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Chapter 1

Introduction

In the first part of this chapter we explain in general terms the main theme
of this thesis and provide a chapterwise summary of its principal results. The
second part recapitulates some of the known notions and results used in the
subsequent chapters. The numbers given in parentheses correspond to those
in the list of references on page 69.

S. Mazur [40] was the first to consider the following smoothness property
in normed linear spaces, called the Mazur Intersection Property (MIP), or,

more briefly, the Property (I) :

FEvery closed bounded convex set is the intersection of closed balls

containing iit.

He showed that any reflexive Banach space with a Fréchet-differentiable norm
has this property.
Later, R. R. Phelps [42] provided a more geometric insight into this prop-
erty by showing that
(a) A normed linear space X has the MIP if the w*-strongly exposed points
of the unit ball B(X*) of the dual X* are norm dense in the unit
sphere S(X*).

(b) If a normed linear space X has the MIP, every support mapping on X

maps norm dense subsets of S(X) to norm dense subsets of S(X*).

(¢) A finite dimensional normed linear space X has the MIP if and only if
the extreme points of B(X™*) are norm dense in S(X™).
He also asked whether the sufficient condition (a) is also necessary. To

date, this remains an open question.



Nearly two decades later, Phelps’ characterisation (c¢) was extended by
J. R. Giles, D. A. Gregory and B. Sims [21] to general normed linear spaces,

developing an idea due to F. Sullivan [51], and they proved, inter alia,

Theorem 1.1 For a normed linear space X, the following are equivalent :
(a) The w*-denting points of B(X*) are norm dense in S(X™).

(b) X has the MIP.

(¢) Ewvery support mapping on X maps norm dense subsets of S(X) to

norm dense subsets of S(X™).

They also showed that in dual Banach spaces, the MIP implies reflex-
ivity and considered the weaker property that every weak* compact convex
set in a dual space is the intersection of balls (w*-MIP). Investigating the
necessity of Phelps’ condition (a), they showed that it is indeed necessary if,
in addition, the dual X* has the w*-MIP, or, X is an Asplund space. They
now asked whether the MIP necessarily implies Asplund. To date, this also
remains open.

Notice that if X is separable and has the MIP, Phelps’ condition (b)
(or, Theorem 1.1(c) above) implies that it has a separable dual and hence is
Asplund. So one asks, is the MIP hereditary, i.e., inherited by subspaces ?
The answer, unfortunately, is no. In Chapter 4, we give an example and
discuss the subspace question in more detail.

However, since the Asplund Property is invariant under equivalent
renorming, a more pertinent question is whether the existence of an equiv-
alent norm with the MIP is hereditary. Some discussions on MIP-related
renorming questions may be found in [9], [47], [54] and [57]. However, in this
work, we do not discuss any renorming problem but concentrate instead on
some of the isometric questions that arise.

Recently, there have appeared several papers dealing with similar inter-
section properties for compact convex sets [54, 47] (called the Property CI),
weakly compact convex sets [57] and compact convex sets with finite affine
dimension [49].

In Chapter 2, we give a unified treatment of the intersection properties

for these diverse classes of sets by considering the MIP for the members of



a general family — subject to some mild restrictions — of closed bounded
convex sets in a Banach space and recapture all the known results as special
cases. We also introduce a new condition of separation of convex sets which

is a variant of the following :
Disjoint bounded convex sets are contained in disjoint balls

and this apparently stronger condition turns out to be equivalent to the
intersection property in all known cases. This strengthens the results of Zi-
zler [56]. We should point out that our proofs in this chapter are usually
modifications, refinements and adaptations to our very general set-up of ar-
guments for particular cases to be found in [21], [47] and [54]. This chapter,
which is essentially contained in [3], also provides much of the background
for what follows in the later chapters.

Whitfield and Zizler [55] have also defined the Uniform Mazur Intersection
Property, a property somewhat stronger than the MIP. But in this thesis, we
only briefly touch upon their work.

In Chapter 3, we discuss the question of lifting the MIP and the CI from a
Banach space X to its associated Bochner L? space and their stability under
P sums, 1 < p < oo. In particular, we prove that the /% sum of a family
of Banach spaces has the MIP (or, the CI) if and only if each coordinate
space has it; that the Bochner L? space for the Lebesgue measure on [0, 1]
always has the CI, while the MIP in X is equivalent to a weaker intersection
property in the Bochner LP space which turns out to be equivalent to the
MIP if and only if X is Asplund. Most of these results have already appeared
in print in [4].

In Chapter 4, we present a collection of partial results relating to various
aspects of the MIP that raise more question than they answer. Apart from
the subspace question mentioned above, in this chapter we discuss the rela-
tion between the MIP and a farthest point phenomenon that was observed
by K. S. Lau [35], but seems to have passed largely unnoticed since then. Lau

had shown that in a reflexive space the MIP is equivalent to the following :

Every closed bounded convex set is the closed convex hull of its

farthest points.



We extend this result to characterise the w*-MIP in w*-Asplund dual spaces
using a result of Deville and Zizler [10]. As far as we know, besides the
work of Tsarkov [53] — who has characterised the MIP in finite-dimensional
spaces in terms of convexity of bounded Chebyshev sets — this is the only
attempt at an intrinsic characterisation of the MIP. We also point out some
new direction of investigation that is indicated by our result.

In this chapter, we also discuss the MIP in projective tensor product
spaces. Ruess and Stegall [46] have shown that the injective tensor product
of two Banach spaces of dimension > 2 never has the MIP. And Sersouri [48]
has shown that in fact there is a two-dimensional compact convex set in
X ®. Y that is not intersection of balls. The situation appears to be much
more difficult for projective tensor product spaces. Here we show that the
projective tensor product of two Banach spaces X and Y never has the
MIP if X and Y are Hilbert spaces or are two-dimensional /P spaces for a
large range of values of p. For this purpose, we characterise the extreme
contractions from ¢4 to ¢4 and obtain their closure. The technique used is
similar to [34]. In the process, we reestablish relevant special cases of the
results obtained in [25, 26, 28].

Chapter 5 is somewhat independent of the rest. Here we discuss the
following phenomenon : For a closed bounded convex set K in a Banach

space X and a point x, € K, the following implications are easy to establish :

x, strongly exposed =—  z, denting point

Y Y

z, exposed and PC = =z, extreme and PC

where by PC we mean a point of continuity (defined more precisely later).
A recent result (see Theorem 1.5 below) is that x, is denting if and only if
x, is extreme and PC, i.e., the implication down the right hand side above is
reversible. This naturally leads to the conjecture that the implication down
the left hand side above, too, can be reversed, i.e., if x, is exposed and PC
(or, equivalently, z, is an exposed denting point) then x, is strongly exposed.

We show that the conjecture is false by constructing a counterexample in

the Banach space ¢! and provide a characterisation of strongly exposed points



among points of continuity of a closed bounded convex set. As a corollary,
we deduce that the conjecture is true for the points of weakly compact sets.
We also show that the counterexample, in some sense, is actually typical of
¢!, i.e., we characterise Banach spaces containing ¢! in terms of the validity
of the above conjecture. We also briefly touch upon the necessity of Phelps’
condition (a) in the light of our characterisation of (w*-) strongly exposed

points. This chapter is a revised version of [2].

Notations, Conventions and

General Preliminaries

General reference to this work are the monographs [7], [13] and [20].
We work only with real Banach spaces. Unless otherwise mentioned, by a
subspace we always mean a norm closed linear subspace. The closed unit
ball and the unit sphere of a Banach space X will be denoted by B(X) and
S(X) respectively. For z € X and r > 0, we denote by B,[z] (resp. B,(z))
the closed (resp. open) ball of radius r and centre z.

For x € S(X), D(z) ={f € S(X*) : f(z) = 1}. The set valued map D
is called the duality map and any selection of D is called a support mapping.
For f € S(X*), we similarly define the inverse duality map as D7(f) =
{r e S(X): f(x)=1}.

For a bounded set K C X, denote [K] = N{B : B closed ball containing
K} and following Franchetti [19], call a bounded set admissible if K = [K].
In this terminology, a Banach space X has the MIP (resp. the CI) if every
norm closed bounded (resp. norm compact) convex set is admissible.

For K C X, f € X* and a > 0, the set S(K, f,a) = {z € K : f(z) >
sup f(K) — a} is called the open slice of K determined by f and «. For
A C X, denote by co(A) (resp. aco(A)) the convex (resp. absolutely convex)
hull of A and by int(A), the norm interior of A. For A C X, f € X*,
[flla = sup{[f(2)] : v € A}, A% = {f € X" : [[f[la <1} and for B C X*,
A-dia(B) = sup{||by — ba||la : b1,b2 € B}. For A;, Ay C X, dist(A;, Ag) =
inf{||z; — a9 : 2y € A;, i = 1,2}. For A C X, A” denotes the closure of



A for the topology o. Whenever the topology is not specified, we mean the
norm topology.

We identify an element x € X with its canonical image & in X**. Let
K be the image of a closed bounded convex K C X under this canonical
embedding of X in X**. We denote by K the w¥-closure of K in X**. K is
of course a w*-compact convex set.

For a measure space (€2, X, 1) and A € X, we denote by x 4, the indicator
function of A, and by p|a the restriction of the measure p to the o-field of
measurable subsets of A.

Let X be a real Banach space, let F' be a total subspace of X* (i.e., F
separates points of X). Let o denote the o(X, F') topology on X. For a
closed bounded convex set K C X, recall that x, € K is called

(a) a o-denting point of K if, for each € > 0, x, € €07 (K \ B:(x,)).

(b) a o-point of continuity (o-PC) for K if the identity map, id : (K,0) —

(K, norm) is continuous at x,.

(c) a wvery strong extreme point of K if, for every sequence {x,} of K-valued
Bochner integrable functions on [0, 1] with respect to the Lebesgue
measure, the condition

1 1
Tim | / 2n(t)dt — 2| = 0 implies v}inéo/o 2 (t) — 2|/ dt = 0.

(d) an o-ezposed point of K if there exists f € F such that f exposes x,,
ie., f(zx) < f(x,) for all z € K \ {z,}.

(e) a o-strongly exposed point of K if there exists f € F such that f
exposes r, and for any sequence {z,} C K, lim f (xn) = f(z,) implies
that lim ||z, — 2,[| = 0.
In the sequel, whenever o is the weak topology, i.e., F' = X*, we omit
the prefix o while referring to the above concepts.
The following lemma is very well-known and can be found in [8, Propo-

sition 25.13] or more recently in [45, Lemma 1.3] :

Lemma 1.2 Let E be a locally convex space, K be a compact conver set in

E and x € K. The following are equivalent :



(a) x is an extreme point of K.

(b) The family of open slices containing x forms a local base for the
topology of E at x (relative to K ).

In Chapter 5, we note an analogue of this lemma for exposed points.
The following characterisation of a o-denting point is an immediate con-

sequence of the Hahn-Banach Theorem :

Lemma 1.3 Let X be a Banach space, F' be a total subspace of X*, K be a
closed bounded convex set in X and x € K. The following are equivalent :

(a) = is a o-denting point of K.
(b) The family of o-open slices containing x forms a local base for the
norm topology at x (relative to K ).

The following lemma is also well-known :

Lemma 1.4 Let K be a closed bounded convexr set of a Banach space X.
Then z** € K is a w*PC if and only if x™* = & for some v € K and x is
a PC.

The following characterisation of a denting point of a closed bounded
convex set in a Banach space is a consequence of the two lemmas above and

is essentially contained in [38] and [39] :

Theorem 1.5 Let x be an element in a closed bounded convex set K of a
Banach space. Then the following are equivalent :

(a) x is a denting point of K.

(b) Z is a w*-denting point of K.

(¢) x is a very strong extreme point of K.

(d) For any probability space (2, %, 1) and any net {x,} of K-valued

Bochner integrable functions on €2, the condition
lim || / To(w)dp — x| =0  implies lim/ |za(w) — x||du = 0.
a o a Ja

(e) = is an extreme point of K which is also a PC.



Let X be a real Banach space, let F' be a norming subspace of X* (i.e.,
|Z||gry = ||z||, for all z € X). Then B(X) is o(X, F)-closed and B(F) is
w*-dense in B(X™).

We will need the following generalisation of Lemma 1.4 and Theorem 1.5

(a) <= (e) in the sequel.

Lemma 1.6 Let X be a Banach space, F' be a norming subspace of X*.
(a) A point x5 € B(X™*) is a w*-PC of B(X") if and only if x¥ is a
w*-PC of B(F).

(b) A point x} € B(X™) is a w*-denting point of B(X™) if and only if

x¥ is an extreme point and a w*-PC of B(F).
We will also use the following well-known results :

Lemma 1.7 [42, Lemma 3.1] Let X be a normed linear space and € > 0. If
f, g € S(X*) are such that x € B(X) N f~1(0) implies |g(z)| < &/2, then
cither ||f — gl <e or[[f +gll <e.

Lemma 1.8 [20, p 205] Let K be a closed bounded convex subset of a Banach
space X. Given f € X*\ {0} and x, contained in a slice S of K determined
by f, there exists € > 0 such that whenever ||f — g|| < e, there is a slice S’
of K determined by g such that x, € S’ C S.

For a Banach space X, a function F': X — IR is said to be
(a) Gateauz differentiable at a point x € X if there exists an f € X* such
that

o | F20) = F@)

Pt h\ —f(y)|=0 forallye B(X) and

(b) Fréchet differentiable at x if the convergence is uniform over y € B(X).

In particular, if F'is the norm, we have the following duality result :

Theorem 1.9 [20, Theorem 3.5.4] In a Banach space X
(a) the norm is Gateauz differentiable (or smooth) at a point x € S(X)
if and only if D(x) is single-valued and in that case, x w*-exposes D(x)
in B(X™).



(b) the norm is Fréchet differentiable at x € S(X) if and only if D(x)

is single-valued and x w*-strongly exposes D(z) in B(X*).

Recall that a Banach space X is Asplund if every continuous convex
function F' : X — IR is Fréchet differentiable on a dense G subset of X, and
a dual space X* is w*-Asplund if every continuous w*-lower semicontinuous
convex function F': X* — IR is Fréchet differentiable on a dense G5 subset
of X*.

The following characterisation theorem is a classic [7] :

Theorem 1.10 For a Banach space X,

(i) the following are equivalent :

(a) X is Asplund.

(b) Separable subspaces of X have separable dual.

(¢) X* has the Radon-Nikodiym Property (RNP).

(d) X* has the RNP with respect to the Lebesque measure on [0, 1].
)

(ii) the following are equivalent :
(a) X* is w*-Asplund.
(b) X has the RNP.

