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ABSTRACT

In our earlier work (1] on the problem of parameter Icarning in pattern recognition, it was
found that cstimalcs converged 1o nontrue values in the presence of labeling errors. The
present work describes a possible remedy o this problem by rejecting those training samples
that do nol lic within a certain neighborhood of the current cstimate of the mean. The
convergence of this class of restrictive updating procedure in presence of wrong samples has
been studicd along with the comparison of its estimales to those in [1]. 1t is established that,
e the presence of fabeling errors, Lhe estimzles of the proposed resirictive apdating
procedure are always asymptotically eloscr to the respective true values than the cstimales in
[1], provided that certain conditions are satisficd. A scl of three-class bivariate data and
speech dala arc also used 1o demonsirate the above fealures.

1. INTRODUCTION

This is a continuation of our earlier work on the effect of wrong samples on
the convergence of learning processes {1]. We investigated there the conver-
gence of stochastic approximation-based learning algorithms for the problems
of parameter learning in pattern recognition when there is a possibility of
training samples being mislabeled. It was found that the values the estimates
converge to are not the true class parameter values but certain convex linear
combinations of true values for all the classes. The general m-class N-feature
pattern recognition problem was considered in [1].

The above result is not surprising because one can easily guess that the
presence of wrongly labeled samples is bound to affect the behavior of the
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lcarning system in some way. The work mercly confirms Lhis suspicion mathe-

matically by quantifying the effect on the asymptotic behavior of the system.

As Lhis work will seem incomplete without a sotution 1o the problem
considered, the next step, therefore, 15 10 sce how the learning procedure may
be modified so that such deviant behavior is taken care of. One obvious
method is to screen the training samples and weed out “doubt{ul” or “spuri-
ous” samples from among them. This approach was adopted by Chien [2] and
Pal et al. [3] in their respective algorithms for parameter lcarning. Recently,
Pathak and Pal [4] gencralized thesce algorithms, called GGA (gencralized
guard zone algorithm), which consists of modilying Lhe stochastic approxima-
tion procedure in such a way that it becomes restriclive, that is, il does not
allow all training samples to be uscd for updating. At any given step in Lthe
training process, a sample is uscd for updatimg only if it is closer o the
preceding estimate of the mcan valuc than some specified threshold. Other-
wise, it is excluded from the training sel. The threshold value was again found
10 lie between certain bounds [5].

The present work concentrales on investigating the convergence properties
of the GGA when there is a possihility of certain proportion of Icarning
samples being mislabeled, and the asympiotic improvement of its cstimates
vis-a-vis the usual recursive unsupervised learning algorithm (i.e., non-GGA)
[L]. Tt is found that in the presence of mislabeled training samples, like
non-GGA, GGA also converges sirongly to nontrue values which are linear
combinations of irue parameter values of all the classes. However, the GGA
estimates have always an edge over the non-GGA cstimates in the sensc that
they are asymptotically closer (o the true parameter values than the non-GGA
ones under certain conditions. It is also shown as a speciul case that if the
GGA is effective in weeding out the mislubeled samplcs, the estimales then
become consistent (e, the GGA estimatcs converge strongly (o the true
parameler values).

Finally, these features are demonstrated on an artificially generated 1wo-
dimensional three class data set and on a set of 424 vowel dala in CNC
{Consonant-vowel Nucleus-Consonant) context.

2. THE GENERALIZED GUARD-ZONE ALGORITHM {(GGA) {4

Let us consider a general rm-class patlern recognition problem, where C,,
i=1,...,n, denotes the ith class. For this purpose, let the feature vector
sclected be

XNx1=[)~'|:Xza---,IN]', X e RV,
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Let us assume:

(A1) The distribution of X in each of the subsets of R corresponding to
the different classes is continuous.

(A2) The probability densities p,(X) of X for the classes Cp, k=1,...,m,
are of the same family and dilfer only in respect of the values of parameters.

(A3) The densities p,(-) involve a g-dimensional parameter vector 0,
which needs w0 be learned, either wholly or partly.

(A4) The densities pp(+) admit of moments of the first two orders, that is,

E(chk) =Ry
and
Var(XIC,) =%,

exist.
(AS5) An unbiased statistic cxists {or thec parameter vector 9.

Let us suppose thal for the purpose of Izarning 84%) 4 set of independent
samples

(X{0,x80, L XE)

are provided, & =1,...,m, where the superscripts & denote the labels “given”
to the respective samples, as opposed to their true labels.

The generalized Guard-Zone Algorithm (GGA) for estimating %) recur-
sively is as follows:

0450 = g(x.%7) for r=1,

=08 —a Y fori>1, (1a)

where
YO -0, —1(x9) it X0 e G(ak),,A,)

=0 otherwise , (1b)
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v
where

é(k) - the th stage estimate of 8,

{a,) = a sequence of positive numbers,

f: RN—» R? is a continuous map, defining an unbiascd statistic for 8,

plk) = the (¢ - 1)th stage GAA cstimate of

GRA Ay =1X: X € RN, a0 i) <4,

d¥x,y) = (x—-yyB,(x—-y),

=g symmetric positive definite matrix, which may or may not be a
function of the training samples X% (some examples given in [4]),

A, =4 positive number, suitably chosen.

