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Abstract

This article deals with a new technique of fractal image
compression based on the theory of iterated function sys-
tem (IFS) with probabilities. The theory of IFS with proba-
bilities, in the context of image compression is a relatively
unexplored area. The rationale behind using this approach
stems from the fact that it is possible to define a Markov op-
erator associated with the probability measure whose sup-
;port is the support of the given image. A new technigue of
fractal image compression is proposed using IFS with prob-
abilities. The technique is found to be extremely fast in com-
puting the coefficients of maps and the probabilities. Thus,
the proposed technique provides a very fast fractal-based
image compression encoding.
Index Terms : Contractive map, iterated function system
(IES), Collage theorem, measure, Markov operator, image
compression.

1 Introduction

A set of contractive maps on a space is called iterated
function system (IFS) on the same space. The most inter-
esting property of IFS is that it produces a fixed point when
the maps are used recursively starting with any arbitrary set.
The fixed point is called the attractor of the IFS. The pro-
cess of finding out contractive maps is thus the main area
of interest. In most of the published research papers, im-
plementation part of the theory of IFS with probabilities
to real life images is not very clear as the demonstrations
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are mostly restricted to binary images. Seemingly, a pho-
tocopying machine has been designed by means of which
coefficients of maps are computed [2]. The concept of pho-
tocopying machine has also been extended to the case of
grayscale images {2]. In this case, the machine is comput-
ing not only the coefficients of maps but also the probability
values associated with each map. The IFS with probabilities
defines a Markov operator associated with the probability
measure whose support is the support of the given image.
It has also been shown that the Markov operator is a con-
tractive map on the space of all probability measures. The
Collage theorem for measures has also been proposed by
Barnsley [2]. From this Colfage theorem it has been found
that an IFS with probabilities can produce an invariant mea-
sure such that the support of the invariant measure is the
unique fixed point of the IFS under consideration.

The proposed algorithm is not exactly in the line of the
conventional Partitioned Iterative Function System (PIFS)
based fractal image compression technique[6, 7] but as
mentioned is based on finding out the associated probabili-
ties corresponding to each contractive map. So far, there are
only a few attempts have been made to explore the idea of
iterated function system with probabilities for image com-
pression. Actually, we have come across very few reference
[3, 4, 5] in the literature on fractal image compression, be-
sides the work done by Barnsley [2] on this particular as-
pect.

In our proposed algorithm we have used a multiscaling
division of the given image up to a predetermined level or
up to that level at which no further division is required. At
each level the coefficients of maps and the corresponding
probabilities are computed using the gray value informa-
tion contained in the image level higher to the level under
consideration. Note that the computational procedure of the
present algorithm is different than that of Dudbridge [3] and



others. The algorithm appears to be very efficient in terms
of computational time (order of seconds). On the other hand
algorithms suggested by Jacquin [6] and Mitra et al. [7] usu-
ally take much higher computational time (order of hours)
to compute the same for a 256 x 256, 8bit/pixel image. The
main objective, in this article, is to investigate the art of
finding probabilistic Markov operators for approximating
the given image. The high speed of execution of the al-
gorithm appeared to be the main advantage of the proposed
algorithm.

The mathematical foundation of IFS with probabilities
is outlined in Section 2. The methodology of the proposed
algorithm is described in Section 3. Section 4 presents im-
plementation and the results. Discussion and conclusions
are provided in Section §.

2 Mathematical Foundation of IFS with
Probabilities

The detailed mathematical description is given in [1, 2].
Some relevant definitions and theorems are stated here.
Proofs of the theorems have not been stated as all these are
already given in [1]. Starting with the definition of complete
metric space, IFS has been defined in the space of probabil-
ity measures. Invariant measure of IFS in terms of Collage
theorem has also been described in the same space.

The most important result which is being used here, is
the theorem of invariant measure of IFS with probabilities
defined on a probability space. Other definitions and theo-
rems are stated for better understanding of the theorem of
interest. Let us start with complete metric space.

