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This work describes fluid approximations to internet traffic models. Research done
over approximately last ten years has firmly established the presence of concepts
like self-similarity, heavy tails. A standard model for analyzing such approximations
is the M/G /oo model. The transmission begins according to a Poisson process.
Generally, the models consider the transmissions to continue for a random amount
of time at a (both temporally and stochastically) constant rate, which, for the
purpose of normalization, is taken to be unit. Obviously this assumption has its
practical limitation.

There have been some attempts in the literature to consider time-varying but
non-random rates. Chapter 2 considers a model where the transmission continues
for a random length of time at a rate which is also random, but remains unchanged
over the duration of the transmission. Both the variables are considered to be heavy
tailed with infinite variance, but finite mean. To describe the joint distribution
of the transmission length and rate, we modify the usual concept of asymptotic

independence. The usual definition is too broad to characterize the behavior of the



product of two asymptotically independent random variables, in our case, the length
and the rate of transmission. Under such a model, the cumulative input traffic is
approximated by a stable Lévy process for large time scales.

The above model considers the transmission rate and the transmission time
instead of the transmitted file size. It fails to model the temporal variability of the
rate. Also further empirical analysis of internet and WAN traffic shows multifractal
behavior of the cumulative input traffic at small time scales. Chapter 3 deals with
these observations. Here each transmission consists of a random file size, which is
heavy-tailed with infinite variance but finite mean, and a transmission schedule. The
dependence structure and the distribution of the schedule is described in details.
At small time scale the multifractal behavior of the cumulative traffic is shown
to be inherited from individual transmission schedules. At large time scales, the
approximation continues to be stable Lévy motion.

However, empirical research shows self-similar Gaussian approximation for large
time scale. The model of Chapter 3 is modified in the final chapter to consider a

family of models to account for this behavior.
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Chapter 1

Introduction

1.1 Overview

Long range dependence, self-similarity and heavy tails are established concepts
required for modeling broadband networks. Leland et al. (1994) gave the first
empirical evidence in the context of LAN traffic. Further studies by Erramilli et al.
(1996), Resnick (1997), Willinger et al. (1997) documents the inadequacy of the
finite variance model.

Network traffic models generally contain many sources transmitting data.
Transmissions can be modelled by the infinite source Poisson model, sometimes
called the M/G /oo input model (cf. Guerin et al., 1999, Heath et al., 1999, Jelenkovié
and Lazar, 1999, Jelenkovi¢ and Lazar, 1996, Mikosch et al., 2002, Resnick and
Rootzén, 2000, Resnick and van den Berg, 2000). The times between the starts

of transmissions are modeled as i.i.d. exponentially distributed random variables.



Thus, to account for the long range dependence and self-similar nature of the traffic,
it becomes important to consider transmission times to be heavy tailed (Willinger
et al., 1997). The sources start transmitting at times {I'x}; we assume {I';} is a
sequence strictly increasing to co. Each transmission consists of a file of size Ji, a
duration of transmission Lj and a transmission schedule {A(t),¢ > 0}, all chosen
at random according to some distribution to be specified. We assume Ji, L) are
positive and A (t) denotes the cumulative amount of data transmitted in time ¢
after the transmission has begun. Aj is a non-decreasing cadlag function starting
from 0 and growing to Ji in finite time, which vanishes on the negative half-line.
Clearly the quantities Ji, L, and Ay are related. We have Ay(c0) = J,. We also
have
Ly, = inf{t : Ax(t) = Ji}.
Also observe that, Ag(t) = Jg, for t > Li. The quantity of interest is the traffic
process which results from aggregating cumulative traffic from all sources in [0, ¢],
and which is defined as
0
X(t) = Ayt —Ty).
k=1

Most of the existing research assumes the rate of transmission to be constant
and non-random, which for the sake of normalization, we take as unit. This gives
us the special case, where Ay is a linear function with unit slope, or more precisely,
Ai(t) = t, for 0 < t < Li. In this case, we have J, = L;. Konstantopoulos and
Lin (1998) replaced the constant, non-random rate by a deterministic rate function
which is regularly varying. They showed that the cumulative input process at a

large time scale is approximated by a stable Lévy motion. Resnick and van den Berg



(2000) extended the convergence to hold on the space D0, 00) of cadlag functions
with Skorohod’s M; topology (cf. Skorohod, 1956, Whitt, 1999a,b,c, 2002).

A recent empirical study on several internet traffic data sets by Guerin et al.
(1999) shows that the infinite source Poisson model with unit transmission rate often
gives an indequate fit to data. This study suggests that the transmission rate is also
a random variable with heavy tail. There have been few studies of this aspect of the
internet traffic data modeling. In a series of recent papers, Levy, Pipiras and Taqqu
(cf. Levy and Taqqu, 2000, Pipiras and Taqqu, 2000, Pipiras et al., 2000) consider
the case where the transmission rate is also random for a superposition of renewal
reward processes. They show that the limiting behavior for large time scale and
large number of superpositioned models can either be a stable Lévy process with
stationary, independent increments or symmetric stable process with stationary, but
dependent increments, depending on the relative rate of growth of the time scale
and number of models. Their results parallel the results of Mikosch et al. (2002) for
the infinite source Poisson model who also obtain two different limits depending on
the growth rate time scale relative to the intensity of the Poisson process.

The Levy, Pipiras, Taqqu papers mentioned above consider the renewal-reward
model and assume the transmission rate to be independent of the length of
transmission. It is difficult to conclude from evidence in measured data that rate
and the length of the transmission are always independent, but in certain cases
we may reasonably assume that the rate and the length of the transmission are at
least asymptotically independent. Chapter 2 explains this issue in detail with an

example.



The above analysis encourages us to consider, in Chapter 2, a linear transmission
schedule with the rate of transmission for the k-th transmission being R;. In
that case, Ax(t) = Ryt, for 0 < t < Ly and J, = LiRy. Both the transmission
length and the transmission rate have marginal distributions with heavy tails. It
is further reasonable to assume that their bivariate distribution has a bivariate
regularly varying tail, which is asymptotically independent in the sense used in
extreme value theory. However, it is shown in Chapter 2, this definition is too
broad to conclude anything interesting about the tail behavior of product of two
asymptotically independent random variables. Note that the size of the transmitted
file is the product of the length and the rate of the transmission! In Chapter 2, an
alternative notion of asymptotic independence is given and equivalent formulations
are discussed. This definition of asymptotic independence is then used to model the
joint distribution of L; and Ry. In this chapter, we finally show an approximation
to X by a stable Lévy motion at large time scale.

However, even the random transmission rate does not completely capture the
essence of a random transmission schedule. Also, we base our model in Chapter
2 on the transmission rate and length, whereas a more natural choice will be the
size of the transmitted file and the transmission schedule. In Chapter 3, we address
this issue. For k-th transmission, we consider a random process A, which is a
non-decreasing cadlag function starting from 0 and increasing to oo, and vanishing
on the negative half-line. In this case, we have Ag(t) = Ag(t) A Ji. Then we show
a stable Lévy process approximation to the input process at large time scale.

Also, usual approximation results show self-similarity, which is consistent with



the macroscopic analysis of the network traffic data at a time scale of a few hundred
milliseconds or larger. However, these models were posed without considering
the complicated multifractal behavior of the WAN traffic observed at fine time
scales below a few hundred milliseconds. Paxson and Floyd (1995) observed the
limitations of the usual model in their study. Later Riedi and Lévy Véhel (1997) and
Mannersalo and Norros (1997) analyzed different WAN traces to empirically observe
the multifractal behavior of ATM WAN traces. These observations stimulated
researchers to look for a model which could explain both the microscopic as well as
the macroscopic behaviors. In Chapter 3, we explain the fine time scale behavior by
assuming individual transmission schedules exhibit multifractality. This results in
multifractal behavior for the cumulative taffic process at the microscopic level and
still gives a stable Lévy motion as the macroscopic approximation. Chapter 3 also
gives a quick review of multifractals and weak convergence in the space of cadlag
functions.

Though the model in Chapter 3 succeeds in modeling the transmission schedule
reasonably generally and provide a unified model for microscopic and macroscopic
analysis, it suffers from one limitation. The approximation at large time scale is a
stable process and hence does not have finite variance. Among other sources, Riedi
and Willinger (2000), Willinger et al. (1997) argue for a Gaussian approximation
both from the empirical point of view as well as heuristically. This encourages
to search for a Gaussian approximation in Chapter 4. Mikosch et al. (2002) has
considered a family of infinite source Poisson input model with increasing traffic

input rate, where the transmission schedule is linear with unit slope. They show a



stable Lévy approximation for a slow growth of input rate and a fractional Brownian
motion approximation when it is fast. We generalize this result in Chapter 4 where
we consider the transmission schedule to be a random process. We succeed in
showing multifractal approximation for small time scale. For large time scale, the
approximation is stable Lévy motion if the input rate grows slowly and it is self-

similar Gaussian process in case of a fast growth.

1.2 Notations

We end this chapter with a quick look at the notations used in this dissertation. The
vectors are denoted by bold letters and operations on vectors are always interpreted
component by component. We denote the vectors (0,0) and (0o, 00) by 0 and oo
respectively. The two dimensional boxes are denoted by their lower left and upper
right corners, for example, (a,b] stands for (aq,b1] X (az, be] and we can similarly
define the boxes (a, b), [a,b) and [a, b].

For a non-decreasing function z, we define its left continuous inverse as
7 (t) = inf{u : x(u) > t} (1.1)
and its right continuous inverse as
z7(t) = inf{u : x(u) > t} (1.2)

For a non-negative random variable U, we denote its distribution function by

Fy,ie., Fy(u) = PU < u]. Let Fy(u) = 1— Fy(u). We define the quantile function



b as

. _ 1 1\"™
by (T) = inf {u c Fy(u) < T} = <F—U) (T). (1.3)
Recall that a function ¢ is reqularly varying of index o and is denoted by ¢ € RV,

(cf. Resnick, 1987, Section 0.4), if for all u > 0,

t
lim o(tu) = u“.
We say that U has a tail of index ay > 0, if Fyy € RV_,,. In such a case (cf.

Resnick, 1987, Proposition 0.8(v)), by € RV, -1 and also we have
Jim TP, > by (T)u] = u™ov. (1.4)

Conversely, if (1.4) holds, then by € RVaal and Fy € RV_,,. In either of these
cases, we can choose a strictly increasing, absolutely continuous function by, such

that EU ~ bU, i.e.,
by (T)

M b (T)

(cf. Resnick, 1987, Proposition 0.8(vii)). We can further say that

lim T'P[U; > by(T)u| = u Y. (1.5)

T—oo



Chapter 2

Asymptotic Independence and a

Network Traffic Model

2.1 Introduction

There have been various attempts made in the literature to weaken the condition
of independence of two random variables. One such notion is that of asymptotic
independence used in the context of the extreme value theory (cf. Resnick, 1987,
Chapter 5). The joint distribution of two random variables is asymptotically
independent if the coordinatewise maximum of n i.i.d. observations from that
distribution under suitable scaling has a non-degenerate limit which is a product
measure, as n increases to co. However, as shown with examples in Section 2.2,
this concept is too weak to conclude anything meaningful about the product of

the random variables. So we introduce a new concept of asymptotic independence,



which is stronger than the asymptotic independence used in extreme value theory,
but weaker than independence. This concept of asymptotic independence is not
symmetric. We study this concept and its equivalent formulation in Section 2.2.
Under additional moment conditions, we study the behavior of the product of
two asymptotically independent random variables in Section 2.3 and give some
illuminating examples. Then we use this concept of asymptotic independence to
study a network traffic model. This network traffic model motivated our study of
asymptotic independence and products since the product of transmission rate and
transmission duration yields the quantity transmitted.

It is difficult to conclude from evidence in measured data that rate and the
length of the transmission are always independent, but in certain cases we may
reasonably assume that the rate and the length of the transmission are at least
asymptotically independent. As an example, we consider the BUburst dataset
considered by Guerin et al. (1999). This is data processed from the original 1995
Boston University data described in the report by Cunha et al. (1995) and cataloged
at the Internet Traffic Archive (ITA) web site www.acm. org/sigcomm/ITA/. A plot
of the transmission length against the transmission rate, (see Figure 2.1) shows
that most of the data pairs hug the axes, which suggests the variables are at least
asymptotically independent. However, if we plot the data in the log scale on both
the axes, then a weak linear dependence is observable and the correlation coefficient
between the two variables after log transform is approximately -0.379, which argues
against an independence assumption. We consider the log transform to make the

variables have finite second moment, so that the correlation coefficient becomes
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meaningful.

The Hill estimates obtained for the transmission length, the transmission rate
and the size of the transmitted file are 1.407, 1.138 and 1.157 respectively. These
estimates are consistent with the observations made in Guerin et al. (1999). The
corresponding Hill plots are given in Figure 2.2. For each of the variables, the plots
in the first column, named Hill plot, give plots of {(k, dx,) : 1 < k < n}, where dy,
is the Hill estimator of o based on k£ upper order statistics. The plots in the second
column, named AltHill plot (cf. Resnick and Starica, 1997), give the Hill estimates
in an alternative scale and plot {(9, OAéI_ng-I,n) 0<0 < 1} (cf. Resnick and Starica,
1997). This plot expands the original Hill plot on the left side and helps looking at
that part more closely. The third plot, named the Starica plot, is an exploratory
device suggested by Starica (1999, Section 7) to decide on the number of upper order
statistics to be used. It uses the fact that for a random variable X with Pareto tail

of parameter «, we have

—

lim TP{Xl >rl=r

T—o00

[e3

For every k, we estimate the left hand side by

(1, 0]) = %ZI {W . 7«} |

i=1

We expect the ratio of ﬁmk((r, oo]) and r~ %+ called the scaling ratio, to be
approximately 1, at least for values of 7 in a neighborhood of 1, if we have made the
correct choice of k. In the Starica plot, we plot the above scaling ratio against the
scaling constant 7, and choose k so that the graph hugs the horizontal line of height

1. The interesting point to be noted is the fact that the rate of the transmission
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has a much heavier tail than the length of transmission. This justifies the study of
a model with a random rate with heavy tails. The tail of the size of the transmitted
file, which is the product of the rate and the time of transmission, is comparable
to the rate of the transmission, the heavier one between time and rate. This is in
agreement with Theorem 2.3.1.

Since both the transmission length and the transmission rate have marginal
distributions with heavy tails, it is further reasonable to assume that their
bivariate distribution has a bivariate regularly varying tail, which is asymptotically
independent in the sense used in extreme value theory. However, as described
in Sections 2.2 and 2.3, the usual notion of asymptotic independence from
extreme value theory is not sufficient for meaningful analysis. So we assume that
the transmission and the transmission length are assumed to be asymptotically
independent in the sense described in Section 2.2. Section 2.4 outlines the network
model and states the limit theorem, which is proved in Section 2.5. Section 2.6
comments on the appropriateness of the model for the data and suggests possible

improvements.

2.2 Asymptotic independence

Consider i.i.d. random vectors (X,Y),(X1,Y1),(Xa,Y2),.... In extreme value
theory, X and Y are considered asymptotically independent, if the coordinatewise
sample maxima, (VI ,X;, VI ,Y;), under suitable centering and scaling, converges

weakly to a product measure. When both X and Y have regularly varying tail
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probabilities, this is equivalent to the existence of regularly varying functions bx

and by, such that,

P KI)XL(T)%) € } = v(+) on [0, 00] \ {0}, (2.1)

where v is a measure satisfying v((0,00]) = 0. The convergence above is vague
convergence. This means that v concentrates on the axes {0} x (0,00]| and
(0,00] x {0} (cf. Resnick, 1987, Chapter 5). There is an equivalent formulation
of the above concept where the variables are transformed so as to have the similar

tails (cf. de Haan and de Ronde, 1998, Section 4), which states:

TP [(bE(X);Fb?(Y)) c } ¥, 5(-) on [0, 00] \ {0}, (2.2)

where 7 satisfies 7((0, oo]) = 0, and 7 is also homogeneous of index -1. Thus if we
define

cp(e)_z;{(s,t);svt>1,3<tane},ogegg (2.3)
S

then the asymptotic independence is equivalent to the fact that & is supported
on{0, 7}. Motivated by the network modelling problem, we are interested in
understanding how the distribution tail behavior of random variables affects tail
behavior of the products of random variables. The class of distributions possessing
classical asymptotic independence is too broad a class for the study of the products

as is clear from the following examples.

Example 2.2.1. Let U and V be random variables with regularly varying tails of
indices —ay and—ay, with 1 < ap,ay < 2. Let by and by be the corresponding

quantile functions, defined as in (1.3). Let B be a Bernoulli random variable with
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probability of success 0.5, independent of U and V. Then define
(X,Y)=B(U,0)+ (1 - B)(0,V).
Then we have

| wm) <=2 ) < e [ 0wm) <]

Y My X 20() F 520 X vy () on [0,00] \ {0},

where g¢ is the Dirac measure at 0. Thus the limiting measure is concentrated on
the axes; i. e., on the set ({0} x (0,00]) U ((0,00] x {0}). We conclude that (2.1)

holds, but no interesting product behavior is possible since XY = 0.

In the next example, (2.1) again holds. The product XY is not degenerate,
but still we cannot draw any interesting conclusion about the tail behavior of the

product.

Example 2.2.2. Let U, V and B be as in the previous example. Define

(X,Y) = B(U,U?) + (1 — B)(V?,V),

1

where 0 < p < 5. Suppose ay < ay, so that V' has a heavier tail. Now observe

that ay < 2 < 2ay, since ay > 1, and similarly also ay < 2 < 2ay. So we have

by (T)? < /by (T) = o(by(T)) and by (TP < /by (T) = o(by(T")) as T'— oo. Then

o ij((ﬂ’ b;?) c ] p
| am) <) 2 aram) <]
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L%Vay X 60(') + %50 X Vav(') on [0’ OO] \ {0}7

and the limiting measure is concentrated on the axes.

Also XY = BU? 4 (1 — B)V!*P. Then, since ay < ay, we have,
.
PIXY >a] ~ S PIV'* > a],

which is regularly varying of index —{%%. Since P[X > ] € RV_,,, P[Y > -] €
RV_,, , the tail behavior of XY cannot be concluded from the tail behavior of the

factors even though (2.1) holds.

These examples reinforce the idea that the classical notion of asymptotic
independence from extreme value theory contains little information about the tail
behavior of the product. So we need to strengthen the concept.

In the following we write vg for the measure on (0, 00| satistying vz((z, 00]) =

P x>0, 3>0.

Definition 2.2.1. For two strictly positive random variables X and Y, we say Y

is asymptotically independent of X if

TP KbXL(T)Y> € } Y Vo X G() on D= (0,00] x [0,00],  (2.4)

where G is a probability measure with G((0, 00)) = 1.

The definition is not symmetric in X and Y. Also, if Y is asymptotically
independent of X, then considering vague convergence on the set (z, 00| x [0, 00},
we obtain, for all x > 0,

— x_ax
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and hence X has a regularly varying tail of index —ax. It should be clear that if
Fyx € RV_,, and Y is independent of X, then (2.4) holds.

We consider the cone D = (0,00] x [0, 00] instead of the more natural choice
of [0,00] \ {0} for the simple reason that a characterization of (2.4) by means
of multivariate regular variation on the larger set is not possible without further
assumptions. See Theorem 2.2.1 and Lemma 2.2.2.

Condition (2.4) in the definition of asymptotic independence is stronger than

the usual concept of asymptotic independence in extreme value theory.

Lemma 2.2.1. Assume both the conditions (2.4) and (2.1) hold. Then v satisfies

v((0,00]) = 0.

