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ABSTRACT

The paper deseribes a mathematical formulation for defining bounds for S-1ype member-
ship functions using correlation [1]. These bounds impose restricions on variation in the
values of membership functions. The significance of these bounds in the image processing/
analysis problems has been extensively studied on various images. It has been observed that
membership functions satisfying the bounds can provide desirable resufts. It is also found
that Zadeh's standard S-function [2] satisfics these bounds.

1. INTRODUCTION

Zadch [2, 3] introduced the concept ol S- and w-type membership func-
tions. He stated that more or less any [uzzy subsct of the real line can be
represcited by S- and w-type functions and their complements. It was also
noted that the representation of the functions is scmantic in nature. For
instance, let us consider the example of a fuzzy set *“tall.”” This is represented
by an § function that is a nondccreasing function of height. Now, the question
15, “‘Can any such nondecreasing function be taken to represent this fuzzy
sct?”’. Intuitively the answer is *‘no.”” An attempt is madc in this paper 1o
provide a quantitative answer to this problem using the measure *'correlation’™
[1] between membership functions.
 Corrclation (Cfl.f:) between two fuzzy membership functions f, and ./,
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has been defined by Murthy etal. {1]. The basis for the definition is the
following propertics Py, P,, and P,.

P,. If for higher values of f,, f, takes higher values and for lower values
of /i, f; also takes lower values then ¢, . > 0.

Po If fiTand /T then ¢/ > 0.

Py If fiT and fyd then ¢ <O.

(T denotes increases and L denotes decreases.)

In this paper the propertics Py, P,, and P, arce studied in depth. [t has been
stated conclusively that P, and P, should not be considered in isolation of P,.
Had this been considered, one can cile several examples where f, 1 and f,1
but ¢, , <0, and f;T and f,1 but ¢, , >0. It has been found from thosc
cxamples that variation in membership function values is related to correlation.
It has also becen noted that some restrictions need to be imposed on the
membership function for representing a fuzzy set hike ‘*tall.” Subscquently,
bound functions are derived.

The definition of correlation is given in Section 2. Secction 3 deals with
some features of correlation in the context of P,. Variation in membership
function values along with the interpretation of restrictions is discussed
in Scction 4. Section 5 constitutes the derivation of bound functions. Signifi-

4i. - cance of the proposed bound functions in (he image scgmentation problem is
"¢ extensively discussed in Scction 6.

-2, CORRELATION BETWEEN MCEMBERSHIP FUNCTIONS
-,y
. Correlation [CI..I;] between membership  lunctions [ f,, f,] has been
" 'defined by Murthy ct al. [l]. The definitions of domain and correlation are
given here for membership functions f, and f, defined on R.

Derinirion 1. Let S be a closed interval in R, Let the membership
functions f, and f, be such that

(@ f;: S—10,1} is continuous and onto for 7= 1,2 and
(by vxeS', f(x)=0or [ or undchned for j=1,2,

It is clear from these assumptions on f,, f,, and § that the domain is not
unique. To get a unique domain, let

B=(S: S satisfics propertics (a) and (b)) and

Q= NS
Sep

Such an 2, as defined here, 1s unique.
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)(,:[(2f1—1)2 and Xzzf(zfz—l)l.

Rt Mt

Then

4 )
Cf..ff‘“m/n(fn—fz)"- n

In the next scction, various types ol membership functions are considered
and corrclations arc calculated in the context of Py,

3. SALIENT FEATURES OF CORRELATION [N THE CONTEXT
OF P,

Some cxamples along with a few results are stated in this scction. The
cxamples bring out the salient features of corrclation in relation to P,

Provosirion 3.1, Let fand g be two membership functions defined on
Q. Then C, 206 [((f+g-1)2 (/-8

Proof.

I

24

where
Xi=/(2f—1)"’ and X, = [ (2g -1)°.
Y Y]

After a few calculations, it can be shown that

xl+x2=2[[

(f+g~l)2+/ (f—g)z].
So

2
falf+2 =17+ [o(/ - g)"

' ﬁ‘/”(f+g~1:)22[(f—g)2- =

Y

Cf.x;oql—_

- ProvosiTion 3.2. C,  20@ [2f-D2g -1 =0.
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Proof. Tt is trivial from Proposition 3.1.

