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indirect costs are either over- or underabsorbed during much of
the year. Cash flow calculation must account for this.

Further complicating the cash flow is the fact that the contrac-
tor may be reimbursed for a portion of actual direct costs
burdened by rates before a formal sale occurs. This partial
collection schedule is called progress payments. The contractor
may also be entitled to receive additional payments calculated in
a less straightforward way from the value of facilities devoted to
the particular contract (this is called facilities cost of money).
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Representation of Fuzzy Operators Using Ordinary
Sets

CHIVUKULA A. MURTHY, SANKAR K. PAL, SENIOR MEMBER, IEEE,
AND DWIJESH DUTTA MAJUMDER

Abstract — A different interpretation of union, intersection, and inclu-
sion in fuzzy sets in the light of measure theory is given. The existing
definitions of these operators are based only on the value of membership
functions characterizing fuzzy sets. The proposed definitions take into
account the nature (behavior) of the membership functions together with
their values. The uniqueness of the proposed definition is established.
These definitions are generalized for any arbitrary continuous function
defined on any bounded closed interval. The existing definitions can also
be derived from the framework proposed.

INTRODUCTION

The first paper on fuzzy sets was published in 1965 [1]. Later, a
few thousand papers appeared in various journals on different
aspects of fuzzy set theory [2]. The set operations on fuzzy sets,
such as union, intersection, inclusion, and complementation, were
initially defined by Zadeh [1]. The mathematical foundation of
these ideas was given by Bellman ez al. [3] and Fu ez al. [4]). Other
definitions, such as bold union and bold intersection [5], were
also given in this regard. Now it is more or less accepted by all
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that the definitions given by Zadeh [1] of union, intersection,
complementation, and inclusion are the standard ones. The appli-
cations of these concepts to various practical fields, such as
pattern recognition, image processing, artificial intelligence,
management applications, etc., are available in the literature
(2]-(10}.

In this paper new definitions for those operations on fuzzy sets
are proposed. The properties of the new definitions are discussed.
It is also emphasized that these definitions arose only because of
the different interpretation of the intuitive ideas. The proposed
definitions are based on the concepts in ordinary set theory,
taking for granted the definition of complementation by Zadeh
[1].

I. PRELIMINARY EXAMPLES

In this section a few examples are discussed to put forward the
intuitive ideas behind the proposed operators.

Example 1: Let Q represent the set of heights in centimeters
and f and g represent, respectively, the membership functions
for “tall” and * very tall.” A person whose membership value for
“very tall” is one has to have membership one for tall also.
Observe also that the membership function value for * very tall”
is a = the membership function value for tall is at lcast equal to
a. The nature of the two membership functions considered is
similar, i.e., when one increases, the other also increases and vice
versa.

Now let us look at the usual set inclusion. We say that 4C B
if x € A= x € B. Therefore, by generalizing the terminology of
ordinary sets to fuzzy sets it can be written in the foregoing case
that gC f. From this definition it follows that if union and
intersection are to be defined in this context, then fU g is to
equal to f and fNg is equal to g (ie, not based on the
definitions given by Zadeh).

Extending these ideas to any two fuzzy sets 4 and B, it may
be stated that 4AC B if p,(x) < pg(x) for all x,

o p(x) =max{p.,4(x),u,,(x)}
Banp(x) =min{ﬂA(*)~ﬂ3(/")}

where p represents the membership function. Zadeh [1] defined
the main operations as in the foregoing. Observe that the
definiuons depend only on the membership function values and
on no other characteristics of the membership functions.

Example 2: Let f, g, and h be fuzzy membership functions
defined on Q =[0.1] (Fig. 1). Let f(x)=x, g(x)=1-x, and
h(x)=x>.

Let x,=(/5 —1)/2, x,=0.1, x,=0.2. and x,=0.3. Let 0,
= {x,,Xx3,X3}. Let f, g,. and h; be fuzzy membership functions
f, 8 and h restricted to Q,. Then /, < f,< g for all x€Q,.
According to the definition given in Example 1, f; is a fuzzy
subset of g, and h; is also a fuzzy subset of g,. However,
observe that the nature of g, is just opposite to that of f, and
h,. In fact, g, is f,-complement. Intuitively, f, cannot be a
subset of g, since f is a truncation of f to Q, and so also is g,
and f and g are opposite in nature.

a) If two fuzzy sets are opposite in nature as just stated, can
one of them be a subset of another?

