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ABSTRACT 

In our earlier work {I] on lhe problem of parameter learning in pallern recognilion. it was 
fo\.nd lhal eSllmalcs converged 10 nonlrue values ,n the prcsence of labeling errors. The 
present work describes a possible remedy 10 this problem by rejecting those training samplcs 
lhal do not lie wilhln a certain neighborhood of lhe currcnt cSlimate of the mean. The 
convergcnce of Ihis c1as~  of restrictive \Ipdating proccdure in presencc of wrong samples has 
been ~ludied  along wilh the eOlllpari.~(ln  of its e'limales (0 lhose in III. It is esl,.blbhcd tk'l. 
In lhc rresenee of labehng cr(ors, the eSlill1~!c~  t'f the ;)ropo~~cl  restricti\'c 'Jpdallllg 
procedure arc ;.Iways ;.symplolically c1o~er  to the rcspeclive (rue values Ihan lhe cstimatcs in 
[Il, providcd thaI cenain condilions ;,re salisl'ied. A sct of Ihree-elass bivariate data <lnd 
speech d<lla arc also used to demonstrate the above fe<lturcs. 

1. INTRODUCTION 

This is a continuation of our earlier work on the effect of wrong samples on 
the convergence of learning processes (1). We investigated there the conver­
gence of stochastic approximation-based learning algorithms for the problems 
of parameter learning in pattern recognition when there is a possibility of 
training samples being mislabeled. It was found that the values the estimates 
converge to are not the true class parameter values but certain convex linear 
combinations of true values for all the classes. The general m-class N-feature 
pattern recognition problem was considered in (I). 

The above result is not surprising because one can easily guess that the 
presence of wrongly labeLed samples is bound to affect the behavior of the 
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learning systcm in some way. The work mercly confirms this suspicion mathe­
matically by quantifying the effcct on the asymptotic behavior of the systcm. 

As this work will seem incompletc without a solution to the problcm 
considered, the next step, therefore, is to sce how the learning procedure may 
be modified so that such deviant behavior is taken care of. One obvious 
method is 10 screen the training samples and weed out "doubtful" or "spuri­
ous" samples from among them. This approach was adopted by Chien (2) and 
Pal et al. [3J in their respective algorithms for paramcter learning. RecentlY, 
Pathak and Pal [4J gencralized thcsc algorithms, called GGA (generalized 
guard zone algorithm), which consists of modifying the stochastic approxima­
tion procedure in such a way that it becomes restrictive, that is. it docs not 
allow all training samples to be used for updating. At any given stcp in the 
training process, a sample is uscd for updating only if it is closer to thc 
preceding estimate of the mean value than ~ol11e  specified threshold. Other­
wise, it is excluded from the training sel. The threshold value was again found 
to lie between certain bounds [5]. 

The present work concentrates on investigating the convergence properties 
of the GGA when there is a possihility of certain proportion of learning 
samples being mislabeled, and the asymptotic improvement of its estimates 
vis-a-vis the usual recursive unsupervised learning algorithm (i.e., non-GGA) 
[lJ. It is found that in the presence of mi~labelcd  training samples, like 
non-GGA, GGA also converges strongly to non true values which are linear 
combinations of true parameter values of all the classes. However, the GGA 
estimates have always an edge over the non-GGA estimates in the sense that 
they are asymptotically closer to the true parameter values than the non-GGA 
ones under certain conditions. il is also shown as a special case that if the 
GGA is effective in weeding out the mislabeled samples, the estimates then 
become consistent (i.e., the GGA estimates converge strongly to the true 

parameter values). 
Finally. these features are demonstrated on an artificially generated two­

dimensional three class data set and on a sel of 424 vowel data in CNC 
(Consonant-vowc! Nucleus-Consonant) context. 

2. THE GENERALIZED GUARD-ZONE ALGORITHM (GGA) [4J 

Let us consider a general m-class pattern recognition problem, where C" 
j = 1, .. . ,11. denotes the ith class. For this purpose. let the feature vector 

selected be 

X"'XI = [X"X2""'X",]', XER"'. 

EFFECT OF WRONG SAMPLES 

Let us assume: 

(Al) The distribution of X in each of the subsets of R'" corresponding to 
the different classes is continuous. 

(A2) The probability densities Pk(X) of X for the classes Ck, k = 1, ... ,m, 
are of the same family and di['fer only in respect of the values of parameters. 

(A3) The densities Pk(') involve a q-dimensional parameter vector e ,
k 

which needs to be learned, either wholly or partly. 

(A4) The densities Pk(') admit of moments of the first two orders, that IS, 

E(XICk ) = f.Lk 

and 

Var(XICk ) = L k 

exist. 

(AS) An unbiased statistic exists for the parameter vector 9. 

Let us suppose that for the purfJo~e  uf !~a~-ning  9(k), a ~et of independent 
samples 

(X\k). X~k),  ... , X~kk)}  

are provided, k = 1, ...• m. where the superscripts k denote the labels "given" 
to the respective samples, as opposed to their true labels. 

The generalized Guard·Zone Algorithm (GGA) for estimating 9(k) recur­
sively is as follows: 

w) = f(X~k») for/=l, 

= O(k) _ a y(k)
I-} I I for 1 > 1, (Ia) 

where 

y(k) = O(k) _ f(X(k») if xV) E G(iL~kll').')I I-I I 

=0 otherwise, (Ib) 
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where 

e~k)  = the Ith stage estimate of ak , 

(a ,) = a sequence of positive numbers, 
f: R N -) RQ is a continuous map, defining an unbiased statistic for a,
 
iL'/'ll = the (c -l)th stage GAA estimate of I-lk'
 
G(iL\kll,A,)=(X: XER N

, d(X,~15/ll)~A,), 
 

d 2(x,y) = (x - y)'B,(x -y), 
B, = a symmetric positive definite matrix, which mayor may not be a 

function of the training samples X~k)  (some examples given in [4]), 

A, = a positive number, suilably chosen. 