Note 3.1. From Proposition 3.1 it is clcar that the difference between f
and 1 — g (complement of g) should be greater than the differcnce between
Sand g to make C, , > 0. This result is consistent with P, In Example 3.1, 1t
is demonsirated that consideration of the property P, alone witl not satisfy
Proposition 3.1.

Examert: 3.1 Let fi(x) = A and g () = aYF for xel0,1) and k2 1.
Obscrve that both f, and g, arc increasing functions. As k = oo, f . (x)— f(x)
and g.(x)— g(x) where

S(x)=0 for xel0,1),

=1 al x=1
and
g(x)=0 atx=0,
=1 for xe(0,1],
S(x)=1-g(x) vxe@,1). So C, ,=-1. But, according to P,,
CIA‘R*BO for k= 1. Now,

Crnz0e / (27, -1)(2g,-1)20 [ Proposition 3.2]
0

|
- / (2xF 1) (2278 — ) dx 0.
Y0

After calculations it is found that C, , >0 &% =3k +1<0. But &~
3k+120for k23+V5)/2. So fOrdll A>3 Cr <0

The plot of fy(x) and g,(x) is shown in FlgUl’C . Observe that the
property P, is not satisfied by f5 and g, (Figure 1). For lower values of fj,
g takes higher values. The correlation between fy and g4 is around —0.248.
As the value of & inercases the correlation tends to (= 1). The basic reason for
ncpative correlation is that P, is not satisflicd although f, and g, arc
increasing functions in x for cvery k. In olher words, some conditions need to
be imposed on membership funclions to make them satisfy the property Ps.

Note 3.2, Observe that as & — oo, the variation in the values ol f,(x) and
g,(x) (Example 3.1) becomes negligible. In Figure 2, the functions x°
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Fig. 1. Membership functions fy and gy of Example 3.1,
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Fig. 2. Mcmbership functions x® and x'/¢.
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1/6 O

and x'/7 are plotted. In the interval [0,0.6], x” mcrecases from 0 to 0.1, but 1
increases from 0.1 to 1 in the interval |0.6, 1]. Similarly x'/® increases from 0
to 0.68 in the interval [0, 0.1} and the variation in the rest is only 0.32. That is,
most of the variation is concentrated i a small interval of [0, 1] for both the
functions. This point will-be further claborated in Section 4.

Another example of two such functions where one of them is increcasing and
the other decreasing but the correlation is positive is given next. Here also it is
secn that a few constraints on membership functions are necessary to make the
correlation negative,

ExamprLe 3.2. Let f(x)=(1— x)* and g, (x)= x* for x€l0,1] and
k2 1. g,.(x)increases with x, whereas f, (x)} decreases with x. So according
to Py, €, should be negative for all k. But f(x}— f(x) as kK = oo where

S(x)=1 atx=0
=0 for XE(O, l]
and g.(x)— g(x) as k— oo where
g(x)=0 for xg[0,1)

at x=1.

So C, =1

i
Now C_G'MBOw/ Rfi-D(2g -1 =0, [Proposition 3.2]

70
After some calculations 1t can be scen that

4 ATk
A+T7 T(2k +2)

CfA-KABOQI_

{I‘(m) =/ e Yx" Vdx; m >0
7o

4 4k1k! . . .
=20 for k& being an integer.

Tt a7
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Obscrve that kK1k!/(Zk + 1)1~ 0as k—o. So Cf , —1as k—oo. Note that
Crogn 18 positive for k = 3. But according to Py, C; , should be less than
zero for every £ 2 0.

The plot of fy(x) and gs(x) is shown in Figure 3. It is found that
Cf_‘_‘gJ = 0.05, which is positive though small. It was just shown that Ch_m—' ]
as -k —oo. This behavior is because f, and g, become close to cach other as
k — oo, That is, for lower values of f,, g, also takes lower values as k — oo,

Note 3.3. Observe that Note 3.2 s valid in Example 3.2 also. Most of the
variation in f, and g, of Examplc 3.2 is again sccn (o be concentrated (as in
Example 3.1) in a small part of the interval [0, 1]. Therefore, some constraints
nced to be imposed on membership functions 50 as to avoid this phenomenon.

In the ncxt section the implications of the restrictions arc discussed.

4. VARIATION IN MEMBERSHIP FUNCTION AND
INTERPRETATION OF RESTRICTION

Before discussing the variation in membership function values a note is
given aboul the definition of domain (1.