Another aspect of the same problem is stated next. Let Q, =
{xo}. Let f5, g., and h, be fuzzy membership functions f. g,
and h restricted to Q,. Then observe that

LNng=finhy=1-x,
Vg =fVUh,=x,.

Though f, and g, are opposite in nature, f, and h, are similar
in nature, the values of intersection are same, and so also the
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Fig. 1. Functions f(x). g(x). and h(x).

values of union. f and h are said to be similar in nature because
{x:f increases at x}={x:h increases at x}. Observe that
82(X¢) = hy(x).

b) Should it be the case that just because the membership
function values for two functions g, and A, in the forego-
ing are same, though their natures are different, that the
values of the intersection with another function are to be
same?

As it transpired from the previous discussion, the nature or
behavior of the membership function, if it can be quantified,
would change the definitions of union and intersection very
drastically. In some discrete cases, because of the lack of infor-
mation, it may be impossible to get the values of union and
intersection based on the behavior of membership functions. In
Section II the properties of union, intersection, and inclusion are
discussed on the basis of the behavior of the membership func-
tions.

Note here that the definition of complementation given by
Zadch [1] is acceptable because the aforementioned ideas have
already been incorporated there. This is explained in Section IIL

Example 3: A government has taken ten measures to diffuse
tension in a particular state. The ordinary people are asked to
express their opinions on these measures. Let the measures be
named M,, M,, -, M.

An individual A4 supported M,. M,, and M, and thought the
rest ineffective. Therefore, let p,(x)=0.3; p represents the
membership function and X represents the support for govern-
ment. Individual B supported M;, M,, M,, and M,, i.e., pg(x)
= 0.4. Individual C supported M;, M,.and M, i.e.. p(x)=0.3.
D supported every measure by 0.3, i.e., p,(x)=03.

[In practice. the previous representation is not followed. The
usual representation is p, (A), g, (B).---, etc. An cxample is
stated next to clarify the position.

Example 4: Let &/ be the set of all human beings: let @ be
the set of all likings of human beings, i.e., @ = {music, dancing,
traveling, - - - }. The membership functions can be written in two
wWavs,

1) Information on every individual on his liking of music is
recorded here:
l"lmhw ( a )'
music € .

2) For a specific human being a, his likings are recorded here:
r.(h) heRB
a€ )

FE=K-"4

By using the definition of intersection in Example 1, it can be
scen that

o X)=03=p, (X)) =p, p(X)=py. (X)
=ppn(X)=pc ., p(X).
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However, suppose the intersection is interpreted as common
points of support for the government. Then

tina(X)=03
because both 4 and B supported M, M,, M;;
Banc(X)=0

no common measures between 4 and C.
Similarly,

Bann(X) =009, pgnc(X) =0, pgnp(X)
=0.12, penp(X) =0.01.

The values for union can be calculated similarly as
Paua(X)=04 Bauc(X) =06 Biup(X) =051
Bauc(X) =07 keop(X) =058 tceup(X)=0.51.
If the same reasoning is also followed for inclusion, then

ByShplhySbice itg S B Be S ppe-

However, if the information is not provided about the points of
support, then it is impossible to make the foregoing statements.

In both Examples 1 and 2 the behavior of one function with
respect to another is taken into consideration. In Example 3 the
intuitive idea behind complementation is stated. The nature or
behavior of the functions, as stated in Examples 1 and 2 is
essentially the same as the points of support stated in Example 3.
A concise explanation of these intuitive ideas will be given in
Section IIT

From now on, Zadeh’s union and intersection for fuzzy sets
will be denoted by (U.N), bold union and bold intersection will
be denoted by (U,M), and the proposed union and intersection
will be denoted by (@,@). The union and intersection for

ordinary sets will also be represented by U and M. It will be clear
from the context whether set theoretic operations are used or
Zadeh’s operations are used.

II. PROPERTIES OF @ AND @

In this section properties that union and intersection must
possess are discussed.

P,:
for all x.

l’q@.« {x)=0.

Bold intersection also satisfies this property. However, it depends
only on the membership function values. Zadeh’s intersection
doces not satisfy this property.

Example 5: Suppose p,(x)=0.3. Let

€ ={C:pc(x)=0.7}
Banc(x) =03,
This is one way of looking at the problem. From another view

point, however, having different p 4(@Ax) for different C’s

belonging to € is equally logical. This is a different interpretation
and another way of visualizing the problem.

