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indirect costs are either over- or underabsorbed during much of 
the year. Cash flow calculation must account for this. 

Further complicating the cash flow is the fact that the contrac­
tor may be reimbursed for a portion of actual direct costs 
burdened by rates before a formal sale occurs. This partial 
collection schedule is called progress payments. The contractor 
may also be entitled to receive additional payments calculated in 
a less straightforward way from the value of facilities devoted to 
the particular contract (this is called facilities cost of money). 
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Representation of Fuzzy Operators Using Ordinary 
Sets 

CHIVUKULA A. MURTHY, SANKAR K. PAL, SENIOR MEMBER, IEEE, 
AND DWIJESH DUTTA MAJUMDER 

Abstract—A different interpretation of union, intersection, and inclu­
sion in fuzzy sets in the light of measure theory is given. The existing 
definitions of these operators are based only on the value of membership 
functions characterizing fuzzy sets. The proposed definitions take into 
account the nature (behavior) of the membership functions together with 
their values. The uniqueness of the proposed definition is established. 
These definitions are generalized for any arbitrar) continuous function 
defined on any bounded closed interval. The existing definitions can also 
be derived from the framework proposed. 

INTRODUCTION 

The first paper on fuzzy sets was published in 1965 [1]. Later, a 
few thousand papers appeared in various journals on different 
aspects of fuzzy set theory [2]. The set operations on fuzzy sets, 
such as union, intersection, inclusion, and complementation, were 
initially defined by Zadeh [1]. The mathematical foundation of 
these ideas was given by Bellman et al. [3] and Fu et al. [4], Other 
definitions, such as bold union and bold intersection [5], were 
also given in this regard. Now it is more or less accepted by all 
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that the definitions given by Zadeh [1] of union, intersection, 
complementation, and inclusion are the standard ones. The appli­
cations of these concepts to various practical fields, such as 
pattern recognition, image processing, artificial intelligence, 
management applications, etc., are available in the literature 
[2]-[10]. 

In this paper new definitions for those operations on fuzzy sets 
are proposed. The properties of the new definitions are discussed. 
It is also emphasized that these definitions arose only because of 
the different interpretation of the intuitive ideas. The proposed 
definitions are based on the concepts in ordinary set theory, 
taking for granted the definition of complementation by Zadeh 
[1]· 

I. PRELIMINARY EXAMPLES 

In this section a few examples are discussed to put forward the 
intuitive ideas behind the proposed operators. 

Example 1: Let Q represent the set of heights in centimeters 
and / and g represent, respectively, the membership functions 
for " tall" and " very tall." A person whose membership value for 
"very tall" is one has to have membership one for tall also. 
Observe also that the membership function value for " very tall" 
is a => the membership function value for tall is at least equal to 
a. The nature of the two membership functions considered is 
similar, i.e., when one increases, the other also increases and vice 
versa. 

Now let us look at the usual set inclusion. We say that Ac B 
if x e A => x e B. Therefore, by generalizing the terminology of 
ordinary sets to fuzzy sets it can be written in the foregoing case 
that gQf. From this definition it follows that if union and 
intersection are to be defined in this context, then / U g is to 
equal to / and / Π g is equal to g (i.e., not based on the 
definitions given by Zadeh). 

Extending these ideas to any two fuzzy sets A and B, it may 
be stated that A c B if μΑ(χ) < μΒ(χ) ^or aW * » 

^ η β ( ^ ) = π ί ΐ η { μ / ί ( λ · ) , μ β ( χ ) } 

where μ represents the membership function. Zadeh [1] defined 
the main operations as in the foregoing. Observe that the 
definitions depend only on the membership function values and 
on no other characteristics of the membership functions. 

Example 2: Let / , g, and h be fuzzy membership functions 
defined on (? = [0,1] (Fig. 1). Let / ( * ) = *, g ( \ ) = l - . \ , and 
Λ(λ-) = Λ-2. 

Let A() = (i/5 -1 ) /2 , JC! = 0.1, x2 = 0.2, and x? = 0.3. Let Qx 
— {A-J, A2, Xy}. Let fi, g\* and hx be fuzzy membership functions 
/ , g, and h restricted to Qx. Then hx < / i < g i for all A E Ç , . 
According to the definition given in Example 1, fx is a fuzzy 
subset of g1 and hx is also a fuzzy subset of gx. However, 
observe that the nature of gx is just opposite to that of / ( and 
Äj. In fact, gx is /j-complement. Intuitively, fx cannot be a 
subset of gx since /, is a truncation of / to Qx and so also is gx, 
and / and g are opposite in nature. 

a) If two fuzzy sets are opposite in nature as just stated, can 
one of them be a subset of another? 

Another aspect of the same problem is stated next. Let Q2 = 
{ A ( ) } . Let /2 , g:, and h2 be fuzzy membership functions / , g, 
and h restricted to Q2. Then observe that 

/ 2 n g 2 = / i n ^ : = l - A - ( ) 

/ 2 U g 2 = / 2 U A 2 = A(). 

Though f2 and g2 are opposite in nature, f2 and h2 are similar 
in nature, the values of intersection are same, and so also the 
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Fig. 1. Functions /( v). #( v). and /;( v). 

values of union. / and h are said to be similar in nature because 
{.v./ increases at x} = {x:h increases at x}. Observe that 
g2(-v()) = /i2(.v0). 

b) Should it be the case that just because the membership 
function values for two functions g2 and Λ2 in the forego­
ing are same, though their natures are different, that the 
values of the intersection with another function are to be 
same? 