Proof. Fix x > 0. Let us define x = (z,x). Since bx(T) — oo, we have, for all

K >0, bx(T)x > K, for sufficiently large 7. Hence we have, for all K > 0,

v((z,00] X (z,00]) = v((x,00]) = TlijgoTP[X > b (T)x,Y > bg(T)z]  (2.5)

< Thm TPIX > K,Y > br(T)x] (2.6)
= G(K)Va,,(z,00]. (2.7)
Then letting K — oo, we get V((x, oo]) =0, for all x > 0. ]

We now characterize asymptotic independence in terms of standard multivariate
regular variation on the cone D (cf. Resnick, 1987, Chapter 5), in the spirit
of the characterization of multivariate regular variation using a polar coordinate

transformation (cf. Basrak, 2000).
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Theorem 2.2.1. Assume X and Y are strictly positive, finite random variables.

Suppose
TP[X > bx(T)] — 1. (2.8)

Then the following are equivalent:

e |(3 ) ] e e op

for some o > 0, and G a probability measure satisfying G((0,00)) = 1.

(X, XY)
L 0x(T)
where v({(z,y) : x > u}) >0 for all u > 0.

(ii) TP S } () on D,

In fact, v is homogeneous of order —a; i.e., v(u-) = u=*v(:) on D, and is given
by
Ve X G)oB~t on (0,00) x [0, 00
_Jwxa 000 %000 o
0 on D\ ((0,00) x [0,00))

where 0(x,y) = (z,zy), if (x,y) € D\ {(c0,0)} and 0(c0,0) is defined arbitrarily.

Remarks. The function 6 as defined above is Borel-measurable, irrespective of its
value at the point (0o, 0), since the singleton subset {(co,0)} is a measurable subset
of D.

Condition (2.8) holds, for example, when X has a regularly varying tail.

The measure v as defined above is Radon. To see this, note that the relatively

compact sets in D are contained in [a, co] X [0, co] and

—

v([a, 00] X [0,00]) = (Ve X G)([a,o0] x [0,00]) = a™* < 0.
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Proof of Theorem 2.2.1. (i) = (ii): Let 0 < s < oo and S € B([0, 0]). Define
Vis={(z,zy) € D:s<x < oo,y €S}

Now Vi 4,1, 18 relatively compact in D for all 0 < ¢ < £, < oo, Also if

G({t1,t2}) = 0, then we have,

TP {()bi’(—é};) € V;,[tm]} =TP Kbx)((T)’Y) € (s,00) X [t1,t2]

= (Vo x G)((s,00) X [tr,12]) = v (Vi) -

where v is as defined in (2.9). Now, fix sy € (0,00). Note that

(X, XY)

TP[ bx(T)

€ VsO,[o,oo]] — v (Vg o)) = (Va X G)((s0,00) x [0, 00]) = 54,

which is also strictly positive and finite. Hence T'P [(f )(%) € Vi j0,00] | 1s strictly

positive and finite for all large T'. So we can define probability measures Qr(-) and

Q(+) on (s, 00) x [0, 00] for all large T, by

[
x(T) V()
Qr() = md Q) =
! P [(ii()((y c ‘/;O [0 00:| v (‘/507[0700])

Then

Qr(Vatita]) = Q(Vajr o)) Vs € (50,00),0 <ty <ty < oo with G({t1,t,}) = 0.
(2.10)

Let
P = {Vsh[thtz] \ VS2,[t1,t2} 150 < 851 < 8 < 00,0t <ty < OO}

Observe B € P is a Q-continuity set iff G({t1,t2}) = 0. So by (2.10), Qr(B) —

Q(B) for all Q-continuity sets B € P. Also, clearly for every x in (s, 00) x [0, 0]
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and positive ¢, there is an A in P, for which x € A° C A C B(x,¢), where A° is
the interior of A and B(x,¢) is the ball of radius ¢ around x. Now P is a mw-system.

Then, by Theorem 2.3 of Billingsley (1999), we have

Qr = Q on (s9,00) x [0, 00].

Thus Qr(B) — Q(B) for all Borel sets B of (sg,00) x [0, 00] with boundary in

(809, 00) % [0, 00] having zero Q)-measure, for all so > 0. Hence the same result holds

with Qr, Q replaced by T'P [(‘Zi)(%) € -], v respectively.

Let K be relatively compact in D with v(0pK) = 0. Then there exists sy > 0,
such that K C (so,00] X [0, 00]. Define B = K N ((sg,00) X [0, 00]). Then B is Borel
in (s9,00) x [0,00] and v (9(s,00)x[0,0)B) = 0. We have, by definition of v in (2.9),

TP {()b(x—?;) S K} =TP {% S B] — v(B) = v(K).

Therefore

e )

b (7) € } % v(-) on D,

where v is defined as in (2.9). Thus,
v({(z,y) x> u}) = (Ve X G){(z,y) 1z >u}) =u*>0, Yu>D0.

(ii)= (i): Define U = {(z,y) € D : x > 1}.
Choose integer n, such that b(n,) < v < b(n, +1). Fix 0 < s < 00,0 <t < o0,

so that v(9([s, o0] X [t,0])) = 0. Then

ny (ot DP [0 € [, 00] x [t 00]

ny + 1 n, P [(zii()iy)) € U]




19

Plo (X, XY) € [s,00] x [t, o0]]

<
Pl (X,XY) € U]
ny4+1 P [% € [s,00] x [t,oo]}
Ty (n, +1)P [bgnxﬁ) € U] 7

and taking the limit as v — oo, we find, for 0 < s < oo and 0 < t < oo, that

Plv (X, XY) € [s,00] x [t,o0]] B v ([s, 00] x [t, 00])
Plv-Y(X,XY) e U] v(U) '

Arguing as before, normalizing to probability measures and so on, we have

P[(X,XY)e€wv] + v()

PIX, XYy eol]  vio) P

Then, by the usual argument, (cf. Resnick, 1987), % is homogeneous on D of order
—a, for some a > 0, and hence this is true for v(+); i. e., v(s-) = s7*v(:) on D.
Now, by (2.8) and the fact that X and Y are strictly positive and finite random

variables, we have,

>1,Y € (0,00)| = v(Vi 0.00))-

T—o00 T—o0

l—limTP[ >1}—limTPl

bx (T)

Thus G(-) := v(V4,.) is a probability measure on [0, 00| with G(Ry) = 1.

bx (T)

Also, for all s >0, S € B([0, o0]),
v(Vig) = (Vo X G)((s, 00| % S) = (Vo x G)(07'V, ),

and thus v has a form as defined in (2.9).
Again, Vi, 1, is a v-continuity set iff (s,00] x [t1,2] is a (Vo X G)-continuity
set iff G({tl,tg}) = 0. Thus for all s > 0, all 0 <ty <ty < oo with G({tl,tg}) =0,

i. e., Vi, 4, & v-continuity set, we have, for all s > 0, S € B([0, oc]),

(X, XY)

Ty b (T)

> Syy S [t17t2]:| =TP |: S ‘év[tlvtz]

bx (T)
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— V(Vi 1)) = (Va X G)((s, o0] % [tl,tg]).
Then, arguing by normalizing to probability measures as before, we get,

TP |:(bXL(T)Y) € } Y (va x G)(+) on D.

]

Remark. Observe that in the above theorem, (i) implies (ii), even without the
assumption (2.8) made separately, since (i) implies X has a regular varying tail and
hence (2.8) holds.

Now we extend the characterization of asymptotic independence in terms of

multivariate regular variation to the larger set [0, 00| \ {0}.

Lemma 2.2.2. As in Theorem 2.2.1, assume X and Y are strictly positive, finite
random variables satisfying (2.4). Further assume two moment conditions that G

has finite a-th moment and

lim lim sup T F (XY )51 0 f 550 (211)
im lim su =0 for some . .
el Taoop bx (T) {bx}fﬂge]
Then

(X, XY) } _—

TP €| =-von|0,00 0}, 2.12

R 0.00]'\ {0} (2.12)

where
v onlD
= , (2.13)

with v defined as in (2.9).
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Remark. As defined in the lemma, 7 is Radon on [0, co] \ {0}, if a-th moment of G
is finite. To see this, note that a relatively compact set in [0, 00] \ {0} is contained
in [0,00] \ [0,a] for some a > 0, where a = (a,a). So it is enough to check the
finiteness of ([0, 00] \ [0,a]). We consider the set [0,00] \ [0,a] in two disjoint

components, namely, (a,o0] X [0, 00] and [0, a] x (a, c0]. Now
7((a,00] x [0,00]) = (va x G)((a, 0] x [0,00]) = a™* < o0,
and

([0, a]x(a,o0]) = v((0,a] X (a,0]) = (Vo X G)({x:0 < 21 < a,x122 > a})
_ / ((xi) - a—a> G(dxs) = a™® / 2% G(dzs) — G((1,00)).
2
(1,00) (1,00)
Thus 7 is Radon iff [, , 25 G(dwz) < oo iff G has finite a-th moment, which has

been assumed.

Proof of Lemma 2.2.2. We have already seen in Theorem 2.2.1 that, (i) of
Theorem 2.2.1 implies vague convergence in (2.12) on D. Let K be relatively
compact in [0,00] \ {0} with 7(0K) = 0. Choose ¢, | 0 such that K., :=

K N ([ex, 00] % [0, 00]) satisty #(0K,,) = 0. Then

(X, XY)
bx(T)

(X, XY)

lim inf 7P { S K} > lim TP { N ng} =u(K.)=i(K.,).

Letting k — oo, and using the definition of 7,

- (X, XY)
llminf TP | ——+%
REG

T—o00

e K] > 5(K N D) = i(K).
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Since K is relatively compact in [0, 00] \ {0}, there exists s € (0,00) such that

K C [0,s] where s = (s, s). Therefore,

. (X, XY) ] . [(X,XY) ]
lmsupTP |———— e K| < lim TP |———= € K,
T_>oop { bX(T) T 00 bx(T) .
X, XY
+ limsup TP [M € KN ([0,e) x (s, oo])]
T—oo bx (T)
XY
<U(K.)+limsupTP | —— < ep,———— > s
(K + s TP [ G < 2 >

< o(K.,) + s’ limsupTE

T—o0

(bf<§>)51[m<ek]l ‘

li;njongP {% € K} < (K.

Letting k — oo, by (ii) of Theorem 2.2.1,

Hence,
TP [% e 1 () on [0, 00] \ {0}.

]

In fact, it is easily seen from Theorem 2.2.1 and Lemma 2.2.2 that the converse

also holds, which is summarized in the following corollary.

Corollary 2.2.1. If X and Y are strictly positive, finite random wvariables with
TP[X, > b(T)] — 1. Also assume the truncated moment condition (2.11). Then Y

is asymptotically independent of X, i.e.,

TP Kbe(T)Y) c } v x G() on D = (0, 00] x [0, 0]

for some o > 0, and some probability measure G on [0, 00} with G((0,00)) =1 and
finite a-th moment iff

TP l% e } ¥ () on [0, 00] \ {0}
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for some Radon measure U satisfying
v({(x,y) : x > u}) >0 for some u > 0. (2.14)
In fact, U is homogeneous of order —a and is given as in (2.9) and (2.13).

Another equivalent formulation of asymptotic independence justifies the
nomenclature and loosely says that Y is asymptotically independent of X, if the

conditional distribution of Y is same as the marginal distribution, when X is large.

Lemma 2.2.3. Assume X andY are strictly positive, finite random variables. Then

TP [(Z)XL(T)’Y> € ] = Vo X G(-) on D (2.15)
implies
PlY € | X >z] = G(:) as v — o0, (2.16)

where the second convergence s the usual weak convergence. If the marginal
distribution of X has a reqularly varying tail of index —ax, then the converse also

holds.
Proof. Observe that (2.15) holds iff for all > 0 and y > 0, we have

TP [ >x,Y<y} — Y G(y). (2.17)

bx (T)

However,

TP{ >x,Y<y} :TP[ >x} PlY < y|X > bx(T)x],

and, by the assumption about the nature of the marginal distribution of X or by

asymptotic independence, we have,

— x_aL

TP{ >

bx (T)
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Thus (2.17) holds iff

PY <ylX > bx(T)z] — G(y)
as T — oo, for all y > 0. This is equivalent to (2.16), since bx(7") — 0. O

The required truncated moment condition (2.11) holds, when X and Y are
independent random variables with X having regularly varying tails of index —ax

and Y having all moments less than «y finite, where ax < ay.

Lemma 2.2.4. Let X and Y be independent random variables taking values in
(0, 00) with respective marginal distributions Fx and Fy and quantile functions bx
and by . Let the index of reqular variation of F x be —ax and E[Y°] < oo for § < ay

with ax < ay. Then (2.11) holds for 6 € (ax,ay).

Proof. We have by independence and § < «ay and Karamata’s theorem that as

T — o0,

TE

(v Y>6 st <4] =50 ey ¥ e

ax

~Y

E(Y) TF (b (T)e) ~ —X — B(Y?)ed—ox,

— Qx — Qx

which goes to 0 as € — 0, since § > ax. Thus, for all 0 € (ax,ay),

(bximy> 1%«}] -

limlimsup E
el0 7o
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2.3 Products and asymptotic independence

We are now ready to study the product of two asymptotically independent random

variables.

Theorem 2.3.1. Suppose X andY are two strictly positive, finite random variables,
which are asymptotically independent. Assume the moment conditions that (2.4)
holds with the limit distribution function v,, X G, and G has ax-th moment finite

and (2.11) holds. Then

Xy o [ o
TP|:bX—(T')>Z}NZ O/U G(du),

and hence the quantile function of Z = XY satisfies

1

oo ax

by(T) ~ / wE G(du) | bx(TD).

0
Proof. Let

1

A.={(z,y) e <z <e ,zy >z}

Note A. is relatively compact in D and

A, = <{e} X E,oo]) U({e'} x [ze,00]) U{(z,y) e <z <e ' zy =z}

Choose a sequence ¢ | 0 such that (v,, x G)(0A.,) =0, for all k. Then

T—o0 T—o0

liminf T'P {bx)((T)Y > z} > lim TP {(ﬁ,Y) € Ask} = (Va, X G)(4A;,)

by (IB). Taking the limit as k — oo,

liminf TP [

T—o00

bX(T)Y = Z] = (Va, X G)({(7,y) 1 7y > 2,0 <z < o0})
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= (Va, X G){(z,y) : 2y > 2,0 < x < 00}),

since v,, ({00}) = 0. Also, since {(z,y) € D:x > ¢, '} is a v,, X G continuity set,

we have,
X
limsupTP | ——Y > 2
T {bX(T)
X X
<lim TP||——Y A, lim TP >t
P KbX(T)’ )6 4+ng0 [bX(T) 5’6}
[ X X
1i TP|——VY > 2, <e
TS T T Y () ’“]

=(Vax X G)(Ae,) + Vay ([5;1700})

+ limsupT'P (L)Y)l{ka] >z}

T—o0 bX (T bx (T)
X 1)
Y] 1 .
(bx () ) [ gek]]

Taking limits as k — oo, and using (2.11) and the fact o, > 0

L(Vay X G)(A) + 8% 4+ 2 limsup T E

T—o00

limsupT' P [

T—o00

bX(T)Y > Z} < (Mo, X G){(2,) 12y > 2,0 < 2 < 00})
= (Va, X G){(z,y) € D : 2y > 2}.
Thus,

limsup TP {LY > z} < (Vay X G){(z,y) € D 1 2y > 2}

T—o0 bx (T)
= [vax ((Goe]) Gtan) = == [ur cgan)

Therefore

L

X o0
lim T'P Y /uo‘x G(du) > z| =27,
0
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and hence
bz(T) ~ /uaX G(du) bx(T) ~ bx /uaX G(du)T
0 0

]

Thus, under further moment conditions, the product of two asymptotically
independent random variables with regularly varying tails again has a regularly
varying tail, whose behavior is similar to that of the heavier one of the two
factors. This is a generalization of Breiman (1965)’s result about the product of
two independent random variables.

The product of two random variables, which are not asymptotically independent,
but whose tails satisfy multivariate regular variation, offers contrasting behavior to

the asymptotically independent case.

Proposition 2.3.1. Suppose (X,Y) is multivariate reqularly varying in the sense

that there exists reqularly varying functions bx, by, such that

TP KbeW J—T)) c } () £ 0 (2.18)
n [0,00] \ {0} and V(({OO} x (0, 00]) U ((0, 0] x {oo})) =0 and v((0,00]) > 0.

Then for some ax > 0, ay > 0,we have
P[X > € RV_,,,
PlY > € RV_,,
and

P[XY > ] € RV axoy .

ayxtay
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Proof. Let bx and by be regularly varying with indices 1/ax and 1/ay respectively.

Now, for any x > 0, such that (x,c0] x [0, 00] is a v-continuity set, we have,

TP{ > a:] = TPKL L) € (x,00] x [0,00] | — v((z,00] X [0, 00]),

bx(T) bx (1) by (T)

where we define the limit to be K, which is positive and finite for some zy > 0,
since v((0, oo]) > 0.

Now, we have, for any = > 0,

Zbx(T) ~

() G e

— (20) " Kppx ™

TP{%>4 =TP

and hence P[X > | € RV_, . Similarly, we can check that P[Y > -] € RV_,, .

Define for z > 0 and any positive number K,
Ak, ={(z,y) :zy >z, < K,y < K}.

Then, for any z > 0, we have,

e (e > 7| 2 7P| (e e © A

Then, letting T' got to oo first, and then letting K go to oo through a sequence so

that Ak . is a v-continuity set, we have

XY
limsup T P

T—oo {bx (T)by (T) F

> v({(z,y) 1 2y > 2}).
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On the other hand, we have,

w1 < ey em) <4

+T1'P [bx)((T) > K} +71P L)XL(T) >K]

(=

Now, by regularly varying tails of X and Y, the last two terms converge to K %X
and K% respectively, as T' — oo. Then letting K go to oo through a sequence so

that Ak . is a v-continuity set, they go to zero. Hence, we have

hTIIL%.I.}fTP {% > z] <v({(z,y) :zy > 2}).
Thus,
TP {% > z] —v({(z,y) : zy > 2}).

Then, since byby is a regularly varying function of index %, and y({(w,y) :

xy > z}) > 0 for some z > 0, arguing as in the case of X, we have the required

result. O

In Proposition 2.3.1, if ay and ay are between 1 and 2, i.e., X and Y have
finite mean but infinite variance, then the product XY has a regularly varying
tail of index —% € (%, 1), i.e., the product has a much heavier tail with
infinite mean. This result contrasts with Theorem 2.3.1, where the product of
asymptotically independent random variables has tail behavior similar to the factor
with the heavier tail.

The following example shows that asymptotic independence as defined here is

not enough to conclude something meaningful about the product, and the truncated

moment condition (2.11) cannot be dropped. Condition (2.4) holds, but condition
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(2.11) fails and we are unable to conclude anything meaningful about the tail

behavior of the product using the tail behavior of the factors.

Example 2.3.1. Suppose we have independent vectors (Uy, V1), (Us, V5) which are

independent of the Bernoulli random variable B with probability of success 0.5. We

assuime

(i)

The random variables (Uy, V1) are independent with
P[U; > € RV_,,, P[Vi > ] € RV_,,

with
1 <ay <oy <2,
so that V; has the heavier tail. Let b; and by be quantile functions of U, and

V5 respectively.

The random variables (U, V) are dependent with multivariate regularly
varying distribution in the sense that there exists regularly varying functions

bz and by of indices 1/a3 and 1/ay respectively, such that

|5y s <] =0

on [0, 0o\ {0}, where v* ((0, 00]) > 0 but v*({oo} x (0, 00]U(0, 0] x {c0}) = 0

and 1 < ay < a3 < 2. Then by Proposition 2.3.1,
P[U; > ] € RV_,, and P[V, > € RV_,,,

and V5 has a heavier tail.
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(iii) Assume further that

o1 < (g, O < Oy, (219)

and define

We have the following conclusions.
1. We have

1 1
P[X>QZ] :EP[Ul >$]+§P[U2 >l‘] ERV_al,

1 1
PlY > z] = 5P[Vl > x] + §P[V2 > x| € RV_,,
so that Y has the heavier tail.

