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Abstract—Maulti-class image segmentation is a challenging task
due to the uncertainties involved with the process of segmen-
tation. To handle those uncertainties, we propose an automatic
multi-class image segmentation method based on an interval type-
2 fuzzy set(IT2FS). In the proposed method, the accurate multi-
class segmentation is achieved by minimizing an energy function.
This energy function is based on IT2FS and weak continuity
constraints present in the membership values. The theory of
weak continuity constraints helps to localize the segmentation
boundaries between the classes accurately with the minimization
of the energy. The proper localization of segmentation boundaries
helps to minimize the uncertainties in the segmentation process.
We also theoretically show that the minimization of the energy
function reduces the uncertainties present in the segmentation
process. Furthermore, the method automatically determines the
number of clusters without a priori knowledge. The proposed
method is found to be superior to the existing conventional,
fuzzy type-1 and fuzzy type-2 based segmentation techniques. The
superiority is verified using synthetic and benchmark datasets.
The noise immunity of the proposed method is found to be better
than that of the state-of-the-art methods when benchmark against
the modified Cramer-Rao bound.

Index Terms—Type-2 fuzzy set, weak continuity constraints,
COG, image segmentation, thresholding

I. INTRODUCTION

Image multi-thresholding is one of the basic and useful
techniques for multi-class image segmentation. The objective
of multi-class image segmentation is to group the pixels
based on the image properties like pixel value, color, and
texture of the image. The group would be such that the intra-
class variation of the pixels becomes as low as possible.
Not only this, an efficient segmentation process must mark
the boundaries between the different segments clearly. The
determination of segmentation boundaries between different
class regions is an ill-posed problem. This is due to the uncer-
tainty involved in simultaneous detection of intensity change
and corresponding position with equal accuracy[l]. Another
challenge is to determine the correct number of segments
in an image automatically without a prior knowledge. The
segmentation using thresholding process has a wide variety
of real-life applications[2], [3]. They include metal industries,
agriculture industries, and medical science.

In the literature, several strategies for multi-class image
segmentation are found. They can be classified into two cate-
gories; one is parametric[4]-[6] and another is non-parametric

[7]-[17]. The statistical distribution of each class is pre-
assumed for segmentation in a parametric method. On the
other hand, a non-parametric method is the parameter-free
approach and are widely used for image segmentation[13].
Apart from these broad categories, image segmentation can
be done by different methods like region based methods[18]—
[20], Graph-based image segmentation[21]-[23], edge-based
method[24], [25] and thresholding based methods[26]-[28].
The conventional approaches mentioned above are unable to
minimize the uncertainties in image segmentation. Thus, they
are not efficient for simultaneous localization and detection of
segmentation boundaries.

In order to develop a robust segmentation process, which is
capable of handling uncertainties involved in simultaneous lo-
calization and detection of segmentation boundaries, we need
a proper tool. The tool should reduce the gray level and spatial
ambiguity in an image to reduce the uncertainties. Moreover, if
possible, a suitable guideline need to develop in order to decide
the correct number of segmentation classes/clusters without
any prior knowledge.

A number of methods can be found in the literature which
can handle the uncertainties in the image segmentation. Most
of the methods[29]-[31] used the fuzzy set theory introduced
by Zadeh[32] as an uncertainty handling tool. Most of the
cases it is customary to use the type-1 fuzzy set for uncertainty
handling. However, in a few special cases where (1) data
are not clean(noise free) (2) hazy or (3) partial, the type-
1 fuzzy set based system could not able to produce results
to the full satisfaction of the user. In this case, IT2FS can
produce much better results[33] although it is computationally
costly than type-1 fuzzy set. So, some researches used type-2
set for image segmentation. The type-2 fuzzy set has better
uncertainty handling capacity as their membership functions
are fuzzy, not crisp. As a result, it possesses additional degrees
of freedom. The additional degrees of freedom helps to model
the uncertainties accurately. It could handle the uncertainties
due to different types of perturbations in an image([34]. Again,
due to the simple nature of membership functions, the interval
type-2 fuzzy set (IT2FS) is quite popular for practical appli-
cations[35]. Type-2 fuzzy c-means based image segmentations
were proposed by [36]-[39]. Again, the methods in [40]-
[42] presented the thresholding based approach for image
segmentation in the type-2 fuzzy domain.

In fuzzy based image segmentation the input image is
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converted into the fuzzy set by indicating the degree of
belongingness of each pixel in different segments. Though the
fuzzy set is a powerful tool for handling uncertainties, mapping
into crisp pixel domain is required at the end to facilitate the
interpretation of the segments. In IT2FS the segmentation is
achieved either by minimizing the global fuzzy entropy(based
on intervals)[40], [41], [43] or by minimizing an objective
function which is the weighted average of the pixel distances
from the cluster center[44]. This is followed by a process
where the fuzzy set is replaced by a crisp set by the method
of defuzzification. But, both the methods could not achieve
the highest level of accuracy. This is due to the fact these
approaches use only the global information and ignore the
local information for detection of segmentation boundaries
and they may bias towards high/low membership values. In
fact, the other existing uncertainty measures of the IT2FS also
do not consider the neighborhood information of a data[45].
Again, both the type-1 and type-2 based approach assume
some arbitrary knowledge about the number of segmentation
classes.

In order to overcome both of the above-mentioned problems
for getting better multi-class boundaries, we propose a novel
iterative multi-class image segmentation method based on the
IT2FS. Here, by the term ’class’ we denote the meaningful
regions or segments but not the labeling of the segments. In
this method, we use the IT2FS as an uncertainty handling
tool with a modified technique to determine the accurate
segmentation boundaries. The method incorporates both the
global and local statistics of the image in hand and reduces
the uncertainties in the segmentation. In order to completely
locate the true segmentation boundaries, a technique called
weak continuity constraints is incorporated.

