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Al3STRACT 

Thc paper describes a llIalhcmatic;J! lormul;Jlioll for defining bounds for S-lY~ member­
ship funclions using correlal ion II J. These bou nds impose restriclions on variation in the 
values of membership functions. The significance of Ihese bounds in Ihe image processing I 
analysis problems has bcen extensively siudied 011 v;Jrious images. h has l~cn observed IhJt 
membership functions salisfying the bounds can providc desirable results. lL is also found 
thai Zadeh's stand;Jrd S-funclion [2J satisfies thesc bounds. 

1. INTRODUCTION 

Zadeh [2, 3] introduced the concept or S- and 7r-type membership func­
tions. He stated that more or less any ruzzy subset of the real line can be 
represehted by S- and 7r-type functions and their complements. It was also 
noted that the representation of the functions is semantic in nature. For 
instance, let us consider the example of a fuzzy set' 'tall. " This is represented 
by an S function that is a nondecreasing function of height. Now, the question 
is, "Can any such nondecreasing function be taken to represent this fuzzy 
set?". Intuitively the answer is .. no." An attempt is made in this paper to 
provide a quantitative answer to this problem using the measure "correlation" 
[I] between membership functions. 

Correlation (c11'/) between two funy membership functions II and ,.r~ 
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has been defined by Murthy et al. [II. TilL: basis for the defInition is the 
following properties PI' Pl , and p). 

PI: If for higher values of 11, 12 takes higher values and for lower values 
of 11, 12 also lakes lower values then Ch 1 > O. 

2 

P::>.: If 1 1 i and 1::>. i then CI1 . h > O. 
p): If / 1i and 12 ! then C/I.!l < O. 

(i denotes illC reases and ! denotes decreases.) 
In this paper the properties P,j' Pl' and I>., are stut.!ied in depth. (t has been 

stated conclusively that P2 and p.~ should not be considered in isolation of PI' 
Had this been considered. one can cite several examples where / 1i and 12 i 
but c/,,!J < 0, and 11 i ant.! 1 2 ! but cfI.!J> 0. It has been found from those 
examples that variation in membership function values is related to correlation. 
It has also been noted that some restrictions need to be imposed on the 
membership function for representing a fuzzy set like" tall." Subsequently, 
bound functions are derived. 

The definition of correlation is given in Section 2. Section 3 deals with 
some features of correlation in the COntexl of Pl' Variation in membership 

. function values along with the interpretation of restrictions is discussed 
in Section 4. Section 5 constitutes the derivation or bound functions. Signifi­

::k' cance of the proposed bound functions in thc image segmentation problem is 
'''\:, extensively discussed in Scction 6. 

,", 

~ 2. CORRELATION BETWEEN MEMBERSHIP FUNCTIONS 

~~. 
: Correlation [C/I .!) between membership runctions 11,,1::>.] has been 

--!defllled by Murthy el aJ. [I]. The definitions of domain and correlation are 
given here for membership functions 11 and 11 deflllet.! on R. 

DEFtNITION I. Let 5 be a closed interval in R, Let the membership 
functions 11 and 1'2 be such that 

(a) 1,.: 5 -> [0, 11 is continuous ant.! onto for i = 1,2 and 
(b) V XE 5", 1,( x) = 0 or I or undefined for i ~ 1.2. 

It is clear froIll these assumptions on 11' 1 2 , and 5 that the domain is not 
unique. To get a unique domain, let 

{3 = (5: 5 satisfies propcnies (a) and (b)) and 

n= n5 . 
.'iE 13 

Such an n, as defined here, IS uIlIque. 
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Let 

Theil 

• 
in the next section, various types of membership functions are considered 

and correlations are calculateo in the context or PI' 

3. SALIENT FEATURES OF CORRELATION IN THE CONTEXT 
OF PI 

Some examples along with a few rcsulls are stateo in this section. The 
examples bring out the salient features of correlation in relation to PI' 

PI{OI'OSITION 3.1. Lei f and $. be Iwo membership funclions defined 011 

0. Theil C/.~ ~ 0 ~ fll(f + g _.1)2 ~ 1\I(f - g)2. 

Proof. 

4! 2C/. g ::: 1- X +~;- (f - g) 
I 1 . II 

where 

XI = ! (2f - I) 2 and 
'0 

After a few calculations, it can be shown that 

So 

Cf K~ 0 ~ 1- ; ., ! (f - g)2 ~ 0 
. 10 (f + g .- 1) + III (f - gr· n 

~ ! (f + g - j') 2 ~ ! (f _ g) 2. • 

. U . II 

PHOI'OSITION 3.2. Cf.~ ~ 0 ~ 1\1(2f - 1)(2g -1) ~ O. 
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Proof. It is trivial from Proposition 3.1. 