IncidentallY, G(a,r) is thc guard zone and, clearly, is nothing but a closed 
ball centered at a and having radius r. [n esscnce, this algorithm allows only 
those training samples to be used for the updating program which lie within 
the corresponding guard zone centered at the preceding estimate of the mean. 
Training samples which lie outside it are ignored and at the corresponding 
stages, the estimate is kept unchanged. 

The choice of the various parameters of the algorithm, namely, {a,l, A, and 
il" will be governed by a number of factors. For instance, jf we insist that the 
algorithm should converge almost surely, then (as we shall observe in Section 
4) a sufficient condition required to hold is 

L a; <00. 
I ~  I 

Clearly then, a set of possible choices of a, is 

a, = 1-°, 

for any 0 E 0/2,(0). In practice, it will be better to choose a small value of 0, 

or the corrections yik 
) will be too small, otherwise. 

Similarly, as also mentioned in [4), B, can be chosen from among the 
following possible values, since d(', . ) is a distance function: 

il, = I (the idenlity matrix of order N) (2a) 

or 

. ((1)(1) (,))]-1 (2b)B,= [ Dlag sll,sn,···,SNN 

or 

-I (( (I))) -1 
(2e)B, =S, = SiJ NxN' 

EFFECT OF WRONG SAMPLES 

whcre s~;)  is the "current" estimate of O",j' the (i, j)th element of the 
covariance matrix. 

The choice is generally governed by the nature of the probability density of 
the feature vector in any given class, provided, of course, such information is 
available a priori. ff the features can be expected to be uncorrelated and to 
have unit variances, then the first choice (2a) is good enough. If they are 
uncorrclated but generally do not have unit variances, then the second choice 
(2b) is suitable. In the most general situation, the third choice (2c) can be 
used. 

Finally, the choice of A, can also be made on the basis of some suitable 
criteri;.J. For inst;.Jl1ce, we may choose A, .~o that it optimizes some perfor­
mance index of the algorithm. This is an oren problem, and its solution has 
not yet been attempted by us. (n [5). however, we have taken 

A,=(l-a)/,+aL, (2d) 

where I, and L, are respectively lower and uprer bounds for A" whose 
explicil cxprcssions are givcn in [5], and a is a number E (0, 1). 

3. MODELING MISLABELED TRAINING SAMPLES 

A very simple but realistic model, inspired by [6J, is adopted for describing 
the situation in which there may be mislabeled training samples. Let wand w 
denote, respectively, the true and the given labels. Clearly, 

W, wE (1,2, ... , m) = D. c , say. 

Let TT"k = pew = k) denote the a priori probability for the class Ck> k == 
1, ... , m Further, let Pk(X) = p(Xlw = k) be the class-conditional probability 
density of the feature vector X. Also, let akj denote the probability that a 
sample from C

j 
is given the label k, i.e., 

akj=P(w=klw=j), j,k=l, ... ,m. (3) 

Clearly, 

m 

L akj = 1. 
k -I 
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Under this model, it can be shown tha t, for any subset A I, (t) of the sample 
space, the probabiliLY density of a sample labeled k at the (Lh stage, i.e. 

p(X~k»)  = p(X,lw = k) = p(Xlw = k) 

JIl 

L ~k/ r )p(Xlw = i) if X~k) E A~), given w= k, (4a) 
) = J 

III 

= L N
J

( I ) /) (X Iw = i) , olhe r''''i:-,e,	 (4b) 
J-I 

where 

A k ( t) = {x: x E G ( ~y_:\ , ,\ I ) } , 

~kj(t) = P(Ak(t)IX,w = k, w =j)akJTTjP(W = k) (4c) 

M'/t) = p(A~(I)IX,w = k, w = i)akJTTJ/P(W = k) (4d) 

provided that we are prepared to assume: 

(A6) p(X IHI = k, w = i) = p(X Iw = i) for all i,k = 1,2, ... ,In. 

(A7) pew = k,A/t)) > 0 for all k, I. 

(A8) P( \11 = k, AJ:(I)) > 0 for all k, I. 

A proof is provided in Appendix A. 
rt is not difficult to observe that the quantities ~k/I),{3!/I)E[O,l]  for all 

k,i= 1,2, ... ,1n, as it is known thaI 

m 

P ( W= k) = L P ( HI = k , w = j) = L Ti') a kj' 
J = J J 

We have not studied the problem of estimating the mislabeling probabilities 
{3kj yet. Offhand, it can be said, however, that they can be estimated if some 
measures of the probabili ty of error of the labeling process involved are 
available. For instance, if the labeling is done with the help of some statistical 
classifier, then the error can be measured by its probabilities of misclassifica­
tion, provided that these can be estimated. 

EFFECf OF WRONG SAMPLES 

4. CONVERGENCE OF THE LEARNING ALGORITHM 

Thc convergence of a rccursivc estimate 9, for estimating a parameter e, 
can bc defined in various ways. For instance, we say that: 

i. The sequcnce (e,l converges to e with probability I or alrnost surely (in 
.... a.s. 

symbols, Or -> e) or strongly if 

P [ lim EII9, - all = 0] = 1. 
I ~QO 

11.	 0 converges to 0 ill the mean square if
 

lim Ella, " - all 2 
= 0,
 

I~QO  

E being the cxpectation operator. 