Incidentally, G(a,r} is the guard zone and, clearly, is nothing but a closed
ball centered at a and having radius r. [n esscnce, this algorithm allows only
\hose training samples to be used for the updating program which tic within
the corresponding guard zone centered ar the preceding estimate of the mean.
Training samples which lie outside it are ignored and al the corresponding
stages, the estimate is kept unchanged.

The choice of the various parameters of the algorithm, namely, {a,}, A, and
B,, will be governed by a number of factors. For instance, if we insist that the
algorithm should converge almost surely, then (as we shall observe in Seclion
4) a sufficient condition required to hold is

Y i<,

=1

Clearly then, a set of possible choices of a, is

for any & & (1/2,%). In practice, it will be better to choose a small value of 3,
of the corrections Y& will be too small, otherwise.

Similarly, as alsc mentioned in [4), B, can be chosen from among the
following possible values, since d(-, )} is a distance function:

B,=1  (the identity matrix of order N) (2a)
o .
B, = [Diag (589, sﬁ,{;)] ! (2b)
or
B,=57" = (7)) wone (2¢)
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where s is the “current” estimate of o, the (i, ))th element of the
covartance matrix.

The choice is gencrally governed by the nature of the probability density of
the feature veector in any given class, provided, of course, such information is
available a priori. If the fecatures can be expected to be uncorrelated and to
have unit variances, then the first choice (2a) is good enough. If they are
uncorrclated but generally do not have unit variances, then the second choice
(2b) is suitable. In the most general situation, the third choice (2¢) can be
used.

Finally, the choice of A, can also be made on the basis of some suitable
criteria. For inslance, we may choose A, so that it optimizes some perfor-
mance index of the algorithm. This is an open problem, and its solution has
nol yet been attempled by us. In {5], however, we havc taken

Ac=(1-al), +al, (2d)

where {, and L, are respectively lower and upper bounds for A,, whose
explicit cxpressions are given in [5), and « is a number & (0, 1).

3. MODELING MISLABELED TRAINING SAMPLES

A very simple but realistic model, inspired by {6], is adopted for describing
the situation in which there may be mislabeled training samples. Let w and w
dcnote, respectively, Lthe true and the given labels. Clearly,

wowe(l,2,...,m}=Q., 5ay.

Let 7, = P(w = k) denote the a priori probability for the class C,, k =
1,...,m. Further, let p(X)= p(X|w = k) be the class-conditional probability
densily of the feature vector X. Also, lel a;; denote the probability that a
sample from C, is given Lhe label k, Le.,

ak}=P(\3=k|W=j), j)k=1!"’)m' (3)

Clearly,
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9
Under this modcl, it can be shown that, for any subset A4,(7) of the sample
space, the probability density of a sample labcled & at the (1h siage, i.¢.

p(XE) = p(X, 10 = k) = p(XIW = k)

m

LB (0p(Xiw=j)  ifXFedl),  givenw =k, (4a)
=1

m

) BiE () p{Xlw = J), otherwise, {4b)

i=1

where
A1) = {xix e G0}
B (1) = PLALOIX % =k, w = ay,m, /P (% = k) (4¢)
BE() = P(AUDIX W =k ow=j)ay,m, /P (W =k) (4d)

provided that we are prepared to assume:

(AG) p(Xo =k, w=)=pX|w=j) forall j k=1,2,...,m.
(A7) Pl=Kk A () >0 for all &,1.

(A8) PUB =k, AS(1)) > 0 for all k1.

A proof is provided in Appendix A.
It is not difficult to observe that the quantities B8, (1), 8* (1) €[0,1] for all
k. j=12,...,m, as it is known that

t

P(Ww=k)= 3 P(W=k,w=j)=) ma,;.
1=1 J

We have not studied the problem of estimating the mislabeling probabilities
B, yet. Ofthand, it can be said, however, that they can be estimated if some
measures of the probability of errar of the labeling process involved are
available. For instance, if the labeling is done with the help of some statistical
classifier, then the error can be measured by its probabilities of misclassifica-
tion, provided that these can be estimated.
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4. CONVERGENCE OF THE LEARNING ALGORITHM

The convergence of a rceursive estimate 8, for estimating a parameter 0,
can bc defined in various ways. For instance, we say that:

i. The sequence {8,) converges to 8 with probability 1 or almost surely (in
A W5,
symbols, 8, — 8) or strongly if

P| lim Ell8, - 8ll=0| =1.

{ =

n. 8 converges 10 8 in the mean square if

lim El8, —8ll* =0,

! — oo

F being Lhe cxpectation operator.

For studying the asympiotic behavior of the learning algorithm GGA given
in Section 2, use will be made of the following results, due to Schmetterer [7]:

Lemma Lo Lei {a,) be a sequence of positive real numbers such that

o

(cn Y al <o,

n=
Let x, and y, be N-dimensional random vectors which satisfy
{(C) Xy =X, —a,¥,, nzl.

Let M, be a measurable mapping from R™ 1o RY such that
(C3) E(yIx,%5,...,x,) =M, (x,) a.e.

Let a,b,c be nonnegative real numbers and let

(C4) E(lylP1%,,%5,...,x,) < a + bl I+ clx I? ae.
Also, for every x s R™ and n > 1,

{C3) xM, (x) = 0.
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If x, is chosen in such a way that

(C6) E(Hxlllz) exists,
then the sequence {x ) conuverges with probabuity 1, i.e., almost surely and the
sequence E{lx,II*Y converges also.