As it transpired from the previous discussion, the nature or 
behavior of the membership function, if it can be quantified, 
would change the definitions of union and intersection very 
drastically. In some discrete cases, because of the lack of infor­
mation, it may be impossible to get the values of union and 
intersection based on The behavior of membership functions. In 
Section II the properties of union, intersection, and inclusion are 
discussed on the basis of the behavior of the membership func­
tions. 

Note here that the definition of complementation given by 
Zadeh [1] is acceptable because the aforementioned ideas have 
already been incorporated there. This is explained in Section III. 

Example 3: A government has taken ten measures to diffuse 
tension in a particular state. The ordinary people are asked to 
express their opinions on these measures. Let the measures be 
named M{, M2, · · ·, Λ/ι0· 

An individual A supported Λ/,, M2, and Λ/3 and thought the 
rest ineffective. Therefore, let μ^(χ) = 0.3; μ represents the 
membership function and Λ' represents the support for govern­
ment. Individual B supported A/If Λ/2, Λ/3, and Λ/4, i.e., μΒ(χ) 
= 0.4. Individual C supported Λ/5, Λ/6, and Λ/7, i.e.. ßc(x) - 0.3. 
D supported every measure by 0.3, i.e., μη(χ) = 0.3. 

[In practice, the previous representation is not followed. The 
usual representation is μν(Λ), μ ν (#) , · · · , etc. An example is 
stated next to clarify the position. 

Example 4: Let ssf be the set of all human beings; let SB be 
the set of all likings of human beings, i.e., S8= {music, dancing, 
traveling. ■ · }. The membership functions can be written in two 
ways. 

1) Information on every individual on his liking of music is 
recorded here: 
M music <")< " e ^ 
music e SB. 

2) For a specific human being a, his likings are recorded here: 
μ„(/>). b^SB 
a G jrf.] 

By using the definition of intersection in Example 1, it can be 
seen that 

μ 1 , , , ( , ν ) = 0 . 3 = μ , Μ ( . ( . ν )=μ , η / > ( , ν )=μ / , ( 1 ( (Α ' ) 
= μ„ η / ) ( ,Υ)=μ ί η / , ( ,Υ) . 

However, suppose the intersection is interpreted as common 
points of support for the government. Then 

/ ^ n e ( * ) - 0 . 3 
because both A and B supported M1,W2,M3; 

μ . < η Γ ( * ) - ο 

no common measures between A and C. 
Similarly, 

μ4ηΛΧ)=009,μΒη€(Χ)=0,μΒΓ,Β(Χ) 

= 0.12, μΓη»(Χ) =0.01. 
The values for union can be calculated similarly as 

^ u * U ) - 0 . 4 μΑ„<.(Χ)-0.6 μ^Β(Χ)'0.51 
μ Λ υ ( ( λ ' ) = 0 . 7 μ β υ Ο ( * ) - 0 . 5 8 ßCuD(X)-0.$l. 
If the same reasoning is also followed for inclusion, then 

^ £ μ β , μ 4 ς μ Γ τ He^Pa Mc £ μΒ< 
However, if the information is not provided about the points of 
support, then it is impossible to make the foregoing statements. 

In both Examples 1 and 2 the behavior of one function with 
respect to another is taken into consideration. In Example 3 the 
intuitive idea behind complementation is stated. The nature or 
behavior of the functions, as stated in Examples 1 and 2 is 
essentially the same as the points of support stated in Example 3. 
A concise explanation of these intuitive ideas will be given in 
Section III. 

From now on, Zadeh's union and intersection for fuzzy sets 
will be denoted by (UH), bold union and bold intersection will 
be denoted by (U,R), and the proposed union and intersection 
will be denoted by ((Π) » (Π) ). The union and intersection for 
ordinary sets will also be represented by U and Π. It will be clear 
from the context whether set theoretic operations are used or 
Zadeh's operations are used. 

II. PROPERTIES OF (Π) AND (0) 

In this section properties that union and intersection must 
possess are discussed. 

/ ^ © . r i * ) = 0 , for all .v. 

Bold intersection also satisfies this property. However, it depends 
only on the membership function values. Zadeh's intersection 
does not satisfy this property. 

Example 5: Suppose μ^(-ν) = 0.3. Let 

* - { ( 7 : μ ( . ( * ) - 0 . 7 } 

μ,η ( (Λ·) =0.3, forallCetf. 

This is one way of looking at the problem. From another view 
point, however, having different μ^/η\Γ(.χ) for different C's 
belonging to # is equally logical. This is a different interpretation 
and another way of visualizing the problem. 

If for different C s different intersection values are to be 
obtained, then μ4^\( (.v) = 0 when C = /T. Similarly, the next 
propertv can be derived. 

