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Learning with Mislabeled Training Samples Using
Stochastic Approximation

AMITA PATHAK-PAL anD SANKAR K. PAL.
SENIOR MEMBER, IELE

Abstract —For the problem of parameter learning in pattern recognition,
the convergence of stochastic approximation-based learning algorithms
have been investigated for the situation in which mislabeled training
samples are present. In the cases considered, it is found that estimates
converge to nontrue values in the presence of labeling errors. The general
m-class N-feature pattern recognition problem is considered. A possible
solution to the problem is also discussed. Some simulation results are
provided to support the conclusions drawn.

1. INTRODUCTION

The learning of unknown parameters of classifiers is an indis-
pensible part of pattern recognition problems. If a sufficiently
large set of correctly labeled training samples is available, then
“reasonably good” estimates of the parameters can generally be
obtained. In many real-life situations, however, it is either diffi-
cult or expensive to obtain labels, so that mislabeling of training
samples can become one of the specters with which a pattern
recognition scientist has to contend. It is, therefore, useful to
know how this problem can affect the learning procedure. A
reasonable amount of work has been done for the two-class
classification problem. The effects of random training errors on
Fisher’s discriminant function have been studied by Lachenbruch
[1}, [2). McLachlan [3), Michalek and Tripathi {4], O’Neill [5],
Krishnan [6}, and Katre and Krishnan [7). They concluded that
the effect is to underestimate distance, overestimate error rate,
introduce bias into estimates of the discriminant function, make
the maximum likelihood estimates of the discriminant function
converge to nontrue valucs, and change the asymptotic relative
efficiency (ARE) relative to a completely correctly classified
sample of the same size.

In the context of recursive learning of parameters, the useful-
ness of stochastic approximation procedures cannot be overem-
phasized [8].! Briefly, a stochastic _approximation procedure for
recursively estimating a parameter 8 by 6, (at the nth stage) with
the help of an unbiased statistic T is

a

e:nl=6n - an(én - Tuévl)

where 6, is either a constant or 8, =7, and {a,} is a suitably
chosen sequence of positive numbers. For instance, a recursive
procedure for estimating the population mean p of a variable X
utilizing the sample mean ¥, is

1
Xpe1 =Xy —;(xll_xn‘l)‘

X, ,, being the (n +1)th observation on X.

In this correspondence, the particular case in which errors
occur in the labeling of training samples is studied for an m-class
N-feature pattern recognition problem. The effect of mislabeling
is to cause “wrong” samples to be used in the recursive learning
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!For instance, there are number of works [9]-{13] by Fu and others in which
stochastic approximation techniques. as applied to learning in pattern recogni-
tion systems, are discussed. (It may be added, however, that these are not
related to the present investigation.)
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of the estimates, for any given class. A simple but realistic model
[14] is adopted to describe this sort of situation. Under this
model, the authors have investigated the convergence of recursive
learning procedures of the type mentioned above. It is found
that, under certain conditions, these estimates do converge
strongly, that is, with probability one, but to nontrue valucs,
more specifically, to convex linear combinations of true parame-
ters of all m classes. This conclusion is reached using some
results on multidimensional stochastic approximation [15].

This result, in itself, is not surprising, because the presence of
mislabeled samples in the training set is sure to affect the
behavior of the training process in some way. This work merely
provides a mathematical description of the effect on its conver-
gence.

As this work will seem incomplete without a solution to the
problem considered, we have also discussed in Section V a
possible way of countering the effect of the presence of misla-
beled samples in the training set. The solution consists of
modifying the stochastic approximation procedure in such a
fashion that it becomes restrictive, that is, it does not allow all
training samples to be used for updating. At any given step in the
training process, a sample is used for updating only if it is closer
to the preceding estimate of the mean value than some specified
threshold. Otherwise, it is excluded from the training set. Some
results on the asymptotic behavior of such algorithms are stated.
It is found that under certain conditions these algorithms are
indeed better than the ones considered earlier. Some simulation
results are provided to illustrate the conclusions arrived at in this
work.

II. STATEMENT OF THE PROBLEM

Let us consider a general m-class (C,, i =1,---, m) pattern
recognition problem for which an N-dimensional vector

Xea=[X. X Xy X ERY
has been specified. Let us assume that

Al) the distribution of X in each class is continuous:

A2) the probability densities p(-|C,) of X for the classes C,.
i=1,---.m, are of the same family, and they differ only
in respect of values parameters;

an unbiased statistic exists for the ¢-dimensional
parameter-vector @, ., with respect to the probability
density function p.