2. Define the measure vy = 360 X Va, + 3Va, X €0, and then on [0, o0] \ {0}

|Gy i) =)
—’— . —_ V .
bi(T')" ba(T) ’
To see this, note

| Gayem) <12 Gy aim) <

+gt bef)’bﬁ)) c ]

and the second term goes to zero since b; € RV,,.-1, i=1,...,4, and (2.19)

imply
b3(T') = o(b1(T)),  ba(T) = o(b2(T)),

and the vague limit of the first term is vy on [0, co] \ {0}.
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3. We obtain a different vague limit on the cone (0,00]. For z > 0,y > 0, we

have, using assumption (ii), that

T

—éy*((a:,oo] X (y, oo]) +0

and thus the vague limit on (0,00] is v*. To verify the limit of 0 for the

second term, note b;- € RV,,,1=1,...,4and as T — oo
TPIU, > by(T)2) P[Vi > ba(T)y] L
xT ~
L O T ()b (0a(Ty)
Ty~

b 0 by(T)by o ba(T)
which as a function of 7' is regularly varying with index 1 — 3—; — z—i The result
follows if we show &% + 22 > 1. However

o [6%) 1 2
—+—=>- > = =1,
o + o 2(0&1 +042) 5

since 1 < q; <2, fori=1,...,4.

4. We have that

PWY>J€RV$&,wd%<£ﬁé4 1.
Note
XY = BUsVa + (1 — B)U, W4,
so that

1 1
PIXY > | = S P[lhVe > | + 5 P[WVA > .
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From Breiman (1965) or Lemma 2.2.4 and Theorem 2.3.1, we have P[U;V; >

'] € RV_,,, and from Proposition 2.3.1, P[U;V} > -] € RV_ agay . But

aztoy

Q304

<1 < ay,
CY3+OZ4

and thus

1
PIXY > ]~ S P[UaV2 > 1,

which is surprisingly heavy in view of the fact that
P[X > € RV_,, and P[Y > € RV_,,,

and 1 < aq, as < 2.

We conclude that the tail of the product is hidden from a condition like (2.1)

or knowledge of the marginal distributions.

. We have Y is asymptotically independent of X, but the truncated moment
condition (2.11) fails. For the asymptotic independence condition (2.4), we

have,

T U,
Y<y|==P|—A >z Vi<
> y] 2 [w)”“ 4

P
gp [bf(]?T) > :c} PV, < 9.

Then the first term converges to (iva, x Fi,) ((z,00] x [0,y]), where F,

denotes the distribution function of V. Also,

T Us
—P
2 [(T)

T
Vo < <—=P 0.
- y] 2 [bgm >53<T>4 -
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since bs(T) = o(by(T)). Thus if we define by (T') = 27/*1b,(T), then
X v
TP || ——=,Y . Fy) (-
() ] = om0

on D.

For the truncated moment condition (2.11), observe that,

(%Yfl[%q]] = 5F (%)61[&%@}

5 (bf(]?r) V2> 6 ity <4]

+-E
So, if § > aw, then E (V}?) = oo and hence condition (2.11) fails. Also a closer

TE E [V?(2.20)

2

look at the proof of Lemma 2.2.4 will show

(bli(T))5 1[blU<lT><4] =0

iff 0 > a1 > as. Thus, for no positive 9, the first term in the right side of

limlimsup T E
el0 7.+

bx (T)
b1(T)

(2.20) can go to zero. Since = 27/ condition (2.11) fails even if we

scale by bx.

We can also similarly check that X is asymptotically independent of Y with
by = 271/22p, and the limiting distribution v,, X Fy;,. However, the truncated

moment condition (2.11) still fails for the pair (Y, X).

So we observe that the asymptotic independence condition (2.4) is insufficient
to conclude something about the tail behavior of the product and the

truncated moment condition (2.11) is indispensable.
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2.4 The infinite source Poisson model

We use the concept of asymptotic independence to study a network traffic model
with random transmission rate. Consider the M/G/oo input model of incoming
traffic to a communication network. Let {I'y,k > 1} denote the points of a
homogeneous Poisson process on [0, 00) with rate A\. Suppose at time Iy, a source
starts a transmission, and continues to transmit for a period of length L, at a
fixed rate Ry, both chosen at random. The total volume of traffic injected into the

network between 0 and ¢ is

o0

X(t) =) ((t=Tk)4 A L) Ry, t > 0. (2.21)

We assume that (L, Ry) are i.i.d. with joint distribution function F' and let F7, and
Fg be the marginal distributions of Ly and Ry respectively. We make the following

assumptions on the distribution of (Ly, Ry):

F(R?2) =1, where R% = (0, 0o), (2.22)

Fp(z) =€ RV_,, and Fg(z) € RV_.,, ar,ar € (1,2). (2.23)

We denote the quantile functions of L; and R; by by, and by respectively. Also, let

bp denote the quantile function of the product L; Ry, namely,
bp(T) =inf {z: P[LiRy > 2] < T '}.

We make further assumptions on the joint distribution F' to analyze the total
traffic process. We have two sets of assumptions depending on which of the two

variables, the transmission length and the transmission rate, has heavier tail.
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Case I The transmission length has a heavier tail.

(IA) oy < AR.

(IB) R; is asymptotically independent of L;, namely

TP K%,Rl) S } Y g, X G(-) on D := (0, 00] x [0, 00,

where G is a probability measure with G(R;) = 1 with finite ay-th

moment.

(IC) (L1, Ry) satisfy the truncated moment condition (2.11), namely,

Ly ’
Ry | 17 1, = 0 for some 0 > 0.
(bL (T) 1) [bL<T) <€}]

Case II The transmission rate has a heavier tail.

lifn limsupT E

T—o00

(IIA) R < f.

(IIB) L, is asymptotically independent of R;, namely

TP KJ—IT),L1> c ] vy % G(-) on D = (0, 50] x [0, 50,

where G is a probability measure with G(R,) = 1 with finite ag-th

moment.

(IIC) (R, Ly) satisfy the truncated moment condition (2.11), namely,

R Y
Li) 1 g = 0 for some § > 0.
(bR(T) 1) [ty <e] ]

We need to distinguish between above two cases since the object of our analysis, the

limlimsup T'E

el0 7,00

total traffic process, {X(¢) : ¢ > 0} is not symmetric in the transmission rate and
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the transmission length. In light of Theorem 2.2.1, we can rewrite the conditions

(IB) and (IIB) in terms of multivariate regular variation on the cone D:

(IB) TP {—(Ll’LlRl) € ] .

— v(-)on D,
br(T) 2
where v is a homogeneous Radon measure of order —ay.
(R, LiRy)
br(T)

where v is a homogeneous Radon measure of order —ap.

(IIB) TP { S } ~ () on D,

Using Corollary 2.2.1 and conditions (IC) and (IIC), we can extend the multivariate

regular variation in the conditions (IB’) and (IIB') to the cone [0, oco] \ {0}.

2.5 Lévy Approximation

We now give a Lévy approximation to the cumulative input process when input
rates are random. Observe from Theorem 2.3.1 that the product L;R; has a tail of
index ap := ap A ag, and hence has a finite mean. Let us call it up := E(L1Ry).
Then we have the following asymptotic behavior of the process X (t), defined as in

(2.21), measured at a large scale.

Theorem 2.5.1. Assume (2.22)—(2.23) and (IA)—(IC) or (IIA)—~(IIC). Define

X(Tt) — )\Tt,up

YT(t) = bp(T)

Then

fidi

Yr() = Zap (),
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where the above convergence is the usual weak convergence of finite dimensional
distributions and Z, s a mean 0, skewness 1, a-stable Lévy motion with scale

parameter (\/Cy)"* and

1l -«

Ca = (2 — ) cos (%)

We shall prove the theorem in two parts. First we prove the one-dimensional
convergence and then we prove the finite dimensional convergence for any number
of dimensions.

For the analysis, it helps to consider the Poisson point process,

0
M = ZE(Fk,Lk,Rk)
k=1
with mean measure Adt x F on (0,00)3.
The random variable X (7) is a function of the random measure restricted to

R(T) = {(x,y,2) € (0,00) : x < T}. Tt helps to split R(T") into two disjoint sets

Ri(T) ={(z,y.2) € (0,00)" 1w +y < T},

Ro(T) = {(z,y,2) € (0,00)° : 2 < T < x+y}.

The corresponding input processes are

Xi(T) = Z Ry Ly, Ly, R)eRA(T)) (2.24)
k=1

Xo(T) = Ri(T = To) L (v, Ly ) ero (1)) (2.25)
k=1

with X (T") = X, (T)+X,(T'). Since X;(T'), © = 1,2 are functions of M|g, ), i = 1,2

respectively, and Ry (T) N Ro(T) = (), we have X;(T) and X,(T') are independent.



39

Now,
T o0 T T
E[M(R(T))] = / / / Az F(dy,dz) = A / F (T—x)dx:)\/FL(x)dx,
=0 ye(0,T—x] 2=0 =0 0
which we denote by )\FL(T), and, similarly, as T" — oo,
T
E[M (Ro(T))] = A/F () dz = Ay (T) — A,
2=0

where p;, = E(L1) < oo as ay, > 1. Since E (M (R;(T))) < oo, i = 1,2, we have the

representation
P(T)

d
M@ = D & (m yim )

k=1

where P(T) ~ POI()\]3 .(T)); i. e., a Poisson random variable with parameter

AF,(T), independent of the i.i.d. random vectors

, (2.26)
R1(T)

where the above statement means the vector on the left has a distribution given on

the right. Similarly
P/(T)

M|'R2(T) i Z E(TI/c(T>7V1c/(T)7SIlc(T))7
k=1
where P'(T') ~ POI(Amy (7)) independent of the i.i.d. random vectors

/(T) (D) /(T)> _ da F(dy, dz)
(Tkz 7%@ >Skz mL(T)

. (2.27)
Ra(T)

The key step in the entire analysis is to study the tail behavior of Vl(T) SfT).

Lemma 2.5.1. Under the assumptions of Theorem 2.5.1,

V(1) g(T)
L 2L S w| - w®asT — oo,

bp(T)

where the convergence is uniform for w € |a,00), Va > 0.

TP
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Proof. We consider Case (I) assumptions only. The analysis in Case (II) is similar
and details can be found in the technical report by Maulik et al. (2000).

Using (2.26) and the fact that %FL( =z fo Fr(u)du ~ Fr(T) — 1, we have,

T
TPV "s™ > // /duF dy,dz) = /// F(dy,dz) d
0

ye(0,7) y ye( Ou]
yz>br (T)w yz>br (T
1 r L
——_ [TP|L, < ! d 2.2
T/ |: 1 u, bL<T)R1 > ’w:| U ( 8)
0
T
bu(T) T [(Li, LiRy)
L 1, 14
= TP
T / { b (T) (0,u] x (w oo)} du
0

(2.29)

Now, (0,u] x (w,00) is bounded away from 0 and hence is relatively compact in
[0, 00] \ {0} and has boundary with v-measure zero. Hence by the assumptions (IB)

or (IC) and using Corollary 2.2.1, we have, as T' — oo,

(Lla LlRl)

8 o

€ (0,u] x (w,oo)} — v((0,u] x (w,00)) = (Va, x G)(Ayw),
where A, ., = {(y,2) : y <wu,yz > w} and
lim (v, x G)(A, / u™ G(du) =: ¢,y < 00.
0

Also, the integrand on the right side of (2.29) is bounded above by T P[LiR; >

by (T)w], which, by Theorem 2.3.1, converges to ¢,. Hence, from (2.29), we get,

(T) g(T) 7
% > w] — w L /UO‘L G(du).
L

0

TP
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and, hence,

—_— > w] — w P, (2.30)

where b(T') := (fy7 u G(du))*Pby(T) ~ bp(T) by Theorem 2.3.1. The left side of

(2.30) is monotone non-increasing and the right side is continuous in (0, c0). Hence,
(cf. Resnick, 1987, pg. 1) pointwise convergence implies locally uniform convergence

in (0,00), and thus

y g .

—_ ar, 2.31
br(T) >w| —w (2.31)

Since the left side in (2.31) above is monotone non-increasing with a continuous

TP

pointwise limit on (0, 00) which has a finite limit at oo, the convergence is uniform

on [a,00). O

To complete the proof of Theorem 2.5.1 for one-dimensional convergence, we
need the following lemma studying the moment conditions of VI(T) SfT) Jbp(T), which

follows easily using Lemma 2.5.1 and Karamata’s theorem.

Lemma 2.5.2. Under the assumptions of Theorem 2.5.1, we have the following

results:
V(D g(T)
lim limsupTE | =—2—1r oy 1| =0, (2.32)
M—00 o0 bP(T) Vlbp(STl) >M
v (D) g(T)
limsup T Var ;1-‘/@)5@) 1] < AP pprear VM >0, (2.33)
T—00 bp(T) k<M 2—ap
and hence,
V(T)S(T)
lim li TVar | — -1 = 0. 2.34
E1m 121_1213 ar bp(T) {Vl(T)SgT) - ( )

bp(T)



42

Further,
V(@ g(T)
limsupbp(T)E [ =———~2— | <E[L1R] (2.35)
T—o0 bP(T)
and hence,
(T) o(T)
Vs
lim E[ 22— ] =0. 2.36
A, (w) 250

Now, we prove Theorem 2.5.1 for the process X; defined in (2.24), albeit with a

different centering.

Theorem 2.5.2. Under assumptions (2.22)—(2.23) and (IA)—(IC) or (IIA)—(1IC),

we have
x,(1) - P E (V7s(7)
= 7

ap (1),
where Z,, 1s as defined in Theorem 2.5.1.

(2.37)

Proof. As in Section 2 of Resnick and Samorodnitsky (2000), using (2.32), (2.34),
(2.36), we get

ST = Sap n D([O, OO)),

where
[Tt]

Sr(t) ==Y

k=1

b\ o)

yD g0 <V;§T) S,@)

and S,, is an ap-Lévy motion with the skewness parameter 1, mean 0, and scaling
_
parameter Cy ..

Since P(T) ~ POI(AFL(T)) and AF,(T) ~ AT — oo, we have P(T)/T = X in

[0,00). By independence of Sy and P(T')/T, we have

<ST, P;T)) = (Sap,A) in D([0,00)) x [0, 00).
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Hence, by Whitt (1980),

Thus,

(T) o(T)
Sr (#) _ 2‘;((%) ~ P(T)E (%) = Sun(A) in R

Note, S, ,(A) is ap-stable random variable with skewness parameter 1, mean 0 and

1/ap

scaling parameter (A/Cl,) and hence has same distribution as Z,, (1), and the

result is proved. O
We prove X5 is negligible in the following theorem.

Theorem 2.5.3. If X, is defined as in (2.25), then

Xo(T

~—

Zo. (2.38)

Proof. Again, we consider Case (I) only. The details of the proof of Case (II), which

are similar, can be found in Maulik et al. (2000). It is enough to show fi((rf)) )
since 2}: g; converges to a constant, which is positive and finite.

Fix e > 0,7 > 0. Observe that P'(T') ~ POI(Am.(T)) and m(T) — pr. Thus,

P'(T) = P', where P’ ~ POI(Aur). Choose M such that P[P > M] < £. Then

£
5

for all large enough T', we have P[P'(T") > M] < § and

XQ(T) 1 {XQ(T> / /
P22 ) S| <P |22 Sy P(T) S M| + P[P(T) > M
S ] <P |G e P [P(T) > M)
M 1 (T)
(1)) Sk €
< — _
<P ;(T 7 )bL(T)>" +5
(@)
() St nl| ., e
< - —— .
<MP (T Tl )bL(T>>M 5




44

Thus, it is enough to show that (T -7 (T)) S /(T converges to 0 in probability.

Now, by (2.27), we have,

T

[ Fi(T —x)dx s
=T—s F

T{(T) }T—s} == :/ 2(2) dx.

0

P[T—T{(T)gs] _p

1

mL(T)

Thus, T — 7/ has density FL(-)/my(T), supported on (0,T), which converges
pointwise to a density function Fp(-)/ur, supported on R,. Hence, by Scheffé’s

theorem, 7' — 7™

converges weakly to a positive random variable with density
Fr()/pp. So it is enough to show, by Slutsky’s theorem, that S} /b(T) is
negligible in probability.

Fix n > 0. Now observe, by (2.27),

PL(T)>77— L /TP_L >T—xi> dz
bi(T) m(T) ) 7 o () "
1 [ Ry
= mL(T)O/P _Ll >x,m >nl| dr
<™ [ 1) = ey [y ] 0
since Z;g; € R\%_i and «a; < ap imply z;gg — 00 and mp(T) — pp < 0.
Therefore, S, /b, (T) Lo. O

Combining (2.37) and (2.38) and using Slutsky’s theorem, we get Theorem 2.5.1

for one-dimensional convergence with a random centering:

V1(T) SET) )

mﬂﬁ_HﬂE<bﬂﬂ o

ap (1), (2.39)
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We now obtain the correct centering. Observe that we need to have the centering

bP (T) bp (T)

the difference of the above two expressions goes to 0 in probability. Now,

() g(T)
AMpr iy place of P(T)E [Vl 5 } in (2.39) to get the required result. We shall show

Vl(T) SfT) AT pp
P<T>E< be(T) ) " b (D)

P(T) — AFy,(T) AR

NS AE(T)E( be(T) >_ bp?T) Tur = BT E(H7S17)].

(2.40)

Now, as in (2.35),

= AR AFL(T) VT
l‘ —1 1 < = _—
171¥:sip\/AFL(T)E< b (T Jim = b (T E[LiRy] = lim br(T) E(LRy),

which goes to 0, since T\/(TC;) € RVi_ 1 and ap < 2. Since ﬁL(T) ~ T, using the
ap

central limit theorem, we have (P(T)—AFy,(T))/ )\ﬁL(T)l/2 is bounded in probability

and we get the first term on the right side of (2.40) goes to 0 in probability. Thus,

we only need to show the second term on the right side of (2.40), which is just a

number, goes to zero. Observe, from (2.26),

Tup — Fu(T) BV 5{1) (2.41)
T T
/ // yz F(dy,dz) dx — / / / yz F(dy,dz) dx
3=0(y,)ER2 2=0 y<T—2 2€(0,00)
T T
/ / / yz F(dy,dz)dz = / / / yz F(dy,dz) dz (2.42)
=0 y>T—x 2€(0,00) =0 y>z 2€(0,00)

/ / / yz F(dy,dz) + //yzF dy,dz)| dz

=0 [y>z 2€(0,1] y>x z>1
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T

< / / y Fiu(dy) + / w Fp(du)| dz, (2.43)

=0 >z u>x

where Ly Ry has distribution Fp. Then, by (2.42) and (2.43), we get,

iy (11—~ P08 (47517

<5 / [ vranas o / [ere @i

=0 y>x z=0u>z

0<

Now, using Karamata’s theorem, we get,

A T2F . (T)
(2 — OéL)(OéL — 1) bp(T)

z=0y>zx

since it is a regularly varying function of index 2 —ay; —ap ' <2 —ap —ap ! =

—(ap —1)*/ap < 0. Similarly,

A T2Fp(T
P )GRV .

wFp(du)de o~ o S =) oa (T 20l

z=0u>zx

and hence goes to zero. Thus, by (2.44),

A
bp(T)

[Tup _F(T)E (VPS@H 0. (2.45)

Thus, on R,
X(T) =My, o
bp(T) apATD

so that for all £ > 0,

bp(T) ~ bp(T) bp(Tt) B

This is the required one-dimensional convergence:

X(Tt) = ATtpp
Za
bo(T)  Cer

(t)inR ¥t >0. (2.46)
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Finally, we consider the finite dimensional convergence, which will complete the
proof of Theorem 2.5.1. Let 0 < s < t. Observe that the process X;(7-) has

independent increments. Also, let us define,
Xl(Tt) - Xl(TS) = BT(S,t) + CT(S, t), (247)

where

/// yz M(dx,dy,dz,) and Cr(s,t) = /// yz M(dx,dy,dz).

