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All impon:lnt problem in pattcrn recognition is delem1ining the shape of a pattern class from its sampled 
points. A proc.:dun: which provides mullivalued shape has been suggested here for a pattcrn class in 
:R;2 The procedure C;in be viewed in t\.\'O phases. Phase I deals with the Jecompo~ition of sample set 
inlO some groups of nearly re'languiar shape. Phase II delennines each of the sub-cla~ses corresponding 
to the groups separately. aggregates th.:m and obtains the multivalued shape of lhe pattern class. The 
effectiveness of the procedure has been demonstrated on some anificially generated data sets or pattern 
classes as well as on !he InJi?'l Telugu vowel speech data set. The convergence of lhe eSlimat.:d set to 
the original sel has been verifi~d successfully using two different ml:rrics between sets. One is rhe well ­
known Hausdorff metric. Th: other is a new metric which has been defined in the paper. 

INDEX TERMS:	 Set eSlimalion. fUlly selS, geometric complex.ity. windows. accuracy bctor. good­
ness of ftt 

1. INTRODUCTION 

A.	 Pauenz Class 

The paper deals with t;nding the shape of a pattern class from a set of training 
samples in [R2. In most of the real life problems (e.g., Telugu Vowel data), pattern 
classes are bounded. TI1l2S the pattern classes considered in this paper are all bounded. 
A definition of pattern dass is given below for J«s, 

DEFINITION 1	 A set A ~ tR'· is said to be a pattern class' if 

i) A is path connected compact, 

ii) cl(/m(A» =	 A, [r.l means closure, 1m means interior] 

iii)	 lm(A) is path connected and 

iv)	 A(8A) = 0 where SA = A n cl(AC
) and A IS the Lebesgue measure in ~s, [c 

means complemeI.t] • 

The above definition is given using topological and measure theoretic concepts. 
The relevance of the p.·.)perries (i), (ii), (iii) and (iv) is provided in [1]. Let sd = 
{A : A satisfie s (i), (ii), (i ii) & (iv) above}. sl. is the collection of all classes in IRs. 
s1. is used in the Appell jix in relation to a few results. Any .[)., E .71 is referred as 
the pattern class or set i 1 this paper. In all the subsequent sections. s is assumed to 
be 2 since the paper deds with two dimensional case alone. 
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Once the pattern class is Lnown or detennined, then the following steps may be 
incorporated. if i:2Cessary, iur the future use. 

1.	 The t.'0undary of [he Class can be found out which may be used for classifi­
r.ation purpose. 

2.	 Storing the total pattern class may need much of memory space. There are 
various ways in which the storage utility can be increased. 
a) Only boundary information may be stored if there are no holes. If holes are 

present in the pattern class, then the infonnation about the holes have also 
to	 be stored. 

b)	 If the shape of the pattern class is a regular one like a disc or a rectangle 
etc., one can store the centre and the radius or the lengths of the sides etc. 

c)	 More often than nGt, the shape is an irregular one but it approximates to 
a regular one. The), one can find the approximate regular shape and store 
it. 

d)	 A pattern class which can be visualized as a union of regular sets, can be 
stored using the inf Jrrnation about the regular sets alone. 

In conclusion, if the patt~rn class is detennined then some salient features, if 
possible, about the class C(,n be extracted which are useful in making decisions 
about a course of action to be taken (identification, classification and pattern de­
scription). Generally, in mallY problems, a few sampled points are known about the 
class. Hence finding the cld3s and its shape from sampled points is extremely use­
ful in real life. 

B.	 Previous Works 

There are various approaches described in literature for determining shape of a pat­
tern class from sampled points. 1-6 These methods are mostly heuristic in nature and 
they provide an exact boundary or shape of the pattern class. One of the observations 
about these algorithms is that the boundary of the class contains some of the sample 
points which need not be tru~. It is necessary to extend the boundaries to some extent 
to handle the possible unco\'ered portions by the sampled points. The extended por­
tions should have the follo'Vling properties. 

1)	 As the number of sam1J(e points increases, the extended portions should decrease. 

2)	 The extended portior.~· should have less possibility to be in the pattern class 
then the portions exp~1citly highlighted by the sampled points. 

The second property leajs to a multivalued boundary of a pattern class. The 
basic concept of one of the existing methods 1-6 is described below in short for il­
lustra tion. 

'Edelsbrunner er al. 1 introLuced the notion of the" a-shape" of a finite set of points, 
for arbitrary real a. This nution is a generalization of the convex hull. Given a set 
S of N points in a plane, the convex huH of S may be defined as the intersection of 
all closed half planes that ·:)ntain all points of S. The a-hull of 5 is the complement 
of the union of all open di~~s of radius not less than 1/a (for arbitrary negative real 
a) which contains no poin: of S. The shape of the set is determined using a-hulls. 
If the selection of a is proper then the shape of the set obtained by the method 
resembles the intuitive shape of the planar set. But this method does not provide 
multivalued shape of a patl.:rn class. 

"'I 
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C. Scope of This Paper 

This paper deals with a procedure for determining multivalu~d shape of a pattern 
class in the plane from a set of sampled points, The procedure';can be viewed in two 
phases. The phase 1 is concerned with the decomposition of the sample set into 
groups of nearly rectangular shape. The decomposition is based on the boundary 
variations of the pattern class found in the sampled points. A modified window ap­
proach has been incorporated here (0 find the boundary variations of the sample set. 
The phase II detennines each of the sub-classes corresponding to the groups sepa­
rately. pUIS lhem LOgelher ,md finds lhe multi valued shape of the pattern class. The 
effecljveness of the proced'Jre has been demonstrated on some artificially generated 
data sets as well as on a speech data. The convergence of the proposed algorithm 
has been \'erified using two different metrics. 