A3)

Let us suppose that for the purpose of learning we have been
given a set of independent samples X{*'. X{0 - XiM k=
1.-- -, m, where the superscripts k denotes the labels given to the
respective samples. For the learning itself, let us utilize a stochastic
approximation algorithm as defined below.

Let §*' denote the estimate obtained at the 7th step for the
class C,. Then

¥ = f(x{) (12

and for 1>1,
ACA)

o =t —a (8 - f(X1),  k=1--m (1))

where {«,} is a sequence of positive real numbers such that
a,<1Vr and f: R¥—> RY is an unbiased statistic for ¢. This
algorithm is a generalization of the usual stochastic appro-
ximation procedures used for recursive parameter estimation.

III. A MODEL FOR LABELING ERRORS

The model to be used for this purpose was developed by
Chittineni [14]. It can be specified as follows. Let w and w
denote, respectively, the true and the given labels. Clearly,

w,we {1,2,---,m}.
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Let m, = P(w =i) denote the a priori probability for the class
C,. i=1,---,m. Further, let p (X)=p(X|w=i) be the class-
conditional density of the feature vector X for C,. Also, let ¢,
denote the probability that a sample from C, has been given the
label i, i.c,

a,,=P(Ww=ilw=j), i, j=1,---,m. )
Clearly, we must have
m
Y a, = (3a)
i=1
ie.,
A:n‘-’lntmxl =£m)<l (3b)
where
mxl [1 l 1 1]
and
A =((a,,)).
Now,
p(X. W =1i)
p(X|i=i)= P(w=1i)
1 ”
= -— X w=iw=j
P(%=1) E’,"( weiw=J)
m
P(b =1i) P’
P(R=ijw=j)P(w=j)
l nm
=P(ﬁ' ,gln/a”p(klu—l w=jj. (4
However.
m
P(h=i)=Y P(W=iw=)
1=1
m
=Y P(h=ipw=j)P(w=)
;=1
n
=Y nq,. (5
j=1
Hence (4) becomes
(2]
p(Xt=i)=} ¢ p(Xif=iw=j) (6)
J=1
where
7 /,/(Z"h :/) (7)
i=1
If we are prepared to assume
Ad) p(Xiw=j)=p(X|W=iw= Vi,
then (6) becomes
m
p(XI=i)=} €, p(Xw= )
1=1
m
=Y ¢, p(X). (¥)

=1
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It may not be out of place to emphasize here that assumption A4)
is perfectly reasonable in the sense that it merely requires that the
distribution of X in any class depend not on the given lable &,
but only on the true label w.

IV. CONVERGENCE OF THE LEARNING ALGORITHM

For studying the asymptotic behavior of the learning algorithm
given in Section II, use will be made of the following results, due
to Schmetterer [15].

Lemma 1: Let {a,} be a sequence of positive real numbers
such that

Cl) I* ,da<cwx.
Let x,, and j;, be k-dimensional random vectors that satisfy
C2)
Let M, be a measurable mapping from R* to R* such that
C3)

X, 1 =X, =4, n>1

E(y,|x. x5, . x,)=M,(x,) ae.
Let a. b, ¢ be nonnegative real numbers, and let
Ca)y  E(I3 P ey x20 o ox, ) Sa+ blix, ||+ clx,|IF - ae.
Also, for every x € R* and n>1, v
C5) xM,(x)=0
If x, is chosen in such a way that
C6)

then the sequence {x, } converges with probability 1. i.e., almost
surely and the sequence E{||x,||* } converges also.

Lemma 2: Suppose that conditions C1)-C6) hold. If, further,
there exists for every >0 a d > 0 such that for n>1

E(]ix,||*) exists.

C7) inf

n<lixli<n

M}(x) > a’

then x, converges almost surely to the k-dimensional null vec-
tor 0.

Let us now prove the following.

Proposition 1: Consider the setup given in Sections II and IIL
If, in addition to assumptions Al)-A4), we also have

AS) L.
A6) o, =

,a <oC,
E(F(X)|IF[w = i) exists,

with respect to each class-conditional density p,(X), then

Also.

converges as 1 — . where

”m

@, = Z €&,9-

=1

€,  k.j=1--m.isasin (7).