If X is a Banach space and (£2,X, 1) a measure space, let LP(u, X) de-
note the Lebesgue-Bochner function space of p-integrable X-valued functions
defined on Q, 1 < p < oo (see [14]). Recall (from [13]) that if | + o =1
(1 < p < o0), the space L%(u, X*) is isometrically isomorphic to a subspace
of LP(u, X)* and that they coincide if and only if X* has the RNP with
respect to p. Also recall (from [14] and [31]) that LP(u, X)* is isometrically
isomorphic to the following two spaces :

(1) Vy(u, X*) = the space of all vector measures F' : ¥ — X* such that

the g-variation of F is finite, i.e.,

1
_ IEENT o i s fimite vartit o
|y =supq > w(E) : 7 is a finite partition of < 00,
Fern M(E)q
(2) L%(u, X*; X) = the space of all w*-equivalence classes of X*-

valued w*-measurable functions h, such that the real-valued function
[h()]] € L, R).



Only the representation given by (1) will be used by us.

[13, Chapter VIII] contains all necessary information on tensor product
spaces. We just recall here that the dual of the projective tensor product,
X ®,Y, of two Banach spaces X and Y, is L(X, Y™*), the space of continuous

linear operators from X to Y*.
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Chapter 2

The Mazur Intersection
Property for a Family of Closed
Bounded Convex Sets

2.1. The Set-up and Main Result

Let X be a real Banach space, let ' be a norming subspace of X* and let
A={K C X : K is admissible}

Then A is a family of norm bounded, o (X, F')-closed convex sets that is closed
under arbitrary intersection, translation and scalar multiplication. Naturally,
A contains all singletons and all closed balls. In this chapter, we denote the
o(X, F) topology on X simply by o.

Taking A as our model, we let C be a family of norm bounded, o-closed
convex sets with the following properties :

(A1) C is closed under arbitrary intersection, translation and scalar mul-
tiplication.

(A2) C1,Cy € C = aco? (CL U Cy) € C.

(A3) C € C, C absolutely convex and f € F' = CN f~1(0) € C.
Note that (A1) implies that C contains all singletons.

EXAMPLES : (i) C = {all closed bounded convex sets in X}, F' = X*

(i) X = Y*, C = {all w*-compact convex sets in X}, F =Y

(iii) C = {all compact convex sets in X'}, F' = any norming subspace

(iv) C = {all compact convex sets in X with finite affine dimension},

F' = any norming subspace

11



(v) C = {all weakly compact convex set in X}, F' = any norming
subspace.

Let F = {C° : C € C}. Then F is a local base for a locally convex
Hausdorff vector topology 7 on X*, the topology of uniform convergence on
elements of C. Clearly, 7 is stronger than the w*-topology on X* and weaker
than the norm topology.

DEFINITIONS : (1) Denote by E., the set of all extreme points of B(X™)
which are also points of continuity of the identity map, id : (B(X*),w*)
— (B(X*), 7).

(2) For C' € C, C absolutely convex, e > 0 and § > 0, we say that a point
x € S(X) belongs to the set Mc . 5(X) if

|z + Ayl + [z — Ayl — 2
sup <
yeC,0< A< A

3

For C = B(X), we write M¢.s(X) simply as M. s(X). Let Mo (X) =
UssoMces(X) and for C' = B(X) write M¢(X) simply as M.(X), or even
as M. whenever there is no scope of confusion. Similarly, M¢.(X) will often
be abbreviated as Mc .. Notice that N.-oM.(X) gives the set of points of
S(X) at which the norm is Fréchet differentiable.
(3) H, = N{D(M¢.(X)) : C € C, C absolutely convex, C C B(X)
and £ > 0}.

Lemma 2.1 For any absolutely convex C € C, C C B(X), z € S(X) and
0 >0, let

A — Ayl — 2
N 2V e L
yeC,0< <o A

dy(Cyz,6) = C-dia S(B(X"),%,9)
d3(C,z,0) = C-dia [U{D(y):y € S(X)N Bs(x)}]

Then for any «, 6 > 0, we have,

2
(i) do(C,z,0) < dy(C, 2, 8) + -

5
(i) d3(C,x,0) < da(C,x,0)
(idi) dy(C,x,8) < dy(C, , 26)

12



Proof : (i) Fix a, 6 > 0. Put d; = d;(C, x,0) and dy = ds(C, x, ).

For each n > 1, we can choose f,, g, € S(B(X*),#,a) such that
| fn = gnllc > d2 — L. Choose y, € C such that (fn — gn)(yn) > do — .
Then

|2 + 0yall + 12 = Syull =2 _ ful® +0yn) + gu(z —0ya) =2, 1 2a
> > dy — — —
J J n 6
ThUS, d1 Z dg — 2%.

(ii) immediately follows from the observation that U{D(y) : y € S(X) N
By(a)} € S(B(X*), 4, ).

(iii) Let A <. Observe that for any y € C C B(X),

T+ Ay x££y
‘Hxﬂyn_‘c ‘Wci)\gJH_(:ﬁiAy>‘+)‘ = [ Jetxy] | +A
= [zl =zl [+A < 2A
Let f € D(———1) and g € D(7—"=). Then
[l + Ayl 2 — My
[z + Ayl + [l — Ayl| — 2 F@+ X\y) + gz — My) — 2

A )
f—9w) < If—dle

IN

And we immediately have :

Lemma 2.2 For any absolutely conver C € C, C C B(X), z € S(X) and
e > 0, the following are equivalent :
(i) = € Mc(X)
(i) There is a § € (0,1) such that C-dia S(B(X*),%,0) < ¢
(#ii) There is a 6 € (0,1) such that C-dia [U{D(y) : y € S(X) N
Bs(x)}] <e.

Corollary 2.2.1 For any absolutely convex C' € C, C C B(X) and e > 0,
Mec(X) is an open subset of S(X).

Proof : Follows immediately from the Lemma above and Lemma 1.8. W
REMARK : In the case of C' = B(X), Lemma 2.1 is quantitatively more
precise than Lemma 1 of [55].

Now we have our main result :

13



Theorem 2.3 If X, F and C are as above, consider the following state-
ments :
(a) FCIRTE,

(b) FCRTH,

(¢) If C1,Cy € C are such that there exists f € F with sup f(C}) <
inf f(Cy) then there exist disjoint closed balls By, By such that C; C B;,
i=1,2.

(d) Every C € C is admissible.

(e) For every norm dense subset A of S(X) and every support mapping

¢:S(X)— S(X*), FC R "¢(A)
Then we have (a) = (b) = (¢) = (d) = (e).

(For the reverse implications, see corollaries and remarks at the end of
this section.)

Proof : (a) = (b) Enough to prove E. C H,.

Let f € E.. Let C € C, C absolutely convex, C C B(X) and € > 0. We
want to prove f € W Let K € C and 0 < nn < . We may assume
K C B(X). Let K, =aco’ (K UC). Then K, C B(X) as B(X) is o-closed.
Note that K, € C by (A2).

Since f is an extreme point of the w*-compact convex set B(X*) and id :
(B(X*),w*) — (B(X*), 7) is continuous at f, it follows from Lemma 1.2 that
wh-slices of B(X*) containing f form a base for the relative 7-topology at f.
Thus there exist z € S(X) and 0 < § < 1 such that f € S = S(B(X*),z,0)
and K,-dia(S) < n.

Now, by Lemma 2.2, x € Mg, , € Mc,. and for any f, € D(z), f, €
D(Mc,) and fy € S, s0, ||f = follk < f = fallx, <n-

(b) = (¢) Let C1,Cy € C and f € S(F') be such that sup f(Cy) <
inf f(Cy). Let z € X be such that f(z) = S(sup f(Cy) + inf f(C5)) and
put ¢ = & (inf f(Cy) — sup f(C1)) > 0. Then, inf f(Cy — z) > 5 and
inf(—f)(Cy — z) > 5e. We may assume without loss of generality that z = 0,
C; CB(X),i=1,2and ||f|| = 1. Let K =aco’(Cy UCy), then K € C, K is
absolutely convex and K C B(X).

14



By (b), there is A > 0 and g € H, such that ||f — Ag|lx <e. If A =0, we
have || f|lx < e and hence, infe, f < £, a contradiction. Thus, A > 0.

Now, g € H, C D(M—KE/)\)T So, we can find x € Mg,/ and h € D(z)
such that ||g — h||x < €/A. By definition, there is a § > 0 such that

|z +ayl| +llz —oyl| -2 ¢

sup < -
yeK,0<a<d (67 A

Choose an integer n > 8%. The proof will be complete once we show that
By = B—1)e/x [—nex /A and By = B(n_1)e/x [nex/A] work.

Clearly, B; and B, are disjoint. Suppose, if possible, y € Cs and y & Bs.
Then y € K. Take a = % < ¢ and observe that

||x+ayll+lx—ayll—2 _ ||~””+O‘i||_||x||+u2—y\l—1
> h(y)+(n;1)€—n; = by -5
> g(y)—Q; - i[Ag(y)—%]
> -3 2 gbe-z = =

This contradicts the fact that x € Mg x. The other inclusion follows sim-
ilarly once we note that K, and hence Mg/, is symmetric and h € D(x)
implies (—h) € D(—x).

(¢) = (d) Since singletons are in C and every C' € C is o-closed, (d)
follows from (c).

(d) = (e). (We adapt Phelps’ [42] arguments) Let A be a norm dense
subset of S(X) and ¢ be a support mapping. Let f € S(F), K € C and
0 < e < 1. We may assume K C B(X) and further that K is absolutely
convex and ||f||x > 1 —¢/2 (Let x € B(X) such that f(x) > 1—¢/2. Let
L=aco’[{z}UK]. Then LC B(X),LeCand | |r>|" k) Letue K
be such that f(u) > 1—¢/2. Put ' = eu/4 and D = K N f~1(0). Then
D € C |by (A3)] and v’ € D. By (c), there exists z € X and r > 0 such that
D C B,[z] and ||u' — z|| > r.

Let u = ||u' —z|| =7 > 0. Put w = Tiu(ru' + pz). Then |[Jw — z|| = r.

Put z = Y(w —2) € S(X). Let C =co[{v'} UB,[2]]. Let 0 < § < (Tﬁ#).
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If p € B,s[w], then ||p — w]|| < (TTMV so, p = w + T’f# -y for some y € X,

llyl| < 1. Thus, p = Tiﬂu’ - Tﬁﬂ(z + ry). Now, z + ry € B,(z) and hence,
p € int(C). So, Byslw] C int(C).

Let y € Bs[xr] N A and g = ¢(y). Put v = ry + z. Clearly, ||[v — w|| < rd,
hence v € int(C') and g(v) = sup g(B,[z]). Now, v € int(C') = there exists
t € (0,1) and v € B,(2) such that v = tu' + (1 — ¢)v'. Thus, g(v) =
tg(u') + (1 — t)g(v') < tg(u') + (1 — t)g(v). Also, 0 € D C B,[z] =
0 < g(v) < g(u') = teglu) < 2+ lglx. So, 0 < flgllc < llgl = L. Put
A =1/llglx. Then sup Ag(D) < sup Ag(B:[z]) = Ag(v) < 3¢ - [[Agllx = /4.
By symmetry of D, ||Ag||p < €/4.

Now, by Lemma 1.7 applied to the linear space sp(K), spanned by K,
equipped with pg, the gauge or Minkowski functional of K, we have
f S
—— + A < —— —Ag
1f11x K /1
But u € K and € < 1 implies f(u)/||f|lx > f(u) > 1 —¢/2 > ¢/2 and

Ag(u) > 0. Thus, ||||f]|C|K — Ag|lk < ¢e/2. Then we have

<
K

or

DO ™

€
2

— S (1=l <

5 +

= £

£ f
Y ST | S
I7 = Agle < 5+ | A= 1

DO M
DO | ™

K

Corollary 2.3.1 If in the set-up of Theorem 2.3, we have that the set
A={reS(X): D(x)NE, #0}
is norm dense in S(X), then all the statement in Theorem 2.3 are equivalent.

Proof : We simply note that in this case there is a support mapping that
maps A into E, and hence, (e) = (a). |

Corollary 2.3.2 [54, 47, 49] In the case of examples (iii), i.e., C = {all
compact conver sets in X}, F' = any norming subspace, and (iv), i.e., C
= {all compact convex sets in X with finite affine dimension}, F = any
norming subspace, all the statements in Theorem 2.3 are equivalent and (c)
can be reformulated as

(') Disjoint members of C can be separated by disjoint closed balls.
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Proof : In example (iii), 7 is the bw* topology (see [16] for more on bw*
topology) and in example (iv), 7 is the w*-topology on X* and in both cases
F" = X*, so we may as well take ' = X*. Further, as the bw* topol-
ogy agrees with the w*-topology on bounded sets, in both the cases, E, =
{extreme points of B(X*)}. Clearly, in both cases A as in Corollary 2.3.1 is
S(X) and so, in Theorem 2.3 all the statements are equivalent.

Since members of C in both cases are o-compact, (¢) <= (¢). |

REMARKS : 1. In example (v), i.e., C = {all weakly compact convex set
in X}, ' = any norming subspace, 7 is the Mackey topology on X* (see [§]
for further information) and again, F' = X*.

In this case, we do not know whether any of the implications in Theo-
rem 2.3 can be reversed. However, we note that (a) = (d) in Theorem 2.3
gives a weaker sufficiency condition for MIP for weakly compact sets than
the one used in [57]. And in this case, too, (c) and (¢’) of Corollary 2.3.2 are
equivalent.

2. It seems unlikely that, in general, the implications in Theorem 2.3
can be reversed. Nevertheless, it appears to be an interesting and difficult
problem to find conditions on X, F', and C under which this can be done.
In particular, when is the assumption of Corollary 2.3.1 satisfied ? In this
context, the work of Namioka [41] on neighbourhoods of extreme points may
conceivably be relevant.

However, there is yet another situation when the statements can actually
be shown to be equivalent. And particular cases of this yield the character-
isations of MIP and w*-MIP, i.e., examples (i) and (ii). This we take up in
the next section.

3. Note that the subspace F' C X* was assumed to be norming in order
to ensure that o-closure of norm bounded sets remain norm bounded which
is implicit in (A2). However, if (A2) is satisfied, as in examples (iii), (iv)
and (v), for any total subspace F, our results easily carry through with only

minor technical modifications in the proofs.
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2.2. The MIP with Respect to a Norming
Subspace F

Our standing assumption in this section is that F' is a subspace of X* such
that

the set Tr = {x € S(X) : D(x) N S(F) # (0} is a norm dense
subset of S(X)

(we shall write simply 7" when there is no confusion). Then F' is necessarily
norming. However, one can give examples (see below) of norming subspaces
where this property does not hold. Let C = {all norm bounded, o-closed
convex sets in X'}. We say that X has F-MIP if every C' € C is admissible.

EXAMPLES : (i) F' = X*, T = S(X) and we have the MIP.

(i) X = Y*, F =Y, T = D(S(Y)), which is dense by Bishop-Phelps
Theorem [5], and we have the w*-MIP.

Now, since B(X) € C, 7 is the norm topology on X* and E, = {w*-
denting points of B(X*)}. We need the following reformulation of Lemma
2.2

Lemma 2.4 For x € S(X), F, T as above and ¢ > 0, the following are

equivalent :
(i) x € M.