Weak continuity constraints were used successfully for
visual reconstruction of discrete data[46], [47]. According to
[46]- 'The power of weak continuity constraints lies in their
ability to detect discontinuities and localize them accurately
and robustly. Conventional methods for finding discontinuities
would blur the signal then look for the feature points such
as point of steepest gradients. The weak string, however, pre-
serves discontinuities without any prior information about the
existence or location.’. Segmentation boundaries may not be
strong due to the low-intensity variation between the classes.
A global ad-hoc thresholding disconnects the weak (low value
of the gradient) boundaries. The weak continuity constraints
property localizes the boundaries even in low gradient or in
presence of substantial noise. Thus, the thresholding with the
help of weak continuity constraints helps to reduce the ambi-
guities in the image, which in turn minimize the uncertainties
prevailing in the segmentation process.

The novelties of the proposed method are: (1) Here we fit
the pixels of the image into different segments by an IT2FS
based energy function. For creating the energy function,
we adopt the theory of weak string under weak continuity
constraints[46]. According to the theory, the string tries to
become stable by residing in the lowest energy. At the point
of weak continuity, the string snaps due to the violation of
weak continuity constraints and discontinuity are localized.
In the segmentation, the segmentation boundaries are the

points of discontinuity between the segments which violates
the weak continuity constraints. The accurate segments
are obtained by minimizing the energy function which
acts as an objective function for the image segmentation.
Minimization of the energy function reduces the gray level
and spatial ambiguities in an image. The reduction of the
ambiguities helps to localize the segmentation boundaries
accurately with the reduction of the uncertainties in the
segmentation process. (2) We theoretically prove that the
minimization of the energy reduces the uncertainties. (3)
Another contribution of the paper is that here we propose
the IT2FS based criteria for automatic generation of image
segments without a priori knowledge. We also prove that
it is the general method from which the popular and
benchmark Otsu technique can be derived.

The rest of the paper is as follows. The theory of type-2
fuzzy set and mapping of an image into an IT2FS are discussed
in Section II. Section III describes the weak continuity con-
straints and energy function for segmentation. The automatic
generation of classes with an iterative scheme and the proposed
algorithm are discussed in sectionIV. Section V and sectionVI
describe the performance measure, experimental results, per-
formance comparison, and limitation of the proposed method.

II. MAPPING OF IMAGE SEGMENTS INTO INTERVAL TYPE-2
FUZZY SET

In the proposed method the image segments are mapped
into IT2FS. In the followings subsections, we will discuss the
IT2FS briefly and the mapping procedure.

1) Interval type-2 fuzzy set: In a type-2 fuzzy set(T2FS),
the MF(membership function) is also fuzzy. A type-2 set
A is specified by type-2 fuzzy membership(T2MF) function
Hg(x,u) , where x € X .i.e

A= {((xu), 1z (x,u)|Vx €X,Yu e J, C[0,1]} (1)

in which 0 < ug(x,u) < 1. A can also be formulated as

A= /xeX /uer g (xu)/ (x,u),Jx € [0,1] 2)

where pz(x,u) is the secondary membership function and
Jy is the primary membership of x, and it is the secondary
membership function domain. Here | [ denotes union over all
permissible x and u. For discrete set [ is given by Y. When all
M5 (x,u) =1 in the Eq.2 ,then A represents the interval type-2
fuzzy set(IT2FS)[48]. That means in IT2FMF, the secondary
grade which is the amplitude of secondary MF becomes one.

A. Mapping of image segments into Interval type-2 Fuzzy set

In the proposed method, an image L level is fuzzified
with respect to the threshold ¢. A pixel intensity below ¢
is considered as an element of background(object) segment
I, and a pixel above ¢ is considered as an element of ob-
ject(background) segment I,,. Since ¢ is the transition point or
changing point from one segment to another, it can be used
for localization of the boundary point. In the proposed method

1063-6706 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TFUZZ.2019.2930932, IEEE

Transactions on Fuzzy Systems

JOURNAL OF KKIgX CLASS FILES, NOVEMBER 2018

the type-1 fuzzy membership function for the two segments
of the image I is given by

1— (5 ifx<s
- 3
1 (x) l_(i:f)kzt . 3)

where k3,k4 > 0.

To generate the IT2MF membership function from the above
type-1 membership function we use the blurring technique[40].
In the blurring technique, the upper membership value ¢ and
the lower membership value u are given by

==

B(x) = p(x)

1) = p)P “
where B € (1, ). From the Eq 4 it is clear that the different
fuzzy sets are produced for different values of 7. In fuzzy
theory, the proper fuzzy sets which can represent the different
segments properly are achieved either by minimizing( or max-
imizing) fuzzy entropy or by minimizing an objective function
which represents the fuzzy weighted average of the pixels
from cluster(segment) center. Both the measures are global
and biased towards high(low) interval or high membership
values and unable to reduce the uncertainties prevailing in the
localization of segmentation boundaries. To evade the problem,
we model an energy function using weak continuity constraints
in the membership values to generate the proper threshold
values for creating the segments.

III. INTERVAL TYPE-2 FUZZY BASED SEGMENTATION
USING WEAK CONTINUITY CONSTRAINTS

A. Theory of weak continuity constraints

The weak continuity constraints represent the constraints
which can only be violated with a cost. That means, some
penalty is related to the localization of discontinuities. In the
proposed technique, we adopt the weak elastic string energy
concept[49] for implementation of weak continuity constraints.
The purpose of weak elastic string in computer vision is to
construct a piecewise linear function ug,(x) to fit a discrete
data dy,(x) [49]. In this reconstruction process uy,(x) behaves
like a string and it is stable at low energy state. The string
will be snapped with a penalty at the points where it violates
the weak continuity constraints to attain the minimum energy.
That means discontinuity will be detected at those points. The
concept can be understood from the weak string in Figure
1. The function ug,(x) is obtained by minimizing an energy
function Eg,(us,,dy,). The problem can be converted into a
discrete problem by finite elements[46]. In the discrete form,
the energy function can be expressed as

Eyr = Dy + Sotr + Py (5)

where
N
Measure of faithfulness Dy, = Z(umi —dy,)?
i=1

N—1
Stretching energy Sy, = A2, Z (ttstr, — tsers,, ) (1= Lgr,)
i=1
N-1

Penalty Pyr = Qyr Z lsfr,- (6)
i=1

i=

Here Ay, is the string elasticity and the parameter is used to
control the scale of reconstruction. In the energy calculation,
the penalty parameter, O, is incorporated at the point of
discontinuity. Iy, is the boolean variable and Iy, = 1 at the
point of discontinuity, otherwise Iy, = 0.