Lemma 2. Suppose that the conditions {C1)-(C6) hold. If further, there
" exists for every n> 0 a 6> 0 such that for n z 1

(€7 Inf M) 35,
n<lxll<n™!
then {x,) converges almost surely to the N-dimensional nudi vector 0.
Let us now state the following theorems.

Tucorem 1. Consider the setup given in Sections 2 and 3. If, in addition to
assumptions (A1)-(A8), we also have

(A9 T2 a2 <o, where a,> 0 for all n

(A10) p, = ECIRGN [ w = §) exists, with respect to cach class-conditional den-
sity p, (X0,

(A11) p®=PlA (DR =k]> 8, for some 5, €(0,1) for ail 1, then

P =8k~ 3 ,ekj(r)ej“f»' 0, the N-dimensional null vector.
j=1
Also, {E||d>(,k)||2} converges as i§ — o,
Here f3,(r), &,/ =1(1}m is as in Equation (4).

Proof of the theorem follows directly from Lemmas 1 and 2 by verifying
that conditions (C1)-(C7) are true for our setup, and is given in Appendix B.

Tueorem 2. For the setup in Sections 2 and 3, if assumptions (A9)-(A11)
also hold, then

m
Y yk,(:)é,(j)a—“f'e(“ asi—=fork=1,2,...,m,
=1

where ., (1), k,j=1,2,...,m, are the clements of the inverse T,,...(t) of the
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matrix B, ., (3= (), satsfying BUOT() =1, the identity matrix of
order m.

The proof is trivial.

Note. It follows direetly from Theorem 1 (and alse Theorem 2) that in the
case where there is no misclassification, that is, if

Bi, {1} =38, the Kronecker delta, forall k,;=1,2,...,m,

then the sequence of estimates 8% is strongly consistent for 82 This was
also seen in [4].

As observed earlicr in the Thecorem 1, under certain conditions, viz.,
(A9)-{A11), we havc

609~ L B, ()09 0.
J=1

A simjlar result may be obtained for the usual recursive (non-GGA)
estimate 8% for 8¢, obtained without using the GGA. For such an estimate

35*’=f(x5“) for 1 =1
=60 — 0, (B0 - F(X))  fore>1, (s)

the corresponding result may be stated as follows [1].

RESULT ). Under the conditions (A9) and (Al0), and the setup considered
earlier,

~ m

-~ a.5.

esk)_, z: Ek;'eU)
=1

m
fk,=7r;“k; (.lelak'.) .
i=

In both cases, therefore, a.s. convergence takes place but in different forms.
In the first situation, the sequence of estimates {8} converges strongly with
another sequence {8(%), t =1,2,...), where

where

nt
8= 3. By, ()0,

i=1
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In The second situation obviously, 8% converges strongly to 84 = L7 e, 09,
In order to cffect a comparison belween the Lwo algorithms wilh respeccl of
(strong) convergence, it would be logical, therefore, 1o study how the sequence . e

{89, 1 = 1,2,...} behaves with respect to the true value of 84" More specifi- BRI — g2 5 k) — g
cally, we may wish 10 know whether (8"} manages at all 1o gel “closer”
eventually to 8% than {8} does. The following theorcm establishes that,
under certain additional conditions, the GGA estimates §%) do asymplotically
approach the true parameter values “closer” than do Lhe usual recursive
non-GGA estimates é}"').

This, together with the resull stated earlier, impties that

and

0 — g L5 k) _ gk

Consequently,
Trneorem 3. If, in addition 1o the assumptions {A1)-(A1L), we also have, a d

for some k, A =

~ ~ H -

0652 — 93| — {1057 — gt ™SI — pt& | — [jgtk) — atxY|,
(A12) ,Bkj(r)—anJ forallk,j=1,....,m ast—>co,

Howecver,

where By, 2 0.
154 — g4%* — B — 04| = (89— ) —20°(0 - B),
" L213
{A13) cither ) €4,0,4> . Bi%4 > i
=1

= dropping superscripts, for convenience,
i= i=

=21}

Ll 24 =(gr_§);(
or 8, > 3 Br,b,> 2 ey, 8,, foreach q,
i=1 j=1

~8)+28(8-8)-20'(5- )

=18 —8l*+2(8—0)(8~0)>0

ihen because of (A13). Hence the theorem. [}
164 — 66N — Y5 — 0S5 G, where G, > 0. REMARKS.
1. This theorcm formalizes some sufficicnt conditions under which the
GGA provides estimates which are asymptoucally “closer” to the respective
Proof. Under the assumption (Al2), it follows from Theorem | that true values than the usual non-GAA estimates,
2. One implication of the condition {Al3) is that Thcorem 3 will also be
true if
59*)“;‘,‘ §ex)
B S G 5 gtk)
where

or if

i

9k = Z ﬁkje“)-
;=1

000 5 gl gtk
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wﬁcre the partial order relation > 15 defined as follows: TABLE |
Somc Parameler Values Relaled lo the Artificial Data Set
] Modified Modified
fora,be RN, a<bhb ifa, <b, foralli=1,...,N. Class Mean Vector Covariance Matrix - ay, value Mean Vector Covariance Matrix
k wik) ) il j=2 j=3 nlky £k
1 (10,15) 103 152 0.85 005 010  (9.2514.00) 92.00 135.35
Gencrally speaking, these conditions signify that the theorem wili be true 152 233 135.35  200.80
only for those learning situations in which the configuration of the m classes is 2 (5,5) ;‘59 ;g 0.05 080 0.15 (525625 3285 34.95
. . 34.95 50.30
such that, for any given class, either 3 (5.10) 30 o 01 015 075 (5.509.75) s 300
nteri - -t - 103 5570 104.90
(a) the true mean 8%} is an interiar point of the lower quantant of 0 i
which, in turn, is an interior point of the lower quantant of 8%,
S ARTIFICIAL DATA SET
or
(1) the inclusion relations are true in the reverse order. For cach of the three classes, the mean vectors and covarianee matrices