Note 4.1. Q has been defined as the intersection of some intervals in
R |Dcfinition 1]. Obscrve that different Q's can be obtained for the same

—_

i Q.0 TIPS Sl | ¥ SN NS UV EOSUioor.t oS S

0 0l 0.3 05 - 0.1 10
Fig. 3. Mecmbership functions fy and g, of Example 3.2.
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fuzzy sct. For instance, there are various domains like {120 cm, 210 cm,
(90 cim, 240 cm], cte. for ““tall.”” To standardize it, interscction ol some inter-
vals is taken to be the domain. In this scction, variation in membership
function values is discussed with respect to this domain.

To discuss variation in membership functions values, let us consider, for
example, the fuzzy sct ““tall”* with the interval [120 cm, 210 cmj as domatn.
Five types of membership functional forms arc shown in Figurc 4 for this
domain. The function forms 1I-V, shown in Figurc 4, do not scem to be
appealing because they do not reflect the intuition behind ““tallness.”” The
functional form 1, on the other hand, 1s acceptable.

Most of the variation in the values of functions II-V is scen to be
concentrated in a small subset of [ 120, 210]. The functions 1I-V result in an
abrupt change from nonmembership to membership and thus make the fuzzy
sct crisp. The form IV can also be viewed as a highly contrast-intensified
version attemipting to make the function I crisp. Function V is meaningless in
the sense that it attempts to give, more or less, the same value to most of the
points in (0, 1).

It is to be noted that the same conclusion can be drawn for any other @ of
“tall.”

Sinilar is the case with other fuzzy sets like **old,”” *“brightness,” “‘large,”
ctc., which are characterized by S functions. In all these examples, most of the

1.07
. I
0.57 v —
1 1A% T
.0 )
120Cm 210Cm

Fig. 4. Various types of membership functions for *“wil.”
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variation in the membership functions is concentrated in a large subinterval of
the respective domains.

In Section 3, some relation between properties of correlation and variation
in the values of membership functions was discovered. It was concluded that
some restrictions need (o be imposed on the membership functions for restrict-
ing the variation in their values so that property P, (or property Py) can be
satisfied.

The implication of restricting the variation in membership functions is to
csscntially make the function similar to those of the previously mentioned
fuzzy scts ‘“‘tall,”” *‘old,” ctc. Since the corrclation measurc scems o be
relalcd to the variation in the functional values, it may therefore be used as a
guiding fool for imposing resirictions.

Note that the restrictions will be dependent on the domain, Note also that
somc S and (1-S§) functional forms as shown in Figurcs 5-12 would
~automatically be sidetracked in this process. ‘

An intuilive way of imposing restrictions on the variation in a membership
function A is to define two functions f and g as shown in Figure 13 so that A
satisfies the property f < h< g. f and g may be termed as bound functions,
or simply bounds, for h. Observe that these restrictions hold for any
nondecreasing function and in particular for S functions. The process of
deriving these restrictions 1s stated in the next section.

5. BOUNDS FOR S-TYPE MEMBERSHIP FUNCTIONS

In this section, bounds for S-type functions arc obtained using correlation.
A few theorems are proved in this contexl.

Prorositton 5.1, Let & =1[0,1] and 0<¢<0.5. Let

J(x)=0; 0<x<e
=x—€,egxgl
T
b
L T ’

0 1
Fig. 5. Membership function (o be sidetracked when restrictions are imposed,
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0

1

Fig. 6. Membership function to be sidetracked when restrictions are umposed,

0

1

Fig. 7. Membership function to be sidetracked when restrictions are imposed.

0

1

Fig. 8. Membership function to be sidetracked when restrictions are imposed.

0

1

Fig. Y. Membership function to be stdetracked when restrictions are imposed.
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Fig. 10.  Mecmbership function 1o be sidetracked when restrictions are imposed.

and
glx)=x+e.  Ogx<l~e¢
=1, 1-egxgl.
Then Cy,, 8,20 for e<0.27.

Proof.

Croot,200 = [ (2f,~1)(2g,~1)30

Q

Q/t[—(2X+26—l)]d.l'+/]—((2x—'2f'—l)(2x+2€—l)dx

¢

|
+/ (2x-2e~1)dx>0.