For studying the asymptotic behavior of the learning algorithm GGA given 
in Section 2, use will be made of the following results, due to Schmelterer [7]: 

LEMMA 1. Lei {u nl be a se((uence of positive real numbers such that 

'" 
( Cl)	 L a~ <00. 

F1=J 

Lei xtl and Yll be N-dimensional random vectors which salisfy 

( C2) X"+l=x"-ally,,, n~l. 
 

Let M" be a measurable mapping frolll I? N to R N such that
 

( C3) E(YnlX\,x2, ... ,xll) = M,,(x lI ) a.e.
 

Let Q, b, c be nonnegative real numbers and let
 

(C4) E(liY,,11 2 Ix I' x2'" ., xn ) ~ a + bllxnll + cllxnl1 2 a.e.
 

Also, for every x E: R N and n ~ 1,
 

(CS) x'Mn(x) ~  O.
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If xJ is chosen III such a way Iha E 

( C6) E(IIXtln exi.w, 

lhen Ehe sequence (x r.) converges with probabtliEy 1, i.e., almost surely alld the 
sequence E{II;..: )1 2) converges also. 

LEMMA 2. Suppose that the colldicions (Cl)-(C6) hold. If further, there 
exisrs for every T) > a a 0 > a such that for 1/ ;;;,. 1 

( C7) 11lf [x'MII(x)] ;:?o 8, 
'1 < IIxll < '1-1 

Ihen (x,,) converges almost surely to Ihe N-dimensional null vecror O. 

Let us now state the following theorems. 

THEOREM 1. Consider the selup given in SeCliolls 2 and 3. If, in addilion to 
assumptions (Al)-(A8), we also have 

(A9) L;;_la~  <00, where all> a for all II 

(Ala) P, = E(IIf(x)11 2 Iw = i) exists, with respecl to cach class-conditional dCIl­

siEy P, (X), 

(A 11) p?) = P[Ak(dl w= kJ > Ok for some Ok E (0, 1) for all t, Ehen 

4>~k)=W)- E13kJ(I)a/~'o,  lhe N-dimensional null veClOr. 
j=1 

Also, {EII4>~k)1I2}  converges as I -+ 00. 

Here 13k/f), k,j = 1(1)171 is as in Equation (4). 

Proof of the theorem follows directly from Lemmas 1 and 2 by verifying 
that conditions (C1)-(C7) are true for our setup, and is given in Appendix B. 

THEOREM 2. For Ihe setup in Sectiolls 2 and 3, if assump/iolls (A9)-(Al1) 

also hold, chen 

m
 
\' )" a .S . (k >

L.- Yk/I OI(J) -+ a aSl-+'XJfork=1,2, .. ,m, 

) ~ 1 

where)'k/C), k, j = 1,2, ... ,m, are /he elements of Ihe inverse fmxm(t) of the 

EFFECT OF WRONG SAMPLES 

matrix ll"'XIIl(f) = «13'/ t »), satisfying ll(r)f(E)= 1m , /he idell/ily matrix of 
order m. 

The proof is trivial. 

NOle. It follows directly from Thcorcm I (and also Theorem 2) that in the 
ca~c  where thcre is no misclassification, that is, if 

13kJ(t)=OkJ' the Kronecker delta, for all k,j= 1,2, ... ,m, 

then the sequence of estimates iW) is strongly consistent for aCk ). This was 
also seen in (4]. 

As observed earlicr in the Thcorem I, under certain conditions, viz., 
(A9)-(A11), we havc 

!W>- [13kl(t)eU)~·o. 

)=1 

A similar result may be obtained for the usual recursive (non-GGA) 
estimate iW) for aU), obtained without using the GGA. For such an estimate 

6~k) = f(X~k») for / = 1 

= ~(k)  _ (J (~(k) - f(X(k»))
r-I I-I I-I , for t > 1, (5) 

the corresponding result may be stated as follows (1]. 

RESULT J. Under the conditions (A9) and (AW), and the setup considered 
earlier, 

,.. nl 

- (k)a .s." e(j)e, -+ L.. Ekj 

) -I 

where 

€kl = 'TrJCX k!(i~1  7T'({ki) • 

In both cases, therefore, a.s. convergence takes place but in different forms. 
In the first situation, the sequence of estimates (a~k»  converges strongly with 
another sequence (e~k>,  t = 1,2, ... l, where 

nr 

W)= L 13kJ(t)aU). 
;=1 
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[n'ine second situation obviously, e~k)  convergcs strongly to ark) = Lj'~IEk;O(j). 

In order to effect a comparison between the [\VO algorithms with respcct of 
(strong) convergence, it would be logical, thereforc, 10 study how the sequence 
(e~k),  1 = 1,2, ... } behaves with respect to the true value of a(.l.) More specifi­
cally, we may wish to kgow whether (e~k)}  manages at alt to get "closer" 
eventually to elk) than (eV») does. The following theorcm establishes that, 
under certain additional conditions, the GGA estimates O~k)  do asymptotically 
approach the true p,arameter values "closer" than do the usual recursive 
nOI1-GGA estimates e~k).  

THEOREM 3. If, in addilion 10 rhe assumjJlions (A 1)-( A 10, we also haue, 

for some k, 

(A 12) I3k;(I) -> 13k; for all k,j= 1, ... ,m as 1->00, 

where 13k; ~ O. 

1/1 m 

(Al3) eilher L E k ;8;q > L 13kj Ojf, > 8kq 
j = I j- I 

ftl m 

or 8kq > L I3 kj 8jq > L Ekj0}q for each q, 
j = I j = I 

Ihell 

1I~~k) - a(k l\l-\IW) - e(k)I(":';' GA. where G
k 

> O. 