If for different C’s different intersection values are to be
obtained, then ‘14@(-(.\') =0 when C= 4. Similarly, the next

property can be derived.

RS

forall Ce¥.

r@e(¥) =1

Again, Zadeh's definition does not also satisfy this, but bold
union does.



842

P, commutativity:

ra@s(x) = rp@)a(x)

F.q@u( x)= I"R@.—l( x)
U.N, and U.A satisfy P;.
P, associativity:

L@@ X) = ra@m@c(¥)
Pq@m@m( x) = F‘vu@ﬁ;@('( x)

U.N and U.A satisfy P,.
P idempotency:

P.q@.«l(-") =p,(x)
“".4@.4( x)=p,(x)

U.N satisfy P, but lJ and A do not.
P, distributive laws:

#.4@(3@()( x) =p, .4@3)@(.4@(')( x)

#.4@(”@(‘)( .\‘) = I"(.-l@m@u@(‘)( X)

U.N satisfy P, but U and M do not.
P, identity:

Pq@.:;(-") =p,(x)
pa@ (X)) = pa(x)

Here X is the universal set. U,N and U,A satisfy P,.
Py: This property requires the following:

a) absorption laws;
b) De Morgans’ laws;
¢) involution laws.

The three properties stated in P are satisfied by U,N as well as
by U,M.
Py:

O<p @s<min(pypp)
1> Ol max(pq.pg)-

L cannot be greater than any one of p, or p, because the

common properties of A and B cannot be greater than
min(p 4. pp) (similarly for Fi@r and max(p 4, pp)). N,U satisfy
Py, as do lJ and M.

Py OBLIOL must be dependent not only on p, and

5. but also on their relative natures. This point was discussed in
Section I. U,N and U, do not satisfy P,,,.
P,,: A fuzzy set A is said to be a subset of B if

Ba@n =y and Ei@n=Htn

This is another way of defining inclusion. In ordinary set theory
AC B if x€ A= x€ B which gives AnNB=4 and AU B=B.
We have taken the right side of the expression as the definition of
*“subset.” This point was also discussed in Example 1. U,N satisfy
Py, but UJ,A do not.

In the next section a definition will be proposed which would
satisfy the foregoing properties.

III. DEFINITIONS OF NEW OPERATORS

In Example 3 the rcason the membership function has the
given values is clear because of the support for the governmental
measures. However, in Example 2 or Example 1 it is not clear
what to be quantified. An cxample is stated next for this purpose.
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Tall Not tall

a Xe b

Fig. 2. Explanation for complementation.

Example 6: Let Q represent the set of heights in centimeters
and let f and g, respectively, represent the membership functions
for “tall” and “not tall.” Therefore,

g(x)=1-=f(x), forall x.

For an ordinary set A, A is the set which contains all clements
except those which are in A4, i.e., all the elements which do not
possess the properties of elements in A. Thercfore, if the defini-
tion has to be extended to fuzzy sets, when *“not possessing the
properties of elements in 4” is to be quantified. According to
Zadeh, if the membership function value for “tall” for x,, is 0.3,
then for “not tall” it is 0.7, i.e., x,, possesses 0.3 of tall propertics
and 0.7 of not tall properties. One way of representing it is given
in Fig. 2.

IngFig. 2 the two vertical lines represent “tall” and “not tall.”
Every point on the horizontal line denotes the position of an
individual x. If x is at g, he possesses all properties of “tall™ and
so zero properties of “not tall.” Therefore, let the distance
between ¢ and b be one unit (i.e,, b=a+1), and x, is at 0.7
distance from the “tall line” (i.e.. x,, is at a +0.7), and so at 0.3
distance from the “not tall” line. The membership function value
0.3 can be characterized by a set of length 0.3. (i.e.,[d 4 0.7.a + 1])
or by a set of length 0.7 (i.e., [a,a +0.7]). This is the idea being
used while defining the operators.

Every membership function value can, therefore, be repre-
sented by a set. One may, however, get different sets for the same
value. A way of choosing the right sets is mentioned in this
section, but before that a few technicalities are to be taken care
of.

Definition 1 (D1): Let a) the domain Q be a closed interval in
R. Let the membership functions f, and f. be such that

b) f: Q —[0,1]is continuous for all i =1,2;
¢) f(@)=[01] foralli=12:

d) f(x)=0or1 orundefined forall xe Q‘, foralli=1.2.