The present worh: is a part of the investigation of the project "On Pattern Rec­
ognition :md Uncertainty ~anagement using Fuzzy Sets and Approximate Reason­
ing~ being carried out in the E.C.S.U .. Indian Statistical Institute. Calcutta. A mul­
ti\~3Jued r~cognition systerr;7 has already been formulated based on fuzzy set theory 
and approx.imate reasoning. The concept of decomposing a pattern class into sub­
classes of nearly rectangular shape. as described in this paper. has been incorporated 
successfully ln the recogni:ion system also. 

In section II. some b3sic concepts along with the block. diagram of the present 
work are discussed. Section rIJ deals with the procedure for decomposing a training 
sample set. Section IV provides an approach to detennine the multivalued boundary 
of a pattern class. Experimental results are provided in Section V, In Section VI. 
con\'ergence of the propo~ed procedure is discussed. Section VII deals with the 
conclusion. 

II. PROCEDURE FOR DETERMINING A PATTERN CLASS 

A. Some COIlCeplS 

A method for determining the multi valued shape of a class from a set of sampled 
points is proposed in this paper, Some of the basic concepts used in developing this 
method are stated below. 

a, Accurac)' locrar It has been argued in the previous section that the boundary of 
a pattern class obtained from its sample points should be ex.tended to highlight the 
pon:ions of the class possibly uncovered by the sample points. An accuracy factor 
(Ds ) based on the number of sampled points (N) is considered below for the said 
extension to manage the uncertainty. D.v satisfies 

( I ) 

so that as N increases. Dv -jo 0 and ND~, -jo :c, Since D\' decreases with the increase . . . 

of N. the accuracy of the cbtained boundary also increases \vith lhe increase of N. 
Diagram 1 shows the allo'Wed range of D,v for different values of N. The inequality 
(1) has been considered because of the existing literature [Appendix.-A]. 
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Figure I :-\lIowed range of (\. for different s:.lmpk siZeS LV). 

O. Concept of oOllndary The procedure described here is for detennining the mul­
tivalued shape of J paw.:rn class tn the plane from a set of training samples. The 

o
fearure axes under con~ deration are referred as the first (F I) and the second (F2) 
axes respectively throughout the paper. 

A typical training samole set is shown in a feature space in Fig. 2(a). To find the 
boundary variation of this set. four perpendicular directions (referred by the codes 
1, 2, 3 and 4-), as shown in Fig. 2(b), are considered. Fig. 2(c) shows the boundaries 
of the sample set in the coded directions 1 and 2, whereas the Fig. 2(d) shows the 
boundaries of the sample set in the coded directions 3 and 4. The complete boundary 
of the sample set can be obtained by combining these four boundaries. Depending 
on the situations, as described below, one axis will be considered as the base and 
the other will be consid\~red as the height. In Fig. l(c), the first feature (F 1) cor­
responds to the base and the second feature ( F~) corresponds to the height. Similarly 
in Fig. led). the F I and F~ axes correspond to the base and height axes respectively. 
The boundaries in the c,)ded directions 1 and 2 of Fig. l(c) are considered as the 
lower and upper bound? 'ies respectively whereas the boundaries in the coded direc­
tions 3 and 4 of Fig. led) ;rre considered as the lower and upper boundaries respectively. 

Formation oj\vindolVs Let (0 1 , hi), (o~, h2), •.. , (bv, hv) be the sampled points in 
terms of base and height values. Initially from all the sampled pDints, the maximum 
(say, max!» and minimuln (say, mino) of the base values are found. A base coverage 
factor, say fb' is definec as 

(2) 

where (ma..to - mino) l~ the range of the base values and O,v is the accuracy factor, 
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Figure 2(3}-(d) Illustrating [he concept of bound:l0'. 

fb is utilized to generate tr_~ windows from the sampled POlDts such that the base 
coverage length of each window is at least gb-

Similarly, the maximum (say, nlaxlr) and the minimum (say, llIinh) of height values 
are found and a height threshold factor, say gil' is defined as 

(3) 

where the first tenn (max/1 - mini) is the range of the height values. ~h is used In 

deciding whether a training sample set is of nearly rectangular shape or not. 
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Now the training samples are arranged in ascending order according to the base 
values. The first window starts with the first sample point of the ordered training 
sample set and it includes all those samples one after another in ascending order until 
its base coverage length exceeds ~b' Assume that the first window ends with the Klh 

sample. Then the second window will end with the (K + 1)lh sample and to find 
the starting point of this v, indow, we proceed backwards from Klll sample until its 
base coverage length exceeds ~b' Similarly other windows are constructed by in­

" cluding one new sample point at the end and excluding some sample points from 
the beginning of the previous window such that the base coverage length would at 
least be ~b' The last windcw ends with the last sample point i.e., sample point with 
the highest base value. Th~Js, some overlapping windows of sample points are gen­
erated Ulilizing the sample base values and the base coverage factor tbo 

The maximum and the minimum heicht sample value.' arc; found from each of the 
windows and these are taken [0 be the lower and upper boundary values respectively 
of that window. The comb~nation of the upper boundary values highlights the upper 
boundary of the training sample set and combination of the lower boundary values 
provides the lower boundary of the training sample set. 

c. EXlension faCTor The Jses of the extension factOrs have been stated earlier. The 
proposed method intends tG find the multivalued boundary of a class. Hence, in order 
to find the possible uncovtred portion of the class by the sample points, the bound­
aries are extended to some extent. The extended portions should ha ve less possibility 
to be in the pattern class than the portions explicitly highlighted by the training 
samples. 