Proof. Under the assumption (AU), it follows from Theorem 1 that 

O(k) a ..'. -(k
I -> a ), 

where 

1/1 

li<"l = L 13 kj a(j) 

) ~ j 

EFFECf OF WRONG SAMPLES 

This, together with the result stated earlier, implies that 

e(k) _ a(k)~' elk) - elk) 
( 

and 

6(k) - O(k)~' o(/.:) - a(k)
I . 

Consequently, 

115jk) - o(k )II-IIW) - a(k)1I "·'::;·lIo(k) ~ 0(/.:)11_ He(k) - a(k)lI. 

However, 

Ile(k) - alk )1I 2 -Ilel/.:) - a(k)11 2 
= (a'a - e'e) - 2a'(0 - e), 

dropping superscripts, for convenience, 

= (6 - e)'(6 - e) +2e'(6 - e) - 2a'(6 - e) 

=118 - ell 2 +2(6 - e)'(a - e) > 0 

because of (Al3). Hence the theorem. • 
REMARKS. 

1. This theorcm formalizes some sufficicnt Conditions under which the 
GGA provides estimates which are asymptotically "closer" to the respective 
true values than the usual non-GAA estimates. 

2. One implication of the condition (Al3) is that Thcorem 3 will also be 
true if 

e(k);' elk) >a(k) 

or if 

ark) >- ark) >a(k), 
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Q
where the partial order relation > is defined as follows: 

for a,b ERN. a<b if a, < b, for all i = 1, ...• N. 

Generally speaking, these conditions signify th<)t the theorem will be true 
only for those learning situations in which the configuration of the m classes is 

such that, for any given class, either 

(a) the true mean elk) is an interior point of the lower Quantant oC elk) 

which, in turn, is an interior point of the lower quanLant of Ou.. ), 

or 

(b) the inclusion relations are true in the reverse order. 

Obviously, then, whether or not GGA cstimatcs are asymptotically "closer" 
to the true mean than the non-GGA estimates is dependcllt on the nature of 

the problem. 
(By the lower quantant of any poinL Yo in the N-dimcnsional spacc IR/N, wc 

mean the region 

Ql..cyO) = (y: Y, < yiO'tJi = 1.2, .. , N)). 

5. IMPLEMENTATION AND RESULTS 

The algorithm described in Section 2 was implemented on the following 
twO different sets of data. for learning thc class mean vectors and the 

covariance matrices: 

artificially generated data set for a two·feature three-class PRa.	 An 
the feature vector having bivariate normal class-conditional densi­problem,
 

ties.
 
b. A real data set, consisting of 424 samples of five vowels (a, i, u. e. 0). The 

features considered were the first three formant frequencies F I , F2J and F3 · 

EFFECT OF WRONG SAMPLES 

TA£3LEt
 

Some Parameter Values Related to the Artificial Dala Sel
 

Modified Modified 

Class Mean Vector Covariance Matrix a" value Mean Vector Covariance Matrix 

k ~(k )' ~(k) }, - I }=2 j=3 Ii(k )' >:('> 

(10. (5) 103 152 0.85 0.05 0.10 (9.25,1400) 92.00 135.35 
1<")J_ 233 135.35 209.80 

2 (5,5) 29 25 0.05 0.80 0.15 (5.25 6.25) 32.85 34.95 
25 29 34.95 50.30 

3 (5,10) 30 49 O. \ O. \5 0.75 (5.50 9.75) 37.15 55.70 
49 101 55.70 104.90 

5.1. ARTIFICIAL DATA SET 

For each of the three classes, the mean vectors and covarianee matrices 
wcrc specified fir5t, and, using these. 20 random samples for each class were 
gcnerated, using ~tandard  tcchniques based on random normal deviates. The 
samples from the three classes were then mixcd in specific proportions to 
obtain training sets of 5ize 20 for each of the three classes. The true means 
and covariance matrices for the Lhree classes. as well as the 3X3 matrix of a,) 

values, where 

alj = Prob[a sample from class j is labeled i) 

are given in Tablf I. This table also gives the values of !i(k) and I;lk J, 

(equivalent to the elk) defincd in Section 4) for k = 1. 2, and 3. 
The GGA and the non-GGA were implemented on the data, using 

i. a, =	 1/1 for all I > 1. 
ii. Equal a priori probabilities for all the classes. 
iii. Thc Mahalanobis distance for the distance function d. 
iv. A,=(l-a)I,+aL" where I, and L, are respectively the lower and 

uppcr bounds for A" obtained in [5], and OlE (0. I). 

The optimum value of a was empiriealJy found to be 0.8. The estimates 
obtained, with this value of a, are given in Tables 2(a), 2(b) and 2(c), 
respectively, for the three different classes. At each iteration, the distances of 
the estimates, both individual and (cumulative) average, from the true value, 
have been calculated separately for the mcan vector and the vector consisting 
of the diStinct elements of the covariance matrix. 
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TABLE 2(a) 
TABLE 2(a) Cootioued_ 

Learning of Means alld Covariance, of CIa~~  I USJOg GGA alld Noo-GGA 
[)ISI ...lIU:C frolH I",uc Par;IOlC(C( V,doc:;. Di~t,H,ces  from Ttuc '·a,..me\er Values 

GGA r'::s.~ifn:l.lc:-,  of 
of lhe GGA L:."llmalc:o. 
-----...-._---­

Non-GGA E.sIIrt"l':..dCS of or IhQ NOI1-GOA E."llmaICS or 

Mc:..lnO<; 1J1~r>er"l(ll1:-' 

Mean CovCHiancc Means I)r5pcr~J0I1';  

SC( 

No. Sample 

True d 

Cbs~ (,) L.\mda LJpdl"! 