Note 3.1. From Proposition 3.1 it is dear that the difference between I 
and 1- g (complement of g) should be greater than thc difference between 
f and g to make Cr. J.: > O. This result is consistent with PI' In Example 3.1, it 
is demonstrated that consiJcr;ttion or the pro[1l:ny P2 ;J!onl: will not satisfy 
Proposition 3.1. 

EXAM!'LL 3. I. LeI f~(x) =-: x~ and R~(X) = Xl/" for xElO,ll ;Jnd k ~ I. 
Observe that both f" ;Jnd g ~ arc increasing functions. As k ---. 00, f k ( x) ---. f( x) 

and g ,,( x) ---. g (x) where 

f (x) = 0 for x E [ 0, I) , 

= I at x = 1 

and 

g(x)::;O atx=O, 

::;: I for x E (0, I] , 

i.e., I(x) = 1- g(x) \1'XE(O, I). So Cf.~::;: -I. But, according to P2 , 

Ch.K.~O for k~l. Now, 

Cfh::A~ 0 ¢:) J(2fk - 1)(2g k - I) ~ 0 [Proposition 3.2] 
II 

¢:) f I (2 x k - I) (2 x I / ~ - I) dx ~ 0. 
. 0 

After calculations it is found that Cf ~ 0 ¢:) k 2 - 3k + I ~ O. But k 2 ­u 
•. "A 

3k + I ~ 0 for k ~ (3+ -15)/2. So for all k ~ 3, Cfk.l:k < O. 
The plot of I~( x) and g ~(x) is shown in Figure I. Observe that the 

property PI is not satisr-led by l"!o and gl (Figure I). For lower values of l"!o, 
g ~ takes higher values. The correlation between f.l and g"!o is around - 0.248. 
As the value of k increases the correlation tends to (- I). The basic reason for 
negative correlation is that PI is not satlsr-led although IA: and g A: are 
increasing functions in X for every k. In other words, some conditions need to 
be imposed on membership func(ion~ to make them satisfy the property P2 • 

Note? 3.2. Observe th;Jt ;JS k -. 00, the variation in the values of I k ( x) and 
g ~ (x) (Example 3. I) becomes negligihle. In l'igurc 2, the functions XII 
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Fig. 1. Mcmbcrship functions hand g J of Examplc ). I . 
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Fig. 2. Membership functions ,1.'6 and ,1.'1 /6. 
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and X 
I
/ 
6 are plottcd. In thc intcrval[O.O.6]. xc) increases from 0 to 0.1, but it 

increases from 0.1 to 1 in the interval lO.6. I]. Similarly X 
I
/
6 increases from a 

to 0.68 in the interval [a, 0.1] and the variation in lhc rest is only 0.32. That is, 
most of the variation is concentrated in a small interval of [0. 11 for both the 
functions. This point will-bc furthcr elaboratcd in Section 4. 

Anolher example of lwo such funclions where onc of lhem is increasing and 
the other dccreasing but the correlation is positive is given next. Here al'io it is 
seen that a few constraints on membership functions are necessary to make the 
correlalion negative. 

EXAMPLE 3.2. Let JI;( x) = (I - X)I; and g 1;( x) = Xl; for xElO,IJ and 
k ~ I. g 1;( x) increases with X, whereas JI;( x) decreases with x. So according 
to p.I • Ch}:.k should be negative for all k. BUI .f1;(X) -+ J(x) as k -+00 where 

J(X)=! atx=O 

= 0 I'm XE(O, 1] 

and g k( x) --+ g( x) as k --+ 00 where 

g ( x) = 0 for XE [0, I) 

= I at x = I. 
\(1- • 
..···.1 

So C/. g = 1. 

Now C.rk.f:k~O ~ [1(2 JI; -1)(2gl; -I) ~O. (Proposition 3.2] 
. 0 

After some calculations it can be secn that 

4 4r 2 (k + 1)
Cr ~ a ~ I - -I,- + ~ 0 

.~.}:.~ ,.;+1 r(2k+~) 

[ r (m) = [CO e x X III .. I dx; 
. 0 

4 4k 'k' 
~ 1- -- + .. >- 0 for k heing an integer. 

k+1 (2k+l)! /' 
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Observe that k!k!/(2k+l)!-Oas k-·co. So Cf -I as k-co. NOlethatu 
k· " ~ 

Cf g is positive for k ~ 3. But according to p), Cf 8 should be less than 
k' k A· k 

zero for every 'k ~ O. 
The plot of 1)( x) and g J( x) is shown in Figure 3. It is found that 

Cf ,. 8J = 0.05, which is positive though small. It was just shown that Cf •. x. - I 
as .k - co. Th is behavio r is because I k a~d gk become close to each other as 
k - co. That is, for lower values of I k , g k also takes lower values as k - co. 