Proof of Proposition: The validity of the proposition can be
inferred directly from Lemmas 1 and 2. provided one can show
that the conditions C1)-C7) hold for \p‘“ where

m

Z(Aw

=1

¢4A)= Achr
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We note that from (1a) and (1b) we have, for k =1,-- -, m,
k)= & (X)), forz=1 (9a)
e (g (xk)  o0)

B (X) = (X)= % <9,

Jj=1

Condition C1) is seen to be true because of A5). Condition C2) is
cquivalent to (9b).
Condition C3) also holds, with M,(x) = x, as

E[y - g (XD WS 40 0]
=y - E[g( (A)]

since X,‘{“ is mdependem of X{*,---,X'® and hence of

\P(/\) \l’( ),, \l"(

E[4* - g (X E 40 4]
=¥ = E[g(X) 1w =]
=4'I(A)_ E( f(x)‘ﬁ)=k)+ Z €9
j=1
=y*

as, by (8),
m
E(f(X)W=k)= ¥ € 9=,
Jj=1
say. Similarly, we have
CPUEFAC D] FITERTENE
= E(lu0 1 - 200 g (X))
Hla (X P, ut - ub)
=[Ol - 24 E( g (X)1% = k) + E(llg (X) "9 = k)

for the same reason as before;
=40+ E(1 5 - Bl P19 = k)
since E(g (X)W =k) =0;
=[O+ 1l + E( X 1= k)

"w\))

- m
<[ET 1Bl + X en,
j=1
because of our assumption A6);
2 m .
<+ X (||¢I||2 +p,) ase¢,, <1forall k, j.
j=1
Thus C4) is seen to hold with
m
a= Z([|<p,||2+p/). b=0,c=1.
j=1

Condition C5) is seen to be true as

x’M,(x)=x'x>0.
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The validity of C6) follows because
E| 40| = Elg(xt) |
= E(llg(x)I'1w = k)

m
= 12
<l + X € 0 <o0.
j=1

Finally, C7) follows because

x'x=79>>0.
1

inf
n<lixli<n

inf
n<lixli<n

[x'M,(x}] =

Hence the proposition.

Implications of Proposition 1
1) If the matrix 4 is the identity matrix, ie., if there is no
mislabeling then under our assumptions,

al
@

a.s.
s Ps
as expected.

2) If A+ 1, then clearly the estimates @
classes converge to nontrue values

%) for the different

m
=2 9,
j=1
i.e., a convex linear combination of the parameter vectors of all
the classes, as

m
Y &, =1Vk=1,---.m
j=1

3) Yet another implication can be stated formally as follows.
Proposition 2: Consider the setup specified in Sections II and
II1. If assumptions Al)-A6) hold, then

d n ()2
Yo, 8 S, k=1,

j=1

-,m

where

Loxm= ((Y:,))

is a generalized inverse [16] of the matrix

((cu))l=l .m

I"x"l

satisfying
ET=1, (10)

Proof: Firstly, we note that the matrix E is not full-rank as
shown by (3b). Consequently,

rank(E) =r<m-1.

From proposition 1, it is known that if E’ denotes the trans-
pose of E, then
(m))

(i.e., every element of the matrix on the left-hand side converges
a.s. to the corresponding element on the right-hand side).

By well-known results on almost sure convergence it follows
that

( (l)l~(2)| .

"E'(@, | 9.} - - |, )clement-wise

(qal(l):q)l’)l . q>(m)) - E( ‘Pllw’l e {(p,,,)column-wisc



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. SMC-17, NO. 6, NOVEMBER /DECEMBER 1987

TABLE 1
PARAMETER VALUES FOR THE THREE CLASSES
Class
k i3 B
1 L (10.20) [5 2]
3 * 2 8
1
, !z 6 0]
2 3 0,5) [ 0 6
1
2 10 5§
3 3 (10,10) [ P

(i.e., every column of the matrix on the left-hand side converges
a.s. to the corresponding column on the right-hand side) by (10)).

It may be mentioned in passing that one such T satisfying (10)
is the Moore-Penrose inverse [16] of E, viz. E* defined as

1
E = ig} xu,u,

where A, is the ith nonzero eigenvalue of E, and u, the corre-
sponding eigenvector, i =1,---,r

Some Simulation Results

To make an empirical study of the problem considered in this
correspondence, we simulated the problem of learning of the
mean vector in a three-class two-feature pattern recognition
problem. The mcan vector p, and disperson matrices ¥, were
prespecified and samples were generated with the help of the
routines GOSEAF and GOSEZF in the Numerical Algorithms
Group (NAG) package, so that actually pseudorandom samples
were obtained. Tables I and II give the details of the parameters
and the training sets for each class. n,, denotes the numbers of
samples in the training set which have true labels ;j but are
(mis)labeled k.