wcere specified first, and, using these, 20 random samples for each class were
generated, using standard tcchniques based on random normal deviates, The
sainples from the thrce classes were then mixed in specific proportions 1o
obtain training sets of size 20 for cach of (he three classes. The lruc means
and covariance matrices for the three elasses, as well as the 3 X3 matrix of «
values, where

Obviously, then, whether or nol GGA cstimatces are asympiotically “closer”
1o the true mean than the non-GGA estimaltcs is dependent on the nature of

the problen.

(By the lower gquantant of any poinl y, in the N-dimensional space BY, we
. )
mean the region

Qr(yo) ={y: y, <yu¥i=12,...,N}). a,; = Prob[a sample from class j is Jabeled /]

are given in Table 1. This table also gives the values of %) and E(k),
(equivalent to the 8% defincd in Scclion 4) for k = 1, 2, and 3.
The GGA and the non-GGA were implemented on the data, using

5. IMPLEMENTATION AND RESULTS i a,=1/¢forall t>1,
ii. Equal @ priori probabilities for all the classes.
The algorithm described in Scction 2 was implemented on the following i, The Mahalancbis distance for the distance function d.
two different sets of data, for learning thc class mean vectors and the v. A =(l-a)l +al, where /, and L, are respectively the lower and
ariance matrices: upper bounds for A, obtained in [5], and @ € (0, 1).
cov :

The optimum value of o was empirically found to be 0.8. The estimates
obtained, with this value of a, are given in Tables 2(a), 2(b) and 2(c),
respeclively, for the three different classes. Al each iteration, the distances of
the estimates, both individual and {cumulatjve) average, from the true value,
have been calculated separately for the mean vector and the veetor consisting
l of the distinct elements of the covariance matrix.

a. An artificially generated data set for a two-feature three-class PR
problem, the feature vector having bivariate normal class-conditional densi-
ties. . .

b. A real data set, consisting of 424 samples of five vowels (a,i,u,e,0). The
features considered were the first three formant frequencies 7|, F,, and F,.
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TABLE 2(a)
Learning of Means and Covariances of Class | Using GGA and Non-GGA

GGA Estimaces of

EFFECT OF WRONG SAMPLES

TABLE 2(a) Continued.

91

Dustance from True Parnmeter Valoes
ol the GGA Lsnmales

Means Iispersions

Lidiv,  Average Indiv.  Averagc

Non-GGA Eshimates of

Distances from ‘Yrue Paramcter Values
of the Non-GGA Esumates of

Mcan Covariance

Veelor Matrix { Raw)

Means Dispersions

Indiv.  Average  Indiv.  Avgrage

Ser Truc o Mean Cuovarine
No. Samplk Class C, )} Lamda Updi? Veglor Mairix (Raw}
1 120 1508 1 0.00 0.00 — 11200 15088 1254469  168.9856
168.9856  227.6151
2 12.38  13.80 i 0.00 000 — L1788 14446 1393107 1699111
1699111 209 0832
k) 10.82  14.34 1 3.8 A463 Y VEA67 1412 13109307 1650289
165.0289  207.9721
4 1058 1667 3 4.74 5.39 Y 11.245 14977 1269330 167.8718
167 8718 225.4735
5 Bl 1548 1 4.56 4 949 Y 10777 15073 1174074 16).8245
161 8345 228.1524
& 10,38 13.25 ! 2.50 2,34 N 107377 15.073 117.4074 161.8245
161.8245  228.1524
7 5.41 6 48 2 1458 1325 N 10777 15073 117.4074  161.8245
161 8245 228 1524
8 942 114l 1 5.45 S N 777 15073 117.4074  101.5245
16) 245 228 1524
9 848 1439 1 02 313 Y 10,522 14997 112 3541 157 4067
1574067 2258188
1w 8.07 1019 3 0.74 271 Y 10277 14516 1076277 149 8R56
1496856 213.6163
11 9.66 1366 L 046 0706 Y 10221 L4438 10633006 148 2610
143.2601  211.1649
12 1033 14.48 1 0.07 009 Y 10230 14442 106.23605  148.3653
1483653 211.0001
13 6.06  9.49 3 1.33 5.12 Y 9.909 14 0al  IDLO07Y 1403792
1413792 201.7237
14 941 1472 i 174 0.66 N 9909 14001 1010079 1413792
141.3792 201 7237
|5 10.93 12.82 1 1.44 126 N 2908 140061 N9 141 a2
1413792 201.7237
16 1220 14.37 i 1.72 183 Y 10052 14030 {39917 143.4929
143.4929 2020130
17 11.99 1639 L 0.65 2738 Y 10166 14215 1063263 146.6062
146.6062 2059249
18 13.60  16.48 1 183 3.34 Y 10357 14341 1106910 1509139
1509139 209.5508
19 1LO3 1296 1 1.23 1.20 N 10357 14341 1106910 1509134
1509139 2095508
20 11.4} 16.42 1 0.42 132 Y 10409 14445  111.6657 152.7373