Note 3.3. Observe that Note 3.2 is valid in Example 3.2 also. Most of the 
variation in I k and gk of Example 3.2 is again seen to be concentrated (as in 
Example 3.1) in a small part of the interval [0, 1J. Therefore, some constraints 
need to be imposed on membership functions so as to avoid this phenomenon. 

In the next section the implications of the restrictions arc discussed. 

4. VARIATION IN MEMBERSHIP FUNCTION AND 
INTERPRETATION OF RESTRlCTION 

Before discussing the variation in membership function values a nole IS 

given about the definition of domain n. 

Note 4.1. n has been defined as the intersection of some intervals in 
R lDefinition I]. Observe that different n's can be obtained for the same 

o.~ 

O. J 

0.\ ­

D.O ! ==-..:::.::-l_...L-_.1 .__ .l_._-L.~~~-Ll__ • 
o 0.1 O. ) O. ~ . 0:1 I 0 

Fig. 3. Membership functio(\:-, f) and gJ of Exalllple 3.2. 
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fuzzy set. For instance, therc arc various domains like ll20 cm, 210 cm], 
[90 cm, 240 em], elC. for "tall." To standardize it, intersection or some inter­
vals is taken to be the domain. In this section, variation in membership 
function values is discussed with respect to this domain. 

To discuss variation in membership functions values, let us consider, for 
example, the fuzzy set "tall" with the interval 1120 cm, 210 cm] as domain. 
Five types of membership fu'nctional forms arc shown in Figure 4 for this 
domain. The function forms II-V, shown in Figure 4, do not seem to be 
appealing because they do not reflect thc intuition behind "tallness." The 
functional form 1, on the other hand, is acceptable. 

Most of the variation in the values of functions II-Vis seen to be 
concentrated in a small subset of l120, 2101. The functions lI-V result in an 
abrupt change from nonmembership to membership and thus make the fuzzy 
set crisp. The form IV can also be viewed as a highly contrast-intensified 
version attempting to make the function 1 crisp. Function V is meaningless in 
the sense that it attempts to give, more or less, the same value to most of the 
points in (0, I). 

It is to be noted that the same conclusion can be drawn for any other n of 
"tall. " 

Similar is the case with other fuzzy sets like "old," "brightness," "large," 
etc., which are characterized by 5 functions. 11.1 all these examples, most of the 

210Cm 

Fig. 4. Various types of membership functions for "lall." 

',. 
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variation in the member~hip functions is COII\'I~ntrated in a large' :;ubinterval of 
the re~pcctive domains. 

In Scction 3, some relation betwecn propcr1ics of correlation and variation 
in the valucs of mcmbership functions was discovcrcd. 1l was concluded that 
some restrictions need to be imposed on the membership functions for restrict­
ing the variation in their values so that proper1y P2 (or proper1y p) can be 
satisfied. 

The implication of restricting the variation in membership functions is to 
essentially make the function similar to those of the previously mentioned 
fuzzy sets "tall," .. old," etc. Since the correlation measure seems to be 
related to the variation in the functional values, it may therefore be used as a 
gUiding fool for imposing re~trictions. 

Note that the restrictions will be dependent on the domain. Note also that 
some Sand (1 - S) functional forms as shown in Figures 5-12 would 
automatically be sidetracked in this process. 

An intuitive way of imposing re~trictions on the variation in a member~hip 

function h is to defll1e two functions f and g as shown in Figure 13 ~o that h 
satisfies the property f ~ h ~ g. f and g may be term~d as bound junctions, 
or simply bounds, for h. Observe that lhese restrictions hold for any 
nondccreasing function and in par1icular for S functions. The process of 
deriving the~e restrictions is stated in the next section. 

5. BOUNDS FOR S-TYPE MEMBERSHIP FUNCTIONS 

In this section, bounds for S-type functions are obtained using correlation. 
A few theorems arc proved in this context. 

PROPOSITION 5.1. Let n = lO, 1] and °< ( ~ 0.5. Let 

/(x)=o; 

o I 

Fig. 5. Membership function to be sidetracked when restrictions arc imposed. 
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-_._­

-------.--­o I 

Fig. o. Memhership function 10 hc sidclradcd when restrictions arc imposed. 

o 

Fig. 7. Mcmbership function to he sidetracked when restrictions are imposed. 

o I 

Fig. 8. Membership function lo he sidetracked whcn restrictions arc imposed. 

Fig. lJ. Membership function 10 be sidetracked when rcslril.:tions are imposed. 
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'-----_._--­
o 

Fig. [0. Membership function to bc sitlclrackctl whcn restriclion.~ are illlposetl. 

and 

Then Cf (, g( ~ 0 for E ~ 0.27. 