M~:ln 

Vl:ClOr 

CO\,;jfl;Illt:C 

Maulx (R,lW) 
!I~llv. AVCI,lgl; InLliv. Avcrage Vcelor M"lrl" (I{';IW) Indlv. I\verage Lndlv. Average 

11.20 15.09 0.00 0.00 11.200 15088 n5.4469 J68.9856 
1.204 1.204 28.656 28656 11.200 I 5,Otl~ 125.4469 1~.%56  1.204 I 204 28.656 28.656 

168.9856 227.6.151 

2 12.38 

10.82 

13.80 

14.34 

0.00 

3.35 

000 

J 65 y 

I 1.788 

\ 1467 

14446 

'4412 

168.9856 

13931m 

1699111 

131.9301 

227.6.151 

1699111 

209 OH52 

16502H9 

1.8n 

1581 

I 574 

1.576 

47.02.1 

40.4 I2 

JH.9J8 

39.435 

11.788 

11.467 

14.446 

14.412 

139.3107 

169,9111 

13 1.9301 

165.02X9 

169.91 II 

20C).(/SS2 

1650289 

2079711 

1.872 

1.581 

1.574 

J.576 

47.02.1 

40.412 

38.938 

.19.435 

1058 1667 4.74 6.39 y 11.245 14977 

165.0289 

126.9330 

207.9711 

167.8718 
I 246 I 50D 29.688 .1 7.238 \1 245 14.977 116.93.10 167.X718 1.246 1.500 29.688 37.238 

8.91 15.46 4.56 49') y 1(1777 15.1173 

167H718 

I 17.4074 

161 R245 

22.,.4735 

161.8245 

228.1524 

o 7XI 1 )87 18100 .14.277 10.777 15.(7) 

167.87\8 

117.4U74 

161.8245 

225.47.15 

161.8245 

228.1524 

0.781 1.J87 18.100 34.277 

6 HU8 13.25 2.50 2.-44 ,'.­ 10777 \5.01.1 1\7.4074 

161.8245 

I (d .8245 

228.1524 

07" I I lU5 18.IO{j .12 151 IU.712 14.768 115.812.\ 

157.7820 

157 7820 

219..1767 

U.749 1..102 19.575 )2 294 

5.41 648 2 14.58 13 25 N 10777 15073 117.4074 161.S245 
0781 I 24. IH.IOO 30.542 9954 13.584 103.4459 140.2449 1_417 1..119 40.708 33.626 

8 9.42 II 4 I 5.45 5.11 N II) 777 15.071 
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16 12.20 14.37 1.72 I 83 y 10052 14.080 IOJ9917 

14.1.4929 

143.4929 
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0922 1.0U9 :;2 l49 28.234 9.639 13.16.1 96.4402 

13U.3820 

130.3820 
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18 13.60 16.48 183 3.34 y 10.357 14.341 110.6910 150.9139 
0.749 0.985 24.674 28.024 9.989 13.527 10.1.9786 139.25"8 1.47.1 1.649 45.219 4H.337 

150.91.19 209.5808 
1.19.2598 189.6234 

J9 11.03 12.96 1.23 1.20 N 10 357 14.341 110.6910 150.91YI 
0.749 0.974 24.674 27858 10.044 13.497 IU4.9119 l39.45M 1.504 1.642 46.288 4H.232 

150.91.19 209.so1)8 139.4564 1:;S.4855 

20 11.4} 16.42 0.42 1 ~.l y 10.409 14445 J 11.6657 152.7.'73 
0.689 0.962 21.188 27 602 10.112 13.64.1 106.1756 141.8527 1.361 1.629 41.827 47.9J2 

152.7373 212.5871 
141.8527 192.5466 
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TABLE 2(b) TAGLE 2(b) Continued. 

Learning of Means and Covarianees of Class 2 USing GGA and Noo-GGA DI:'.t.HlCC rrol1l TalC '·.lrml'"te~cr  V.duc,., Disl<IIlCCS from True r<tICJmetcr Va lues 
of the GGA L.:::';llm.llc~  NDlI-GGA E"'lIlU:.He~  of of Ihe Non-GGA E.o;;limatc.'> ur 

GGA E.."illmaICs of MCdns Dl:'.rcr~lon~  

Me,\n CO....ariance Mc.:.Jns Di.c;,per!'ioll.'~.  

Sec True d Mc.::M) Cov,HI,mcc 
I ndw. A\lcr.flr.e InuiY. Avcn.lgc VCClur Mi"llrJX (R:itw) Jndiv Aycr:.lgc Indiv. AVCI.:.lgC 

No. S(]mpk Class ('. ) LamJa UP<'\I' Vector M;;l,lnx Ub\w) IlM5 0.665 12.611 12.611 4.6112 ~416 219211 20.6757 0.665 0.6i,5 12.611 12.611 

4.68 442 2 0.42 1.83 4682 4416 219211 20.6757 
20.6757 19.501 I 

20.6757 195011 
0.536 0.6()4 9.534 11./79 5.120 4.478 26.4062 22.9545 0.536 0.604 9534 11.179 