Yol -

0 t
1

Fig. 11, Membership function to be sidetracked when restrictions are unposed.
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Q —
1

Fig. 12.  Membership function ta be sidetracked when restrictions arc imposed.

After calculations, it can be scen that
I 20« 166 = 18>+ 1 20.

It can also be seen that
J,<0 ifex0.271
and

[>0 ife<0.27

Hence the proposition. |

Tueorem 1. Let [, and g, be as defined in Proposition 5.1. Let f, be a
membership function defined on [0.1] such that f (x)< f(x)< g {x) for
xel0,1]. Then Ce.s 2 0 if e<0.25.

glx)

L/

a b
Fig. 13. Possible bound functions.

f(x)
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Proof. It suffices 1o show that

|
Jt=/0(2gt—l)(2fl~.—l)dx20 for e £ 0.25

Now

0.5+ ¢ IR
d= [ @ ac [T g - 10s 1) s

0.5~ ¢

‘ﬂrj' F2g, =102/, - 1) ds

.54+ ¢

S5+ ¢

0.5-¢ .
> [ e mn@s-aer [ e - 1@s, -1 dx
0

YOS5~

+/l (2g =1)(2/ - 1) dx

S+ e

. 0.5— ¢ 2 0.5+ ¢
>1= [ sy [ e - 0)s, - 1) dx
0

LS -

+/0.]5+((2g,-—1)(2f(-1)dx.

.

Let € < 0.25. After the evaluation of the previously given integrals, it can
be seen that

[ 20« —det -3¢ =3+ 120.

Observe that 1 =3¢ —3¢2 —4¢*=0at ¢=0.25and 20 for € <0.25
Hence the thecorem. n

Similarly the following thcorem can be shown.

Tureorem 2. Let f,, f., and g,  be as defined in Theoremn t. Then
Cr 720 for e<0.25,
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Proof.

05—«

[asn-nes-n- [ en-nes-ne

LS F e
L RN VRN YRS

YOS e

1
+ [ @n-nes -
Y5
1= [ g - 0@~ D
- 40

0.5+«
e [ Rge-n@s -

+./’ f - 1)

(.54«

Let € £0.25. Then

0.5+ ¢

[>1 = - / (2x+2c-—l)dx+/ (2¢, - 1)(2f, — 1) dx

Y] t

N [[ (2, — 1)} dx.

YOS+«

After evaluating the integrals in 7, it can be scen that

[,20e —de’ =37 =3¢+ 120.

Observe that —4e' =3¢ =3¢+ 1=0 for ¢ =025 and —4¢' =3¢> =3¢+
i =20 for e <0.25.
Hence the theoren. ||

Note 5.1. Observe that —4¢* = 3¢” — 3¢ + | has appearcd in Theorem | as
well as in Theorem 2. It reflects the symumetric nature of f, and g, in
comparison to f,. Observe also that only when € <0.25, the proofs of
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Theorems 1 and 2 are valid. Similar steps can be obscerved in the following
thcorem.

Turorem 3. Let 0<e<0.5. Let f(x) and g(x) be as defined in
Proposition 5.1. Let f, and f, be two membership functions such that
-f("'<*~fl1f2€g(' Th(’n

Cy ;20 for ¢<0.221.

Prooﬁ.

l
Cr.nz20ei= /0 2f,-1)(2f,-1)dx>0.

Let ¢ £0.25. Then

.5+ ¢

1:/0”'5“'(”!—1)(2@—1)dx+/ (2f,~1)(2fs — 1) dx

0.5-¢

v [ en-nen-yar

S+ ¢

0.5-¢ 2 0.5+«
;1l=/ (g, -1) dx+/ (2g, - 1)(2f, -1} dx
0 J0.5 - «

+/0l 2/, - 1) dx.

S+ e

After the calculation of integrals in 7, it can be scen that
L20e]-6c+12¢" 24> 20.

Obscrve that 1 —6¢+ 12¢2 —24¢* >0 for ¢ <0.221 and <0 for ¢ > 0.222.
Hence the theorem. [ |

SHINTERPRETATION:

(1) In Proposition 5.1, two functions f, and g, arc defined. Obscrve that
thecy do not fall into the category of functions shown in Figures 5-12.
Variations in f, and g  over the domain {0, 1] are uniform cxcepting towards
the endpoints of |0, 1]. f, and g, arc nondecreasing functions.
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(i) According to P,, correlations between two functions f, and f, should
be greater than zero if for higher values of f,, f, also takes higher values and
for lower values of f,, f, also takes takes lower values. Proposition 5.1
~ reflects the maximum possible difference between f, and g, so as to make
Cr >0

(ii1) The imponance of Proposition 5.1 is reflected in Theorems 1, 2, and
3. The functions f, and f, considered in those theorems also do not fall into
the catcgory of functions shown in Figures 5-12. The maximum amount of
variation in f, and f, is prescribed by bound functions f, and g,.