It is ciear from these assumptions that such a Q need not be
unique [11]. Uniqueness can be achieved if

,.,=1{S: S is a domain satisfying a), b). ¢). and d) }

and

This is the definition of Q.

Definition 2 (D2): Let f, g, and Q = [a.b] be as defined in
D1. Further,

i) f{a.b}c{0.1} g{a.b} c{0.1}.

il) Let a < x, <b be such that f increases at x,,. Then x|, x,
exists such that ¢ < x; < x; < x, < b such that f(x,)=0. f(x,)
=1. and f is nondecreasing at all x € (x,,x,). Similarly, the
same holds for g also.
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iii) Let a < x, < b be such that f decreases at x,,. Then x,, x,
exists such that a < x; < x,<x,<b, f(x,) =1, f(x,)=0,and f
is nonincreasing at all x € (x,, x,). The same is the case with g
also.

Then define the following:

[0, f(x)],
[1-f(x).1],

if f is nondecreasing at x:
if f is nonincreasing at x;

A= any finite set, if f(x)=0;
[0.1]. if f(x) =1;
[0,g(x)], if g is nondecreasing at x;
B - [1-g(x),1], if g is nonincreasing at x:
' [0.1], if g(x)=1;
| any finite set, if g(x)=0.

Therefore., f(x)=A(A,) and g(x)=A(B,) where A is the
Lebesgue measure on R.
Definition 3 (D3): Define

(/@ g)(x)=A(4,NnB)
(f@s)(x)=\(4,UB,).

fcgifl) 4 c B, forall x, except where g(x)=0and f(x)=
0: 2) A is a finite set if g(x)=0.
It is obvious from D3 that

(fOF)(x)=0
(1O7)(x) =1

where f is the complement of f.

Note: 1) In the definitions of union, intersection, and inclusion
the membership functions mentioned are all of the type mentioned
in D2. Let &/ = { f: f has the properties i), ii), and iii) stated in
D2}.

Definition: A membership function f is said to be a type I
membership function if f € &/. Every membership function need
not be of tvpe 1. A theorem is proved in Section V to make D3
applicable to all f & /.

2) Observe that a) if f €./, then every f(x) can be repre-
sented by a set from D2: b) f may also be expressed as union or
intersection of two f,, f, € &7 for all i =1,2. This may result in
different sets for the same f(x)’s. A few theorems are proved in
Section IV to show that definition D3 is unambiguous.

3) A comparison of D3 with the earlier definitions can be
found in Section VI

for all x

for all x.

IV. PROOF OF UNIQUENESS

Theorem 1: Let f be a type I membership function of the form
shown in Fig. 3, ie. x;<x,=f(x))<f(x,). f(b)=1 and
fta)=0.and 0 < f(x) <1 forall x € (a, b). Let g and h be two
membership functions, g, h € %/ and (g@h)(.\')=f(,\'). Let
B,.C, be sets such that A(B,) =g(x) for all x€[a.b] and
A(C,)=h(x) for all x €[a.b], where B, and C, are obtained
according to D2. Let 4, x €[a.b] be sets such that A(A4,) =
f(x) for all x and A4, arc obtained according as D2. Then
B, NC, =4, forall x[a,b]

Proof: Obscrve that a point x, will always exist at which
g(x,)=1. x,, can be 1) either a, 2) or b, or 3) a < x, < b.
Case I: x,=a,ie., g(a)=1.
Cluim 1: No point x € (a. b] exists such that g(x)=0.
Proof of claim 1: 1 one such x; exists, then (g h)(x,) = 0,
i.c.. f(x;)=0. However, f(x)>0 for all x> a.
Claim 2: g(x) =1 for all x €[a.b].
Proof of claim 2: 1f an x, exists such that g(x,) <1. then an
X, > exists such that g(x,)=0 (from D2). Therefore, it is
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a b

Fig. 3. Type I membership function.

a X, b

Fig. 4. Type I membership functions.

proved that g(x) =1 for all x € [a,b]if g(a)=1 = B =[0.1]
for all x €[a,b].

Claim 3: h(x)= f(x) for all x € [a,b]

Proof of claim 3: Let x € [a,b] and h(x)=A(C,). Now
f(x)=X(C, N B,)=A(C,N[0.1]) = A(C,) = h(x). Therefore, in
case 1) it is proved that C,N B, = 4.

