1 , ,/2 H 1 i/2] 
" ( ~ / 4 ( 1 - f l ' ) ~ ' )  : P ' ~ k P ' [ n ( p 2 + w ~ J  - i (p2-~2w2) 

+ "'ZZ°~'P*',  ,,#, I n  exp(-c2,,iw~i/(2a2(p 2 ( p 2  + w2)1/2 + w2))) 

_ r i  exp ( - (c:'iw~i/(a2(P 2+ 2w~i)))) ] 
i (p2 + 2w2)1/2 " 
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