(a) ®)

Figure 1. The weak string shown in figure is breakable in position PQ. (a) The
string is continuous with energy Eg, , (b) The string is broken(discontinuous)
with energy Ej, . Position of sting in (a) is stable when Ey, , < Eg, ; and
position of string is stable in (b) when Eg, , < Egy, 4

B. Proposed energy function for segmentation based on IT2FS
and weak continuity constraints

The segmentation of image / means division of pixel values
in a number of disjoint classes depending on some features.
Mathematically, it can be said as a mapping function v:I — R
where R denotes the group of all pixels and Ry, R>....R; are
the ¢ segments then

R=RJR:J..|Re )

such that R{(Ry..R, = ¢. Within each segment R;, the
pixel values are either constant or vary very slowly i.e they
are continuous within a segment. Moreover, the variation of
the pixel values would be high at the boundary between the
two segments i.e at the point of discontinuity between the
segments. Thus, the R is continuous at every point except at
the boundaries where it should violate the weak continuity
constraints. The energy function E which can incorporate the
knowledge of discontinuities in the segmentation process is
defined as follows

E=D+S+P ®)

where
C

p-¥

i=1xe

(= v(R))?

i

=

S=22Y T Y () — ()21~ 1))
i=1xER; yENy

P:aZZl(x) 9

i=1x€ER;

Now, E can be rewritten as

E=Y (¥ 6c—v®)P+22 ¥ ¥ (0 —p)2(1— ()
i=1 Xx€R; XER; yENy
+a2u@}=iE&(m)
XER; i=1
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In the above equation Ef, is the energy of the segment R;,
v(R;) is the center of gravity (COG) of IT2FS representing
the segment R;. (1(x) is the membership value of the pixel x
and N, is a set of neighborhood pixels within a local window
of size A x A. The I/(x) =1 at the point of boundary between
the segments and at the non-boundaries /(x) = 0. S and P
quantity of the equation represent the spatial feature of the
image in the segmentation process. Accurate segments R;,i =
1,2..c are obtained when the energy E is minimum. The energy
function acts as the objective function in the segmentation
process. Visual realization of two clusters with the COG v(.),
scale parameter A , penalty parameter o and weak continuity
regions are shown in Figure 2.

The Eq (10) represents the total energy when the number of
segments in an image is c. In the process of thresholding an
image I = [Xmin Xmax] 18 divided into two segments (i.e ¢ = 2)
by a threshold 7. They are background I, = [x, ¢] and object
I, = [t + 1 Xxpay). If the total energy is denoted by E; and the
energies of I, and I, are as E;_ ,E,, respectively, then E, can
be written from Eq (10) as E, = E;_ + E; . The threshold ¢
for which E; is minimum will give the accurate segmentation.

C. Importance of weak continuity constraints in the segmen-
tation by thresholding

It is already mentioned in Section II-A that a threshold 7
generates two segments in an image. A segmentation boundary
between the segments is the locations where two neighboring
pixels with intensities x1,x will have x; <t and x; > ¢ or vice
versa. In the proposed method, we consider the segmentation
boundaries as the position where weak continuity constraints
are violated with the simultaneous detection of segments and
localization of segmentation boundaries. In the non-boundary
positions, the constraints are not violated. With these consider-
ations, we apply the theory of weak continuity constraints for
the segmentation and it seems appealing and convenient. The
weak continuity constraints are violated as there is a change
of average intensity levels from one segment to another.
The violation is given importance in the proposed method
by penalty P. Quantitatively, the weak continuity constraints
are measured by the change of neighborhood membership
values in the proposed method. When the change is high the
continuity is weak and vice versa. Moreover, the locations
where the weak continuity constraints are not violated are
given importance by the quantity of S in the proposed method.
As per the theory of weak continuity constraints in a string,
proper localization of discontinuities results in the stability of
the string with minimum energy. Similarly, in a segmentation
process, accurate segmentation boundaries are detected with
the minimization of energy. We discuss in details the terms D,
S and P in the context of segmentation in Section III-D.

As already mentioned that for proper segmentation of an
image, one should handle the uncertainties in the segmentation
process. In the proposed method we minimize an energy
function to generate the accurate segments of an image. Thus,
it is necessary to establish a relation between the energy
function and the uncertainties in the segmentation process.
In the following proof, we show the relationship between

‘Weak confinuity region

Figure 2. Visualization of two clusters with the cluster center v(.), scale A
and penalty a. The continuity constraint is violated in the weak continuity
region with penalty o

the uncertainty in the segmentation process and the proposed
energy function and it shows minimization of the energy is
necessary for proper segmentation.

Theorem 1: The uncertainty in the segmentation will be
minimum when E is minimum.

Proof: Let us consider the two accurate segments R; and
Ry of an image I = [0 1] as shown in Figure 3(a)(Top). The
classes/clusters are true classes and the two classes occur due
to true threshold 7. In the figure 3(a)(Bottom), the vertical axis
represents corresponding average intensity of classes along the
rows and the horizontal axis represents the positions of the
intensity values. Figure 3(b) shows the segmentation due to the
improper threshold #' with the corresponding classes R} and
R),. That means, in Figure 3(a) the data points in a segment
are smooth or almost continuous everywhere except at the
position of the boundary between the two segments R; and
R;. Thus, as per the theory of weak continuity constraints the
weak continuity will be violated at the position of boundary
between the segments and it will produce minimum energy
at ¢. That means E, < E, V¢’ € [0 L] and ¢ # ¢’ ,where E;E,
are the energies due to discontinuity at ¢ and ¢’ respectively.
Since, the segmentation in Figure 3 (a) is accurate, the contrast
among the regions R; and R, is the highest. Thus, the
difficulty(ambiguity) in taking decision about the segmentation
boundary in minimum. As a result uncertainties U; occur due
to ambiguities are minimum when threshold is ¢. On the other
hand the ambiguity in the regions R} and R, will be high due
to the presence of misclassified region as shown in Figure 3(b).
This misclassification makes the contrast among the regions
R/ and R}, low and it also makes the homogeneity among the
pixels in R} low. Thus, the boundary between the regions is
not true segmentation boundary and uncertainty U, is high.
Thus it is evident Uy < Uy Vi’ € [0 L] and ¢ # . So, it can
be said whenever E; is minimum, U; will be minimum. Hence
the proof.