We considered three different cases, using a different value of
the matrix 4 = ((a,,)) defined in Section III. In each case, we
obtained a training set of size 20 for each class by combining
samples from all three classes in suitable proportions determined
by the clements of the respective 4-matrix. The results obtained
with these training sets are given in Table III. The distances of
the estimates from the respective true values are also given to
facilitate comparison of the effects of different sets of «,, values.
The inferences are obvious. An increase in the proportion of
mislabeled samples in the training set causes the estimates to
recede even further from the true values.

V. DiscussioN

For the general m-class N-feature pattern recognition problem,
it is found that in the presence of labeling errors for training
samples, the recursive estimates for class parameters ¢, , defined
by means of (1). do converge strongly under certain conditions.
However, the values they converge to are not the true class-
parameter values but certain convex linear combinations of true
values for all the m classes.

This result is not surprising because one can easily guess that
the presence of wrongly labeled training samples is bound to
affect the behavior of the learning system in some way. This work
merely confirms this suspicion mathematically by quantifying the
cffect on the asymptotic behavior of the system.

The next step. therefore, is to see how the learning procedure
may be modified so that such deviant behavior is taken care of.
One obvious method is to screen the training samples and weed
out “doubtful” or *spurious” samples from among them. This
approach was adopted by Chien [17] and Pal er «/. [18] in their
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respective algorithms for parameter learning. Essentially, both
algorithms reject those samples that do not lie within a certain
neighborhood of the current estimate of the mean. We investigat-
ed the large-sample behavior of this class of restrictive-updating
algorithms in [19] and arrived at the following conclusions.

Let §/%) denote the estimate for @, obtained at the th step for
the kth class, using this family of algorithms. Clearly, then

N X for1=1
g = Sx). ' (1
84 —a,¥*), fore>1
where
AL ( 8k} — f(X“‘)) 1fX‘“eG( _h)\)
=0, otherwise (12)
{a,} sequence of positive numbers,
f RN — RY is a continuous map defining an unbi-
\ ased statistic for ¢,
pek),

(¢ —1)th step estimate of p
G(u‘.",,x )={X: X € RY,d(X", ‘“ )<>\ }

d*(x,y) =(x—-yYB(x-y), ] )

B, symmetric positive definite matrix, which may or
may not be a function of the training samples
X(“.

A, p(’>silive number suitably chosen.

Also, let A, (1) denote the event {w: X(w) € G(p{*'|,,)}.
Resulr 1: Under the setup considered in Section III and defined
by assumptions Al)-A6), if we also have

A7) pb =PlA,(1)|W=k]> 3,
for some d, € (0,1) for all ¢,

then
_2 B, (1+1) 50,

the N-dimensional null vector. Also, E{ ‘,"_’ | IEmg, ,(t+1g, I}
converges as ¢ — oo. Here,

P(AA(I)IX-W:I(*W:]-)&A/"-/

= . k,j=1.---.
Bi, (D) P(h =k, 4,(0) J m
=P(A,(1)iX. ﬁ-=k.w=j)cA,P(AA(1)/;‘v=k).
(13)
Result 2: If. in addition to assumptions Al)-A7). we also have
for some A.
AR) B, (1)— B, forall k, y=1{l)m as t >,

where 8,, € (0,1} and

A9) cither L. 1€ 9, > 2 'E‘ ¥ >

=) Pry
org,, >YL B ,9,>

L€, Py for each q.

then {[|§*’ — @, |l 118'*' — @, |} converges almost surely to some
strictly posm\c quantity /, which is dependent on the parameters
of the class C e

The implication of Result 1 is that the estimates 8%’ converge
strongly with the sequence, say,

"