(iv) Observe that if an S type membership function is such that it is not of
the form shown in Figures 5-12 and its variation throughout the domain 1s
significant, then it must lic between the bound functions f, and g, . The upper
bound for ¢ is given by Theorems 1, 2, and 3.

" (v) Observe also that any membership function satisfying the bounds nced
not possess the shape **S."

Remarks:

(I) Notc that the domain of f, and f, has been considered to be [0, 1] for
the derivation of bounds f, and g, For any arbitrary domain [a, ], the

corresponding f, and g, will accordingly be changed.

(2) Similar bounds can be defined for w-type membership functions since
they arc combinations of S and (1 — §) functions.

{3) If only onc nondcercasing function is to be considered, then e can be

taken to be 0.25 [From Theorems | and 2.

In the next section, the utility of the bounds in image segmentation problems
is dealt with.

6. APPLICATION OF BOUNDS TO IMAGE PROCESSING

The ficld of image processing and vision is considered here, as an cxample,
for describing the significance of bounds in the sclection of membership
functions. )

In the previous section, bounds (f, g) for membership functions have been
defined. It has also been stated that the bounds vary proportionately according
to the length of the interval. In the context of image processing, if we are
dealing with, say, a gray-level image of 32 levels, the domain would be
[0,31]. ¥f we now select an S-type function f, that characterizes a fuzzy
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subset “*bright image,”” then its corresponding bound functions f and g arc as
follows.

S(x)=0: 0<x<31/4
e 31
—3'-]-—0.25. ' T€X€31

g(x)=(x/31)+0.25:  0< x<31(3/4)
=1 31(3/8) < x <31

These bounds are shown in Figure 14,

ExampLE 6.1. Let us consider Zadeh's standard S-function [2], which is

widely; used in image processing and computer vision problems [4]. It
is defined here for the interval [a, c].

where

b=(a+c)/2.
1o
o
gi{x) fx)
0.5f
0.25
I T TR T T
[ 2 3

Fig. 14. Bound functions for the fuzzy set **bright image'’ for 32 gray levels.
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By making a translation, the preceding function can be writlen as

’fz(x)zz(x/Zy)z: 0 xgy

=1-2[(2y- Jl')/2)’]2: yYEX<2y
where
y=0—-a.

The corresponding bound functions f(x) and g(x) arc given next.

f(x)=0: 0L v<y/2
=(x/2y)—-025: /222y
g(x)=(x/2y)+0.25: 0<x<3y/2

=1: 3y/2<x<K2).

It can be easily shown that f(x) < f,(x) < g(x) Vxe[0,2 y]. Thus Zadch’s
standard S function satisfies the proposed bounds.

6.1. INTERPRETATION OF BOUNDS FOR GRAY LEVEL THRESIIOLDING

Histogram thresholding using fuzzy mcasures has been well documented in
literature [5, 6, 7]. Here we illustrate the procedure in brief and show the
significance of the bound functions in this context.

Algorirhun. Let X be an image of L +1 levels, M rows and N columns.
Let w be a membership function on |0, ¢] such that

(1) u 1s monotonic, conlinuous,
() w(0)=0, w(c)=1 ard
(1”) .u( X()) = %

where ¢ is the length of the window, ¢ < L and x is the cross-over point.
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Let py .0 10, £]1—(0, 1] such that

(1) gy (a)y=0: asq
(i) p,(a)y=1: azqg+c¢ and
(i) p(a)=pla—q): gLasq+tc

where g < L —c.

So p (g + xo) =3 Vge[0, L~ c|.

Now, (or a particular ¢ and for a partcular form of u, u,, is moved from
g =010 g =L - c and various ambiguity mcasurcs, like index of fuzziness
[8] and cntropy [9], are caleulated for cach g. The values of the ambiguity
mcasure (v,(q)) arc plotted against g (Figurc 15). Let g, bc a valley point.
Then g, + X, is taken to be a threshold for classification of gray levels (i.e.,
for histogram thresholding or for image scgmentation).