5.56 4 54 0.42 I X3 5 120 4478 21> 4062 22.9545 
22 9545 200563 

229545 20.051>.1 
OMX 0619 X304 10310 5.4 76 '560 10.J679 2S 0470 0.648 0.619 8.304 10.3:0 

6.19 4.72 2 246 3.32 y 5.476 4 560 30.3679 25.0470 
25.0470 20.8096 

25 O' 70 20.80% 
0648 062<. 8.304 9 &47 5.450 4426 29.9852 24.1848 0.729 0.648 9.436 10.09'1 

5.37 4.02 2 1.64 I.W N 5 47(, 4.560 3(13(.79 25.047U 
24 1848 19.6513 

25.0470 20.~096  

0.729 0.648 10.967 10.081 4.462 '.379 24.0402 19.7756 0.822 0.687 ) 2.DI 10.537 
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18 4.99 3.09 6.01 5.05 N 4.789 4.925 28.9322 24.6434 26.0942 34.8906 

24.6434 25.6163 0.224 0.656 ).403 9.215 4.<>62 5.302 25.9167 25.0707 0.453 0.748 5.194 9.821 

19 4.32 1.54 11.38 9.37 N 4.789 4925 28.9322 24.6434 25.0707 D.178X 

24.6434 25.6163 0.224 0.642 3.403 9.014 4.691 5.ll\lO 25.9906 24.0982 0.322 0.733 4.064 9.615 

20 513 1.07 12.64 10.62 N ~.7S9 -1 1)25 28.9322 246434 24.0?82 31.5775 

24.6434 25.6163 
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TABLE 2(e) TABLE 2(c) Continued. 

Learning of Means and Covariaoces of Class J Using GGA and Non-GGA DI!'it:.I11CC from True 1)~lralllcler  Values DiSl:illH;CS from True Paramclcr V;.lucs 

or the GGA E:'illm~\ICS  Non·GGA E.<;.(imalcs o( or the Non·GGA .E.slimClites of 

CiGA r.~llm;ltcs  of 
Mt.:.m:; DI~pCr$llJm  

MC<ln COVoiriallCC 
Mcan~  D ispc r~io  nS 

Ser True d Mean Covariance Indw Av<.:r.1{::c lrld)\' Average Vcclor Matrix (RilW) Indiv. Average Ind,Y. Average 

No. Samr>1c Class (' . . ) Lamc1J Up'.!I? Vector Malnx (Raw) 
1M3 1.643 34908 34.908 4305 851 I 18.5294 36.6361 1.643 1.643 34.908 34.908 

430 8.51 12.64 1062 - 4 305 8,511 185294 36 6361 36.6361 72 4361 
36~361 724161 1,692 1.66~ 35933 35.425 4.511 8.380 20.)957 37.77~9  1.692 1.668 35.9]) 35.425 

4.72 &.25 12.64 1062 - 4.511 83HO 203957 37 77~')  37.77~9  7U 2424 
37 77H9 70.2424 0.99Y 1.479 20205 31.188 4203 9.39M 178855 JS 8563 0.999 1.479 20.205 31.1~  

3.59 11.43 900 15 65 Y 4 203 9.398 17.1!H55 38 ll563 38.M563 904062 
38.ll563 904062 () 7U7 1.329 13.1110 27782 429) 10.1117 186216 426926 0.707 U29 lJ.O I 0 27.782 

4.56 II.Bll 1l.46 1574 Y 4293 101117 186211, 42.6'126 42.6926 103.0644 
42 (,926 103 llO44 0607 12\9 12.963 25.516 4.ll36 9416 24.7196 439790 0.607 1.219 12.963 25.516 

5 701 7.01 6.34 8.8H Y 4.x.16 '1416 247196 43.9790 439790 92 2789 
43.9790 92 2789 11.546 1.135 II 121 21.731 4457 10.053 21.6<)()5 42.2933 0.546 I.lJ5 11.121 23.731 

2.56 I) 24 2.15 527 Y 4,4~7 IO.ll53 21(,,/05 422'1.13 42.2'))3 I06.1H49 
422933 106 1049 11.54(, 1.071 II 121 22.169 4907 11I.3D 26.ll(,82 49.46M6 0.365 1.060 9.592 22.268 

7 (,I 12.16 5.59 4 7~ '" 4 .157 10 053 21.1>'105 42 29JJ 49.468(, 112 0547 

42 :?\)'.1 I06.IOt1Y 0<;71 1022 11(019 21.324 4.')22 '/.93ll 2(,<.673 4771142 0099 0.9'l2 3.7H2 20.873 

5 OJ 7.03 I.H2 .l~K y 452x 9676221:'1,741'425'1 4771142 I04.2J25 
4 I 4257 99 'l2ll4 II.Ill7 I) %ll 4 ')1l7 20 17) 5 D9 9947 )2,l)(,(,11 52.05H4 0..143 0.942 3.776 19.719 

8.67 111.02 41.9\ 44.11) Y 4.9H'/ '171) 2ll0.1llll 46.4776 52.l1584 1H3.791!H 
46.4776 991712 031H 0.924 6.)62 19243 5.053 10.044 29.4744 495600 0.069 0894 2.461 18.723 

10 248 10.92 6.64 1602 Y 4738 9.834 258499 44.5373 495600 105.3377 
44.5373 101.1728 0.310 0.8ll6 6.362 IS448 4.825 996027.382647.1632 0.179 0.854 3.214 17.M78 

11 254 9.12 13.59 12.36 N • 738 9834 25.849'l 445373 47.1632 103.3274 
445373 101.1728 0.310 0.853 6362 17.758 4.88H 10.093 27.6946 48.6017 0.145 0.819 3.671 17.150 

12 5.58 11.55 11.98 Ill.n N 4.738 9.834 25.8499 44.5373 48.6017 1058287 
44 5373 101 1723 0310 0.824 6..162 17.152 4.935 10.112 27.M881 49.2345 0.129 0.7H8 3.604 16.507 