Let e.\'l) (j = I. ]) be the extension factor of the pattern class corresponding to 
the jlh feature. Let max) and mill; be the maximum and minimum sample feature 
values corresponding to the jlh feature respectively. Then the extension factor, eXl} , 

'0 

for the jrh fo:ature is defined as 

el} = (max) - min)o.v; ) = 1. 2 (4) 

where by is the accuracy t1CtOr. When the number (N) of sample points Increases I 

the accuracy factor 8.v decreases and correspondingly the values of the extension 
factors eXl/s also decreas~. Thus the extended portions also decrease and corre­
spondingly the accuracy ot' the boundary increases. 

B. Block Diagram 

The block diagram of the proposed procedure for determining the mul ti valued shape 
of a class from a set of s ~mple points is shown in Fig. 3. It consists of two parts, 
namely the Decomposition lIld the Fuzzy Processor. The Decomposition section deals 
with the decomposition C[' the sample set intO some groups of nearly rectangular 
shape. The Fuzzy Processor determines each of the sub-classes corresponding to the 
groups separately and all these sub-classes are combined to find the multi valued 
shape of the parrern class. 

The Decomposition section consists of three blocks as shown in Fig. 3. The Hole 
Detector block decomposes the training sample set with holes into groups to find 
the hole information. The Boundary Variation Calculator block considers the bound­
aries in four perpendiculai directions [Fig. 2(b)] [0 find their boundary variation 
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Figure 3 Block Diagram. 

values. These boundary variation values are analyzed in the Pattern Class Sub-divider 
block to decompose (if necessary) the sample set into groups. 

The theory of fuzzy sets has been used in the Fuzzy Processor section to extend 
the sample set and also to relate every point in the whole feature space to its pos­
sibility to be in the pattern class. The Membership Function Estimator block decides 
about the 9? functions to represent each of the sub-classes corresponding to the groups. 
The Boundary Decider block detennines each of the sub-classes separately, puts 
them together and finds the multivalued shape of a pattern class. 

A short and over all description of the proposed procedure has been provided 
above. The following two sections i.e., section [[I and IV, describe in detail the 
operations of different blocks of Fig. 3. 

III. DECOMPOSITION 

This section decomposes the training sample set into groups if the sample set is found 
to be not nearly rectangular'in shape. Decomposition consists of three blocks, namely 
Hole Detector, Boundary Variation Calculator, and Pattern Class Sub-divider. The 
operations of these blocks are furnished below in detail. 

A. Hole Detector 

The intuitive idea behind holes of a pattern class can be put mathematically in the 
following way. 

DEfiNITION 2 A path connected and compact set A is said to have k holes if8 

i) !B and (:i are path connected sets V i = 1, 2, .... k, 

ii) 13 is unbounded and (I' C2, .. " Ck are bounded. 

iii) 13 U Ci \ U (:,2 U ... U C" is a disconnected set for 1 S i} < i2 < ... < i, 
:$ k, where 1 :$ r :$ k. 

iv) (II U Ci2 U ... U (,r is a disconnected set for 1 :::; it < i 2 < ... < i, :$ k, 
where 2 < r :$ k. 

Then C t , (:2' ... , C", in the above definition, are said to be the holes of A. • 
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.. 

Figure 4 A typical pattern class wilh a hole. 

The adopted procedure to j ind holes from a training sample set is discussed below. 

Procedure The procedure considers the F , axis as the base and the F 2 axis as 
the height. Correspondingly the base coverage factor ~b and height threshold factor 
fir are calculated by the equations (2) and (3). Windows are generated using the 
procedure described in section 11. The sample points in each window are then ar­
ranged in ascending order 3J:cording to the height sample values. If the difference 
of height values of any twO -:onsecutive sample points within a window exceeds th, 
then a hole is assumed to be present between the said sample pair. Let !t ' and !t" be 
the height values corresponding to two such sample points. To illustrate this finding, 
a class with a hole is shown in Fig. 4 in which PI and PJ. are the sample points 
which satisfy the above condition and the corresponding window is shown using 
dotted lines. 

To detect the hole. the sample set is decomposed into two groups according to 
whether the height values (l.e., F2 values) are less than (A' +ftH )/2 or not. The de­
composition leads to finding two groups where none of them possesses a hole. In 

ig. 4, the line with dashes indicates the split. • 
e above routine is repeJted until every group is found to be not containing any 

hole. When the sub-classes ~orresponding to the groups are combined in the Bound­
ary Decider block [section IV], the holes will be excluded from the final shape of 
the panern class. It is to be observed that this procedure detects not only the vertical 
holes but also the horizontal holes. Note that the proposed procedure can't detect 
the holes with width less tLan ~b and/or height less than f". Hence the detectable 
minimum hole size depends on fb and gill which in turn depends on the sample size. 

It is also to be mentioned here that the procedure decomposes a training sample 
set not only for a hole, but :llso for some particular type of concave boundaries. For 
example, sample sets havins shapes like 'C' or T or 'L' may also be decomposed. 
But this does not create ar.1 problem in the over all shape detennining procedure, 
since the sample sets anyway had to be decomposed in the Pattern Class Sub-divider 
block. 
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B. Boundary Variation Calculator 

This block tries to detect the geometric structure of a training sample set. The bound­
aries in four perpendicular directions [Fig. 2(b)] are considered here to find the boundary 
variation values. Our approach to construct the windows from a sample set and con­
sequently to find the boundary values are described in section II. It may be recalled 
that the maximum height value and minimum height value of each window are con­
sidered as upper boundary value and lower boundary value of the window respec­
ti vely. The description of the adopted approach to calculate the boundary variations 
is given below. 