0<e<Ts Ts<zx<Tt
Ts<m+y<Tt Ts<9c+y<Tt

It is easy to check that Cp(s,t) < X1(T(t —s)). So, by (2.46), we get,

Cr(s,t) = XT'(t — s)up

bp(T) = Zap(t = 5) = Zap(t) = Zap(s): (2.48)

Also, by (2.42) and (2.45), we get,

(550 sy JI] ernarses gl [ e

0<e<Ts 0<x<Ts
Ts<m+y<Tt x+y>Ts
-~ Ts Ts
bp(Ts) Tsip — Fir(Ts)E <V1( s )) er g
= — .
bp(T) bp(TS) ’
which implies
Br(s,t) p
o) (2.49)

Then, by (2.47) — (2.49),

bp(T)

= Zop(t) — Zop(s) in R.

By the independent increment property of YT( ) and Zop, coordinatewise convergence

of increments of ngl) and Z,, implies joint convergence of increments. Thus,
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vV M 7z Also, from (2.38), we have, (Xo(Tt1), -+, Xo(Tt))/bp(T) 5 0, for
X -\ X -\ X . .

all 0 <ty < -+ < tg. Now, Yp(t) = (TEL(T)TWP = 1(7;2(7,)%“}3 + b;((%) implies,

Yr %7, 0

2.6 Conclusion

Our result is dependent on the modelling decisions for the joint distribution of
(L, R). If our model of asymptotic independence holds, then so does the classical
asymptotic independence model. However, our estimate of the spectral distribution
function, defined in (2.3), for the time and the rate of transmission (cf. de Haan
and de Ronde, 1998, Sections 4 and 5), given in Figure 2.3, does not seem to be
supported on {0, 5}, and may suggest a lack of asymptotic independence between
the two random variables. So our model, though successful in accommodating
a random transmission rate, may not fit this particular data well. The possible
failure, as pointed out by the referee, may be due to the assumption of asymptotic
independence of the transmission length and the transmission rate. It is more
realistic to consider to asymptotic independence between the transmission rate and

the file size. This issue is addressed in a later work.
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Figure 2.1: Plot of the time of transmission against the rate of the transmission of

the BUburst data: left) in natural scale, right) in log-log scale
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Figure 2.3: Spectral measure estimates of time and rate of transmission
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Chapter 3

Small and Large Time Scale
Analysis of a Network Traffic

Model

3.1 Introduction

In Chapter 2, the linear transmission schedule with randomly chosen slope has been
considered. However, none of these efforts could capture the complete essence of
a random transmission schedule process. Also, the above attempt modeled the
transmission by choosing a transmission schedule and the length of transmission,
which is not very realistic. In this chapter, we try to address these two issues among
others. We model by considering a random, time-dependent transmission schedule

Ay and choosing the file size Jj, at the beginning of each transmission. The length

92



23

of transmission L, is obtained as a function of these two random quantities.

Both fBm and stable Lévy motion possess self-similarity, which is consistent with
the macroscopic analysis of the network traffic data at a time scale of a few hundred
milliseconds or larger. However, these models were posed without considering
the complicated multifractal behavior of the WAN traffic observed at fine time
scales below a few hundred milliseconds. Paxson and Floyd (1995) observed the
limitations of the usual model in their study. Later Riedi and Lévy Véhel (1997) and
Mannersalo and Norros (1997) analyzed different WAN traces to empirically observe
the multifractal behavior of ATM WAN traces. These observations stimulated
researchers to look for a model which could explain both the microscopic as well as
the macroscopic behaviors. In Feldman et al. (1998), Feldmann et al. (1998), Gilbert
et al. (1998, 1999), Kulkarni et al. (2001), Riedi and Willinger (2000), attempts were
made to consider a conservative cascade model as the transmission schedule. We
explain the fine time scale behavior by assuming individual transmission schedules
exhibit multifractality. This results in multifractal behavior for the cumulative
taffic process at the microscopic level and still gives a stable Lévy motion as the
macroscopic approximation.

Thus the present model offers an explanation of both the micro and macroscopic
behavior of the cumulative traffic process and suggests that the multifractal behavior
of the cumulative traffic process results from similar behavior of the individual
input processes. This suggests empirical studies should examine the behavior of
individual, user level input processes.

This chapter is organized as follows: In Section 3.2, we review the basic concepts
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of the multifractal spectrum as required in our discussion. Section 3.3 is a quick
review of the space D[0, co) endowed with Skorohod’s (1956) M; topology. We state
the model in detail and the main results at the micro and macro levels in Section 3.4,
and discuss the conditions under which the main results hold. Section 3.5 considers
the multifractal analysis, whereas Section 3.6 proves the approximation for large

time scales.

3.2 Holder Exponent and Multifractal Spectrum

We first recall the definition of the Holder exponent of a function. In the literature,
two types of Holder exponents have been considered, namely, the one based on
exponential growth rate and the one based on polynomial approximation. In this

dissertation, we shall emphasize the first one.

Definition 3.2.1. The Holder exponent based on exponential growth rate of the

function z at t is defined as

log sup |z(u) —z()]
T w:lu—t|<e
hy(t) == hr?l%)nf log.e

(3.1)

The Holder exponent of the sum of two functions satisfies the following

inequality.
Proposition 3.2.1. For two functions x and y, we have
Pty () = ha(t) A hy(t). (3.2)

Furthermore, equality holds if h,(t) # hy(t).
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Proof. By the triangle inequality, |(z+y)(u)—(z+y)(¢)| < |z(u)—z(t)]|+|y(u) —y(t)|

and hence

o (@ +y)(u) = (2 +y)(O)] < e 2 (u) — ()] + S ly(u) —y(@)]-

Since loge < 0, we have

log sup |[(z+y)(uw) — (z +y)(t)]

w:lu—t|<e

Bty (t) = hr?i énf Tog <

log | sup |z(u) —z(t)[+ sup |y(u)—y(t)|

.. utlu—t|<e wilu—t|<e

> lim inf

el0 loge

log sup_ |(u) — (t)| log sup |y(u) —y(t)]
wu—t|<e . . w:u—t|<Le

= lim inf il lim inf il (3.3)

el0 log e €l0 log e
= hy(t) A hy(t). (3.4)

Here is the explanation for the equality in (3.4): For any sequence, for which the
limit for the quotient on the left side of (3.4) exists, choose a further subsequence
such that limits for both the quotients on the right side of (3.4) also exist, and
hence are greater than or equal to h,(t) and h,(t) respectively. Then the limit
for the quotient on the left side will be equal to the minimum of the limits for =
and y, and hence greater than or equal to h,(t) A hy(t). For the reverse inequality,
assume without loss of generality that h,(t) < hy(t). Fix ¢ > 0. Choose a sequence
such that the limit for the quotient on the right side corresponding to x is less
than h,(t) + €. Choose a further subsequence such that the limit for the quotient
corresponding to y exists. Then the limit for the quotient on the left side along this

subsequence is the minimum of the limits for the quotients corresponding to x and
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y along it, and hence is smaller than h,(t) +¢. Thus, the left side of (3.4) is smaller
than h,(t) + ¢, for all € > 0. Hence the left side of (3.4) is smaller than or equal to
ho(t) = ha(t) A hy(t).

Now assume h,(t) # h,(t) and without loss of generality assume h,(t) < hy(t).
Now, observe h_,(t) = hy(t). Since z = (z + y) + (—y), we have, by previous
discussion, hy(t) = hyyy(t) A h_y(t) = hypy(t) A hy(t). But since, by assumption,
hy(t) < hy(t), we must have hy(t) A hy(t) = hy(t) = hyry(t). Thus, hy(t) A hy(t) =
iy (T). O
Remark 3.2.1. A strict inequality may hold in (3.2) if h,(t) = hy(t). For example,
consider x(t) = t*—t and y(t) = t*+t. Then (z+y)(t) = 2¢* and h,(0) = h,(0) =1,
but hy,4,(0) = 2.

For non-decreasing functions, the definition of h,(t) in (3.1) simplifies to

log[((t +¢) = z(t)) A (2(t) — 2(t = ¢))]

h.(t) = lim inf

€10 loge
| t —x(t —
~ liminf 28 FE) — 2t =€) (3.5)
cl0 log e

The above definition (3.5) helps us to conclude an equality in (3.2) if z and y

are non-decreasing.

Proposition 3.2.2. If x and y are two non-decreasing functions, then hyy,(t) =

ha(£) A By (1),

Proof. In the case of non-decreasing functions, we use the representation (3.5) and

then

By (1) = lim inf 108 FYE+E) = @+ y)(E =€)
i el0 log e
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log[(z(t +¢) —x(t —¢)) + (y(t +¢) —y(t —¢))]

= lim inf
cl0 logg
1 _ _
= lim inf og(x(t +¢) — /\h mf og(y(t +¢) —y(t — <))
el0 loge log e
= hy(t) A hy(t)

The penultimate equality holds due to an argument similar to that for (3.4). O]

As mentioned earlier, there is another Holder exponent based on polynomial

approximation. We discuss this exponent in the following definitions.

Definition 3.2.2. We say a function x belongs to the class Cy at t, and write
x € Cp(t), if there exists a polynomial P of degree at most h, and ¢ > 0, and C' > 0,
such that

lz(u) — P(u)| < Clu —t|", for all u with |u —t| < e.

Definition 3.2.3. The Holder exponent based on polynomial approximation of the

function = at the point ¢ is defined as
H,(t) :=sup{h > 0: 2 € Cy(t)}.

In general, we may only conclude that the Holder exponent based on polynomial
approximation for the sum of two functions is greater than or equal to the minimum
of that of each individual one. The equality may fail to hold even if the functions

are increasing, as given in the following example.

Example 3.2.1. Let us consider the functions

z(t) =t +t%% and y(t) =t -4V, forte (=5, 3),
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where ¢ = sgn(t)[t[*. Tt is easy to check that ¢ is differentiable for v > 1 and the
derivative is u|t|*"!. Thus we have z/(t) = 1+ 1.54/|t| > 0 and hence is increasing.
Also ¢/(t) =1 —1.5y/]t]| > 0 for t € (—3, ) and hence is increasing.

Observe (z + y)(t) = 2t and clearly, H,,, = co. On the other hand,
() — t] = [t = [t

and hence H,(0) > 1.5. Now, let 0 < h < H,(0) and P be the corresponding
approximating polynomial. Clearly, P(0) = z(0) = 0 and if the coefficient of
the linear term is 1, then P(t) = t?Q(t), where @ is a polynomial, and hence
|f(t) — P(t)| = [t + *Q(t)| = O(t*®) as t — 0. Thus h < 1.5. If the coefficient
of the linear term is not 1, then P(t) = t + tQ(t), for some polynomial @, and
hence |f(t) — P(t)] = |[t'° +tQ(t)] = O(t) ast — 0. Thus h < 1. So we
conclude H,(0) = 1.5. Similarly, it can be checked H,(0) = 1.5. Thus, we have

Hyiy(0) = 00 > 1.5 = H,(0) A H,(0).

This lack of equality makes the Holder exponent based on polynomial
approximation more difficult to analyze and we shall not emphasize it. Still it
is worth mentioning that the following relation holds between two types of Holder

exponents.

Proposition 3.2.3. We have the following relation between two Hélder exponents:

Further, if h,(t) € N, then h,(t) = H,(t).

Proof. See Lemma 2.3 of Riedi (2001) and the discussion preceding it. O
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We end the section by defining the multifractal spectrum of the Hélder exponent.

Definition 3.2.4. The multifractal spectrum of the function x for the Holder

exponent based on exponential growth rate is
dy(a) =dim({t > 0: h,(t) =a}), a€[0,00),

where for a set A, dim(A) is the Hausdorff dimension (cf. Falconer, 1990, Chapter

2) of A.

3.3 The Space D and the M; Topology

In this section, we review the space D endowed with the M; topology. Throughout
this dissertation, we shall consider the space D to be endowed with the M; topology,
unless otherwise mentioned. A good reference for the topics considered in this
section is the forthcoming book by Whitt (2002). We define D to be the set of all
cadlag functions on [0,00). We denote Dy to be the set of all cadlag functions on
[0,T]. We first define the M; topology on Dr.

To define the metric, we need to define the completed graph T', of a function

x € Dy, which is the set
I,={(tz2) €[0,T] xR:z=ax(t—)+ (1 —a)x(t) for some a € [0, 1]}.

[, is a connected set in R? obtained by connecting (¢, z(t—)) and (¢,z(t)). We
define the natural order on the points of I', as follows: for (¢1, z1), (2, 22) € Iy, we

say (tl,Zl) < (tQ,Zg) if t; <ty or t; =ty and |Zl —I(t1)| > |22 —ZE(t2>|, l.e., we rank
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the points in an increasing order as we traverse the completed graph from the left
end (0,2(0)) to the right end (7', z(T)).

A parametric representation of the completed graph I', is a continuous non-
decreasing (according to the above-defined order) function (r(-), u(-)) mapping [0, 1]
onto I',. Let I, be the collection of all parametric representations of I',. Then the

metric giving the M; topology on Dt is given by

dr(one) = inf (=l V ur = ]}
72 Uyj z;
j=1,2

J

where for a function f : [0, 1] — R we define

11T = Sup]lf(t)l-

te[0,1

Finally we define the M; metric on D as:

[e.e]

d(zy, @) = /e_t[dt(xl,xg) A 1] dt.

We also denote the space of non-decreasing and unbounded cadlag functions
by Dy and endow it with the relative topology of M, topology on D. We use the

following results on the M; topology in the sequel.

Theorem 3.3.1. The relative topology of Dy 1is the topology given by pointwise

convergence on a dense subset of [0,00) including 0.
See Corollary 12.5.1 of Whitt (2002) for a proof.

Corollary 3.3.1. If Xy, k > 0 are random processes taking values in the space Dy
with the My topology, then X = Xy iof Xk iy Xo, where the above convergence is

in the sense of weak convergence of finite dimensional distributions on [0, 00).



61

Theorem 3.3.2. The evaluation map 7 : [0,00) X D — R defined by n(t,x) = x(t)

is continuous at (t,x) iff  is continuous at t.
See Lemma 12.5.1 of Whitt (2002) for a proof.

Corollary 3.3.2. The projection map T, 4, defined by w4 (xr) =

k

(x(t1),...,x(tx)) is continuous at x if x is continuous at (ty,...,tg).

Theorem 3.3.3. The right continuous inverse map ® defined by ®(x) = x~, where

x is as defined in (1.2), is continuous on Dj.

The proof follows trivially from the theorem in Section 2 of Whitt (1971).

As we have seen in the definition (3.7) of Li, we shall have opportunity to use
the left continuous right limit, i.e., caglad functions as well. Let us denote the
space of caglad functions on [0,00) by D. We endow this space with M; topology
as well, which is defined similarly through the completed graph and increasing
parametrization. Notice that for a function x, the left continuous inverse ", defined
by (1.1) and the right continuous inverse x— differ only by the value at the jump
points of . Thus they have the same completed graphs. Hence, for a sequence of
functions {x,}n>0, we have x;, — x* in the M; topology iff ;" — x~ in the M,
topology. So, we have the following corollary to Theorem 3.3.3, where HNJ)T is the

space of unbounded increasing caglad functions:

«—

Corollary 3.3.3. The left continuous inverse map ® defined by (f(x) A

continuous on Dy.

The following result extends Lamperti’s theorem (cf. Theorem 2
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of Lamperti, 1962, Theorem 2 and Durrett and Resnick, 1977, Section 2) where

the convergence is extended to happen in D with M; toplogy.

Theorem 3.3.4. Suppose Z is a process taking values in D endowed with the M,
topology. If for some function o and some process ¢ with values in D, which is

proper, i.e., ((t) has non-degenerate distribution for all t > 0, we have

Z(T")
o(T)

= ¢(+),

then there exists H > 0, such that o € RVy and ( is H-self-similar (H-ss). Also,

¢ 18 continuous in probability.

The proof of Theorem 3.3.4 is along the same lines of Durrett and Resnick (1977),
since the proofs in section 2 of Durrett and Resnick (1977) depends only on finite

dimensional convergence on a dense set.

Remark 3.3.1. Note that Corollary 3.3.2 implies finite dimensional convergence on a
dense set of points C,, which is the set of points where ( is continuous in probability,
unlike in Lamperti’s theorem, where the finite dimensional convergence takes place
on the entire half line [0, 00). However, Theorem 3.3.4 allows us to conclude the

convergence in finite dimensional distributions, since ( is continuous in probability.

3.4 Model Specification

In this section, we state the assumptions of the model. First we recall the basic

assumptions stated in Section 1.
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1. We denote the time when k-th transmission begins by I'y. {I'x} is a sequence

strictly increasing to oo.
2. The size of the file transmitted is J;, and we assume J;, > 0.

3. The transmission schedule is denoted by Ag(-), where A(t) denotes the
amount of data transmitted in time ¢ after the kth transmission has begun. It
is a non-decreasing cadlag function starting at 0 and increasing to co, which

vanishes on the negative real axis.

Then the traffic process becomes

X(t) = i/w —TW) A J. (3.6)

k=1

In this case, the transmission length of k-th source is

3.4.1 Small time scale behavior

To study the behavior of the cumulative traffic process X(-) for small time scales,

we need to make the following further minimal assumptions on the transmission

schedule {Ay}:
4. We assume {Ay} are identically distributed and have stationary increments.

5. The multifractal spectrum of Ay(+) is not degenerated to a single point, which
ensures that we consider processes with paths that show real multifractal

behavior.
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6. The multifractal spectrum of Ay (-) restricted to any (non-random) interval is

non-random.

Remark 3.4.1. If A, is, for example, an increasing Lévy process, then, restricted to
any interval, it has a non-random multifractal spectrum for the Holder exponent
based on exponential growth rate. (Jaffard (1999) shows that the multifractal
spectrum of a Lévy process restricted to [0,1] for the Holder exponent based on
polynomial approximation is non-random. The same proof works for any interval.
By Proposition 3.2.3, an upper bound for the Holder exponent H is also an upper
bound for the Holder exponent h. Also the lower bounds for H in Proposition 2
of Jaffard (1999) works for h since the approximating polynomial for those lower

bounds are constant.)

The following theorem summarizes the small time scale behavior of the cumulative

traffic process.

Theorem 3.4.1. If the assumptions (1) — (6) hold, then with probability 1, dx =

dy,.

So the aggregate traffic process X(-) inherits the multifractal structure of
the individual transmission schedules. This implies that a possible explanation
for observed multifractality in aggregate traffic is intermittancy of individual
transmissions, presumably caused by blocking and congestion. See Mannersalo

et al. (1999), Resnick and Samorodnitsky (2001).
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3.4.2 Large time scale behavior

For multifractal analysis, we study the process path by path. However, for large time
scales, we need to make additional distributional assumptions, which we summarize

as follows:

7. We assume {I'y} forms a homogeneous Poisson process with intensity

parameter \.

8. We also assume {(Ay, Ji) : k > 1} are i.i.d. and independent of {I';}.
Remark 3.4.2. Then L; are i.i.d. Let Fy, be the marginal distribution of L;.
We have

Fp(xz) = P[Ly < z] = P[Ay(x) > Ji] by right continuity of paths of A;
(3.8)

and
Fr(x) = P[L; > x] = P[Ai(z) < J] (3.9)
9. Let us define
A () = Ay(T).