(i1) = determines a slice of B(F') of diameter less than e

(ii1) There exists 6 > 0 such that

dia|lU{D(y) N S(F) :y € TN Bs(x)}] < e.

Proof : (i) = (i7) = (iii) follows as easy adjustments of Lemma 2.1.
(13i) = (i) Let 6 > 0 be as in (4i7). Let d, = dia[U{D(y) N S(F) : y €
T N Bs(x)}] < e. Choose 60 > 0 such that 62 + 20, < § and 82 + 25,/ <

(1 —d,/e). Let y € S(X), 0 < A < d,. Then as in the proof of Lemma 2.1,
’ r £ Ay H

llz+ Xyl
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Find z;, 29 € T such that ”i%:\\z” —:clH < A% and ﬁ —xzu < N2
Let f1, fo € S(F) such that f; € D(x;), i = 1,2. Observe that ||z; — x| <

A2+ 2X\ <62+ 20, <0, ie., r1,29 € TN Bs(z). Thus || fi — f2l < d,. Now,

T+ Ay T+ Ay
0<1-— — 7| = — <
- f1<\|x+Ay|r> fl < wau) —|

T+ Ay

— < \2
|z + Ayl

x

So, filz+Ay) = (L= A*)[|z + Ayl Similarly, fo(z = Ay) > (1= A?)]|z — Ayl

So, we have

lz+ Ayl +llz =Myl =2 _ file+Ay) + fole = Ay) —2(1 =A%)

A - A1 —A2)
_ (it f)@) =24 A1 — fo)(y) +2X4°
A1 =A%)
Ifr = foll +2% _ do+2X _ dy+20,
= -2 — 11— = 1-4
2
(since dlo i )\j\ is increasing in A). Thus,
qp P MIFlr Ay =2 do 20,
yeS(X),0<A<d, A - 1- (53
by the choice of d,. [

DEFINITION : Let Dp : T — S(F) be defined by Dp(x) = D(z) N S(F).
We say that Dp is quasi-continuous if for every f € S(F') and € > 0, there
exists z € T and 6 > 0 such that y € Bs(x) NT implies Dp(y) € B.[f].
Notice that for X =Y™* and F' = }7, Dp is the inverse duality map.

Now, we are in a position to prove :

Theorem 2.5 If X, F and T are as above, the following are equivalent :
(a) The w*-denting points of B(X*) are norm dense in S(F).

(b) For everye >0, D(M.)NS(F) is norm dense in S(F).

(¢) If C1,Cy € C are such that there exists f € F with sup f(C}) <
inf f(Cy) then there exist disjoint closed balls By, By such that C; C B;,
i=1,2.

(d) X has the F-MIP.
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(e) Dp is quasi-continuous.

(f) For every support mapping ¢ that maps T into S(F') and for every
norm dense subset A of T, ¢(A) is norm dense in S(F).

(Observe that since M. is open and T is dense, D(M.) N S(F) # () when-

ever M. #(.)
Proof: (a) = (b) Let f be a w*-denting point of B(X*) and ¢ > 0. As noted
above f € S(F). Proceeding as in Theorem 2.3 (we may take K = B(X)
and so, K, = B(X)), for any 0 < n < ¢, there is z € S(X) and a > 0 such
that f € S = S(B(X*),%,«) and dia(S) < n. Since T is dense in S(X), by
Lemma 1.8, there is y € T"and § > 0 such that f € §' = S(B(X"),y,0) and
S’ C S. Again as in Theorem 2.3, y € M. N7T and for any f, € D(y) NS(F),
1fy = fll <.

() = (¢) = (d) = (f) Just a simplified version of the implication
(b) = (¢) = (d) = (e) in Theorem 2.3 where we replace K by B(X).

(e) = (f) Follows from definitions.

(f) = (e) Suppose Dp is not quasi-continuous. Then there exist f €
S(F) and € > 0 such that for all x € T" and 0 > 0, there exists y(x,0) €
Bs(xz) N'T such that Dp(y) € Bc[f].

Let A= {y(z,d) :x €T, >0}. Then A is dense in T and we can get a
support mapping ¢ that maps T into S(F) and ¢(A) N B.[f] = 0.

(e) = (b) Let f € S(F)and e > 0. Let 0 <n < e/2. By (e), there exists
x € T and 6 > 0 such that y € T'N Bs(z) implies D(y) N S(F) C B,[f].
But then dia|U{D(y) N S(F) :y € T N Bs(x)}] < 2n < e. So by Lemma 2.4,
x € M.NT and f, € D(x) N S(F) implies ||f. — f|| <n.

(b) = (a) For n > 1, let D,, = {f € S(F) : f is contained in a w*-open
slice of B(F) of diameter < +}. By Lemma 2.4, D(M,;,) N S(F) C D,.
Thus, for all n > 1, D,, is norm open dense subset of S(F') and by Baire
Category Theorem, ND,, is dense in S(F'). But, it is easy to see that ND,, =
{w*-denting points of B(X™*)}. |

For completeness, we record in full the following immediate consequences,

most of which are well-known results in the MIP literature.

Theorem 2.6 [21, Theorem 2.1 and 3.1] For a Banach space X
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(1) the following are equivalent :
a) The w*-denting points of B(X*) are norm dense in S(X*).

)
b) For every e >0, D(M.(X)) is norm dense in S(X*).
)

_ — ~—

c¢) Whenever Cy,Csy are closed bounded conver sets in X with
dist(Cy, Cy) > 0, there exist disjoint closed balls By, By such that
CiCB;,i=1,2.
(d) X has the MIP.

)

The duality map is quasi-continuous.

() Every support mapping maps norm dense subsets of S(X) to norm
dense subsets of S(X*).

(2) the following are equivalent :

a) The denting points of B(X) are norm dense in S(X).

(a)
(b) For every e >0, D™Y(M_(X*)) is norm dense in S(X).
(¢) Disjoint w*-compact convex sets in X* can be separated by disjoint

closed balls.

) X* has the w*-MIP.

(e) The inverse duality map is quasi-continuous.

(f) Every support mapping that maps D(S(X)) into S(X) maps norm
dense subsets of D(S(X)) to norm dense subsets of S(X).

Proof : (1) Let dist(Cy,Cy) = § > 0. Let Ky = Cy + B;/2B(0). Then C;
and K, are disjoint closed convex sets and Ky has non-empty interior. Now,
f € X* that separates C; and K strictly separates C; and Cy. Thus (1)
follows from Theorem 2.5.

(2) Observe that {Z : x is a denting point of B(X)} = {w*-denting points
of B(X*)}. Now (2) is immediate from Theorem 2.5. |

REMARK : Since disjoint closed balls always have positive distance, this
result cannot be strengthened. Note that this Theorem and Corllary 2.3.2
considerably strengthen Corollaries on p 341 and p 343 respectively of [56].

In the following proposition, we collect without proof some observations
regarding the MIP. Recall (from [22]) that a norming subspace of X* is

manimal if it is contained in all norming subspaces.
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Proposition 2.7 For a Banach space X
(a) If the norm is Fréchet differentiable at all x € S(X), then X has
the MIP and is Asplund. If the norm is smooth at all x € S(X), then
X has the CL

(b) [42] If X s finite dimensional, then X has the MIP (equivalently,
the CI) if and only if the extreme points of B(X*) are dense in S(X™).
In particular, a 2-dimensional space has the MIP if and only if it is

smooth.

(c) [42] If the w*-strongly exposed points of B(X*) are dense in S(X*),
X has the MIP.

(d) [21] If X has the MIP and the norm is Fréchet differentiable on a
dense subset of S(X), then the w*-strongly exposed points of B(X™*) are
dense in S(X*). In particular, this happens when X has the MIP and
either X* has the w*-MIP or X is Asplund.

(e) [51] If X is separable and has the MIP, then X is Asplund.

(f)y If X has the F-MIP, then F is the minimal norming subspace of
X*. Hence, if X has the MIP, then X* contains no proper norming
subspace. In particular, X* has the MIP implies X 1is reflexive.

(9) X has the MIP implies X** has the w*-MIP.

REMARKS : 1. Apropos (d) above, does X has the MIP imply X is
Asplund ¢ In this context, Sullivan [51] has shown that if for some ¢ > 0,
M. = S(X), then X is Asplund.

2. As a strengthening of (f) above, he has also proved that if X is the
range of a norm one projection in a dual space and for some 0 < ¢ < 1,
D(M,) is dense in S(X*), then X is reflexive.

3. On the other hand, Godefroy and Kalton [22] have proved that if X is
the range of a norm one projection in a dual space and every closed bounded
convex set in X is the intersection of finite union of balls, then X is reflexive.

4. Does the minimal norming subspace of the dual, if it exists, always

satisfy our standing assumption of this section ? Does there exist a subspace
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F of X* satisfying our standing assumption that is minimal with respect to
this property ?

5. Is the converse of (g) above true ?

2.3. A Digression

In [21], a version of Lemma 2.4 was proved for X = Y* F = Y using
the Bollobas’ estimates for the Bishop-Phelps Theorem (see [5] and [6]).
Specifically, the authors of [21] used the fact that in this case the following
holds :

For every x € S(X) and every sequence {f,} C S(F) such
(¥) ¢ that f.(x) — 1, there exists a sequence {x,} C T and
fr,, € D(x,) NS(F) such that ||z, — x|| — 0 and || f., — fall — 0.

In fact, one can show that in this situation, the following stronger property
holds (see [20]) :

For every x € S(X), f € S(F) and € > 0 with f(z) > 1— ¢&?
(xx) ¢ there exists y € T and f, € D(y) N S(F) such that ||z —y|| < e
and || f — f,ll <e.

Using the fact that (sx) holds for F' = X*, one can show that (xx) also
holds if F' is an L-summand in X*, i.e., there is a projection P on X* with
P(X*) = F such that for any f € X* ||f|| = [|Pf] + || f — Pf]|. Hereis a
quick proof.

Let z € S(X), f € S(F) and 0 < € < 1 be given such that f(x) > 1 — &2
Then there exists y € S(X) and y* € D(y) such that ||z — y|| < ¢ and
| f —y*|| <e. Note that || f — Py*|| < [|f —y*|| < e <1, sothat Py* # 0. If

y* = Py*, we are done. Otherwise observe that

L = |yl =1Pyll +lly" = Py"|| and
I = y'(y) =Py (y)+ W —Py)(y)

Py* y* — Py*
— py ( : )<y>+ Iy — Pyl ( : )<y> <1
| Py*|| ly* — Py*||
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Thus, Py*/||Py*|| € D(y) N S(F), whence y € T'. Further

Py*
| Py||

-

‘ < If = Pyl + (1= [Py
= If=Pyll+ v =Pyl =Ilf -y <e

Clearly, if (#x) holds for the pair (X, F'), it also holds for the pair (F, 5(\)
In particular, (%) holds for each of the following :
(1) X =C0,1], F = {discrete measures on [0, 1]},

(2) X =CJ0,1], F = {absolutely continuous measures on [0, 1]},
(3) X = L'[0,1], F = C[o, 1].

So, in these cases, (x) also holds and the proof of [21] can be used to prove
Lemma 2.4.

Another example of a situation in which (xx) is satisfied is furnished by
Proposition 3.4 in the next chapter.

However, one can construct examples (see below) to show that (%) does
not, in general, follow from the density of 7" in S(X). It would be interesting
to know whether (x) does. Also it would be interesting to find general suffi-
ciency conditions for (xx) to hold which would cover at least the case X = Y™*
and F =Y. In particular, is the following obviously necessary condition also
sufficient for (*x) to hold :

T is dense in S(X) and D(T)N S(F) is dense in S(F) ¢

But these may be difficult problems.

EXAMPLE : Let X be a non-reflexive Banach space. Let FF C X* be a
norming subspace which is an L-summand in X*. Let P be the corresponding
L-projection. Let f, € (I —P)(X*) such that || f,|| = 1 and f, does not attain
its norm on B(X). Let F} = F&, Rf,. Then F} is a norming subspace of X*
and f, € S(F1). Let 0 < e < 1. Suppose there exists z € S(X), g € S(F})
such that || f, — ¢g|| < e and g(z) = 1.

Now, g = f + af, for some f € F, a € IR. We have

L= lgll = [[fII+ llafoll = 171l + el
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If « =0, g= f and we have

e>|fo—gll = I1Pfo— Pyl =gl =1

So, a # 0. Also, f = 0 implies g = af, and so f,(x) = 1, a contradiction
as f, does not attain its norm. Thus, f # 0.
But then,

I
il

This implies f,(az/|a]) = 1. Again, a contradiction.

As noted earlier, the pair (X, F') satisfies (%), so Tp is dense in S(X)
and D(Tr) N S(F) is dense in S(F). Now, clearly T 2 Tr, but the above
shows D(Tg,) N S(F}) is not dense in S(F;). Consequently, though Tp, is
dense in S(X), (**) is not satisfied.

Also, interchanging the roles of X and F}, the above shows that though

axT

1= g(e) = f(@) + afule) = |l - L (@) + Jalfo ( ) < IIfl +1ol =1

|

X is a norming subspace of F}, T = D(TF,) N S(F1) is not dense, i.e., our
standing assumption is not satisfied.

Finally, we note that X = C0, 1], F' = {discrete measures on [0, 1]} and
fo = Mjo,1/2) — Alj1/2,1) satisfies the hypothesis of the above example, where A

denotes the Lebesgue measure.
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Chapter 3

Bochner LP Spaces and
The /P Sums of Banach Spaces
with the MIP

3.1. The /# Sums

That the existence of an equivalent renorming with the MIP or the CI is
stable under ¢, or /7 sums for 1 < p < oo was established by A. Sersouri
[47] using a renorming result for the MIP by R. Deville [9] and for the CI by
himself [47].

We can, however, prove the following direct result for the /P sums,

1 <p<oo.

Theorem 3.1 Let {X, : a € '} be a family of Banach spaces. Then the
space X = (BperXa)ew with the usual (P-norm (1 < p < oo) has the MIP
(resp. the CI) if and only if for all o € T', the space X, has the MIP (resp.
the CI).

Recall that if X is as above, X* = (@aerX)ew, where % + % = 1. The

following lemma is well-known :

Lemma 3.2 [50, p 154] Let {X,} and X be as above. A point x = (z,) €
S(X) is an extreme point of B(X) if and only if for all « € T', either x, =0

or xo/||xal| is an extreme point of B(X,).

[50] also contains similar characterisations of various other types of ex-

treme points of B(X). In the dual situation, we can prove
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Lemma 3.3 Let {X,} and X be as above. A point x* = (z¥) € S(X*) is
a w*-denting point of B(X™) if and only if for every «, either ¥ = 0 or
b ||k || is a w*-denting point of B(X}).

We postpone the proof of Lemma 3.3 till the next section where similar

results will be proved in a more general setting.