Calculation of boundary variations To describe the approach, let us consider the 
boundary variation values in a particular direction, say d. The procedure to obtain 
the boundary values has already been discussed earlier. Henceforth, it is assumed 
that there are m windows and their boundary values are 'X.,., i = I, 2.... , m. A 
boundary variation factor, say'ltJ • in direction d is defined as 

(5) 

where f" is the height threshold factor for the considereo direction d. Here the di­
vision factor t~ has been used to make V J unitless. 

Now let nWXH and mil1H be the maximum and minimum of the ie,-'s (i = 1,2, ... , 
m) respectively. If the difference of maxH and minH does not exceed til i.e., 

(6) 

then the sample set is assumed to be nearly rectangular in shape. In such a case, the 
variation factor Y J is assumed to be zero i.e .. make V J = 0. Otherwise the sample 
set is considered as decomposable in the considered direction d. • 

Initially, F 1 axis has been considered as the base to generate the windows and F2 

axis has been considered as the height to find the boundary variation factors VI and 
y 1 for the coded directions 1 and 2 respectively. Similarly, by reversing the roles 
of F j and F1 axes above, the boundary variation factors Y 3 and y~ for the coded 
directions 3 and 4 are calculated. Thus the boundary variation factors for the con­
sidered four boundary directions are obtained in this block. 

C. Parrern Class Sub-divid;r 

This block analyzes the boundary variation factors to determine whether the training 
sample set is to be decomposed or not. If the sample set is to be decomposed then 
this block decomposes it into groups. Before actually dividing the sample set, the 
decision about the direction of decomposition is to be made. To decide this, it finds 
the direction in which the value of the variation factor is maximum. That is, the 
direction D E {I, 2, 3, 4} is found where Y D ;> Y J for d = L 2, 3,4. IfYD = 0, 
then the sample set is assumed to be nearly rectangular in shape and it is not further 
decomposible. 
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Otherwise i.e., if Yo > 0 then it is assumed that the sample set is not nearly 
rectangular in shape and it is to be decomposed into groups. Now from the direction 
of decomposition (i.e., D) the windows with their base and boundary values and the 
corresponding height thrt-shoJd value ~h are recalled. The samples are then arranged 
in ascending order according to the base values. 

For making a cluster of windows. the maximum boundary value is found. The 
starting window for the cluster is taken as the window whose boundary value is same 
as the maximum boundary value. The position of the starting window is noted. The o 

following windows for t.1e starting window are arranged one after another in the- ~ ~ 

cluster until the difference between the boundary values of the current window and 
the starting window is le~s than or equal to ~h' Similarly the preceding windows are 
also put in the window cluster. The samples lying in the above window cluster are 
assigned to the first gro Jp of samples. 

The above routine is repeated on the remaining windows until all the windows are 
exhausted. This leads to the formation of window clusters. Every window cluster 
results in a group of sample points. Thus the given training sample set is decomposed 
into a few groups of sample points. 

The decomposition procedure is applied on these groups repeatedly u~til all the 
groups are found to be nearly rectangular in shape. It is to be observed that the higher 
the number of groups, the higher will be the accuracy of the shape of the pattern 
class. 

IV. FUZZY PROCESSOR 

The previous section dealt with the decomposition of training sample set into groups. 
The present section is devoted [0 obtain the sub-classes corresponding to these groups 
and combining them to get the estimated shape of the pattern class. This section 
consists of two blocks. namely the Membership Function Estimator and the Bound­
ary Decider. 

The concept of membership functions in the light of Fuzzy set theory is brought 
here to represent each of the sub-classes corresponding to the groups separately. 
Membership functions have also been used to relate every point in the whole feature 
space to its possibility to be in the pattern class. The Membership Function Estimator 
block finds the appropriale membership functions to represent each of the sub-classes 
corresponding to the groups. The Boundary Decider block detennines each of the 
sub-classes separately, puts them together and obtains the multi valued shape of the 
pattern class. 

A . Membership FUl1crion Esrimaror 

For any pattern class, the possibility of being a member of the class is maximum 
for all those points lying in the central portion of the class. As the distances of the 
points from the points of central portion increase, the possibilities decrease and ul­
timately go to zero. Any function having the above property may be considered as 
the representative mem1J\~rship function for a (sub) pattern class. As the 'i)~ function 
is well established to dictate this property ,9 it is considered here as the representative 
membership function. 
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Figure 5 Pie (~l) function. 

Thus, the sub-classes .:orresponding to the groups are characterized by different 
9~ functions across different axes of the form ~~(x; akj, [3,kj' [3";,,. Ylkj' Yukj) where k 
indicates the group number (k = 1. 2, ... , no, 110 denotes the number of groups); 
j indicates the axis number (j = l, 2); akj is the peak value where the membership 
value is 1.0: [3IkJ and (3l1kj are the lower and upper most ambiguous points where the 
membership values are 0.5; Ylkj and YllkJ are the lower and upper end points beyond 
which the membership value are zero. The functional form of such a 9~ function 9 is 
stated below: 

for :c::; a'1'( .. [3 [3 ) - {sex; YI, [3" a) (7)-( .,. a. I- ,I- YI. Y" - I - S(· [3 ) ax.a, ",Y" for x ~ 

where 

o for :c::; a 

for a < x ::; lJ 

Sex: a, b, c) = 

for b < :c <: c 

• for x> c. (8) 

The structure of such a ~~ function is shown in Fig. 5. Given a particular group 
of samples and a particular feature, the domain of the 9( function is [Yl, yJ. It is 
assumed that the extended portions are [Yl' [31] and [{3", Y,,] and the highlighted 
portion by the sample set is [[31' [3,J. These extended portions ultimately provide the 
multi valued shape. 
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DelenninGlioll of membership Jimcliuns To determine the mcmbership functions 
(which are taken as ~l{\ fU:lctions), the parameters of them corresponding to various 
sample groups are to be evaluated. Hcre each of the sample groups is considered 
separately. Let ma.t~j and min,) be the maximum and minimum of the training sample 
seI respectively corresponding to jlh feature (j = 1, 2) and klh sample group (k = 
1. 2.... , 110). Then the parameters of the B( function corresponding to jth feature 
and klh sub-class (i.e .. kill sample group) are assigned as follows: 

o 

(3!k) := min,j; 

j = 1.2: (9) 

where e.'·'ll; is the extensiol1 factor for the jlh feature [Eq. 4]. 