Again, Zadch's definition does not also satisfy this, but bold 
union does. 
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P} commutativity: 

M,i©*(*)=M/ï0,t(-*) 

UPI, and UPI satisfy Ρ3· 
ΡΑ associativity: 

Μ·<(υ)(/ΐ(υ)θ(Λ') =^.4(Ö)B)(U)c(x) 

U n and U n satisfy P4. 
P5 idempotency: 

μ-ι©^(λ')=Μ^(-ν) 

/*.40.4(-ν)β/Α.4(Λ) 

U n satisfy /^, but U and n do not. 
Pe distributive laws: 

^Α@(Β@()(Χ) = ^A@B)(C){A(V)C)(X) 

M.1©(^©0(-V) =Μ<.4©β)©(.4@θ(·«) 

U n satisfy P6, but U and n do not. 
ΡΊ identity: 

^ @ φ ( λ · ) = ^ ( · ϊ ) 

^ ί © ν ( λ ' ) = μ . . | ( λ ) 

Here A' is the universal set. U,n and Ufi satisfy P7. 
Ps: This property requires the following: 
a) absorption laws; 
b) De Morgans" laws; 
c) involution laws. 

The three properties stated in PH are satisfied by U,n as well as 
by U,n. 

l>V>A(0)B>™ax(v>A^B)-

HA(TÎ)B cannot be greater than any one of μΑ or μΗ because the 
common properties of A and B cannot be greater than 
ϊΐίίη{μΑ,μΗ) (similarly for μΑ(β\Β and π\3χ{μΑ,μΗ)). n,U satisfy 
/V as doU and Pi. 

Pw: μ,,(π)Λ, PA(Ü)B m u s t be dependent not only on μΑ and 
μΛ, but also on their relative natures. This point was discussed in 
Section I. U n and U n do not satisfy Pw. 

P n : A fuzzy set A is said to be a subset of B if 

μ.4©«=μ.4 a n d V>A@B=l>>B 

This is another way of defining inclusion. In ordinary set theory 
AQ B if A* e A => x G B which gives AnB = A and A U B = B. 
We have taken the right side of the expression as the definition of 
"subset." This point was also discussed in Example 1. U,n satisfy 
P n , but U,n do not. 

In the next section a definition will be proposed which would 
satisfy the foregoing properties. 

III. DEFINITIONS OF NEW OPERATORS 

In Example 3 the reason the membership function has the 
given values is clear because of the support for the governmental 
measures. However, in Example 2 or Example 1 it is not clear 
what to be quantified. An example is stated next for this purpose. 

Toll Not toll 

b 

Fig. 2. Explanation for complementation. 

Example 6: Let Q represent the set of heights in centimeters 
and let / and g, respectively, represent the membership functions 
for "tall" and "not tall." Therefore, 

g ( x ) = l - / ( * ) , forali*. 

For an ordinary set AyAc is the set which contains all elements 
except those which are in A% i.e., all the elements which do not 
possess the properties of elements in A. Therefore, if the defini­
tion has to be extended to fuzzy sets, when "not possessing the 
properties of elements in A" is to be quantified. According to 
Zadeh, if the membership function value for "tall" for A{) is 0.3, 
then for "not tall" it is 0.7, i.e., x{) possesses 0.3 of tall properties 
and 0.7 of not tall properties. One way of representing it is given 
in Fig. 2. 

In Fig. 2 the two vertical lines represent "tall" and "not tall." 
Every point on the horizontal line denotes the position of an 
individual x. If x is at a, he possesses all properties of "tall" and 
so zero properties of "not tall." Therefore, let the distance 
between a and b be one unit (i.e., b = a 4-1), and x{) is at 0.7 
distance from the "tall line" (i.e., x0 is at a +0.7), and so at 0.3 
distance from the "not tall" line. The membership function value 
0.3 can be characterized by a set of length 0.3. (i.e., [ d 4 0.7, ̂  4-1]) 
or by a set of length 0.7 (i.e., [a, a 4-0.7]). This is the idea being 
used while defining the operators. 

Every membership function value can, therefore, be repre­
sented by a set. One may, however, get different sets for the same 
value. A way of choosing the right sets is mentioned in this 
section, but before that a few technicalities are to be taken care 
of. 

Definition 1 (Dl): Let a) the domain Q be a closed interval in 
U. Let the membership functions / , and f2 be such that 

b) //'· Q ~* [0<1] is continuous for all / =1,2; 
c) / ( C ) = [0,1] for a l l /=1 ,2 ; 
d) /,( A-) = 0 or 1 or undefined for all x e ρ<, for all / = 1,2. 

It is clear from these assumptions that such a Q need not be 
unique [11]. Uniqueness can be achieved if 

and 

{ S: S is a domain satisfying a), b). c), and d)} 

Q- n s. 
This is the definition of Q. 

Definition 2 (D2): Let / , g, and Q = [ci.b] be as defined in 
Dl. Further, 

i) / { « , * } ç {0,1} g{a,h}Q{0.l}. 
ii) Let a < x() < b be such that / increases at .v0. Then xln x2 

exists such that a ̂  A-, < .v() < A*2 < b such that / ( A , ) = 0. f(xz) 
= 1, and / is nondecreasing at all . \e( .v , , . \ : ) . Similarly, the 
same holds for g also. 
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iii) Let a < A() < b be such that / decreases at A(). Then xi, χλ 
exists such that a ̂  A-, < JC() < x2 < by f(xx) = 1, / ( A 2 ) = 0, and / 
is nonincreasing at all .v G (A^, A 2 ) . The same is the case with g 
also. 

Then define the following: 

[ 0 , / ( * ) ] , 

finite set, 

(to. 

\ any fin 

U O . i ] . 