13 5.50 10.34 3 6.92 4.88 N 4738 9.834 25 8499 44.5373 49.2345 105.9110 
44.5373 101.1728 0.235 0.796 35]] 16555 5263 to 037 32.3898 51.8958 0.266 0.762 3.949 15.942 

14 9.53 9.07 .3 18.84 26.01 Y 5.080 9779 30.4972 47.5341 51.8958 104.2236 
47.5.141 99,H240 0.235 0772 3.533 16.020 5.359 10.077 332266 53.1926 0.368 0.742 5.597 15.469 

15 6.71 10.64 8.80 7,49 N 5.080 9779 3ll,4972 47 H41 53.1926 104821H 
4753.1 99 x2.0 0.235 0749 3.533 15.536 5.292 9.924 32.2935 51.9025 0.30 I 0.723 3.861 15.009 

16 4.27 7.62 10.55 9All N 5.0HO 9 779 304972 47.5341 5 I.9025 10 1.~956 

47.5341 99.8240 0.157 0.728 2.078 15081 5.266 9.994 31.7853 52.0313 0.266 0.704 3.522 )4.586 

17 4.86 11.I2 4.03 554 Y 5.068 91158 30.0947 47.9198 52.0313 103.1777 
47.9198 101.2279 0.157 0.709 2.078 14 b64 5.331> 10.OMM 32.4173 53.4088 0.350 0.6H9 5.427 14.232 

IS 6.57 11.69 10.90 8.92 N 5.068 9.858 30.0'J47 47.9198 53.4088 105.0428 
479198 JOI.2279 0.327 0694 5.271 14.]24 5.3111 9.897 32.0018 522009 0.335 0.675 4_054 13.884 

19 4.95 6.46 I 1.47 12.~0 Y 5062 9.679 29.8014 47.0809 52 2~(J9  (01.7()93 
47.lJS09 98.0951 0.327 0.680 5.271 14.011 5.383 9.943 32.5907 53.2436 0.388 0.664 5.000 lJ.579 

20 6,62 10.81 10. 7M 8.~5 N 5.062 9679 29.8014 47.0809 
53.2436 102.4679 

47.0809 98.0951 
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A careful inspection of Table 2 reveals that the performance of the GGA is 
uniformly better (with respect to the "closeness-to-the-true-value" criterion) 

for classes 1 and 2, but IIO! for class 3. Thi~  is to he expected, in view of 

Theorem 3, for it can be readily seen from Table 1 that although the means 

and covariances of classes 1 and 2 satisfy the conditions of the theon::m, tl19se 

of class 3 do not. That is, for k = 1,2, the modified parameters ~(k)  and }:(k) 
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Fig. 1. Distance of estimated mean veClOrs from their true values. (a) /a/; (b) Iii; (e) lui; 
(d) lei; (e) 10/; (--) non-GGA wlIh sequence I; (---) GGA with sequenee I; (--) 

non-GGA w\lh sequence 2; (-.-) GGA with sequence 2. 

EFFECT OF WRONG SAMPLES 

are either strictly less (for k "" 1) or strictly greater (for k = 2) elementwise 
than the corresponding clements of the true. parameters IJ.lk) and ::Elk). 

However, for class 3, this is nOl true; although ~(k)1  is greater than fL\k), Ii(k), 

is Jess than lJ.~k)  By virtue of the theorcm, therefore, the GGA estimates for 

classes 1 and 2 are expected to be "closer" to their true values in the long run, 

but not those for class 3. 
These features o( the GGA have been demonstrated further on some real 

data below. 
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5.2. SPEECH DATA SET 

The data wcre prepared from a set of ncarly 600 discrete phonetically 
balanced speech units in consonant-vowel-consonant Telugu (a major Indian 
language) vocabulary, uttered by three male speakers in the age group of 
30-35 years. The first three vowel formant frequenccs (F l , F2 , and F3) at the 
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Fig. 2. Distance of estimated variance vectors from their true values: (a) la/; (b) Iii; 
(c) lui; (d) lei; (e) 10/; (--) non-GGA with sequence 1; (---) GGA with sequence 1; 
(__) non-GGA with sequence 2; (-.-) GGA with sequence 2. 
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stcady statc were obtained through spectrum analysis. The details of process­
ing and formant extraction are available in (8, 9J. 

For the problem of learning, the procedure used was to take a 10% random 
sample to obtain the initial estimates for each class. An adaptive Bayes 
classifier was then used on the entire data set to provide labels to the samples. 
The GGA (or the non-GGA) were then applied, with the same (algorithm) 
parameters as for the artificial data set. 

Since an adaptive procedure is dependent on the sequence of incoming 
samples and the initial estimates, the algorithms were applied to various 
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permutations of the vowel data set. For illustration, we have given here the 
result corresponding to two sequences, with different initial estimates. The 
results are presented for different classes in the form of graphs as shown in 
Figures 1 and 2. Here, the distance of the estimates from their true values are 
plotted at intervals of 50 iterations. Figure 1 corresponds to mean vector 
whereas, Figure 2 corresponds to variance vector for the same sequences of 

input. 

EFFECT' OF WRONG SAMPLES 

From the curves, the estimates obtained by the GGA are always seen, in 
the long run, to be closer to their true values than those of the non-GGA. 
Furthermore, as the initial estimates tcnd to be poorcr (i.e., distance of the 
estimates from their true values increases), the value of a for obtaining beller 
GGA estimates is Sl:en to be higher [cxcept for Figure l(b»). This conforms to 
our carlier investigation [51 where the similar effect of a on recognition score 
was observed. This means that the guard zone needs to be Oexed more as the 
estimates lend to be weaker, in order to strengthen the estimates by allowing a 
higher proportion of correct to incorrect samples to be available for learning. 