Proof of Theorem 3.1 : (The MIP) : Let for all & € T', X, have the MIP.
Let 2* = (23) € S(X*). Fixe > 0. Let I', = {a € ' : ¥ # 0}. For a € T',,,
b /||lxk || € S(XZ) and since X, has the MIP, there exists ¢, a w*-denting
point of B(X), such that ‘ 2

* Ty
Yo = Taz

< e. Define z* = () by

el it aeT,
“ 0 otherwise

By Lemma 3.3, z* is a w*-denting point of B(X*) and ||z* — 2*||, < e.
Conversely, if X has the MIP, let o, € I'and 2, € S(X})). Fix0 <e < 1.
The point * = (z}) defined by

* : _
y x, it a=a,
0 otherwise

is in S(X*) and hence there exists y*, a w*-denting point of B(X™), such
that [|z* —y*||, < e.

Clearly, ||}, — . | < e < 1 and so, y} # 0. Also, by Lemma 3.3,
v /llys, || is a w*-denting point of B(X} ). Now,

*
* yao
l‘a -
o *
(7

| < s — g+ = el < e+ i = o] |

< et llal, —yill <2

Hence, X,, has the MIP.

(The CI) : Let for all a« € I'; X,, have the CIL.

Let 2* = (x}) € S(X*). Let K be a compact set in X. We may assume
K C B(X).

Let 7, : X — X, be the co-ordinate projection. Then K, = m,(K) is a
compact set in X, for all @« € I'. Fix € > 0. Choose I', C I', T',, finite, such
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that ||z*xmr,|ls < € and for all « € Ty, 27 # 0. For a € Ty, there exists v,
an extreme point of B(X}) and a, > 0 such that ||z} — any} |k, < ellzk]]9,
where ||z} || k., = sup{|z} (k)| : ko € K,}. Define u* = (u}) by

. acys if ael,
0 otherwise

Clearly, u’ /||u’|| = v is an extreme point of B(X}). So, by Lemma 3.2,
u*/||u*]|, is an extreme point of B(X*) and for any k = (k,) € K, we have

(2" —u)(R)] = | D (o — ug) (ko)

ael
< D0 1@ = aayn) (ko) + D g (ko)
acly, agly
< 3 ek = aailln + O a9V kall?)?
o€l agl, agl'y
< e Y flabllf+ e Ikl < elllz* |1+ 1K) < 2¢
acl’, a€Fo

since z* € S(X*) and k € K C B(X). Hence ||z* — u*||x < 2e.

Conversely, let X have the CL Let a, € T', z}, € S(X} ), Ko, € Xa,
compact. Define z* € S(X*) as in the case of the MIP. Define K = {(z,) :
To, € K,, and z, = 0 for a # a,}. Clearly, K is compact and for any
2 e X0 |12 e = 128, i, -

Now, the CI in X, clearly follows from that in X. |

REMARK : It follows from Proposition 4.1 of the next chapter that if the
¢, or the £ sum of a family of Banach spaces has the MIP (or the CI), then
each of them has the MIP (the CI). The converse is not true in general as
the finite-dimensional spaces /2°,n > 1, fail the CI.

See also Proposition 4.2 below.

3.2. Bochner L” Spaces

Let X be a Banach space, (2, %, ) a measure space, 1 < r < oco. Let
A C S(X). Define
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M, (A) = {feS(L (X)) : fisof the form f=> z;xp withn >1
i=1
arbitrary, E; € ¥ and x;/||z;|| € Afor all i =1,2,...,n}

P(A) = {feSL (u,X)): fis of the form f =) x;xp, with E; € &
i=1
and z; = 0 or z;/||z;|| € A for all ¢ > 1} and,

N.(A) = {feSL"(u,X)): for almost all ¢ € Q, either f(¢t) =0 or
FO/NF@) € A}

Note that M,.(A) C P,(A) C N, (A) C S(L" (i, X)).
The following results are well-known :
(1) If A = {extreme points of B(X)} then N, (A) C {extreme points of
B(L"(p, X))}. (See, e.g., [52]).

(2) If A = {strongly exposed points of B(X)} then N,(A) D {strongly
exposed points of B(L" (i, X))} D M.,.(A4) ([32, 23, 24]).

(3) If A = {denting points of B(X)} then N,(A4) = {denting points of
B(L"(n, X))} [37].
A survey of similar results may be found in [50]. In the dual situation,
we note that :
(1) If A = {extreme points of B(X*)} then N,(A) C {extreme points of
B(L4(p, X*))}. In the following we prove a stronger assertion.

(2) Any w*-denting point or w*-strongly exposed point of B(V,(u, X*)),
being a w*-PC, necessarily belongs to L9(u, X*)) (see Proposition 3.4
below). And it is implicit in [32] that if A = {w*-strongly exposed
points of B(X*)} then M,(A) C {w*-strongly exposed points of
B(L%(p, X*))}. Below, we prove by different methods, a similar result
for w*-denting points of B(V,(u, X*)), the proof being more involved
than that for w*-strongly exposed points.

But, first we note the following :

Proposition 3.4 Let Y = LP(u, X) and F = L% (pu, X*), 1 < p < o0, %—i—
% = 1. Then every simple function in S(Y) is in T, where T = {x € Y :
D(x)NS(F) #0}. So, T is dense in S(Y'), F is norming and we are in the
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set-up of section 2.2. Moreover, the pair (Y, F') satisfies (xx) as defined in

section 2.3.

Proof: Let x = Y. | x;x g, be any simple function in S(Y) and ¢ : S(X) —
S(X*) be any support mapping. Define

B(x) = 3 [l ( i ) »
=1

7

Then, ®(x) € S(L¥(u, X*)) € S(V, (1, X*)) and (z, ®(z)) = 1. Thus, &(z) €
D(xz) N S(F). This proves the first part of the Proposition.

Now, let z € S(LP(X)), f € S(LY(X™*)) and € > 0 be such that f(z) > 1—
e2. Choose 0 < n < e such that 0 < n[2(s+1)—n] < f(z)—(1—¢?). Let z and
g be simple functions in S(LP(X)) and S(L9(X*)) respectively such that ||z —
z||, <nand || f—gll; < n. Refining the partitions if necessary, we may assume
that there is a finite partition {1, Es, ..., E, } of Q such that z = > | zixg,
and g = Y | 2fxg, where z; € X, zF € X*. Now, g(z) = X0 2 (z)pu(E;) >
f(x) —2n > 1 — (¢ —n)?, by the choice of 7. Now, consider the discrete
measure space () = {1,2,...,n} with measure P, where P(i) = p(E;). Then
z and g can be isometrically identified with elements of S(LP(P, X)) and
S(LY(P, X*)) respectively. But as P is discrete, LP(P, X)* = L9(P, X*) and
so () is satisfied, i.e., there exists vectors (yi, ya, - - ., ¥n) and (Y5, y5, ..., yk)
in S(LP(P, X)) and S(L?(P, X*)) respectively such that >0, yi(y;)P(i) =1
and [, [|2: — [P P(0)]/* < (e —n) and [ZI, [|27 — g7 [|“P(0)]'/¢ < (e —n).
Put y = XL vixe and f, = Y1, yixe,- Then y € S(LP(u, X)), f, €
S(L9(p, X*)) and f,(y) = 1. Further ||z —yl, < (¢ —n) +n = € and
1f = fullg < e o

The CI

Lemma 3.5 Let X be a Banach space, (2,3, 1) a measure space and
1 <qg<oo. Let A = {extreme points of B(X*)} C S(X*). Then
(a) My,(A) = M (S(X*))N {extreme points of B(Vy(u, X*))}.

(b) Py(A) =P, (S(X*))N {extreme points of B(Vy(u, X*))}.
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Proof : We prove (a), the proof of (b) being an easy adjustment.

Let F' = Y xfxa, € M,(A). Suppose that there exist Gy,Gy €
B(Vy(p, X*)) with F = 1(G1 + Ga).

We will prove that F' = G = G, i.e., for any F € ¥ with u(E) > 0,
F(FE) = G1(F) = G3(F). Fix any such E € ¥. Put 4, = Q\ (U, A4;).
Then m = {A,, Ay,..., A,} is a partition of Q. For i = 0,1,...,n, define
Eys=ENA; and E;p = E°NA;. Put 25 =0.

Now, for any i = 0,1,...,n and j = 1,2 with u(E;;) # 0, we have
aip(Eyy) = F(Eij) = 3[G(Eij) + G2(Ey)] or,

] ; [Gl(Ez’j) + G2(Eij)1

xT. =

' p(Eij)
So,
= < LG (EG)] +11Ga u)”
2 1(Eij)
and hence
|| ||q< [||G1( 2])” +||G2< z])” ‘|
2 p(Eij)
by the convexity of the map ¢ — t? (¢ > 1). But then
1= [IF[l§=>_ll=7l1n(A
i=0
n 2
= D D ll=iluEy) = > il u(Ey)
i=0 j=1 {(i.3):0(Eey) 0}

wiro H(Eij) p(Eiy)#0 “(EU)

1
< §[||G1||g +[1G2|7] <1

So, we must have

||m*|!q:l||G1( B + | Ga( By
’ 2 M(Ezy)

Then the strict convexity of the map t — t7 gives

G (Bl _ NGB n(Eij) # 0

w(Ey) — p(Ey)

for all 7, j with p(E;;) # 0

[l ]| =
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Thus,

]

Izl 2 LGB 1Ga(Ey)ll

whenever p(E;;) # 0

Now, the extremality of x}/|«}| implies

? —

lz7l IG (BT 1Ga(Ey)

whence

. Gl(EZ‘j) . GQ(Ez'j)
B 1(Eij) a 1(Eij)

whenever p(E;;) # 0

So,

n n

Z Gl(Ezl) = Gl(E)

=0 =0
Similarly, FI(E) = Gy(E).

The reverse inclusion being obvious, this completes the proof. [

=

&
]

™

(ﬁ

=
S
I

Theorem 3.6 For any Banach space X, any finite non-atomic measure
space (§2,%, 1) and 1 < p < oo, the space LP(u, X) has the CL

Proof : Let 7 denote the topology on V,(u, X*) of uniform convergence on
compact subsets of LP(u, X'). By Proposition 3.4, B(L9(u, X*)) is w*-dense
in B(V,(u, X*)), so L (u, X*) is 7-dense in V,(u, X*), and simple functions
are norm dense in L?(u, X*). Thus it suffices, by Lemma 3.5(a), to show
that given any simple function F' € S(L9(pu, X*)), any compact subset K
of LP(u, X) and any € > 0, there exists a function F; € M,(A) such that
|F' — Fi||x < &, where A = {extreme points of B(X*)} C S(X*).

Now, since K is compact and simple functions are dense in LP(u, X),
there exists simple functions {g1,¢92,...,9m} such that K C U™, B./4(g;).
Suppose we have found a function F}; € M, (A) such that |(F—Fy)(g;)| < /2
for all j = 1,2,...,m. Then for any ¢ € K, there exists g; such that
lo = gilly < =/4. So, (F = Fi)(g)| < |(F = F)(g)] + I(F — Fi)(g — g;)] <
Lo (IF g+ IFl) - lg — g5l < 3e +2- 1= = e, since || Fll, = | Fylly = 1.

Therefore we may as well assume K is a finite set {g1,92,...,gm}. Fur-

ther, passing to finer partitions if necessary, we may assume there exists a
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partition Ay, As, ..., A, of Q such that pu(A4;) >0 foralli=1,2,...,n and
each of the functions g1, g, ..., g, and F' take constant values on each A;,
i.e., the functions g1, g, ..., g, and F' have the form F' = Y77 | a;z] x4, with
xie S(X*)foralli=1,2,....,nand g; = Y.  mijxa, foral j=1,2,...,m,
where some of the a;’s and z;;’s may be zero and the a;x}’s and z;;’s need
not all be distinct. Then,

a;x; (x5) forall j =1,2,.
Z J ) J=

Now, p is finite implies || F|jy = 20 |au|p(A4;) < oo. Fix 0 < n < g/||F||x.
Since B(X™) is w*-compact and convex, by the Krein-Milman Theorem we
have :

for each © = 1,2,...,n, there exists \jz, > 0, k=1,2,..., N with

SN Aiw = Land afy, 2%, ..., ¥ly, extreme points of B(X*) such

that

N
(2 = Awxfy)(@ps)| <mforallr=1,2,...,n, s=1,2,...,m.
k=1

Since 4 is non-atomic, for each i = 1,2,...,n, there is a partition {A;,
Ajg, ..., Ain} of A; such that p(Ay) = Aigp(4;) for all £ = 1,2,..., N.
Define

n N
*
- Z Z QG5 X Ay,
i=1 k=1
Then

n N
1§ = D el > p(Ai) Z i pu(As) = || F[g =1
=1 k=1

and since each 2, € A, F1 € M, (A). Further, forall j =1,2,....,m

Filg) = 3O awy (o An) = 35" a (v s (A)

i=1 k=1 i=1 k=1
n N
= > aip(A) (D ) (i)
=1 k=1
and so,
N
(F — Fi)(g;)] = Izazu Dl = X2 A ()]

k=1
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n

< D el - (A - [25 - kZ Ak ] ()|

=1 =

< ) lailu(A) =nllF|h <«
=1

[

REMARKS : 1. This shows that the CI is indeed much weaker than
smoothness, as LP(u, X) is smooth if and only if X is (see [36]).

2. If the existence of an equivalent CI renorming is hereditary, it would

follow from Theorem 3.6 that every Banach space admits an equivalent CI

renorming. This was also noted by Sersouri [47], although in a different

context.

The MIP

Coming to the question of the MIP, we need the following well-known result :

Lemma 3.7 [50, p 158] Let (2,3, ) be a measure space, X a Banach space
and 1 < p < oo. For{fu} and f in LP(p, X), if | fullp — | f|lp and fo — f
we. 4], then | fu — fllp — 0.

Lemma 3.8 Let X be a Banach space, (§2,%,1) a measure space and
1 <p<oo, % + % = 1. Let A = {w*-denting points of B(X*)} C S(X*).
Then P,(A) = P, (S(X*))N {w*-denting points of B(V,(p, X*))}.

Proof : Let g = >, 2ixp, € P,(A). Then by Lemma 3.5(b), g is an
extreme point of B(V,(u, X*)). So, by Lemma 1.6, it suffices to show that ¢
is a w*-PC of B(L%(u, X*)), i.e., to prove that if {g,} C B(L%(u, X*)) is a
net such that go ~ ¢ then ||go — glly — 0.

Put E, = Q\ U2, E;. Then g.xE&, LR gxe, = 0 and goxo\E, SN

gxo\E, = g- Now, by the w*-lower semicontinuity of the norm we have :
1= llglly < limintlgally < limsup||gall, <1

and hence

lim [|gally = 1 = llgll4
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Similarly, we have

lim [|gaxas, llq =1

Now,

l9all2 = lgaxE % + [|gaxa\s, |2

so that
lim sup [|gax g, [l = Hm(lgallg = gaxes,llg) =0

Thus, it suffices to show that ||gaxo\e, — gllq = 0.