Proof. 

Cf ,. g, ~ 0 ~ I( = j (2f( -1)(2g, - I) ~ 0 
o 

~ J( [- (2 x +2( - 1)] dx + j I - «(2 x - 2E - 1) (2 x +2E - 1) dx 
o ( 

+ .I, ~ yx - 2, ­ I) dx ;;. O. 

o'----=----+__­
1 

Fig. 11. Membership function to bc sidctracketl when restrictions ;Jrc imposctl. 
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QL- -:;:,..--..._ 

1 

Fig. 12. Memocrship function 10 oe sidctracked when restrictions arc imposed. 

After calculations, it can be seen that 

It ~ 0 ~ 16 (; J - I8 (;:! + I ~ O. 

It can also be seen that 

It < 0 if (' ~0.271 

and 

I, > 0 if (' ~ 0.27 

Hence the proposition. • 
THEOREM l. LeI/and g, be as deJined in Propos;I ion 5.1. LeI J I be a 

membership Junclion deJined Oll [O.IJ such Ihal J«x) ~ JI(x) ~ g ~(x) Jor 
XE[O, 1). Then Cg•.f, ~ 0 if (' ~ 0.25. 

g(x) 

f(x) 

O'----L..-_./ ~ 

Q b 

Fig. 13. Possible bound functions. 
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Proof. It su frices to show that 

Now 

J, = laO ..'. '(2 g, - 1)(21, - I) dx + j"'"(2g, - J)(21, - I) dx 
0.5 ~, 

I -t- J' I 2 g, - I) (2 j I -- 1) (j/. 

0.5+ I 

j
 O.5-t /0.5+(
 
~ (2g( -1)(2f,-I) dx+ (2g, -1)(2f, -I) dx 

() . 0.5 -- ( . 

+ j 1 (2 g( _ 1)(21. - 1) dx 
0.5 + I 

+ JI (2 g, - 1)(2f, - I) dx. 
I 

0.5 + ( 

Let (; ~ 0.25. After the evaluation of the previously given integrals. it can 
be seen that 

I( ~ 0 ~ - 4 (,) - 3(2 - 3( + I ~ O. 

Observe that 1- 3to - 3(2 - 4(3:::: 0 at ( = 0.25 and ~ 0 for to ~ 0.25 
Hence the theorem. • 

Similarly the following theorem can be shown. 

THEOREM 2. Lei fl' f" and g ( be as defined in Theorem l. Then 
ell .!( ~ 0 for (; ~ 0.25. 
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Proof. 

\2/,- 1)(2/, - J) = !O.5-1(2/1 -1)(2/, - I) dx 
/ U . 0 

+ /0.5'1-, (2/1_ 1)(2/, _ J) dx 
. ().5 - ( 

+ (I (2/1 -1)(2/.-1)dx 
. O..'i + t 

5
~J:= fO. ·-'(2 g ,-1)(2/,-1)dX 

. . 0 

I ~ 

+ ( (2/,-Jr· 
. ().5 + , 

Let <: ~ 0.25. Then 

I /0.5+,
J~ / 1 := -.[ 0 (2x+2t: -I) dx+. ( (2g, -1)(2/, -1) dx 

1 , 

+ [ (2/. - Ir dx . 
. 0.5 +, 

Artcr evaluating the intcgrals in JI , it can be secn that 

Obscrve that -4(.1_ 3(2_3(+1 =0 for (=0.25 and -4cl -3(2_3(+ 
I ~ 0 for ( ~ 0.25. 

Hcnce thc theorcm. • 

Note 5.1. Obscrve thaI - 4 c\ - J( 2 - J( + I has appeared in Theorem I as 

wcll as in Theorem 2. It rcl1ccts the symlllctric nature or /. and ;.:, in 
comparison 10 fl' Observe also Ihat only when (~0.25, the proofs or 
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Thcorcms I and 2 are valid. Similar slcps can be observed in the following 
theorem. 

THEOREM 3. Let 0 ~ E ~ 0.5. Let 1« x) and g« x) be as defined in 
Proposition 5.1. Let II and f 2 be two membership functions such that 
Ie ~ f l , 12 ~ g•. Then 

Proof. 

Cf .,/1 ~ 0 ~ 1= r I (2f, - 1)(2/2 - 1) dx ~ O. 
./0 

Let E ~ 0.25. Then 

+ j 1 (2/1 _ I) (2/2 - I) dx 
0.5 + ( 

O.5- { 2 /0.5+.
~ I, = j (2 g ( - 1) dx + . (2 g( - 1) (2 /e - 1) dx 

o 0.5 - ( 

+ j I (2/ _ I) 2 dx. 
e 

O.S + ( 

Aner the calculalion of integrab in I" it can be seen lhat 

II ~ 0 ~ I - 6( + 12 (.' ... 24 EJ ~ O. 