D. Analysis and Generation of D, S and P for segmentation

In the Eq (9), the D represents the total sum of the square of
the distance of each pixel within a segment R; from the center
of gravity(COG) v(R;) of the corresponding IT2FS. The COG
represents the average of all centroids of all the embedded
sets in IT2FS. The COG is chosen as a representative value
or cluster center of the segment. It has a nice property of
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Figure 3. Two class segmentation of an image / by the proposed method
with (a)Top: Segmentation into Ry and R, by the proper threshold value 7.
Bottom: Average intensity values of the proper segments along rows and
threshold ¢ (b)Top: Segmentation into R] and R} by the improper threshold
value ¢'. Bottom: Average intensity values of the proper segments along rows
and threshold ¢’

drifting away from an uncertain zone to a certain zone [50].
Thus, D represents the gray level ambiguity present in the
image and minimization of £ minimizes the ambiguity. For
the evaluation of COG, we use Nie-Tan operator proposed
by Nie et al.[51]. In this method, a representative embedded
type-1 fuzzy set of the IT2FS is found out whose centroid
is equivalent to the COG of the IT2FS. The representative
embedded type-1 membership value from the IT2FMF value
is computed as y = % This is followed by the computation
of the centroid in discrete case by
V(R = e L (x).xdx
Yomer p (x)dx
Nie-Tan operator produces crisp output and it is the exact
representation of the COG of IT2FS. The computational
complexity of the COG by the operator is low and it is very
efficient for practical application [52].

The term S represents the change of membership values
over a neighborhood of a scale A. In the proposed method,
a local overlapping window of size A x A is taken in the
image and average membership difference of the neighborhood
pixels from the center pixel of the window is computed for
S. The membership values used for the S are the values of
the representative embedded type-1 fuzzy membership values
within the window. The I(x) is a boolean value as described
in the previous section. The term S incorporates the spatial
information of the segments except at the boundary regions.
Thus, it represents the spatial ambiguity present the image.

The scale parameter A helps to capture the texture of
different segments in an image. There is a tradeoff between the
high and low value of A. A low value of A cannot capture the
texture of the different clusters/classes properly. On the other

(1)

hand, a high value of A may introduce more uncertainties
in the segmentation process by mixing the properties of two
different clusters[53]. To select the proper size of A we use the
concept of spectral flatness measure(SFM)[54] of an image.
The SFM is the ratio of the arithmetic mean and geometric
mean of the Fourier coefficients of the image. The SFM nearer
to 1 means the image has a lot of edges and the A should be
low. Again, A should be high when SFM is nearer to 0.

The penalty P is related to the boundary points i.e the point
where weak continuities in the segments are violated. The P
term also represents the spatial ambiguity in the image. When
a is low it may detect spurious discontinuities in a segment.

The penalty parameter o helps to localize the discontinuities
in the segmentation boundaries. When the contrast among
two neighborhood segments is high (i.e weak continuity) the
a should be low to make the energy E low to detect the
discontinuities. Otherwise, o should be high to prevent the
detection of wrong discontinuities by making the energy E
high. In the proposed method the value of o is selected
depending on the average difference of the type-reduced
membership values of the neighborhood pixels in the boundary
between the segments. If the difference is more than 0.5 the o
is considered low, otherwise, it is taken high. In the proposed
method, a set of boundary pixels are given as B(x,y) =
{x,y|x,y are adjacent and x <t&y >t or x > t&y < t}.

In the literature, Otsu’s method[13] is one of the most
popular benchmark conventional programs for segmentation
using thresholding. A large number of methods are found to
modify Otsu’s methods for two class and multi-class image
segmentation ([7], [14], [15]). So, the following proof shows
the efficiency of the proposed method.

Corollary 1: Otsu’s objective function is a special case of
the proposed IT2FS based energy function

Proof: If we assume that no uncertainties exits in the
segmentation process, we can consider the upper membership
value [(x) and lower membership value p(x) are same( i.e
the interval is zero). That means [i(x) ~ u(x) ~ k; where k;
is a constant and x € R;. Then the type-reduced membership
values using Nie-Tan operator is given by (x) ~ k";k" =k;.
Now putting the values in the Eqll we have COG v(R;) =
Youer; XMi(x)  Yxer; ki
Yoer; Hi(¥)) ~ Yaerki .
spatial and boundary information we can take S =0 and P =0.

So, the Eq 8 can be written as

= X. Moreover, if we do not consider any

B
E=D=YY (x—%? (12)
i=1x€ER;
If ¢ =2 the above equation can be written as
E=Y (x-%*+ ) (x—%)? (13)

XER] XERy

The above E will be minimum when E' = E/N is minimum
where N = N1+ N,. N1,N;, are the number of pixels in Ry, R

and N is the total number of pixels. Now,
E/ _ ZXER] (X_X)2+Z,VER2 (X_X)Z

I\
_ Nl ZxERl(Xfx)
- (W) N
:W1612+W2612
So, E' = w167 +w,07 where wi =N /N, wa =N, /N are the

N, \ Lrer, (x—%)2
+ (3 Bemet?
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class probability of Rj,R, and 612, 622 are the variances of the
segments R,R,. E' is the Otsu’s objective function for object-
background segmentation and it represents the sum of intra-
class variance of the different segments. Hence the proof. So, it
can be said for two class segmentation when no uncertainty is
considered in the image, and spatial and boundary information
are ignored the proposed energy function reduces to Otsu’s
objective function.

The penalty parameter o is a measure of noise immunity
of the thresholding method. When the value of « is very low,
noise may produce undesired or spurious discontinuities in the
segment. The following corollary shows that the low value of
o may detect spurious discontinuities in a segmentation.

Corollary 2: The segmentation result will not detect any
spurious discontinuities in a segment of image I provided
QPmin > D1, /n— 6} +A* where the image 1= [0 Ly, pmin =
Rumin /1, Where Ry is the minimum non zero frequency of pixel
in the image, Dy, is the measure of faithfulness of the segment,
612 is the variance of the image, and n in number of pixels in
the image.