We assume there exists a regularly varying function ¢ of index H and a proper
random process y with stationary increments, taking values in D, such that

for each fixed ¢ > 0,
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on D, where the above convergence is in the sense of weak convergence of finite

measures.

Remark 3.4.3. Observe that by (3), we have, for ¢ > 0, flgT)(t) goes to 00
with probability 1, as 7" — oo. Thus, we must have 6(7") — oo, as otherwise
AgT)(-) /a(T') goes to a function identically equal to oo with probability 1,
which contradicts (3.10). Hence, we also have H > 0.

Remark 3.4.4. Let A be a Borel subset of D, such that P[x € 0A] = 0, where

OA is the boundary of A. Then, the convergence

Ji A
o(T)

—_

P

F, (D)) <A

e Py € A

is locally uniform in ¢ € (0, o], since the converging functions are monotone
in £ and the limit is continuous in € with a finite limit at oo (cf. Resnick, 1987,

Section 0.1).

Remark 3.4.5. Note that, in assumption (4), we have only assumed that the
marginal distribution of A; has stationary increments, which is not enough to
conclude that y has stationary increments. So we include that as part of the

assumption (9).

For all v > 0, assume

i ée,%>’y = 0. (3.11)

lim lim sup = P |-
0 P E e 6T

Recall that L; is defined in (3.7).

We finally assume that

E [x(1)™*] < oc. (3.12)
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Remark 3.4.6. Our assumptions are not restrictive but do require A;(0) = 0. This

might be an impediment to the modeling of the download of cached files where one
might prefer to allow P[A;(0) > 0]

> 0.

The following theorem summarizes the large time scale behavior of the input
process.

Theorem 3.4.2. Suppose the assumptions (1) — (3) and (7) — (11) hold and define

vo(e) — T b—J(ATJ;tE(Jl)

Then we have

fidi
YT - ZCVJJ

Q=

where Z, is mean 0, skewness 1, a-stable Lévy motion with scale parameter (%)
and

]__
C, = a

['(2—a)cos (%)

We now amplify the implications of the assumptions (7) — (11).

(3.13)
Proposition 3.4.1. If (3.10) holds, then x is H-self-similar.

Proof. First observe that from (3.10), by considering the set D, we have

-~ F;(6(T)e)

P EGT)

(3.14)

and by Remark 3.4.4 the convergence is locally uniform in e € (0,00]. Thus we
further have

(3.15)
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since 6 € RVy.

Using (3.10) and Corollary 3.3.2, we have

760 P L}(T) € } — e Y Plx(u) € ] (3.16)

for all w such that y is continuous in probability at u. By Remark 3.4.4, for every

fixed Borel subset A of R with P[x(u) € OA] = 0, the convergence in (3.16)

Jl A1 (T’LL)
G [&(T) 5(T)

€ A] e Plx(u) € A

is locally convergent in ¢ € (0,00]. Let s,£ > 0 be such that y is continuous in

probability at ¢ and st. Then, from (3.15), (3.16) and local uniform convergence,

we have
1 Jl AI(TSt) X) )
FJ(FI(TS))P [5(T8) b 5(Ts) © } Phdr) €| (3.17)
and
1 Jl Al(TSt)
F,(6(T5) s (318)
:FJ(6(T)) 1 [ Ji - a(Ts) Ai(Tst) ]
F)6(Ts) Fra(T) o) &(0) o(T)

Sstarg—Harpliy(st) € -] = Px(st) € -], (3.19)

where we also use the fact that ¢ € RVy. Now define the distribution functions

1 Jq
" G(Ts) 5t

Gr(x) >1,A(Tst) < x} :
Then from (3.17) and (3.19), we get

Gr(6(T's)) = Px(t) <]
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and
Gr(a(T)-) = Px(st) <

Then by the Convergence of Types Theorem (cf. Proposition 0.3 of Resnick (1987)),

we have

and
Plx(t) < z] = Plx(st) < Cx].

However, ¢ being a regularly varying function of index H, we must have C' = s’

Thus, we have y(st) 4 sfx(t), for all s,t > 0, such that y is continuous in
probability at st and ¢. Since the points, where x is continuous in probability,
are dense in [0,00) (cf. pg. 138 of Billingsley (1999)) and x has cadlag paths, we
can conclude that y(st) 4 g x(t), for all s,¢t > 0. Similarly, using Corollary 3.3.2
and the multivariate analog of the Convergence of Types Theorem (cf. pg. 28
of Geffroy (1959)), we have that (x(st1),...,x(stk)) 4 st (x(ty), ..., x(t)) for

t1,...,tx €[0,00). So we conclude that x is H-ss. ]

Remark 3.4.7. From the assumption (9), we know that x has stationary increments.
Thus x is an H-self-affine (H-sa) process, i.e, an H-ss process with stationary
increments. Since x is cadlag (and hence has a measurable version, cf. Doob, 1953,
Theorem 2.6) and non-degenerate, using Lemma 1.2 and Theorem 1.3 of Vervaat
(1985) we also have H > 0.

Further observe that D; is a closed subset of D with M; topology. Since by

assumption A; has almost surely non-decreasing paths, the finite measures on the
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left side of (3.10) have support D;. Thus from the convergence in (3.10) with ¢ = 1,
we conclude that the distribution of x is supported on D; and so x has almost surely
non-decreasing paths.

Since x is proper, we have P[xy = 0] = 0, and since x is a non-decreasing, H-sa
process, we have, from Theorem 2.1 of Vervaat (1994), that H > 1. Also, in case
H =1, we have x(t) = tx(1) almost surely, which is the case of random but time-
invariant transmission rate. Such case has been considered in Chapter 2, though
under a slightly different set of hypotheses. Levy and Taqqu (2000), Pipiras and
Taqqu (2000), Pipiras et al. (2000) also considered a similar case for superposition
of on-off processes in context of renewal-reward processes. However, since in the
case H = 1, the paths are almost everywhere linear and hence non-fractal, they are
excluded from the current discussion and we assume H > 1. For the case H > 1,

we have, from Theorem 3.1 of Vervaat (1994), that E [x(1)?] = oo for p > +, i.e.,

1
H
x(1) has infinite mean.

Remark 3.4.8. Since we know from Remark 3.4.7 that H > 0, we can replace &
in (3.10) with a strictly increasing and continuous regularly varying function o ~ &

(cf. Resnick, 1987, Proposition 0.8(vii)).

In the following lemma, we study the tail behavior of .J;.
Lemma 3.4.1. Under the assumption (9), J1 has a tail of index of ay.

Proof. We have already seen that the limit in (3.15) converges locally uniformly in

e € (0,00]. So, we can have, using the fact from Remark 3.4.8 that o ~ 7,
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Then evaluating at ¢ = 1, we have
FJOO'NFJO& (320)

and hence we have

Now, from Remarks 3.4.3 and 3.4.8, we know that o(7) increases to oo continuously.

Hence we conclude that F; € RV_,,, i.e., J; has a tail of index «. O

Remark 3.4.9. Since J; has a tail of index «;, following the discussion in Section 1.2,
we may choose a continuous, strictly increasing function b;, which is regularly

varying of index ozjl, such that for all w > 0, we have

lim TP[J; > by (T)w] = w™ . (3.21)

T—o0

Remark 3.4.10. Using (3.20), we can replace F;(5(T)) in (3.10) with F;(o(T)).

Using Remark 3.4.4 we can also replace = by —Z-. to obtain

&(T) o(T)’
1 Jl AgT) W
= P >e, = €| 2 Y P[x €] (3.22)
Fio(m) o0~ (D)

on D. For t = (t1,...,t;) and x = (z1,...,2), let us define

Lo AN AP (1)
<o, <
O'(T) > g, &(T) X Ty, ) &(T) Tk

(M (x) = —
GO = omy

and

Ggo)(x) = Y P[x(t1) <x1,..., x(tr) < xp].
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Since y is H-ss, it is continuous in probability, and so the convergence in (3.22)

implies, by Corollary 3.3.2, that
lim 6" (x) = G (x)
for all t and continuity points x of GJEO)(-). It is also easily checked that for all

continuity points x of G,(:O)(-), if (zrq,...,27%) ==Xy — X, then

lim GV (x7) = G (x).

T—oo
Thus, we get, as T" — oo,

A(T (T ~
Ao AV A (n) ] e (o(T)X) |

<J717'--) t O'(T)

which converges to Gio) (x) for all t and for all continuity points x of GEO)(-). Then,

by Corollary 3.3.1, we conclude that
Ji A(T)

(1)~ ° o (T)

1
= P

Fy(o(T))

[

T g7 Py € ] (3.23)

on D.

Remark 3.4.11. Using (3.20), we can replace F;(5(7T)) in (3.11) with F;(o(T)) to

get

lim lim sup —

el0 T .00 FJ(U(T)) P |:5-(T) T

Also, since o ~ &, we have,

sy = oy - [om

= lim sup — P
T—oo Fy(o(T))
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<limsup =

p < 2,
T—oo Fy(o(T)) L(T) T
Hence, we get, for all v > 0,

L
lim lim sup = P [ i <e, —_
0 7o Fy(o(T)) L[o(T) T

> ’y] = 0. (3.24)

Recall that o is a regularly varying function of index H. We know that b; is
also a regularly varying function of index a;'. So o~ o by is a regularly varying
function of index (Hay)™! continuously increasing to oo.

Then taking the limits in (3.23) and (3.24) along 0~ (b;(T")), we get the following

equivalent formulations of the assumptions (9) and (10):

(9') Define
AP() = Ao (bs(T))).
There exists a regularly varying function o of index H and a D-valued random

process x with stationary increments which is also proper, such that for each

fixed € > 0,
Jy A v
TP > e, €| e “Plxye- 3.25
(D) (D) e (3:29)
on D.
(10") For all v > 0, assume
o Ji Ly ]
limlimsupT'P < e, > = 0. 3.26
il TP [0 <y = (3:20)

Henceforth we shall use the assumptions (9) and (10) interchangeably with the
assumptions (9') and (10).

The following lemma shows that the assumption (9) is not vacuous.
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Lemma 3.4.2. If J; and Ay are independent, then (3.25) holds iff

(i) Ji has tail of index oy and

(i) Ay belongs to the domain of a random cadlag process x, which is proper, i.e.,

there exists a function o such that

Remark 3.4.12. If A; belongs to the domain of a cadlag process, then, by Theorem

2 of Lamperti (1962), we must necessarily have o € RVy and x is H-ss.

Proof of Lemma 3.4.2. Observe that (3.25) reads for ¢ = 1:

:TP[%>1}P

on D. We have seen in Remark 3.4.9 that, if (3.25) and hence (3.10) holds, then (i)

(T)
1

b,(T)

(T)
i > 1, A €
bs(T) by(T)

w

TP Y Plxe] (3.27)

c -

holds and, hence in particular, T'P [ bJ‘?T) > 1} — 1. Thus, if J; and A; are indeed

independent, from (3.27), we have

A (0™ (,(T)))
by(T)

=X

on D. Taking the above limit along (F;(o(T)))™! instead of T and using
finite dimensional convergence and locally uniform convergence arguments as in

Remark 3.4.10, we get
Ai(T)

on D. Also, since x is H-ss (from Proposition 3.4.1),x has no fixed point of

discontinuity. Since the projection map 4, 4, () = (x(t1), z(t2), ..., z(tg)) is
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continuous at continuity points ty,%s,...,t; of x, by the Continuous Mapping
Theorem, we have the required finite dimensional convergence. This completes
the proof of “only if” part.

Conversely, assume (i) and (ii) hold. From (ii), we can conclude that

A1 (0= (bs(T))) ai
b, (T) X

and then using Corollary 3.3.1, we have

A"
bs(T)

Also, since J; has tail of index «, (3.21) holds and then using independence of J;

and Ay, we conclude that (3.25) holds. This completes the proof of “if” part.  [J

The following proposition gives a set of sufficient conditions for conditions (3.25),

(3.26) and (3.12) to hold.
Proposition 3.4.2. Assume that
(i) Jy and Ay are independent.
(i1) Jy has a tail of index .
(11i) Ay is itself a proper H-ss process.
(iv) E[A;1(1)7?] < 0o for some p > «y.

Then (3.25), (3.26) and (3.12) hold.
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Proof. 1t is trivial to check that a H-ss process A; is in the domain of attraction
of itself corresponding to o(T) = TH. Thus Lemma 3.4.2 shows that, under
independence of J; and Aj, (3.25) holds for the above o(T"). Also (3.12), which
states that A;(1)~! has aj-th moment finite, holds since we have assumed the
existence of an even higher moment in (iv). So we need to check (3.26) only. Note
that o (T) = T#. Also, by self-similarity, E[4;(7) "] < oo.

Observe that,

TP

=TP

=TP < < 5} by self-similarity

T / PLAL(y) < 8] Fy(by(T)ds)

0
€

_7 / P[A(7)" > 571 Fy(by(T)ds)

0

T/Sp FJ bJ
by (T)e
=E[A(y bJ(g / s? Fy(ds)
BLAO) 7l s D)V o)) (3.25)
— E[A1(7)77] P fJaJ gl

where the limit in (3.28) holds by Lemma on pages 578-579 of Feller (1971) as



7
p > ay. Also, p > «ay again implies (3.26) holds. O

Remark 3.4.13. If we assume that A; is a H-ss process with stationary, independent

increments, then A;(1) is a positive stable random variable of index + and hence
has a density which decays exponentially near 0 (cf. Zolotarev, 1986, Theorem
2.5.2) and so has all negative moments finite. Thus it satisfies the conditions
of Proposition 3.4.2. Also Remark 3.4.1 shows that a Lévy process satisfies the

conditions for the multifractal analysis. Thus a %—stable Lévy process satisfies the

requirements of the transmission schedule.

3.5 Multifractal Analysis

In this section, we prove Theorem 3.4.1. We shall only use the assumptions made
on the paths of the transmission schedule.
By the stationary increment property, the transmission schedule A; has same

multifractal spectrum d restricted to any interval of length [, since
(A1) 0<t <} LA 1) —A(a)  a<t<a+l}

and the multifractal spectrum d of {A;(t) : @ < t < a+ [} is the same as that of
{Ai(t) — A1(a) : a <t < a+1}. Thus for any [, the multifractal spectra d of A,
restricted to the intervals [il, (i + 1)I) for i > 0 are non-random and the same. So
for all [ > 0, there is a probability 1 set, on which, for all 7 > 0, the multifractal
spectra d of A restricted to the intervals [il, (i + 1){) are the same and independent

of w. Also, these spectra are the same as d4, a.e., since d4, is the supremum of the
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spectra d of Ay restricted to countable partitioning intervals. Thus, combining all

these facts, we may conclude the following lemma:

Lemma 3.5.1. If A; is a transmission schedule satisfying the conditions of the
model, then there is a probability 1 set, on which for all i,n € N, the multifractal
spectrum of Ay based on exponential growth rate restricted to the intervals [%, %)

15 the same as that of da, and independent of w.

In the following lemma, we calculate the Holder exponent of the input process,

hx, bearing in mind Proposition 3.2.2.

Lemma 3.5.2. If t is not the time of birth or death of a session, then hx(t) =
A ha, (t —T'), where the minimum is taken over the indices corresponding to which
sessions are active. (We use the convention that the minimum over an empty set

is 00.)

Proof. First observe that, since X and the A;’s are non-decreasing, we can use the
definition in (3.5). Also observe that, till time ¢, only a finite number of sessions
have started, since I'y — oo. Thus, at time ¢, only a finite number of sessions,
say n, are active. Since t is not a birth or death time of a session, there exists
d > 0 such that, only these n sessions transmit in the interval (¢ — d,¢ 4 §). These
transmitting sessions contribute terms of the form Ax(u — T'y) A Jp = Ag(u — T'y),
u € (t—0,t+0) to the sum X (). The non-transmitting sessions contribute terms
of the form Ay(u —TI'x) A Ji, which are constant at 0 or J;, for v € (t — 0,4 0) and
in either case, the Holder exponent will be oo at ¢t. If there are no active sessions,

then X itself is constant and hx(t) = oo, the same as the minimum of the empty
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set. Otherwise, only the active sessions contribute to the calculation of the liminf

in (3.5) and if 4y,...,14, are the indices of the active sessions, we have

IOg 2::1 (Alk (t _ Flk + 6) - Alk (t B Flk _ 8))

hx(t) = lim inf

el0 loge
el0 loge

k=1
k=1
The penultimate equality holds due to an argument similar to that for (3.4). ]

Now we are ready to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. Define for a < oo,
EX ={t>0:hx(t) =a}.

Let E* be the set of points of EX except birth and death points of the sessions.
Now observe that £ differs from E, only by countably many points and thus they
have same Hausdorff dimension.

Now, suppose t € E;. Then by Lemma 3.5.2, we have
hx(t) = [\ ha,(t —Tx) =a, (3.29)

where the minimum is taken over the indices corresponding to the active sessions.
If there are no active sessions, then X is constant in a neighborhood of ¢ and hence
has Holder exponent oo at ¢, contradicting the assumption that a < oo. Thus, there

are a positive and finite number of sessions running at time ¢ and there exists some
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k such that ha, (t — Tx) = a, that is, t € E2x + T} So, Ef C U2, (EA* +T) and
hence

dx(a) < supdim(E* +T) = supdy, (a),
5 k

where the last equality holds since Hausdorff dimension is translation-invariant.
However, since the A,’s are identically distributed and da, (@) is non-random, we

have d, (a) non-random and constant (independent of both w and k). Thus,
dx(a) < da,(a) a.e.

To prove the other inequality, consider the interval I = [y, (T'y +inf{t : A;(t) >
J1}) ATy). Since I'y’s are strictly increasing, A;(0+) = 0 < J; a.e., we have that

the interval I is almost surely non-empty. Also, only the first session is active on

the interval I. Thus, X (t) = A;(t —T'y) and hx(t) = ha,(t —T'1) on I. Then,
EXS>(EM+T)NI=(EM"nTI)+Ty,
where I" = [0,inf{t : A;(t) > J1} A (I's — T'1)). Thus,
dim(EX) > dim((E N I') + 1) = dim(EA N 1),

by the translation-invariance of Hausdorff dimension. We already know inf{¢ :
A(t) = 1} AN (I'y = Ty) > 0 a.e. Then choose a probability 1 set on which the
conclusions of Lemma 3.5.1 are satisfied and inf{t : A;(t) > J1} A (T2 —T4) >0

holds. For any w in this set, choose n € N, such that,

lllf{t . A1<t> 2 Jl} A (FQ - Fl) > %
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Then we have, for that w,
dx(a) > dim(EM N I') > dim(E" N[0, 1)) = da, (a),

where the last equality holds by Lemma 3.5.1. Thus we have with probability 1,

dedAl. ]

3.6 Large Time Scale Behavior

3.6.1 Poisson process representation

We consider the following Poisson point process to facilitate the analysis:

M =

M8

€Tk, Ak, Jk)

e
Il

1
which has mean measure A\dy x P[A; € da,J; € dj] on (0,00) x Dy x (0, 00).
The random variable X (7') is a function of M restricted to R(T) = {(v,a,j) €

(0,00) x Dy x (0,00) : v < T'} and more precisely,
X(T) = i [T N Ap(T = Tp)]) 1r (1) (Tk, A, Ji).
k=1
It helps to split R(T") in two disjoint sets
Rwy(T) = {(7,a,j) € (0,00) x Dy x (0,00) : v < T, j < a(T =)}

and

R)(T) ={(v,a,7) € (0,00) x Dy x (0,00) : v <T,j > a(T =)}
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R1(T) and R1(T') correspond to the regions where transmission has ended or is
continuing respectively, by time T. Correspondingly, the input process X breaks

into two sums:

Xi(T) = Z Jilr, ) (Des Ag, Ji) (3.30)
k=1
and
Xo(T) = Ae(T = Ti)1ryiry (T, Ak, Ji)- (3.31)
k=1

Since X;(T), ¢ = 1,2 are functions of M|z, i = 1,2 respectively with
R1(T) NRo(T) = B, we have X;(T) and X5(7T) are independent.