B. = 

'[0-g(x)h 
[i-g(x)M 
[0 .1 ] , 
any finite set, 

i f / is nondecreasing at A; 
if / is nonincreasing at A; 
i f / ( x ) = 0 ; 
i f / ( * ) - l ; 

if g is nondecreasing at A; 
if g is nonincreasing at A; 
i i g ( * ) = i ; 
i f g ( . x ) = 0 . 

Therefore, / ( Α ) = λ ( Λ χ ) and g(x) = \(Bx) where λ is the 
Lebesgue measure on R. 

Definition 3 (D3): Define 

(/(0)g)(A-)=AMvn£x) 

(f(O)g)(x)=X(AxUBx). 

f Q g if 1) A v ç £x for all A, except where g(x) = 0 and / ( A ) = 
0; 2) A x is a finite set if g(A) = 0. 

It is obvious from D3 that 

( / © / ) ( * ) = 0 forali A 

( / © / ) ( * ) =1 forali A. 

where / is the complement of / . 
Noie: 1) In the definitions of union, intersection, and inclusion 

the membership functions mentioned are all of the type mentioned 
in D2. Let ja /= {/: / has the properties i), ii), and iii) stated in 
D2}. 

Definition: A membership function / is said to be a type I 
membership function if / G s?. Every membership function need 
not be of type I. A theorem is proved in Section V to make D3 
applicable to all / ί ^ . 

2) Observe that a) if / G J / , then every / ( A ) can be repre­
sented by a set from D2; b) / may also be expressed as union or 
intersection of two / , , /, G Jtf for all / =1 ,2 . This may result in 
different sets for the same / ( A ) ' S . A few theorems are proved in 
Section IV to show that definition D3 is unambiguous. 

3) A comparison of D3 with the earlier definitions can be 
found in Section VI. 

IV. PROOF OF UNIQUENESS 

Theorem 1: Let / be a type I membership function of the form 
shown in Fig. 3, i.e., .v ,< .x 2 =*/ ( .Xi )< / ( .v ; ) , f{b) = \ and 
f(a) = 0, and 0 < / ( A ) < 1 for ail A G (a, b). Let g and h be two 
membership functions, g, h G ss? and ( # ( Π ) Α ) ( Λ · ) = / ( Α ) . Let 

BXXX be sets such that \(Bx) = g(x) for all A G [ Ì 2 , / > ] and 
\(CX) = / / ( A ) for all A G [α,/>], where Bx and Cv are obtained 
according to D2. Let Ax, xG[a,b] be sets such that λ ( / ί ν ) = 
/ ( A ) for all A and Ax are obtained according as D2. Then 
By n ( ; = Λ ν for all x[a.b]. 

Proof: Observe that a point A 0 will always exist at which 
g( .Y„ ) = 1. vn can be 1) either a, 2) or fc, or 3) a < A(, < b. 

Case I: xn = a, i.e., g{a) = 1 . 
Claim 1: No point A G (a, b] exists such that g( A) = 0. 

Proof of claim 1 : If one such A, exists, then (g(H)/î)( A , ) = 0, 
i.e., / ( A , ) = 0. However, / ( A ) > 0 for all x>a. 

Claim 2: g(x) = 1 for all A G [a, b]. 
Proof of claim 2: If an xx exists such that g( v, ) < 1, then an 

a b 
Fig. 3. Type I membership function. 

A : > v, exists such that g ( v : ) = 0 (from D2). Therefore, it is a ̂  x ̂  A 

Fig. 4. Type I membership functions. 

proved that g(x) = 1 for all A G [a, b] if g(a ) = 1 => Bx = [0,1] 
forali xe[a,b]. 

Claim 3: h(x) = / ( A ) for all A G [a, b]. 
Proof of claim 3: Let A G [a,h] and h(x) = \(Cx). Now 

/ ( A ) = A ( C v n ß v ) = X(Cvn[0,l]) = X(Cv) = /2(A). Therefore, in 
case 1) it is proved that Cx Π Bx = A v. 

Cos? 2: A 0 = />, i.e., g (6) =1 . Now since f(b) = 1, h(b) has to 
be equal to 1. Let us assume that g(A) = 1 for all A G [a, b] is 
not possible since it has already been tackled in case 1). There­
fore, 3A-, < b such that g (x t ) = 1 . 

Observe that if x{ > a. then g( A , ) = 0 =>f(Xi) = 0, which is 
not true. Therefore, g(a) - 0 and g(A) > 0 for all x> a. 

Observe also that if g(A2) < / ( A 2 ) for an A 2 , a < x2 < /?, then 

f(x2)=\(Br2nCxz)^\(BX2)<f(x2) 

which is a contradiction, i.e., g(x) > / ( A ) for all A G [a, b]. Let 
A 4 G (a,/?] be such that g(A4) = 1 and g(A) <1 for all A < A 4 . 
Observe that if an A5 exists such that b > x5 > x4 and g( A5 ) = 0, 
then/(A5) has to be equal to zero which cannot happen since 
/ ( A ) > 0 for all A > a, i.e., / ( A ) = 1 for all b > x > xA. 

Therefore, g is a continuous nondecreasing function from 
[a.b] to [0,1], and Bx = [0,g(A)] for all xG[a.b] and g{x)> 
/ ( A ) . Bv following the foregoing argument, it can also be proved 
that C X " = [ 0 , / ? ( A ) ] for all . x e [ a , A ] and h(x)> f(x). In ad­
dition, X ( £ v n c \ ) = min(g(A) , / î (A))=/(A): i.e., BxnCx = 
[0,min(g(A),/2(A))] = [0, / (A)]foral l A G [a.b]. 