Cuase 2: x,=b,ie, g(b)=1. Now since f(b) =1, h(b) has to
be equal to 1. Let us assume that g(x) =1 for all x€[a,b]is
not possible since it has already been tackled in case 1). There-
fore, 3x, < b such that g(x))=1.

Observe that if x; > a. then g(x,)=0= f(x,)=0, which is
not true. Therefore, g(¢) =0 and g(x)> 0 for all x> a.

Observe also that if g(x.) < f(x,) for an x,. a < x, < b, then

f(x;) =X(B.,nC,,) <A(B) <f(x:)

which is a contradiction, ie., g(x) > f(x) for all x €[a.b]. Let
X4 € (a.b] be such that g(x,;)=1 and g(x) <1 for all x <x,.
Observe that if an x; exists such that 5> x;> x; and g(x;) = 0.
thenf(x;) has to be equal to zero which cannot happen since
f(x)>0forall x>a,ie. f(x)=1forall b>x>x,.

Therefore, g is a continuous nondecreasing function from
[a.b] to [0.1], and B, =[0.g(x)] for all x€[u.b] and g(x)>
f(x). By following the foregoing argument, it can also be proved
that C, =[0,h(x)] for all x€[a,b] and h(x) > f(x). In ad-
dition, A(B, NC,)=min(g(x). h(x))=f(x) ie. B NC =
[0.min(g(x), A(xN]=[0. f(x)] for all x €[a, b].

Case 3: a < x, < b. Observe that this case boils down to either
case 1 or case 2.

Theorem 2: Let f, g. and h be as defined in the previous
theorem, except that (g@h Xx)=f(x). Then (B,UC,)=A,
for all x €[a.b].

Proof: 3 a point x,, such that g(x,)=0, then ecither 1)
Xo=b,2) x,=a,0r3)a<x,<b.
Case 1: x,, = b. It can be proved that g(x) = 0forall x € [a. b]
= h(x)=f(x)forall x €[a,b].
Case 2: Let v, be such that g(x;)=0 and g(x)> 0 for all
x> v, (see Fig. 4). Then it can be proved that g(x) =0 for all
d < X< NG
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Fig. 5. Type I membership function.

By following the reasoning shown in case 2 of Theorem 1,
making modifications for (U), it can be proved that g is nonde-

creasing in [a, b] and g(x) < f(x) for all x €[a,b] and h(x) <
f(x) and & is nondecreasing, i.e.,

B, =[0.g(x)]
C,=[0,h(x)]
A, =[0.f(x)]
B,UC, =[0.max(g(x).h(x))]
A(B,UC)=max(g(x).h(x))=f(x).

Therefore, A, =[0, f(x)]= B, UC,.
Case 3: a < x,, < b; this follows from case 2.

Theorem 3: Let f be as defined follows:
f:la.b]—[0.1]
f(a) =1 f(b) =0, O0<f(x)<lforall x€(a,b)
X <xy=f(x)>f(x1),

Let g and /1 be membership functions of type 1. Let 4., B,. and
C, be sets defined as in D2 for f, g, and h, respectively.
Therefore, A(4,) = f(x), A(B,) = g(x),and A(C,) = h(x). Then
1) A, =B UC forall x if f=gU)h,or2) 4, =B.NC, if

f=g@h.

Proof: The proof will be along the same lines as those of
Theorems 1 and 2.

forall x,,x, €[a,b].

Theorem 4: Let f be a membership function as shown in Fig,
5, i€, fla)=f(b)=0. f(¢)=1 where a <c¢<b. f is nonde-
creasing in the interval (¢.c¢), and f is nonincreasing in the
interval (¢, b). In addition,

0<f(x)<1l, forall xe(a,c)U(c,b)
y =f[0f(\)] ifxela,c]
o[- f(x).D)]. ifxe(ce,b).

Let g, h € .27, Therefore, 3B, , C, for every x € [ua. b] correspond-
ing to g and h, respectively, such that A(B,) = g(x) and A(C,)
=h(x). Let gh=/f. Then B,NC, =4, forall x.

Proof: Observe that g(c¢)=h(c¢)=1. Then the Theorem 4
boils down to getting g and & in the intervals [a, ¢] and [c. b].
This procedure is shown in Theorems 1 and 3.

Theorem 5: Let f, g.and h satisfy the propertics stated in the
hypothesis of Theorem 4, except that g@ h=f Then B UC, =

A, for all x.