Next we analyze the part restricted to R (T), where the transmission has ended.
This part will contribute towards the limiting behavior, the other part due to Ro(7T)
will be probabilistically negligible. Observe,

B (M (Ry(T))] = A / PLL < AT — )] dy

v=0

Fr(y)dy by (3.8)

Thus E [M (R(T))] is finite for all " and E [M (Ry(T))] ~ AT, as ﬁL(T) ~ T and

therefore M|z, (1) has the following representation:

P(T)

Z €<TIET)’SI(CT)7WI§T)), (3.32)

k=1

d
M|z, () =



83

where P(T') is a Poisson random variable with mean AF, .(T') independent of i.i.d.

random vectors

1
(T,ET% s, W}gT)) ~ ————dvyP[A € da, J € dj]
Fr (T) Ra(T)

Then, we have
P(T)

X1 =Y wih. (3.33)

k=1

3.6.2 Tail behavior and moment conditions

Now we study the tail behavior of W

Proposition 3.6.1. For the above representation (3.32), we have
lim TP [WfT) > b J(T)w] —— (3.34)

Proof. First observe that,

T
T
TPW® > by(Thw] = — / Plby(Thw < Jy < AT — )] dv
Fr(T) J
v=0
T T
= — Plos(Tw < J; < Ai(y)] dy (3.35)
F(T) /
v=0
T
- / Plby (T)w < Jy < Ay ()] dy. (3.36)
v=0
< TP[J; > by(T)w] — w™ . by (3.21)
Thus, we have
limsup TP |[W > by(T)w| = w. (3.37)

T—00
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Till now we have not used any assumption about the joint distribution of (J;, A;).
For the lower bound, we need to use (3.25) of the assumption (9'). Then, we have,

from (3.36)

TP by (T)w] ~ / Plby (T)w < Ji < A1(7)] dvy

a(by(T))
_o <bq{<T / TP, (Thw < Jy < Ay(o (bs(T))7)] dvy
- ff%(bTJ(T))
UK TPy (T)w < Jy < Ar(0™ (bs(T)N))] dy
(3.38)
_ o (b,(T)) Ji o Ao (bs(T))N)
- (“N 7 )TP{“ @ ST b }
I Ay(o=(bs(T))N)
~TP |w< o (T < () ] (3.39)
Ji A1(0=(b,(T))N)
>TP |w< b () K, b () > K} (3.40)
— (W — K~*) P[y(N) > K] (3.41)
= (w™ ™ — K~*)P[x(1) > KN~ H]. (3.42)

The inequality in (3.38) holds for any N and all large enough 7. The asymptotic

equivalence in (3.39) holds since UHU}’(T» — 0 as the function is regularly varying
of index HLQJ — 1 < 0. The inequality holds for all K > w. The convergence

in (3.41) holds for all continuity points K of the distribution of x(NN) due to (3.25).
Finally, (3.42) holds due to the H-self-similarity of x. Thus, for all N and for all

K > w, which are continuity points of the distribution of x(NN) for all N € N, we



85
have

liminf TPW " > Mby(T)] > (w7 — K~*)P[x(1) = KN ],

T—o00

Since x is proper and hence P[y = 0] = 0, we have, by Theorem 2.4(a) of Vervaat
(1985), P[x(1) > 0] = 1. Then first letting N — oo through natural numbers and
then letting K — oo through the continuity points of the distribution of x(V), for
all N € N, we get

liminf 7 PW") > Mb,(T)] = w .

T—o0

Combining this with (3.37), we have,

lim TPW") > Mby(T)] = w.

T—00

]

Next we need to check a few moment conditions, which are summarized in the

following lemmas.

Lemma 3.6.1. For the above representation (3.32), we have

(T)

W
lim limsupTE | ——1 =0. 3.43
S D (3.43)
Proof. We have
w@ . = .
TE |1 — KTP [Wf ) > KbJ(T)]—I— / TP [Wf ) > bJ(T)w] dw
bJ(T) [le(T)>K:| J

(3.44)
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First we consider the second term on the right side of (3.44). Note that, by

(3.35)
(T) T
TPW > b,;(Tw]dw = = Plb,;(Tw < J; < Ai(7)] dy dw
Fi(T) J
w=K w=K v=0
™ 7
I = / P[Jl > bJ(T)w] dw
FL(T)w:K
~1- T Kby (T)Plh > Kb,(T)] by Karamata’s theorem
bJ(T) aj — 1
1
~ Ko, 3.45
p— (3.45)

Also, for the first term of the right side of (3.44), we have, from (3.34),

lim KTP W > Kby (T)| = K. (3.46)

T—o0

Thus, adding (3.46) and (3.45), and using (3.44), we have,

W(T)
limsup TE | 17, < Y e
r D) [k | T as =
and, since iy > 1, we have (3.43). O

Lemma 3.6.2. For the above representation (3.32), we have for all K > 0,

(T)
li TVar | ——1
1¥1Hsgp ar b, ( T) [Wm gK]

< (3.47)
Dca)
and
(T)
lim lim sup T Var WlT)l[W(T) ] =0 (3.48)

e—0 T—o0 le(T) gE



Proof. Using (3.35) and Karamata’s theorem, we have

1(T) WI(T) 2
TV ——1 <TE —— 1
ar b, (T) [V?(T) <K] b, (T) [Wlm gK]

b (T) by (T)
K
wD
= 20T P |w< —— < K| dw
/ iz < 4]
w=0
T T J
= — 2wP |y < Ai(7), w < —2 <K]ddw
Fu(T) / / { LS A<y !
w=0~v=0
T T J
< = /2wTP{w< ! éK} dw
Fi(T) /. bs(T)

w=0
by (T)K
2T /
~o wT P [J; > w] dw — K>
e J e
_2TK*P > by(T)K] 2o
2 — Qg
~ 2 KQ—OLJ _ K2_01J — LK2_Q‘] < 0
2 — Qg 2 —ay

and hence we have (3.47). Also, since ay < 2, we also have (3.48).

Lemma 3.6.3. For the above representation (3.32), we have

W,
b.(T)

lim E

T—o0

=0.

Proof. Using (3.35), we have

wi"

E bs(T)

_ 7 p [Wl(T) > bJ(T)w] dw
w=0

87

(3.49)
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1 oco T

— ﬁme/M/O Pl (Tw < Ji < Ay(v)] dy dw
T 7 E[ 1]

< g J e <A~ g o

3.6.3 One-dimensional convergence

Now we are ready to prove Theorem 3.4.2 for the process X; in the one-dimensional

case, although with a different centering.

Lemma 3.6.4. Under assumptions and notations used in Theorem 3.4.2, we have

P(T)
> wi = p)E W]
k=1

bs(T)

= Za,(1),
where P(T) and W,gT) are defined in (3.32).

Proof. Define

(1] W(T) Wl(T)

Then, using (3.34), (3.43) (3.47), (3.48) and (3.49), we have, as in Section 2

of Resnick and Samorodnitsky (2000), that Ry = Z,,(1) in D endowed with
Skorohod’s J; topology, where =, is a-stable Lévy motion with mean 0, skewness
parameter 1 and scale parameter Cy é, where C,, is defined by (3.13).

Since P(T) has a Poisson distribution with mean AF,(T) and F,(T) ~ T — oo,
we have

P(T) p
— ).
T
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By independence of Ry and P(T'), we have

(RT, P (TT)> = (2., \) in D x [0, 00). (3.50)

Now, we know from Theorem 3.3.2 that the function 7 : D x [0,00) — [0, 00)
defined by

m(x,t) = z(t) (3.51)

is continuous at (z, t) iff z is continuous at t. Also, since we know from Theorem 3.3.4
=, has no fixed point of discontinuity, we have that =,, is continuous at A with
probability 1. Thus, using the Continuous Mapping Theorem on the convergence

in (3.50), we get

Next we change the centering to the one suggested in Theorem 3.4.2. We use
the assumptions (9), (10) and (11) to study the tail behavior of L;, which we then

use to change the centering.

Proposition 3.6.2. Under the assumptions (9'), (10) and (11), stated in (3.25),

(3.26) and (3.12), Ly has a tail of index Ha.

Proof. We consider the function ¥ : (0,00) x D — (0,00) x D defined by
U(t,x) = (t,z). By Corollary 3.3.3, ¥ is continuous at (t,z) € (0,00) x Dj.
Also the function 7, defined by (3.51), is continuous at (¢, x), if = is continuous at

t. Now y is supported on ID; and does not have any fixed point of discontinuity.
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Thus the map 7o U(t,z) = 2 (¢) is continuous with probability 1. Hence by the

Continuous Mapping Theorem, we have, for all € > 0,

A J
! (1 [bJ(T>>E])
TP Ve (dt) P[x € da].

o= (bs(T))
{(t,z):z—(t)e

Hence for all € > 0 and v > 0 such that {v} has zero limit measure, we have

()
TP s >~ — // Plx € dx]

o= (bs(T))

AT (Jh) J1
on TP | 2y ™ iy

- / (e V £())"* P[x € da]

L1 Jl —ay
or, TP L“(bJ(T)) > 7, b, (T > 5} —E[(eVx() ],

Finally, letting € | 0, using the Monotone Convergence Theorem, we have

Ly J1

lim lim TP 5> | =F [X(7)™] =y " B [x(1)~],

€l0 T—oo |:0' (bJ(T bJ(T)

which is finite due to (3.12). Also from (3.26), we have that

=0.

Ly Jp
limlimsupTP | ———M—
2o P LﬂbJ(T)) Vo S

Thus, given § > 0, we can choose € > 0, such that the following hold:

7 E [x(1)™*] =6 < lim TP > e

T—o00

[ L, - J1
o= (b,(T) ~ " bs(T)
<y HerE [x(1)™]

. Ly Ji 1 1
and 0 <limsupTP |————— > 7, <el < -
Tons [r(bJ(T» ) S T2
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Thus, there exists Ty such that for all T' > T, we have

L J
“Hos B [y (1)~ —5<TP[ ! >y, —k >51
T E ™) @)~ BT
)
<y HYE [x(1)™] + >
Ly J1 )
and 0<TP > 7, Lel < =
[aﬂw)) b,(T) 2
Thus adding, we can conclude that for all T' > Ty,
L
“Hor g (1) =6 < TP {—1> ] <y Hu B [x(1)™] + 6.
Y [X( ) } o= (b, (1)) v g [X( ) }
Hence, we have
lim TP {L > ’Y} _ ,.)/—Haj E [X<1)—a.]} ’
N e 3)
which in turn implies that L; has a tail of index Ha . O

Now, we use Proposition 3.6.2 to obtain the required centering.

Lemma 3.6.5. Under assumptions and notations as used in Theorem 3.4.2, we

have
Xi(T) — ATy
bs(T)

= Za,(1),
where py = E(Jy).

Proof. Due to (3.33) and Lemma 3.6.4, it is enough to prove that

wi"
by (T)

ANy p

P(T)E ~ 5 0. (3.52)

We rewrite the left side of (3.52) as

w,"
b.(T)

ATy

P(T)E — o, (T)
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wi"
bs(T)

:PGU—AEﬂD GﬁlﬂE

AFL,(T)

 by(T)

Now, we observe that, using (3.35)

AF, o (T)
L(T) E|l—— )\FL Wl > bJ(T) dw
() /
3 oo T
= Plbos(Tw < J; < Ai(y)] dy dw
FL(T)w/O /O

T/PL>@ w] dw

w=

- bs(T) Elal =0,

since W\/;) € RVi_ 1 and oy < 2. Also, P(T') having a Poisson distribution with
*J

mean AF(T) ~ AT — oo, we have, from the central limit theorem, that w
FL(T) VAFL(T)

converges weakly to a standard normal distribution and hence is bounded in
probability. Thus by Slutsky’s theorem the first term on the right side of (3.53)

goes to 0 in probability, i.e.,
P(T) = AF,(T)
AF,(T)

W,
b.(T)

P

\/AFL(T)E 5 0. (3.54)

Now we consider the second term on the right side of (3.53). Observe that

co T
sz:/ /PM>qmwy

j=0~=0

and

EMHEM” ?P @:77}U<L<mmmmj

J=0 J=07
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by (3.35). Thus, we have,

Tuy— Fi(T)E [WfT)} = PLJy > j, Ji > Ai(y)] dvy dj (3.55)

v =
Hence,
A A T o0
_F M1\ - = o\
bs(T) (T = Fumy B [W17]) b(,(T)/0 ’VFL(V)JF‘/ Fy(j)dj| dy.
= =y

Now, F; € RV_, , with 1 < ay < 2, and, therefore, using Karamata’s theorem

twice in succession, we obtain that

T oo
A — A T?F ;(T)
Fi(5)dj ~ RV,
b, (T) TN~ G =1 @) © e
v=0j=v
and because 2 — a; — ai] = —% < 0, we have
T oo
A / / Fi(j)dj — 0
— 0.
b, (T) J)q
7=0j=y
Also, since F, € RV_p, ;i Hay < 2, using Karamata’s theorem again, we have
T
A — A T?FL(T)
F dy ~ € RV,
bJ(T) / Y L(P}/) g 2 ay bJ(T) 2—HaJ—%7
v=0
and because 2 — Hay — a—lj <2—ay— i < 0 (recall H > 1 necessarily), we again
have
T
A / Fr(y)dy —0
— 0.
bJ(T) YL L\7Y)a’y

v=0
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If Hoy > 2, then we know that L has finite second moment and from b,(7") — oo,

we conclude that

T 00
A _ _ 1
F d 0- F dv=0-=-E[L? =0.
b, (T) /’y L(y)dy — /7 L(y) dvy 5 [L7]
v=0 v=0
Thus,
A 5 (1)
5T (TW _F,(T)E [Wl D 0, (3.56)

which along with (3.54) gives (3.52) and hence completes the proof of

Lemma 3.6.5. O

Now, we are ready to complete the proof of one-dimensional convergence
provided we show the negligibility of the part due to X5, which we do in the next

lemma.

Lemma 3.6.6. Under assumptions and notations as used in Theorem 3.4.2, we
have

5o, (3.57)

where Xy is defined by (3.31).

Proof. First observe that,

/// (T'—~) M(dy,da,dj) < ///jM dv,da,dj), (3.58)

Ra2 (T RQ(T

since a(T — ) < j on Ro(T). Also, since M is a Poisson point process with mean

measure \dy X P[A; € da, J; € dj|, we have that

///jMd%dad]] —)\///]dyPAlGda Jy € dj]

RQ T)
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// jdyPlA; € da, J; € dj]

ji>a(t—v)

/ / dx dyP[A, € da, J, € dj]

ji>a(t—y) z<j

[e.9]

)\// P[A; € da, J; € dj] dxdy

y=02=0 j>zx
7>a(T—y)

PlJ; >z, J1 > A1 (T — v)| dx dy

/ P[Jl > j, Jl > Al(’y)] dj d’}/
=0

Then we have,

)\ [oe)

M(dv,da,dj) | =
///‘7 7, da, dj) bJ(T/
=0

T
/ Pl > j, 0 > A7) dv dj
=0

732(T Jj=0~
A - )
- Ty — F TE[ ( ]) by (3.
ooy (T = F(D)B 1] y (3.55)
Thus, we have,
i M(dv,da, dj) > 0. (3.59)
Ra(T)

Hence, combining (3.58) and (3.59), we conclude that

o(T)
bT ///jMd’y,dad] —>O

RQ(T
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Finally, we complete the proof of Theorem 3.4.2 in the one-dimensional case.

Proof of Theorem 3.4.2. (for the one-dimensional case) Recall from Lemma 3.6.5

that
Xi(T) — ATy,
Za, (1),
bs(T) = 2o, ()
and from Lemma 3.6.6 that
Xz(T) LN 0
by (T)
Adding them we get,
X(T) = ATpy
— =7, .(1).
by W

Thus, since by € RV 1 , we have, for all £t > 0,
g

by (T) — by(T) by(Tt) = 1% Za, (1) = Za, (1), (3.60)

YT(t) —

]

3.6.4 Finite dimensional convergence

We complete the proof of Theorem 3.4.2 by showing finite dimensional convergence.

Proof of Theorem 3.4.2. Let 0 < s < t. Observe that

X1(Tt) — X,(Ts) / / / M (dv, da, dj)

R1(Tt)\R1(T's)

Xl(Tu):///jM(d”y,da,dj) Yu < s,

Ri1(Tu)

is independent of
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since they are the functions of Poisson point process restricted to disjoint sets.

Hence X;(7) has independent increments. Also, let us define

w0 = [[[ i miarda dj) /// M(dy, da, dj)

Ts<’y<Tt +(T's,0,0)
i<a(Tt—~)

and

sty = [[[ satndad

y<T's
a(T's—y)<j<a(Tt—)

Observe that X,(7t) — X1(Ts) = Br(s,t) + Cr(s,t). Now, setting N(-) =

M(-+ (Ts,0,0)), we get

Brls.t)= [[[ intranan L [[[ ianded) = xire ),
R1(T(t—s)) RUT(t—s))

where the equality in distribution follows from the fact that, by invariance of

Lebesgue measure under translation, M and N have same mean measure and hence

the same distribution. So, by (3.60), we have,

Br(s,t) — ANT'(t — s)ps
bs(T)

Also, we have,

r(s.0) < [[ [ 3rtay.da.ay

R2(T's)
and (3.59) implies

el ///de%da 4j) = b"
bJ

7?,2 (T)

jM dry, da, dj)—>0

(3.62)
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Then adding (3.61) and (3.62), we get
V@) =Y () = Za,(t) = Za, (s),

where
bs(T)

v (t) =

By the independent increment property of YI(T) and Z,,, coordinatewise convergence

of increments implies joint convergence of increments. Thus,

fidi

yD Xz, . (3.63)

Also, by (3.57),

Thus, we have, for all 0 <t < - < 1y,

Xo(Tty), -+, Xo(Tty) P
by (T) — 0. (3.64)

Adding, (3.63) and (3.64), we get

fidi
— Za,-

y (1)



Chapter 4

Gaussian and Multifractal Nature

of a Network Traffic Model

4.1 Introduction

The model proposed in Chapter 3 succeeded to integrate the empirically observed
behaviors for both large and small time scales. However, the result for large time
scale was not completely satisfactory. Due to lack of empirical evidence for heavy
tailed traffic rates, a Gaussian limit will be more useful. Among other sources, Riedi
and Willinger (2000), Willinger et al. (1997) argue for a Gaussian approximation
both from the empirical point of view as well as heuristically. Mikosch et al. (2002)
considered a family of M/G /oo models with increasing input rate. They showed
that the possible limit for large time scale depends on the growth of the input

rate and may be either fractional Brownian motion (fBm) or a stable Lévy motion.

99
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However, they considered a deterministic linear transmission schedule, which is
unrealistic and does not allow for mutlifractal behavior at small time scale.

This chapter tries to generalize the results obtained in Riedi and Willinger
(2000), Willinger et al. (1997). We propose a sequence of M/G /oo model with
random transmission schedule. The model gives the multifractal behavior at the
microscopic level. At the macroscopic level, for the slow growth of the input rate,
we get a stable Lévy limit, whereas the fast growth gives a Gaussian limit.

This chapter is arranged as follows: Section 4.2 describes the model used in this
chapter, as well as discusses the critical input rate. In Sections 4.3 and 4.4, we
collect useful results for further analyses. In Section 4.5 and 4.6, we consider the

slow and the fast growth cases respectively.