B. Boundary Decider 

In the previous block, membership functions corresponding to each sample group 
along each feature axis are calculated. Using these functions. each of the sub-classes 
corresponding to the groJps is estimated and they are finally combined to get the 
estimated shapc of the panern class. All planar points in the feature space are labelled 
with their degrees of possibilities to be in the cJass. To show the shape of a pattern 
class in the plane. the feature space is divided into small rectangles and these are 
referred as [he pixels. The sizes of all the pixels are same and these are made as 
small as possible such that each pixel can be distinguished from others in the output. 
Thus all pixels are labelled in terms of their possibility values to be in the pattern 
class. The zero possibility value pixels are taken to be outside the class. The method 
to obtain these possibility values is described below. 

Procedure Let (XI' X2) :.,e a typical feature value of such a pixel. Suppose m'j de­
notes the membership value of the pixel corresponding to klh (k = I, 2, ... , no) 
sub-class (i.e .. klh sampl~ group) and jlh (j = 1, 2) feature. mk; is calculated from 
the corresponding ~1~ function as 

j = 1,2; k= t.2, ... ,170. (l0) 

The combined membership of the pixet corresponding to kIll sub-class (i.e., klh 
sample group), say f-l-k, is defined as the geometric mean of lIlu and mc. ThaI is, 

k=I,2, ... ,1l0 (11 ) 

Now. the possibility, say e. of the pixel to be in the estimated pattern class is 
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defIned as the maximum of the membership values of that pixel for the sub-classes. 
Tirol is. 

8 = Maximum {,uk} (l2) 
~.1.2 .. ..no 

Let T be the number of sub-classes for which the combined membership values 
(i.e., ,uk'S k = 1,2, .... no) are non-zero. To incorporate the effect of the neigh­
bouring sub-classes with non-zero membership values in the estimated pattern class, 

Tthe value of 8 is increased to 81
/ for T > I. Thal is, when the membership values 

of the pixel (,uJ.'s) are non-zero for two or more sub-classes, then it indicates that 
the said pixel lies in those sub-classes, which in tum increases the possibility for the 
pixel to be in the finally obtained pattern class. • 

A method has been described above to find the possibility value (8) of a pixel to 
be in the pattern class. Note that 0 s e s 1. If the value of e is zero. then the pixel 
is considered to lie outside the pattern cJass. Otherwise the pixel belongs to the 
pattern class with the po';5ibility 8. 

To obtain the complete shape of the pattern class in the feature space, the above 
routine is carried out for all the pixels in the feature domain. Thus every pixel is 
labelled with its possibility value to be in the pattern class. Thus the multivalued 
shape of a pattern class is obtained. 

It is to be mentioned here that the proposed procedure is intuitive to a great extent. 
In the next section, the implementation and [he usefulness of the suggested procedure 
are discussed. 

v . IMPLEMENTATION AND RESULTS 

Various types of pattern ::lasses are considered in this section to find the utility of 
the proposed procedure. The obtained shapes are found to be quite satisfactory in 
all the cases. Figures 6(a)-(d) show four typical pattern classes with 500 samples 
each. Note that the pattern class of Fig. 6(c) is originally (nearly) rectangular in 
shape, while others are not rectangular at all. The class shown in Fig. 6(d) has a 
hole whereas others do not have any hole. Training samples of size 50 are chosen 
randomly from each of th~ above four classes. The multivalued shapes of the above 
classes are shown in figures 7(a)-(d) with DN ::::: 0.15. 

Initially in all the case-s, the feature spaces are decomposed into small squares 
(which are called as pixe::Is) and the squares are labelled in tenns of their possibility 
values (8) [0 be in the ootained pattern class. Recall that 0 -< 8 :s: 1. For the sake 
of presentation, the pixels are grouped into four categories as 0.5 -< 8 -< 1.0,0.25 
:s: 8 < 0 5, 0 < 8 < 0.25 and 8 = a and they are represented by the characters 
'@'. ' T· .. ?' and the blank character' . respectively in the ligures 7(a)-(d). Here 
the pixels with blank character denote that the pixels are completely outside the 
pattern class. To obtain the crisp version of an output pattern class. the pixels with 
characters' +' and '?' along with the pixels with blank char3cter may be considered 
to be outside the class. Cbserve that the algorithm has not decomposed the training 
sample set of Fig. 6(c) b~cause it is originally ne3r1y recwngular in shape. 

Note that the class shown in Fig. 6(d) has a hole. The algorithm initially decom­
posed the training sample set into two groups to detect the hole and fInally the sample 
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Figure 6 Continued 

set has been decompostd into seven sample groups. The proposed methodology is 
explained below for a specific pattern class [Fig. 6(a)). 