Case 3: a < A() < b. Observe that this case boils down to either 
case 1 or case 2. 

Theorem 2: Let / , g, and h be as defined in the previous 
theorem, except that (g(O)h)(x) =f(x). Then (BxuCx) = Ax 

forali A G [a,/)] . 

Proof: 3 a point x{i such that g(.\0) = ö, then either I) 
.v0 = />, 2) A 0 = a, or 3) a < A„ < b. 

Case I: .v„ = b. It can be proved that g( x) = 0 for all A G [a, />] 
=* h(x) = / ( A ) forali A G [a%b]. 

Case 2: Let A4 be such that g( A4 ) = 0 and g( A ) > 0 for all 
A > A 4 (see Fig. 4). Then it can be proved that g(x) = 0 for all 
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a c b 
F-ig. 5. Type I membership function. 

By following the reasoning shown in case 2 of Theorem 1, 
making modifications for (0), it can be proved that g is nonde-
creasing in [ay ft] and g(.x) < / ( A ) for all A e [a, ft] and h(x) < 
f(x) and h is nondecreasing, i.e., 

Bx-[0,g(x)] 
Cx-[0,h(x)] 
A,=[0,f(x)] 

BiUC<-[0.max(g(x) ,A(.v))] 
X(B ,UCJ =max(g(.x)./!(.v)) = / ( .x ) . 

Therefore, Ax = [0,/(A)] = B, UCv. 
Case 3: a < .v„ < b\ this follows from case 2. 
Theorem 3: Let / be as defined follows: 

/ : [ a , f t ] - [ 0 , l ] 
f(a) = l / ( f t ) = 0 , 0 < / ( . v ) < l forall A<=(<i,ft) 

Λ"ι K x2 =*/( λΊ ) ^ / ( A2 )* f°r aH* xi * v2 e [a·> b] -
Let g and /i be membership functions of type I. Let Ax, #x, and 
Cx be sets defined as in D2 for / , g, and ft, respectively. 
Therefore. λ(Λν) = / ( A), λ(Bx) = g(.v),and X(CX ) = ft( A).Then 
1) A x = ßx U Cx for all A- if / = g(0)ft, or 2) ΛΛ = ßx n Cx if 

Proof: The proof will be along the same lines as those of 
Theorems 1 and 2. 

Theorem 4: Let / be a membership function as shown in Fig. 
5, i.e., f(a)=f(b) = 0. / (c) =1 where a < c < b. f is nonde­
creasing in the interval («,<■), and / is nonincreasing in the 
interval (c, />). In addition, 

0 < / ( A ) <1 , forall A e ( a, e) U( c,ft) 

f [0 , / ( .v)] , i f x e [ * , c ] 
Λ = 

\ [ 1 - / ( A ) , 1 ) ] , if .ve ( c f t ) . 

a Ci ç a b 
Fig. 6. Type I membership function. 

an .v => g is nondecreasing in the interval (a, c) and nonincreas­
ing in the interval (c, ft). This is the case with ft as well. Then 
from Theorems 2 and 3 the result follows. 

Theorem 6: Let / be a membership function as shown in Fig. 
6, i.e., 

/ ( * )= / ( />)=( ) 

/ ( .γ) = l , for all x e j q , c 2 ] where a < q < ts < b. 

/ ( . v ) > 0 , forali AG(a,/>). 

/ is nondecreasing in the interval (a, q ) and nonincreasing in the 
interval (q>,ft). Let g, A e ^ be such that g(H)h=f. Let ΛΛ, 
#x, and Cx be defined as in D2 for / , g, and ft, respectively. 
Then Bx n Cv = Ax for all .v. 

Proof: Observe that g(x) = h(x) =1 , for all .ve [q ,c 2 j . 
Then from Theorems 1 and 3 the proof is obvious. 

Theorem 7: Let / , g, ft, Λχ, ßx, and Cv be as defined in 
Theorem 6, except that g(Q)ft = / . Then Bx U Cx = Λ x, for all .v. 

Proo/l- Observe that g(a) = g(ft) = h(a) = ft(ft) = 0. Ob­
serve also that g(A) = ft (A) = 0 for all x e [a,b] is not possible, 
i.e., there exists an x and a function among g and ft (without 
loss of generality g) such that g( . \ )>0. Since / ( A ) = 1 for all 
x e [q , ί·:], 3.Υ, e [q , c:] such that g(Xi) = 1. Let JC2 and v, be 
such that q ^ AS < A3 ̂  c2, g(x':) = g(-*0 = 1 , and g(x) < 1 for 
all A < AS and x > A V Note that g(x)^f(x) for all \ e [a, h]. 

If /i(.x) = 0 for ail A, then g(A)=/(A) for all *<=[*,/>]. 
Therefore, let ft( x) > 0 for at least one A e (a, ft). Let A4 and x5 
be such that q ^ A4 ^ A5 < c2, ft(A4) = Λ(Α-5) = 1, and h{x ) < Ì 
for all A < Y4 and x > A5. Then 

Let g, h e .V, Therefore, 3ßx, Cx for every .v e [a, ft] correspond­
ing to g and /?, respectively, such that λ( Bx ) = g(A) and A(CX) 
= h(A). Let g(H)ft = / . Then ßv nCX = AX for all A. 