In the preceding algorithm, two decisions are to be made by the user. These
arc (1} selection of ¢ and (11) sclection of the form of membership function .
The problem of selection of ¢ has been discussed in literature {5, 7]. In [5], the
optimum values for ¢ were determined experimentally. It was reported that if
c is greater than the distance between the modes, the corresponding valley
point may be lost. The mathematical justification of this finding has been
reported recently 7],

In this scction, the importance of bound functions 1s demonstrated
in sclecting the appropriate membership function u. For this purposc two
images arc considered. These arc (a) biplane (Figure 16) and (b) Lincoln

1@

— e

!
1
i
1
1
)
I

do q

Fig. 15, Plot of ambiguily mecasure values versus starting peints of the window. (Algorithm
of Section 6.1.)
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()

o

M

W‘“‘\ |

()]
Fig. 16. *'Biplance' image and its histogram.

(Figure 17). Two types of membership functions representing the forms I
and III of Figure 4 are considered. These are

(a) hy(x)=(x/c)": 0<x<e (1)
and

(b) Ay(x)=1-(1—(x/c))*: 0<x<e (2)
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where & 2 1. Two types of measures ol ambiguity are considered. These are
(a) lincar index of fuzzincss and (b) enwopy.™ The sclection of ¢ for the
preceding images has been guided by the findings in [7]. For the Lincoln
image, it appears that there are three main valleys scparating four regions.
Accordingly, the value of ¢ is taken to be less than or cqual to 6 to detect three
valleys. In the case of the biplanc image, the histogram scems to have a strong
valley in the range 10 to IS and a weak valley around 23. So, to detect the
strong valley, the value of ¢ comes to be less than or cqual to 14 whereas it
1s =5 for the detection of the weaker one also. The results are provided for
the valucs of ¢ lying in [6, 12]. '

Regarding the choice of membership function, obscrve that for larger values
of k, most of the variation in A, and A, is not concentrated in the middle
portion of the interval [0, c]. It has been proved in the appendix that both 4,
and A, satisfy the bounds for ke[l,2] and do not lic within the bounds for
k = 3.

Tables 1-7 show the thresholds detected for the Lincoln and Biplanc images
using the previously mentioned values of ¢. It 1s scen from the tables that the
desired thresholds have always been found to be detected when A, and &, lic
between the bound functions. Otherwisc, it is very likely that some spurious
(undesirable) valleys will also be detected.

Let us now consider the functional form IV of Figure 4. A generalized
cxpression for this functional form is given next.

ne(x)=[2%72)(x/c)" 0 x<c/?
=1—[2"'/2]((c—x)/c]k: c/2<x<c (3)
-where kK 2 1.

*Lel X be a gray tone image with M rows, N columns, and L+ fevels. Let u be a
membership function on grey levels. Let x,,, represent the grey level at (s, mith pixel,
m=1,...M: n=1,... N. Then lincar index of fuzziness

V(x) = % Z Z ]\/ﬁn[‘u‘(’xn'm)'(l - “(X"'”))] and cntropy

H{x)= M—]\;lﬁ ; i’; [_ ”(an)mg[(“(xmn)] - ([ - P‘()"mn))

xlog (1 - u(xmn))]-
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Fig. 17, *'Lincoln’ image and its histogram.

Table 8 shows the threshold values detected for the Lincoln image using
Equation (3). It is scen that the number of thresholds exceeded three (the
desirable number) when /£, is not within the bounds.