4.2 The Model

In this section, we describe the assumptions of the model, which is analogous to the
model considered in Chapter 3. We quickly recollect the important features and

point out the changes.

1. We denote the time when k-th transmission begins by I'y. {I'x} is a sequence

strictly increasing to oc.
2. The size of the file transmitted is J;, and we assume J;, > 0.

3. The transmission schedule is denoted by Ag(-), where Ag(t) denotes the

amount of data transmitted in time ¢ after the kth transmission has begun. It
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is a non-decreasing cadlag function starting at 0 and increasing to oo, which

vanishes on the negative real axis.

The quantity of interest is the cumulative input traffic defined as

X(t) = Ag(t —Tp) A Jy. (4.1)
k=1
The length of k-th transmission is defined as
F denotes the marginal distribution of the transmission lengths, and satisfies

Fr(z) =P[Ly < z] =P[Ai(z) = J1]

by right continuity of paths of Aj.

4.2.1 Small time scale behavior

To study the behavior of the cumulative traffic process X(-) for small time scales,
we need to make the following further minimal assumptions on the transmission

schedule {A}:

4. We assume {Ax} are identically distributed and have stationary increments.

5. The multifractal spectrum of Ag(+) is not degenerated to a single point, which
ensures that we consider processes with paths that show real multifractal

behavior.

6. The multifractal spectrum of Ay (-) restricted to any (non-random) interval is

non-random.
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For the definitions and discussion regarding multifractal spectrum, we invite the

reader to consult Riedi (2001) and Section 3.3.

Remark 4.2.1. If A, is, for example, an increasing Lévy process, then, restricted to
any interval, it has a non-random multifractal spectrum for the Holder exponent

based on exponential growth rate. (Jaffard, 1999, cf. Section 3.5 and).

In Section 3.5, it has been shown that under the assumptions (1)-(6), the

multifractal spectrum of the process X coincide with that of A;.

4.2.2 Large time scale behavior

For large time scale analysis, we need to consider a family of models indexed by
T, and put distributional assumptions on them. The dependence of the models
on T" appears through the transmission initiation points, which we now denote by

{F,&T), k> 1}. The distributional assumptions are:

7. We assume {F,gT), k> 1} form a homogeneous Poisson process with intensity

parameter A(7), called the input rate. We assume A(T") to be non-decreasing.

8. We assume {Ay, k > 1} and {J, k > 1} are independent of each other and

are i.i.d. sequences independent of {F,&T), k> 1}.

9. We assume the tail of the distribution of J; is regularly varying of index of

—ay, where ay € (1,2), i.e.,
FJ € RV_aJ.

Hence J; has finite first moment denoted by p ;.
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10. The transmission schedule A; is H-self-similar (H-ss), where H satisfies:

(a) Hay > 1.

(b) H< -

OLJ—I.

(c) H < ;L

2—ay’

11. We also put the following moment conditions on Aj:
E[A;(1)"*] < o0 and E [4;(1)*"**] < oo,
for some § > 0.

Remark 4.2.2. The path by path assumptions (4)-(6) for small time scale analysis
can still hold for each of the models under consideration, since the microscopic
analysis does not require any distributional assumptions on the transmission
initiation times. So the result about multifractal spectrum continues to hold for
each of these models. Further, assume A; is a non-decreasing H-ss process with
stationary, independent increments, where H satisfies the assumption (10). Since A;
has increasing paths and is H-ss with stationary increment which is not identically
zero, from Theorem 2.1 of Vervaat (1994), we must have H > 1. Then A;(1) is a
positive stable random variable of index % and hence has a density which decays
exponentially near 0 (cf. Theorem 2.5.2 of Zolotarev (1986)) and so has all negative
moments finite. Also A;(1) has all positive moments smaller than 1/H finite. Hence,

assumption (10c) guarantees the other moment condition in assumption (11). Also

Remark 4.2.1 shows that a Lévy process satisfies the conditions for the multifractal
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analysis. Thus a %—Stable Lévy process satisfies the requirements of the transmission

schedule.

Remark 4.2.3. From Proposition 4.7.2, assumptions (8), (9) and (11) imply that
F, € RV_p, ,» and hence by assumption (10a) L has finite mean denoted by ..

Actually, a closer look at the proof of that proposition gives us that

Fu(T) ~ Ty (1) (4.2)

If we further assume that L; has infinite variance, i.e., Hay; < 2, then a; < 2

implies
ay

=1
OéJ—l +OéJ—

> 2> Hay,

and so assumption (10b) holds.

4.2.3 Critical input rate

The results of large time scale analysis depends on the input rate. Depending on
whether the input rate is slow or fast - a concept made precise in the following -
we can get either a stable or a Gaussian limit.

As described, the input rate is called slow, if

(S) T2 U CO )

T—o00 T

and it is called fast, if

by (MTTVH)
(F) fm T -

The following lemmas provide alternate approaches to the above conditions.
Lemma 4.2.1. The slow growth condition () is equivalent to

lim \(T)TY"F,(T) = 0. (4.3)

T—o00
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On the other hand, the fast growth condition (F) is equivalent to

lim \(T)TY"F ;(T) = . (4.4)

T—o0

Proof. First we prove the conditions (S) and (F) imply (4.3) and (4.4) respectively.

We define 0 < ¢(T') := w and we have Te(T') — oo, since by(T) — oo.
Then
NTYTVIF (1) ~o — 22T
Fy(Te(T))

which converges to 0 or oo according as the condition (S) or (F) holds, since
F J € RV_, 7

Conversely, define

. 1/H
§(T) := N(T)TYHF 5(T) ~ %
Then
byAT)TYH) b,(3(T)by (T))
T T by (1))

which converges to 0 or oo according as 6(7") goes to 0 or oo, since by € RVi/,,. O

The following lemma gives implications of the growth conditions which come

out to be useful for analyzing the slow growth condition.

Lemma 4.2.2. The slow growth condition (S) implies

L/HT T
i MOTVITE (T)

dim, = ST = 0. (4.5)

The limit is oo when the condition (F) holds.
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Proof. Define e(T) = b;(ANT)T"H)/T as before. Then \(T)TYH# ~ 1/F ;(Te(T)).

Thus,
NOTVATEAT)  FT) _ TF,(T)
by (A(T)TVH) e(T)F,(Te(T)) — Te(T)F,(T=(T))’

which goes to 0 or oo according as the condition (S) or (F) holds, since TF;(T) €

RVi_,, and oy > 1. O

4.3 Basic Decomposition

We consider the following Poisson point process to facilitate the analysis:

o0
My = ZE(FECT),Ak,Jk)’

k=1

which has mean measure A\(T")dy x P[A4; € da] x P[J; € dj] on (0,00) x D; x (0, 00).
The random variable Xz (t) is the following function of M restricted to R(t) =

{(v,a,j) € (0,00) x Dy x (0,00) : v < t}:

Xr(t) = 3 I A Ak (=T | 1rgy (T, A, 1)

k=1

It helps to split R(t) in two disjoint sets
Ri(t) =A{(v.a,j) € (0,00) x Dy x (0,00) : v <t,j <alt —7)}
and

Ra(t) = {(7,a,j) € (0,00) x Dy x (0,00) : 7y < t,j > aft —7)}.

R1(t) and Ry(t) correspond to the regions where transmission has ended or is

continuing respectively, by time ¢. Correspondingly, the input process Xp breaks
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into two sums:
XV Z Jelry o ( ) A, Jk> (4.6)

and

xPt) =3 A (1= 17) 1ray (187, Ar ) (4.7)
k=1
Since X}i)(t), i = 1,2 are functions of My|g,), @ = 1,2 respectively with
Ri(t) NRa(t) = 0, we have Xél)(t) and X;Q) (t) are independent.
For any t > 0, we also observe the following facts about the regions

R, ((Tt)%) i=1,2 as T — oo:

(Tt
mi (Tt) =: ﬁE [MT (Rl ((Tt)%»] - [P [Ll < (TH# — 7] dy
— ((Tt)%) ~ (TH)#,
and
ok
ma(T) ::ﬁE[MT <R1< % / L1> Tt) %—7] dy ~ pr.

'y:

So the mean measure restricted to R4 ((Tt %) or Ry ((Tt)%) is finite and we can

have the Poisson representations

(i

M, () & 2 ity o
where P;(T) is a Poisson random Var1able Wlth parameter \(T)m;(Tt), which is
independent of <7’,§?, S,iT.), W,g?), which has distribution

dyP[A; € da]F;(dw)
Ri((Tt)%> ‘

m;(T't)
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Note t is fixed in this argument and sometimes suppressed in the notations. Also

(2 (2

we define random variables (T.(T), Si(T), W.(T)> independent of P;(T") and distributed
identically as (7'1(?, Sg), Wl(f)), for = 1,2. Then we can rewrite X;i),z' =1,2in

terms of the above Poisson representation (4.8) as:

. Py(T)

1 1 T

X (i) £ 30wl (4.9)
k=1
P (T)

X (o) £ 37 s (o -+7). (4.10)
k=1

4.4 Moment Behavior

For further analysis, it is useful to study the moments of the above summands. But
before that, we need to consider the following extension of Potter’s bound (Potter,

1940, cf.) for regularly varying functions cf. (Resnick, 1987, cf.).

Lemma 4.4.1. If ¢ is a reqularly varying function of index p > —1. Then given

e > 0, there exists Ty such that for T > Ty, and x > 1,we have
(1= )o(T)a"1= < (p+1) / (Tu)du < (1+ £)p(T)z? 1+,
0

Proof. Since p > —1, from Karamata’s theorem, we have

f¢(u)du

o gy
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and so, given £ > 0, there exists Ty such that for all T > Tj, we have the following

bounds: .
[ o(u)du
and using Potter’s bound, for all z > 1,
Txop(T
V19—t < % <V1+eaftte (4.12)

From (4.11), we have for all T' > T and all z > 1,

[ a(ud

0

Multiplying (4.12) and (4.13), we get for all T" > T and all x > 1, the bounds

become .
[ xp(u)du
I —eart < p+10—<\/1+5zp+1+‘E
V D 7gm)
and thus the result follows. O]

Now, we are to study the moments of the summands in the representations (4.9)
and (4.10). Recall from assumption (11), we have E[A4;(1)?~*/*9] < co. Then, for

2<l<2+g,wehave
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2!

(Tt)'F ;(Tt) //lwl 1_ P{w<ﬂ<A1('y)} dw dry

v=0 w=

since A; is H-ss

1 00 _ —
= (T4)'F,(Tt) / E / pmt £/ T00) — FATAG)) g gy,
F(Tt)

v=0 w=0

(4.14)
Now, the integrand on the right side of (4.14) is bounded by

F T L ysevt) + L 4.15
F;(Tt) [Lay>wvy + Lwsny]  (415)

(L4, )>wvi] + Ly ] — lw

and

Fi;(Ttw
/ / L >[1[A1<1>>wv11+1[w<1ﬂ dw dry

Fy(Tt)
e Fy(T [ FT
t t
—E / lwlldeI[Al(1)>1]+/l e Ey(Ttw) g (4.16)
/. F,(Tt) /. F,(Tt)

Now, by Karamata’s theorem, the second term on the right side of (4.16) converges

to

1 o0
l
= / E / '™ 1, dw dy. (4.17)

For the first term on the right side of (4.16), observe that T'"'F ;(T) is regularly
varying with index [—a;—1 > —1, and hence by the upper bound from Lemma 4.4.1,

we obtain that a Tj, which is independent of w, such that for all T" > Tj, we have

1)

A1)
Fy(Ttw) 5\ 1 ;
-1 J +5—a
dw="—"1 <(1+= Ay (1)1 :
/ T, (Tt) 1 ( 2) o, [A1(1)>1]
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which is integrable by assumption (11). Then, by the Dominated Convergence

Theorem, the first term on the right side of (4.16) converges to

[
E L = Ay (1)l 1[A1(1)>1]] / /lwl 4y (1wt dw dy,
—ay

=0 w=0

which along with (4.17) shows

F (Ttw
/ /l =1 ;J Tt) [1[A1( y>wvi] T Liwg ] dw dry

— / / W7 [ pa, (1)swv) + Ly ] dwdy  (4.18)

=0 w=0
Then, from (4.15) and (4.18), using Pratt’s lemma (Resnick, 1998, cf.), we are

allowed to take the limit under the integral sign in the right side of (4.14) to get,
for2<1<2+496,

1 0o
l _
E[(W@)] NTIFJ(T)tlaJ/E / I = w™ — Ay (7)™, dw dry
v=0 w=0
1 A1 (y)
=T'F,(T)t" [ E / I = w™ — Ay (7)™ ]y dw dy
¥=0 w=0

1

) T'F j(T)t— / E [Ai(y)"*] dy

[ — Qg
=0
g

T (= a)HI-ay) +1]

T'F (Tt~ E[A(1)"*] . (4.19)

Also, using monotone convergence, we observe that as T" — oo,

E [WI(T)} ~ / 7P [w < J1,11 < (Tt)%v] dwdy T . (4.20)

v=0 w=0
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For future reference, note from (4.19) and (4.20) that
Var [Wl(T)} o

T—co T2F ,(T) - (2—ay)[H?2-ay)+ 1]t2_aJ E [A1<1)2_a‘]} =

and

248 249 2+4

i et I () 8 G L

lim sup — < limsup = ,
T—o00 T2+§FJ (T) T—o00 T2+§FJ (T)

o (4.21)

(4.22)
which is a constant.

Next we study the moments of the summands of (4.10). First we consider the
moments of order [, with 2 <1 < 2+ /2. We have, using self-similarity of A;, that

B[S (T - 2(T>>}l

(T

[e.9]

L / /lwl 1P[w<A1<(Tt)H—7)<J1} dw dry

'y—O w=

g / /lwl [ A(@ni)

Ji
| dwd
Tt ST e
v=0 w=0
1 PT 1 J
—— (THFHF Tt//l l—l_—P{ < A <—1}d d
(T (T Wl B e <A < g | dudy

'yOwO

1

L (T1) / /l 1 F5(TtA(y))
i

—1 w dw dry,
7, (Tt) [A1(y)>w] v

and bounding the integrand above as in the case of [-th moments of Wl(T) with
[ <2+ 0, we justify the interchange of the limit and integral to obtain

1
1 ! 1 1 — 1
B[siD ((rtyh - #D)] ~ TR (T) / E[A (7)) dy

=0
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1 1 — —o L -
T u[H( = ay) + 1 TPy (T)e= 1 E[A (1)),

(4.23)

The first moment requires more careful analysis in this case. As for the higher

moments, we again have, using self-similarity of Ay,

B st ((Tt)% - TQ(T))} (4.24)
1 F TA
N—(Tt J(Tt) / / J LA 1[A1(7)>w] dw dry
KL
1 Fy (TtA (1)y")
(Tt) 1 wdwd
”L( / / FJ Tt [A1(1)7H> ] wary
1 TtA
=—(Tt)! HFJ(Tt)/EAl(l) Fy (TtA(1)y )d7
mr FJ(Tt)
v=0
1 1 s (Ttv) 7 F 5 (Ttv)
— (TH)"*#F (Tt i / VinE,(Tt) 4.25
ML()HJ()H H_ %F)V (4.25)

where we substitute v = A;(1)y" in the last step. Now, by Karamata’s theorem,

as 1" — oo,
M T BT () Ay(1)Feutt
/ — dv — 11—, (4.26)
ﬁF ) T g =+ 1

since by assumption (10b) H < mTl' Also, there exists a non-random T, such that

for all T' > T}, we have,

1= 1 1—= 1—=
(Ttv)u F ;(Ttv) d </ (Ttv)u I ;(Ttv) p (Ttv)u F ;(Ttv VLo
S (Tt)uF,(T) J  (Tt)ywF,(Tt) J (T F,(T) '
14 ot .
< 1+ A (1)7
ﬁ_(aj_l)[—i_ 1(1)
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where we bound the first term using Karamata’s theorem and the second term using

the upper bound from Lemma 4.4.1. Thus,

ay+1 1
T dv < Q(L . 1)) [Al(l) + 11,

H

which is integrable, since E[A;(1)"*/] < oo by assumption (11) and 1/H < ;. So

by the Dominated Convergence Theorem and (4.26), we have from (4.25),

1 1 11— 1_, E[A, (1)1~
B [567 ((7h - 7] ~ LA e L ;(OL -’ 1]). (4.27)

We again, collect some results about variance and other centered moments

using (4.27) and (4.23), for future reference:

Var [SéT) ((Tt)% — TQ(T)>]

1 1
lim — 2t m B 1A (1)
T00 T4 F5(T) pr H(2 —ay) +1] [Ar()7]
(4.28)
]. th—O&J‘Fﬁ
1227
and
[ o(m) () () Nl
B |[s0 ((royk - o7 —E[s" (o - )] }
lim sup — T —
T—o0 T ata [ y(T)
[ \ 243 ; 243
B (s (i - #)) ]+ (B [s8" (i = #")])
<limsu > — )
Toooo T+ a+5F 4 (T)
(4.29)

which is a constant.
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4.5 Heavy Tailed Approximation Under the Slow

Growth Condition

To study the slow growth condition, we need to look at the tail behavior of Wl(T)

as well, which we summarize in the following proposition:

Proposition 4.5.1. Under the slow growth condition (S), the random variable Wl(T)
given in (4.8) satisfies
lim ¢(T) P W > b, (((T))w] — (4.30)

where C(T) = N(T)T'#.

Proof. Observe that

¢(T)P [WP > b, (A(T)T%) w} ~

Hence,

limsup ¢(T") P [WI(T) > bJ(C(T))w] <w . (4.31)

T—o0

On the other hand,

@) P W > by (1) w] ~

1
1 (MW)H

-(M)" [ e e < s (Gatenig)] @

T

[en]
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1
. (wdm) ™

(42)

T

(TP [T < Ty < A ((Bs(C@NHHN)] dy

=2

~C(T)P [bs(C(T)w < i < Ar (sG] (4.33)
=((T)P {w < % < tAl(N)] (4.34)
— E[w™ — (tA:1(N))" ], (4.35)

where the inequality (4.32) holds for any natural number N for sufficiently large
T, since, by the slow growth condition (S), we have b,(¢(T"))/T — 0. The
equivalence (4.33) holds for the same reason. The equality in (4.34) follows from the
H-self-similarity of A;. Finally the convergence (4.35) holds by the regular variation
of the tail of J; and Dominated Convergence Theorem. Then letting N go to oo,

using the fact A;(co0) = co) and Dominated Convergence Theorem, we have

liinf () P [W{" > bJ(C(T))w] > W, (4.36)
The inequalities (4.31) and (4.36) together complete the proof. O

Using the tail behavior in the above Proposition 4.5.1 and an analysis based
on the point process as in, for example, Chapter 3 or Exercise 4.4.2.8 in Resnick

(1987), we can conclude that
Pi(T)
T
Wi
k=1

by ANT)T#) by (NT)TH)

= Z,,(t7), (4.37)



117

1
where Z, is a-stable Lévy motion with mean 0, skewness 1 and scale C'§ and

11—«

Co= ['(2—a)cos (%2)

Now observe that
P(T)E WD | = A@)(Ttyip,
by (A(T)T%>

A) - MNT)F, ((Tt)%>

\/A(T)E ((Tt)%>

. % (@t — By (roh) e [wi7]).

Since we know from (4.20) that

B W] NT)TH

>bJ (A(T)T%) iy (A(T)T%) Vi =0,

Q
>
3
Sl

—
3

S

and P;(T) is a Poisson random variable with parameter \(T)F}, ((Tt)%>, which
goes to 0o, the first term on the right side of (4.38) is probabilistically negligible.