Proof: Let us assume an image / has only one class in it.
The method will detect one class with no discontinuities in the
image only when threshold ¢t = L,,. Thus, Dy, + S, +Pr,, <
Dy +Sy+P;, Vx€ [0 L,]. Since, there are no discontinuities in
the segment of the image, so we have P;,, = 0. The maximum
value of Sy, is given by max{S;, } = A% x A% x n. The reason
is that maximum difference in membership values is 1 and
there are A% such values in a window of size A x A and the
image has n pixels. Again the minimum value of Dy is nGIZ
where G,z is the variance of /. So, we can write
Dy, +A%n < no? + S, +any,
ny is the number of discontinuities detected due to x. Since,
the minimum value of S, = 0 ,the above inequality must be
satisfied Vx if
Dy, +A*n < no} +an
= Dy, —n67 + A% < anpin
= Dy, /n— 0} + A% < ot(npin/n)
= Dy, /n— 0} +A* < 0pmin
From the above result it is evident that for very low value
of o the inequality may not be satisfied and the spurious
discontinuities will be detected.

IV. ITERATIVE SCHEME FOR MULTI-CLASS SEGMENTATION
& ALGORITHM

As already mentioned, in the proposed method no prior
knowledge about the number of segments or classes is used.
The method is fully automatic and can determine the optimal
number of segments at the runtime of the process. Due to a
threshold ¢ an image R = [Xyin Xmax] is segmented into two
clusters (i.e c=2) denoted by background I, = {xyin,2,..,1}
and object I, = {t + 1,1 +2,..,xmqx }. Here, we denote the total
energy generated due to the segmentation by the threshold 7
using E;. The energy of the segments I, I, are given by E;_
and E; respectively i.e E; = E;_ 4+ E;,. The cluster centers
of background I, and object I, are represented by v, and
v+ respectively. The cluster centers are computed by Nie-Tan
operator described in Section III-D. In the proposed method at

Sir iy > Sz, vy < Sim,z, 22

Q—t Finally generated segments

Figure 4. Tree structure for automatic multi-class segments Ry, Rz and R4
generations where R = Ry JR3|JRs

first, the proper threshold ¢ is found such that E; is minimum
and ¢ € R. Out of the two segments, the segment which has
the greater energy is selected for further object-background
segmentation. The iterative process will generate a binary tree
structure. That means, in each level, a new set of segments are
generated. For the iterative process, we have to take a decision
whether the set of segments generated in the current level is
better than that of the previous level or not. If the current
set of segments is better than that of the previous level, the
process will go for further iteration. Otherwise, the iteration
will be stopped. The measure for taking the decision that a set
of segments is better than another set of segments is given by
segmentation index SI in the proposed method. The process
continues until a base condition is satisfied. The base condition
is that the iterative process will be stopped if the SIx; < SIk;.,
where K; is the set of the segments in jth level and K;
is the set of segments generated in j+ 1th level and SI is
segmentation index. The segmentation index is defined as

o Zf:l ERi

var(v(R1),v(R2),...,v(R¢))
In the above equation Ep, is the energy of a segment R;
and K = {R|,Ry,..,R.}. R; has the cluster center v(R;) and
var(.) is the variance. The energy of segment R; is given by
Eq (10). From, the theory of weak continuity constraints it
is logical to say that the individual segments should attain
minimum energy after detecting the accurate segmentation
boundaries. Thus, for proper segmentation the total energy i.e
Yi_; Eg; should be minimum. Moreover, from the segmenta-
tion point of view the variance between the cluster centers
i.e var(v(R1),v(Rz2),...,v(R.)) should be maximum. Thus, the
attainment of the minimum S/k indicates the proper generation
of the segments. If T is the set of thresholds which generates
R;s and c is the number of the current segments i.e i =1,2,..,¢
then ¢ = |T|+ 1. Since the number of thresholds points are
finite and one threshold cannot be repeated, the algorithm will
converge after a finite amount of time. The proposed technique
is shown in Algorithm 1.

The iterative segmentation process can be explained by
the tree structure shown in Figure (4). In the figure at

Sl (14)
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first the image R is divided into the segments R;p(object)
and Rp(background) by the threshold ¢ where Eg, = E;y
Er, = E;_ and E; is minimum and ¢ € R. Assuming E; > E;_
i.e Eg, > Eg,, Ry will again be divided into the segments
R3(object) and Rs(background) by threshold #; € R;. Since,
from the figure SI(g, g,} > SIiR, g, r,) iteration will go for the
next level as described in Algorithml. In the next level the
segments are Ra,R3,Rs,Re and Slig, ry r,} < SI{R,.Ry.Rs5.Re}
That means the base condition is satisfied and the iteration will
be stopped. The final generated segments will be R>,R3,R4.

Input: The gray level image I.

Output: Multi-class segmentation by a set of thresholds 7.

Initialisation : T ={¢} flag = 1,SLy,q =0
Xmin = min{x|x € I} Xpax = max{x|x € I'} . Initialize A
by SFM of I. // Sl,.q is SI at previous level

: for t = x,i, tO X0y do

(a)

(c) (d)

Figure 5. (a) Original synthetic test image with 3 class (b) Result by the
proposed method (c) Image corrupted by white Gaussian noise of variance
.01 (d) Result by the proposed method

2:  Transform the image pixels from x = x,;, t0 X = X4, to the total number of pixels are measured by S.A. The M.E

into T1FS by the Eq 3.
3:  Compute the IT2FS from the T1FS by the Eq 4.
. Find the centroid v,_ for the set [x,;, t] and v, for

evaluates the performance of a segmentation method in terms
of Multi-class type-I error. It is based on number of mis-
segmented pixels. The average value of ML.E lies between 0

the set [t + 1 xp4y] using Nie-Tan operator to compute and 1. The low M.E indicates good performance. When the
D. Evaluate the terms S and P using the parameters A segmented image is close to the ground truth the RI index

and o for both sets.
5 Calculate E;_ and E;+ by Eq (10)
6: Compute E; =E,_ +E; .
7. end for
8: Find ¢ for which E; is minimum.
9: Compute Slx // Slx is SI at current level
10: if (flag =1 ) then

tends to 1, otherwise, it tends to 0. it The GCE measures the
similarities between the segmented image and its ground truth
and has a value between 0 and 1. When the segmented image
is similar to ground truth the GCE tends to 0. In FE, a fuzzy-
based technique is used to compute the F-score.