Proi;/: Observe that g(c) = ft(i*) = 1. Then the Theorem 4 
boils down to getting g and ft in the intervals [a,c] and [eft]. 
This procedure is shown in Theorems 1 and 3. 

Theorem 5: Let / , g, and ft satisfy the properties stated in the 
hypothesis of Theorem 4, except that g(0) ft = / . Then Bx U Cx = 
/I x for all .v. 

Proof: Observe that g( a ) = ft ( a ) = g( ft ) = ft ( ft ) = 0. If 
g( A0) > 0 for an AU, then 3A, G (a, ft) such that g( A, ) = 1 (since 
g&j/). We have g(A,) = 1 => / (A, ) = 1. However, exactly one 
point exists at which / is equal to one. Therefore, g(x) > 0 for 

B, = 

/ [0 ,g( .v) ] , 

[o,ft(-*)l· 

forali v e [ a , Y : ] 
for all Υ€Ξ[Λ-3,/>] 

for all x G [ a, Y4 ] 
[ 1 - Λ ( Λ ) , 1 ] , forall A G [ Y 5 , 1 ] . 

Observe that A x U Bx = [0,1] for all A: e [min ( A2 , A4 ), 
max( Y3,A5)] . This is true for the following reasons. 

1) A { A X U B x ) = l . 
2) As and #v are closed intervals, so Ax U BK is closed. 
3) Let A-0 <£AyUBx and A 0 e (0,1). Let 

A, Ç [ 0 , A O ) Î 
, |> without loss of generality. 

^ ν = [ θ , Α 0 - η ] , η > 0 

^ = [-V(, + T : , 1 ] , T 2 > ( ) . 

Then \(AX U Ä X ) = 1 - T , - T , < 1 = / ( A ) , so A 0 e (0,1) = 
. ν , , ε . / ΐ υ β . 
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. Fig,. 7. Type I membership function. 
Fig. X. Type I membership function. 

Let 

a 2 = m a x ( x 3 , x 5 ) . 

To get the sets in the intervals [α,α{] and [a2,b], o n e n a s t 0 

follow reasoning similar to that mentioned in Theorems 2, 3, and 
5, hence the theorem. 

Similar proofs can be given if the membership functions are of 
the types shown in Figs. 7 and 8. 

V. EXTENSION TO ANY MEMBERSHIP FUNCTION 

In the previous sections the union and intersection operators 
were defined only for type I membership functions and 
combinations of them. However, to calculate the same for any 
two arbitrary continuous functions, it is initially necessary to 
express them as a suitable combination of unions and inter­
sections of type I functions. To do this, it must be proved that a 
collection of type I functions always exists whose combination 
gives rise to any such arbitrary continuous function. A theorem 
to that effect is proved in this section. 

Definition 4 (D4): Let / be a continuous membership function 
from [aj>] to [0,1] such that / satisfies D l . Then 

Let 

/ = ( • • • ( ( g i ° g 2 ) 0 S 3 ) ° *gn) 

where g, e s/ for all / = 1,· · ·, /?, and n is a positive integer and 
° = ( Π ) o r © * ΐ / ( * ) = λ ( • • • ( ( £ l v o £ 2 x ) o # V y ) o . . . o# / / v ) 
for all xG[a,b} where Blx for all A e [#,/>] are the sets ob­
tained from g, for all / = 1, · · ·, n and ° = Π or U as the notation 
o stands in (1). 

Assumption: For a continuous membership function / defined 
on [</, />], Mf = {x: A e (a, fr), x is a maximum or a minimum of 
/ } . Then Mf is either finite, or the set of connected components 
of M, is finite [13]. 

The previous assumption is made to avoid membership func­
tions which do not appear in real life. 

Theorem #: Let / be a continuous membership function from 
[a<b] to [0,1] such that / satisfies Dl and Mf is finite. Then 
3 £ i . Ä : . ' - - . g „ e j / such that f = {-{igl ° . ? 2 ) o g 0 o · · · ° g„). 
where ° = (Π) or ( 0 ) . 

Proof: From Dl the function / takes either 0 or 1 at a and 
/>. We have the following cases: 

1) / ( « O - O / ( M = l 

2) f(a)=0 / ( / > ) = ( ) 

3) / ( " ) = 1 

4) / ( * ) = ! 

/ ( * ) = 0 

Proof for case 1: Let xl, A : , ·, A„, v, , . * : , · · · . r„ be such 
that v, < y, for all i' = 1, · · ·, n and y, < x,., for all / = 1, · ·, 
{n -1), and the A, are local maxima and the v, are local minima. 

1, for all Λ: ^ x,, V<r =» 1,· · · , n 
0, for all Λ > x,. , . ι; = 1 , · · · , n ( xn + j = b ) 

[/(*>-/( .v.mwo·,)] 
?:, i ( -v)-{ /(.»·,) + ■ /(*,)-/(>·,) 

x, ^ x ^ y, 

V, < X < A', , ! I 

(1) Let 

/ 0, if a < Λ < v, for all i = 0, · · · , H , v„ = a 
I / ( . x ) , if . \ :e[a ,x x ] and /'= 0 

1 + / ( A ) - g,( v) , if x εΐχχ.νχ] and / = 0 
1, if v > Vj and / = 0 
0, if Λ ^ v, for all /' = 1,· · · , n 

£ : Ì , ( * ) = \ X if x ^ vf. ! forali ι =1 , · ■ ·,( w - 1 ) 

/ ( * ) - * : , , ( A ) , 
for all / = 1, · · · , /z. A e [ r,, A,_ ! ] 

1 + / ( * ) - * 2 , · ι ( * ) . 
\ forali i = l , - - - , ( M - l ) , . v e [ . v , . i . ν,. J . 