So, we may assume without loss of generality that (2,%, u) is o-finite,
and for almost all ¢, g(t) # 0.

Fix ¢ > 0, choose N > 1 such that >37° ., [|zf]|‘u(E;) < e. Put F =
U¥ | E;. We have,

lgxe 1§ < liminf [|gax e[l < lim sup [|gaxe|l3

and,

lgxa\rll§ < liminf [|gaxeyrll§ < hmasup | gaxa\rlld

Suppose
lgxrllg < limsup||gaxrlg

Then there exists a subnet {gg,} of {g.} such that
lim [|gs. xr[l7 = limsup [lgaxpllz and  limlgs, xarllz ~exists.
Then
L= [|gaxrll§ + lgaxa\rlly <Hm|lgs, xpll§+1im[|gs, xo\pll§ = lim [[gs,[]7 < 1
a contradiction. So, we have,

lgxrllg = lim [|gaxrlg

Similarly,

HQXQ\FHZ = hg}l HgaXQ\FHZ
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Now,

(90 — 9)xrlld+ 1(ga — 9)xa\FI7
1(g9a — 9)xFll2 + [lgaxarrlls + lgxavrlld)?
< (ga — DxFlE+ 2 lgaxarll2 + llgxavrll2]

190 — 9|2

IN

(by convexity of the map t — t7).
So, if ||(ga — 9)xFllq — 0, and € > 0 is given, we can choose «, such
that for all a > ay,

[(9a — 9)xrlll < € and ||gaxarrll? < llgxa\rlll + €

i.e., we have for o > @, ||ga — g]|? < e 4297 - 3e.

Thus, it suffices to prove ||(go — 9)xr|l; — 0. So, again, without loss
of generality, we may assume p is finite and g is of the form > ! ; zixpg, €
S(L(p, X*)) with {Ey, Es, ..., E,} a partition of .

Suppose now, that ||g, — g|l; 7 0. Then there exists €, > 0 and a subnet
{95, } with 5, > a for all @, such that ||gs, —gl|; > €, for all a. For notational
simplicity, put G = gg,. Then G, € B(L9(p, X*)) for all «, G, *7, g and
|G — gllq > €, for all a.

As noted earlier,
lim [[Gally =1 = lgllg (1)

Fix A € 2, /L(A) > (0. Put Aﬂ = AN FE; and AiQ =F; \ Ail- Fix Aij
such that p(A;) > 0. For any x € X, xx4,, € LP(1, X), so, (xxa,,,Ga) —
(@Xa,:9)s 1., (@, [4,, Gadp) — (@, z7)p(Ay;). This implies

1 / w*
Godp — x;
1(Az) Jai;
whence
1 1
zi|| < liminf | / Godpl| < liminf / Glldp
Il @ M(Aij)’ Aij | o p(Ay) Jay G

1/q

(2)

1
< liminf 7/ Gol||%dp
@ [N(Aij) Aij Il
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Thus, we have
|27 (|9 (Asj) < liminf/ |G| %dp for all 4, j
6 14ij

Adding, we get

n 2 n 2
o= gl = 3 laia(Ay) < Y timinf [ Gall*d

i=1j=1 i=1j=1

n 2
< liminf Y S [ [Galfdp = liminf |G < 1
¢ =T A @
So,
;196 Aij) = liminf/ 1G9y for all i, j
(0% 14ij

Suppose, for some 1, j,, we have

1A i,) < imsup [ [Ga“d

toJo

Then,

15, 1712 (Aig,)

A\

lim sup

[Garan— ¥ [ ||Ga||qu]

(i) A(iorjo) * Aid
= 1—limainf Z / |G l|9d
(i) 2 iongo) * Nid

< 1- > liminf/ |Gall?dp
(1.4 (i0:o) Aij

= 1= > «l"n(Ay)

(4,5)#(i0,J0)

making

n 2
L=|lglld =>_> " lla7l17u(Aiy) < 1

i=1 j=1

So, we must have
5 [1(Ayy) = lim/ 1Gall9dps for all i, j
a Jay,
Now, by (2) above and by the lim sup-version of (2) we have that for all ¢, j,

I n(As) = tim | || Galldn
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Thus,

[ Nlg®)ln = metﬂ—mz/ue M = timm [ 1Ga(t)|d
Since A € ¥ was arbitrary with u(A) > 0, we have that for all A € ¥ with
pu(A) >0,

lm/nG M= [ gy
whence, in L(u, R), ||Ga())|| — ||g()H Now, since the space Li(u, IR) is

uniformly convex and ||g(+)|| € S(L%(u, IR)), ||g(+)| is a w*-denting point of
B(L%(u, IR)) and hence a w*-PC. So, we have

L 11Ga(®) = gl dn — 0 (3)
Again, fix A;; such that p(A;;) > 0. Then

1 / w*
Godp —
11(Aiz) s,
and )
Golldp — ||=}
S o, NGelldn — lsf]
S0
fA Gadp ) x;

||G dp {7l

Since x}/||x}|| is a w*-PC of B(X ), this means
i ij I‘;k . fAZ—j Gocd:u
il 23]l m(Aij)

Choose a net {e,} such that ¢, > 0 for all @ and ¢, — 0. We have

Ga(t) Galt)
AJ&ﬁW+%W_A~wmm4

i
.,

HﬁWWGﬁW—%]|
”G“”“wmmaw+a»d“

— 0 or

— 0 (as @ — o0)

< ey Lo, Vil = 1G] = <ld
1 1 . 1/q

< por [ [ [ s - 1o e,
v j ij

1(Aij)

7

{<in/|mowwmamwwym+%
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Now, by (3) and as ¢, — 0, we conclude that

Gal(t) t) H
————du — —dp|| — 0
Ay [|Ga(t)]| + €a Ay ||zt
whence . Ga(t)
! / a
= d,uH —0
|||%H 1(Ai) Jai; |Ga(t)]] + €a

Now, xf/| x| is a w*-denting, and hence denting, point of B(X™), so by
Theorem 1.5(d), we get

1 xf Ga(t)
1(Ai) /Aij

]

27l 1Ga(®]l + ca

duH —0 (4)
Now,

[, Nl = Gao)d

Gt Gt amw
= x; +
I+l narn [GaO +2a G +2a Tt
_|mHV~HMIH@NM+%
1GalOll 5] = Gt ] + <o ]
+ : ; dp
IMrexey H+% El

The first term of the sum goes to zero by (4) and the second by (3). Hence

we have
[, i = Ga®lldi — 00r [ lg(t) = Galt)ldp — 0

Now, since A;; and A were arbitrary, we have actually proved that

L llg®) = Ga(®)ldn — 0

Using this fact and (1), we can choose {a,} such that both G, (t) — ¢(t)
a.e. [p] and ||Ga, ||, — |lgll,- Hence, we have, by Lemma 3.7, |G, — 9]l — 0.
But this contradicts the choice of {G,}.

The converse follows immediately from Lemma 1.6, Lemma 3.5 and the
observation that if g = >2°, z;xg, and {y:} C B(X*), y* AR xy /||| for
some k then g, ¥, 21x5, + |75 yixm, € B(Vy(p, X*)) and g~ g. W
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Proof of Lemma 3.3 : In the set-up of Lemma 3.8, put X = (@aerXa)e,
Q =T, ¥ = Power set of I" and pu = counting measure. Then LP(u, X) =
P(X) and LP(p, X)* = 09(X*) = L(u, X*). Now,

(X)) = {((zap)aer)ser : 3 D [zagl” < oo}

ael’ gel’

Identify X with the subspace {((n0a8)acr)ger} C (X)), where

0 if a8
Oap = .
1 if a=p
Then X* gets identified with the subspace {((2}dag)acr)ser} C €4(X*). Ob-
serve that with this identification, a net {z}} C B(X*) is w*-convergent to
a point x} € S(X*) if and only if the net {z7;} C B(¢?(X™)) is w*-convergent
to o} € S(01(X™)).

Now, Lemma 3.3 follows immediately from Lemma 3.8. |

Lemma 3.9 Let X be a Banach space, (0,3, 1) a probability space and
l<r<oo. Let AC S(X). The following are equivalent :

(a) A is norm dense in S(X).

(b) M,.(A) is norm dense in S(L"(u, X)).
(¢) P.(A) is norm dense in S(L"(u, X)).

(d) N.(A) is norm dense in S(L" (i, X)).

Proof : Since simple functions in S(L"(u, X)) are norm dense (a) implies
(b), and since M,.(A) C P.(A) C N,.(A), (b)) = (¢) = (d).

Now, if x € S(X), zxq € S(L" (1, X)). So, by (d), there exists a se-
quence {f,} € N.(A) such that ||f, — zxal|l. — 0. But then some sub-
sequence {f, } converges to zxq a.e. [u]. Now, if ¢ € Q is such that
| frn(t) — zx(t)|| — O, then || f,,(t) — x| — 0. Since [|z|| = 1, for all
sufficiently large k, || f,, (¢)|| # 0 and

fni (8)
2l =0
o
As fn, € N.(A4), all such f,, (t)/]fn.(t)|| € A. Hence (a) follows. |
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Theorem 3.10 For any Banach space X, finite measure space (2,5, p) and
1<p<ooand }% + % =1, the following are equivalent :

(i) X has the MIP
(i6) LP(u, X) has the L9(u, X*)-MIP.

Proof : Define Y, F' and T as in Proposition 3.4. Suppose LF(u, X) has
the F-MIP. Let A be a norm dense subset of S(X) and ¢ : S(X) —
S(X*) be a support mapping. By Lemma 3.9, M,(A) is norm dense
in S(LP(u, X)). Let x = Y1 xixg € My(A), define ®(z) as in the
proof of Proposition 3.4. Then, ® can be extended to a support mapping
® : S(LP(, X)) — S(Vy(u, X*)). Now, ® maps T into S(F), M,(A)
is norm dense in S(LP(u, X)) and LP(u, X) has the F-MIP, so by Theo-
rem 2.5, ®(M,(A)) = ®(M,(A)) is norm dense in S(F). Observe that
My (p(A)) D (M, (A)), so that M,(¢p(A)) is norm dense in S(LI(p, X*)).
Now, Lemma 3.9 implies that ¢(A) is norm dense in S(X*).

Since A was an arbitrary dense subset of S(X) and ¢ an arbitrary support
mapping on X, Theorem 2.6 implies X has the MIP.

Conversely, let X have the MIP. Let A = {w*-denting points of B(X*)}.
By Theorem 2.6, A is norm dense in S(X*). By Lemma 3.9, M, (A) is norm
dense in S(L(p, X*)). And by Lemma 3.8, M,(A) C {w*-denting points of
V(p, X*)}. Again by Theorem 2.5, LP(p, X) has the F-MIP. [

Theorem 3.11 For any Banach space X, any finite measure space (€2, %, 1)
and 1 < p < oo, the space LP(u, X') has the MIP if and only if X has the
MIP and X* has the RNP with respect to .

Theorem 3.12 For any Banach space X, any finite measure space (€2, %, 1)
and 1 < p < oo, X* has the w*-MIP if and only if L*(u, X)* has the w*-MIP.

Proof : As observed earlier, if A = {denting points of B(X)} then N, (A) =
{denting points of B(LP(u, X))}. Now, the result is immediate from Theo-
rem 2.6 and Lemma 3.9. |

Corollary 3.12.1 Let X be a Banach space, let \ denote the Lebesque mea-
sure on [0, 1], let 1 < p < o0 and % + 5 Then
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(a) LP(X, X) has the CI.
(b) X has the MIP if and only if LP(\, X) has the L9(p, X*)-MIP.

(¢) LP(X\, X) has the MIP if and only if X has the MIP and X is As-
plund.

(d) X* has the w*-MIP if and only if LP(\, X)* has the w*-MIP.

REMARK : If X has the MIP implies X is Asplund — which is a long-
standing conjecture — then we must have LP(\, X) has the MIP. However, in
the light of our results, this would be tantamount to showing that if LI(\, X*)
is the minimal norming subspace of V, (A, X*), then it must be the whole of

the latter space. But that seems unlikely.
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Chapter 4

Miscellaneous Results

4.1. The Subspace Question

Phelps [42] noted that a two-dimensional space has the MIP if and only if
it is smooth. Now, if the MIP were hereditary, a space X having the MIP
would then have all its two-dimensional subspaces smooth and hence X itself
would be smooth. However, Deville [9] sketches an argument to show that it
is possible to construct a non-smooth norm on IR® with the MIP and Tsarkov
[53] has produced one such norm. Below, we produce a non-smooth norm on
IR? with the MIP that is much simpler than the one given by Tsarkov.
EXAMPLE : In IR?, consider the following set

U={(z,y,2) : |2| < 1,]2[ < L,y* < (1 —2”)(1 - 2%)}

U is a closed bounded symmetric convex set with non-empty interior.
Hence the Minkowski functional of U defines a norm on IR® equivalent to the

Euclidean norm. The norm turns out to be
1
1z, y, 2]l = S [{(] + 12 + 512+ { (2] = |2])% + y* 37

The corresponding pre-dual norm on IR* with the above as the dual norm

is given by

|ax| + [az] if a3 < laias|

ai,az,as3)|| = i 3)(a3 D]
I )l (af + a2)ga2 +a3) otherwise
ajs

Observe that the surface of U is given by all those points where one of

the defining inequalities is an equality, and that except for points on the
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plane y = 0 (where the restricted norm is the £ norm on IR?) all the points
on the surface are exposed and hence extreme points of U. So, by Phelps’
characterisation, the pre-dual norm indeed has the MIP. Moreover, the part
of the sphere lying on the plane y = 0 is a square and hence, the pre-dual
norm is not smooth.

And if we consider the subspace as = 0, the inherited norm is the /! norm
on IR?, which clearly lacks the MIP.

Observe further that the usual projection onto this subspace is a norm-
1 projection. So, neither complemented subspaces nor even those comple-
mented by norm-1 projections necessarily inherit the MIP.

We, however, have the following :

Proposition 4.1 If X has the MIP (resp. the CI) and a subspace Y of X
is the range of an M-projection P, i.e., ||z|| = max{||Px|, ||z — Px||} for all
x € X, then Y has the MIP (resp. the CI).

Proof : Let K be a closed bounded (resp. compact) convex set in Y. Since
X has the MIP (resp. the CI), there exist {x;}ie; € X and {r;},c;r with
r; > 0 for all i € I, such that K = N;e;B,,[x;], where B.[z] = {z € X :
|z — x| <r}. Let x € K CY, then for all i € I,||z — ;]| < r; so that
|2; = Pril| = [[(z — 2:) — P(z — @)|| < [lo — | <7

CramM : K =Nie{y €Y 1 |ly — Pxy|| <y}

Firstly, since ||P|| = 1, we have K = P(K) C P[NiesB,,[zi] C Nier{y €
Y @ |ly — Px]| < i} = RHS. Conversely, if x € RHS, for all i € I,
|z — ;|| = max{||x — Pz;||, ||x; — Pz;||} < ri, as ||z; — Px;|| < r;. Thus
x € Nier B[z = K. [ |

REMARK : All the known examples where the heredity of the MIP fails

are non-smooth spaces. So, it is pertinent to ask :
Is the property of being a smooth space with the MIP hereditary ¢

We note that no counterexample is possible in finite dimensions as smooth-
ness is hereditary and implies the MIP in finite dimensions.