1527373 212587

1.204 1.204 28.656 286356

1.872 t 574 47.023 38.938

1581 1.576 44412 19.435
1246 1 500 29.688 37.238
0 751 1 387 18 100 14,277
078 1303 18,100 32151
0781 1244 15,100 30542
07814 1196 I8 100 0277
G522 [ 12973 270w

0.557 1097 NN 27,253

a6 1 01 22402 26 548

£ 1031 22.521 26.514

0.944 1.024 33.0%0 27.077

0944 191¢ 33.080 27.550

0.144 10044 3309 27.954

0922 1.00v 32149 28,234

(0.802 0998 27807 28.209

0.749 0.985 24.674 28.024

0.749 0.974 24.674 27 858

0.689 0.902 22188 27 602

11200 15,088 1254469 168.9856
1689856  227.635)

L1788 14.4d6  139.3107  169.9111
1699111 209.G852

1,467 14412 1319301 165 D289
1650289 2079721

11245 14977 1269330 167.5718
167.8718  225.4735

10,777 15.073  117.4074 161 8245
161.8245  228.1524

10712 14768 115.8125 157 7820
15278200 2193767

9954 13584  103.4459  140.2449

140.244% 194 (284

9HE87 13312 101 6067 136.1449

136 1449 1860379

9.731 13432 9X.AN90 134 5804

134.5804  188.3837

9565 13107 949871 120 3419

129 3419 1799247

9574 13158 948391 129 5K4]

129.5841 180 5)al

9637 13268  95.8267  131.2455

131.2455 1829538

9362 12,977 91.2844 1255764

125.5764  175.8071

¢.an5 13,101 9LOBIS 1264963

1264963 178.7267

0468 13,083 929530 127.3942

127.3942 1 77.7748

9.639 13163 96,4402 130.3820

130.3820  179.5610

9,777 13.353 99.2190  134.26065

134.2665 184.7915

9.989 13527 103.9786  139.2598

139.2598  189.6234

10,044 13,497 104.9119  119.4564
139.4564  188.4855

10112 13,643 1061756 141.8527

141.8527  192.5466

1.204 1204 2H4.656 28.65¢6

1.872 1.574 47.023 18.938

1.581 1.576 40.412 19.435

1.246 1.500 29.648 317.238

0,781 1.387 18.100 34277
0.749 1.302 19.575 32294
1.417 1319 40.708 33.626
1.692 1.371 49.586 36.010
1.541 1.397 48.125 37.549
1 942 1461 54 263 40.105
149 1.505 57.633 42162

1770 1529 54.652 413.198

2.121 1.583 £4.082 45.148
2.002 1.616 61.13y 46.474
1.989 1.644 61288 47.605

1.872 1.659 58.018 48.321

1.662 1.659 51,504 48.514

1.473 1.649 45219 48137

1.50a 1.642 46,288 48.232

1.361 1.629 41.827 47.932
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Learning of Means and Covarianees of Class 2 Using GGA and Noo-GGA Distance from Vise Favaimeter Vilues Distances from True Parameicr Values
of the GGA Lshniies Non-GGaA Esumutes of ol ihe Non-GGA Estiinates of
) GG A Esumaltces of Mceans _ Dispersions Mesn Covariance Means Dispersions
cor Troc d Mean Covermee Indw. Aversge  Indiv.  Average Vecior Matnx (Raw) Indiv.  Averuge  Indiv.  Average
No. Samplc Class (-, ) Lamda Updt? Veclor Malrix { Raw) G ans 0.665 12611 12.611 4682 4416 219211 206757 0.605 0.6065 12,611 12611
1 4.68 442 2 0.42 L83 — 4652 4416 219211 206757 206737 19.501
206757 195011 0.536 0.6(4 9.534 LLA79 5.120 4478 264062 22,9545  0.536 0.604 9534 11179
2 5.56 454 2 042 183 —  SI2 4478 264062 22.9545 229343200563
270545 20,0563 0648 0619 4304 1310 5476 4560 ID.3679 250470 0.648 0.619 8.304 3.0
3 619 472 2 246 3.32 Y 5476 4500 303679 25.0470 D070 208096
250470 20.509 0648 0620 8.304 GB4T 5450 4426 299852  24.i1848 (0.729 0.648 9.436 10,069
4 537 402 2 1.64 1.59 N 5476 4560 M 3679 250470 21855196513

35,0470 20,8096 0.729 0.648 10.967 10081 4462 4379 24.0402  19.7756  0.922 0.687 12,131 10,537

s D31 419 2 828 1446 Y 4483 4487 243464 204654 19.7756  19.2390
204650 20 1656 09K 0718 13359 10697 4147 4364 200377 183201 1064 0762 14299 11250

6 257 429 2 083 1w Y 4065 4454 203920 IRE94Y 101190598

kods 10 K72 0998 G765 13359 (117 4041 4267 205265 17.8627  1.029 0825 15397 11932
2 40 386 2 092 084 N 4165 4454 203029 15.8949 178627 18.3080

¢ sore 10 6730 L122 DEIE (3585 11454 3907 4507 186037 173842 1199 0880 15272 1299
g 227 619 1 270 27 Y 3926 4671 19301 18287 17.0842 20,8059

asm 22 190 0808 0827 12272 1S4 4238 4352 218021 17.8299 1001 0895 1386Y  12.570
o ed8 310 2 212 2138 Y4256 4497 22a789 186327 FE2 19,5675