APPENDIX A: PROOF OF EQUATION (4) 

From well-known results in probability theory, we have 

p(XI w= k) = p (X IIV = k, A k (t») P (A k ( I) Iw = k) 

+p(Xlw=k, A~(r»)P(AkC/)lw=k),  (A.1) 

where Ai(t) stands for the event complementary to Ak(/). However, 

p(Xlw=k,Ak(t») 

_ p(X,w = k,Ak(/»
 
- P(Ak(t),w=k)
 

I:~'~ I P (X, W = k, A k(I). W= j)
 

P(A;.-(/),w=k)
 

I:j~  I P ( A k ( I ) ) IX, w = k, w = j) p (X Iw = k • w = j) P ( w = k, w = j) P ( w = j) 

P(Ak(r),w=k) 

I:;':" 1P( A k(I) ) Ix. w= k. w = j) a kj1T} p (X Iw= k, W = j)
 

P(Ak(/)\w = k)P(w = k)
 

I:~:J.Bkj(l)p(Xlw= j) 
(A.2)

P(Ak(/)lw=k) 
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by assumption (A6). Similarly, we must have 

\,1" f3 '" (
P Xlw=k,Ak(I)) = LJ~l Iii l)p(Xlw=j)

(	 (A.3)
P(Ak(I)lw = k) 

Hence the equation. • 
APPENDIX B: PROOF OF THEOREM 1 

The theorem can be shown to be true if it can be established that under the 

conditions (Cl) and (C2), 

(i)	 'P(k) --t 0 with probability 1 as I --t CO, Vk
 
r 2 ' ­

(ii) {EIII'P~k)11  )} converges as I --> co, Vk, where 'P\k) = e~k) - O. 

These, in turn, follow immediately from Lemmas I and 2 if it can be shown 
that the conditions (Cl)-(C7) hold with XII = 'P;,"1. 

We first note that 

r(X~k»)  for I = 1, (B.l) 
elk) ­

I - elk) _ ~y(k){ 

r -I I I , I> 1,	 (B.2) 

where 

y,<~» = { e~~?1 - f(X~k») ifX~)EAk(l) 

(B.3)
. 0 otherwise . 

And f: IR N --t IRq is a continuous map defining an unbiased statistic for elk). 

Obviously, therefore, 

for I = 1 (B.4)
(k)_ rX~'») 

'P, - (k) _ ~Z(k) 

'Pt-l for I > 1	 (B.5)I I 

where 

{'P(k) _g(X(k») ifX~k)EAk(I),Z	 - (-I (
I-I - (B.6)

0 otherwise 

EFFECT OF WRONG SAMPLES 

and 

g(X~k») = f(X~k») - O:k), 

(B.7)
In 

iW)= Lf3k/(t+l)e(k) 
/ ~ I 

We now procced to verify the conditions (CJ)-(C7) for 'P\k). (Cl) is satisfied, 
on account of (A9). (C2) holds, bccausc of Equation (13.5). 

By equations (B.G) and (13.7), wc have 

E[Z(k)luo{k) uo{k) uo(k)] 
I Tl' T2 )"" Tl 

- 1,'[ (k) (XCk»)1 (k) (k) lk) A ( I)J- L	 'P, -g 1+1 'PI ,'P2 •... ,'P , • k 1+ • 

asZ~k)=Oin Ak«(+I), 

= 'P\k) - E[g(X~:\)IAk(t  + 1)], 

.1X(k) . . d f X{k) X(k) X(k) d h (k) (k)as 1+1 IS 10 epenuent 0 (I)' (2)"'" (I) an ence 'PI , ... ,'P, , 

= 'P~k), 

sJnce 

E[g(X~-:>I)IAk(1+1)]
 

= E[ f(X~:\)IAk( 1+ 1)] - w)
 
111 

= Lf3k/(I+l)E(Xlw=i)-O~k) on account of Equation (4) 
)=1 

fJlIT' 

= L f3 kj ( t + I)O(k) - w) 
J = I 

= O. 
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This verifies (C3) with M\k)(x) '" x, \:/x E lT~N  Also, 

E[IIZ)k)1I21'P\k),'P~k),... ,'P~A)] 

,: E(II'P\k)-g(X~",\)lllAk(' + 1)] (for the ~ame  reason as before) 

=-' [1I'P~~?1I2-2'P)k)'{Eg(X\",\))+ E!lg(X\~J)112] 

~ 1I'P~:/1I2 + R, 

R being a finite positive constant independent of 'P\k), ... ,'P)k), 

since E g(X):\) = 0 (as seen above) in the subspace A~  + I), and 

2 
E "g(X\kJj) 11 

=	 Ell f(X~:\) - 6)k)11 
2 

as	 Ef(X(k) ) = O(k)~ Ell f(X)",>,) f -1~onI2 (+ I f 

,;:; EI\f(X~:\)f 

m 

= Lf3kJ(/+l)p), by (AlO), 
j=l 

I1t 

,;:;	 L Pd = R, say. 
J ~ I 

Thus (C.4) holds with a = R, b = 0, c = 1. Finally, as 

(i) X'M~k)(X)  = x'x ~ 0, 
(ii) EIII'P~k)1\2]  < R < co, as seen before, 
(iii) inf'/) <;;II Il q - I X'M~k)(X» 0kT) 2 > 0 because of (A11), the conditions (CS),

X 

(C6), and (C7) are respectively seen to be true. Hence the theorem. • 
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