Z&,(Hl)w A

In particular, if A8) is also true. then this implies that these
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TABLE 1I
a;, AND @; VALUES

a,, for First Set

a,, for Second Sct

a,, for Third Set

k j=1 j=2 j=3 g j=1 j=2 j=3 9% Jj=1j=2 j=3 g
1 09 00 01 (10,199 080 005 015 (95,17.75 070 010 0.20 (9,16.5)
2 00 09 0.1 (1,5.5) 005 080 015 (2,6.5) 005 070 025 (3,7
3 01 0.1 0.8 (9,100 010 020 0.70 (8,10) 025 020 0.55 (8,11.5)

n, = ZOaA,

TABLE 111
LEARNING OF THE MEAN VECTOR USING (1)
First Set Second Set Third Set

Class

k e e -l e e —el e 188 el

1 (9.98,18.97) 1.03 (9.76,18.46) 1.56 (9.18.17.62) 2.52

2 (0.16.6.23) 1.24 (0.56,6.41) 1.52 (1.09,6.48) 1.84

3 (939.11.02) 1.19 (8.86,10.46) 1.23 (8.76,11.42) 1.89

TABLE 1V
LEARNING OF CLASS-1 MEAN VECTOR
Itera-
tion xm W P “é}“ - q;l“ d(-) A, Update 6v u 60 - g, ||
1 9.08,2461 1 9.08, 24.61 4.70 — — v 9.08, 24.61 4.70
2 10.50, 18.20 1 9.79, 21.41 143 — — y 9.79, 21.41 142
3 11.67,1091 3 1042,17.91 213 421 9.18 y 10.42, 17.91 213
4 11.21,20.58 1 10.62.18.58 1.55 0.88 1.56 y 10.62, 18.58 1.55
S 9.16,19.11 1 10.32,18.68 1.36 149 0.95 n 10.62. 18.58 1.55
6 8.87.16.61 1 10.08.18.34 1.66 146 1.54 y 10.33,18.25 1.78
7 5.15,12.51 2 9.38,17.51 2.57 522 468 n 10.33,18.25 1.78
8 9.87.1457 3 943,17.14 292 099 225 v 10.26.17.79 222
9 8.57,1592 1 9.34,17.00 3.07 1.92 1.72 n 10.26, 17.79 2.22
10 10.76.24.65 1 9.48,17.77 229 1.90 4.69 y 10.32, 18.48 1.55
11 10.39,2062 1 957,18.03 262 0.55 1.58 y 10.32,18.67 1.37
12 8.65,17.62 1 9.49,17.99 2.07 216 1.52 n 10.32, 18.67 1.37
13 453.1068 3 911,17.43 272 771 7.62 n 10.32, 18.67 1.37
14 11.34,1263 3  927,17.09 3.00 205 4.73 y 10.40. 18.24 1.80
15  10.68,21.65 1 9.36,17.39 2.69 099 277 y 1041, 18.47 1.58
16 7.97,2256 1 9.27,17.72 2.39 3.56 3.95 y 10.26, 18.72 1.31
17 288,897 2 890,17.20 3.01 8.44 829 n 10.26, 18.72 1.31
18 13.51,16.22 1 9.15,17.15 297 3.60 2.78 n 10.26, 18.72 1.31
19 8.95.1866 1 9.14,17.23 2.90 1.42 0.89 n 10.26. 18.72 1.31
20 9.90,2505 1 9.18,17.62 2.52 1.75 4.30 v 10.25, 19.04 0.99
d(-): d(x". ")), v: updating done: n: no updating.
estimates too, converge strongly to nontrue values, viz, where A, and A, are, respectively, the lower and upper

_ m
%=X B9
j=1

which are linear combinations of the true parameter values for all
the classes. Result 2, however, establishes that the estimates §*’
are asymptotically closer (in the sense of Euclidean dmance) to
the true value ¢, than the sequence of estimates §{*).

In fact, in the simulation studies made in [19] using the same
data sets as in Tables I and II, it was found, even without
vcnfymg conditions A8) and A9), that a large majority of the
estimates 8%’ were closer to the true values @; than the respec-
tive qu‘*"s were. The results for Class 1, using the third set of

a, -values (from Tables I and II) are given in Table IV. The
dlstance function d used was a weighted distance (from the
preceding estimate of the mean), the weights being the preceding
estimates of the standard deviations for the respective features.
Also, we had taken

=0.5(A

min mu\ )

bounds to A,, derived in [19].
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Logical Controls via Boolean Rule
Matrix Transformations

CARL (G;. LOONEY, MEMBER, IEEE. AND
ABDULRUDAH A. ALFIZE

Abstract —The model described uses Boolean rule matrices that are
equivalent to implication digraphs to transform truth states associated with
rule conditions into deduced or abduced truth states. Such transformations
realize propositional logic to deduce controls for complex real-time nonin-
teractive systems. The algorithm runs in deterministically polynomial time
and is simple for easy implementation. The rule matrix is decomposable
into subsystems with rule submatrices for distributed processing in multi-
ple microprocessors. A single transformation of a truth state fires every
entire implication path for which the initial, i.e., root, condition is true,
whereas a user interactive production system fires a single rule at a time
and uses the output in the firing of other rules. Predicate logic is more
powerful but is too slow. It also has the fatal flaw of being unending when
a solution does not exist in the data space. Our method will perform
stimulus—response type control that humans use to perform such amazing
feats as fly airplanes, ride bicycles, or control nuclear reactors. It promises
to bring low-cost automation to complex real-time systems.