Fig. 7(a I) shows the training sample set with 50 samples corresponding to the 
class shown in Fig. 6(a). The algorithm first searches for the holes, but it could not 
find them. It then considered the boundaries in four perpendicular directions and 
found that the training sample set can be decomposed in all the four directions. The 
boundary variation is found maximum in the coded direction 1. Accordingly, the 
training sample set is decomposed into three groups with 12. 28 and 10 samples 
respectively [Fig. 7(a2)]. Here the sample points of different groups are shown by 
the characters A, Band C. Each of these groups are then analyzed and it could not 
find enough boundary variation in any of the considered four directions for which 
these groups can be decomposed again. As a result, it obtained three groups [Fig. 
7(a2)] which are of nearly rectangular shape. The shapes of the three sub-classes are 
detennined based on the sample points of these three groups. Finally these shapes 
are combined to obtain the multivalued shape [Fig. 7(a)) corresp<mding to the pattern 
class of Fig:. 6(a). 

To exan;ine the practIcal applicability, the algorithm has been implemented on a 
set of Indian Telugu Vowel sounds in a consonant-vowel-consonant context uttered 
by three speakers in the age group 30 to 35 years. Fig. 8(a) shows the typical feature 
space of six vowel c1as~es 8, a, i, ll. e and 0 with 72. 89, 172. 151, 207 and 180 
sample points respectively correspondlng to the features F l and F2 • Here F l and F2 
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denote [he first and second fonnant frequencies which are obtained through spectrum 
a alysis of the speech data. The classes are seen to be overlapping and their bound­
an are ill-defined (fuzzy). 

The proposed algorithm was applied on each of the six vowel classes separately 
where the rotal available data are assumed as the training samples. That is, for the 
classes 8. a. i, u. e and 0, the number of training samples are 72. 89, 172, 151, 
"07 and 180 respectively and correspondingly the accuracy f41ctors are considered 
as 0.12. 0.12. 0.10. 0.10,0.08 and 0.10 respectively. Fig. 8(b) shows the obtained 
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• J 

! 

• I 

" 

" 

Figu'E! 7(al) Three decompo~~d sample groups of Ir3ining sample ,el ~hown in Fig. 7{al). 
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multi valued shapes corn.:sponding to the vowel classes Q and II: Fig. S(c) shows the 
shape corresponding to the class e; Fig. Sed) shows the estimated shapes correspond­
ing to the classes i and 0 and Fig. 8(e) shows the shape corresponding to the vowel 
class 8. In figures 8(b)-(e), the pixels with possibility values (8) 2: 0.5 are repre­
sented by the corresponding vowel characters; the pixels with 8 satisfying a < f} < 
0.5 are represented by '.' and the pixels with f} = a are shown by blank character. 
It is to be observed that all the obtained vowel classes are good representations of 
their original classes. 

VI. CONVERGENCE 

For any shape determining approach based on training samples. the performance, in 
general. should improve with the increase in the size (number) of the training sample 
sel. It will be shown in this section that the proposed class determining procedure 
also has lhis proper1Y, As the sample size (N) increases, the \'alue of the accuracy 
factor decreJses :md hen-.:e accordingly the accuracy of the estimated shape increases, 

An mificially generatd dala set [Fig. 9(a)] has been considered in this section to 
demonstrate the convergence property of the proposed algorithm. The pattern class 
is a disc of radius 2 with centre at (3, 3). Six different sets of data are chosen 
randomly from it with 5izes 50. 100, ISO, 200, 250 and 300. The algorithm was 
applied assuming these six data sets as sampled points with accuracy factors (8,.,,) 
0.16. 0.13. 0,10. 0.08, 0.07 and 006 respectively. The corresponding estimated 
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Figure 9(b)-{g) Estimated classes based on 50. 100. 150. 200. 250 and 300 training samples respec­
tively corresponding to the pauem class of Fig. 9(a). 

shapes are shown in figures 9(b)-(g). It can be seen from these results that the 
obtained shapes of the pattern classes are gradually converging to the shape of t e 
o i_in 1 attem class, as the sample size (N) incre3.Ses. This shows lh efficiency of 
lh al~writ 
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Criteria for Goodness of Fit 

The convergence of the suggested algorirhm has been visually demonstrated above. 
In order to show rhe same analytically. a metric bet\veen two sets is to be defined 
and the value of the metric should tend towards zero as N ~ :c. In this paper two 
metrics are used for showing the convergence pro~I1Y. One of them is a standard 
metric between rwo sets namely the Hausdorff metric. The other one is a new metric 
that has been defined. It has been shown experimemally thal the values of both tend 
tOwards zero as N ~ x. 

A. Hausdorff Merric 10 

Normally, to find the similarity or dissimilarity, a distance 'measure is often used. 
Hausdorff metric has been used here for this purpose and its definition is given 
below. 

DEFI:--:ITIO~ 3
10 

Let A cnd B be two closed sets in ~~. Then the distance between 
;i\ and a, denoted by Disr(A, (3), is defined as 

Disr~A, lB) = max{sup 8(x. lB), sup 8(y, A)} (13)
tEA -.-=:3 

where 

8(x. 8) = ilifl~l - ."Ii. 
,'EB 

o( y, J1'l) = itif I~l - yi! and 
"E'; 

the sets A and [3 are non-empty. Here max, sup and in! denote maximum, supremum 
and infimum respectively. • 
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If the ori£inal sets are assulllcd 10 be finite, the Slip and illf can be replaced by 
m and mi;) (minimum) lespecli\'cly i,t! .• 

Dist(A, IE) :: JI/rl.r{IIl(L\' 8(x, 8), max 8(y, A)} (14) 
Ie:' "E9 

where 

8(.1,l\t) = lIliJlI~r - ."11 and 
,,::3 

8{ \', i\~) = min I~r - .vII. 
-,

\ t:-. 