Proof: Observe that g(a) = h(a)= g(h)=h(b)y=0. If
g(x,) >0 for an x,, then Ax, € (a.b) such that g(x,) =1 (since
ge /). We have g(x;)=1= f(x;)=1. However, exactly one
point exists at which f is equal to one. Therefore, g(x)> 0 for

ILEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. $MC-17, NO. 5, SEPTEMBER /OCTOBER 1987

Fig. 6.

Type I membership function.

an x = g is nondecreasing in the interval (a, ¢) and nonincreas-
ing in the interval (¢, b). This is the case with A as well. Then
from Theorems 2 and 3 the result follows.

Theorem 6: Let f be a membership function as shown in Fig.
6,i.c.,

f(a)=f(b)=0
f(x) =1,
f(x)>0,

forall x€[c,,¢,] where a< ¢, <c,<b.
forall x € (a.b).

f is nondecreasing in the interval (a, ¢,) and nonincreasing in the
interval (¢, b). Let g, h € & be such that g@h=f. Let 4,,
B,, and C, be defined as in D2 for f, g, and h, respectively.
Then B,NC,= A, forall x.

Proof: Observe that g(x)=h(x)=1, for all x€[c¢, ]
Then from Theorems 1 and 3 the proof is obvious.

Theorem 7: Let f, g, h, A, B, and C, be as defined in
Theorem 6, except that g(U)h=f. Then B,UC, =4, forall x.

Proof: Observe that g(a)=g(b)=h(a)=h(b)=0. Ob-
serve also that g(x) =h(x) =0 for all x €[a.b] is not possible,
i.c., there exists an x and a function among g and h (without
loss of generality g) such that g(x)> 0. Since f(x)=1 for all
X €[¢, ), 3x; €[ ¢ ¢,] such that g(x;) =1. Let x, and x, be
such that ¢; < x> < x3< s, g(x,)=g(x;) =1, and g(x) <1 for
all x <x, and x> x,;. Note that g(x) < f(x) for all x €[a,b].

If h(x)=0 for all x, then g(x)=f(x) for all x €[a,bh].
Therefore, let A(x) > 0 for at least one x € (a, b). Let x, and x,
be such that ¢; < x; < x5 <650 h(x;) =h(xs)=1, and h(x) <1
for all x<x,; and x> x5. Then

_ [10.5(x)]

bl g(x).1]

_ [0. A (x)].
B, <[1 —h(x).1].

Observe that 4, U B, =10,1] for all x € [min(x,, x,),
max(.x;, x5)]. This is true for the following reasons.

forall x€[a,x,]
forall x € [x;.5]

forall x € [a, x,]
for all x € [ xs.1].

1) A4, UB,) =1
2) A, and B, are closed intervals, so 4, U B, is closed.
3) Let x,&€ A4, UB, and x,€(0,1). Let

A < [0.x) \ without loss of generality.
B c(x,.1] ;
1.e.,
A =[0.x,-7]. 7>0
B =[x, +mn.1]. 7> 0.

Then A(A, UB)=1-17 -7, <1=f(x),50 x,€(0.1)=
X, €A UB,.
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f
a b
. Fig. 7. Type I membership function.
Let
a;=min{x,,x,)

a, = max(x;,Xs).

To get the sets in the intervals [a,q,] and [a,, b], one has to
follow reasoning similar to that mentioned in Theorems 2, 3, and
5, hence the theorem.

Similar proofs can be given if the membership functions are of
the types shown in Figs. 7 and 8.

V. EXTENSION TO ANY MEMBERSHIP FUNCTION

In the previous sections the union and intersection operators
were defined only for type 1 membership functions and
combinations of them. However, to calculate the same for any
two arbitrary continuous functions, it is initially necessary to
express them as a suitable combination of unions and inter-
sections of type I functions. To do this, it must be proved that a
collection of type I functions always exists whose combination
gives rise to any such arbitrary continuous function. A theorem
to that effect is proved in this section.

Definition 4 (D4): Let f be a continuous membership function
from [a, h] to [0,1] such that f satisfies D1. Then

f=("‘((gx°8:)°83)°"' (1)

where g € &/ forall i =1,---,n, and n is a positive integer and

@ Ol‘@ lff(\)=>‘ (."((BI\OBZ\)"BJ_\) °e---eB )

nx
for all x €[a, b] where B, for all x €[a,b] are the sets ob-
tained from g, forall i=1,---,n and e = or U as the notation
o stands in (1).