As for the second term, observe that

AMT)
by (AD)TH) (0

oo (TH)H

/=

s — Fr ((Tt)%) E |:W1(T):|>

P[Jl > j, Ly > 7] dy dj

I
>
<

Ve

= | >
3N
Iﬂ SN—
|~

N———

o

(Tt) T (THT oo
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NT)T#TF ,(T) 0
by (A(T)T%)

~ constant

where the equivalence follows using Karamata’s theorem, the fact 1+ H(1—ay) > 0
from assumption (10b) and the relation (4.2) between the tails of the distributions
of Ly and J;. Thus the left side of (4.38) is probabilistically negligible. This fact
combined with the convergence (4.37) gives us the central limit theorem for the

contribution of the first region under slow growth: for all ¢ > 0,
X ((reyi) = @) (T

by (A(T)T%)

|~

= Za, (E7). (4.39)

For the contribution of the second region, observe from the representation (4.10)

and (4.27), we have

B|x® ()| ElRm)E[s ((moF - ")
by (A(T)T%> - by (A(T)T%>

~ constant

and hence X;Q) (t) = op <bJ~ (A(T)T%>>. Combining this fact with (4.39), we get

for all t > 0,

|-

Xr ((Tt)#) = X(T)(Tt)
by (A(T)T%)

We can check the finite dimensional convergence as in Chapter 3 using

= Z,,(t7).

stationarity and independence of the process Xp. Thus, finally, we have

Theorem 4.5.1. Under the assumptions (7) - (11) and slow growth condition (S),
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we have,

" Za, (7))

where the convergence is in the sense of weak convergence of finite dimensional
distributions and Z, 1s «-stable Lévy motion with mean 0, skewness 1 and scale

1
cg.

4.6 Asymptotic Normality Under the Fast
Growth Condition

4.6.1 One-dimensional convergence

We use the moment conditions (4.21), (4.22), (4.28), (4.29) along with Lyapunov’s

Central Limit Theorem to study the behavior of Xr <(Tt)%). We define

n(T) = ATV THF (1) (4.40)
Using (4.21) and (4.22) we get that

P\(T)(Tt)%J E “Wf” _E [Wf”} ‘zﬂ

lim sup o
(e | vae [w])
S e ey ( Q(TT)E(TT; )HTT; (i;;TZ/ — (Mo FEAT) =0
" J

by the fast growth condition (4.4). Also, since, by (4.21),

A@)(@# | Var [WD] ~ opeertin (g (1)),
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we have by Lyapunov’s Central Limit Theorem,

P(T)T%J
>, (i -E[w"))

k=1

1
= o N <O,t2_°‘J+F> ,
Tn(T)
where N(0,t) is a normal random variable with mean 0 and variance ¢. Also, we

know that P;(T) is a Poisson random variable with parameter \(T')Fy, ((Tt)%> ~

P\(T)(Tt)%J — 00, we have P(T)/ L)\(T)(Tt)%J L. 1. Hence by Theorem 4.1.2
of Gnedenko and Korolev (1996), we have,

> Wik(T) - P(T)E [WfT)}

1
= o N (O,tQ_O‘"JFﬁ) )
In(T)
Finally, we observe that,

(P(T) = BRI E W] (p ) — Bipy(T)
Tn(T) -

is op(1). Combining, we get,

Pi(T)
" W) ~ B[R E [")]

Tn(T)

(4.41)
For the second region, we consider the equations (4.28) and (4.29) and get

AMT)pr] E “Sg) ((Tt)% — TZ(T)> ) [SéT) ((Tt)% B 7_2(T)>} ‘2+§}
lim sup

<WT)’“‘LJ Var [SéT) ((Tt)% _ (T>>D“§/2

< constant lim sup /\(T)(Tt)éTergFJ(j;?m - (A(T)(Tt)%FJ(T>> % — 0.
T (W TnETE(T))

T—o00
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Also, from (4.28), we have,

)] ~ oot ()2,

and Py(T)/(INMT)pur]) L 1. So again, using Lyapunov’s Central Limit Theorem

[ MT)pur]) Var [SéT) ((Tt)% _

b

and Theorem 4.1.2 of Gnedenko and Korolev (1996), we get
Py(T)

> st ((Tt)% _ TZ(T)> PV E [SéT) ((Tt)% ~ TQ(T))]
. In(T)

— 52N (0, tz-aﬁ%) .
To change the centering to a non-random one, observe from (4.27),

By(T) — E[P(T)]
Tn(T) k [S

N~
3
VS
—~
~
~
~—
|-
|
1\3\]/—\
3
N——
[E—

~ constant

(T) L (T)
p(1) — Bl B[S (@07 —n")] s
11— THFJ(T)_OP(1)7
E[P(T)] T F(T)
since 1/H < ;. Combining, we get,
Py(T) 1
S§ ((reyh — 74"
k=1

Tn(T)
AP0 - [ XP)]

Tn(T)

= 0N (0, tHﬂ%) . (4.42)
Finally, since, X:(Fl) and X:(rl) are independent, adding (4.41) and (4.42), we get

Theorem 4.6.1. Under the assumptions (7) - (11) and fast growth condition (F),
we have, for each t > 0,

Xr ((Tt)%) _E [XT ((Tt)%)]

Tn(T)
where 0 = 0% + 03 = ( 2

2—as)H(@—ay)+1]

= oN (O,tZ*aJJF%) )

E[A,(1)>].
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4.6.2 Finite-dimensional convergence

To study the finite dimensional convergence, it is helpful to prove the following

lemmas:

Lemma 4.6.1. Under the given assumptions, for 0 <1 < 2+ 0§, we have

E[(uA;(1))'F ;(udi(1))] ~ E [A1 (1) ] u'F 5 (u), (4.43)
and hence E[(uA;(1))'F ;(uAi(1))], as a function of u, is reqularly varying of index
[ — ag.

Proof. Fix p > 0. Choose € > 0, such that [ + ¢ < 2+ 9. Using Potter’s bound,

choose anon-random U such that for all u > U, we have

Ar(1)'F (A1 (1)) 14, 1))
Fy(u)

< (1 +e)A (1)t

and the right side is integrable by assumption (11). Hence by Dominated

Convergence Theorem, we have

Al(l)lFJ(UA (1))1[141(1)2/,]

A (DPF j(uA (1 1 l—o
E ( )Fj((u) ( ))] >0 Fy(u) ~ BT s
(4.44)
and letting p — 0, we have
fiming P LA Frlwdi ()] [A; (1)1 (4.45)

u—00 utFy(u)
On the other hand, we have,

Al(1)ZFJ(U_A1(1))1[A1(1)<P}
FJ(U)




123

® [Al(l)llwl>uA1<1>}1[A1<1><p}1w1<up1} +E [Al(l)llwl>uA1(1>}1[A1<1><p}1[J1>up}}

Fy(u) F(u)
l
<E Sl <UP]1[A_1(1)HJ>(JJ)_Q‘]] L E pll[J1>up] ﬂAl(l)*aJ >p=ed ]
ulFy(u) Fy(u)

E [J{JFOU 1[J<up]}
<

E [, (1)~ + peor E20 g 1y 1)

ul e F p(u) F(u)
«
—>7Jpl E[4(1) ] + p'E[Ai(1)"*].
Combining with (4.44), we have,
=
i [T (1)
U—00 UlFJ(U)
< limsupE Al(1)IFJ(7~LA1(1))1[A1(1)2p] +limsup B Al(1)ZFJ(U_A1(1))1[A1(1)<p]
U—00 FJ(U) uU—00 FJ(U)
«
< [ ] + 520 B[] 4+ 4B [A(1)].
Letting p — 0, we have
E [(uA; (1) F (uA(1
limsup [('LL 1( l)l J(U/ 1( ))] <E [Al(l)lfaj} . (446)
U—00 u FJ(U)

Combining (4.45) and (4.46), we get
E [(UAI(:l))lFJ(U/Al(l))] ~ K [Al(l)l_o“’} u'F 5 (u)
and hence is regularly varying of index [ — «. O
The other lemma involves an integrated version of the above lemma:

Lemma 4.6.2. Under the given assumptions, for ay <l < 2+ 9, we have
Aq(u)
E / w'F y(dw) | ~ l

w=0

o

L B [ (1) ()]
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and hence E [fuf‘:léu) wlFJ(dw)], as a function of u, is reqularly varying of order

H(l—OtJ).

Proof. First observe that

A1 (u) [ A1 (u)
E / w'Fy(dw)| =B / W™ 'Fy(w) dw| — E [As(u)'F 7 (A1 (u))]
w=0 Lw=0
[ wH A, (1)
~ B / lwlilfj(w) dw| — E [UHA1<1)IFJ(UHA1<1))]
w=0

(4.47)

The second term can be handled using Lemma 4.6.1. For the first term we substitute
uf! = v. Choose € > 0, such that [+ < 2+4J. Let p > 0. Then using Lemma 4.4.1,

we can find a non-random V', such that for all v > V,
vA1(1) o
f lwl_lFJ(w) dwl[A1(1)>p]

w=0 < (1 +€)

— Aj(1)fmete,
v F 5 (v) l—ay ()

Since the upper bound is integrable by the assumption (11), we have from

Dominated Convergence Theorem,

A1(1)v . Ar(1)v _
[ W F(w) dw [ W' F j(w) dwlia, 1ys)
E w=0 _ 2 E w=0 _
UIFJ(U) UZFJ(U)
— E[A(1)!" 14,0y, - (4.48)
Letting p — 0, we have
Ai1(1)v o
[ Ww'F (w) dw l
liminf B | 2=0—— > E[A(1)7]. 4.49
v—00 O 5 (v) I — oy [ 1(1) } ( )
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Again, we have

[ A1(1)v -
f lwl_le(w) dwl[Al(l)gp}
E |22 _
v E 5 (v)
- (Al(l)v)/\J1
J o dwli g
w=0
=E —
v F 5 (v)
. ((A1(L)v) /\_Jl)l L)<l
v E 5 (v)
- 7l
E Jll[%<A1(1)<p] LB |:A1(1)l1[A1(1)<p}1[J1>A1(1)v]:|
I V' F 7 (v) F;(v)
<E M} N (A1 (1)) F 5 (A1 (1)) 114, 0)<p)
S L0 E(v) V' F 7 (v) .

As v — o0, using Karamata’s theorem, the first term converges to lfo“otpl_o‘". For

the second term, observe that

(Ar(Dv) Fy (Ar(1)v)
v F 5 (v)

— Al (].)l_a‘]

uniformly on [A;(1) < p]. So by Dominated Convergence Theorem, the second term

converges to E [A1(1)"* 14, (1)<, - Since [ > a;, we have, letting p — 0,

A1(D)v o
f lwl’lFJ(w) dwl[Al(l)gp]
limsupE | 2=2 — =0
V—00 UlFJ(U)
and hence, using (4.48)
A1(1)v o
[ Ww'F (w) dw l
limsup B | 2= < E[A;(1)7]. (4.50)

V—00 UZFJ<U) [ — ay
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Combining (4.49) and (4.50), we have

Ai1(1)v
E / I F j(w) dw | ~ i : E [A (1) ] o' F(v).
-«
w=0 7
Then from (4.47) and (4.43), we have the required result. O

Let N7 be the counting process corresponding to the initiation times {I';}.

Observe that
Nr(t)

ZAkt— YA T

Now fix 0 < t; < ty < --- < t,. Then, using stationarity and independence of the

increments and the order statistic property of a Poisson process, we have

Xr (1) ) 4, <t1 F,@) A Ji

N (
=1
Xr (t2) 1“2 Ay (t2 F,ET)) A J

X))\ 2 A (- T0) A

N
>k = Ay (01Uk1) A Jra

N
> ke ) Api(ta —t1 +t1Ukp) A Jia

[E

(4.51)

N (¢
STV Ays (t — t + 8Uka) A i

0

N (15—
> (t2—h) Apo ((t2 — t1) Uk2) A Ji2

N
D ket (tn=t2) Ao (ty —ta+ (ta — t1) Ug2) A Jio
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Nty —ty—
kil ( v Ak,n ((tn - tn—l) Uk,n) A Jk’,n

where {Ng),i > 1} are i.i.d. copies of Ny, Uy; are i.i.d. copies of Uniform(0,1)
random variables, J;, and Ay, are i.i.d. copies of J; and A; respectively. So the

finite dimensional convergence is determined by the behavior of the vectors of the

form

|-

Ak<((Tt2) (Tt % Uk>/\Jk

A ((m)% (Tt % + ((th)% - <Tt1>%) Uk> A Ji

=

1

Nr ((Ttg)ﬁ _(Ttl)ﬁ>

k=1

Ay ((Ttn)% —(Tty)# + ((Ttg)% - (Ttl)%) Uk) A J
which we denote by Yr. We first deal with the case when the above sum is made
up to L)\(T)T%J, and denoted by Y;t. To further study the central limit behavior
of the sum, we study the moments of the coordinates of the summands. Observe a

typical coordinate of the summand looks like, for 0 <r < s < ¢,

Tr= A, ((Tt)% —(Ts)# + ((Ts)% - m«ﬁ) Ul) AL

Also define

Vi(r, s, t,u) = A ((Tt)% — (Ts)% + ((Ts)% — (TT)%> u) )

Then

oo

E[(Yr)] = / / E [(VT(T’, s, tyu) A w)l} Fj(dw) du

u=0 w=0
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1

1 Vi (r,s,t,u)
:/E[VT(T,8,t7u)lFJ(VT(T7S7t,u))j| du+/E / w' Fy(dw) | du.
u=0 u=0 w=0

(4.52)

Now, observe that, for 1 < ay <2+ 4,

1
/ B [VT(T.) S, ta u>l FJ(VT(T7 S, t? u))} du
u=0

(Tt)H —(Tr) 7

_(Ts)% — (Tr)% / E [AI(U)ZFJ(Al(U))} du

u=(Tt) T —(Ts)H
(T T —(Tr)
1
T (Ts)h — (Tr)% E [(u™ A1(1) Fy(u" A,(1))] du
’LL:(Tt)%—(TS) H
1 H(l—O{J)“rl 1 1 H(l—aJ)-J,-l
L ()" ) o
) E A1) TF (T
H(l—ay)+1 - [A (1)) T'F (T,

(4.53)
using Karamata’s theorem and Lemma 4.6.1, since, by assumption (10b), H(l —

ay) 4+ 1> 0. For the second term of (4.52), observe that

1 Vr(r,s,tu)
/ E / w' Fy(dw) | du
u=0 w=0

(TOT —(Tr)H [ Ay(w)

_(Ts)éi(Tr)é / . / w' Fy(dw) du

u=(T)# —(Ts)7r  =0=0
TOT - [ uf A (1)
1
= - - E / w' Fy(dw) du|
(Ts)a — (Tr)®

u=(Tt)H —(Ts) & w=0
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which converges to E [J{] for 0 < ! < ay by Monotone Convergence Theorem and

for ay <1 <249 grows like

1 1 H(l—ay)+1
o (tH — TH> — <t

l—ay [H(l—aj)—l—l](s

Tl
I

VA
S

E [A(1)!"*] T'F 4(T),

|-
|
<
|-
N—

(4.54)

by Karamata’s theorem and Lemma 4.6.2. Hence, combining (4.53) and (4.54), we
have from (4.52) for 0 < | < vy, we have E[Y4] — E[J{] for 0 < | < oy and

E [T)] = O(T'F ;(T)). Thus, we have

1 1 H(Q*Q‘])Jrl 1
2 (tﬁ — rﬁ> — (tﬁ — S

(2 —ay) (H(2—ay) + 1] <5% —r%>

) H(2701J)+1

=

Var [T ~ T?°F;(T) (4.55)

and

E [Ty — E[T]|**%] = O(T**/*F 4(T)).
Thus, we have

NT)T# ] E[|Tr — E[Y]|*+/?
limsupL (DT E [[Tr (Y]l } < constant limsup (n(T))™* =0

T—00 [TT](T)]2+6/2 T—o00

and hence Lyapunov’s condition holds coordinate by coordinate. Also, if ¥ is the
covariance matrix of the summand of Yz, then from (4.55), limy_o X7 /(T?F ;(T))
exists and let us denote the limit by >. Thus, by Lyapunov’s Central Limit Theorem,
we have Y7 centered by its mean and scaled by T'n(T") converges weakly to a normal
random vector with zero mean and covariance matrix . Also, we have
Ny ((th)% - (Ttl)%)
A(T)T )

P uH _4H
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Hence, by using a multivariate version of Theorem 4.1.2 of Gnedenko and Korolev
(1996), we have (Yr — E[Y7])/(Tn(T)) converges weakly to a normal random vector
with zero mean and covariance matrix \/tf — tﬁ Y. Note that we can change
the centering as in one-dimensional case, since the changes are probabilistically
negligible coordinate by coordinate. Since, the finite dimensional marginals of
Xr ((Tt)%) are linear combination of independent vectors of type Y (appended

with zeros), we have the following theorem:

Theorem 4.6.2. Under the assumptions (7) - (11) and fast growth condition (F),

we have,
Xr ((T)%) _E [XT ((T-)%)] o
Tn(T) 0G0,

where G is a zero mean Gaussian process.

To understand the Gaussian process better, it helps to look at the structure
of the covariance process. From the one dimensional convergence we know that
Var[G(t)] = t* 7. So we only need to find out cov[G(s),G(t)]. For that
it is enough to consider the two-dimensional convergence only. Recall from the

representation (4.51) that,

|

Xr ((Ts) : )
Xr ((Tt) ; )

1
N ((Ts) "

S A ((Ts)%Uk,l) A Jia

NO (18
S ( ) Ap ((Tt)% — (Ts)7 + (Ts)%Um) A T

|

[l
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0

NP (o~ h

O Vs (((rtyh = (@s)#) Ups) A o
Thus, only the first term will contribute to the limiting covariance and, since
E[Y7] — E[J!], we have,

cov[G(s), G(t)]

1

cov [Am ((Ts)%Um) A Jirs Apa ((Tt)% —(Ts)% + (Ts)%Uk,l) A Jk,l}

=sH lim —
T—o0 T2F ,(T)
) E|(Aer ((Ts) 7 U1 ) A Jia)(Ara (T 7 — (Ts)% + (Ts) a8 Ugy ) A Jia
oy Bl (79700 ) A ) (A (7 D)
T—o0 T2F ,(T)
1 o
=T 112130 T2FJ / / E[(Vr(0,s,s,u) Aw)(Vr(0,s,t,u) Aw)] Fy(dw) du
u:Ow:O
i F;(Td
_s# lim / /E[(Vl(O,s,s,u)/\w)(Vl(O,s,t,u)/\w)] ETdw)
T—o0 FJ(T)
u=0 w=0

since Vp(r,s,t,u) 4 TVi(r,s,t,u). Thus, for a > 0, we have, using the fact that

Vr(ar,as, at,u) 4 aVip(r, s, t,u),

cov|G(as), G(at)]
1
(as lim / E[(V1(0,as, as,u) A w)(V1(0, as, at, u) /\w)]wdu
T—o0 FJ(T)
u=0 w=0
:(as)% lim }l] Ta)
T—o0 FJ(T)
lim / / 2(V1(0,as, as,u) A w)(V1(0,as, at, u) /\w)]w du
T—oo FJ(Ta)

u=o0 w=0
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1 oo —
11 Fy(T'd
=a®>" T agH lim / /E[(Vl((),s,s,u)/\w)(Vl((),s,t,u)/\w)]dedu
T—o00 Fﬁcr)

u=0 w=0

—a®~ T cov[G(s), G(1)).

Remark 4.6.1. Hence the index of self-similarity in the fast growth condition is
(2 — ay + 4)/2, which is between 1/2 and 1 by the assumptions (10a) and (10b).
Also, the index of self-similarity is H%}J € (1/2,1) for the slow growth condition, if

we further assume that Ha; < 2, that is L; has infinite variance.
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