Recall that a property (say, P) is called three space property if for a Banach
space X and a subspace Y of X, Y has P and the quotient space X/Y has
P together implies X has P.
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Proposition 4.2 For any two Banach spaces X; and Xs, the space X =
X, ®pn Xy fails to have the MIP. And hence, the MIP is not a three space

property.

Proof : The dual of X is given by X* = X} @y~ X, the extreme points of
B(X*) are of the form (27, 23), where z is extreme in B(X}), which are ‘far
enough’ from norm 1 elements of the form (z*,0).

Observe that in this case, for Y = X;, X/Y = X, and the above shows
that even if both X; and X, have the MIP, X does not. [ |

4.2. The MIP and Farthest Points

For a closed and bounded set K in a Banach space X, define
(i) rx(z) =sup{|lz—vy| : y € K}, x € X. rg is called the farthest distance

map.

(i) Qr(z) = {y € K : ||z —y|| = rx(2)}, v € X. Qg is called the
anti-metric projection,

(iii) D(K) ={z € X : Qk(x) # 0}, and

(iv) b(K) = U{Qk(z) : 2 € D(K)}, i.e., b(K) is the set of all farthest points
of K.

Call a closed and bounded set K densely remotal if D(K) is norm dense
in X. We note the following :

Lemma 4.3 [10, 35] A closed and bounded set K is densely remotal with

respect to any equivalent norm if and only if K is weakly compact.

Lemma 4.4 [10, Proposition 3] If a dual space X* is w*-Asplund, then every
w*-compact set in X* is densely remotal with respect to any equivalent dual

norm.

The proofs of the following Lemmas and Theorem are essentially already
contained in [35] and [17]. For the sake of completeness, however, we include

the proofs which have been recast using our terminology.
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Lemma 4.5 Let X be a Banach space and F' be a norming subspace of X*.
If there exists a (X, F')-closed, norm bounded conver set K C X that is not
admissible, then there exists a o(X, F')-closed, norm bounded convez set K; C

X with non-empty norm interior (i.e., int(K1) # () that is not admissible.

Proof : Let K be as above. Let z, € [K]\ K. Since K is (X, F')-closed,
there exists f € F such that sup f(K) < f(x,).

Let B be a closed ball such that sup f(B) < sup f(K). Let Ky =
20’ F)(K U B). Then, K, is o(X, F)-closed, norm bounded convex set
with int(K;) # 0 and K C K;. Now, z, € [K] C [K;] and sup f(K;) <
sup f(K) < f(z,), i.e., z, ¢ K;. |

Theorem 4.6 Let X be a Banach space and F be a norming subspace of
X*. Consider the following statements :
(a) Any o(X, F)-closed, norm bounded convex set in X is the o(X, F)-

closed convex hull of its farthest points.
(b) X has the F-MIP

(¢) Any o(X, F)-closed, norm bounded, densely remotal convex set in
X is the o(X, F)-closed convex hull of its farthest points.
Then (a) = (b) = (c).

(The statements can be shown to be equivalent in some special cases. See
corollaries below.)

Proof : (a) = (b) Suppose there exists a o(X, F')-closed, norm bounded
convex set K C X that is not admissible. By Lemma 4.5, we may assume
int(K) # 0.

Let z, € [K]\ K and y, € int(K) C int([K]). Since [K]\ K is norm open
in K], there exists 0 < A < 1 such that z, = Az, + (1 — \)y, € [K]\ K. Note
that z, € int([K]), and hence, so is any point of the form
(%) az,+ (1 —a)r,a € (0,1, z € K.

Let Ky = co(K U{z,}). Then K is o(X, F)-closed, norm bounded and
convex. The proof will be complete once we show that b(K;) C K.

Let © € X. Then B = B, (] is a closed ball containing K, and

so, contains [K|. Since each point of the form (x) is in int([K]), it is in
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int(B), i.e., its distance from x is strictly less than rg(z). Note that rx(x) <
ri, (x) < rigy(x) = rg(x). Thus, Qk, () € K. Since x € X was arbitrary,
b(K1) C K.

(b) = (¢) Let K be a (X, F')-closed, norm bounded, densely remotal
convex set in X. Clearly, co” ) (h(K)) C K. Suppose there exists x €
K\ o™ (b(K)). Since X has the F-MIP, there exists y € X and r > 0
such that co” X ) (b(K)) C B,[y] and ||z — y|| > r. As K is densely remotal,
there exists z € D(K) such that ||y — z|| < 3(||z — y|| — 7). Let z; € Q(z).
Then x; € b(K) and hence, ||z; —y[| < r. Now, since z € K, we have

le =yl <l =zl +llz =yl <re2) + 2 =yl = llos = 2l + 1z = 9]
=
But this implies ||z — y|| < r, a contradiction that completes the proof. W

2 2
< =yl + 2z =yl < Sl =yl =) = Sl -yl +

Corollary 4.6.1 If X* is a w*-Asplund dual space, then X* has the w*-MIP
if and only if every w*-compact convex set in X* is the w*-closed convex hull

of its farthest points.

Proof : Since X* is w*-Asplund, by Lemma 4.4, every w*-compact set in

X* is densely remotal and the result follows from Theorem 4.6. |

Corollary 4.6.2 [35] If X is a reflexive Banach space, then X has the MIP
if and only if every closed bounded convex set in X s the closed convex hull

of its farthest points.

REMARKS : 1. In studying the farthest points, the emphasis so far seems
to be on finding conditions on the sets to ensure existence of farthest points.
In view of Theorem 4.6, a natural question is can one give conditions on the
norm to ensure that a ‘reasonably large’ family of sets admit farthest points?
As far as we know, this line of investigation has rarely (see e.g., [18]) been
pursued in the past. In particular, does the F-MIP imply every o(X, F)-
closed, norm bounded, conver set in X is densely remotal? Is the condition
X* is w*-Asplund necessary in Corollary 4.6.17

In this context, notice that if the norm is strictly convex (respectively,

locally uniformly convex), any farthest point of a closed bounded convex
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set is also an extreme (resp. denting) point. So, if the MIP implies every
closed bounded convex set admits farthest points, then strictly (resp. locally
uniformly) convex spaces with the MIP necessarily have the Krein-Milman
Property (KMP) (resp. the RNP) (see [7] or [13] for details). However, the
space ¢,, which does not have the KMP, admits a strictly convex Fréchet
differentiable norm (see e.g., [11]). Hence the answer must generally be no.
Now, is the answer yes, if in addition, the space has the RNP?

2. As noted before, X has the MIP implies X** has the w*-MIP. And
if it also implies X is Asplund, then by Corollary 4.6.1, every w*-compact
convex set in X** is the w*-closed convex hull of its farthest points. Can this

be proved directly?

4.3. The MIP in Projective Tensor Product

Spaces

For two Banach spaces X and Y, the dual of X ®, Y is £(X,Y™*). Now,
the extremal structure of such operator spaces are known only in some very
special cases. See [29] or [34] for a survey. Here we only recall that the
extreme contractions from a Hilbert space to another has been characterised,
by Kadison [33] in the complex case (see also [30]) and by Grzaslewicz [26]

in the real case, as :

Theorem 4.7 For Hilbert spaces E and F, T € L(E,F) is an extreme

contraction if and only if T or T™ is an isometry.
As a corollary we deduce :

Theorem 4.8 For real Hilbert spaces E and F of dimension > 2, F ®, F
never has the MIP.

Proof : We simply note that the set of extreme contractions is closed and
is not the whole of S(L(E, F)). |

Coming to 2-dimensional (P-spaces, some notations and preliminaries

first. For 1 < p < oo, ® = (x1,22) € 05 with ||z|] = 1, define
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Pt = (sgn(xy)|z1|P7, sgn(xs)|ze|Pt) and x° = (—z9,7;). Notice that,
in general, ! is the unique norming functional of x and {z, (x°)?~'} is
a basis for /4, and if p = 2, "' = x and {x, x°} is orthonormal. Assume
Ty > x5 > 0. Now, for r € IR, denote by f,(x,r) = x + r(x°)P~" and
Fy(,7) = |yl .

Then F,(z,7) = |21 — rah '[P 4 |zo + 7' |P. Clearly, F,(x,7) = 1+ |r[?
if p=2 or x5 = 0. Otherwise,

Fy(x,r) = x,7 - |rab —zyxe|? + 17 - |ral + zy2sf?

= z,"G(rab — z1xo) + 277G (raf 4+ z12)
where G(u) = |u|P. Thus

0

—F

or*
and G'(0) = 0, G'(u) = p - sgn(u) - |u[P~t. Clearly, (1) also holds if p = 2 or

ZL’QZO.

(x,r) = G'(rah —x120) + G'(ra + z119) (1)

Now, G'(u) is an odd function, positive and strictly increasing for u > 0.
Since the two arguments of G’ in (1) add up to r, we have if r > 0 (resp.
r < 0), the one larger in absolute value is positive (resp. negative), and so,
L2 F,(x,r) is positive (resp. negative), i.e., F},(w, r) is strictly increasing (resp.
decreasing) in r > 0 (resp. r < 0).

Further, if p # 2 and x5 # 0

an(az,O) -1

an(:c,O) = 0

aa:sz(w,O) = p(p—1)(wrmy)"™ 2)
;Fp(w, 0) = plp—1)(p—2)(wr22)" [ — 3]

L R@0) = s 1Dp—2p - w1 - ey
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and so, if 1 < ¢ < oo, for Hyy(x,7) = [F,(x,7)]7?, we have,

, Hp(z,0) = 1
aHm(a},O) = 0
ggmmam = gy~ D) )
;Hpq(m, 0) = qlp—1)(p—2)(x122)P 32 — b
5)‘; Hyl(@,0) = q(p - 1)(ai22)"[(p— 2)(p - 3)
= 3(z1z2)"{(p—2)(p—3)+ (p— @) (p — 1}]

Now, let 1 < p, g < oo. Let T : ¢4 — ¢4, ||T|| = 1. Then there exists
x = (x1,x9) € £5 such that ||| = 1 = [|[Tz||. Let Tx = y = (y1,y2).
Let I,, = {T : |T|| < 1,Tx = y}. Then for any T € I, (T — a2’ ' @ y)
annihilates & and so is of rank < 1, whence (T — "' ® y) = z° ® u, for
some u € 5. Further, T*(y? ') = P71, that is (T* — y ® «~') annihilates
y? ! whence (T* —y @ xP~!) = (y°)9~! @ v, for some v € ¢3. Combining, T

must be of the form
T,=x" '@y +sz°® (y°)? ", for some s € IR

In other words, I, = {Ts : s € IR, ||Ts|| < 1}.

As in [34], pre- or post-multiplying by diag(sgn(z1),sgn(xs)),
diag(sgn(y1), sgn(yz)) and permutation matrices, if necessary — each of
which is an isometry — we may assume x1 > x5 > 0, y; > yo > 0.

Now, Ts(fp(x,7)) = f,(y,rs), and it follows from the above discussion
that for any r # 0, ||Ts(f,(x,r))||? = F,(y,rs) is strictly increasing in s > 0
and strictly decreasing in s < 0, and F,(y,rs) is unbounded in s. Now, if
r#0,

Fy(y,0) = 1 = [Fy (@, 0)]1" < [Fy(, )]

so, there exists unique s, (x,y,r) > 0 and unique s_(x,y,r) < 0 such that
Fy(y,rss) = [Fy(a, )77 (4)

And the quantity on the LHS becomes smaller or larger than the one in the

RHS according as |s| gets smaller or larger. Evidently, such sy also exist for
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(x°)P~!, which we denote by f,(x,00). In fact, in this case, |s+(x,y,00)| =
I(22)?~ 1| /]l (y°)4~1]|. Notice that for fixed x, y, sy is a continuous function
of r # 0 and elementary examples show that lim, ¢ s+ (2, y,r) may not even

exist. Let

Si(ﬂ?,y) = inf{s+(m,y,7“):r7£0} Sj—*(m7y) = limiglfer(:z:,y,T)
st(x,y) = supis-(z,y,7):r#0}  sT(x,y) = limsups_(z,y,7)

r—0

where liminf, s (x,y,7) = sup.ooinf{si(x,y,r) : |r|] < e} and
limsup,_,,s—(x,y,r) = inf.sosup{s_(x,y,r) : |r| < e}. Clearly, s <
st <0< sy < st and T, € Iy if and only if s < s < 57, ie, TSZL are
end points of I,, and hence are extreme. Also note that if J,, = {s : T} is

contractive in a neighbourhood of x}, then s** = inf J,, and s** = sup J,,.

Now, either s% equals si(x,y,r) for some r # 0 (including r = 00), in
which case s1 # 0 and T§; attain their norm on two linearly independent
vectors, or si = s¥, in which case [s§’| < 0o, sT" € J, in fact, Ty € Ly,

Note that 7" attains its norm on two linearly independent vectors if and
only if T% attains its norm on two linearly independent vectors. Moreover,
any such 7' is exposed, and hence strongly exposed.

Fix x, y.

CAsge(I) : (i) p = 2 and either ¢ = 2 or y, = 0; (ii) ¢ = 2 and either p = 2
or o =0; (ili) p# 2 # g and 9 = 0 = ys.

T, is a contraction <= F,(y,rs) < [Fy(z,7)]"? for all r
= 1+|rs|? <1+ |r["]7? for all r
1+ |7n‘p]q/p —
[

1
— |s]7< for all  # 0

Note that the RHS = 1 if p = ¢ and is strictly decreasing (resp. increasing)
in |r| for ¢ > p (resp. g < p).
So, if p = ¢, sx = +1, and hence, si = s§* = £1 and T; are isometries.
And, if p # ¢, the infimum of the RHS over r # 0 yields

st = 1 if ¢g>p
* 0 if g<p
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So, if ¢ < p, st =0, hence I, = {7}, and

r®e; if p=2>q
In=93 ef®@y if p>qg=2
ef@e if p>q, p#2#4q
is an extreme contraction which attains its norm at precisely one point.

And if ¢ > p, s = s+(00) = £1 with T4, attaining its norm at both x
and (x°)P~!. Tt is interesting to note that if p # 2 # ¢, T} in this case is the
identity operator.