Observe that 1- 6<; + 12 <;2 - 24{:I ~ 0 for ( ~ 0,221 and < 0 for ( > 0.222. 
l-knce the theorcm. • 

5./ INTERPRETA TlON: 

(i) In Proposition 5.1, two functions /1 and g( arc defined. Observe lhat 
thcy do nol fall inlo lhe category of functions shown in Figures 5-12. 
VarialiO;l1s in / and g( over lhe domain [0, II arc uniform cxcepling towards 
lhe endpoinls of lO, IJ. / and g( are nondccrcasing funclions. 



C. A. MURTHY AND S. K. PAL1~6 

(ii) According to PI' correlations bel wcen two functions f l and f 2 should 
be greater than zero if for higher values or fl' I! abo takes higher values and 
for lower values of fl' f:. also takes takes lower values. Proposition 5.1 
reflects the maximum possible difference between f 

t 
and g, so as to make 

C1.. ,!:.>O.. 
(iii) The impol1ance of Proposition 5. I is rellccted in Theorems 1, 2. and 

3. The functions f l and f 2 considered in those theorems also do not fall into 
the category of functions shown in Figures 5-12. The maximum amount of 
variation in f l and f 2 is prescribed by bound functions ff and g t' 

(iv) Observe that if an S type membership function is such that it is not of 
the form shown in Figures 5-12 and its variation throughout the domain is 
significant, then it must lie between the bound functions f, and g,. The upper 
bound for t: is given by Theorems I, 2, and 3. 

(v) Observe also that any membership function satisfying the bounds need 
not possess the shape .. S ... 

Remarks: 

(l) Note that the domain of f l and f 2 has been considered to be LO, 1] for 
the derivation of bounds ff and g,. For any arbitrary domain (a, b], the 
corresponding ff and g( will accordingly be changed. 

(2) Similar bounds can be defllled for lr-lype membership functions since 
they are combinations of Sand (1 - S) functions. 

(3) If only one nondeereasing function is to be considered, then t: can be 
taken to be 0.25 LFrom Theorems 1 and 2J. 

In the next section, the utility of the bounds in image segmentation problems 
is dealt with. 

6. APPLJCAnON OF BOUNDS TO IMAGE PROCESSING 

The field of image proeessing and vision is considered here, as an example, 
for describing the significance of bounds in the selection of membership 
functions. 

In the previous section, bounds (f, g) for membership functions have been 
defined. It has also been stated that the bounds vary proportionately according 
to the length of the interval. In the context of image processing, if we are 
dealing with, say, a gray-level image of 32 levels, the domain would be 
[0, 31]. If we now select an S-type function f l that characterizes a fuzzy 
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subset" bright image," then its corresponding bound function~ J and g are as 
follows, 

j(x)=O: 0~x~3J/4 

x 31
=31- 0 .25 : 4~x~31 

g(x)=(x/31)+0.25: 0~x~31(3/4) 

".-1' 31(3/4) (x( 31. 

The~e bounds are shown in Figure 14. 

EXAM PLE 6. 1. Let us consider Zadeh' s standard S- function [2], which is 
widely I used in image processing and computer vision problems (4]. It 
is defined here for the interval [a, c). 

! 

a~x~b 

= 1-2[(x- c)/(c- a)r: 

where 

b = (a + c)/2. 

1.0 

0.75 

9 (xl f(x) 

0.5 

O.2~ 

o 31 )1 31.3 31 
T T -~ 

,Fig. 14. Bound functions for lhe fuzzy set" brighl image" for 32 gray levels. 

'. 
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By making a translation, the preceding function can be wrinen as 

where 

y = b - a. 

The corresponding bound functions !(x) and g(x) are given next. 

!(x) = 0: () ~ y ~ Y /2 

= ( x /2 Y ) - 0.25: y /2 ( .\ ~ 2Y 

g ( x) = (x /2 y) +0.25 : °~ x ~ 3Y /2 

= I: 3y /2 ~ x ~ 2y. 

It can be easily shown that !(x) ~!2(X) ~ g(x) vXE[0,2y]. Thus Zadeh's 
standard S function satisfies the proposed bounds. 

6./. /NTERPRETA nON OF BOUNDS FOR GRA Y LEVEL TfiRESIlOLDING 

Histogram thresholding using fuzzy measures has been well documented in 
literature [5, 6, 7]. Here we illustrate the procedure in brief and show the 
significance of the bound functions in this contcxt. 