Definition 1:  Let (X, d) be a complete metric space.
Then H(X) denotes the space of all nonempty compact sub-
setsof X. M

Definition 2: The map w : X — X is called a con-
tractive map with contractivity factor s (0 < s < 1) if

d(w(z),w(y)) < sd(z,y) Vr,y € X .M

Definition 3: An iterated function system (IFS) consists
of a complete metric space (X, d) together with a finite set
of contractive maps w; : X — X, with respective contrac-
tivity factors s;, fori = 1,2,---,n. The notation for this
IFS is {X; wy,ws, -+ -, wy,} and its contractivity factor is s
where s = maz{s1,S2, - -,5pn}. W

Next we are going to state the Collage theorem of IFS.

Theorem 2 (Collage theorem) : Let (X, d) be a com-
plete metric space. Let T € H(X) and let € > 0 be given.
Choose an IFS { X; wy, wa, - - -, wp } with contractivity fac-
tor s such that

W, wim) <
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where h is the Hausdorff metric. Then
<<
“1l-s
where A is the attractor of [FS. &

Now we shall define IFS defined on the space of all prob-
ability measures.

Definition 4: An iterated function system with probabil-
ities consists of an IFS {X; wy,wa, - -, wn} together with
an ordered set of numbers {p1,p2,- - ,pn}, such that

WT, A)

pr+pe+---+pv=1and p; >0 Vi.

The probability p; is associated with w;. #.

Theorem 3: Let P denote the set of all probability mea-
sures on U and let dy denote the Hutchinson metric. Then
(P, dg) is a complete metric space. #

Definition 5: Let
{8 wy,we, - -, wa; p1,D2, -+, Pn} be an IFS with proba-
bilities. The Markov operator associated with the IFS is the
Sfunction M : P — P defined by

1 1

M) =pwvow ' +pwow;! + - +prow;!;

YveP, ie. My)= Zpiuowi_l. '
=l

- The preceding definitions and results are needed to prove
the following theorem.

Theorem 4 (Hutchinson’s Theorem): Let M : P —» P
be the Markov operator associated with an IFS with proba-
bilities, where each transformation has contractivity factor
0 < s < 1. Then M is a contractive map, with contractivity
factor s, with respect to the Hutchinson metric P; i.e.,

da (M (v), M(n)) < s dyg (v, p); Vv, € P.

In particular, there is a unique measure . € P such that
Mp = p Also, if MN(v) = M(MN-Y(v)) forv €
P,N > 2, then

lim MN(v)=u, YveP.
N-—oo
where the convergence is with respect to the Hutchinson
metriconP. &

The Collage theorem for measures is stated below. The
theorem states that any given probability measure is approx-
imated by the fixed point of an IFS with probabilities.

Theorem 5 (Collage Theorem for Measure) :

{D; W1, W2, -+, Wn;,
D1,D2," " ,Pn} be an IFS with probabilities. Let p be the
associated invariant measure. Let s € (0,1) be the contrac-
tivity factor for the IFS. Let M : P — P be the associated
Markov operator. Letv € P. Then

di (v, M(v))
(1-3s)

Let

dH(V,[J)S . ‘



Note that the theory of IFS with probabilities can be ex-
tended to include a condensation measure. A condensation
measure is a Borel measure pg supported on O with

ol =/D dpio(a) < 1.

An IFS with probabilities and condensation measure takes
the form

{5 o, wr,wa, -, wa PLLP2, Do)y

with
lo| + 1 +p2+ - +pp=1 and p; >0 Vi.
The associated Markov operator is now defined by
M(v) = po + prvow;! + pavowy '+

~~-+PNVOwX,i; Yv e P.
Here p is the invariant measure of the IFS with probabil-
ities

{[:];,/J0=“}l7w2a" “7p71}'

L, WniP1, P2
Here

n
Mp) = po+ Y pipow;' = u

i=1

lim MY(y)=p, VyeP.

N-—o20
where, [\/[N('y) = j\I(AfIN_l(“/))’
Vy€ P and VN > 2.

and

Thus, once we have the IFS with probabilities or the
Markov operator associated with v in our hand, we can ap-
proximate the measure v by the invariant measure u starting
from any measure -y on the same space.