Zadch's § function has been found (Example 6.1) to satisly the bound
functions. Obscrve that Equation (3) reduces to Zadeh’s function when & =2
and it is able to deteet the desirable thresholds. There arc sceveral other
cxperiments [4, 5, 6] where this function was found to be successiul.
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TABLE |
Thresholds for Lincoln Image Using Equation (1) and Entropy
Window Values lor &
size
c | 2 3 4 5 6
4 10,18,25 7,11,19 7,11,19 7,11,14, 79,11, 8,10,i2,15,
26 19,26 14,18,20 19,27
5 10,17,25  11,i19,26 7,11,19, 7,11,19, 711,19, 7.11,14,
26 26 26 19,26
6 10,18,25  10,i8,25  11,19,26 11,19,26 T.11,19, 7.11,19,
26 26
TABLE 2
Thresholds for Lincoln Image Using Equation (2) and Entropy
Window Values for &
size
c 1 2 3 4 5 6
4 10,18,25 9,17,24 6,10,14, 6,9,11 69,11, 5,8,10,
18,24 14,18,25 14,18,25 13,14,24
5 10,17,25 9,17,24 9,17,24 6.9,14, 6.9.11, 69,11,
17,24 14,18,25 14,18,25
6 10,18,25 10,17,25 9,17,24 9,17,24 6,9,14, 69,11,
17,24 14,18,24
TABLL 3
Thresholds for Lincoln Image Using Equation (1) and Index of Fuzziness
Window Values for k&
size
c 1 2 3 4 5 6
4 11,18,25 7,11,19 7.9.11, 79,11, 79,11, 8,10,12,
26 14,1820 14,18,26 14,1826 15.19,26
5 10,17,25 11,1926 700,10 7.11,14, 7.9.11, 7.9.11,
26 19,26 14,1820 14,18,26
6 10,18,25 10,18,25 7,11.19, 711,19, 7.010.14, 7.9.11,
26 26 19.26 14,18,26
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TABLLE 4
Thresholds for Lincoln lmage Using Equation (2) and Index of Fuzziness
Window Values for &
siZc
c ] 2 3 4 5 6
4 11,18,25 6,10,14, 6,911, 69,11, 6.9,11, 5,8,10,
71,24 14,18,25 14,18,25 i14,18,25 13,17,24
5 10,17.,25 9.17,24 9.9.11, 69,11, 6,9,11, 6,911,
14,1724 14,18,25 14,18,25 14,18,25
6 10,18,25 10,1825 89,1724 6,911, 6,911, 6,9.11,

14,17,24 14,18,25 14,1825

TABLE 5
Thresholds for Biplanc Image Using Equation (1) and Index of Fuzziness

Wirlldow Valucs for &
sizc
c | 2 3 4 5 ©
o 13,22 14,23 13,1524 12,15,24 12,15,24 12,15,18,
20,24
7 13 14,23 15,24 i13,15,24 13,15,24 12,1524
8 13 14,23 14,23 15,24 13,15,24 13,15,24
9 12 14 14,23 15,24 13,1524 13,15,24
10 13 14 15,23 14,23 15,24 13,15,24
11 t3 14 15 14,23 15,24 15,24
12 13 4 15 15,23 14,23 15,24
TADLLE G
Thresholds for Biplane Image Usiny l'yuation (1) and Entropy
Wipdow Values for &
size
c l 2 3 4 5 6
6 13 14,23 15,24 13,15,24 13,15,24 12,15,24
7 13 14 15,24 15,24 13,15,24 13,15,24
8 13 15 14,23 15,24 15,24 13,15,24
9 13 14 14 15,24 15,24 15,24
10 13 14 i5 14,23 15,24 15,24
11 13 15 15 15 15,24 15,24

{2 13 14 15 15 15,23 15,24
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TABLLE 7
Thresholds for Biplane Image Using Equation (2) and Entropy

Vaulues for &k

Size

¢ } 2 3 4 5 6
6 13 12 12,22 12,22 12,22 12,22
7 13 2 L 12,22 12,22 12,22
8 13 12 12 11 12.22 12,22
9 12 13 §2 11 11,22 12,22
10 i3 12 12 12 il 11,22
I 13 12 12 12 L I

12 14 12 11 12 12 11

In the preceding discussion, we have cousidered several membership func-
tions for representing the functional forms I-1V of Figure 4 and have shown
the utility of bounds. The form V of Figure 4, as mentioned earlicr, is
meaningless because it lcads to de-enhancement (i.c., making the image
blurred) instecad of enhancement {10}

i
7. DISCUSSION AND CONCLUSIONS

The purposc of this paper is to provide bounds for certain types of S
functions and show the utility of these bounds in the context of image
processing. A relationship is discovered between correlation and variation in
membership function values which leads to the definition of bound functions. It
15 shown that the widely used Zadch’s function satisfies the proposed bounds.

Note that the domain Q (as in Definition 1) plays as crucial role in the
definition of bounds. For different such Q's, different bound functions can be
obtained.