This distance measure DistU\\, 1lJ,) is considered here us one of the criteria for 
~oodness of fit. where Pc. is COI1:-illcrcu us the boundary of the estimated set or class 
nd ~ is consider d as the bOU1ld;lry of the original class. This distance measure is 

applied 0 the six estimated sci.'"' Ill' clusses [figures 9(b)-(g)] with he original set 
[Fili!:. 9(a)] 'n the following way,

The boundary of the disc~ [Fii, l)LI J! is approximated by 180 equally spaced points. 
This se of 180 points is considcll'd here as the set lB. Note that the estimated classes 
arc mujtivalued. Hence, in onil'r 10 upply this measure, three levels of estimated 

oundaries based o· the possibilily v~dues (8). namely 8 ~ 0.5. 8 ~ 0.25 and 8 > 
O. are considered. The values III [he Dist measure are shown in Fig. lO(a). These 
results co firm the convergencl' !ll'Operty of the proposed algorith .. 

B. A ,"'v'ew Simi/ariry Measure 

ote that the Hausdorff metric rdlcclS the overall similarity between two closed sets. 
In order 0 incorporate the simil:lrilY between each element of one set with the other 
se , a new measure has been <.kl illcd below. 

DEFl:-; TJON 4. Let Pc. and B be 2 I'inite sets with N", and N B elements respectively. 
Then a similarity measure :>etwl'CI1 A and IB, denoted by Sim(A. [G), is defined as 

1 1 
Sim(A, [3) = - ~ S(x, 18) + - ~ o(y, A) + Disr(A, 8) (15) 

NA IE'\ N8 ,Iea 

Here the first term denotes the ;lvcrage similarity of the elements of A to lB, the 
secon tenn denotes the averJt:.c ~irnibrity of the elements of 3 to A and the last 
erm Dis (A ""') denotes the ovcrall similarity between Pc. and 3, This is a metric 
and he proof is provided in the i1rpendix. • 

Th ec Sim has also been ;lpr1ied between each of the six. estimated sets (wit 
t.hIee evels of oundaries as () .~ 0.5, 8 ~ 0.25 and 8 > 0) and the origina set. 
The values of the Sim measure ilr~ shown in Fig, 10(b), These results again confirm 
th convergence propert:i mathclllJtically of the proposed algorithm. 
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VII. CONCLUSION 

In this p3.per we have proposed an <llgorithm to determine the shape of a pattern 
class in the plane from its tr~jning s3.mples. A few basic concepts like accuracy 
factor. extension factors ere. :..Ire introduced for the said purpose. We have also dis­
cussed about some of its applic3.tions along with the convergence of the algorithm. 
The multivalued pattern (lasses can very easily be conveI1ed to the usual crisp pattern 
classes by assuming that the points with 8 ~ 0.5 are within the classes and the points 
with 8 < 0.5 are outside the pattern classes. The convergence of the estimated set 
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to th orieinal set has been verified successfully using Hausdorff metric as well as 
the new similarity metric ddlned between sets. This new metric may be used to find 
the similarity or dissimilarly between any two tlnite sets. 

One of the major adva,:tages of the procedure lS that any patte class can be 
ansi ,ered as the union of nearly rectangular shaped sub-classes. This result was 

found 0 be 'ery useful in our proposed recognition system. 7 Also his can reduce 
he ory space to store a pattern class or set. Another advantage of the method 

. t at every heuristic value. except 0,\', is determined automatically from the aining 
sam Ie set. 6\, also is not chosen arbitrarily. The guideline for the selection of o.v is 
given in Eg, (I). 

inally. the algorithm can be extended to the pattern classes in lhree or rna e 
dimensions. In such cases. the boundaries :lfe to be considered in six or more directions . 
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APPE~Dl. . 

A, ACCI/ran' FaClOr 

el clion of accuracy factor (D,\') has been dealt with here. An existing definition and 
a heorem h' ve been stated below in this regard. 

DEFL".;ITIO:" .-\ I J I Let XI, X~, .... Xv be independent and identically distributed (i. i.d.) 
rando vectors from a distribution Po which SUppO[1S a set 0:. Let o:.~ be an estima ed 
set 0 h basis of Xl. Xl . ... , X,\" Then a:.~ is said to be consistent estimate of 0: if 

where E represents expectation, J-L is a O"-finile measure and £1 represents symmetric 
di ffecre ce. 

THEORE~1 Ali I Let ~s ~ 0 and N~~ ~ x and (P" be the uniform di tlibution over 
a IN ere 0: E ::.1. Let o:t :-; U'7=1 {x : I~tj - xii :$ ~N}' Then EoP..(o:~, ~ 0:)] ~ 0 as N 
-. :x: \. here A is Lebesgue measure in ~1. • 

COROU... ARY .-\ J Let X, ::..:. (X,I' X'l)" Let o:,t = u'7= \ {[XII - f\. X,I + ~N] X [X,:'. ­
~,. Xi~ + £,]} where ~.\' -+ 0 and N~,~ ~ x. Then o:,~ is a consistent estimator of 
0:. • 

COROLLARY .-\2 Let ~~ = U;~ I {[X'I - ~1,y, Xli + ~IN] X [X,~ - ~:..v, X,1 + 6...... ]} 
Vi er of,s ---j' 0 and N~~\, ~ x for i = I. 2. Then also o:,t is consistent to 0:. 
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COROLLAR y A.3 Let as -: a ~nd bv ~ b. where Cl, b > O. Let t,N = Cl:v8,.v and t"!..v 
= b\'Dv where D.v ~ 0 and N8~ ~ ::c. Then a,t, as defined in corollary A2, is con­
sistenr to a, • 

Nores: 

I,	 The abo\'e theorem ar.d corollaries basically take the union of certain neigh­
bourhoods for every point as an estimate of the original set a . 