86127 20 7830 OHVR DM 12272 11622 4 118 ARTY 205454 189538 0891 0894 10633 12390
0 LM 95T 3 180 1SS N 4256 4407 224759 186327 189538 26,7008

o2 207890 0898 OM4U 12272 11683 4141 4800 204121 188451 08H2 0893 11031 12272
N 437 407 2 032l N 4256 4407 224759 186327 I8 5433 258300

6127 207539 0340 0BIZ 4425 11258 4611 S089 266347  24.0186 0395 086I 2844 11.773
12 0.78 8§27 I 367 4.56 Y 4717 4812 25765 238237 24.0186 293319

218217 247585 0123 0780 4294 10882 4868 $138 29.5011 256766 0.9 083 1061 11315
13 7% 513 T S 19m Y 4966 4852 312474 25.4967 L5.6766  29.6456

254967 259751 0207 0.5 35 10533 4733 5129 280273 24.9069 0296 0BDA 1027 10.907
34 298 S00 2 236 1493 Y 4824 4H9I  29.6459 247399 24.9069  29.3166

247399 253510 0207 0730 X715 10221 4717 SII9 275083 259116 0473 0787 4025 10,588
35 &S0 889 3 1440 1182 N 4824 4891 206489 247399 L5916 326253

267199 253511 0220 0709 3403 9913 4689 5383 269254 25.7419 0493 0772 4082 10303
16 426 Sa4 2 210 231 Y 4789 4925 280322 24.6434 257419 324360

26434 256161 D224 06 3403 9672 4663 5653 264045 267217 0735 0769 BO0I0 10,182
17 425 997 3 1658 139 N 4789 4925 28.9322 24.6434 267217 36.3799

24,6434 25.6163 0.224 0672 3.403 9433 4681 5511 263187 26.0942 0.602 0.761 6.564 10.015
18 499 309 2 601 505 N 4789 4.925 289322 24.6434 ] 26.0942  34.5906

206434 256163 : 0224  0.656 2403 9215 4662 5307 259167 250707 0453 0748 5194 v.821
19 432 154 2 0L 9w N 4789 4925 289322 24643 ! 250707 33.178%

261 256163 0224 0642 3403 9014 4691 5090 55906 24.0982 0322 0733 4064 9.615
0 52107 2 1264 1062 N 47E9 4825 259327 246434 240942 31,5775

24.6434  25.616)
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TABLE 2(¢)
Learning of Means and Covariaoces of Class 3 Using GGA and Non-GGA

SANKAR K. PAL

EFFECT OF WRONG SAMPLES

TABLE 2{(¢) Continued.

95

GGA Estimates of

Dhstance from True Parameter Values

of the GGA Lshmales Non-GGA Estimales of

Distances from True Parameter Values
ol the Non-GGA Eslimales of

Ser Truc d Mcan Covananee
No. Sample Class {-,-) Lamda Upd” Veclor Mainx (Raw)
1 430 8.51 3 12.64 1062 — 4305 8511 185294 366361
Jasl6l 724361
2 4.72 8.25 3 12.64 1062 — 4501 8350 203957 377789
A7 TIRe 70,2424
3 359 114} 3 200 15 65 Y 4203 9398 178855 388563
38.8563 90 4NG2
4 4.56  11.88 3 §.40 1574 A 4293 10017 186216 426926
42 Y26 103 0644
5 701 7.01 3 6.34 5.84 Y 483 Y416 24 196 439790
439790 92 2789
6 .56 1324 3 2.15 527 Y 4457 10053 216905 422933
422933 106 1049
7 7061 12.16 I 5.59 479 N 4457 10053 21.6905 422933
422913 106,104y
8 503 7.0 2 1.82 1) Y 4528 9676 2213607 414257
414257 999234
9 B.67  10.02 1 41.91 44,10 Y 4989 9713 230338 464776
464776 991712
10 248 1092 3 6,04 1602 A d 4738 9.834 258499 4451373
44.5373 101.1728
11 154 9.42 3 13.59 12.36 N 4738 983 258499 44 537}
44 5371 1011728
12 5.58 1155 3 11.98 10.22 N 4738 9.834  25.8499 44.5173
44 5373 1011728
13 550 10.34 3 497 488 N 4738 98M 258499 445373
44,5373 101.1728
14 9.53 9.07 3 18.84 26.01 Y 5.080 9779 304972 47.5M4)
47.531 994240
15 6.71  10.64 3 §.80 7.49 N S.080 9779 30.4972 47 5341
47 5341 99 H240
16 4.27 7.62 2 10.55 .40 N S.080 9779 304972 47.5341
475341 99.8240
17 4.86 1112 3 4.03 554 Y 5.068 9HSE  30.0947 47.9198
47.9198 101.2279
18 557 11.69 3 10.90 892 N 5.068 9.858 300947 479198
475198 101.2279
19 4.95 6.46 2 11.47 12.80 Y 5062 9.679  29.8014  47.0809
47.0509 98.0951
20 6.62 1081 3 10.78 8.85 N 5062 9679 29.8014 47.0809
47,0809  98.0951