In each of the following cases our basic aim is to find extreme contractions
that do not attain their norm on two linearly independent vectors. Then nec-
essarily st = si*. So, we first assume |s7*| < co. If we reach a contradiction,
we conclude that s} = 400, whence si # s§" and Ty, is not of the desired
type. Otherwise, we check whether s7* € J,,. If it does not, we are again
done. And if it does, we further check whether Ti:- gives a contraction. If
it does not, we are done, and if it does, we get an extreme contraction. We
then check whether it attains its norm in any direction other than that of x
and only if it does not, we get an extreme contraction of the desired type.
This is exemplified in the analysis below.

To calculate si*, let {r,} be a sequence of real numbers such that r, — 0
and sy (r,) — s%*. Since |s%| < 0o, {s+(r,)} is a bounded sequence. Now,
by (4),

Fy(y.ras(rn)) = [Fp(@,7,)] 7" ()

CASE (II) : ¢ # 2, y2 > 0 and either p = 2 or 25 = 0.

In this case, subtracting 1 from both side of (5), dividing by r2 and
taking limit as n — oo, we get by L’Hospital’s rule and (2) that LHS —

%q(q — 1)s*(y1y2)972, where s = s7* and

0 if p>2
RHS — { oo if p<2
g if p=2

So, if p < 2, we have a contradiction, whence s¥* = £00, so that T+ is not
of the desired type, and if p > 2, s = s =0, [, ={To} and Tp = ej @y

is extreme, and clearly of the desired type.
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If p=2, we have
s2(g = D(yy2) 2 =1 (6)
Now, if the s given by (6) belongs to J,,, we must have
F,(y,rs) < [Fy(x,7)]¥?  for all small r # 0 (7)

By (2), the Taylor expansion of the LHS above around r = 0 is given by

1 1 -
L+ 5a(a - 1)r?s(y1y2) ™ + 519(a—1)(a - 2)r%s® (y1y2) [y — i)
1 B
+EQ(Q - 1)(q - 2)(q - 3)7’434(yly2)q 4[1 - 3(?/1y2)q] +oe

while that of the RHS is given by

1 1
1+§QT2+§Q(51—2)7‘4+"‘

Comparing the two, we see that the coefficients of 1, r and r2 on both sides
are equal, whence the inequality (7) for small  implies the corresponding
inequality for the coefficient of 3 on both sides, which, for r > 0 and r < 0,
leads to the following equality :

és?)q(q —1)(q = 2)(s1y2)* > (y! —y3) =0 (8)

Combining equations (6) and (8), we have y{ = 3 = 1/2, s =

(qfll)ll(q_?)/ 7. But again the equality in (8) forces the inequality of the coef-

ficient of r4, i.e.,

0= 2 oostala = 1)la = 2)(a— 3)w) 1 - )
(a=2)(g=3)

or  3(¢g—2) > TR

Now for ¢ < 2, this leads to a contradiction, so that si* ¢ J,,. And
for ¢ > 2, by [28, Proposition 1], Ty with these parameters is a contraction
that attains its norm only in the direction of x. So for ¢ > 2, T, with these
parameters is of the desired type and for ¢ < 2, s # s7*, so that T is not

of the desired type.
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CASE (III) : p # 2, x5 > 0 and either ¢ = 2 or yo = 0.

This is the situation dual to case (II) and hence, if ¢ < 2, s{ = s =0,
I, = {Tv} and Ty = 2P~ ® e; is extreme and of the desired type; if ¢ > 2,
sh # s§7, so that T is not of the desired type, and if ¢ = 2, then for p < 2,
sto=s7 =$/(p— 120D/ gy = 2y = (1/2)1/7, T,: is of the desired type,
and for p > 2, ;. is not of the desired type.

CASE(IV) : p#2# qgand 23 >0, yp > 0.

In this case too, subtracting 1 from both side of (5), dividing by 2 and
taking limit as n — oo, we get by (2) and (3)

(= 1)(1y2)? %" = (p — 1) (a1a2) 2 (9)

where s = s}*. Now,

=[] =l

Y1Y2
T1T2

—1 P
Put a = [(p )(2122) , whence

1/2
th = 4
<q—1><y1y2>q1 e

T, = z'@y+sz°® (y)""

_ xp_l?h xp_l?h 4 aylyz yg_1$2 —yg_lxl
EEE T vy | =yl lwy oyl
[ 2y 2hy Yivs Yy
— I i) + o I X
Ry, by, Pyt e %
L 1 T3 T1 To
[ Y1 U1
—(zf £ ayd) — (25 F ayf)
= | 3 5 (10)
=@y Fay]) (28 £ ayf)
L 1 T2

To continue, in this case, by (2), the Taylor expansion of the LHS of (7)

around r = 0 is given by

1 1 _
L+ 5ala - 1)r?s(y1y2) ™ + 514l —1)(g - 2)r%s® (y1y2) > [y — i

+i!q(q —1)(q —2)(q — 3)r*s* (y1y2) T *[1 — 3(yaya)] + - -
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while by (3), that of the RHS is given by

1 1
1+ Sya(p = V() + galp — Do — 2w *fef - 2

+11!q(p — 1)t (z129)P " (p = 2)(p — 3) — 3(w122)" -

{2 -3)+@-ap-D}+

So, if s € J,y, by similar arguments, we must have

s°(q = (g = 2) ()l = 93) = (0 = 1)(p — 2)(w122)" (2] — 2f) (11)

and

54(q —1)(q—2)(q— 3)(y1y2)q_4[1 —3(e)] < (p— 1)(551$2)p_4 ’
[(p—2)(p = 3){1 = 3(z122)"} = 3(p — @) (p — 1)(w122)"]  (12)

Eliminating s from (9) and (11) and using the fact that @, y are unit

vectors, we get
(q—2)2[ 1 _4]:(]?—2)2[ 1
(¢—=1) [(y12) (p—1) [(z122
Also, dividing (12) by the square of (9), we get
(q—2)(q—3)[ 1 _3]<(p—2)(p—3)[ 1
(¢—1)  [(Gy2) - =D ()

Notice that if p = ¢, we get from (13) that z; = y;, i = 1, 2, whence from
(9), s = £1, and from (11), y; = yo = @1 = x5 for s = —1. Also, (14) is
consistent with (13) and equality holds. Now in (10), o = 1, and so,

10 1
and T_1 = 0
0 1 10

and hence, clearly, are isometries.

Now, let p # ¢q. From (13) and (14), writing

- 4} (13)

—sl—ap—@<m>

T1 -

(0122)7 = A, we get
(p—2)(p—3)

(p—2)2(q—3)<A_4>+(q—2)(q—3) =

(¢—=2)p—1) (¢—1)

< (A=3)-3p—q)
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or

p (p—2)(p—3)
[(q—z Y ]’A
4(p —2)*(q 3) 3p—=2)p—3) (¢—2)(¢—3)

2)?

=2)(p—1) (p—1) (g—1)

_ l (»—2)°(q 3)_3(P—2)(P—3)]+[(p—2)2(q—3)
(¢—2)(p—1) (p—1) (¢-2)(p—1)

—2)(¢=3)| .

Simplifying we get

(a=p)(r—=2) ,_24¢—p)(pa—p—4q)
p-1(-2) ~ (p—1Dl—1(qg-2)

So,if (a) 1<g<2<p<oo,or,(b)l<p<g<2or(c)2<p<qg< oo,

we have

A§2q(pq—p—q) . A_4§2(q—2)(pq—p—q4r2) (15)
(p—2)(¢—1) (p—2)(¢—1)

Andif (d)1<p<2<g<oo,or,(e)l<g<p<2or (f)2<qg<p<oo,

we have

A22q(pq—p—q) . A_422(q—2)(pq—p—q4r2) (16)
(p—2)(¢—1) (p—2)(¢—1)

Now, (z122)? = 1/A and 2y + 25 = 1,800 < 1/A < 1/4,ie., A> 4 or
A—4>0.

But since (pg —p —q+2) = (p—1)(¢ — 1) + 1 is always positive for
l<p g<ooifl <qg<2<p<oo, ie, in case (a) above, we reach a
contradiction at this point, whence T+ is not of the desired type.

Summarising the results so far, we have the following

Theorem 4.9 For 1 < p, g < oo, an operator T : l5 — €3 with ||T|| =1 is
an extreme contraction

(i) [26] for p=q =2, if and only if T is an isometry.
(ii) [28] forp =2 # q, if and only if T satisfies one of the following

(a) T attains its norm on two linearly independent vectors.
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(b) T is of the form

T TR e; if g<?2
TRy +sz°@(y) ' if ¢>2

where T is any unit vector and, in the second case, |y;|9 = L and

2
— 41 9(4-2)/q,
° vV (g-1)

(@ii) [28] for p # 2 = q, if and only if T satisfies one of the following

(a) T attains its norm on two linearly independent vectors.
(b) T is of the form
T { ey if p>2
P lRy+sx°y’ if p<?2
where y is any unit vector and, in the second case, |x;|P = % and
s =,/(p—1)2%P/p,
(iv) [25] for p = q, if and only if T satisfies one of the following
(a) T attains its norm on two linearly independent vectors.
(b) T is of the form
T:{ i@y i p>2 A0
P 1 ® e; if p<2, r1x9 # 0
(v) forl < q<2<p<oo,ifand onlyif T satisfies one of the following
(a) T attains its norm on two linearly independent vectors.
(b) T =xP ' @y with x©, y unit vectors and x1x2y1y2 = 0.

REMARK : In the discussion preceding Theorem 4.9, the conditions (b)

and (e) are dual to (c¢) and (f) respectively. And in the cases (b) and (c), the
inequality (15) implies

1 1 -2 —p— 2
Lopwalliy (¢—2)(pg—p—q+2) (17
2 2 a(pg —p—4q)
while in cases (e) and (f), the inequality (16) implies
1 —2 —p— 2
2 9(pg —p —4q)
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Now, in cases (b), (c), (e) and (f), we have from (11) that for s < 0, both
sides of (11) must be 0, i.e., we must have 2} = 25 = 1/2 = y{ = y3. But
then in cases (e) and (f), we have a contradiction. So, in these two cases, s*
gives extreme contractions not of the desired type.

Also in case (d), (16) is always satisfied and (11) implies that for s > 0,
o =25 = 1/2 = y{ = 4. Now combining Propositions 1 and 2 of [28], we
see easily that for 2} = 2§ = 1/2 = y{ = ¢4 for both s > 0 and s < 0, we
have a contraction that attains its norm only in the direction of @, i.e., we
get extreme contractions of the desired type.

Thus, we are left with the following cases unsolved :

(1) Case (b) with z; satisfying (17) for s > 0 and o} = 1/2 for s < 0 with
y1 given by (13).

(2) Case (e) with z; satisfying (18) for s > 0 with y; given by (13).

(3) Case (d) with 2} > 1/2 and s < 0 with y; given by (13).

Notice that for %—i—% =1, (p <2), (13) gives 2 = y!, i = 1,2, whence in
this case, Ty — as given by (10) — has a comparatively simpler form.

We proceed now to find the closure of the extreme contractions in the
cases described in Theorem 4.9. In case (i), the set of extreme contractions
is clearly closed. Also, in the cases (ii), (iii) and (v), the set of operators
of the form (b) is clearly closed. And in case (iv), the closure of the set of
operators of the form (b) contains only the operators e; ® e;, ¢, j =1, 2 in
addition.

Let us consider the set of operators of the type (a) in cases (ii), (iv) and
(v). Let {T,} be a sequence of operators of the type (a). Let T,, — T in
operator norm. Let @, = (2,1, Z,2) be such that ||x,|| = 1 = ||T,x,||. Let

Ty =Y, = (Yn1,Yn2). Then T}, is of the form
T, =20 ' @y, + sL(Tn, ¥,) 20 @ (y5)*

where s’ (x,,y,) is as in our earlier discussion. For notational simplicity,
write s%(x,,y,) = *s,. Passing to a subsequence, if necessary, assume
x, — x = (r1,22), Y, — Y = (y1,y2) (by compactness of the unit balls of
¢5 and ¢3), and all the s,’s have the same sign, without loss of generality,

positive.
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Clearly, ||T|| = 1 and Tz = y, whence T is of the form
T=z""@y+sz"® (y)"

Also, as T, — T, sn = ||T, — 2" @ y,ll/ 25l - I(yn) | — 1T -
Pt y|l/llz°) - |(y°) Y|, ie., {sn} is convergent. Clearly, s, — s.

Now, since T, is of the type (a), there exists z,, = @, + r,(x%)?~! with
rn # 0 € IR such that ||T,z,|| = ||z.||. Again we may assume all r,’s are
of the same sign, in particular positive and r,, — r, where 0 < r < oco. If
0<r<oo,z, —z=z+r(x’)’tand ||Tz| = ||z|, i.e., T is also of the type
(a). Also, if r, — o0, let u,, = 2,,/||z,||. Then u,, — uw = (x°)?~!/||(x°)*~}||
and ||[T'u|| = 1, so that T again is of the type (a).

Now, suppose r,, — 0. Then from ||T,,z,|| = ||z.| we have
Ey(Ynyrusn) = [Fp(@n,1)] 77 = 0 (19)

For (ii), if p = 2 and ¢ < 2, since T, is of type (a), we have y,1yn2 # 0 for
all n. And if ¢ > 2, we have two possibilities; either there is a subsequence
for which y,1yn2 = 0, or, eventually v,1y,2 # 0. In the first case, we restrict
ourselves only to that subsequence, and we have, by case(I), s, = 1 for all n,
whence s = 1. Also, 1172 = 0. So, T =x®e; +x° ®e; (i # j), and it is
clear that T is of type (a) (see case (I)). And in the second case, we assume
Yn1Yn2 # 0 for all n. Then dividing (19) by 2 and taking limit as n — oo,
we get by L’Hospital’s rule

(¢—1)s*(yiy2)* > —1=0 (20)

If ¢ > 2, for yyo = 0, this leads to a contradiction, whence either r, 4 0
(in which case we get an operator of type(a)), or y1yo # 0. In the latter
case, (6) and (20) coincides, i.e., we have s = s7*(x,y). Now, our analysis in
case (II) shows that only for y{ = y3 = 1/2, s%" gives a contraction (which is
an extreme contraction of type (b)). And in every other case, we run into a
contradiction, i.e., we must have r,, /% 0.

And if ¢ < 2, for 172 = 0, (20) makes sense only if s = 0. In that case,

T = x ® e;, which, by case (I), is an extreme contraction of the type (b).
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And for y1y» # 0, we again have s = s7"(x,y) and our analysis in case (II)
shows that this case always leads to a contradiction, whence r,, /4 0.

So, in both the cases, the closure of the set of operators of the type (a)
contains at most operators of type (b), and therefore, the set of extreme
contractions is closed.

Since case (iii) is just the dual of case (ii), the set of extreme contractions,
in this case too, is closed.

In (iv), i.e., if p = g, by duality, it suffices to consider p > 2. Since T,
is of type (a), we have three possibilities; either there is a subsequence for
which both x,1x,2 = 0 and y,1y,2 = 0, or, there is a subsequence for which
Tn1Tne 7 0 and y,1yne = 0, or, eventually both x,17,2 # 0 and y,1y,2 # 0.