Assumption: For a continuous membership function f defined
onla.b]. M, = {x: x €(a.b), x is a maximum or a minimum of
/1. Then M, is cither finite, or the set of connected components
of M, is finite [13].

The previous assumption is made to avoid membership func-
tions which do not appear in real life.

°g,)

o =

Theorem 8: Let f be a continuous membership function from
[a.h] to [0.1] such that f satisfies D1 and M, is finite. Then
3818200 g, € such that f=(---((g°82)°8:)° - °g,)

where © =@ or @

Proof: From D1 the function f takes either O or 1 at ¢ and
h. We have the following cases:

1) f(a)=0  f(b)=1
2) f(a)=0 f(b)=0
) fla)=1 f(h)=0
4 fa)=1 f(b)=1.

Proof for case 1: Let x|, X>.- <+ X,. ¥ ¥, o. 8, be such
that x, <y, forall i=1,---.n and y,<x, . foralli=1,--,
(n 1), and the x, are local maxima and the y, are local minima.

845

F

g. 8. Tvpe I membership function.

Let
1, forall x<x,,Vi=1,--,n
0, forall x>x,. ,.i=1,---,n(x,.,=b)
A VH[f(-t)—f(.r,)][l—f(.r,)]
gl/ l("‘)= - f(‘xl)-f(.vl) ’
X, <x<y,
)f(}',), ‘l<x<"l l:
0, fagx<y foralli=0,--,n,y,=a
f(x), ifxe[a.x;]andi=0
1+f(x)-g(x), ifxefx.ylandi=0
1, if x>y andi=0
0, ifxgy foralli=1,---.n
g (x) =14, if x>0, foralli=1,---.(n—1)
f(x) =g (X)),
foralli=1.--.n.xe[y.x,.,]
1+ f(x) = gy .1(x).
foralli=1.--(n-1).x€[x,_.,.0.]
Let

hy= ( gu@.gl)
by, =h,, |©g2n
ha, oy =h:,@g3,‘ I

Let B,,.B;,.---.B,,, be the sets obtained from g,.g,.-* . g2,
Let

forall i=1.2.---.n

i=1.--(n-1).

=8, NB,.. for all v

Ay, =45 1, UB,,,. foralli=1.2.---,n.forall x

A opyv=4.,, 0B, ., foralli=1.2.---(n—-1).forall x.

Observe that A(A.,.)=f(x) for all x. The proofs for other
cases are similar.

A similar proof holds when the set of connected components
of M, is finite. An example is given next to make the aforemen-
tioned theorem clear.

Example 7: Let f:[0.1] = [0.1] be as shown in Fig. 9. i.c..

f(0)=0
flx) =a<l
f(y)=b<u

f(y =1

f is nondecreasing in [0.x;]. nonincreasing in [x;. v ]. and
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Mcmbership function f is represented as combination of type 1
functions g,. g;. and g,.

Fig. 9.

nondecreasing in [ y;,1]. Let

g()(0)=0
f(x), forall x < x,
g(x)={1+f(x)-g(x), if x&€[x;, 1]
1, ifx>y.
Let
1, if x<x
(f(x)_f(.vl))(l—f(yl)) .
/ ) f SXK)
a0 =TG- 1G) fx<x<n
1-)
1_):f(y.), if x €[ y,1].
Let
(x _{O, if x<y
()= () -g(x).  ifxeln.dl.
Therefore,
[0,f(x)]. if0<x<x
B,, ={ [0.1+ f(x) - g(x)], if xe[x,.nl
[0,1]. ifxz)’l;
if x<x;

_f1oal.
B“"{ll—g.u).lL

if x; <x<l;
B ={ R if x<y

[0 f(x0) - si(0].

[0,/(x)]. for all x < x,

[1-g(x).1+ f(x)-g(x)],

if y<x<l:

BO\ n Bl v

ifxy<x<y

[1-&(x).1],

{[OJ( X)) x<x

if x> »is

[1-g(x). 1+ f(x) - g(x)],

if vy <y

[1-g(x).1]U[0,f(x) - gi()].

forall x > y,.