Means Dispersions Mean Covanance Means Dispersions
Indw Average  Lndiv Average Veclor Matnx (Raw) Indiv.  Avcrage Indw. Avcrage
i 643 1.643 34908 34908 4305 8511 185294 36.6361 1.643 1.643 34,908 34908
36.6361 724361

1,692 1.668 35933 35425 4511 HIBO 20L3957 377789 1.692 1.668 35933 35425
37.7789 02424

0.99y 1.479 20205 31188 4203 9394 178855 3HBS6)  0.999 1.479 20.205 31,188
388563 904062

{707 1.329 13,010 27782 4293 10017 186216 426926 0.707 1.329 13.010  27.782
42,6926 101.0644

0 607 1219 12,963 25.5140 48B3 9416 247196 43 9790 0.607 1.219 12.96] 25.516
439790 922789

0.546 1.135 1.zl 23.731 4457 10653 216905 422933 0.546 1.135 11.121 23.731
42,2933 1061049

0.540 1.071 izl 22 169 4907 10,353 20,8642 49.4686 0.365 1.060 G592 22,2468
494686 1120547

n4a71 1022 1619 21324 4922 9938 266673 47 7042 009% 0.992 3.782 20.873
47 7042 104.2325

O IH7 10968 4987 200473 5339 9947 320660 520544 0.343 1.942 3,776 19.71y
52,0584 103.7984

3310 0.924 62362 19 243 5.053 10044 29.4744 49 5600 0.069 0 894 2,461 18.723
49 5600 105.3377

.10 0.8586 6.362 18448  4.825 9960 273826 47.1632 0.179 0.554 3214 17.478
47,1632 103.3274

0.310 0.853 6362 17.758  4.884 10.093  27.6946 45.6017 0.145 0.519 3.671 17.150
4B.6017 105 8287

0310 0.324 6.362 17.152 4935 10112 27.8831 49.2345 0.129 0.748 604 16.507
49.2345 105.9110

0.235 0.796 31533 16555 5263 10037 323598 51.8958 0.266 0.762 1.949 15.942
51.8958 104.2236

0.235 0772 3533 16.020 5.359 10.077 33 2286 53.1926 0.168 0.742 5.597 15.469
53.1926 104 8218

0.235 0749 1.533 15.536 5292 9.624 32.2935 51.9025 0301 0.723 3.861 15.009
51.9025 101.8936

0.157 0.728 2078 15081 5266 9.994  31.7853 52.03)3  0.266 0.704 3.s22 14.586
52.0013 103.1777

0.157 0.709 2078 14664 533y 10.088 324173 53.3085  0.350 0.689 5.427 14.232
53.4083 105.0428

0.327 0694 5.271 14.324 5.318  9.897 32.0018 52209 0.335 0.675 4,054 13.884
32 2809 1017093

0.327 0.680 5.271 14011 538} 9943 325907 513.2436 0,388 0.664 5.000 13.579

53.2436 1024679
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A carefu! inspection of Table 2 reveals that the performance of the GGA is
uniformly better (with respect to the “closeness-to-the-true-value” criterion)
for classes 1 and 2, but not for class 3. This is to he expecled, in view of
Theorem 3, for it can be readily seen from Tabie 1 that although the means
and covariances of classes 1 and 2 satisfy the conditions of the theorem, those

of class 3 do not. That is, for k =1,2, the modified parameters ;:;.(k) and i(k)
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Fig. 1. Diswance of estimated mean vectors from their true values. (a) /a/, ) /i/; (@ fu/;
(d) se/; (&) fo/s (——) non-GGA with sequence 1, (---) GGA with scquenee 1 (—)
non-GGA with sequence 2; () GGA with sequence 2.

EFFECT OF WRONG SAMPLES 97

are either strictly less (for & = 1) or strictly greater {for & = 2) elementwise
than the corresponding elements of the true. parameters p*) and T,
However, for class 3, this is not true; although ;:n.(k)‘ is greater than g4, ﬁ“\,)z
is less than p(zk). By virtue of the theorcm, therefore, the GGA estimates for
classes 1 and 2 are expected to be “closer” to their true values in the long run,
but not thosc for class 3.

These features ol the GGA have been demonstrated further on some real
data below.

g
(=]
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DISTANCE FROM TRUE VALUE

STEP NUMBER
{c)

OISTANCE FROM TRUE VALUE

STEP NUMBER
(d)
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10/
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o

STEP NUMBER
(e)

5.2, SPEECH DATA SET

The data wcre prepared from a set of nearly 600 discrete phonetically
balanced speech units in consonant-vowel-consenant Telugu (a major Indian
Janguage) vocabulary, uttered by three male speakers in the age group of
30-35 years. The {irst three vowel formant frequences (#), F, and F;) at the
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Fig. 2. Distance of estimaled variance vectors from their true values: (a) /a/; {b) /i/;
(c) fuzs(d) /e/s (&) fosi | ) non-GGA with sequence 1; (---) GGA with sequence 1;
( ) non-GGA with sequence 2; (-.-) GGA with sequence 2.
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slcady statc were obtained through spcctrum analysis. The details of process-
ing and {ormant extraction are available in (&, 9].

For the problem of learning, the procedure used was to take a 10% random
sample to obtain the initial estimates for each class. An adaptive Bayes
classifier was then used on the entire data set to provide labels to the samples,
The GGA (or the non-GGA) were then applied, with the same (algorithm)
parameters as for the artificial data set.