I. INTRODUCTION

Control engineers are realizing that the world is not
linear- quadratic (Gaines [3]), which is leading to increased inter-
est in rule-based models for use in computer controls. Rule-based
expert systems [5], [7] are ud hoc software packages that can. for
example, implement the expertise of a human plant operator. A
related and promising area of rule-based control is fuzzy controls
{3], which are small rule-based systems that reason forward to
deduce controls using fuzzy, or multivalued, logic to handle the
uncertainty. Another related area uses rule-based systems for
heuristics to adapt or self-tune control laws (sce Astrom er al.
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[2]), but the control is still computed by a mathematical equation
with the adapted parameters. Our interest is in selecting the
controls with propositional logic.

The current genre of rule-based expert systems is more power-
ful and slower in execution than necessary for complex real-time
control due to the use of predicate logic [13, p. 110). The list
processing that is commonly used for this clutters and fragments
memory. Processing must occasionally be suspended for “garbage
collection,” which is fatal for real-time control. Predicate logic is
unending if a solution does not exist in the data space being
searched, which is another fatal flaw for real-time control. It is
also awkward for organizing and controlling information [13, p.
130] and requires cumbersome searching and matching. This
requires linear searching of linked lists that checks the first
object, then uses a pointer to the second object, etc., until the key
is matched. Binary search is not possible, so predicate logic is
inefficient in any programming language (about n comparisons
versus n/2"). Heuristics may reduce the search space but are
limited (the designer must know a technique that will shcrtcut a
particular type of search).

This work expands on a technique [9] for high-speed real-time
deduction via a fast algorithm for realizing propositional logic
[13, p. 108] instead of predicate logic. There is a considered
trade-off. The former is simpler, faster, and yet sufficient for
many kinds of control systems that need high speed. The latter is
more powerful because the rule antecedent and consequent con-
ditions have variable, rather than fixed, objects, e.g., TEMPERA-
TURE( X, V), TEMPERATURE(VAT_1, Y). TEMPERATURE(VAT_1,
ABOVE_T1). The predicate cannot be variable.

While predicate logic is impressive, and some user interactive
expert systems need this, it needs massively parallel architecture
and accompanying algorithms for high-speed real-time control of
complex systems. Neither of these will be economically available
soon.

We use indexed variables to represent propositions (condi-
tions), rules, and truth states of the conditions, so that values are
found by hashing (which is much quicker than linear search). We
will show later that our algorithm executes in polynomial time.
Many decision problems are NP-complete (see Garey ez al. [4] or
[1, ch. 4]), which are conjectured, but not proved, to be of
deterministically exponential time rather than polynomial time
(although nondeterministically polynomial. or NP. time al-
gorithms are known, and these almost always solve the problem).
NP-complete problems appear to need to process essentially all
of the subsets of a set of n objects, rather than a power n*, where
k stays fixed as n increases arbitrarily.

Our method was motivated by reading the papers of Nakano
[11] and Warfield [14], but a wealth of pertinent digraph material
exists. Our goal is to increase automation inexpensively in sys-
tems such as production lines, food and chemical processing
plants, aircraft cockpit decisionmaking, electric power network
controls, communications and adaptive filtering control. automo-
bile engine fuel mixture and firing systems, military command
and control, battle management. etc.

II. TRANSFORMATIONS OF TRUTH STATES

Rules, or Post production rules (after Emil Post) are denoted
by (C(j) = C(i)). where C(i)and C(j) are conditions (proposi-
tions, i.e., statements that must be either true or false). The truth
of condition C(j) implies the truth of condition C(i), or in
programming structare, IF C(J) THEN C(/I). For K conditions,
we define a K X K rule matrix with boolean entries (0 or 1) via

R(i.j)y=1. il C(j)=C(i).

otherwise. = 0.
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