The significance of the bounds is suceessfully demonstrated on bimodal and
mulumodal images. Figure [4 shows the bound functions. The crossover point
of any membership function satisfying the bounds belongs to the middie half of
the domain. In the image scgmentation algorithm, the crossover point of a
membership function has been considered to be the threshold for segmenting
(classifying) two rcgions. From Tables 1-8, the thresholds for object back-
ground classification arc found to be 10 and 11 for the Lincoln image and 12,
13, and 14 for the biplanc image. These values lie in the middle half (i.c.,
in [31/4, 31%3/4]) of [0, 31]. This further implics that, the membership func-
tion that best represents the fuzziness in gray levels of an image usually has
values = 0.5 over the ambiguous gray levels (around 16).



TABLE 8
Thresholds for Lincoln Image Using Equation (3) and Entropy
Window Values for &
size
c 1.0 1.5 2.0 2.5 30 3.5 4.0 4.5 5.0
4 10,18,25 10,18,25 10,18,25 11,18,25 11,18,25 7,11,18, 7,11,14, 7.11.14, 79,11,
25 18,25 18.25 14,18,25
5 10,18,25 10,18,25 10,18,25 10,18,25 11,18,25 11,18,25 11,18,25  7,1},18, 7,11,14,
25 18,25

891

Tvd "M 'S ANV AHLINW 'V 'O



BOUNDS FOR MEMBERSHIP FUNCTIONS 169

Although the significance of the bounds is studied in the case of image
analysis, they may also be applicable to any field where fuzzy sets arc used.
Similar bounds for the 1~ S, 7, and | — 7 functions can bc derived because
the § function is a primary function that gives risc to the said functions.

APPENDIX

ProprosiTion Al. Lef ¢> 0. Let the lower bound f: [0,c]—1{0,1] be
such that

f(x}=0: x<cfd
=(x/4)—1/dx>c/4

Let the upper bound g: |0, c]— |0, L| be such that

g(x)=(x/c)+1/4: x€3c/4

=1: x=23¢c/4.
Let h,,: [0,c]=[0, 1] be such that h, (x)=(x/c) for k2 1. Let hy,:
|0, c| 10, 1] be such that hy,(x) =1 ~(1 = (x/c)* fork 2 1. Then f(x) <

B (x) < g(x) is not satisfied for k 23 and f(x)< hy((x)< g(x) is not
satisfied for k 2 3.

Proof.

(x/c)* = (x/c)-1/4
ey zy-1/4, (y=x/c & 1/4<y<l)
a4y —4y+1>0.
Let y=1/3. Then
4yY 4y 4+1=4/3-1/320
a4-31>0

@3-ty

For k>3,3% >4,
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So f(x)< By (x) for x=c¢/3 and & 2 3. Similarly it can be shown that
By (x)>g(x) for x=2¢/3 and k323,

Henee the proposition.

Proposition A2, Let f, g, hy, and h, be us defined in Proposition Al.
Then

S(x)<h(x)<g(x) and

S(x)< hy(x) < g(x) for xe[0.c] and  ke[1,2]

h(x)20 vxel0,c]. So
ho(x)2 f(x) vx[0,c/4]. Now
hy(x)=f(x) for xe[c/4,c]
o(x/) 2 (x/c)-1/4,
eyizy—1/4,(y=x/c and 1/4<y<l)
o4y —4y+120.
Observe that 4y* 24 y? for ye[l/4,1] and keli,2]. So 4y¥—dy +
124" —4y+1=Q2y—1220. Hence f(x)< h,,(x) Vxel0,cl.
Now, 1o show that g(x) 2= h,,(x), we shall show that
g(x)=x/czhy(x) forke[1,2] and x€[0,c].
ha(x)=(x/c) < x/c for xe[0,c] and k=1.
Now
(x/e)+1/4z2x/c,  xe[0,3c/4]
and

12 x/c for xe[3c/4,c].

So g(x)=2 x/c vxe[0,c] and A (x) < g(x) vx[0,c].
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Hence f(x) € A (x) € g(x) vxelU, ¢]. Similarly, it can be shown that
J(x) < hy(x)<g(x) vxel0,c]
Henee the proposition.

The authors wish to acknowledge the discussions they had with Professor D. Dutta

Muajumder in the course of their work. They also gratefully acknowledge Mr, S.
Chakraborty for drawing the figures.
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