A/gorilhm. Let X be an image of L + I levels, M rows and N columns. 
Let 1J. be a membership function on [0. cl such that 

(i) Jl. is monotonic. conlinuous, 
(ii) 1J.(0) = 0, 1J.( c) = lard 
(iii) 1J.( x()) = ~ 

where c is the lenglh or lhe window, c < Land X o is the cross-over point. 
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Let Ill q : [0, Ll-[O, IJ such that '. 
(i) 1l1'7(a) = 0: a~q 

(ii) Ill q ( a) = I: a;?: q + c and 
(iii) Ill (a) = Il(a - q): q~a~q+cq 

where q ~ L - c.
 

So J.Ll,,(q + xo) = I VqE[O, L - c1·
 
Now, for a particular c and for a particular form of 11, Ill" is moved from 

q = °to q = L - c and various ambiguity measures, like index of fuzziness 

[81 lind entropy [91. are clliculated for each q. he values of the ambiguity 
measure (vl(q)) are plotted against q (Figure IS). Let qo be a valley point. 
Then qo + Xu is taken to bc a thrcshold for classification of gray levels (i.e .. 
for histogram threshol,ding or for image segmentation). 

In the preceding algorithm, two decisions arc to be made by the user. These 
arc (i) selection of c and (ii) selection of the form of membership function 11. 

The problem of selection of c has been discussed in literature [5, 7]. In [5], the 
optimum values for c were determined experimentally. It was reported that if 
c is greater than the distance betwecn the modes. the corresponding valley 
point may be lost. The mathematical justi fication of tbis finding has been 
reported recently [7]. 

In this section, the importance of bound functions is demonstrated 
in selecting the appropriate membership function 11. For this purpose two 
images are considered. These are (a) birlane (Figure 16) and (b) Lincoln 

. 0,..
 

• q 
Fig. 15. Plot of ambiguilY mcasurc values vcrsu~ slarting poinb or thc window. (Algorithm 
or Scction 6.1.) 
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, . 

(;I) 

h(/) 

.11 

(b) 

Fig. 16. .. Biplanc" imagc and ils histogram. 

(Figure 17). Two types of membership functions representing the forms II 
and III of Figure 4 are considered. These are 

( 1) 

and 

(2)
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where k ~ I. Two types of measures or ambiguity are considered. These are 
(<1) linear index of fuzziness and (b) entropy.'" The selection of c for the 
preceding images has been guided by the Ilndings in [7 J. For the Lincoln 
image, it appears that there are three main valleys separating four regions. 
Accordingly, the value of c is taken to be less than or equal to 6 to detect three 
valleys. In the case of the biplane image, the histogram seems to have a strong 

valley in the range 10 to lS and a weak valley around 23. So, to detect the 
strong valley, the value of c eomes to be less than or equal to 14 whereas it 
is ::::;: 5 for the detection of the weaker one also. The results are provided for 
the values of c lying in [6, 12J. . 

Regarding the choice of membership funetion, observe that for larger values 
of k ,most of the varh.ltion in h I and h 2 is not concentrated in the middle 
portion of the interval [0, c]. It has been proved in the appendix that both hi 
and h 2 satisfy the bounds for k E[ I, 21 and do not lie within the bounds for 
k ~ 3. 

Tables 1- 7 show the thresholds detected for the Lincoln and Biplane images 
using the previously mentioned values of c. It is seen from the tables that the 
desire~ thresholds have always been found to be detected when hI and h 2 lie 
between the bound functions. Otherwise, it is very likely that some spurious 
(undesirable) valleys will also be detected. 

Let us now consider the functional form IV of Figure 4. A generalized 
expression for this functional form is given next. 

o~ x ~ c/2 

(3) 

. where k ~ l. 

* Let X be a gray tone imtlge with M rows. N columns, and L + I levels. Let Il be a 
membership function on grey levels. Let X llln reprcsent the grey level al (m, n)lh pixel. 
III = 1, ... M; n = I, ... N. Then line~r index of fuzziness 

v(X)= ~NLLMin[Il(Xmll),(I-Il(XflJn))J and entropy 
m n . 
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'. 

(a) 

.II 

(Il) 

Fig. 17. "Linl'l)ln" illwgc anu its histogram. 

Table 8 shows the threshold values <.lctected for the Lincoln image u:-;ing 
Equation (3). It is :-ieen that the number of thre:-;hold:-; exceeded three (the 
desirable number) when h k is not within the bounds. 