In the first case, we again restrict ourselves only to that subsequence,
and we have, by case(I), s, = 1 for all n, whence s = 1. Also, 2125 = 0 and
y1y2 = 0. Now again by case (I), T is of type (a).

In the second and the third case, dividing (19) by r2 and taking limit —

through a subsequence if necessary — as n — 0o, we get in the second case
(xlxg)p_z =0

and in the third case
(y1y2)? 25" = (wy20)P 7

So, in the second case, y;yo = 0, and we have a contradiction unless
129 = 0. And in that case, T is of the form diag(1, s) upto isometric factors
of signum or permutation matrices. Now, T' is a contraction for —1 < s <1
and is extreme (in fact, an isometry) only for s = £1.

In the third case, if 125 = 0, we get a contradiction unless y,y2 = 0 or
s=0. fyyo #0, s =0 = s’ (x,y), whence T is extreme. And if y;y2 = 0,
we get the conclusions as in the second case. If z12x5 # 0, y1y2 = 0 leads to a
contradiction (and therefore, r, /4 0), and if y1y, # 0, s = s%*(x, y), so that
T is an isometry and hence is of type (a).

Thus, in case (iv), the closure of the operators of type (a), and so the
closure of extreme contractions, can have at most operators of the form

diag(1, s), |s| < 1, upto isometric factors of signum or permutation matrices
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as additional elements. However, we do not have precise description of the
closure.
In case (v), e, if 1 < ¢ <2 < p < oo, since T}, is of type (a), we must

have x,1Zn2Un1Yn2 # 0 for all n. And a similar argument leads to

52((1 - 1)(913%2)(172 =(p— 1)(951352)}072

If z125 # 0 the only situation that does not lead to any contradiction —
either immediate or to the fact that T is a contraction — is both y;y5 = 0
and s = 0. And in that case, s = 0 = si(x,y), so that T is extreme.
And if zyxs = 0, we must have s = 0, in which case, by cases (I) and (II),
s =0 = st (x,y) and T is extreme. Thus in this case too, the set of extreme

contractions is closed.

Theorem 4.10 In each of the following cases of 1 < p, ¢ < oo, {5 @, (4
lacks the MIP :

(i) p and q are conjugate exponents, i.e., = + = = 1.

1
q

D=

(ii) FEither p or q is equal to 2.

(4ii) 2 < p, q < 0.

Proof : The dual of /4 @, ¢ is c(zzg,eg'), where % + % = 1 and the closure
of extreme contractions in each of the above cases does not contain norm
1 operators of the form P! ® y, where & and y are unit vectors with
T1ZT2y1Y2 # 0. u

Remark : The fact that operators of the above form do not belong to
the closure of extreme contractions in any of these cases seems to suggest
that this is a general phenomenon. It is possible that this is happens in
higher dimensions as well. Can one give a proof of this without precisely
characterising the extreme contractions 7 What seems to be required is a
more tractable necessary condition for extremality, or, for belonging to the

closure of extreme contractions.
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Chapter 5

Exposed Points of Continuity
and Strongly Exposed Points

In this chapter, we make the following change in our notations. For a Banach
space X and A C X, by A, the polar of A, we mean A° = {f € X*: f(x) <1
for all z € A} (i.e., we do not take the absolute value of f(z)).

If K is a closed bounded convex set in X and f € X*, we will say that
f € X* supports K at z, € K if f(z,) = M(K, f) and we let S(K,x,) =
{feX*: f(z,) = M(K, f)}. Note that S(K, z,) is a w*-closed convex cone
with vertex 0. We may sometimes abbreviate S(K, z,) by S(z,) when there
is no scope of confusion.

Call z, € K a relatively exposed point of K if for each x € K \ {x,} there
exists f, € S(K,x,) such that f.(x) < f.(z,). Call x, a vertex of K if for
each x € X \ {z,} there exists f, € S(K,x,) such that f.(x) # f.(x,), or, in
other words, S(K, x,) separates points of X. We can also define w*-relatively
exposed points or w*-vertices similarly. Obviously, a (w*-) vertex is (w*-)

relatively exposed.

5.1. The Counterexample

Let {0, : n > 1} denote the canonical basis of £!. Recall that ¢! as a dual

space has a w*-topology induced on it. Let
| ' 1 I
K =to [{ﬁ(sl—i_dn-n22}u{¥(sl_ﬁ(5n-n22}]

From Milman’s Theorem (see [43, p 9]) and the metrizable version of Cho-
quet’s Theorem ([1] or [43]), it follows that € K if and only if x is of the
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form
1

x:Zan 51+5 —i—Zﬁn —0n)
n>2 n>2 n

with a,, B, > 0and 3, 5o (o +3,) < 1 (see [7, Example 3.2.5] for the details
in a similar situation). Observe that (—1,0,0,...) € ¢, C > = (')* exposes
0=(0,0,...) € K. If f = (a,) € £~ supports K at 0, then %al +a, <0 for
n > 2, from which it follows that a; < 0 and |a,| < %]ay|, (n > 2) and we
see therefore that (a,) € ¢,. Since f(£d; +6,,) = Laj + a,, — 0 as m — oo,
S(K, f,a) = {y € K : f(y) > —a} contains %51 + 0, for all sufficiently
large m, whence diam[S(K, f, )] > ||-501 + d,,,|| > 1, showing that 0 is not
strongly exposed.

Next, for m > 2, let f,, = (—1, —#, o —#, —%, —%, ...) € £ where
the mth coordinate onwards of f,, has the value —% and consider the slice
Sm={y € K: fnly) > —#} determined by f,,. Clearly, 0 € S,, and if

JZ:Z&n 51+(5 —I-Zﬁn 51—*5) S

n>2 n>2
we must have
1 i ) m+n T om?—
T < - n"— 5 n’ - n* n*
whence it follows that
m—1 2
n—+ 1 m°+n n+1 m+n
> QU - Q-
2 m(n 4 1) n; —
m—1 2 _
n —l— 1 m
n=2 n>m
m—1 m—1
n+ 1 n+1 —1 n + 1 1
> oo - -
P 2%“" m+125” i
on using successively the following easily verified inequalities :
2
(i) forallleandngm,MZL
m(n+1)
(i) for all m > 1, ﬁZL
n+1
2 2
m—n m—1 . mT—n . o
(iii) for all n < m, > , since ——— is decreasing in n.
mn+1) ~ m+1 m(n+1)
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n—m 1

iv) for all > 1 < )
(iv) for all m, n > 1, S S
Thus,
m+1 m-+4 m+1 n+1 mt n+1
) > ) )
m—1 4m?2 7;204” +Zﬁn
n+1 ml n+1
n>2
Now,
n+1 n+1
]| = Z =] +> | <> an +> Bu—5—
n>2 \ 1 n>2 n>2 n>2
(m+1)(m+4 LY b n+1 (m+1)(m+4)+m+1
- 4Am?(m — ol " — 4dm?(m —1) m?

5(m+1) _ 15
O 20 g allm > 2.
dm(m—1) = 4m o™

Hence, diam(S,,) < 15/2m — 0 as m — oo and we conclude that 0 is a
denting point of K.

REMARKS : 1. Let F, be a w*-cluster point of {%51 + 0, :n > 2} in
K. Then F, # 0 since F,(f,) = 1 where f, = (1,1,...,1,...) € £*. As
S(0) C ¢,, we must have F, € N{ker(f) : f € S(0)} and hence 0 is not w*-
relatively exposed in K. This observation proved useful in the formulation
(d) of Theorem 5.3 in the next section.

2. Since S(0) C c¢,, one in fact has S(0) = {(a,) € ¢, : a1 < 0 and
|an| < Llay|, n > 2}. It is now easy to see that S(0) separates points of ¢*,

i.e., 0 is a vertex of K.

5.2. A Characterisation Theorem

We need the following lemma :

Lemma 5.1 Let K be a compact convexr set in a locally convex space E.
Then
(a) z, € K is exposed by f € E* if and only if {S(K, f,a) : a > 0}

forms a local base for the relative topology on K at x,.
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(b) A relatively exposed point z, € K is exposed if and only if z, is a
G point.

Proof : (a) The sufficiency is obvious and the necessity follows from the
compactness of K.

(b) [We follow [1, p 119]] If =z, is exposed by f € E* then {z,} =
Nn>15 (K, f, %) is clearly Gj.

Conversely, let x, be relatively exposed and {z,} = Nyp>1W,,, where W, is
open in K. Now, an easy compactness argument shows that for any compact
subset F' of K with z, ¢ F, there exists f € E* such that f € S(z,) and

fly) < f(z,) for all y € F.
Since for all n > 1, W, is open in K, by the above argument, there exists

fn € S(z,) such that f,(y) < fu(z,) for all y € K\ W,. It is now esay to
show that f = 3,5, 2%]‘” exXposes T,. [

Theorem 5.2 Let K be a w*-compact convex set in a dual Banach space X*
and z¥ € K be a w*-PC. The following are equivalent :

(a) ¥ € K is w*-strongly exposed.
(b) z € K is w*-exposed.
(¢) o € K is w*-relatively exposed.

Proof : Follows from Lemma 5.1 and the fact that a w*-PC is a w*-Gs

point. [

Theorem 5.3 Let K be a closed bounded convex set in a Banach space X
and x, € K be a PC. The following are equivalent :
(a) z, € K is strongly exposed.

b) &, € K is w*-strongly exposed.
¢) i, € K is w*exposed.
d) Z, € K is w*-relatively exposed.

e) X*/5p(S(z,)) = 7[(K — x,)°] where m : X* — X*/sp(S(x,)) is the

quotient map and the closure is with respect to the norm topology.
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Proof : (a) <= (b) is immediate, while (b)) <= (¢) <= (d) follows from
Theorem 5.2 and Lemma 1.4.

(d) <= (e) : Using definitions, simple separation arguments and polar
calculations a la the Bipolar Theorem, each of the statement below is easily
seen to be equivalent to the next :

(1) &, is w*-relatively exposed in K.
0 is w¥-relatively exposed in K;, where K; = K — z,.

(2)
(3) Ky n[n{ker(f): f € S(xo)}] = {0}.
(4)

1) Ky 0 [p(S()) = {0}, ()
(since Nfker(f) : f € S(x,)} = FB(S(x,))]* = [B(S(x,)))° and K, =
k)

(5) [K7USP(S(x0))]” = {0}.
(6) w7 USB(S(z,))] = X*
This last condition implies that [sp(S(z,)) + Kf] = X* which in turn

means that

X*/5p(8(x,)) = m(K?). - (x)
Conversely, suppose that (x) holds and that ¢ € K7° N [5p(S(x,))]°. We
get immediately
(a) ¢ € [5p(S(20))]” = [X"/5p(S(x,))]", and
(b) M(K?, ¢) < 1.
But (a) and (b) together give M (7(K7), ) < 1 and using (**), we see that
¢ =0, thus (x) holds. |

Corollary 5.3.1 If K is weakly compact then x, € K 1is strongly exposed if
and only if x, is exposed and PC.

Proof : Follows immediately from Theorem 5.2 or from Theorem 5.3, once
we observe that if K is weakly compact, K = K and that 2, € K is w*
exposed if x, € K is exposed. |

Corollary 5.3.2 (a) Let K be a closed bounded convez set in a Banach space
X. x, € K 1is strongly exposed if and only if x, is contained in slices of K

determined by functionals from S(K,x,) of arbitrarily small diameter.
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(b) Let K be a w*-compact convex set in a dual Banach space X*. x €
K is w*-strongly exposed if and only if x¥ is contained in w*-slices of K

determined by functionals from S(K,x%) N X of arbitrarily small diameter.

REMARKS : 1. Note that the proof of (d) <= (e) in Theorem 5.3 does
not use the fact that z, is a PC.

2. If 2, is a PC and 7, € K is a w*-vertex, or equivalently, x, is a PC and
sp(S(x,)) is dense in X*, it follows from Theorem 5.3, that z, is strongly
exposed. But, if z, € K is a strongly exposed point with a unique (upto
scalar multiples) exposing functional — this happens for instance for any
boundary point of the unit ball of the Euclidean space IR* — then sp(S(z,))
is 1-dimensional and thus X* # sp(S(x,)), i.e., this condition is, in general,
not necessary. And since 0 in our example is a vertex (see Remark 2), the
weaker condition that z, is a PC and x, € K is a vertex is no longer sufficient
for x, to be strongly exposed.

3. As pointed out earlier, N.soM. = {x € S(X) : the norm is Fréchet
differentiable at x} and by Theorem 1.9, D(N.>oM.) = {w*-strongly exposed
points of B(X*)}. We note the following consequence of Corollary 5.3.2(b) :

{w*-strongly exposed points of B(X*)} = N.~oD(M,).

Now, if X has the MIP, for each ¢ > 0, D(M.) is dense in S(X*). And
the necessity of Phelps’ condition (a) reduces to the question whether the
intersection of these dense sets is also dense. Naturally, if each of these sets

was a (g, the answer would be yes. So one asks :

Does the quasi-continuity of the duality map force the image of
M., an open set, to be G5 ¢

5.3. A Geometric Characterisation of Banach

Spaces Containing ¢!

Let us say that a closed bounded convex set K in a Banach space X has

Property (P) if every exposed PC in K is strongly exposed; and that a
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Banach space X has Property (P) if every closed bounded convex set K in
X has Property (P).
It follows from the counterexample and Corollary 5.3.1 above that
(i) If X has the Property (P) then X does not contain a copy of £'.

(ii) If X is reflexive, then X has the Property (P).
The monograph [15] is an excellent introduction to the theory of Banach
spaces not containing ¢*. Here we show that a weaker version of the Property
(P) is equivalent to X not containing ¢!, while among a certain class of

Banach spaces, Property (P) implies reflexivity. Specifically we prove :

Theorem 5.4 Let X be a Banach space.
(a) X does not contain a copy of * if and only if every norm bounded,

weakly sequentially complete conver set in X has Property (P).

(b) If X is weakly sequentially complete, then X is reflexive if and only
if X has Property (P).

Proof : (a) Since ¢! is weakly sequentially complete (see [16]), so is any
closed convex subset of it, in particular, so is the set K in our example of
Section 5.1. Note that if X contains ¢!, the set K above can be identified
as a norm bounded, weakly sequentially complete convex subset of X which,
by Section 5.1, lacks Property (P).

Conversely, if X does not contain a copy of /! and K C X is weakly se-
quentially complete then K is weakly compact. Indeed, if {z,} is a sequence
in K, then by Rosenthal’s ¢! Theorem (see [15] or [12, Chapter XI|), it has a
weak Cauchy subsequence which, by weak sequential completeness, is weakly
convergent. And hence, by Eberlein-Smulian Theorem, K is weakly compact
and, by Corollary 5.3.1, K has the Property (P).

The proof of (b) is similar. |

REMARK : Can one relax the assumption of weak sequential completeness

in any of the two statements above ?
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