.,	 In theorem A I, the distribution was assumed to be uniform. But it can be 
shown lhal for any continuous distribution on a compact path connected a, 

similar result holds. ' Observe that a pattern class can always be assumed to be 
a path connected set. Hence corolbry A3 can be used for ~lnY continuous 
distribution. 

3.	 Corollary A3 has been used in the presenr paper where av's and b,.v's are taken 
to be the ranges of the individual features and 8,v satisfies the inequality (1). 

B.	 Crireria jor Goodness (1 Fir 

The new similarity measure Sill1(A. (3), as introduced in section vr, has been con­
sidered as one of the criteria for goodness of fit of our proposed procedure. It is 
shown here that Siln is a metric. 

8(8. [8) = illj I~'( - yll	 (A 1) 
,E':" ..,E'a 

This is referred as the lower distance between A and lB and the following relations 
hold. 

I)	 oCr, y) = I~'( - )'11 where x, y E iR 2 (A2) 

2)	 8U~, U3) = 8(A, [[3) (A3) 

3)	 {o'x. A) = O} ~ {x E A} (A4) 

.+)	 8(i~, [) :s 8(A, [8) + 8(lB, C) + p(lB) (AS) 

where p(!3) denotes the diameter of the set IB and it IS defined as the least upper 
bound of [he distances of the elements of lB. • 
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D F. 'JTlO\ .-\3 11
) let ~ anc.1B be ll,VO closed sets in 1R 2 

. Then lhe distance between 
':", and 3, denoteJ b~' Disr(~. 3), is detlned ::IS 

Disr(A. 3) = IIWX{SlIfJ 8u. 8.). Slip 8(y, A)}	 (A6) 
,e":, 10,,3 

If the origln3.l sets 3.re assumed to be finite. the sup and in! of equations (A6) and 
(AI) an be repl3.ced by max :lnd mill respectively i.e,. 

Disl(A. 13) = !n{n{mux 8(,r, B), max 8(y, A)}	 (A7) 
IE'; IE:B 

where 8(;:\, is)	 = mill I~\ - ."11 (A8) 
lE:-:'. \ E3 

DEFI. 'ITIO;'; A-+ Based on Detlnitions A2 and A3, a new similarity measure Sim 
(...~. ) between I,~o finite sets A and IB in RC was defined in section VI as 

I I 
SlIn(~. B) = - I O(x. 8) + - I 8(y, A) + Disr(A, (A9) 

N~ IE':. NB ,.::3 

where V~ and ,VB denote the number of elements in the sets A and is respectively. • 

Proposillon SlJn(':\. rl) is a metric. 

Proof leI -=" g :.md (: be three finite setS in RC. Clearly Sim(4. ) -.; 0 iff A 
= it1: ..-\galn It is obvious fr0m the definition that Sim(A. [R) ==- Sil//( '. A). It only 
'mains to pro\'e the tri:lngL:l3r inequality i.e .. 

Sim(A. C) s Sim(A. 13) + Sim(B. (:) (A (0) 

Vj haUL loss of generality. we can assume 

Disr(f;:;. . .[) = Jnax{m(lX o(x, C). mQ...'( 8(z. A)} = lIleL\' 0(.'(, :c) (A ll) 
,E.), :El: IE':. 

1 'V	 I ~ 
So. Sim(~~.:3} = - / 6(x. '3) + - 0 8( \'. A) + max oCr. C) (A 12) 

.V~ ~ NB .E3· IE..:'. 

If x E ;:; and \.	 E 8. {hen t y (AS). 

8(x, [) $I~'( - yii + o([B. C) s i~t - .vII + Disn3. C) 

..,hence
 

8(.\. C) :$ 141~\ - yll + Dlsr(S. () = 8(.1, [8) -T Disl([S. C)
 
IES 

~ ma.t 8(x. () $ max 8(x. (3) -i- Disr(l3. [) 
"(E~ l~~ 

s Disr(A. iB) +	 Disr( B. C) (Al3) 
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By (AS) ~md assuming ~ ;:::: {x}, 

O(.t, C) ::s o(x, lR) + 0(13, C) 

1	 1
:? - I. o(x. C) ::s - I. o(x, lR) + o(B, C) (A 14) 

N 4 ,E:" N.....IE9 

Again, 1 
0(18. C) ;:::: Illf o(y, C) ::s - I. o(y, C)	 (A 15) 

.\E3 N8 yES 

Using (AI5) in (A14), \"e get 

l	 1 1 
(A 16)- I. o(.t. C) ::s - I o(.t, lR) + - I. o(y, () 

NA ,E':' N4. ,E~ NB yE3 

Similarly. one em get 

(A 17) 

Using (Ai6). (Ai7) anc (Ai3) in (Ai2), 

I	 I 
Simer'), C) ::s - I o(x, !B) + - I o(y, c) [by (A16)] 

N 4 ,E~ N8 \'E3 

I 1 
+ - I 0(:;, 13) + - I o(y, A) [by' (A 17)] 

N C : EC NB)'EIB 

+ Dist(A. !B) + Dist(!B, C)	 (by (A 13)] 

1 ':-"III;:::: - ) O(.t, Cd) + - o(y, A) + Dist(A, 8)v	 ~....J N 
I A ,E':' 8 yES 

1 1 
+ - I <5 ( \', C) + - I. 0(;:, C) + Dist ([B. ~) 

NB .:E9 NC : EC• 

:? Sim(A, C) ::s Sim(A, !B) + Sim(!B, C). 

Hence the defined measure Sim is a metric. • 
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