(B()\ r-\Bl\)LJBZ\
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Observe that

A(By. "B, )UB, ]=f(x), forall xe[0,1],

ie.,

f= [(80@81)@82]~

VI. COMPARISON BETWEEN THE DEFINITIONS
The properties ( P1- P11) mentioned in Section Il of (0)), (0),

and inclusion are trivial to prove because the operations are
ordinary set operations, and the Lebesgue measure satisfies simi-
lar properties in connection with ordinary sets [12]. Before making
the comparison of the various definitions, let us define in some
other way the union and intersection operations.

Definition 5 (D5): Define the following for any two functions f
and g on any domain Q:

Ax = [O'I(X)]

B =[0.g(x)]

forall x € Q.

Define
fcg, ifA ,c B, forall
f union g=A(4,UB,)
f intersection g=A(A4, N B).
Observe that Zadeh’s definitions are obtained from DS5.
Definition 6 (D6): Define the following for any two functions f
and g on any domain Q:

A, =[0,1(x)]
B =[1-g(x).1]

A, =[1-f(x).1]
B, =[0.g(x)].

or

Define
f union g=A(A4 UB,)
f intersection g=A(A, N B,).

Observe that bold union and bold intersection follow from D6.
From DS and D6 it can be concluded that D2, D3, and D4
provide other ways of defining union and intersection mathe-
matically. From definitions D2 to D6 it can be scen that the
proposed definitions @ and @ are a mixture of Zadeh’s

definitions (U,N) and bold union and intersection (U,M) for type I
functions. Tables I-III show the same results.

Note: 1) If two membership functions are defined on the same
domain, then one can always consider intersection and union of
those membership functions. 2) Nothing has been mentioned
about the membership functions defined on a finite domain. If
information is available about the factors which influence the
membership function values (Example 3). then unions and inter-
sections can be calculated.
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TABLE 1
ZADEH'S UNION AND INTERSECTION?

[ g h g fng fnh fng gnh gng hng fug fuh fug guUh gug hug

05 025 05 075 025 05 05 025 025 05 0.5 05 05 0.5 0.75 075
0.8 064 02 036 064 02 036 02 036 02 0.8 08 08 064 064 036
03 009 07 091 009 03 03 009 009 07 03 07 091 07 091 091
1.0 10 0 0 1.0 0.0 0 0 0 0 1.0 1.0 1.0 1.0 1.0 0
0 0 10 10 0 0 0 0 0 1.0 0 1.0 1.0 1.0 1.0 1.0

Yexy=x. g(x)=x2 h(x)=1-x, gx)+1-x? forall x€[0,1).

TABLE II
Bo1D UNION AND BOLD INTERSECTION®

f/ « h g fAg fAh fAg gRnh gRg hAg fug fuh fug guh gug hug
05 025 05 075 0 0 0.25

0 0 025 075 10 1.0 075 1.0 10

0.8 0.64 02 036 044 0 0.16 0 0 0 1.0 1.0 1.0 084 1.0 056
0.3 009 0.7 091 0 0 0.21 0 0 061 039 1.0 1.0 079 10 10
1.0 1.0 0 0 1.0 0 0 0 0 0 10 1.0 1.0 10 1.0 0
0 0 10 10 0 0 0 0 0 1.0 0 1.0 1.0 1.0 1.0 10

Yexy=xog(x)=x2 h(x)y=1-x. gx)=1-x for all x €[0.1].

TABLE 111
PrOPOSED UNION AND INTERSECTION?

fog h & @g 1On /i sOr @z 1@z Qg 1Or Wz On Dz 1)z

0.5 025 05 075 025 0.0 0.25 0.0 0.0 0.5 0.5 1.0 1.0 0.75 1.0 0.75
08 064 02 036 064 0.0 0.16 0.0 0.0 0.2 0.8 1.0 1.0 0.84 1.0 0.32
0.3 009 0.7 091 0.09 0.0 0.21 0.0 0.0 0.7 03 1.0 1.0 0.79 1.0 0.91
1O 1.0 00 00 10 0.0 0.0 0.0 0.0 0.0 1.0 1.0 1.0 1.0 1.0 0.0
0.0 00 10 1.0 00 0.0 0.0 0.0 0.0 1.0 0.0 1.0 1.0 1.0 1.0 1.0

=, g(h) = ._\-:. h(x)=1-x. @(x)=1-x? for all x€[0.1]. The definitions of U, N. Y. and M are as follows:
(iU gx) = max(fi(x) g(xD: (fy N g )x) =min(fi(x). g (x): (LY gNx)=min(l fitx)+ g (g Hx)=
max (0. f,(x) + g;(x)—1).
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