Though we measured the performance of all the methods
considered here using different measures, it is a fact [59] that

11: Slyog =SIk+1;flag =0 // Initialization of Sl,, performance of segmentation evaluation methods depends on

12: end if

13: if (SIx < SI,,4) then

14:  Sl,0q = SIg, // Checking base condition

15: else

16:  Goto END.

17: end if

18: T =TU{r},

19: if (E,— > E;;) then

20:  Put x4 =t and goto step 1.// Segmentation of
region {Xpin,2,..,1}

21: else

22 Put x,, =t+1 and goto step 1.// Segmentation of

region {r+1,/+2, .., Xpax}
23: end if
24: END: Segment the image by the thresholds 7.
Algorithm 1: Algorithm for automatic multi-threshoding by
the proposed method. Here K is the set of segments generated
by T.

V. PERFORMANCE MEASURE OF THE PROPOSED METHOD

The quantitative performance of the proposed thresholding
method and all the methods compared here are measured using
five different quantitative measures. They are Segmentation
Accuracy(S.A)[55], Misclassification error(M.E) [56], Rand
index(RI)[57], Global Consistency Error (GCE)[57] and Fuzzy
evaluation(FE)[58]. The correctly classified pixels with respect

the image content which may vary widely. Therefore, it is
more logical to find out the statistical performance bound
of a segmentation method associated with a particular image
content. The measure should give an upper bound of the
performance achievable by a segmentation algorithm on the
particular image. Hence, to statistically bound the performance
of our multi-thresholding method a modified Cramer-Rao
bound(CRB) on Mean Square Error(MSE) for segmentation
was used. It was developed by Peng et al.[60].

VI. EXPERIMENTAL RESULTS & DISCUSSION:

lI lI IIUU
1200 5 10 15 20 2
100
801
601
40
20

! @

Figure 6. (a) NDT test image (b) Ground truth (c) Segmentation results by
the proposed method (c) Histogram of the image with the threshold point

To exhibit the performance of the proposed method we
tested our method on different types of images. It is to be

1063-6706 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TFUZZ.2019.2930932, IEEE

Transactions on Fuzzy Systems

JOURNAL OF KKIgX CLASS FILES, NOVEMBER 2018

noted that we considered only the gray level pixel inten-
sity as a feature for segmentation. We applied our method
on synthetic images[61] and the benchmark dataset of the
camera captured natural images from Weizmann[62], and
Berkley[63]. The non-destructive testing images(NDT) from
[64] and several brain MRI images from BrainWeb[65] and
Oasis-brain dataset[66] were also used for the experiment.
The size of the images varies from 200 x 200 to 500 x 500.
The dataset [64] contains images which have two classes in
them. The dataset [63],[65],[66] contain multi-class images
and dataset [62] has both the two-class and multi-class images.
We compared the performance of the proposed method both
qualitatively and quantitatively with conventional methods
like Otsu[13], Cai[7], Singla[16], Wang[17], a type-1 fuzzy
set based method like Bustince[30] and type-2 fuzzy-based
method like Tizhoosh[40] and Dhar [41]. For the performance
measure the ground truth were available with the mentioned
dataset. For the brain images from Oasis-brain dataset we took
the help of the expert also. MATLAB2013 with 8GB RAM
were used for the experimental verification.

For qualitative and quantitative performance comparison
with different methods, we considered both the two-class
segmentation( i.e |T| =1 ) techniques( e.g. Otsu, Bustince,
Tizhoosh, Dhar) and multi-class segmentation(i.e |T| > 1)
techniques(e.g. Cai, Singla, Wang). It is obvious that two class
segmentation is a special case of multi-class segmentation,
where the class number is two. We applied the proposed
method on two class images to compare with the two-
class segmentation techniques. We also applied the proposed
method on multi-class images for comparison with the multi-
class segmentation techniques. If the proposed method de-
tected more or less number of segments/classes in an im-
age than that of corresponding ground truth, the detection
was considered as over-segmentation or under-segmentation
respectively. The over-segmentation and under-segmentation
by the proposed method were evaluated by the measure
in [67]. The average over-segmentation and average under-
segmentation performance of the proposed method in a range
[0 1] were found to be 0.15 and 0.11 for the datasets described
above. In a general situation, a method like Otsu which is
considered as one of the benchmark methods for segmentation
is faster than the iterative methods. But, here our intention was
to compare the quality of results, not the computational cost.

A. Experiments on synthetic images

The proposed method was applied to the synthetic test
images as shown in Figure 5(a). The circular synthetic image
had three classes with pixel intensities 34,100 and 230. No
prior knowledge about the number of segments was given and
the method automatically detected the number of classes and
segment it (Figure 5(b)). It can be seen from the result that the
proposed method segmented the synthetic image accurately.

The performance of the proposed method under noise
corruption is shown in Figure 5(d). The synthetic image was
corrupted by the white Gaussian noise of variance .01(Figure
5(c)). The noise corruption injected more uncertainties in the
image. The centroid of the IT2FS moved in accordance to the

Table I
QUANTITATIVE PERFORMANCE OF DIFFERENT METHODS ON THE NDT
IMAGES FROM [64]. T MEANS HIGHER VALUES REPRESENT BETTER
PERFORMANCE AND | MEANS LOWER VALUES REPRESENT BETTER

PERFORMANCE
Image Otsu Cai Bustince| Tizhoosh| Dhar Proposed|
SAT 0.7831 | 0.8023 | 0.7771 | 0.7921 | 0.8301 | 0.9016
ME| 0.2354 | 0.1132 | 0.1982 | 0.1418 | 0.0408 | 0.0291
GCE | | 0.4111 | 0.3702 | 0.3521 | 0.2700 | 0.2144 | 0.1001
RI 1 0.7611 | 0.7702 | 0.7501 | 0.7700 | 0.8105 | 0.8990
FE 1 0.7451 | 0.7413 | 0.8221 | 0.8273 | 0.8502 | 0.9023

uncertain zone to handle the injected uncertainties properly. As
already described, it moves away from an uncertain zone to
a certain zone to reduce the uncertainties in the segmentation
process. Moreover, the weak continuity constraints were not
violated in the noisy pixels and so, no spurious discontinu-
ities were detected. Thus, the IT2FS based proposed method
reduced the gray level, spatial ambiguities and the boundaries
of the segments were detected properly.