Zadeh's S function has been found (Example 6.l) to :-;atisfy the bound 
functions. Observe lhal Equation (3) reduces to Zadeh's function when k = 2 

and it is able to detect the desirable thresholds. There are several other 
experimenls [4, 5, 6J where lhi:-; function was found to be successful. 
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TABLE I 
Thresholds for Lincoln Image Using Equation (I) and Entropy 

Window Values for k 
size 

c 2 3 4 5 6 

4 10,18,25 7,1l,19 7,11,19 7,11,14, 7,9,11, 8,10,12,15, 
26 19,26 14,18,26 19,27 

5 10,17,25 11,19,26 7,11,19, 7,11,19, 7,11,19, 7,11,14, 
26 26 26 1C) ,26 

6 10,18,25 10,18,25 11,19,26 11,19,26 7,11,19, 7,11,19, 
26 26 

TABLE 2 

Thresholds for Lincoln Image Using Equation (2) and Entropy 

Window Values for k 
sIze 

c 2 3 4 5 6 

4 10,18,25 9,17,24 6,10,14, 6,9,11 6,9,11, 5,8,10, 
18,24 14,18,25 14,18,25 13,]4,24 

5 10,17,25 9,17,24 9,17,24 6,9,14, 6,9,11, 6,9,11, 
17,24 14,18,25 14,18,25 

6 10,18,25 10,17 ,25 9,17,24 9,17,24 6,9,14, 6,9,11, 
17,24 14,18,24 

TADLE 3 

Thresholds for Lincoln In1<1ge Using Equation (1) and Index of Fuzziness 

Window Values for k 
sIze 

c 2 3 4 5 6 

4 11,18,25 7,11,19 7,9,11, 7,9,11, 7,9,11, 8,10,12, 
26 1'1,11:\,211 14,18,26 14,18,26 15,19,26 

5 10,17,25 11,19,26 7,1 I,ll) 7,11,14, 7,9,11, 7,9,11, 
26 19,26 14,1 H,26 14,1l:l,26 

6 IO,1l:l,25 10,18,25 7,11,19, 7,11,19, 7,11,14, 7.9,11, 
26 26 19,26 14,18,26 
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TABLE 4
 

Thresholds for Lincoln Illla~e Using Equation (2) and Index of Fuu.iness
 

Window Values for k 
SIZC 

C 2 3 4 5 6 

4 11.18,25 6.10,14. 6.9,11, 6,9,11, 6,9,11, 5,8,10, 

71.2'1 14,18.25 1'1,18,25 14,18.25 13.17,24 
5 10,17,25 9,17,24 9,~, 11, 6,9,11, 6,9.11. 6,9,11. 

14,17.24 14,18,25 14,1l:!,25 14,18,25 
6 10,18,25 10,18,25 9,17,24 6.9.11, 6,9,11, 6,9,11. 

14,17,24 14.18,25 14,18,25 

TABLE 5
 

Thresholds for Biplane Image Using Equalion (I) and Index of Fuzzincss
 

Window Values for k 
sIze 

c 2 J 4 5 6 

6 13,22 14,23 13,15.24 12,15,24 12,15,24 12,15,18, 
20,24 

7 13 14,23 15.24 13,15,24 13.15.24 12,15,24 
8 13 14.23 14,23 15,24 13,15,24 13,15,24 
9 12 14 14,23 15,24 13,15,24 13,15,24 

10 13 14 15,23 14,23 15.24 13,15,24 
11 13 14 15 14,23 15,24 15,24 
12 13 14 15 15.23 14,23 15,24 

TABLE (, 

Thresholds for Biplane Image Using E4uation (1) and Entropy 

Window Values for k 
size 

c 2 3 4 5 6 

6 13 14,23 15,24 13,15,24 13,15,24 12,15,24 
7 13 14 15,24 15,24 13,15,24 13,15,24 
8 13 15 14.23 15.24 15,24 13,15,24 
9 13 14 14 15,24 15,24 15,24 

10 13 14 15 14,23 15.24 15,24 
11 13 15 15 15 15,24 15,24 
12 13 14 15 15 15.23 15,24 
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TABLE 7
 

Threshulds fur Biplane Image U~ing l:qualion (2) and Entropy
 

Window Values for k 
Sil.e 

c 2 J 4 5 6 

6 JJ 12 12,22 12,22 12,22 12,22 
7 IJ 12 II 12,22 12,22 12,22 
8 IJ 12 12 11 12.22 12,22 
9 12 1J 12 11 11,22 12,22 

10 13 12 12 12 II 11,22 
11 IJ 12 12 12 II II 
12 14 12 11 12 \2 11 

In the preceding discussion, we have ~(ll\sidered several membership func­
tions for represcnting the functional t"orms ll-IY of Figure 4 and have shown 
the utility of bounds. The form Y of Figure 4, as mentioned earlier, is 
meaningless because it leads to dc-enhancement (i.e., making the image 
blurred) instead of enhancement II OJ. 