In the next section the methodology of the proposed
scheme is discussedl

3 Multiscale Probabilistic Approach: for Im-
age Encoding

In the present algorithm we have used a multiscaling di-
vision of the given image. At each level of partitioning,
the image or subimage is divided into four quadrants. Each
quadrant is called the child of its parent image or subim-
age. The Markov operator is computed and the approx-
imation of the image by means of the invariant measure
of the Markov operator. The process of partitioning the
image, or the subimage as the case is, and computing the
Markov operator are performed up to a predetermined level
or up to a level at which no further division is required. No
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further division is required at any level indicates the suc-
cessful approximation of thebgiven image. To compute the
Markov operator, it is essential to find the maps and their
corresponding probabilities. At each level, probabilities are
computed from the proportion of relative image information
based on some image features, computed from gray level
values, contained in a child subimage and its parent. Ac-
tually, contractive maps along with the probabilities try to
approximate the proportion of image information contained
in a region relative to the total image information. So, it
is essential to store the total image information. Also the
corresponding contractive maps are nothing but the maps
from a parent subimage to its children subimages. The size
of a parent subimage is double that of its children subim-
ages. Hence, the map from parent subimage to its child is a
contractive map.

Now if the complexity of the pixel arrangement of the
parent subimage is higher, then further division of the
subimage is likely to be necessary. On the other hand if
the image region where the complexity of the pixel arrange-
ment is low, further division may or may not be required.
More is the division of the image blocks less will be the
efficiency of the encoding process in terms of compression
ratio. In order to overcome this problem we have introduced
a simple classification scheme. The scheme classifies the
children subimages into two groups according to the vari-
ability of the pixel values within a block (subimage). If the
variability is low i.e., if the variance of the pixel values in
the subimage is below a fixed value, called threshold, we
call the subimage as smooth type. Otherwise we call it a
rough type. Each pixel value in a smooth type subimage
is replaced by the mean of all pixel values. The procedure
can be looked upon as a condensation mapping. Rough type
subimages are approximated by the computed Markov op-
erators. Hence, for each subimage we are to store either a
probability value or the mean of the pixel values along with
the information regarding the block type.

The:complete deseription of an:image im terms of its code
provides: the: compression: ratio or bit rate. TFhe important
factors: whichi are to: be: considered during the proposed en-
coding of am image are : (i) the description of the image
partition, (i) the nature of the blocks, i.e., class information
of blocks and (iii) the quantized values of the numerical pa-
rameters.

First of all, the sum of the gray level values or the aver-
age gray level value of the given image is to be stored. If the
given image is a 8 bit/pixel image then 8 bits are required
to store this average gray level value. Next a complete de-
scription of the image partition is stored. Note that in a
multiscaling division, a block is either partitioned into its
children blocks or remains unchanged. The partitioning of
a block into its children blocks depends on the decision of
the estimator which checks the parent block. In particular,



for a parent block, there may exist one or two or three or
all four children blocks. So, there will be sixteen possible
coding configurations for a block at any stage and 4 bits
are required for storing this information. again, for storing
the characteristics of blocks (either smooth or rough), we
need to store another bit for each block. Now, we are left
with two remaining most important numerical parameters,
the mean gray level value of a smooth type block and prob-
ability corresponding to each block. The mean values and
the probabilities are quantized and stored in the codes.

The image reconstruction is done by decoding of the
code which is obtained during encoding. Here the decod-
ing process is almost similar to the encoding process. The
process starts with an arbitrary image. This starting image
is playing a role of a dummy image. In the decoding pro-
cess no probabilities or contractive maps are computed. The
starting image is partitioned following the partitioning con-
figuration stored in the codes. Using the block information,
the mean gray level values or the stored probabilities and the
maps are applied to the blocks of the starting image to get
the fixed point for each pixel of the starting image. These
fixed points are not the same fixed point of the target image.
The desired image i.e., the close approximation of the tar-
get image is obtained by multiplying each fixed point of the
starting image by the ratio of sum of the gray level values
of the original image, stored in the form of codes and that
of the starting image.