B. Experiments on highly uncertain NDT images

In this section, we applied the proposed method on NDT
images which possess high gray and spatial level ambiguity.
NDT is used in the industry to test a metallic object without
destroying it. Industries nowadays use computer vision tech-
niques to detect the fault in the object. But, the segmentation
of faulty regions from the background in those images is
quite difficult. The histograms of an NDT image is either uni-
modal or there is no clear valley between the two different
modes(Figure 6). Obviously, they are difficult to segment. We
applied the proposed method to distinguish the object from
the background in the NDT images as shown in Figure 6. The
quantitative evaluation of the proposed method and all other
methods using SA, M.E,GCE, RI, and FE are shown in Table I.
From the quantitative evaluation, it can be said the proposed
methods performed better compared to the other methods.
The boundaries between the segments were located even in
the low difference of membership values. The method by
Otsu minimized the intra-class variance to find the boundaries
between the segments. But it ignored the high uncertainties
related with the NDT images in the boundary regions. We
have proved in Section III-D that the Otsu’s method is a
special case of the proposed IT2FS based method when no
uncertainties are considered. The method by Cai first used
the Otsu’s method to find the initial threshold and then found
"to-be-determined’ (TDT) zone for further segmentation. The
method also did not handle the uncertainties and number
of classes were ad-hoc or fixed. The method by Bustince
used type-1 fuzzy set for uncertainty handling which is less
powerful compared to the IT2FS for handling the uncertainties.
Moreover, it had no provision for handling discontinuities at
the boundaries by incorporating the neighborhood informa-
tion. Tizhoosh[40] and Dhar[41] used IT2FS for uncertainty
handling. Both Tizhoosh and Dhar minimized type-2 fuzzy
entropy for threshold generation. But, all of them ignored
the uncertainties prevailed at the boundary regions of the
segments. On the other hand, the proposed method calculated
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Figure 7. Column-wise(a) Original test image. Segmentation results (b)Otsu (c)Cai (d)Bustince (e)Tizhoosh (f)Dhar (g)Proposed

the minimum energy function using the IT2FS and weak
continuity constraints. The method minimized the uncertainties
due to gray level and spatial ambiguities, and thus detected the
boundaries with simultaneous localization.

Table 11
QUANTITATIVE PERFORMANCE OF DIFFERENT METHODS ON THE
NATURAL IMAGES FROM [62]

Image Otsu Cai Bustince| Tizhoosh| Dhar Proposed|
SAT 0.8051 | 0.8203 | 0.8215 | 0.8342 | 0.8425 | 0.8892
M.E| 0.1056 | 0.1044 | 0.0917 | 0.0844 | 0.0943 | 0.0801
GCE | | 0.4020 | 0.3622 | 0.3314 | 0.3200 | 0.2041 | 0.1902
RI 1 0.8121 | 0.8104 | 0.8321 | 0.8705 | 0.8725 | 0.9021
FE 1 0.7611 | 0.8211 | 0.8011 | 0.8224 | 0.8402 | 0.9412

C. Experiments on natural images

We tested the proposed method on the natural images from
[62] in this subsection. The dataset contains 100 images
for two class segmentation and 100 images for multi-class
segmentation. The image size varies from 200 x 200 to
500 x 500. The uncertainties in natural images are more due
to inherent noise corruption in the image during the capturing
of the image and also due to analog to digital conversion.
Another difficulty with a natural image is that it is very
difficult to determine the correct number of segments in the
image without having a prior knowledge. Figure 7 shows the
segmentation results of the natural images by the proposed
method and the other methods. It is to be noted that the
other methods compared here (Figure 7) had the knowledge

@)

Figure 8. Multi-thresholding results in column-wise (a) Original test image.
Segmentation results by (b)Singla (c)Cai (d)Wang (e)Proposed method.
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Figure 9. (a) Average values of M.E with different values of A. (b) Variations
of average M.E with different values of & —low and o — high
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about the number of segments. The results indicate that the
proposed method was quite capable of segmenting the natural
images as well. The reason is that the IT2FS has a powerful
uncertainty handling capacity with the boundary detection
techniques than that of the other methods compared here.
The quantitative performance of the proposed method and all
the methods compared here are shown in Table II.

Here, we also compared the performance of the proposed
method with the methods by Singla[16] and Wang[17] which
were also capable of automatic multi-class segmentation. Both
the methods used the energy function minimization techniques
to get multi-class segmentation. But they had no uncertainty
handling tool incorporated into their energy functions. The
images tested here had more than two segments. From the
visual inspection of the qualitative results in Figure 8 it can
be seen that automatic thresholding for multi-class segments
generation by the proposed method was more capable than
the methods in [16] and [17]. Though the methods by Singla
and Wang were able to recognize the number of classes
but due to lack of proper uncertainty handling capacity the
average performances were low. Moreover, Wang reduced the
piecewise constant Mumford-Shah energy function to get the
segmented image and the process involved a convolution step
to find a perimeter value in the energy function. This step
might blur the boundaries and increased uncertainties.

D. Determination of the parameters B, A and o

In this subsection, we studied the three parameters used in
the experiments. As already stated the parameter 3 was used to
generate the IT2FM from type-1 fuzzy membership function
where 8 € (1, o). Now, it was found experimentally by [40]
that the value of § > 2 was not very useful for image data.
So, following the strategy of [40] we considered the value of
B = 1.25 throughout the experiments. In Section III-D it is
mentioned that A should be chosen depending on the SFM.
The average M.E for NDT images with different scales for
the high value of SFM and low value of SFM are shown in
Figure 9(a). Thus, the A =7 for high SFM and A = 13 for
low SFM were found to be appropriate for NDT images used
here. The same values of A were used for all the experiments.
Similarly, the values of o —low for weak continuity and o —
high for strong continuity with M.E on the NDT images are
shown in Figure 9(b). From the curve, it was found the o —
low =14 and o — high =25.6 were appropriate for the images
considered here.