I 
7. DISCUSSION AND CONCLUSIONS 

The purpose of this paper is to provide bounds for certain types of S 
functions and show the utility of these bounds in the context of image 
processing. A relationship is discovered between correlation and variation in 
membership function values which leads to the definition of bound functions. It 
is shown that the widely used Zadeh's function satisfies the proposed bounds. 

Note that the domain 0 (as in Definition I) plays as crucial role in the 
definition of bounds. For different such O's, different bound functions can be 
obtained. 

The significance of the bounds is suceess fully demonstrated on bimodal and 
multimodal images. Figure 14 shows the bound functions. The crossover point 
of any membership function satisfying the bounds belongs to the middle half of 
the domain. In the image segmentation algorithm, the crossover point of a 
membership function has been considcred to be the threshold for segmenting 
(classifying) two regions. From Tables 1-8, the thresholds for object back­
ground classification are found to be 10 and 11 for the Lincoln image and 12, 
[3, and 14 for the biplane image. These values [ie in the middle half (i.e., 
in [3[/4,31*3/4]) of [0, 31J. This further implies that, the membership func­
tion that best represents the funiness in gray levels of an image usually has 
values = 0.5 over the ambiguous gray levels (around 16). 
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Although the significance of the bounds is studied in the case of image 
analysis, they may also be applicable to any field where fuzzy sets are used. 
Similar bounds for the 1- S, 1r, and I - 1r functions can be derived because 
the S function is a primary function that gives rise to the said functions. 

APPENDIX 

PROPOSITION A 1. LeI c> O. LeI Ihe lower bound f: [0, c] - [0,1 J be 
such Ihal 

J(x):= 0: x ~ c/4 

LeI Ihe upper bound g: la, c] -10, I j be such Ihal 

g(x) == (x/c) + 1/4: x ~ 3c/4 

== 1: x ~ 3c/4. 

LeI hili: [O,c]-t[O, Ij be such Ihal h1k(x)::; (X/C)k for k ~ 1. LeI ha : 
10, cl-trO, Ij be such Ihal hu(x)::; I - (I - (x /C»k for k ~ 1. Then f(x) ~ 
hu.. (x) ~ g(x) is flol satisfied for k ~ 3 alld !(x)::;; hu(x)::;; g(x) is nol 
salisfied for k ~ 3. 

Proo/. 

(X/C)k ~ (x/c) -1/4 

(y:::: X / c & 1/4 ~ Y ~ I) 

Let y::; 1/3. Then 

4 yk - 4 y + 1 ::; 4/3 k - 1/3 ~ 0 

For k ~ 3, 3 k - I > 4. 
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So j(x)~ h\l.:(x) for X= e/3 and k ~3. Similarly it can be shown that 

h~l.:(x) > g(x) for x = 2e/3 and k ~ 3.
 

Hence the proposition.
 

P~WP'OSITION A2. Let j, g, II lk alld II 2k he liS dejined ill Proposition A I. 
Then 

j(x) ~ h1k(x) ~ g(x) and 

j ( x) ~ hu ( x) ~ g ( x) for x E [ 0, c] and k E [ I , 2] 

Proof. 

h I I.: ( x) ~ 0 . V' X E [0, e] . So 

hll.:(X)~j(x) V'x[O,c/4].Now 

h \ I.: ( x) ~ j ( x) 1'0r x E [ e /4 , e] 

~ (x/c)1.: ~ (x/c) -1/4. 

¢} yl.: ~ Y - 1/4, (y = x / c and I /4 ~ Y ~ I) 

¢}4yk-4y+l~0. 

Observe that 4 y l.: ~ 4 y 2 for YE[I/4,IJ and kEII,2]. So 4 y k -4y + 
1 ~ 4 y 2 - 4 y + 1= (2y - 1)2 ~ O. Hence j(x) ~ h'l«x) V' XE[O, c}. 

Now, to show that g(x) ~ h,l.:(x). we shall show that 

g~x)~x/e~hlk(x) forkE[I,2] and xE[O,e]. 

h I I.: ( x) = (x / e) k ~ x / c for x E [ 0, c] and k ~ 1. 

Now 

(x/e)+1/4~x/c, xE[O,3c/4] 

and 

l~x/e rorxE[3e/4,e]. 

So g(x)~x/e V'XE[O.C] and hlk(X)~g(x) V'x[O,c]. 
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Hence J(x) ~ h 11":< x) ~ g(x) v XE[U, c]. Similarly, it can be shown that 

Hence the proposition. 

The authors wish /0 acknuwledge the diSCU.ISiulls they had wifh Professor D. Dulla 
Majulllder ill fhe cuurse of fheir wurk. They also grafefully acknowledge Mr. S. 
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