Since an adaptive procedure is dependent on the sequence of incoming
samples and the initial estimates, the algorithms were applied to various



100 SANKAR K. PAL

DISTANCE FROM TRUE VALUE

STEP NUMBER
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w25
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E
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< - . e
I Sk . '
8 ~
1 1 4 3 1 1 1
0 i 2 3 4 5 & 7 8 g
STEP NUMBER
(e)

permutations of the vowel data set. For illustration, we have given here the
result corresponding to two sequences, with different initial estimates. The
results are presented for different classes in the form of graphs as shown in
Figures 1 and 2. Here, the distance of the estimates from their true values are
plotted at intervals of 50 iterations. Figure 1 corresponds to mean vector
whereas, Figure 2 corresponds to variance vector for the same sequences of
input.
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From the curves, the cslimales obtained by the GGA are always seen, in
the long run, to be closer to their true values than those of the non-GGA.
Furthermere, as the initial cstimates tend to be poorer (ie., distance of the
estimates from their truc values increases), the value of « for obtaining better
GGA estimales is scen to be higher [except for Figure 1(b)]. This conforms 1o
our carticr investigation [5] where the simitar effccl of a on recognition score
was ocbscrved. This means that the guard zone needs to be flexed more as the
eslimates tend (o be weaker, in order o strengthen the estimatcs by allowing a
higher proportion of correct 10 incorreet samples to be available for learning,

APPENDIX A: PROOF OF EQUATION (4)
From well-known rcsulis in probability theory, we have
p(XIw=k)=p(XIw=k, A ()Y P{A (D)W =k)
Fp(Xlw=k, A P{AS(D|W =k}, (A1)
where A§(¢) stands for the event complementary to A4,(r). However,

pe{XIw =4k, A.(1))

=p(xr"a=k’Ak(1))
P(Ak(!)r,D:k)

CDLap(X W=k, A, w=)
h PAL0), W =k)

CELP(A )XW=k w=/)p(XIWw =k, w=)POb =k, w=])P(w=])

PLA(e),w=k)

I

1=1P( Ak(’))|xy’:”=k, W=f)ﬂk,-7TJp(Xiy3=k, W= )
PO =k =)

_ il By (1) p(Xlw =)
T (AR =k) A2
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L

by assumption (A6). Similarly, we must have

_ LBy (e (Xl = j

(A.3)

Hence the ¢quation. -

APPENDIX B: PROOF OF THEOREM 1

The theorem can be shown to be true if it can be established that under the
conditions (C1) and (C2),

(i) ¥ — 0 with probability 1 as ¢ — o, Yk
Gy {Ellle BIIT} converges as ¢ — o, Yk, where k) =gtk . g,

These, in turn, follow immediately from Lemmas | and 2 if it can be shown
that the conditions (C1)—(C7) hald with x,, = ¢{}).
‘We first note that

f{x{9) for t =1, (B.1)
) =

. 1oes
gl —~ TY,“), t>1, (B.2)
where

0k _f(x(%) if X
Y{(f)1={er-1 f(xl ) lei. EAk(f) (B.3)

0 olherwise.

And £ RY =R is a continuous map defining an unbiased statistic for 8%,
Obviously, therefore,

g(X45) for ¢ =1 (B.4)
o= !
o), — —z“‘) for i > 1 (B.5)

where

(k) _ (k) ; (k}
Z,_,= {‘P:— g(X, ) if X, ?Ak(f); (B.ﬁ)
0 otherwise
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and
B(X() = £(X() — T,

m (B'7)
61 = 3 By, (1 + )00,

=1

We now procced to verify the conditions (C1)-(C7) for o). (C1) is satisfied,
on account of (A9). (C2) holds, beeause of Equation (13.5).
By cquations (B.6) and {(B.7), we have

E[Z®1e, ¢, ., o]
= £ —r(XE )|l @, et (4 1],
as ¥ =0in A5(r +1),
—cpf,“—E[ (X)) |Ak(!+l)}

as X% is independent of X0, X5, X and hence ¢{¥? . *

3

= k
@,

since

Ela(X%)]4,(c+1)]

= E[f(X& )4, (r +1)] 80

m

2B, L+ D E(XIw =) —8%  on account of Equation (4)
=1

e

)y Bii(r +1)0% — (o
=1

=0.
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This verifies (C3) with M®(x) = x, ¥x € &Y. Also,

.L)]

E[1231 16, 08, ¢!

2
= E[H @l —g(XE 1A (1 + ])] (for the same reason as before)
- [n:,off‘;nl— Gr(Eg(x)) + El[e(X8)] ]
< lfRl* + R,
R being a finite positive constant independent of ¢{*,..., @,

since Eg(X$%) =0 (as scen above) in the subspace AY ", and

f1

£ e(xs)|’
- Eff(x) - 80|

= E“ f(‘(sﬁ;n “2_7 L;OEL)!II as Ef(Xfﬁ),) — ésk)

A

Elx0)

"

2 Bk_l({ +1)p1:

i=1

It

by {A10),

A

Y pg=R, say.
J=1

Thus (C.4) holds with a =R, £#=0, ¢ =1. Finally, as

() ¥M¥x) = xx 20,

(i) Ellet® 1?1 < R <o, as seen before,

GiD) 0k, cpepan X M0G0 > 8,m° > 0 because of (All), the conditions (C3),
(C6), and (C7) are respectively seen to be true. Hence the thecrem. n
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