*i = U(D)Si) 
Λ2, = Λ2/ L (0)g 2 / , f o r a l l / = 1 , 2 . · · · , / ? 

>':,· i - * : , © * : , , , , / =1. · · · . («-1) . 

Let #, lx, ß l x , · · ·. B,„x be the sets obtained from g n ,g i , · 
Let 

. £ : , » ■ 

- ^ = i n ^ , for all A 

•^:,* β Λ ( : ι ΐ)χ υ β:Μ· f o r a 1 1 / = 1 . 2 , • • . s f o r a l i v 

<4<:, · i>x β ^ : ι χ n # . : , - i , v for all / = 1.2.· · · . ( / ? - 1 ) . for all .v. 

Observe that λ(Λ: , ; ν ) = / ( A) for all v. The proofs for other 
cases are similar. 

A similar proof holds when the set of connected components 
of Λ/, is finite. An example is given next to make the aforemen­
tioned theorem clear. 

Example ": Let / : [0,1] -> [0.1] be as shown in Fig. 9. i.e.. 

/ ( 0 ) = 0 

/ ( - v , ) = < / < l 

f(yi) = b<a 

/ ( 1 ) = 1 . 

f is nondccrcasing in [0, A , ] , nonincreasing in [.ν,.,η], and 
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Fig. «J. Membership function / is represented as combination of type I 
functions #(), gj, and g2 

nondecreasing in [yl9l]. Let 
S o ( 0 ) - 0 

/ / ( x ) , for all x < A2 

£<)(*) = { ! + / ( * ) - & ( * ) . üxe[xi*yi] 
1, if A ^ >Ί · 

Let 

S i < * ) - { 

/ Ί , if AT < Aj 

/ ( > ' i ) + 77—x 77—Ϊ » if Xj < * < >'i 
/ (* ι ) - / (>Ί) 

1-A 

Let 

& ( * ) ■ 

-/(.Vi). 

0, 

ifjCG[^l f l] . 

if x ^ >Ί 
/ ( A ) - g l ( A ) , Ϊ Γ Λ € [ Λ , 1 ] , 

Therefore, 

Observe that 

λ[( B0x n filv)uSh] - / ( * ) , for all x e [0,1], 

i.e., 

VI. COMPARISON BETWEEN THE DEFINITIONS 

The properties (P I -P l l ) mentioned in Section II of (Π), (0) , 
and inclusion are trivial to prove because the operations are 
ordinary set operations, and the Lebesgue measure satisfies simi­
lar properties in connection with ordinary sets [12]. Before making 
the comparison of the various definitions, let us define in some 
other way the union and intersection operations. 

Definition 5 (D5): Define the following for any two functions / 
and g on any domain Q: 

/ [ 0 , / ( A ) ] , ifO^A^A"! 
ß()v = / [ 0 , l + / ( A ) - g l ( A ) ] , if A e [ A , , y,] 

\ [0 ,1] , ifJO.Vj; 

([0,1], i fx^Ai 

* | T ~ \ [ i - g i ( * ) . i ] , i f * i < * < i ; 
' φ, if A < Vi 

. [ 0 , / ( * ) - s , ( x ) l , if y^x^lx 

[ 0 , / ( A ) ] , forali A < A, 

[l-gi(*U + f(x)-gi(x)l 

*2v 

B{)xnBix = 

K[l-gi(x)M 

if Aj < A: ^ Vj 

if A > vi ; 

(BluCiBlx)UB2x = { 

([0J(x)l x*Xi 
[ l - g l ( A ) , l + / ( A ) - g l ( A ) ] , 

if A, ^ A ^ Vi 

[ l - g l ( A ) , l ] u [ 0 , / ( A ) - g l ( A ) ] , 
for all A > Vj -

ΛΛ = [ 0 , / ( Α ) ] 

Bx-[0,g(x)] 
forali Α<=Ω. 

Define 

/ e g , if Ax ç Bx for all 

/ union g = X( / l v U# v ) 

/ intersection g = X(Axn Bx). 

Observe that Zadeh's definitions are obtained from D5. 
Definition 6 (D6): Define the following for any two functions / 

and g on any domain Q: 

Λ Λ = [ 0 , / ( * ) ] Ax-[l-f(x),l) 

Bx-[0,g(x)]. 

Define 

/union g = \(AxUBx) 

f intersection g = λ( A x n Bx ). 

Observe that bold union and bold intersection follow from D6. 
From D5 and D6 it can be concluded that D2, D3, and D4 

provide other ways of defining union and intersection mathe­
matically. From definitions D2 to D6 it can be seen that the 
proposed definitions (0) and (Π) are a mixture of Zadeh's 
definitions (Ufi) and bold union and intersection (U,fl) for type I 
functions. Tables I-III show the same results. 