E. Experiments on Kaggle2018 dataset

In this subsection we tested the proposed method on com-
plex nuclei images from Kaggle2018 dataset[68]. The dataset
contained a variety of biological images. Here, the nuclei
images were derived from several living beings like humans,
mice, and flies. The images were taken in different conditions
like fluorescent and varying illuminations etc. The uncertain-
ties in the image patterns were high as evident from the
visual inspection of the images shown in Figure 10. From the
figure we can find the qualitative performance of the proposed

method. The results show the segmentation boundaries. From
visual inspection it is evident that the proposed method not
only correctly detected the segments but also localized the
boundaries accurately. The quantitative performance compar-
isons with Singla [16],Cai[7], Wang[17] and Li[28] are shown
in Table III. From the results it can be said that on average the
proposed method performed better than the methods compared
here.

Figure 10. Row-wise (1) Original test nuclei images (2) Segmentation results
by the proposed method with the segmentation boundaries

Table IIT
QUANTITATIVE PERFORMANCE OF DIFFERENT METHODS ON NUCLEI
IMAGES FROM KAGGLE DATASET

Image Singla | Cai Wang Li Proposed
SAT 0.8100 | 0.8178 | 0.8832 | 0.8943 | 0.9213
M.E| 0.6241 | 0.5749 | 0.3211 | 0.2865 | 0.0132
GCE | | 0.4236 | 0.3891 | 0.3271 | 0.2384 | 0.1761
RI 1 0.8385 | 0.8611 | 0.9011 | 0.9102 | 0.9841
FE 1 0.6512 | 0.7537 | 0.8001 | 0.8700 | 0.9184

F.  Experiments on medical images

In this subsection, we tested the proposed method on med-
ical images. For experiments on medical image segmentation,
we tested the methods on brain MRI image from [65] and [66].
The dataset [66] contains a set of cross-sectional collection of
416 subjects aged 18 to 96. From the images, the first 100
images were taken for the performance measure. In clinical
applications, the brain MRI segmentation is an essential task
to detect the abnormality in the brain. This is because different
processing steps rely on accurate segmentation of anatomi-
cal regions. The high uncertainties in a medical image are
due to the lack of clear boundaries between the segments,
the different type of noises and low contrasts between the
segments. There are three regions in a brain MRI image.
The regions are Grey matter (GM), White matter (WM) and
cerebrospinal fluid (CSF). The proposed method automatically
detected the regions accurately without any prior knowledge.
The qualitative comparisons of the proposed method with the
other methods are shown in Figure 11. The colors for different
regions are used to distinguish the regions clearly. The average
quantitative performances of the methods are shown in Table
Iv.
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Figure 11. Segmentation results on the brain images (a) Original test image.
Segmentation results by (b)Singla (c)Cai (d)Wang (e)Proposed method.

Table IV
QUANTITATIVE PERFORMANCE OF DIFFERENT METHODS ON THE MRI
BRAIN IMAGES FROM [65]

Image Singla | Cai ‘Wang Proposed|
SAT 0.80211] 0.8094 | 0.8771 | 0.9021
M.E] 0.7031 | 0.6830 | 0.4302 | 0.1301
GCE | | 04023 | 0.3632 | 0.3732 | 0.1353
RI T 0.8234 | 0.8502 | 0.9561 | 0.9569
FE 1 0.6011 | 0.7212 | 0.7500 | 0.8712

G. Statistical validation by the modified Cramer-Rao bound
for MSE

The robustness of the proposed method under noisy situ-
ation was measured statistically[60]. For this, we measured
the lower bound for MSE on the Brain MRI image dataset.
Here we assumed that each image had three non-overlapping
basic regions (M = 3), GM, WM and CSF regions. Ground
truths of the images were used for generating the three regions.
The cubic B-spline function was used here to model the
segmentation problem into a varying-coefficient model. The
knots were set up at every 8 pixels in both the horizontal and
the vertical directions. The images were corrupted with white
Gaussian noise with zero mean and variance 6. This strategy
was applied to all of the 100 MRI brain images in the dataset.
Figure 12 shows the average lower bound of MSE with the
average individual MSE at different SNRs. The performance of
the proposed method is followed by Wang. This measure also
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Figure 12. Average Modified CRB of a brain image with the different methods

indicates that the proposed method was more robust against
the noise corruption compared to the other methods used here
and it reduced the uncertainties due to the noise successfully.
The proposed method ensured that in the noisy region the
continuity constraints were not violated. No such noise-control
was possible in the other methods compared here. The graph
also gives the room for improvement of the proposed method.

VII. CONCLUSION

Uncertainties handling is a key problem in multi-class image
segmentation. The IT2FS is a powerful uncertainty handling
tool. But, the current measures of uncertainty do not take
into consideration the boundary information. In this paper,
we have proposed an IT2FS and weak continuity constraints
based energy function for multi-class image segmentation. The
IT2FS along with the weak continuity constraints concept is
used to localize the boundaries between the segments and thus
they help to reduce the gray level and spatial ambiguities in
an image segmentation. The energy function acts as a measure
of uncertainty in the IT2FS domain for image segmentation.
The technique overcomes the limitation of fuzzy type-2 based
objective functions to localize the segmentation boundaries
with the help of a scale and penalty parameters involved with
the weak continuity constraints. To get the appropriate set
of threshold values the segmentation problem is treated as
the energy minimization problem. The method automatically
found the number of classes without a prior knowledge. The
proposed technique is the generalization of the conventional
Otsu’s method. The method performed equally well for the
synthetic, highly difficult NDT images, natural scene images,
and medical images. It was found that under the noise cor-
ruption it also performed well. It was verified by the modified
Cramer-Rao bound for the MSE. The method can be extended
for the colour and complex texture segmentation problem,
which is currently under investigation.
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