Note that, the number of iterations to get fixed point of a
pixel value of the starting image is fixed, depending on the
image size. Also, unlike the decoding of a PIFS code [6, 7],
no intermediate reconstruction of the image is possible in
this decoding scheme.

4 Implementation and Results

The algorithm has been tested with several grayscale im-
ages. We are presenting here the results obtained for a 256
x 256, 8 bits/pixel “Lena” image. The image is subdi-
vided into four, 128 x 128 subimages, each of which is
encoded separately. During encoding, the partitioning of
each subimage has been carried out up to a maximum level
where subimages are of size 2 x 2.

For comparison, the results of both partitioning up to 2
X 2 subimages and 4 x 4 subimages are given here. The en-
coding with partitioning up to 2 x 2 subimages for different
threshold values are also studied. All test results and some
statistics are given in Table 1. The test result shows how
compression ration increases with decrease in the PSNR
value for encoding up to 2 x 2 subimages. The time taken
for encoding is also computed to show the fastness of the
proposed compression scheme. All the programs are tested
on a 133 MHz Silicon graphics (Indy) Workstation.

The results for the “Lena” image (Figure 1) are shown in

194

Table 1. Test results for 256 x 256, 8 bit/pixel
“Lena” image

Lowest | Compr- | PSNR | bits/ Time
level ession | (indb) | pixel | elapsed
subimage ratio (bpp) | (in Sec.)
size
4x4 20.1 2243 | 0.40 8.34
2x2 3.20 30.49 | 2.50 23.39
2x2 5.08 28.23 | 1.58 16.40
2x2 8.81 27.11 0.90 10.93

figures 2 to 4. Figures 2, 3 and 4 are showing the decoded
“Lena”for different threshold values when the encoding is
processed up to the subimages of size 2 x 2. The decoding
process is carried out with a starting “White” image with all
pixels having gray level value 255.

The proposed multiscale probabilistic approach for frac-
tal image compression is compared, in terms of the com-
putational time, with the GA based fractal image compres-
sion technique [7]. The basic feature of GA based fractal
image compression scheme is same as that of the scheme
proposed by Jacquin [6] and is usually known as partitioned
iterated function system (PIFS) based compression. The ba-
sic aim of the GA based compression technique is to reduce
the computational time for the implementation of the PIFS
based compression technique. It is found that at least 20
times reduction in the search space is achieved in the GA
based compression technique [7] in comparison to the usual
PIFS based image compression technique using exhaustive
search. For comparison, the test results of both probabilistic
approach encoding and the GA based encoding techniques
are presented in Table 2.

Table 2. Results obtained by using multiscale
probabilistic approach technique and the GA
based technique for fractal image compres-
sion

Image | Compression | PSNR | Time elapsed
Ratio (in db) (in Sec.)
probabilistic approach
Lena 8.81 [ 27.11 10.93
GA based technique
10.50 l 30.22 | 3141.47

It is very clear from the Table 2 that the proposed multi-
scale probabilistic approach for fractal image compression
is very fast compare to the GA based fractal image com-



pression technique. It is true that compression ratio and the
quality of the decoded image in terms of PSNR of the pro-
posed method is not so impressive but they are comparable
with those of other fractal based image compression tech-
niques (6, 7, 8, 9]. Blocking effects in some small number
of regions are visible in the decoded image due to quantiza-
tion. But in terms of computational time the present method
is probably one of the fastest methods proposed so far.

5 Conclusion

The proposed algorithm runs very fast, but its perfor-
mance strongly depends on the partitioning rule used. The
present technique based on probabilistic approach for frac-
tal image compression is at least 300 times faster than the
GA based fractal image compression technique [7]. Hence,
it may be convenient for real-time video coding. This work
is.currently under investigation.

LA

Figure1. Original 256 x 256, 8 bpp Lenaimage

Figure 2. Decoded Lena, 2.50 bpp
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Figure 4. Decoded Lena, 0.90 bpp
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