Note: 1) If two membership functions are defined on the same 
domain, then one can always consider intersection and union of 
those membership functions. 2) Nothing has been mentioned 
about the membership functions defined on a finite domain. If 
information is available about the factors which influence the 
membership function values (Example 3), then unions and inter­
sections can be calculated. 
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TABLE I 
ZADEH'S UNION AND INTERSECTIONa 

/ 
0.5 

o.x 
0.3 
1.0 
0 

g 

0.25 
0.64 
0.09 
1.0 

0 

h 

0.5 
0.2 
0.7 
0 
1.0 

g 

0.75 
0.36 
0.91 

0 
1.0 

/ π * 

0.25 
0.64 
0.09 
1.0 

0 

fnh 

0.5 
0.2 
0.3 
0.0 
0 

fng 

0.5 
0.36 
0.3 

0 
0 

gnh 

0.25 
0.2 
0.09 

0 
0 

H rig 

0.25 
0.36 
0.09 

0 
0 

hng 

0.5 
0.2 
0.7 
0 

1.0 

/ ug~ 
0.5 
O.X 
0.3 
1.0 
0 

fuh 

0.5 
O.X 
0.7 
1.0 
1.0 

/ U f f 

0.5 
O.X 
0.91 
1.0 
1.0 

g Uh 

0.5 
0.64 
0.7 
1.0 
1.0 

g u j f 

0.75 
0.64 
0.91 
1.0 
1.0 

h U g 

0.75 
0.36 
0.91 

0 
1.0 

''/( v ) = \ . g( Λ ) = Λ 2 , h( Λ ) = 1 - Λ:, g( Λ ) + 1 - .v2 for ail .v e [0,1 ]. 

TABLE II 
BOLD UNION AND BOLD INTERSECTIONa 

/ 
0.5 
0.8 
0.3 
1.0 
0 

g 

0.25 
0.64 
0.09 
1.0 

0 

h 

0.5 
0.2 
0.7 
0 

1.0 

g 

0.75 
0.36 
0.91 

0 
1.0 

fng 
0 

0.44 
0 

1.0 
0 

/ n / i 

0 
0 
0 
0 
0 

fng 
0.25 
0.16 
0.21 

0 
0 

gRh 

0 
0 
0 
0 
0 

g n g 

0 
0 
0 
0 
0 

h Pi g 

0.25 
0 

0.61 
0 

1.0 

/ ω g 

0.75 
1.0 
0.39 
1.0 

0 

/ U / î 

1.0 
1.0 
1.0 
1.0 
1.0 

~/Vg 

1.0 
1.0 
1.0 
1.0 
1.0 

g\àh 

0.75 
0.X4 
0.79 
1.0 
1.0 

gvg 

1.0 
1.0 
1.0 
1.0 
1.0 

hu g 

1.0 
0.56 
1.0 

0 
1.0 

7 ( . Y ) = .V. g(\) = \ 2 . /l(.V) = l - g(x)=l- x2 forali . v e [0.1]. 

TABLE III 
PROPOSED UNION AND INTERSECTION" 

/ 
0.5 
O.X 
0.3 
1.0 
0.0 

g 

0.25 
0.64 
0.09 
1.0 
0.0 

/; 

0.5 
0.2 
0.7 
0.0 
1.0 

g 

0.75 
0.36 
0.91 
0.0 
1.0 

f©8 
0.25 
0.64 
0.09 
1.0 
0.0 

/©Λ 

0.0 
0.0 
0.0 
0.0 
0.0 

/©s 
0.25 
0.16 
0.21 
0.0 
0.0 

g(3h 

0.0 
0.0 
0.0 
0.0 
0.0 

g© g 
0.0 
0.0 
0.0 
0.0 
0.0 

h©g 
0.5 
0.2 
0.7 
0.0 
1.0 

/©* 
0.5 
O.X 
0.3 
1.0 
0.0 

/©'* 
1.0 
1.0 
1.0 
1.0 
1.0 

/©* 
1.0 
1.0 
1.0 
1.0 
1.0 

Ä©A 
0.75 
0.X4 
0.79 
1.0 
1.0 

g@g 

1.0 
1.0 
1.0 
1.0 
1.0 

A©.f 

0.75 
0.32 
0.91 
0.0 
1.0 

7< v ) = v, g( v ) = x-, /;( Λ ) = 1 - v. g( Λ ) = 1 -
( / i U Ä , ) ( . v ) = max(/l(.v).jcl(.v)): <Λ n.ç,)(.v) = 
max(0 . / , ( .v ) f .if; < .v )'- I). 

.v* for all . ve [0.1]. The definitions of U. n . U. and n arc as follows: 
miiK/^.vJ.^f.v)); ( / , U .-<, )( A) = min( l . / , ( x)+ -.*?,< Λ ) ) ; ( / ,η ι ? 1 ) ( . γ ) = 
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CGT: A Fast Thinning Algorithm Implemented on a 
Sequential Computer 

WEN XU AND CHENCÏXUN WANG 

Abstract—\ new approach, called contour generating (CG) is proposed 
to reduce drastically the running time for the parallel thinning algorithms 
on a sequential computer by providing an amount of extra storage space. 
As a result, the time complexity of the parallel thinning algorithm using 
this technique becomes proportional only to the object area of the image 
instead of the product of the whole image area and the maximum half-width 
of the object. With its application to the classical thinning (CLT) algorithm. 
a new algorithm called the contour generating thinning (CGT) algorithm is 
introduced. The experimental results show that CGT is so far the fastest of 
all reported thinning algorithms, and the skeletons produced are of good 
quality. 
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